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1. Introduction

Throughout this article I ⊂ R and J ⊂ (0,∞) denote two intervals. A function
f : I → R is said to be convex if it satisfies the well-known Jensen’s inequality,
namely

f ((1− t) a+ tb) ≤ (1− t) f (a) + tf (b) , (1)
for all a, b ∈ I and all 0 ≤ t ≤ 1. In general, we can express it as

f

( n∑
i=1

tiai

)
≤

n∑
i=1

tif(ai), (2)

where a1, a2, . . . , an ∈ I and t1, t2, . . . , tn ≥ 0 with
n∑

i=1

ti = 1. Young’s inequality [5]

is a consequence of Jensen’s inequality, which can be stated as

a1−tbt ≤ (1− t) a+ tb,

where a, b > 0 and 0 ≤ t ≤ 1. The inequality is generated from inequality (1)
applying f (x) = − log x.
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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A function f : I → (0,∞) is called log-convex, if f ((1− t)a+ tb) ≤ f 1−t(a)f t(b) for
all a, b ∈ I and all 0 ≤ t ≤ 1. In addition, we mention that a function f : J → (0,∞)
is called geometrically convex if f (a1−tbt) ≤ f 1−t(a)f t(b) for all a, b ∈ I and all
0 ≤ t ≤ 1.
A self-adjoint operator A is said to be positive if ⟨Ax, x⟩ ≥ 0 for all x ∈ H, where
H is a Hilbert space with inner product ⟨., .⟩. We denote the identity operator in H
by 1H. Given two self-adjoint operators A and B, we denote A ≥ B (A > B) when
A− B is a positive (strictly positive) operator. Therefore, A ≥ 0 (A > 0) indicates
A is a positive (strictly positive) operator.
This article is organized as follows. Section 2 illustrates our results on log-convex
functions and the geometrically convex functions. Proposition 2.8 and its corollar-
ies present a refinement of Jensen inequality. Theorem 2.14 discusses monotonicity
and concavity. Section 3 presents the applications of the results developed in Sec-
tion 2. Here, we consider the deformed logarithmic function and operator relative
entropy. In this section, we construct several operator inequalities applicable to
entropy theory. Remark 3.9 presents a refinement of Young’s inequality.

2. Inequalities on convex functions

In this section, we prepare some inequalities for convex and geometrically convex
functions as lemmas for Section 3. We denote the weighted arithmetic mean and
the geometric mean of two positive real numbers a and b by a∇vb := (1− v)a+ vb
and a♯vb := a1−vbv, respectively. The first result of this article describes a bound on
the ratio of these two quantities, which is as follows:

Proposition 2.1. Given two positive real numbers a and b we have

exp

(
n

(
1−

(
a∇vb

a♯vb

)−1/n
))

≤ a∇vb

a♯vb
≤ exp

(
n

((
a∇vb

a♯vb

)1/n

− 1

))
, (3)

where 0 ≤ v ≤ 1, and n ∈ N.

Proof. Setting t := x1/n > 0 in the well-known inequality

1− 1

t
≤ log t ≤ t− 1, (t > 0) (4)

we obtain n
(
1− x−1/n

)
≤ log x ≤ n

(
x1/n − 1

)
, (x > 0). (5)

Thus, we have the desired result by replacing x :=
a∇vb

a♯vb
in the above inequality.

Remark 2.2. Consider two sequences of functions {an(x)} and {bn(x)} defined by
an(x) := n

(
x1/n − 1

)
and bn(x) := n

(
1− x−1/n

)
, respectively. We observe that

{an} is a monotone decreasing sequence for x ≥ 1, since the function

f(y) := nyn+1 − (n+ 1)yn + 1 where y = x
1

n(n+1)

is monotone increasing for y ≥ 1. Similarly, defining g(z) := nz−n−1− (n+1)z−n+1

where z := x
1

n(n+1) > 0 we can prove that {bn} is a monotone increasing sequence
when x ≥ 1.
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Moreover, lim
n→∞

an(x) = lim
n→∞

bn(x) = log x.

Thus, both sides in (3) converge to a∇vb

a♯vb
in the limit n→ ∞.

Proposition 2.3. Given a function f : I → R and two real numbers s and t ∈ I
with t > s the following inequality holds:

min

{
(f(t)− f(s))

2

t− s
, t− s

}
≤ |f(t)− f(s)| ≤ max

{
(f(t)− f(s))

2

t− s
, t− s

}
.

Proof. Given any real number α ≤ 1 we have α2 ≤ α ≤ 1, that is
min{α2, 1} = α2 ≤ α ≤ 1 = max{α2, 1}.

Similarly, considering α ≥ 1, we observe α2 ≥ α ≥ 1, which leads us to
min{α2, 1} = 1 ≤ α ≤ α2 = max{α2, 1}.

Combining the inequalities we get
min{α2, 1} ≤ α ≤ max{α2, 1}

for all α ∈ R. Replacing α :=
|f(t)− f(s)|

t− s
in the above inequality we find

min

{(
f(t)− f(s)

t− s

)2

, 1

}
≤ |f(t)− f(s)|

t− s
≤ max

{(
f(t)− f(s)

t− s

)2

, 1

}
.

Multiplying all terms in the above inequality with t−s > 0 completes the proof.

Remark 2.4. (i) Consider a monotonically increasing function f , that is, f(t)>f(s)
for t > s. Hence, Proposition 2.3 takes the form

min

{
(f(t)− f(s))

2

t− s
, t− s

}
≤ f(t)− f(s) ≤ max

{
(f(t)− f(s))

2

t− s
, t− s

}
.

(ii) Moreover, Proposition 2.3 leads us to

min
{
(f (t)− f (0))

2
, t2

}
t

≤ f (t)− f (0) ≤
max

{
(f (t)− f (0))

2
, t2

}
t

,

when s = 0 ∈ I and f : I → R is a monotone increasing function.
(iii) For α > 0, p ≥ 1 and q ≤ 1, we have min{αp, αq} ≤ α ≤ max{αp, αq}. Now,
given a monotone increasing function f : I → R as well as two points s, t ∈ I with
t > s, we have

min

{
(f(t)− f(s))

p

(t− s)p−1
,
(f(t)− f(s))q

(t− s)q−1

}
≤ f(t)− f(s)

≤ max

{
(f(t)− f(s))

p

(t− s)p−1
,
(f(t)− f(s))q

(t− s)q−1

}
.

The proof is similar to Theorem 2.3. The positivity of α can be dropped for p = 2,
q = 0.
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Corollary 2.5. Consider a convex function f : J → R and 0 ≤ t ≤ 1. For
x1, x2, ..., xn∈J and positive real numbers w1, w2, ..., wn with

∑n
i=1wi = 1 we have

f

( n∑
i=1

wixi

)
+
ψ(t)

t
≤

n∑
i=1

wif (xi), where

ψ(t) = min

{( n∑
i=1

wif

(
txi + (1− t)

n∑
j=1

wjxj

)
− f

( n∑
i=1

wixi

))2

, t2
}
.

Proof. We can prove that the function

g (t) =
n∑

i=1

wif

(
txi + (1− t)

n∑
j=1

wjxj

)
is a monotonically increasing function on the interval [0, 1] [1, Theorem 2.1].

Moreover, g (0) = f

( n∑
i=1

wixi

)
and g (1) =

n∑
i=1

wif (xi).

Therefore, we get the desired result by applying Remark 2.4 (ii).

Remark 2.6. Corollary 2.5 leads us to an improvement of Jensen’s inequality.
It also assists us in revising the arithmetic-geometric mean inequality. Applying
f(x) := − log x in Corollary 2.5 we obtain

0 ≤ min

{(
log

A(wi, xi)

G(wi, xi∇1−tA(wi, xi))

)2

, t2

}
× 1

t
≤ A(wi, xi)−G(wi, xi),

where A and G are the weighted arithmetic mean and geometric mean, respectively,
defined by

A(wi, xi) :=
n∑

i=1

wixi, G(wi, xi) :=
n∏

i=1

xwi
i .

Lemma 2.7. If f :J → (0,∞) is a differentiable log-convex function, then we have
for any s, t ∈ J ,

exp

(
f ′ (s)

f (s)
(t− s)

)
≤ f (t)

f (s)
≤ exp

(
f ′ (t)

f (t)
(t− s)

)
. (6)

If f : J → (0,∞) is a differentiable log-concave function, then for any s, t ∈ J ,

exp

(
f ′ (t)

f (t)
(s− t)

)
≤ f (t)

f (s)
≤ exp

(
f ′ (s)

f (s)
(s− t)

)
. (7)

Proof. A function f : J → R is log-convex if log f is convex. Inequality (8) indicates

(log f (s))′ (t− s) ≤ log f (t)− log f (s) ≤ (log f (t))′ (t− s) ,

that is f ′ (s)

f (s)
(t− s) ≤ log

f (t)

f (s)
≤ f ′ (t)

f (t)
(t− s) .



S. Furuichi et al. / On Some Relative Operator Entropies ... 987

Applying the exponential function, we get

exp
(
f ′(s)

f (s)
(t− s)

)
f (s) ≤ f (t) ≤ exp

(
f ′ (t)

f (t)
(t− s)

)
f (s) .

The function f is called log-concave if − log f is convex [9, Definition 1.3.1]. We ob-
tain the second statement by applying the inequality (8) with − log f and exchanging
s and t.

Proposition 2.8. If f : J → (0,∞) be a differentiable geometrically convex func-
tion, then for any s, t ∈ J , (

t

s

) sf ′(s)
f(s)

≤ f (t)

f (s)
≤

(
t

s

) tf ′(t)
f(t)

.

Proof. The function f : J → R is geometrically convex if and only if log f (exp (x))
is convex on R. Recall that, for any differentiable convex function f on the interval
J is also convex so that we can write

f ′ (s) (t− s) ≤ f (t)− f (s) ≤ f ′ (t) (t− s) , (8)

for any t ≥ s > 0. Hence, from (8), we infer that

(log f (exp s))′ (t− s) ≤ log
f (exp t)

f (exp s)
≤ (log f (exp t))′ (t− s) .

We see that

(exp s)f ′ (exp s)

f (exp s)
(t− s) ≤ log

f (exp t)

f (exp s)
≤ (exp t)f ′ (exp t)

f (exp t)
(t− s) .

We get the required result by replacing s and t by log s and log t, respectively.

Proposition 2.9. Let g : J → (0,∞) be a differentiable geometrically convex func-
tion and a, b ∈ J . Then for any 0 ≤ t ≤ 1,

exp (G0(g; a, b)t) ≤
g
(
a1−tbt

)
g1−t (a) gt (b)

≤ exp (Gt(g; a, b)t) , (9)

where Gt(g; a, b) := log
g(a)

g(b)
− a1−tbt

(
log

a

b

)
g′(a1−tbt)

g(a1−tbt)
.

Proof. If g is geometrically convex, then f (t) =
g
(
a1−tbt

)
g1−t (a) gt (b)

is a log-convex func-
tion. Indeed we calculate for 0 ≤ s, t ≤ 1,

f
(
s+ t

2

)
=

g
(
a1−

s+t
2 b

s+t
2

)
g1−

s+t
2 (a)g

s+t
2 (b)

=
g
(√

a1−tbt
√
a1−sbs

)
√
g1−t(a)gt(b)

√
g1−s(a)gs(b)

≤
√
g (a1−tbt)

√
g (a1−sbs)√

g1−t(a)gt(b)
√
g1−s(a)gs(b)

=
√
f(t)f(s).

Also, f
′(t)

f(t)
= Gt(g; a, b). Taking s = 0 as f(0) = 1, we obtain the result.
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Remark 2.10. If the function g : I → (0,∞) is differentiable log-convex and mono-
tone increasing, we can also prove the inequality (9).

Corollary 2.11. Let a1, a2, . . . , an ∈ J , t1, t2, . . . , tn be non-negative real numbers,
such that,

∑n
i=1 ti = 1. Denote A(ti, ai) :=

∑n
i=1 tiai. Now, we have the following

inequalities:
(i) If f : J → (0,∞) is a differentiable log-convex function, then

Lnf

( n∑
i=1

tiai

)
≤

n∑
i=1

tif(ai) ≤ Rnf

( n∑
i=1

tiai

)
, (10)

where Ln :=
n∑

i=1

ti exp

(
f ′ (A(ti, ai)) (ai −A(ti, ai))

f (A(ti, ai))

)

and Rn :=
n∑

i=1

ti exp

(
f ′(ai) (ai − A(ti, ai))

f(ai)

)
.

(ii) If f : J → (0,∞) is a differentiable geometrically convex function, then we
also have

L̂nf

( n∑
i=1

tiai

)
≤

n∑
i=1

tif(ai) ≤ R̂nf

( n∑
i=1

tiai

)
, (11)

where

L̂n :=
n∑

i=1

ti

(
ai

A(ti, ai)

)A(ti,ai)f
′(A(ti,ai))

f(A(ti,ai))

and R̂n :=
n∑

i=1

ti

(
ai

A(ti, ai)

)aif
′(ai)

f(ai)

.

Proof. Replacing t = ai (i = 1, 2, . . . , n) in Theorem 2.7, we write

exp

(
f ′ (s)

f (s)
(ai − s)

)
≤ f (ai)

f (s)
≤ exp

(
f ′ (ai)

f (ai)
(ai − s)

)
(12)

for any i = 1, 2, . . . , n. Multiplying ti to both sides in (12) and adding over i from
1 to n we deduce

n∑
i=1

ti exp

(
f ′ (s)

f (s)
(ai − s)

)
≤

n∑
i=1

tif (ai)

f (s)
≤

n∑
i=1

ti exp

(
f ′ (ai)

f (ai)
(ai − s)

)
. (13)

Putting s = A(ti, ai) in (13), then we infer the result (i). Similarly, we can prove
result (ii) by substituting s = A(ti, ai) and t = ai in Theorem 2.7.

Remark 2.12. A log-convex function f : I → (0,∞) is always a convex function
that satisfies the Jensen’s inequality mentioned in (2). Now, we have the following
observations:
(i) Since eα > 0 for all α ∈ R, we observe Ln > 0 and Rn > 0 in Corollary 2.11.
Note that, eα ≥ 1 if and only if α ≥ 0. Thus, the first inequality in (10) is a refined
Jensen’s inequality when Ln ≥ 1. The condition f ′(A(ti, ai))(ai − A(ti, ai)) ≥ 0
for all i = 1, 2, · · · , n is a strong sufficient condition for Ln ≥ 1. The sign of
ai − A(ti, ai) for each i is not determinate, since A(ti, ai) is an arithmetic mean.



S. Furuichi et al. / On Some Relative Operator Entropies ... 989

There are examples of the log-convex function f such that f ′(x) ≥ 0 or f ′(x) ≤ 0.
The function f(x) = exp(xp) for x > 0 and p ≥ 1 is log-convex and f ′(x) > 0. Also,
the function f(x) = 1

xp for x > 0 and p > 0 is another log-convex with f ′(x) < 0.
The second inequality in (10) is a reverse of Jensen’s inequality.
(ii) Note that a differentiable monotonically decreasing geometrically convex func-
tion f : J → (0,∞) is a convex function, since

f ((1− t)x+ ty) ≤ f(x1−tyt) ≤ f 1−t(x)f t(y) ≤ (1− t)f(x) + tf(y).

Therefore the first inequality in (11) provides a refinement of the Jensen’s inequality
for this class of functions. A typical example is f(x) = 1

sinx
in (0, π/2). Clearly,

f ′(x) = − cosx

sin2 x
≤ 0 and d2

dx2
log (f(ex)) =

ex
(
ex − 1

2 sin 2x
)

sin2 x
> 0

in (0, π/2), since ex > 1 and sin 2x ≤ 1 in (0, π/2).

Here, we review the definition of f(A) for a self–adjoint operator and continuous
function f . Let A be a self–adjoint operator on a Hilbert space and f(t) be a
real valued continuous function defined on [m,M ], where m := inf∥x∥=1⟨Ax, x⟩ and
M := sup∥x∥=1⟨Ax, x⟩. Since a self–adjoint operator A has a spectral decomposition
A :=

∫
λdEλ, where {Eλ : λ ∈ R} is a family of projections, an operator f(A) has

also spectral representation f(A) =
∫M

m
f(λ)dEλ by the functional calculus. Thus

an operator f(A) makes a sense. In the lemma below, f(A) is understood as the
above.
Before closing this section, we state an interesting theorem that illustrates an in-
equality by monotonicity and convexity/concavity. We need the following well-
known lemma as Jensen’s operator inequality for a convex function.

Lemma 2.13. ([8],[10, Theorem 1.2]) Let f be a concave function on [a, b] where
a ≥ 0 and A be a self-adjoint operator with its spectrum in [a, b]. Then we have

⟨f(A)x, x⟩ ≤ f (⟨Ax, x⟩)

for every unit vector x ∈ H. If f is a convex function, then

⟨f(A)x, x⟩ ≥ f (⟨Ax, x⟩) .

Theorem 2.14. Let a ≥ 0, f : [a, b] → [0,∞) and g : [a, b] → [0,∞) be differen-
tiable functions satisfying the following conditions (i)-(iv):
(i) f is monotone increasing and concave;
(ii) g is convex;
(iii) f(x) ≥ g(x) for all x ∈ [a, b]; and
(iv) f(b)− f(a) ≥ Mratio(f, g)(g(b)− g(a)) ≥ 0, where

Mratio(f, g) := max
x∈[a,b]

{f(x)}
/

min
x∈[a,b]

{g(x)}.

Then, for any positive operator A with a1H ≤ A ≤ b1H, and a unit vector h ∈ H
we have (g(b)− g(a))f(⟨Ah, h⟩) ≤ (f(b)− f(a))⟨g(A)h, h⟩.
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Proof. Define a function F : [a, b] → R by

F (t) = (f(b)− f(a))g(t)− (g(b)− g(a))f(t).

From the conditions (i),(ii), and (iv), we see that F (t) is a convex function. As f(t)
and g(t) are differentiable functions,

F ′(t) = (f(b)− f(a))g′(t)− (g(b)− g(a))f ′(t).

The Cauchy mean value theorem states that there exists ξ ∈ (a, b) such that
g(b)− g(a)

f(b)− f(a)
=

g′(ξ)

f ′(ξ)

or (g(b)− g(a))f ′(ξ) = (f(b)− f(a))g′(ξ)

or (f(b)− f(a))g′(ξ)− (g(b)− g(a))f ′(ξ) = 0, or F ′(ξ) = 0.

As F (t) is a convex function, ξ is the minimum of F (t). We have also

f(b)− f(a) ≥ Mratio(f, g)(g(b)− g(a)) ≥ 0.

Hence, f(b)− f(a) ≥ (g(b)− g(a))
f(ξ)

g(ξ)
.

Thus we have F (ξ) = (f(b)−f(a))g(ξ)− (g(b)−g(a))f(ξ) > 0. Therefore, F (t) ≥ 0
for all t ∈ [a, b], that is

(g(b)− g(a))f(t) ≤ (f(b)− f(a))g(t). (14)

Consider t = ⟨Ah, h⟩. As there exists a and b such that a1H ≤ A ≤ b1H, we have
a ≤ t ≤ b. Replacing it in equation (14) we have

(g(b)− g(a))f(⟨Ah, h⟩) ≤ (f(b)− f(a))g(⟨Ah, h⟩).

As g is a convex function applying Lemma 2.13 we have

(g(b)− g(a))f(⟨Ah, h⟩) ≤ (f(b)− f(a))g(⟨Ah, h⟩) ≤ (f(b)− f(a))(⟨g(A)h, h⟩),

which concludes this theorem.

Corollary 2.15. Let f and g satisfy the assumptions in Theorem 2.14. Then, for
any positive operator A,B with aA ≤ B ≤ bA, we have

A1/2f
(
A−1/2BA−1/2

)
A1/2 ≤

(
f (b)− f (a)

g (b)− g (a)

)
A1/2g

(
A−1/2BA−1/2

)
A1/2.

Proof. From the convexity of f and a1H ≤ A−1/2BA−1/2 ≤ b1H, we have with
Lemma 2.13 and Theorem 2.14,

〈
f
(
A−1/2BA−1/2

)
h, h

〉
≤

(
f (b)− f (a)

g (b)− g (a)

)〈
g
(
A−1/2BA−1/2

)
h, h

〉
,

which implies the result.
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Corollary 2.16. Let f and g satisfy the assumptions in Theorem 2.14. Given two
positive operators A and B with B ≤ A we have

f (B) ≤ f (b)− f (a)

g (b)− g (a)
g (A) .

Proof. As we have shown in Theorem 2.14

f (⟨Ah, h⟩) ≤ f (b)− f (a)

g (b)− g (a)
⟨g (A)h, h⟩

for any unit vector h ∈ H. Since B ≤ A, then ⟨Bh, h⟩ ≤ ⟨Ah, h⟩ for any unit vector
h. On the other hand, f is an increasing function, thus f (⟨Bh, h⟩) ≤ f (⟨Ah, h⟩).
Therefore,

f (⟨Bh, h⟩) ≤ f (b)− f (a)

g (b)− g (a)
⟨g (A)h, h⟩ .

Now, by Lemma 2.13,

⟨f (B)h, h⟩ ≤ f (b)− f (a)

g (b)− g (a)
⟨g (A)h, h⟩ ,

for any unit vector h ∈ H. By replacing h = x/∥x∥ , we reach the desired inequality.

3. Inequalities on relative operator entropies

We apply the results discussed in section 2 in the theory of relative operator entropy.
Recall that, the t-logarithmic function lnt is defined by

lnt(x) :=
xt − 1

t
for x > 0 and t ̸= 0.

The deformed logarithm and their generalizations are widely utilized in mathemat-
ical inequality and information theory [5, 2, 3]. The function lnt(x) is an inverse of
expt(x) := (1 + tx)1/t, which is defined for 1 + tx > 0. We easily find that

lim
t→0

expt(x) = exp(x) and lim
t→0

lnt(x) = log(x).

Given positive operators A, and B the relative operator entropy S(A|B) [4], the
Tsallis relative operator entropy Tt(A|B) [11], and the generalized relative operator
entropy St(A|B) [6] are respectively defined by

S(A|B) := A1/2 log
(
A−1/2BA−1/2

)
A1/2,

Tt(A|B) := A1/2 lnt

(
A−1/2BA−1/2

)
A1/2,

and St(A|B) := A1/2
(
A−1/2BA−1/2

)t
log

(
A−1/2BA−1/2

)
A1/2.

It is easy to observe that lim
t→0

Tt(A|B) = S(A|B) and lim
t→0

St(A|B) = S(A|B) by
lim
t→0

lnt x = lim
t→0

ln−t x = log x. In addition, the following inequalities are known [12],

A− AB−1A ≤ T−t(A|B) ≤ S(A|B) ≤ Tt(A|B) ≤ B − A, (15)

where t ∈ (0, 1].
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Note that, inequality (5) is equivalent to ln−t x ≤ log x ≤ lnt x when t :=
1

n
.

The above inequality implies

T−t(A|B) ≤ S(A|B) ≤ Tt(A|B) (16)

which is covered by (15). See [5, Section 7.3] for these details.

Lemma 3.1. The t-logarithmic function lnt x, is convex in t for x ≥ 1, and concave
in t for 0 < x ≤ 1. Furthermore, this function is log-convex on (−∞,∞). Moreover,
lnt x is a monotone increasing function on t ∈ (−∞,∞).

Proof. We define the function f(t) := t(log t)2 − 2t log t + 2t − 2 for t > 0. Since
f(1) = 0 and f ′(t) = (log t)2 ≥ 0, we have f(t) ≤ 0 for 0 < t ≤ 1 and f(t) ≥ 0 for
t ≥ 1. Note that

d2

dt2
(lnt x) =

1

t3

{
xt(log xt)2 − 2xt log xt + 2xt − 2

}
=

f(xt)

t3
.

Hence, d2

dt2
(lnt x) ≥ 0 if x ≥ 1 and d2

dt2
(lnt x) ≤ 0 if 0 < x ≤ 1.

We also calculate d2

dt2
(log (lnt x)) =

(xt − 1)
2 − xt (log xt)

2

t2 (xt − 1)
2 ≥ 0.

This inequality holds by the relation
√
a ≤ a− 1

log a
for a > 0. Thus, the function lnt x

is log-convex for all t ∈ R.

Finally, we calculate d

dt
(lnt x) =

xt log xt − (xt − 1)

t2
≥ 0.

This inequality can easily be proven using the fundamental inequality log a ≤ a− 1
for a > 0.

Employing Lemma 3.1 and Remark 2.4 (i), we have:

Lemma 3.2. Given x > 0 and 0 ≤ t ≤ 1. Then we have log x +
θ(t, x)

t
≤ lntx,

where θ (t, x) = min
{
(lnt x− log x)2, t2

}
≥ 0.

Note that lim
t→0

(lnt x− log x)
2

t
= 0. Therefore, lim

t→0

θ(t, x)

t
= 0.

Thus θ(t, x)/t is defined for t = 0.
We have the following consequence of Lemma 3.2:

Proposition 3.3. Let A, and B be positive operators, such that, mA ≤ B ≤ MA
with 0 < m ≤M , and let 0 ≤ t ≤ 1. Then we have the following results:

(i) If M < 1, then S(A|B) +
θ(t,M)

t
A ≤ Tt(A|B).

(ii) If m ≤ 1 ≤M , then S(A|B) ≤ Tt(A|B).

(iii) If 1 < m, then S(A|B) +
θ(t,m)

t
A ≤ Tt(A|B).
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Proof. Note that the function ft(x) := lnt x− log x defined for x > 0 and 0 ≤ t ≤ 1
is monotone decreasing in 0 < x ≤ 1 and monotone increasing in x ≥ 1. From
Lemma 3.2, for the case (i) we have

log x+ min
(0<)m≤x≤M(<1)

θ(t, x)

t
≤ lnt x.

Thus we have the inequality in (i) by setting x := A−1/2BA−1/2 and multiplying A1/2

to both sides. The inequalities in (ii) and (iii) similarly follow with θ(t, 1) = 0.

Proposition 3.3 includes a refinement of the second inequality in (16).

Lemma 3.4. For s, t > 0 and x ≥ 1, we have

exp
(
(xs log x− lns x) (t− s)

s lns x

)
lns x ≤ lnt x ≤ exp

(
(xt log x− lnt x) (t− s)

t lnt x

)
lns x.

Proof. Observe that lnt x ≥ 0 if x ≥ 1 and t > 0. By Lemma 3.1, lnt x is log-convex
in t > 0. Then we can apply the inequalities (6) in Lemma 2.7 with f(t) := lnt x.

The following result gives the relation of two Tsallis relative operator entropies.

Proposition 3.5. Let A,B be positive operators such that mA ≤ B ≤ MA with
1 ≤ m ≤M , and let s, t > 0. Then we have the following results:
(i) If t ≥ s ≥ 0, then 0 ≤ eη(m,s)(t−s)Ts(A|B) ≤ Tt(A|B) ≤ eη(M,t)(t−s)Ts(A|B).
(ii) If s ≥ t ≥ 0, then 0 ≤ eη(M,s)(t−s)Ts(A|B) ≤ Tt(A|B) ≤ eη(m,t)(t−s)Ts(A|B).

Here η(x, a) :=
xa log x− lna x

a lna x
is defined for a ≥ 0 and x > 0.

Proof. Consider the function

η(x, a) =
xa log xa − xa + 1

a(xa − 1)
for a ≥ 0 and x > 0.

Then we have

dη(x, a)

dx
=

xa−1 (xa − 1− log xa)

(xa − 1)2
≥ 0 with lim

x→1
η(x, a) = 0.

Therefore the function η(x, a) is monotone increasing in x > 0 for all a ≥ 0, and
η(x, a) ≤ 0 if 0 < x ≤ 1, and η(x, a) ≥ 0 if x ≥ 1. For the case t ≥ s ≥ 0 and m ≥ 1,
we have

0 ≤ exp (η(m, s)(t− s)) lns x ≤ lnt x ≤ exp (η(M, s)(t− s)) lns x

thanks to Lemma 3.4. Putting x := A−1/2BA−1/2 in these inequalities and multi-
plying A1/2 to both sides, then we have the operator inequalities given in (i). Taking
into respect that for a ≥ 0 we have lna x ≥ 0 if x ≥ 1, (ii) can be proven similarly
using Lemma 3.4.

We give another application of Lemma 2.7 for estimating the bounds of the relative
operator entropy.
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Theorem 3.6. Let A,B be positive operators such that mA ≤ B ≤ MA with
0 < m ≤M .
(i) If M ≤ 1/e, then we have

− exp
(
em− 1

em logm

)
A ≤ S(A|B) ≤ − exp (1− eM)A ≤ 0. (17)

(ii) If 1 ≤ m ≤M ≤ e, then we have

0 ≤ exp
(

e−M

M logM

)
A ≤ S(A|B) ≤ exp

(
e−m

e

)
A.

Proof. (i) Since d2

dx2
(log (− log x)) =

−1− log x

x2 (log x)
2 ≥ 0 for x ∈ (0, 1/e], the function

f(x) := − log x is log-convex. Also we observe that f(x) ≥ 0 for x ∈ (0, 1/e].
Applying the inequalities (6) in Lemma 2.7 with f(x) := − log x, J := (0, 1/e] and
s := 1/e and manipulating its inequalities, we obtain

exp(1− et) ≤ − log t ≤ exp
(
t− 1/e

t log t

)
.

Putting t := A−1/2BA−1/2 in the above, from the condition mA ≤ B ≤ MA with
0 < m ≤M , we get

min
(0<)m≤t≤M(≤1/e)

exp(1− et) ≤ − logA−1/2BA−1/2 ≤ max
(0<)m≤t≤M(≤1/e)

exp
(
et− 1

et log t

)
.

Multiplying A1/2 to both sides, we have the inequalities (17), since the function 1−et
is decrasing and the function et− 1

et log t
is decreasing on (0, 1/e]. Indeed, we calculate

d

dt

(
et− 1

et log t

)
=

h(t)

et2(log t)2
with h(t) := log t− et+1. Since h′(t) = 1/t− e ≥ 0 so that

h(t) ≤ h(1/e) = −1, we have d

dt

(
et− 1

et log t

)
< 0.

(ii) Observe that d2

dx2
(− log (log x)) =

log x+ 1

x2(log x)2
≥ 0 for x ≥ 1. Also, it is trivial that

log x ≥ 0 for x ≥ 1. Applying the inequalities (7) in Lemma 2.7 with f(x) := log x,
J := [1,∞) and s := e and manipulating its inequalities, we have

exp
(
e− t

t log t

)
≤ log t ≤ exp

(
e− t

e

)
.

In a similar way to (i), we obtain

min
(1≤)m≤t≤M

exp
(
e− t

t log t

)
≤ logA−1/2BA−1/2 ≤ max

(1≤)m≤t≤M
exp

(
e− t

e

)
,

which implies the inequalities (17), since the function e− t

e
is decreasing and the

function e− t

t log t
is also decreasing for t ∈ [1, e].

Indeed, we calculate d

dt

(
e− t

t log t

)
=

k(t)

t2(log t)2
with k(t) := t− e− e log t.
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Since k′(t) = −e/t+ 1 ≤ 0 for 1 ≤ t ≤ e so that k(t) ≤ k(1) = 1− e < 0, we finally
obtain d

dt

(
e− t

t log t

)
< 0.

Lemma 3.7. Let f : R → (0,∞) be a log-convex function. Then the functions

g(t) :=
f(t)

(1− t)f(0) + tf(1)
and h(t) :=

f(t)

f(0)1−tf(1)t
, t ∈ R

are log-convex too.

Proof. Since f is log-convex, we have
d2

dt2
log f(t) =

f ′′(t)f(t)− f ′(t)2

f(t)2
≥ 0,

and sinde f ′′(t)f(t)− f ′(t)2 ≥ 0 we obtain

d2

dt2

(
log

(
f (t)

(1− t) f (0) + tf (1)

))

=
f(t)

2{f (1)− f (0)}2 +
{
f ′′ (t) f (t)− f ′(t)

2
}
{(1− t) f (0) + tf (1)}2

f(t)
2{(1− t) f (0) + tf (1)}2

≥ 0,

which shows the log-convexity of g(t). We have further

h
(
t+ s

2

)
=

f
(
t+s
2

)
f(0)1−

t+s
2 f(1)

t+s
2

≤
√
f(t)f(s)√

f(0)1−tf(1)t
√
f(0)1−sf(1)s

=
√
h(t)h(s),

which shows the log-convexity of h(t).

Corollary 3.8. Let a, b ≥ 0 and 0 ≤ t ≤ 1. Then

exp
((

log
b

a
+ 1− b

a

)
t
)
≤ a♯tb

a∇tb
≤ exp

((
log

b

a
− b− a

a∇tb

)
t
)
. (18)

Proof. In Lemma 3.7, we take f(t) := a♯tb. Then the function

g (t) =
f(t)

(1− t)f(0) + tf(1)
=

a♯tb

a∇tb

is log-convex. Since we have

g (0) = 1, g′ (t) = g(t)
(
log

b

a
− (b− a)

a∇tb

)
and g′ (0) = log

b

a
+ 1− b

a
,

we get the desired result by Lemma 2.7 with s = 0.

Remark 3.9. (i) Putting a = 1, b = x and taking the logarithm of both sides
of the first inequality in (18), we have log {(1− t) + tx} ≤ t(x − 1). Now putting
x := A−1/2BA−1/2 in this inequality and multiplying A1/2 to both sides, we have

A1/2 log
(
(1− t)I + tA−1/2BA−1/2

)
A1/2 ≤ t(B − A),

which includes the known inequality (see e.g.,[5, Eq.(7.3.1)]), S(A|B) ≤ B−A when
t = 1.
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(ii) The inequalities (18) is rewritten as

exp
((

b− a

a∇tb
− log

b

a

)
t
)
≤ a∇tb

a♯tb
≤ exp

((
b

a
− 1− log

b

a

)
t
)
. (19)

Since we have log x ≤ x − 1 for all x > 0, exp
((

b
a
− 1− log b

a

)
t
)
≥ 1 for a, b ≥ 0

and 0 ≤ t ≤ 1, and the second inequality of (19) gives the reverse of the Young’s
inequality. On the other hand, the function

φ(t, x) :=
x− 1

(1− t) + tx
− log x

takes both positive and negative values. For example we get φ(1/4, 4) ≃ 0.327991,
whereas φ(1/2, 4) ≃ −0.186294. Therefore, the first inequality of (19) does not
always give the refinement of Young’s inequality. However, we say that the first
inequality of (19) gives the refinement of Young’s inequality for a ≥ b > 0 and
0 ≤ t ≤ 1/2. Indeed, the function φ(t, x) is monotone decreasing in t ∈ [0, 1] by

dφ(t, x)

dt
= − (x− 1)2

{(1− t) + tx}2
≤ 0.

If 0 ≤ t ≤ 1/2 and 0 < x ≤ 1, then we have

φ(t, x) ≥ φ(1/2, x) =
2(x− 1)

x+ 1
− log x ≥ 0

since we have x− 1

log x
≤ x+ 1

2
for all x > 0.

Proposition 3.10. ([7, Theorem 1]) For positive operators A,B and p > 0, we
have S(A|B) ≤ Tp(A|B) ≤ Sp(A|B) and their reverse inequalities hold when p < 0.

Proof. Putting t = 1 in (9), we have

b
(
log

a

b

)
g′(b)

g(b)
≤ log

g(a)

g(b)
≤ a

(
log

a

b

)
g′(a)

g(a)
.

Taking a geometrically convex function g(x) := exp (xp) , (p ̸= 0) in the above as
an example, we have

bp
(
log

ap

bp

)
≤ ap − bp ≤ ap

(
log

ap

bp

)
, (a, b > 0, p ̸= 0),

which implies bp
(
log

a

b

)
≤ lnp a− lnp b ≤ ap

(
log

a

b

)
, (a, b > 0, p > 0)

and bp
(
log

a

b

)
≥ lnp a− lnp b ≥ ap

(
log

a

b

)
, (a, b > 0, p < 0).

The above inequalities give the relations among relative operator entropies for
A,B ≥ 0:

S(A|B) ≤ Tp(A|B) ≤ Sp(A|B), (p > 0)

and S(A|B) ≥ Tp(A|B) ≥ Sp(A|B), (p < 0)

by taking b = 1, a = x =: A−1/2BA−1/2 and multiplying A1/2 to both sides.
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We have the following results on the bounds of the Tsallis relative operator entropy
Tt(A|B). The application below of Corollary 2.15 is a simple case such as f(a) = g(a)

and f(b) = g(b), namely f (b)− f (a)

g (b)− g (a)
= 1.

Proposition 3.11. For two positive operators A,B such that mA ≤ B ≤ MA,
where 1 ≤ m < M , we have

Tt(A|B) ≤
(
lntM − lntm

M −m

)
B +

(
M lntm−m lntM

M −m

)
A, (t ≤ 1, t ̸= 0). (20)

We also have the reverse inequality of (20) for t ≥ 1.

Proof. If we take f(x) = lnt x, (t ≤ 1, t ̸= 0) and

g(x) =
(
lntM − lntm

M −m

)
(x−m) + lntm on [m,M ], where m ≥ 1,

then these functions satisfy the conditions (i)–(iv) in Theorem 2.14. Since we have
1 ≤ m ≤ A−1/2BA−1/2 ≤ M , we have inequality (20) by Corollary 2.15. Since the
functions

f(x) =
(
lntM − lntm

M −m

)
(x−m) + lntm and g(x) = lnt x,

(t ≥ 1) on [m,M ], where m ≥ 1 also satisfy the conditions (i)–(iv) in Theorem 2.14,
we then have the reverse inequality of (20) for t ≥ 1, by Corollary 2.15.

Remark 3.12. (i) In (20), we take m = 1, then we have

Tt(A|B) ≤ lntM

M − 1
(B − A) ≤ B − A, (t ≤ 1, t ̸= 0, M ≥ 1). (21)

The last inequality holds since we have lnt x ≤ x − 1, (x > 0, t ≤ 1, t ̸= 0).
Therefore, the inequality (21) gives a refinement for the upper bound of the Tsallis
relative operator entropy Tt(A|B) given in (15). We also have

Tt(A|B) ≥ lntM

M − 1
(B − A) ≥ B − A, (t ≥ 1, M ≥ 1),

since we have the inequality lnt x ≥ x − 1, (x > 0, t ≥ 1). Further, we put M = e
and take a limit t → 0 in (21), we have the slightly refined upper bound for the
relative operator entropy S(A|B):

S(A|B) ≤ 1

e− 1
(B − A) ≤ B − A.

(ii) Since the function f is concave in Theorem 2.14, we have

(g(b)− g(a))(⟨f(A)h, h⟩) ≤ (f(b)− f(a))⟨g(A)h, h⟩

by Lemma 2.13. We take the functions f(x) := log x and g(x) :=
x− 1

e− 1
in the

interval [1, e] to satisfy the conditions in Theorem 2.14. Then we have

⟨(logA)h, h⟩ ≤ ⟨
(
A− I

e− 1

)
h, h⟩

for any unit vector h ∈ H.
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Thus we have the operator inequality logA ≤ A− 1H

e− 1
for 1H ≤ A ≤ e1H.
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