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1. Introduction

Throughout this article I C R and J C (0,00) denote two intervals. A function
f 1 — R is said to be convez if it satisfies the well-known Jensen’s inequality,

namel
' S = tyattb) < (1—1)f(a)+tf (b). (1)

for all a,b € I and all 0 <t < 1. In general, we can express it as

f(gtiai) < gtif(@i% (2)

where ay, as,...,a, € I and t,ts,...,t, > 0 with > ¢; = 1. Young’s inequality [5]
i=1
is a consequence of Jensen’s inequality, which can be stated as
a7t < (1 —t)a+ th,

where a,b > 0 and 0 < ¢ < 1. The inequality is generated from inequality (1)
applying f (z) = —log z.
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A function f : I — (0, 00) is called log-conver, if f ((1 —t)a+tb) < f1=*(a)f!(b) for
alla,b € I and all 0 < ¢t < 1. In addition, we mention that a function f : J — (0, 00)
is called geometrically convez if f(a'='b") < f17(a)ft(b) for all a,b € I and all
0<t <1

A self-adjoint operator A is said to be positive if (Az,x) > 0 for all z € H, where
‘H is a Hilbert space with inner product (.,.). We denote the identity operator in H
by 14. Given two self-adjoint operators A and B, we denote A > B (A > B) when
A — B is a positive (strictly positive) operator. Therefore, A > 0 (A > 0) indicates
A is a positive (strictly positive) operator.

This article is organized as follows. Section 2 illustrates our results on log-convex
functions and the geometrically convex functions. Proposition 2.8 and its corollar-
ies present a refinement of Jensen inequality. Theorem 2.14 discusses monotonicity
and concavity. Section 3 presents the applications of the results developed in Sec-
tion 2. Here, we consider the deformed logarithmic function and operator relative
entropy. In this section, we construct several operator inequalities applicable to
entropy theory. Remark 3.9 presents a refinement of Young’s inequality.

2. Inequalities on convex functions

In this section, we prepare some inequalities for convex and geometrically convex
functions as lemmas for Section 3. We denote the weighted arithmetic mean and
the geometric mean of two positive real numbers a and b by aV,b := (1 — v)a + vb
and afl,b := a'7Ub", respectively. The first result of this article describes a bound on
the ratio of these two quantities, which is as follows:

Proposition 2.1. Given two positive real numbers a and b we have

AV ANSEYAL aVyb PAVRANYAL
exp(n (1_<aﬁvb) ))Saﬁvbge}(p(n(<aﬁvb> —1)), (3)

where 0 < v <1, and n € N.

Proof. Setting t := '/ > 0 in the well-known inequality

-2 <logt<t—1, (t>0) (4)
we obtain n (1 — x’l/") <logx <n (xl/” - 1) , (z>0). (5)
Thus, we have the desired result by replacing z := (vab in the above inequality. [

Remark 2.2. Consider two sequences of functions {a,(x)} and {b,(z)} defined by
an(z) == n (2" —1) and b,(z) := n (1 —z7/"), respectively. We observe that
{a,} is a monotone decreasing sequence for x > 1, since the function

fly) =ny"™ —(n+1)y" +1 where y= EC)
is monotone increasing for y > 1. Similarly, defining g(z) :=nz""1—(n+1)27"+1
where 2 1= 2700 > 0 we can prove that {b,} is a monotone increasing sequence

when x > 1.
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Moreover, lim a,(z) = lim b,(x) = logz.
n—oo n— o0
aV,b

Thus, both sides in (3) converge to in the limit n — oo.

v

Proposition 2.3. Given a function f : I — R and two real numbers s and t € 1
with t > s the following inequality holds:

mm{ﬂﬂ%—fﬁnit_s}f”f@)_fwﬂSrmm{(ﬂﬂ—fwﬂit_s}_

t—s

Proof. Given any real number o < 1 we have a? < o < 1, that is
min{a?, 1} = o? < a <1 = max{a? 1}.
Similarly, considering o > 1, we observe o® > « > 1, which leads us to
min{c? 1} = 1 < a < o? = max{a?, 1}.
Combining the inequalities we get
min{a?, 1} < a < max{a?, 1}
HOERICIN

— in the above inequality we find

mm{<ﬂ2—£®)2 }<|ﬂisU|<nmx{(ﬂ2—§@>{l}.

Multiplying all terms in the above inequality with ¢ —s > 0 completes the proof. [J

for all & € R. Replacing a :=

Remark 2.4. (i) Consider a monotonically increasing function f, that is, f(t)> f(s)
for t > s. Hence, Proposition 2.3 takes the form

min{(f(t)_f(s))?,t—s} < f(t)— f(s) < max{(f(t)_w,t—s}.

t—s
(ii) Moreover, Proposition 2.3 leads us to

min { ( (1) - £ (0))*,#*]

t

<f@)—-f(0)<

when s =0 € [ and f: I — R is a monotone increasing function.

(ili) For a > 0, p > 1 and ¢ < 1, we have min{o?, a4} < a < max{a®,a?}. Now,
given a monotone increasing function f : I — R as well as two points s,t € [ with
t > s, we have

RO ()) (f(t) = f(5))"
mm{ ( =, syt }Sf(t)_f(s)

(f0) = ()7 (f) = f(s)*
Smax{ (o1 (s }

The proof is similar to Theorem 2.3. The positivity of o can be dropped for p = 2,
qg=0.
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Corollary 2.5. Consider a convex function f : J — R and 0 < t < 1. For
Ty, To, ..., Ty € J and positive real numbers wy, ws, ..., w, with > . w; =1 we have

f(zwzxz) + @ < z;wif (x;), where

mm{(sz (txﬁ(l—t)gwjxj) —f(éwia:i))2,t2}.

Proof. We can prove that the function

=1 j=1

is a monotonically increasing function on the interval [0, 1] [1, Theorem 2.1].

Moreover, (Z wlxl) and g ( Z w; f (x;).

Therefore, we get the desired result by applying Remark 2.4 (ii). O

Remark 2.6. Corollary 2.5 leads us to an improvement of Jensen’s inequality.
It also assists us in revising the arithmetic-geometric mean inequality. Applying
f(z) := —logx in Corollary 2.5 we obtain

2
‘ Alw;, ;) 2
0 < min { (10g G<wz-,xiv1_tA<wi»wi>>) ! }

where A and GG are the weighted arithmetic mean and geometric mean, respectively,
defined by

< A(wl,xz) - G(wiwxi)a

o~ | =

n

Py— w
A(w;, x E wixy, G(w;,x;) = H:z:l i

i=1

Lemma 2.7. If f:J — (0,00) is a differentiable log-convex function, then we have
for any s, t € J,

/" (s) f (1) f (@)
o (£00-9) < L0 <o (100 -9) (%)
If f:J — (0,00) is a differentiable log-concave function, then for any s,t € J,
@ f () fs) oo
e (F06-0) < L0 <o (S -0), )

Proof. A function f : J — Rislog-convex if log f is convex. Inequality (8) indicates
(log f (s))"(t — s) <log f (t) —log f (s) < (log f (t))' (t — 5)

: f(s) oy _ F 1@
that is 15 (t—s) < 1ng() 10 (t—s).
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Applying the exponential function, we get

exp (£ (t=9))f () < F () <exp (L 1= 9) ) £ (9).
The function f is called log-concave if —log f is convex [9, Definition 1.3.1]. We ob-
tain the second statement by applying the inequality (8) with — log f and exchanging
s and t. [

Proposition 2.8. If f : J — (0,00) be a differentiable geometrically convez func-

tion, then for any s,t € J,
sf'(s) £’ (1)

0% gm0

Proof. The function f : J — R is geometrically convex if and only if log f (exp (z))
is convex on R. Recall that, for any differentiable convex function f on the interval
J is also convex so that we can write

fis)t=s) < ft)=f(s) <[ () (t—>s), (8)

for any ¢ > s > 0. Hence, from (8), we infer that

(1og f (exp s))' (t = 8) < log TP < (1og f (expt))' (¢ 5).
We see that

(exps)f'(exps) ., f(expt) (expt)f' (expt) .,
Floms) ) S g S fewn %)

We get the required result by replacing s and t by log s and logt, respectively. [

Proposition 2.9. Let g : J — (0,00) be a differentiable geometrically convex func-
tion and a,b € J. Then for any 0 <t <1,

. g (a'~v") .
. — gla) 1ty a g'(a* ")
where Gi(g;a,b) :== logm a~'b (log b) o)

Proof. If g is geometrically convex, then f () = ; is a log-convex func-

tion. Indeed we calculate for 0 < s, < 1,

f<s+t>: g(at=Fp%) _ g (Va5 Va5
2 P~ (@gF0) Vo (@)g' () g (a)g* ()

ITG@
- \/gl_t(a)gt(b)\/gl_s(a)gs(b) f( )f(S)

= Gi(g;a,b). Taking s =0 as f(0) = 1, we obtain the result. O
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Remark 2.10. If the function g : I — (0, 00) is differentiable log-convex and mono-
tone increasing, we can also prove the inequality (9).

Corollary 2.11. Let ay,as,...,a, € J, ti,ts,...,t, be non-negative real numbers,
such that, 3" t; = 1. Denote A(t;,a;) ==Y ., t;a;. Now, we have the following
inequalities:

(i) If f:J — (0,00) is a differentiable log-convez function, then
Lnf(Z%%) < Ztif<ai> < Rnf(ztiai>a (10)
i=1 i=1 i=1

Ny, F/(Alts, ) (a; — Alts, a,)
where L, = izltz exp ( I (A(ti,a;)) >

T S o T

(ii) If f : J — (0,00) is a differentiable geometrically convex function, then we

also have
E@f(ztiai> < Ztif<ai> < E@f(ztiai>a (11)
where i=1 i=1 i=1
n A(tiﬁij‘{/w(%,ai)) n aiff(,(%i)
— Q: T304 — s g
Ly = ti : d R,:= t; - .
Z (A(tz‘,az‘)) and A Z (A(ti,ai)>
i=1 1=1
Proof. Replacing t =a; (i =1,2,...,n) in Theorem 2.7, we write
fr ) f (a;) fai)
exXp (f(s) (a S>> ST SO (f@) (a S)> (12)

for any ¢ = 1,2,...,n. Multiplying ¢; to both sides in (12) and adding over i from
1 to n we deduce

- 3 tif (a;) n
f/ (S) i= f/ (az)
;ti exp (f(s) (ai — 8)) < }T < Zti exp (f(ai) (a; — s)) (13)

i=1

Putting s = A(t;,a;) in (13), then we infer the result (i). Similarly, we can prove
result (i) by substituting s = A(¢;,a;) and t = a; in Theorem 2.7. O

Remark 2.12. A log-convex function f : I — (0,00) is always a convex function
that satisfies the Jensen’s inequality mentioned in (2). Now, we have the following
observations:

(i) Since e* > 0 for all @ € R, we observe L, > 0 and R,, > 0 in Corollary 2.11.
Note that, e* > 1 if and only if & > 0. Thus, the first inequality in (10) is a refined
Jensen’s inequality when L, > 1. The condition f'(A(t;,a;))(a; — A(ti,a;)) > 0
for all © = 1,2,--- ,n is a strong sufficient condition for L, > 1. The sign of
a; — A(t;, a;) for each ¢ is not determinate, since A(t;,a;) is an arithmetic mean.
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There are examples of the log-convex function f such that f/(x) > 0 or f'(z) < 0.
The function f(z) = exp(aP) for > 0 and p > 1 is log-convex and f’(x) > 0. Also,
the function f(z) = =& for z > 0 and p > 0 is another log-convex with f’(z) < 0.
The second inequality in (10) is a reverse of Jensen’s inequality.

(ii) Note that a differentiable monotonically decreasing geometrically convex func-
tion f:J — (0,00) is a convex function, since

FL =tz +ty) < fa'y") < @) f(y) < Q=8 f(z) +tf(y).
Therefore the first inequality in (11) provides a refinement of the Jensen’s inequality

for this class of functions. A typical example is f(z) = ﬁ in (0,7/2). Clearly,

2 o N A
Fla) == <0 and Elog(s(e) = T2 g

sin“ x sin“ x

in (0,7/2), since e* > 1 and sin2z < 1 in (0,7/2). O

Here, we review the definition of f(A) for a self-adjoint operator and continuous
function f. Let A be a self-adjoint operator on a Hilbert space and f(t) be a
real valued continuous function defined on [m, M|, where m := inf =, (Az, z) and
M .= supHx”:1<Ax, x). Since a self-adjoint operator A has a spectral decomposition

A= [ ME,, where {E, : A\ € R} is a family of projections, an operator f(A) has
also spectral representation f(A) = fn]y f(A)dE) by the functional calculus. Thus

an operator f(A) makes a sense. In the lemma below, f(A) is understood as the
above.

Before closing this section, we state an interesting theorem that illustrates an in-
equality by monotonicity and convexity/concavity. We need the following well-
known lemma as Jensen’s operator inequality for a convex function.

Lemma 2.13. ([8],[10, Theorem 1.2]) Let f be a concave function on [a,b] where
a >0 and A be a self-adjoint operator with its spectrum in [a,b]. Then we have

(f(A)z,z) < [ ((Az,z))

for every unit vector x € H. If f is a convex function, then
(f(A)z,z) = | ((Az,z)) .

Theorem 2.14. Let a > 0, f : [a,b] — [0,00) and g : [a,b] — [0,00) be differen-
tiable functions satisfying the following conditions (i)-(iv):
(i)  f is monotone increasing and concave;
(ii) g is convez;
(iii) f(x) > g(x) for all x € [a,b]; and
(iv) f(b) = f(a) = Mraso(f, 9)(9(b) — g(a)) = 0, where

Matio(f, 9) »= max {f(x)} / min {g(z)}.

z€|a,b| z€[a,b]

Then, for any positive operator A with aly < A < bly, and a unit vector h € H

we have (9(b) — g(a))f({Ah, h)) < (f(b) = f(a)){g(A)h, h).
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Proof. Define a function F : [a,b] — R by

F(t) = (f(b) = fla)g(t) — (9(b) — g(a)) f(t).

From the conditions (i),(ii), and (iv), we see that F'(¢) is a convex function. As f(t)
and ¢(t) are differentiable functions,

F'(t) = (f(0) = f(a)g'(t) — (9(b) — g(a)) f'(2).

The Cauchy mean value theorem states that there exists £ € (a,b) such that

g(b) —g(a) _ ¢'(§)

fb) = fa) — f1(€)
or (9(b) = g(a)) f'(§) = (f(b) = f(a))g'(§)
or (f(0) = £(a))g'(€) = (9(b) — g(a)) f(§) = O, or F'(£) = 0.
As F(t) is a convex function, ¢ is the minimum of F'(t). We have also

f(0) = f(a) = Mratio(f, 9)(9(b) — g(a)) =

Hence, £0) = £(@) = (9(b) = g(a)) 1.

Thus we have F/(§) = (f(b) — f(a))g(&) — (9(b) —g(a)) f(§) > 0. Therefore, F(t) >0
for all ¢ € [a, b], that is

(9(b) = ga)) f(t) < (f(b) = f(a))g(t). (14)

Consider t = (Ah,h). As there exists a and b such that aly < A < bly, we have
a <t < b. Replacing it in equation (14) we have

(9(b) — g(a)) f((Ah, h)) < (f(b) — f(a))g({Ah,h})).

As g is a convex function applying Lemma 2.13 we have

(9(b) = g(a)) f({Ah, h)) < (f(b) = f(a))g({Ah, h)) < (f(b) — f(a))((g(A)h, h)),

which concludes this theorem. O]

~— [~

<

Corollary 2.15. Let f and g satisfy the assumptions in Theorem 2.14. Then, for
any positive operator A, B with aA < B < bA, we have

A2y (A*I/zBA’l/Q) AY2 < ({;EZ% —g((z))) A2 <A71/23A71/2) A1/2.

Proof. From the convexity of f and aly < A~Y/2BA~Y2 < bly, we have with
Lemma 2.13 and Theorem 2.14,

1/2 5 4—1/2 f () —f(a) —1/2 3 A—1/2
(f (AV2BA )h,h>§(g(b)g(a))<g(/1 BA) 1Y,

which implies the result. [
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Corollary 2.16. Let f and g satisfy the assumptions in Theorem 2.14. Given two
positive operators A and B with B < A we have

f () — f(a)
f(B) < mg(A)~

Proof. As we have shown in Theorem 2.14

f(b) = f(a)

Ah, b)) < (g (A)h,h

£ (AR 1) < ZOZI@ g 4y

for any unit vector h € H. Since B < A, then (Bh, h) < (Ah, h) for any unit vector
h. On the other hand, f is an increasing function, thus f ((Bh,h)) < f ((Ah,h)).
Therefore,

f () — [ (a)
f({(Bh,h)) < 70 —g(a) (g (A)h,h).

Q
N

Now, by Lemma 2.13,

f(b) - f(a)
(f(B)h,h) < 70 —g(a) (9 (A) h,h),

for any unit vector h € H. By replacing h = z/||z|| , we reach the desired inequality.
O

3. Imequalities on relative operator entropies

We apply the results discussed in section 2 in the theory of relative operator entropy.
Recall that, the t-logarithmic function In; is defined by

t_
Iny(x) == %1 for x > 0 and ¢t # 0.

The deformed logarithm and their generalizations are widely utilized in mathemat-
ical inequality and information theory [5, 2, 3]. The function In,(z) is an inverse of
exp, () := (1 + tz)¥/!, which is defined for 14 tx > 0. We easily find that

limexp,(z) = exp(z) and limIn(z) = log(x).
t—0 t—0

Given positive operators A, and B the relative operator entropy S(A|B) [4], the
Tsallis relative operator entropy T;(A|B) [11], and the generalized relative operator
entropy Si(A|B) [6] are respectively defined by

S(A|B) := AY*log (AT/2BATY?) AV2,
T,(A|B) := AY?In, (A7/2BATY?) AV2,
and Si(A[B) := AV? (A7V2BA72) log (A2 BA™V/?) A2,
It is easy to observe that 1%1}(%1\3) = S(A|B) and li_{%St(A\B) = S(A|B) by
liir& In, z = 113& In_;z =logz. In addition, the following inequalities are known [12],
A—ABTAST(AIB) < S(A|B) < T(A|B) < B - 4, (15)

where ¢ € (0, 1].
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Note that, inequality (5) is equivalent to In_;x <logx <In;x when ¢ := —

The above inequality implies
T (A|B) < S(A|B) < T,(A|B) (16)
which is covered by (15). See [5, Section 7.3] for these details.

Lemma 3.1. The t-logarithmic function In; x, is convex int for x > 1, and concave
int for0 <z < 1. Furthermore, this function is log-conver on (—oo,c0). Moreover,
In; x is a monotone increasing function on t € (—00,0).

Proof. We define the function f(t) := t(logt)* — 2tlogt + 2t — 2 for t > 0. Since
f(1) =0 and f'(t) = (logt)* > 0, we have f(t) <0 for 0 <t <1and f(t) > 0 for
t > 1. Note that

d2
) (In; x) = o {x (log z)* — 22" log ' + 22" — 2} =
2
Hence, ﬁ(lntx)>0 if >1 and 5—(111,:x)<0 if 0<z <1,

2 t 2 ot 2
We also calculate % (log (In; ) = (z tlQ)(mt i l()l‘z)gz ) >0

This inequality holds by the relation v/a < % for a > 0. Thus, the function In; x
is log-convex for all ¢t € R.

xtlogat — (at — 1)
12

Finally, we calculate % (In;x) = > 0.

This inequality can easily be proven using the fundamental inequality loga < a —1
for a > 0. [

Employing Lemma 3.1 and Remark 2.4 (i), we have:

Lemma 3.2. Given x > 0 and 0 <t < 1. Then we have logx + (t’ z) < Iz,
where 0 (t,z) = min { (In; z — log z)*, 2} > 0.

In; z — log z)*

Note that lim 0t.x) _ .
t—0

= 0. Therefore, lim —“~
t—0 t

Thus 0(t, z)/t is defined for t = 0.
We have the following consequence of Lemma 3.2:

Proposition 3.3. Let A, and B be positive operators, such that, mA < B < MA
with 0 <m < M, and let 0 <t < 1. Then we have the following results:

() IfM <1, then S(A|B) + "M 4 < T(41B).

(i) Ifm <1< M, then S(A|B) < T,(A|B).
0(t,m)
t

(i) If1 <m, then S(A|B) + A <T,(A|B).
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Proof. Note that the function f;(z) := In; x —log z defined for z > 0and 0 <t <1
is monotone decreasing in 0 < x < 1 and monotone increasing in x > 1. From
Lemma 3.2, for the case (i) we have

<lIn;x.

log x + min b(t,z)
(0<)m<z<M(<1) t

Thus we have the inequality in (i) by setting = :== A~'/2BA~Y/2 and multiplying A'/?
to both sides. The inequalities in (ii) and (iii) similarly follow with 0(¢,1) =0. [

Proposition 3.3 includes a refinement of the second inequality in (16).

Lemma 3.4. For s,t >0 and x > 1, we have

. B 7 t _ _
exp <(I logz —In, ) (¢ S)> Ingz < Inyz < exp <(I logz — In, 7) ( 5)> In, .
slngx tln; x

Proof. Observe that In;x > 0if z > 1 and ¢t > 0. By Lemma 3.1, In; x is log-convex
in ¢ > 0. Then we can apply the inequalities (6) in Lemma 2.7 with f(¢) := Iln, z. [

The following result gives the relation of two Tsallis relative operator entropies.

Proposition 3.5. Let A, B be positive operators such that mA < B < MA with
1 <m< M, and let s,t > 0. Then we have the following results:

(1)  Ift>s>0, then 0 < e"m)E=T (A|B) < T,(A|B) < e"™OE=9T (A|B).
(i) Ifs>t>0, then 0 < e"M3)=9T (A|B) < Ti(A|B) < e"mOE=9T (A|B).

z%logr — Ing x

Here n(z,a) := is defined for a > 0 and z > 0.

aln, x

Proof. Consider the function

x%logax® —x* +1
a(z® —1)

n(z,a) = for a > 0 and x > 0.

Then we have

dn(z,a)  z°7t(2® —1—logz®)
de (2 —1)2

>0 with limn(z,a) =0.
z—1

Therefore the function n(z,a) is monotone increasing in > 0 for all @ > 0, and
n(z,a) <0if0 <z <1,and n(z,a) > 0if x > 1. For the case t > s > 0 and m > 1,
we have

0 <exp(n(m,s)(t—s))Ingz <In,x <exp(n(M,s)(t—s))Ilnsx

thanks to Lemma 3.4. Putting « := A~Y2BA~'/2 in these inequalities and multi-
plying A'/2 to both sides, then we have the operator inequalities given in (i). Taking
into respect that for a > 0 we have In, x > 0 if > 1, (ii) can be proven similarly
using Lemma 3.4. [

We give another application of Lemma 2.7 for estimating the bounds of the relative
operator entropy.
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Theorem 3.6. Let A, B be positive operators such that mA < B < MA with
O0<m<M.

(i) If M <1/e, then we have

em—1

—exp( )ASS(A|B)§—exp(1—eM)A§O. (17)

emlogm

(i) If 1 <m < M <e, then we have

e—M e—m
0 <exp <m> A< S(A|B) < exp( . )A.
. . d? —1—logzx .
Proof. (i) Since — (log(—logz)) = ——=5 > 0 for x € (0,1/¢], the function
dx 22 (log x)
f(z) := —log x is log-convex. Also we observe that f(x) > 0 for x € (0,1/e].
Applying the inequalities (6) in Lemma 2.7 with f(z) := —logz, J := (0,1/e] and

s := 1/e and manipulating its inequalities, we obtain

exp(l —et) < —logt < exp (tt;);/:) )

Putting t := A~Y2BA~Y2 in the above, from the condition mA < B < M A with
0<m< M, we get

min exp(l —et) < —log ATV2BA7Y? < max exp (et —1 ) .

(0<)m<t<M(<L1/e) T (0<)m<t<M(<1/e) etlogt

Multiplying A'/? to both sides, we have the inequalities (17), since the function 1—et

is decrasing and the function ct -1 is decreasing on (0, 1/e]. Indeed, we calculate

etlogt

d (et—1Y\ h(t) . L B . , o _

yr (etlogt) = B (log with h(t) :=logt — et + 1. Since h'(t) = 1/t —e > 0 so that
d (et—1

B(t) < h(1/e) = 1, we have * <euogt> <0

" d? _ logz+1 e

(ii) Observe that s (—log (logz)) = 2(log ) > 0 for z > 1. Also, it is trivial that

logz > 0 for > 1. Applying the inequalities (7) in Lemma 2.7 with f(x) := logz,

J :=[1,00) and s := e and manipulating its inequalities, we have
e—t e—t
— )< < — .
exp (tlogt) _logt_exp( . )

In a similar way to (i), we obtain

min exp(e_t>§10gA_1/QBA_1/2< max exp(e_t>,

(1<)m<t<M tlogt T (1m<t<M e

which implies the inequalities (17), since the function ERmLIE decreasing and the
€

function <
tlogt

is also decreasing for ¢ € [1, e].

Indeed, we calculate 4

—1 k(t .
dt(e >:t2(() with k(t) ==t —e — elogt.

tlogt log t)?



S. Furuichi et al. / On Some Relative Operator Entropies ... 995
Since K'(t) = —e/t +1 <0 for 1 <t < eso that k(t) < k(1) =1 — e < 0, we finally

obtain 4 <Q> < 0. O
dt \tlogt

Lemma 3.7. Let f: R — (0,00) be a log-convex function. Then the functions

O g
90 = o rm 4 M= segae R

are log-convezx too.
Proof. Since f is log-convex, we have

d2 (¢ t_/t2
ﬁﬂ%ﬂﬂ:fO@éj<>ZQ

and sinde f”(t)f(t) — f'(t)> > 0 we obtain

& £ (1)
dﬁ(bg(ﬂ—wf@H%ﬂU>)

FOMS Q) = FOY + {50 F O = FO7 O =6 7 0) + £ (1)}
FOH( =0 FO) +tf ()P -
which shows the log-convexity of g(t). We have further

tts

L(tts) — ft(z)t» F@®)f(s) _ ARG
( 2 ) f(0)1_$f(1) 3 = \/f(o)lftf(l)t\/f(())lfsf(l)s (t)h(s)

which shows the log-convexity of h(t). O

Corollary 3.8. Leta,b>0 and 0 <t <1. Then

AR DEF R (TR
exp((loga+1 a)t)g Vb§e>(p loga o t). (18)

avi

Proof. In Lemma 3.7, we take f(¢) := afiyb. Then the function

_ f(t) _afd
g(t) = A—0f0) +tf(1)  aVib

is log-convex. Since we have

/ b b* / b b
g(0) =1, ¢(t)=g(t) (tog 2 = Lo2) and ¢/ (0) =log 2 +1- 7,

we get the desired result by Lemma 2.7 with s = 0. O

Remark 3.9. (i) Putting a = 1, b = x and taking the logarithm of both sides
of the first inequality in (18), we have log {(1 —t) + tz} < t(z — 1). Now putting
z:= A"Y2BA~1/2 in this inequality and multiplying A2 to both sides, we have

Alog (1 — )T +tATY2BATY?) AV2 < (B — A),

which includes the known inequality (see e.g.,[5, Eq.(7.3.1)]), S(A|B) < B— A when
t=1
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(ii) The inequalities (18) is rewritten as

b—a b aVb b b
exp ((avtb — log g> t) < ah < exp ((E —1—log g) t) ) (19)

Since we have logx < x — 1 for all x > 0, exp ((S -1 —logg) t) > 1for a,b >0
and 0 <t < 1, and the second inequality of (19) gives the reverse of the Young’s
inequality. On the other hand, the function

z—1

(1—t)+ta:_logx

o(t, ) =
takes both positive and negative values. For example we get ¢(1/4,4) ~ 0.327991,
whereas ¢(1/2,4) ~ —0.186294. Therefore, the first inequality of (19) does not
always give the refinement of Young’s inequality. However, we say that the first
inequality of (19) gives the refinement of Young’s inequality for a > b > 0 and
0 <t < 1/2. Indeed, the function ¢(t, ) is monotone decreasing in ¢ € [0, 1] by

do(t,z) _  (x-1)° <0
dt {(1—t) +tx}
[f0<t<1/2and 0 <z <1, then we have
o(t,r) > (1/2,2) = 2(z—1) —logz >0
sincewehavex_l§x+1forallx>0. O
log z 2

Proposition 3.10. ([7, Theorem 1]) For positive operators A, B and p > 0, we
have S(A|B) < T,(A|B) < S,(A|B) and their reverse inequalities hold when p < 0.

Proof. Putting t =1 in (9), we have

b <log %) () < log gta) <a (log 9) gl(a).

Taking a geometrically convex function g(z) := exp (z”), (p # 0) in the above as
an example, we have

bP <logZ—Z> <a’ —b <aP <10gZ—:> , (a,b>0, p#0),
which implies  b” <log %) <ln,a—1In,b<a’ <log %) , (a,b>0, p>0)
and bp<log%> >In,a—1In,b>a” <log%>, (a,b>0, p<0).
The above inequalities give the relations among relative operator entropies for

A, B>0:
S(A[B)

and S(A|B)

IN

(AlB)

IN

B (AlB), (p>0)
(A[B) = Sp(A[B), (p<0

by taking b= 1, a = 2 =: A~Y/2BA~'/? and multiplying A'/? to both sides. O

v
v

Ty Sp
Ty Sp
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We have the following results on the bounds of the Tsallis relative operator entropy
T;(A|B). The application below of Corollary 2.15 is a simple case such as f(a) = g(a)

amif®>=wﬂ®vnmndygggigég::1

Proposition 3.11. For two positive operators A, B such that mA < B < MA,
where 1 < m < M, we have

Tt(A|B)§ <lnt%—lntm>B+(Mlntm—mlntM> A, (t§17 t;é(]). (20)

—-m M—-—m

We also have the reverse inequality of (20) fort > 1.

Proof. If we take f(z) =l z, (t <1, ¢t #0) and

g(x) = <W> (x —m) +1Ingm on [m, M], where m > 1,

then these functions satisfy the conditions (i)—(iv) in Theorem 2.14. Since we have
1 <m < AV2BAY2 < M, we have inequality (20) by Corollary 2.15. Since the
functions

f(z) = (W) (x —m)+1Inym and g(z) = In; z,

(t > 1) on [m, M|, where m > 1 also satisfy the conditions (i)—(iv) in Theorem 2.14,
we then have the reverse inequality of (20) for t > 1, by Corollary 2.15. N

Remark 3.12. (i) In (20), we take m = 1, then we have

lnt M

T,(A1B) < M

(B—A)Y<B—A, (t<1,t#0, M>1). (21)

The last inequality holds since we have Inyjz < x — 1, (x > 0, t < 1, t # 0).
Therefore, the inequality (21) gives a refinement for the upper bound of the Tsallis
relative operator entropy T;(A|B) given in (15). We also have

hlt M

T(A1B) > M

(B—A)>B—A, (t>1, M>1),

since we have the inequality In,z > x — 1, (z > 0, t > 1). Further, we put M = e
and take a limit ¢ — 0 in (21), we have the slightly refined upper bound for the
relative operator entropy S(A|B):

S(A|B) < %(B _A)<B-A
(ii) Since the function f is concave in Theorem 2.14, we have
(9(0) — g(a))({f(A)h, h)) < (f(b) = f(a)){g(A)h, h)

by Lemma 2.13. We take the functions f(z) := logz and g(z) := Z:i in the

interval [1, e] to satisfy the conditions in Theorem 2.14. Then we have

((log A) ) < (257 ) b )

for any unit vector h € H.
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Thus we have the operator inequality log A < A 11H for 14y < A <ely. ]
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