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1. Introduction and main results

We apply compensated convex transforms to extract geometric singularities from
general functions such as semiconvex/semiconcave functions. The terminology of
semiconvex and semiconcave functions has been known for a long time and we re-
fer to the context of Hamilton Jocobi equations [5] for further details and proofs.
We study the approximations and geometric singular extractions for semiconvex
and semiconcave functions by using compensated convex transforms. The question
we consider in this paper is whether a general approximation theorem of semicon-
vex functions by the upper transform obtained in [21, Theorem 1.4 (ii)] for linear
modulus still holds for semiconvex functions with general modulus.

The aim of this paper is to establish a general approximations theorem for semi-
convex and semiconcave functions with general modulus by using the compensated
convex transforms. The present work is motivated by [21] and our main results
are more general than those obtained in [21] where only the case of linear mod-
ulus is considered. The main result is Theorem 1.3 for a semiconvex function f
with general modulus, where we show that the limit of the gradient of the upper
compensated transform limy_, ;. VCY(f)(zo) exists and is equal to the centre of
the minimal bounding sphere of the Fréchet subdifferential. A similar result holds
for semiconcave functions with regards to the Fréchet superdifferential 9, f(x) of

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag



960 M. S. Alatawi / The Regularity Property ...

semiconcave functions. We also establish a C1“ regularity result for the upper
transform of semiconvex functions with general modulus (Theorem 1.4). Motivated
by [21, Remark 3.1], which says that at that time the authors do not know whether
that a version of Theorem 1.4(ii) in [21] holds for semiconvex functions with general
modulus, we show that similar results hold for semiconvex functions with general
modulus by using a more sophisticated approach.

Throughout the paper, we denote by R" the standard n-dimensional Euclidean space
with the standard inner product = -y and norm |z| for z, y € R™. We denote by
B(zo;7) and B(z¢;7) the open and closed balls centered at x with radius r > 0,
respectively. Also co[K]| denotes the convex hull of K [10, 14, 15] which is the
smallest convex set containing K. For a given function f : R” — R bounded below,
the convex envelope Colf] of f is the largest convex function whose graph lies below
f [10, 14, 15]. We denote the class of globally Hélder continuous functions by C¢,
and the class of functions whose gradient is Hélder continous by C*? [9] and the
upper/lower semicontinuous envelope of f by f(z), f(x) see [10, 14, 15].

Let us first recall the notions of quadratic compensated convex transforms for
bounded functions in R™ defined in [1, 2, 17, 19, 20]. For the definition of com-
pensated convex transforms for functions under more general growth conditions, see
[17, Definition 1.1].

Let f:R"™ — R satisfy the growth condition
|f(@)] < Cylzf* + Ch, (1)
for some constants Cy > 0, C; > 0 and for all x € R™.

The quadratic lower compensated convez transform for f (lower transform for short)

is defined by
C\(f)(z) = CoA[- [+ f()](z) — A|z*, = €R", for A > Cy, (2)
where the part Co[\|- |2+ f(-)](x) is the value of the convex envelope of the function
y— f(y) + Ay|? at x € R™ [10, 14, 15].
The quadratic upper compensated convex transform for f (upper transform for short)
is defined by
CA(f)(2) == =Co[A| - [* = f()](z) + Alz*, 2 €R", for A > Cy. (3)

The two quadratic mized compensated conver transforms for f (mixed transforms
for short) are defined, respectively, by C¥(CL(f)), and Ci(C*(f)) when X\, 7 > C/.
It is easy to see under our growth condition for f that C¥(f)(x) = —Ci(—f)(x).

In this paper we will consider semiconvex and semiconcave functions, which are
defined as follows [5, 21, 16].

Definition 1.1. Let 2 C R” be a non-empty open convex domain.

(i) We say that a function f : Q — R is semiconvez if there is exsist a nondecrasing

upper semicontinous function w : Rt — R* such that lim+ w(t) =0, and
t—0

sf(@)+(1=5)f(y) = flsz+ (1 —s)y) > =s(1 = s)lx —ylw(lz —yl) (4)
for all z,y € € and for all 0 < s < 1 where w is the modulus of semiconvexity
for f in €.
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(ii) A function f: Q — R is semiconcave with modulus w in Q if — f is semiconvex
with modulus w.

(iii) When there is some constant \g > 0 such that w(r) = Aor for all » > 0, we
say that f: Q — R is 2)\g-semiconver with linear modulus. This is equivalent
to that there is a convex function g : 2 — R such that f(z) = g(x) — \o|z|?
for all z € Q [5, 16].

Also, a function f : Q — R is 2)\¢-semiconcave with linear modulus if —f is
2)p-semiconvex with linear modulus. In this case, there is a concave function
g: Q2 — R such that f(z) = g(x) + \o|z|? for all z € Q [5, 16].

(iv) A function f : Q — R is called locally semiconvex (respectively, locally semi-
concave) in ) if, on every compact convex subset K C €2, f is semiconvex
(respectively, semiconcave) with a modulus wy depending on K.

(v) A function f : Q — R is called locally linearly semiconver (respectively,
locally linearly semiconcave) with linear modulus if for every convex compact
subset K C €, there is a constant Ax > 0 and a convex function (respectively,
concave function ) gx : K — R such that we have f(z) = gx(x) — Ag|z|?
(respectively, f(z) = gx(z) + Mg |z|?) for all x € K.

We will need also the following result on the minimal bounding sphere for a compact
set in R™ [18, Lemma 1.2, p.4].

Lemma 1.2. Let K C R" be a compact set. The following hold.

(i) There is a unique closed ball B(yo,r) containing K in the sense that B(yo,
is the closed ball containing K with the smallest radius. The sphere S, (yo) :
0B (yo,r) is called the minimal bounding sharer of K.

r)

(ii) Let d be the diameter of K , then r < e 1)al.
(iii) The center yo of the ball satisfies yo € colK N S.(yo)], the convex hull of

K N ST(yo)

The following theorem is our main result on approximations and geometric singular
extraction of semiconvex functions by the upper transform. The result is related to
the Fréchet subdifferential 0_ f(z) of semiconvex functions. For its definition, we
refer to Definition 2.10 and to its characterization Proposition 2.16.

Theorem 1.3. Let 2 C R™ be a non empty open convexr domain. Assume that
f:Q —= R is a bounded and semiconvex function with modulus w and let xoq € € be
a singular (non-differentiable ) point of f. Then

lim VC(f)(z0) = vo, (5)
A——+00
where yo € O_ f(xo) is the center of the minimal bounding sphere of O_ f(xo).

The minimal bounding sphere of 0_ f(zy) is the boundary of the smallest ball con-
taining the set of 0_ f(x¢) so the ball has the center yo. A similar result holds for
semiconcave functions with the difference that we have

lim VCL(f)(z0) = o,

A——+00
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with yo € 04 f(xo) the center of the minimal bounding sphere of Fréchet superdif-
ferential of the semiconcave function f at xg.

We also have the following C''* regularity result for the upper transform of semi-
convex functions with general modulus.

Theorem 1.4. Assume f :R"™ — R is a bounded function, satisfying |f(x)] < M,
for some constant M > 0, and is semiconvex with modulus w. Then for A > 0
sufficiently large, CY(f) € C**(R™) in the sense that

IVCX(N)(y) = VEX () (@)] < wally — ]), Vz,y € R, (6)
where wy(t) = 16t 4 dw(4t),t > 0.

As an immediate consequence of Theorem 1.4, we obtain the following local O+
regularity result.

Corollary 1.5. Assume f : R" — R is bounded and is a semiconver function
with modulus w in B(0;r) for some r > 0. Then for A > 0 sufficiently large,
Ci(f) € Cx(B(0;7/2)) in the sense of (6) with the restriction that x,y € B(0;1/2).

We can derive some precise estimates if we take a simple explicit modulus. If we
consider the special case w(t) = A\t for Ay > 0, 0 < a < 1, then C¥(f) € C'*(R")
for large A > 0.

Corollary 1.6. Assume f : R" — R is bounded and is a semiconvex function in

B(0;7) for some r > 0 with modulus w(t) = Aot™ for some A\g >0, 0 < < 1. Then
we have for X > 0 sufficiently large, C¥(f) € C»*(B(0;7/2)) in the sense that

IVCY(f)(y) — VCI(f)(@)| < Laaly — =%, 2,y € B(0;r/2), (7)
with Ly, = 16 (M7 + X) .

We need the following preparations for the proof of our main results.

Lemma 1.7. [10, Lemma 2.1.1] Let f : Q@ C R" — R be a semiconvez function and
oo(x) = max{p - x,p € S} is the support function of S = 0_f(0). For any € > 0,
there exists 6 > 0 such that |x| < 0 implies

|[f(x) = f(0) = oo(x)] < €fx]. (8)

Remark 1.8. We can define the support function
o:x€R" = o0,(h) =max{p-h,ped_f(zx)},

for semiconvex functions [6], where the subdifferential 0_ f(z) is a non-empty, com-
pact, convex subset of R” [3]. By a similar argument as in the proof of [10, Lemma
2.1.1], we can show that

lim fla+th) — flz) _ oo (h),

t—0+ h/—h t

where the left member defines the directional Hadamard derivative of f at x in the
direction h € R”, and |h| =1 [6].
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Lemma 1.9. Assume that § is a non-empty open cconvez set in R" and f : Q@ — R
is a bounded function. If g < f <h, in B(xo,7) C Q where g and h are globally
Lipschitz functions, then for x € B(wo, 5),

Ch(9)(x) < CX(f)(x) < CX(h)(2), (9)
2
whenever A > L2+ V2) and (4 V2)yfosel7) < C, (10)
(1 +v2)y/ose(F) VA 2

where f is the upper semicontinuous envelope of f and L > 0 is an upper bound of
the Lipschitz constants for both g and h.

Remark 1.10. If osc(f) = 0 in B(zg,7), then f is a constant in B(xg,7) so f = f
in B(zg,7), where f is the upper semicontinuous envelope of f. So we can prove
the result easily. For semiconcave functions, we have a similar result for the lower
transform. The only change is that f is to be replaced by f where f is the lower
semicontinuous envelope of f. B B

Lemma 1.11. Assume f: Q C R" — R is a bounded and semiconvex function with
modulus w and let xg € Q) be a singular point of f. Then the gradient of the upper
transform of f at xq is bounded.

The plan of the rest of the paper is as follows. In Section 2, we introduce some
further preliminary results which are needed for the proofs of our main results. We
prove our results in Section 3.

2. Preliminary results

We first collect some basic results from convex analysis which will be used in the
following, and refer to [10, 14, 15] for further details and proof.

Definition 2.1. [7, 15] For a function f : R® — R bounded below, we define its
convez envelope at x € R™, denoted by Colf], by

Colf](z) = sup{g(x), g(y) < f(y), for all y € R", g is convex}.

We often use the following characterization of convex envelope in the proofs.

Proposition 2.2. [19, 15] Let f: R™ — R be bounded below and xo € R™. Then
(i) The convex envelope Co[f](-) of f at xo € R™ is given by

n+l n+1 n+l
Colf](zo) = inf {Z Aif(z) Y Ni=1,> Ay =m0, A 20, !EiERn} - (11)
i=1 i=1 i=1

In addition, if the function f is lower semicontinuous and coercive in the sense
that f(x)/|x| — +o00 as |x| — 400, then the infimum can be attained by some
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(Myxf) forO < X <1,z €eR” fori=1,....k with1 <i<k<n+1,

Rt}

satisfy SF N =1, and Y&, Nixt = x, such that

Colf](xo) = D_ X f(x}).

(ii) We can replace the general convex functions g in Definition 2.1 by affine
functions (see [17, 19]):

Co[f](xo) = sup {l(xo) : ¢ affine and ((y) < f(y) for ally € R"}.

In particular if f is lower semicontinuous and coercive, then the sup is attained
by an affine function ¢* € R".

We recall the definition of modulus of continuity with some of its properties.
Definition 2.3. [8, 16] Let f : R — R be a bounded and uniformly continuous
function in R™. Then wy : [0,00) — [0, 00) defined by

w(t) = sup{[f(z) = f(y)] : 2, y € R" and [z —y| < 1}

is called the modulus of continuity of f. In particular, there is a concave continuous
majorant wy of wy of f satisfying that @(0) = 0, ws(t) < @¢(t), and ©f < a*t + b*
for some constants a* > 0, b* > 0.

The modulus of continuity of f has the following properties.

Proposition 2.4. [8, 16] Let f : R" — R be a bounded and uniformly continuous
function in R". Then the modulus of continuity wy of f satisfies the following
properties:

(i) wf(t) — w(0)=0, ast—0.
(ii) wy is non-negative, non-decreasing and continuous on [0, 00).

(ili) wy is subadditive w(ty +t2) < wys(th) +wp(te) for all ty,t3 > 0.

Next we list some basic properties of compensated convex transforms (see [17, 19, 20]
for further details and proofs).

The lower and upper transforms are related to each other when A > 0 by the

following relation [17]
CA(f)(@) = =CX(=/)(x),

when both can be defined. Furthermore, the ordering property of compensated
convex transform [17] holds for x € R", 0 < A < 7,

CA(f)(@) < CL(f)(x) < flz) < CHf)(@) < CX(S)(@), (12)

and for f < g in R", we have that [17, 19]

CA(f)(@) <Cg)(x) and CX(f)(x) < CR(g)(x), x €R™ (13)
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In addition, the compensated convex transforms are affine invariant [19], that is,
CA(f +0(x) = CA(f)(x) +L(x) and  CX(f +0)(x) = CX(f)(x) + L(x),  (14)

where / is any affine function and we also have [17, Theorem 2.1(iii)]

Cy(f), ifr> A\,
Cif), ifr <N\

CL(f), if 7>\,

and CLCL(P) :{ (15)

CHCX(S)) = { CL(f), ifT<A

We also recall the following properties. If f is a continuous function with quadratic
growth [17, Theroem 2.3(i)], then

lim C{(f)(x) = f(x) and  Jim CH(f)(x) = f(x),z €R".

A—00

Also, if f and g are both bounded real valued functions in R™ [19, Proposition 2.9],
then for A > 0, and 7 > 0, we have

Crr(f +9) (@) = CA(f)(2) +Cog)(x) and  CY (f +g)(z) < CX(f)(x) +Cr(g)(2).

The following property of compensated convex transforms in [19, Proposition 3.1]
will also be used:

C()(z) = CX(f)(2), (16)
CA(N)(@) = C(f)(2), (17)

where f and f are the upper and lower semicontinuous envelopes of f [14, 10].

We will use the following simple translation-invariance property in our proofs in
order to allow us to consider the point zy = 0 without loss of generality.

Proposition 2.5. [19, Proposition 2.10] (Translation-invariance property) For any
function f : R™ — R bounded below and for any affine function ¢ : R — R, we have
Colf + (] = Co|f] + (. Consequently, both Ci(f)(z) and C¥(f)(x) are translation

invariant against the weight function, that is:
CA(f)(@) = ColA| - —wo|* + f(-)](x) = M — o],

Cx(f)(x) = = Co[A| - —zo|* = f()](x) + Al — zo|*,

for all x € R™ and for every fixed vy € R™. In particular, at xg

CA(f)(w0) = ColA| - —wo|* + f(-)](x0),  CX(f)(w0) = —Co[A| - —wo|” — f(-)](w0)-
Above and below the upper/lower semicontinous envelope of f, say f and f, are

defined as
f(x) = limsup f(y) and f(x) = liminf f(y).

y—T y—w

We give the definitions of general global C®, C''?, and Lipschitz functions as follows:
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Definition 2.6. Suppose f: R" — R.

(i) We say that f is a C*-function (Holder continuous) in R™ for some 0 < a < 1
if there is a constant L > 0 such that for all x, y € R",

[f(x) = f(y)| < Llz —y[*.

(ii) We say that f is a globally Lipschitz function in R™ if there is a constant L > 0
such that for all z, y € R™,

|f(z) = f(y)| < L]z —yl.

(iii) We say that f is a CVP-function in R" for some 0 < 3 < 1 if there is a constant
L > 0 such that for all z, y € R",

[Df(x) = Df(y)| < Ll —y|”.

(iv) We say that f is Ct!-function in R™ if there is a constant L > 0 such that for
all 2,y € R", |Df(x) = Df(y)| < Llz —yl.

We need the following definition from [19].

Definition 2.7. Suppose f : R" — R and let xq € R".

(i) We say that f is locally C* at z( for some 0 < o < 1 if there are constants
0 >0 and L > 0 such that

|f(x) — f(zo)] < Lz — x9|* whenever |z — x| <.

(ii) If & =1 in the inequality above, we say that f is locally Lipschitz at x.
(iii) We say f is locally C* at zq for some 1 < a < 2 if f is differentiable in

B(zo; 0)and there are constants § > 0 and L > 0 such that
|Df(x) — Df(z0)| < Llz — 20|*"  whenever |z — z,| < 4.

In fact if we let S =a—1, our definition gives the local C'# property of f at
Zg-

The following estimates for lower transform can be found in [19, Theorem 2.12],
similar results hold for the upper transform.

Theorem 2.8. (i) Suppose f : R™ — R is lower semi-continuous, f maps
bounded sets to bounded sets and satisfies f(x) > —A(1 + |z|*) for some
constant A > 0. If at some xqg € R"™, [ is locally C* at zy for 0 < a < 1
with constant L > 0, or CY* with o« =1+ 8 and 1 < a < 2 then for A > 0
sufficiently large,

CLP o) < o) < Ch(ao) + 2270 (2) (129 ag)

2\ 2

(ii) Suppose the f : R™ — R is lower semicontinuous , f maps bounded sets to
bounded sets and satisfies f(x) > —A(1+|z|*) for some constant A > 0. If at
some xo € R™, f is differentiable, then for any € > 0, there is a A > 0, such
that when X > A,

2

CA(£)(x0) < f(z0) < CA(f)(wo) + - (19)
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(iii) Suppose f : R™ — R is a globally Lipschitz function with Lipschitz constant
L > 0. Then then for A > 0 and for x € R,
L2
CA(f)(@) < flx) < CA()() + 35 (20)

We also need the following locality result under various global continuity /smooth-
ness assumptions obtained in [13].

Theorem 2.9. Suppose f : R" — R satisfies the growth condition (1) and is a
function under the continuity/smoothness assumptions below. Let A\ > 0. Then for
every xo € R™, the lower transform of f at xq is given by

CL(F)(@0) = Copuypy)[f () + Al - =0/ (o), (21)
where the radius Ry > 0 depends on the following continuity/smoothness conditions
respectively.

(i) [21, Proposition 2.3] If f is a Lipschitz function with Lipschitz constant L > 0,

then R, = R- = L(Qi\@,

(i) If f is a C*-function for 0 < a < 1 with a constant L > 0, then

R, — gf _ 2(52125> (§> (ﬁ) ’

(iii) If f is a CYP-function for 0 < B <1 with o = 1+ 8 and a constant L > 0,

1/(2-a)
then R, = R = (M(a))V/C® (£>

A

Y

where M(a) > 0 is a constant depending on 1 < o < 2.

(iv) If f is a bounded lower semicontinuous function with its oscillation in R"
defined by osc(f) = sup(f) — inf(f), then

14 v/2)+/osc(f)
A ;

(v) If f is a bounded uniformly continuous function in R™, then

3 \/wf <\/@(1+\/§)> +2 \/@f (“7 + "7")
R, =R} = 5y :

where @s(-), a*, b* are given by Definition 2.3.

RA::RB:(

(vi) If f is a differentiable function, and its gradient is bounded and uniformly
continuous, then
4 wpy (5(2+v2))
A Y

where wpy is the modulus of continuity of Df.

R>\ = R?:
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(vii) [17, Theorem (2.3,v)] If f is C*' with Lipschitz constant L for Df such that

|IDf(x) = Df(y)| < Llx —yl,

then CL(f)(z) = f(x) for all x € R™ whenever X\ > L, that is, Ry = 0 for
A> L.

Next we recall from [21, Definition 2.1] and [4] the following definition.

Definition 2.10. We say that f : Q — R is (Fréchet) upper semi-differentiable
(respectively, lower semi-differentiable) at x € R™ if there exists u € R™, such that

- flx) = fy) = (w,y — )
1 < 22
e =
resp.: lim inf /&) =W ~ wy ) <0. (23)
Yy—T |y - .23‘

The (Fréchet) superdifferential of f at x, denoted by, d, f(x), is the set of vectors
u € R™ satisfying (22) and the (Fréchet) subdifferential of f at x, denoted by 0_ f(x),
is the set of vectors u € R™ satisfying (23).

We recall from [10, Defintion 1.1.1, Chapter D] the following definition

Definition 2.11. The directional derivative of f at x in the direction h (when it
exists) is

t—0+ t

Definition 2.12. [14, 16| Given a non empty compact set in R", its support function
is defined by o(x) = max{x-p, p€ K} for all z € R". A support function is also
called sublinear function [10].

We conclude this section by recalling some propertie of semiconvex functions we
need in our proofs.

We first recall from [5, 16] the following theorem.

Theorem 2.13. Let 2 C R™ be a non-empty open convex domain. Any semicon-
vex/semiconcave function f:Q — R is locally Lipschitz continuous in §.

The following theorem [5, Theorem 3.3.7, p.60] is valid for any modulus. More
precisely, this theorem gives an estimate of the modulus of continuity of Df.

Theorem 2.14. If f : Q@ — R is both semiconcave and semiconvex function in €2,
then f € CH(Q). In addition, on each compact subset of 2, the modulus of continuity
of Df s in the form wy(t) = cqw(cat), where w is a modulus of semiconcvaity and
seniconvezity for f and cy1,co > 0 are constants.

We also need the following result from [5, Proposition 3.3.4, p. 57| and [16, Corollary
10.31, p. 1038).

Proposition 2.15. Let Q2 be a nonempty open convex set in R™ and f : Q2 — R be a
semiconcave function with a modulus w and let x € Q). Then the following property

holds true Oy f(x) # ¢.
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The following property of subdifferential of semiconvex function is taken from [3,
Proposition 2.1, p. 4] and [16, Theorem 10.29, p. 1037].

Proposition 2.16. Let €2 be an open convex set in R™ and f : 2 — R be a semi-
convex function in Q. Then f is locally Lipschitz continuous in €, and a vector
p € R™ belongs to 0_ f(x) if and only if we have for any point y in §)

f@) = f) —py—2) >~y — 2wz —y|). (24)

The following differentiability property is useful in our proofs [4, Corollary 2.5] and
more generally [12, p.726] and [16, Corollary 10.31].

Lemma 2.17. If g is convex, f is upper semidifferentiable, g < f and g(x) = f(z),
then g, f are both differentiable at x and D f(x) = Dg(zx).

We recall from [16, Proposition 10.27 | the following result.

Proposition 2.18. Let X be a normed space and f : X — RU{+4o00} be a function
which is semiconvex near x at which f is finite. Then the directional derivative

t—0+ t

ezists in RU{—o0, 400} for any directions h € X and the function f'(x,.) is convez.

We need the following result from [6, Proposition 1.4, p.248] and [16, Theorem
10.29, p. 1037].

Proposition 2.19. Let Q be a non-empty convex set in R™ and f : Q — R be a
semiconvex function. Then for any h € R"

F/(, 1) = max{h - p, p e 0_f(@)} (25)
that is, f'(x,-) is the support function of O_ f(x).

The following lemma is taken from [21, Lemma 2.5, pag 11].

Lemma 2.20. Let S C R"™ be a non-empty compact convex set, containing more
than one element, and denote by S,(—a) the minimal bounding sphere of S with
radius v > 0 and centre —a € R™. Consider the support function

o:x€R" = o(x) =max{p-z,p € S}
Then for a fized 0 < e < min{l,r} and for A > 0, we have

AV
ciio—d- Doy = "= (26)
VCi()(0) = ~a; 1)
and for 0 < e <min{l,r}

Ci(o +¢l-)O) < Chn @O +CAld - NO) = ;s + 50 (29)

Mal* + 35 l2l < 55
where Alel - D) = { e (29)

€|z|, |z| > ox-
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We recall the following approximations theorem for locally semiconvex functions
with linear modulus [21].

Theorem 2.21. Assume f : Q2 C R" — R is a locally semiconvex function in §2
with linear modulus and let xo € Q be a singular point of f. Then

lim VC3(f)(x0) = vo,

A—400

where yo € O_f(xq) is the center of the minimal bounding sphere of 0_ f(xo).

A similar result holds for semiconcave functions with linear modulus. We also recall
the following O regularity result for the upper transform of semiconvex functions
with linear modulus [21].

Theorem 2.22. Assume f : R" — R is a Lipschitz function with Lipschitz constant
some L > 0. Assume that for somer > 0, f is 2 \g—semiconvexr with linear modulus
in the closed ball B(0;2r), that is, f(x) = g(z) — Xo|z|* for x € B(0;2r), where
Ao > 0 is a constant and g : B(0;2r) — R is convex. Then for A > \o sufficiently
large, C¥(f) € CYY(B(0;7)) in the sense that

IVCX()(y) = V(@) <2 Mly — =[), =,y € B(0;).

3. Proofs of the main results

We postpone the proofs of Lemmas 1.7, 1.9 and 1.11 to the end, and with those
lemmas we start with the proof of Theorem 1.4. Some features within the proof of
Theorem 1.4, say the property (30), will be utilized to demonstrate Theorem 1.3.

Proof of Theorem 1.4: We show that when A > 0 is sufficiently large, C¥(f) is
differentiable at xy and

~Iyo = wolw(lyo — zol) < CX(f) (o) = CX(f)(w0) = VCX(f) (o) - (Yo — w0) < Alyo — o],

for xg,yo € R™. If we consider wi(t) = M + w(t),t > 0, then we obtain for all
%o, Yo € R”

ICx(f) (o) — CX(f)(w0) — VCX(f) (o) - (yo — 2o)| < |yo — Tolwi(|yo — zol).  (30)

From (30) we see that C{(f) is both semiconvex and semiconcave with modulus
w}. Therefore by [5, Theorem 3.3.7, p.60] (see also Theorem 2.14) we see that
Ci(f) € CHA(R™) satisfying

IVCY(f)(y) = VCI(f) ()| < 4 wi(4ly — =]) ,Vz,y € R™. (31)

Since f is bounded, by the locality property (Theorem 2.9 (iv)) for a bounded lower

semicontinous function, when A > 0 is sufficiently large, we have for zy € B(0;7)

(14 v2)+/osc(f)
v

with |z;] < <,

k

Ci(f)(x0) = =Co[A| - —aof* = F()](w0) = = Y NilAai — zol* = f(z)],  (32)

=1

with 2<k<n+1, \; >0, |[x;—z| <7 for i=1,... k.
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We define gx(y) = My — x0]* — f(y) for y € R, and A > 0. By [19, Proposition
2.1] (see also Proposition 2.2), there is an affine function ¢(y) = a - (y — xo) + b for
y € R", with a € R" and b € R such that

(i) £(y) <galy)  forally € R™,
(i) 0(x;) = ga(z;) for x; € B(0;7).

k k
Let Amoz{z,uzxz; M120712177k72/~bz:17}7
=1 =1

be the simplex defined by {z, ....... xi}, then we see that Co[g,|(y) = a-(y —xo) +b
for y € A,, as the set U = {(y,a -y +b),y € Ap} is contained in a face of convex
hull of the epigraph Colepi(gy)] of g\ and

{(xb g)\('xl))7 R (xma g)x('rm))} cun €p2(g)\)

Now we have Co[g,](y) < ga(y) for y € R™, and
Colga](zi) = gr(xi) = a - (zi — x0) + b,
for x; € B(0;7), i =1,...,k with

o) < L DT,
Since f is semiconvex with modulus w, then by [5, Proposition 3.3.4, p. 57] (also see
Proposition 2.15), f is lower semi-differentiable. Then — f is upper semi-differentiable

and the quadratic function automatically differentiable. Moreover,

oY) = Ay — zo]* — f(y)

is upper semi-differentiable. Thus by [4, Corollary 2.5] and [12, p.726] (also see
Lemma 2.17), we see that both Co[g,|(y) and g,(y) are differentiable at z; and

VColg,](7:) = Vaa(zi) = 2M(@; — x0) — V f(5),

hence V f(x;) exists for i = 1,... k.. If we apply Lemma 2.17 again to the affine
function ¢(y) and the upper semi-differentiable g,(y), we also have Vg, (z;) = a, for
i=1,... k.

Now we show that C¥(f) is differentiable at xy and VCY(f)(zo) = —a.

We know that Colgx](zo) = 325, Aiga(w;) with 2 < k < n + 1, and without loss
of generality we can assume that Ay > -+ > Ay > 0, |z; — x| < r (by the locality
property), satisfying Zle A; = 1 and Zle Air; = xry. We then have

1 1
A > > .
L = nr1

Now for y € R", we have
k
To+y =M <$1+/\%> +Z;)\i$i-
By the convexity of Colg,], we have

k
Col[gx](zo +y) < A1 g <$1 + %) + ; Aiga(;).

Then by subtracting Co[ga](x0) = 325, \i ga(a;) from both sides of the inequality
above we obtain for y € R"
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Colg](zo +y) — Co[gx](o)
<X (o (14 %) = 9n) + (o Alor(e) — ()
=M\ (9/\ (151 + )\%) - 9A($1)) 5

Since the left hand side of the above inequality is convex in y and the right hand
side is upper semi-differentiable at y = 0 and the two functions are equal at y = 0,
by Lemma 2.17, we see that VCo[g,|(z9) = Vga(z1). Thus Colg,] is differentiable
at xg.

Furthermore, since ¢(y) < g\(y) for y € R", by the definition of convex envelope we
see that ((y) < Colgy|(y) for y € R™. We also have {(z¢) = b = Co[gx](xo). Also,
since Colg,] is differentiable at x¢, again by Lemma 2.17, we have VColg,](zo) = a.
Thus VCY(f)(zo) = —a. Therefore CY(f) is differentiable at z.

Now we prove that for all zg,yo € R", we have

Cy(N)yo) = CX(f) (o) — VCX(f) (o) - (yo — x0) = —[yo — wolw(lyo — 2of),  (33)
so that Cy(f) is semiconvex with modulus w in R"™. Wesee that (33) is equivalent to
Ayo—0|* —Colga] (y0) +Colgal (o) +V Colgx] (o) - (4o —0) = —yo—wo|w(|yo—ol),
which again is equivalent to

Colgxl(y0) — Colgal(we) — VColga](x0) - (yo — 7o)
< Ayo — @o* + |yo — wolw(lyo — 2ol). (34)
We will prove (34) above which is equivalent to (33). Note that

k
Colgy|(x Z/\ az(z;), VColg\|(xg) = a, VCo|gr](x;) = Vaga(z;) = a.

i=1

Since Vyo € R™, and |z; — zo| < r, we see that yo = Z i (Yo + (z; — o).

Thus Colg:](v0) < Z Ai gx (Yo + (25 — x0)) -
We also have Colgy|(zo) = Z i gx (o + (27 — 20)) ,
and VColga](zo) - (Yo — o) = Yo — To) Z i a- (Yo — xo)

Z iV (zo + (2 — 0)) - (Yo — o).

We notice that in R, f is semiconvex with modulus w and gy (y) = Ay —x0]* — f(v).
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Thus Col[gx](yo) — Colga](z0) — VColga](xo) - (yo — w0)

<D A (93 (Yot (x5 —0)) = g (wo+ (i =20)) = Vga (w0 + (2 — o)) - (9o — o))

i=1

= Z)\i A (‘(yo —xo) + (zi — 9130)|2 — |z — 1170‘2 —2(yo — o) - (i — 350))

— Z i (f(yo + (z; — o)) — f(xo + (@ — 20)) — Vf(xo+ (i — 20)) - (Yo — 20))

< Alyo — zo|* + |yo — zolw(|yo — o).

Here we have used the facts that Zle Ai(z; —x9) = 0 and that f is a semiconvex
function with modulus w hence is lower semi-differentiable,

f@) = f) — Py —2) >~y — 2wz —y|).

Hence C{(f) is semiconvex with modulus w. Also, by the definition of the upper
transform, we have, C}(f) is semiconcave with linear modulus, that is,

CX(f)(yo) — CX(f) (o) — VC(f)(o0) - (Yo — z0) < Alyo — wol*. (35)

Combining (33) and (35), then we have

~lyo — olw(lyo —2ol) < CX(f)(y0) — CX(f)(20) = VCX(f)(w0) - (Yo — w0) < Alyo —ol*.

Furthermore, we conclude that (by adding the two bounds together )

—Ayo—zo*—lyo—zolw(lyo — wol) < CX(f)(y0) —Cy(f) (o) —VCL(f) (o) - (yo—10)
< Alyo — wo|® + [yo — o|w(|yo — wol)-

Thus, if we consider where wj(t) = At + w(t),t > 0, then we have

=140 — xolwi(lyo — wol) < CX(f) (o) — CX(f)(x0) — VCX(f) (o) - (5o — o)

< |yo — wo|wi (|yo — wol)-

Therefore
ICX(f) (o) — CX(f) (o) — VCX(f)(20) - (yo — 2o)| < [yo — zolwi(lyo — o). (36)

We see that Cy(f) is both semiconvex and semiconcave with modulus w}. Hence, by
[5, Theorem 3.3.7, p. 60] (also see Theorem 2.14), we obtain that C¥(f) € CT*x(R")
satisfying

IVCX(F)(y) = VCR() (@) < 4 wi(dly — z]), Yo,y €R™.

We define wr(ly — z]) =4 widly — z|) = 16|y — z| + dw(4]y — x|)
where wi(t) = At +w(t), t >0.

This completes the proof. [
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Proof of Corollary 1.6: This is a direct consequence of Theorem 1.4, where
w(t) = Agt® for A\g > 0, 0 < a < 1. In fact for some r > 0, if z,y € B(0;7),
then we have |z —y| <r. Then for A > 0 sufficiently large, CY(f) € C(B(0;7/2)),
and for z,y € B(0;7/2), we have

IVEX () () = VEX(N) ()] < wally — #]) < 16Aly — x| + dw(4]y — )

< 16M|y — x| + 4 o(4]y — z))* < 16A|y — x| + 16Mg|ly — 2|

< 16A|y — 2| Y + 16Xy — ]* < 16 (Aly — 2% + o) |y — 2|
Then by using the triangle inequality, we have
ly — ' < |+ [yl < Pt <t
Here we have used the fact that x,y € B(0;7/2). Therefore
IVC(f)(y) — VCH(f) (@) < 16 (A= + Xo) [y — 2], x,y € B(0;7/2),
with Ly o = 16 (Ar'= + X¢). The proof is finished. O
The next step is the proof of Theorem 1.3.

Proof of Theorem 1.3: Let xy € €2 be a singular point of f. By the translation
invariance property [19, Proposition 2.10] (also see Proposition 2.5), we may assume
without loss of generality that xq = 0.

Since f is semiconvex on €2, f is a locally Lipschitz continuous function [3, Propo-
sition 2.1, p. 4] (also see Proposition 2.16). Following [16, Proposition 10.27 | (also
see Proposition 2.18, we conclude that the directional derivative of f exists and is
finite.

Furthermore, 0_ f(0) is a non empty, compact set [3] (Proposition 2.16).

Let og(x) = max{p-x,p € J_f(0)} be the support function of 9_ f(0). By [6, Propo-
sition 1.4, p. 248] (also see Proposition 2.19), we have that the directional derivative
of f at 0 is the support function of d_ f(0).

Now we may assume that f(0) = 0 in Lemma 1.7, so for every fixed € > 0, there is
some 0 with 0 < ¢ < 1, such that

|f(x) = oo(x)| < efx],
whenever x € B(0,4). Therefore we have
oo(x) — efz| < f(x) < oo(@) + €fz],

for x € B(0, 6). Since f is bounded and o¢(x) £ ¢€|x| are globally Lipschitz functions,
then for = € B(0,9/2) and for sufficiently large A > 0 satisfying the requirement of
the proof of Lemma 1.9 we have by Lemma 1.9

Cx (o0 — €[ - ) (x) < CX(f)(x) < CX (o0 + €] - [) (). (37)

Now we may apply Corollary 1.5 to obtain for large A > 0, C¥(f) € C**(B(0;6/2)).
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Let py = VCY(f)(0), by Lemma 1.11, we then have |p)| < ¢y and by using (30), we

obtain

ICX(f) (@) = CR(F)(0) = pa - 2| < |zfwi(|z]), (38)
for x € B(0,8/2), where wi(-) = A| - | + w(-) is the modulus of semiconvexity and
semiconcavity of Cy(f).

Now we show py tends to —a when A — 400 as follows, where —a € R" is the centre
of the minimal bounding sphere of the subdifferential 0_ f(z) of f,

px -z < CX(f) (@) = CX()(0) + |z|wr(fz])
< CX (o0 +¢l-]) (2) = CX (o0 — € - ) (0) + [a|wi(|2])

(r—e?
4N

=1 - + |zwi(z]),
where I = C} (0g + €| - |) (z). In the above inequality, we have used the fact that
Y
Ci(o0 — | -[)(0) = L=

an
given by [21, Lemma 2.5 (2.5)] (also see Lemma 2.20 (26). By a similar argument
to that used to show [21, Lemma 2.5 (2.7)] (see Lemma 2.20 (28)), we also have

I'=CY (oo +¢el-[) () <Clgaloo)(x) + Cale] - [)(2) = Sy + Ja.

Now for a € R"™, we conclude that
J1 = C{i_ga(00)(2)
= (Clon(00)(x) — Ct_op(00)(0) + - 2) +Cli_oz(00)(0) —a -

,,,2

< Jels-on(lal) + 1755

r2

<A1 = 6)|z]? + |z|w(|z]) + M —on

Here we have used (38) and the fact given by [21, Lemma 2.5 (2.7)](also see Lemma
2.20 (28)) that

T2

CELG)A(U)(O) = - on (39)

2 Py
Therefore when A > max{2ﬂ, ((1 +/2) osc(f)> ,w} and for large

A > 0 satisfying the requirement of the proof of Lemma 1.9, we have

pa @ ML= Olaf + [aefo(fel) + 1o a4+ CA(d - D)
— =9 | ajw(la)
4\ A
<AL= el + falwlal) + 17—y — a2+ CA(el - D)
(r—e)? 2
~C I Mo+ [ef(o))
67”2

—a-x+Ch(el - () + 2Azf* + 2fzlw(|z]).
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So that  (pr+a) - < 4(1?2» +C8 (el - (@) + 22[2? + 2Jafw(|a]). (40)

Since py is bounded by ¢y (Lemma 1.11), by taking

Ty = pxta
AT (1 + |a| +co)N

24

2
we have |z,| < 555 < g if A > max{Zﬂ, ((1 +/2) osc(f)) ,—(Hﬁ)a\/ ose(f) }

Also for large A > 0 satisfying the requirement of the proof of Lemma 1.9, fur-

thermore, we have |z)| < 5. So that by using explicit formula [20, Lemma 2.5

(2.8)](also see Lemma 2.20 (29)), we have
Ciel - (@) = eXaal® + -

Thus, if we substitute x into (40), we obtain

prtal® e’ lpx + al? €
25(1 4 lal+co)d — 41 —e)A 291+ |a| + c0)?XA 4\
L dpataP lpx + al [px +al
2101 + Jal 4+ ¢9)2X 241 + |a] + co)A 25(1 + |al + co)A

er? Ipx + al? €

< —
41 —-e)A 291+ |al Fco)A 4N

+ elpx + al? + Ipx + al w Ipx + al
2101 + |al + co)A  24(1 + |a] + co)A 25(1+|a| +co)A )~

Furthermore, as 0 < € < 1, by multiplying both sides by 2°(1 + |a| 4+ ¢) A, we obtain

2 2 2
2 95 er € lpx + a Ipx + al
‘pk+a| —2<1+‘a’+00)(4(16)+4 + 24 + 25

+
+2|p)\+(l|w(25 [pA +al )

(1+lal +co)A
Thus

6’/‘2

2 96 € Ipx + al
[+ al” < 21+ o] + <o) <4(1—6)+4)+4|p}‘+a‘w(25(1+|a|+60))\ ‘

Now we take the upper limit first as A — +o00, due to the original property of w that
is, (w(|t]) — 0 as t — 0), this w will disappear as z, goes to zero when A — 400,
then we obtain

2
lim su +al? <21 + |a| + ¢ (ET—|—6>.
A—H—oop |p)\ | = ( | | 0) 4(1—¢) 4

Finally, let ¢ — 0+ we deduce that py — —a as A — +o00. Thus

lim VCY(f)(xg) = —a,

A—400

with —a is the centre of the minimal bounding sphere of d_ f(0), which completes
the proof. n
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We pass now to the proofs of Lemmas 1.7, 1.9 and 1.11.

Proof of Lemma 1.7: Suppose for contradiction that there is € > 0 and a sequence
(zx) with |ag| :=t), < ¢ such that

|f(xx) = f(0) — oo(xr)| > € ty,

for k = 1,2,.... Extracting a subsequence if necessary, assume that j—: — d for
some d of norm of 1. Then take a local lipschitz constant of f and we expand

ety <|f(zx) — f(0) — oo(z)]
< |f(@p) = f(ted)| + | f(ted) = F(0) — oo(ted)| + [o0(trd) — oo(zs)|
< Ll — trd| + | f(td) — f(0) = oo(ted)| + |oo(trd) — oo(w)] -
Then divide by t; > 0,

Tk d) I |f(trd) — f(0) — oo (tkd)|

e<L = 4 oo (trd) _UO(CUk)|.
K

ty i

We pass to the limit to obtain the contradiction with ¢ < 0. More precisely, every
term will goes to zero. First term is to use the fact f is locally Lipschitz function
so if we divide by ? then when * — d, this term goes to zero. The second term is
the definition of directional derlvatlve it goes to zero. For the third term, since oy
is continuous if we divide by ¢, then when £ — d, so that oo(3*) goes to oy(d) as
0o is 1-homogeneous. [

Proof of Lemma 1.9: By the translation invariance property [19, Proposition 2.10]
(also see Proposition 2.5), we may assume without loss of generality that xo = 0.

By the locality property (Theorem 2.9 (iv)) for a bounded lower semicontinuous
function when A > 0 is large enough, we have

r

1+V2
(Vo) _ v
I 2
Also, we have g and h are globally Lipschitz functions then by the locality property
(Theorem 2.9 (i)) for the Lipschitz case, we have
,

1o L2+V2) L
|| < 3 =R} X <5

lz;| <

Furthermore, we can show that RY > R} for large A > 0 as follows:

2
- (1—1—\[))\\/050 oV 1+\f)7j/OSC( ) s ((1—1—\[) osc(f )) .

r

vV T

Also,

r

— — — 2
(1+\/§\)/Xosc(f)<;¢>\/x>2(l+\/§j osc(f)<:>)\><2(1+\/§) osc(f)> |
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and M<;@A>(M>2.

Recall that RY > R%. So if (10) holds then

(14 v/2)/osc( )>L(2+\/§)<:>\/X> L(2+V?2) @)\>( L(2+?2) )2'
VA B A (1++/2)4/osc(f) - (1++/2)4/osc(f)

Hence, when A is sufficiently large,

(14 v/2)y/osc(f ))2 ( (14 v/2)4/osc(f ))2

r

r

2L(2+\/§))2 ( L2 +V32) )2 7
" (14 v2)y/osc(f)

by the local ordered property we have
Cx(9)(x) < CX(f)(@) < Ci(h)(2), (41)

A > max

holds for z € B(0, %).

The proof of the local ordered property is just to use one of the equivalent definitions
of the convex envelope and the property of the infimum. To prove the first part

Ci(9)(x) < C3(f)(x), we have

n+1 n+1
—C¥(g)(x) = inf {Z MilMyi — 2> = g(vi)], yi € B, RY), A = 0,) N = 1}

=1 i=1

- Z)\ Nz — z)? — g(y))
> Z Ni[Mx; — ] = f ()]

n+1 n+1
> inf {Z )\i[/\|yi - $|2 - T(yi)]ayi € E(iﬁaRba Ai >0, Z)\i = 1}

i=1 =1
— —C{(f)(x) as R} <RY.

Similarly, we can prove the second part CY(f)(x) < C¥(h)(x)

Y

n+1 n+1
—Cy(f)(x) = int {Z MMy — 2 = F(yi)l v € B, RY), A >0, A = }

1=1 1=1

n+1 n+1
> inf {Z XiAlyi — x> — h(yi)], i € Bz, RY), A > O,Z Ai = 1}

i=1 i=1

n+1 n+1
= inf {Z X\ yi — 2 = h(y), yi € E(%Rf)a Ai > 072 i = 1}
i=1

=1

= —CX(h)(@).
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The last equality is due to the locality property as the infimum for & over R™ is the
same as that over B(z, RY), which completes the proof. O

Proof of Lemma 1.11: Let x5 € 2 be a singular point of f. By the translation
invariance property [19, Proposition 2.10] (also see Proposition 2.5), we may assume
without loss of generality that g = 0. By the locality property for a bounded
lower semicontinuous function (Theorem 2.9 (iv)), we define gx(y) = A|y|*> — f(y) for
y € R" and A > 0. Then by [19, Proposition 2.1](see also Proposition 2.2), there is
an affine function ¢(y) = a -y + b for y € R", with a € R” and b € R such that

(i) ((y) <galy)  forally e R™,
(i) O(x;) = ga(z;) fori=1,--- k.

Since f is bounded, again by the locality property (Theorem 2.9 (iv)) when A > 0
is sufficiently large, we have

1+ v2)/osc(f)
% .

Moreover, if VA > (1 4+ v/2)\/osc(f), then |z;] < 1. By [5, Theorem 2.1.7, p. 33]
(also see Theorem 2.13), we conclude f is locally Lipschitz in the unit ball B(0;1).
By (ii) and C¥(f)(0) = —Co[A| - |* — f(-)](0), we conclude that

£(0) = b = Colgx](0) = =Cx(f)(0).

Let px = VCY(f)(0), to derive the bound of py, we evaluate (i) at y = 55 to obtain
the bound of |a| = |p,| as follows.
- f < ) )

so that W< 1 (& )— =~/ (55) +&O)

Following [19, Theorem 2.12 (iii) | (also see Theorem 2.8 (iii) for the Lipschitz func-
tion f with Lipschitz constant L > 0, we have

] < ¢

a-a

i
2

L2

CX(N0) < F(0) + -
la]* _ a L?
By the semiconvexity of f [3, Proposition 2.1] (also see Proposition 2.16), we have
a a |al
7 () = FO0) = (o) — || (2]

W ("”) +L—2

By using the Cauchy-Schwarz inequality, we conclude

w ('“') +L—2

@
2\

lal?

1 ey &
Thus o S (p,2)\>+

a
2

|a| | |

S I U
2X 2
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By using the sublinearity property of w(-), we have

|a|? a a ( |a|> L?

o S| ey (et By ) + 4
Hence lal* < L* + 2(|p| +oz)|a]+§|a]2.
Then (1 - g) lal? — 2(|p| + a)|a] — L? < 0.

Thus

2(lp| + a) + \/4(|p +a)? +4L2 (1 _ g)

2(1-%)

la] <

For A > 273, we have

lal < 2(pl + @) + 2v/(Ipl + @)? + L2 = co. (42)

Hence p, is bounded by ¢y when

A\ > max {26, ((1 +/2) osc(f)>2 }7

which completes the proof. ]
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