
Journal of Convex Analysis
Volume 31 (2024), No. 3, 999–1020

Second-Order Optimality Conditions for
Efficiency in C1-Smooth Robustly Quasiconvex

Multiobjective Programming Problems

Tran Van Su∗

Faculty of Mathematics, The University of Danang –
University of Science and Education, Da Nang, Vietnam

tvsu@ued.udn.vn

Dinh Dieu Hang
Faculty of Natural Sciences, Electric Power University

Hoang Quoc Viet, Hanoi, Vietnam
hangdd@epu.edu.vn

Received: July 6, 2021
Accepted: September 20, 2023

We study some second-order optimality conditions in terms of second-order Mordukhovich’s subd-
ifferentials for the weak efficiency of C1−smooth robustly quasiconvex multiobjective programming
problem with set, inequality and equality constraints. We provide some second - order generalized
constraint qualifications and two necessary conditions for the robust quasiconvexity of C1−smooth/
C1,1−smooth mappings. Using this result, weak and strong second-order Karush-Kuhn-Tucker-
type necessary optimality conditions in terms of Mordukhovich’s subdifferentials / Fréchet’s subdif-
ferentials are provided. Under some suitable assumptions, some second-order Karush-Kuhn-Tucker
type sufficient optimality conditions are presented too. Examples demonstrate the applicability of
the obtained results.

Keywords: C1-smooth robustly quasiconvex multiobjective programming, constraints, weak effi-
ciency, KKT-type second-order optimality conditions, second-order constraint qualifications, sec-
ond-order Mordukhovich’s subdifferential.

2000 Mathematics Subject Classification: 90C46, 90C29, 49K27, 49J52.

1. Introduction

The quasiconvex functions share many nice properties of convex functions and cover
some models which are effective and adaptable to real-world situations. As far as we
know, if the continuously differentiable function f of the minimization problem is
quasiconvex and its derivative at the optimal point is 0, then the origin is the local
minimum of that problem. Therefore, the class of quasiconvex functions play an im-
portant role in nonconvex optimization; for example see Mangasarian [23,24]. More
recently, Khanh and Phat [17,18] have provided the second-order fundamental char-
acterizations of C1-smooth robustly quasiconvex functions, where the authors have
achieved some necessary conditions in terms of Mordukhovich’s subdifferentials. To
the best of our knowledge, these characterizations are useful for establishing second-
order optimality conditions for robustly quasiconvex multiobjective programming
∗ Corresponding author.
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problems via the Mordukhovich subdifferentials with C1-smooth even C1,1-smooth
data. However, this application to the class of quasiconvex optimization problems
is not considered; for instance see Mordukhovich [25–27], An and Yen [1] and the
references therein. So, it is important to find some second-order necessary and suf-
ficient optimality conditions in terms of Mordukhovich’s subdifferentials for a class
of nonlinear programming problems with non-convex and C1-smooth data.
C1-smooth robustly quasiconvex multiobjective programming problems are multi-
objective optimization problems whose concerned functions are quasiconvex under
small linear perturbations (known as robustly quasiconvex functions). These prob-
lems lie among the class of quasiconvex and convex multiobjective optimization
problems. Any well-known result in the literature which is true for quasiconvex
problems will remain true for robustly quasiconvex problems. Further, the C1-
smooth robustly quasiconvex multiobjective programming problems also share a lot
of nice properties of convex multiobjective optimization problems, more precisely,
we refer the reader to the references [1,3,7,8,12,13,15,28]. Second-order optimality
conditions have attracted many outstanding mathematicians in the last years and
the interest in this kind of problems has grown more and more because of their
applications in optimal control, economic, games, etc, e.g., in [14, 19, 21] and the
references therein. Again, to the best of our knowledge, the results on optimality
of second-order via the second-order Mordukhovich/Fréchet subdifferentials for the
class of these problems are not considered, see [2, 18, 20, 22–24, 29–31, 34] and the
references therein.
As far as we know, the second-order Mordukhovich and/or limiting subdifferentials,
which was introduced by Mordukhovich [25,26], has been well recognized as a conve-
nient tool to study many important issues in variational analysis and optimization,
see [1, 4–6, 9–11, 16, 27] and some other related publications. Recently, as shown
in [17], the authors obtained two necessary conditions for the the robust quasicon-
vexity of C1-smooth functions via the second-order Fréchet and/or Mordukhovich
subdifferentials. This results are of interest and can be used to study the C1-smooth
robustly quasiconvex multiobjective programming problems with set, inequality and
equality constraints. This is a motivation for our present work.
In this work, we first analyze a C1-smooth robustly quasiconvex multiobjective pro-
gramming problem with set, inequality and equality constraints. Secondly, we in-
troduce the cone of critical directions and subcritical directions at a given point
and three constraint qualifications of the (GBCQ), (GBCQs) and (NCQ) types. We
also obtain a necessary condition for the class of robustly quasiconvex functions
with moduli α > 0 via the second-order Mordukhovich subdifferentials. In additon,
weak and strong Karush-Kuhn-Tucker necessary and/or sufficient second-order op-
timality conditions for weak efficiency to such problem in terms of the second-order
Mordukhovich/Fréchet subdifferentials are derived.
The remainder of this paper is organized as follows. After some preliminaries and
definitions, Section 3 is devoted to constructing strong and weak Karush-Kuhn-
Tucker second-order necessary optimality conditions for the weakly efficient solu-
tion via the second-order Mordukhovich/ Fréchet subdifferentials for the considered
problem. Section 4 presents Karush-Kuhn-Tucker second-order sufficient optimality
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conditions for local weakly efficient solution via the second-order Mordukhovich/
Fréchet subdifferentials for the considered problem. Illustrative examples are pro-
vided for our results.

2. Preliminaries and definitions

Throughout the paper we use standard notation of convex analysis, set-valued anal-
ysis, variational analysis and generalized differentiation. We refer the reader to
books [2, 16, 23–28] for more details and discussions. For the sake of clarity, let
Rn be the usual n-dimensional Euclidean space, B be the closed unit ball in Rn,
〈x, v〉 the standard inner product of x, v ∈ Rn. We will write 〈A, x〉 + 〈B, y〉 ≺ z
with respect to a binary relation ≺ on R, to mean that 〈a, x〉 + 〈b, y〉 ≺ z for all
a ∈ A, b ∈ B, where x, y, z ∈ Rn, A,B ⊂ Rn. For each A ⊂ Rn, the interior, the
closure, the relative interior and the convex hull of A are denoted respectively by
intA, clA, riA and coA. We use the symbol coneA to denote the cone generated
by A, and |A| signifies the cardinality of A, i.e., the number of elements of A. The
positive polar cone of A is denoted by A+ and given as

A+ :=
{
x∗ ∈ Rn

∣∣ 〈x∗, a〉 ≥ 0, ∀ a ∈ A
}
.

The strictly positive polar cone of A is denoted by As,+ and given as

As,+ :=
{
x∗ ∈ Rn

∣∣ 〈x∗, a〉 > 0, ∀ a ∈ A \ {0}
}
.

The contingent cone to A at x ∈ clA is denoted by T (A;x) and given as

T (A;x) =
{
v ∈ Rn | ∃ tk → 0+, ∃ vk → v such that x+ tkvk ∈ A ∀ k ≥ 1

}
.

Let F : Rn ⇒ R be a set-valued mapping. The effective domain and the graph of F
are defined as

domF := {x ∈ Rn |F (x) 6= ∅}, and graphF := {(x, y) ∈ Rn × Rm | y ∈ F (x)}.

We recall from [25–27, 32, 33] that the sequential Painlevé-Kuratowski upper/outer
limit of F as x → x is

Limsup
x−→x

F (x) =

{
x∗ ∈ R

∣∣∣∣∣ ∃ sequences xk −→ x and x∗
k −→ x∗

with x∗
k ∈ F (xk) for every k ∈ N

}
. (1)

Given Ω ⊂ X and x ∈ Ω. Then the Fréchet normal cone to Ω at x is defined as

N̂(x; Ω) :=
{
x∗ ∈ Rn

∣∣ lim sup
x

Ω−→x

〈x∗, x− x〉
‖x− x‖

≤ 0
}
, (2)

where the symbol x Ω−→ x signifies that x → x with x ∈ Ω. Letting for the sake of
convenience N̂(x; Ω) = ∅ if x ∈ Rn \Ω and employing the outer limit (1) to N̂(. ,Ω),
we define the Mordukhovich normal cone to Ω ⊂ Rn at x as follows:

N(x; Ω) := Limsup
x

Ω−→x

N̂(x; Ω). (3)

It should be mentioned that N(x; Ω) is often nonconvex, in contrast to N̂(x; Ω),
which may be null at boundary points. When Ω is a convex set, both constructions
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(2)–(3) are reduced to the classical normal cone. Following Mordukhovich [25–27],
the Mordukhovich (resp. Fréchet) subdifferential of φ :Rn→R at x∈R is defined by

∂φ(x) :=
{
x∗ ∈ Rn

∣∣ (x∗,−1) ∈ N((x, φ(x)); epiφ)
}(

∂̂φ(x) :=
{
x∗ ∈ Rn

∣∣ (x∗,−1) ∈ N̂((x, φ(x)); epiφ)
})

,

where epiφ := {(x, r)∈Rn × R : r ≥ φ(x)}. From the notion of the graph of F , for
all y∗∈R, define the Fréchet coderivative D̂∗F (x, y) : R ⇒ Rn at (x, y)∈graphF by

D̂∗F (x, y)(y∗) :=
{
x∗ ∈ Rn | (x∗,−y∗) ∈ N̂((x, y); graphF )

}
,

and the Mordukhovich coderivative D∗F (x, y) : R ⇒ Rn at (x, y) ∈ graphF by

D∗F (x, y)(y∗) :=
{
x∗ ∈ Rn | (x∗,−y∗) ∈ N((x, y); graphF )

}
, y∗ ∈ R,

or equivalently,

D∗F (x, y)(y∗) :=

{
x∗ ∈ Rn

∣∣∣∣∣∃ (xn, yn) → (x, y), (x∗
n, y

∗
n) → (x∗, y∗) with

(x∗
n,−y∗n) ∈ N((xn, yn); graphF ) as n → +∞

}
,

where y is omitted when F = f : Rn → R is real-valued function.

Definition 2.1. [25–27] Let φ : Rn → R be a Fréchet differentiable function at
x ∈ Rn.
(i) The second-order Fréchet subdifferential of φ at x relative to y = ∇φ(x) is the

set-valued mapping ∂̂2φ(x) : Rn ⇒ Rn given by

∂̂2φ(x, y)(u) := (D̂∗∂φ)(x, y)(u), ∀u ∈ Rn.

Each x∗ in the second-order Fréchet subdifferential of the function φ at x
relative to y = ∇φ(x) is called a second-order Fréchet subgradient of φ at x
relative to y = ∇φ(x).

(ii) The second-order Mordukhovich subdifferential of φ at x relative to y = ∇φ(x)
is a set-valued mapping ∂2φ(x) : Rn ⇒ Rn given by

∂2φ(x, y)(u) := (D∗∂φ)(x, y)(u), ∀u ∈ Rn.

Each x∗ in the second-order Mordukhovich subdifferential of φ at x relative to
y = ∇φ(x) is called second-order Mordukhovich subgradient of φ at x relative
to y = ∇φ(x).

According to [14,20,21], φ is C1,1 around x, which is denoted by φ ∈ C1,1 around x iff
it is Fréchet differentiable around x with its gradient ∇φ being locally Lipschitzian
around x; φ is C1 around x, which is denoted by φ ∈ C1 around x iff it is continuously
Fréchet differentiable in a neighborhood of x. Similarly, φ ∈ C2 around x iff it is
twice continuously Fréchet differentiable in a neighborhood of x. We mention that
when we say that ∇φ is continuous at x we assume that ∇φ(x) exists for all x close
x. Due to Khan, Tammer and Zalinescu [16], one says that φ is Lipschitz on U iff,
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|φ(x) − φ(y)| ≤ L‖x − y‖ for any x, y ∈ U and for some L > 0. If φ is Lipschitz
on some neighborhood of x, we will say that φ is Lipschitz around x. We have the
following implications:

φ ∈ C1,1 around x =⇒ ∇φ continuous around x =⇒ φ Lipschitz around x.

In general, the Fréchet second-order subdifferential and the one of Mordukhovich are
incomparable. However, if φ ∈ C1 around x, i.e., continuously Fréchet differentiable
in a neighborhood of x, then

∂̂2φ(x, y)(u) ⊂ ∂2φ(x, y)(u), ∀u ∈ Rn. (4)

From now on, if not otherwise specified, for φ ∈ C1,1 around x and for u ∈ Rn, by
φu we will denote the function φu : Rn → R defined by

φu(x) = 〈∇φ(x), u〉 , ∀x ∈ Rn.

We remark that by virtue of the C1,1-smoothness of φ, φu is locally Lipschitz con-
tinuous on Rn. For this case, we omit the following scalarization formulas

∂2φ(x, y)(u) := ∂2φ(x)(u) := ∂φu(x), ∀u ∈ Rn. (5)

If φ ∈ C2 around x, it holds that

∂2φ(x)(u) = ∂̂2φ(x)(u) = {∇2φ(x)u}, ∀u ∈ Rn. (6)

The following generalized convexity plays a key role in the literature.

Definition 2.2. [28] A function φ : Rn → R is said to be
(i) convex if for any x, y ∈ Rn and for any t ∈ [0, 1],

φ(tx+ (1− t)y) ≤ tφ(x) + (1− t)φ(y).

(ii) quasiconvex if for any x, y ∈ Rn and for any t ∈ [0, 1],

φ(tx+ (1− t)y) ≤ max{φ(x), φ(y)}.

(iii) pseudoconvex if for any x, y ∈ Rn,

φ(x) < φ(y) =⇒ lim sup
t→0+

φ(y + t(x− y))− φ(y)

t
< 0.

(iv) robustly quasiconvex with modulus α > 0 if the function φv : x 7→ φ(x)+〈v, x〉
is quasiconvex for all v ∈ αB.

(v) robustly pseudoconvex with modulus α > 0 if the function φv : x 7→ φ(x)+〈v, x〉
is pseudoconvex for all v ∈ αB.

It follows, immediately, from the above definitions, that pseudoconvexity implies
quasiconvexity, φ is robustly quasiconvex with modulus α > 0 iff φv is quasiconvex
for all v ∈ Rn such that ‖v‖ < α, φ is convex iff φ is robustly quasiconvex for any
modulus α > 0, and robust quasiconvexity is equivalent to robust pseudoconvexity
for C1-smooth functions.
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In the case when φ is a robustly quasiconvex function with modulus α > 0, we write

L(φ,α) :=
{
(x, u) ∈ R2n

∣∣ | 〈∇φ(x), u〉 | < α‖u‖
}
.

Lemma 2.3. Let φ : Rn → R be a robustly quasiconvex function with modulus
α > 0. If φ is a C1,1-smooth function then for all (x, u) ∈ L(φ,α), then〈

∂̂2φ(x)(u), u
〉
≥ 0.

Proof. Follows from Khanh and Phat [17], which completes the proof.

Lemma 2.4. Let φ : Rn → R be a robustly quasiconvex function with modulus
α > 0. If φ is a C1-smooth function then for all (x, u) ∈ L(φ,α), then〈

∂2φ(x)(u), u
〉
≥ 0.

Proof. Analogous to the proof of Lemma 2.3, we get the desired conclusion.

In the present paper, we deal with the following C1-smooth robustly quasiconvex
multiobjective programming problem with set, inequality and equality constraints:

(RQMP)
minimize f(x)

subject to x ∈ K :=
{
x ∈ Ω | g(x) ≤ 0, h(x) = 0

}
,

where f, g and h are functions from Rn into Rm, Rp and Rq respectively, Ω a
nonempty convex subset of Rn and K is the feasible set for the problem (RQMP),
f = (f1, . . . , fm), g = (g1, . . . , gp) and h = (h1, . . . , hq) with fi (∀ i ∈ I := {1, . . . ,m}),
gj (∀ j ∈ J := {1, . . . , p}) are robustly quasiconvex functions with moduli αi > 0
(∀ i ∈ I), βj > 0 (∀ j ∈ J), respectively, and hk (∀ k ∈ T := {1, . . . , q}) are Fréchet
differentiable functions at the point under consideration.

Definition 2.5. A vector x ∈ K is said to be a weakly efficient solution of problem
(RQMP) iff, there is no x ∈ K such that f(x) ≤ f(x) and f(x) 6= f(x). If there
exists r > 0 such that there is no x ∈ K ∩ B(x, r) such that f(x) ≤ f(x) and
f(x) 6= f(x), then x is called a local weakly efficient solution of problem (RQMP).

For the sake of brevity, for each x ∈ K, consider the active index set J(x), defined
by J(x) := {j ∈ J | gj(x) = 0}. We set

K(H) = ker∇h(x) := {v ∈ Rn | 〈∇h(x), v〉 = 0},

H := {x ∈ Rn |h(x) = 0}, α := mini∈I αi > 0, β := mini∈J(x) βj > 0, and for each
x ∈ clΩ and v ∈ C(x), set M :=

∏
i∈I ∂

2fi(x)(v)×
∏

j∈J(x) ∂
2gj(x)(v),

∇fi(x)(T (Ω;x)) :=
⋃

w∈T (Ω;x)

〈∇fi(x), w〉 , i ∈ I,

∇gj(x)(T (Ω;x)) :=
⋃

w∈T (Ω;x)

〈∇gj(x), w〉 , j ∈ J,

∇hk(x)(T (Ω;x)) :=
⋃

w∈T (Ω;x)

〈∇hk(x), w〉 , k ∈ T.
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We define the following sets

C(K, x) :=
{
v ∈ Rn

∣∣∣ ∣∣ 〈∇gj(x), v〉
∣∣ < β‖v‖, j ∈ J(x)

}
∪ {0},

C(f, x) :=
{
v ∈ Rn

∣∣∣ ∣∣ 〈∇fi(x), v〉
∣∣ < α‖v‖, i ∈ I

}
∪ {0}.

It is easy to verify that

C(K, x) ⊂
⋂

j∈J(x)

{
v ∈ Rn

∣∣∣ ∣∣ 〈∇gj(x), v〉
∣∣ < βj‖v‖

}
∪ {0}, (7)

C(f, x) ⊂
⋂
i∈I

{
v ∈ Rn

∣∣∣ ∣∣ 〈∇fi(x), v〉
∣∣ < αi‖v‖

}
∪ {0}. (8)

At the end of this section, in order to establish optimality via the second-order
Mordukhovich subdifferentials for the weakly efficient solution of problem (RQMP),
we introduce the critical/subcritical directions cone and the constraint qualifications
(GBCQ) and (GBCQs) (for some s ∈ I), which will be useful in the present paper.

Definition 2.6. Let a feasible vector x ∈ K to the problem (RQMP).
(i) The critical directions cone is denoted as C(x), defined by

C(x) := C(K, x) ∩ C(f, x).

(ii) The subcritical directions cone is denoted as CT (x), defined by
CT (x) := C(x)∩T (Ω;x).

For simplicity, for each x ∈ Ω and some s ∈ I, we define the following sets

C1
x :=

{
w ∈ Rn | 〈∇fi(x), w〉 < 0, 〈∇gj(x), w〉 < 0, ∀ i ∈ I, ∀ j ∈ J(x)

}
,

D(g, h) :=

(v, w) ∈ R2n

∣∣∣∣∣∣∣∣
〈∇gj(x), w〉+

〈
∂2gj(x)(v), v

〉
∈ −

[
∇gj(x)(T (Ω;x))

]
\ {0}, ∀ j ∈ J(x),

〈∇hk(x), w〉 ∈ −
[
∇hk(x)(T (Ω;x))

]
∀ k ∈ T

 ,

Ds(f, g, h) :=

{
(v, w) ∈ D(g, h)

∣∣∣∣∣ 〈∇fi(x), w〉+
〈
∂2fi(x)(v), v

〉
∈ −

[
∇fi(x)(T (Ω;x))

]
\ {0} ∀ i ∈ I \ {s}

}
.

Definition 2.7. The following constraint qualifications at x ∈ K are considered:
(GBCQ) C(x)× T (Ω;x) ∩D(g, h) 6= ∅;
(GBCQs) C(x)× T (Ω;x) ∩Ds(f, g, h) 6= ∅ for some s ∈ I.

We mention that the constraint qualifications (GBCQ) and (GBCQs) are called the
second-order generalized Ben-Tal constraint qualifications in the sense of second-
order Mordukhovich subdifferentials. The constraint qualifications above are used
to establish weak and strong Krush-Kuhn-Tucker second-order optimality condi-
tions for the problem (RQMP) in terms of the Mordukhovich second-order sub-
differentials, which are different from the existing one in the literature, e.g., in
Mordukhovich [25–27] and the references therein.



1006 T. V. Su, D. D. Hang / Second-Order Optimality Conditions ...

3. Primal and dual second-order necessary optimality conditions

In this section, we always consider problem (RQMP) and we suppose that all of the
following assumptions hold:
(A1) x ∈ Ω ∩H;

(A2) h is continuous in a neighborhood of x;
(A3) the constraint qualification of the (CQ) type holds, where

(CQ) 0 ∈
∑
k∈T

γk∇hk(x)− [T (Ω;x)]+ =⇒ γ1 = . . . = γq = 0.

It is well-known that if h is Fréchet differentiable at x, then

T (Ω;x) ∩K(H) = T (Ω ∩H;x) = cl
[
K(H) ∩ cone(Ω− x)

]
. (9)

In order to obtain primal and dual second-order necessary optimality conditions
for the weak efficiency of problem (RQMP), we establish the following fundamental
lemma.

Lemma 3.1. Let x ∈ K be a weakly efficient solution for the problem (RQMP).
Then C1

x ∩ T (Ω;x) ∩K(H) = ∅. (10)

Proof. Let x ∈ K be a feasible solution to the problem (RQMP). By the initial
assumptions, it follows from (9) that the equality T (Ω;x) ∩ K(H) = T (Ω ∩ H;x)
holds, which, combined with the equality C1

x ∩T (Ω;x)∩K(H) = ∅, guarantees that

C1
x ∩ T (Ω ∩H;x) = ∅.

In consequence, there is no w ∈ Rn which solves the system
〈∇fi(x), w〉 < 0, ∀ i ∈ I,

〈∇gj(x), w〉 < 0, ∀ j ∈ J(x),

w ∈ T (Ω ∩H;x).

Taking into account Lemma 2.3 in [31], we get the desired conclusion.

Theorem 3.2. (Primal second-order optimality condition) Let x ∈ K be a weakly
efficient solution for the problem (RQMP). Suppose that v ∈ C(x), the mappings fi
(∀ i ∈ I) and gj (∀ j ∈ J(x)) are C1-smooth and h satisfies (A2) and (A3). Then
the following system is incompatible in w ∈ Rn :

〈∇fi(x), w〉+ 〈∂2fi(x)(v), v〉 < 0, ∀ i ∈ I,

〈∇gj(x), w〉+ 〈∂2gj(x)(v), v〉 < 0, ∀ j ∈ J(x),

〈∇hk(x), w〉 = 0, ∀ k ∈ T,

w ∈ T (Ω;x).

(11)

Proof. Suppose the contrary, that is, there exists w ∈ Rn, which solves the system
(11). It is evident that w ∈ T (Ω;x) ∩ K(H). Taking into account Lemma 3.1, it
follows that

w 6∈ C1
x. (12)
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On one side we have v ∈ C(x), which is equivalent to v ∈ C(K, x) and v ∈ C(f, x).
As v ∈ C(K, x), it follows from the inclusion (7) that (x, v) ∈

⋂
j∈J(x) L(gj ,βj).

In view of Lemma 2.4 we obtain 〈∂2gj(x)(v), v〉 ≥ 0, ∀ j ∈ J(x).
Consequently, 〈∇gj(x), w〉 < 0 for all j ∈ J(x). On the other side, in a similar way
to the previous proof, it results that 〈∇fi(x), w〉 < 0 for all i ∈ I. In consequence,
w ∈ C1

x, which conflicts with (12), what we had to show.

Corollary 3.3. (Primal second-order optimality condition) Let x ∈ K be a weakly
efficient solution for the problem (RQMP). Suppose that v ∈ C(x), the mappings fi
(∀ i ∈ I) and gj (∀ j ∈ J(x)) are, either C1,1-smooth, or C1-smooth, and h satisfies
(A2) and (A3). Then the following system is incompatible in w ∈ Rn :

〈∇fi(x), w〉+
〈
∂̂2fi(x)(v), v

〉
< 0, ∀ i ∈ I,

〈∇gj(x), w〉+
〈
∂̂2gj(x)(v), v

〉
< 0, ∀ j ∈ J(x),

〈∇hk(x), w〉 = 0, ∀ k ∈ T,

w ∈ T (Ω;x).

(13)

Proof. By an argument analogous to that used for the proof of Theorem 3.2, if fi
(∀ i ∈ I) and gj (∀ j ∈ J(x)) are C1-smooth, then one obtains 〈∂2gj(x)(v), v〉 ≥ 0
∀ j ∈ J(x). It should be pointed out that〈

∂̂2gj(x)(v), v
〉
≥ 0, ∀ j ∈ J(x). (14)

If ∂̂2gj(x)(v) = ∅ (j ∈ J(x)), there is nothing to prove. Conversely, under (4),
it entails that 〈∂̂2gj(x)(v), v〉 ≥ 0, and so, inequality (14) is satisfied. In case the
mappings fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are C1,1-smooth, then by arguing similarly
as for proving Theorem 3.2 with observing Lemma 2.3 replacing Lemma 2.4, it
ensures that (14) is satisfied too. The remaining part of the proof is similar as
mentioned in the proof of Theorem 3.2.

Remark 3.4. It should be mentioned here that (CQ) is equivalent to the following
regularity condition (RC):

(RC)
∑
k∈T

γk∇hk(x)(T (Ω;x)) ≥ 0 =⇒ γ1 = . . . = γq = 0.

In fact, by the definition of the positive polar cone of the cone T (Ω;x), the inequality∑
k∈T γk∇hk(x)(T (Ω;x)) ≥ 0 is equivalent to 0 ∈

∑
k∈T γk∇hk(x) − [T (Ω;x)]+,

which proves that γ1 = . . . = γq = 0, as required.

Theorem 3.5. (Dual second-order optimality condition) Let x ∈ K be a weakly
efficient solution for the problem (RQMP). Suppose that the mappings fi (∀ i ∈ I)
and gj (∀ j ∈ J(x)) are C1-smooth and h satisfies (A2) and (A3). Then for all
v ∈ C(x), z∗i,f ∈ ∂2fi(x)(v) (∀ i ∈ I) and z∗j,g ∈ ∂2gj(x)(v) (∀ j ∈ J(x)), there exist

λi ∈
[
∇fi(x)(T (Ω;x))

]+
(∀ i ∈ I), µj ∈

[
∇gj(x)(T (Ω;x))

]+
(∀ j ∈ J)

not all equal to zero and γk ∈
[
∇hk(x)(T (Ω;x))

]+
(∀ k ∈ T ) such that
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i∈I

λi 〈∇fi(x), w〉+
∑

j∈J(x)

µj 〈∇gj(x), w〉+
∑
k∈T

γk 〈∇hk(x), w〉 ≥ 0 ∀w∈T (Ω;x), (15)

∑
i∈I

λi

〈
z∗i,f , v

〉
+

∑
j∈J(x)

µj

〈
z∗j,g, v

〉
≥ 0, (16)

µjgj(x) = 0, j ∈ J. (17)

Proof. By assumptions, fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are C1-smooth, h is Fréchet
differentiable at x and satisfies (A2) and (A3). We consider the cone N defined by

N =
∏
i∈I

∇fi(x)(T (Ω;x))×
∏

j∈J(x)

∇gj(x)(T (Ω;x))×
∏
k∈T

∇hk(x)(T (Ω;x)).

Since Ω is convex, the cone T (Ω;x) = cl cone(Ω − x) is convex too, which ensures
the convexity of N . In view of Theorem 3.2, we deduce that 〈−a, v〉 6∈ N , where
a :=

(
(z∗i,f )i∈I , (z

∗
j,g)j∈J(x)

)
∈ M . It can be easily seen that 〈−a, v〉 ∈ Rm × R|J(x)|,

riN 6= ∅ and 〈−a, v〉 6∈ riN . By using two seperation theorems in Rockafellar’s book
(see [28], for instance), there would exist λi ∈ R (i ∈ I), µj ∈ R (j ∈ J(x)) and
γk ∈ R (k ∈ T ), not all equal to zero, such that for every w1, w2, w3 ∈ T (Ω;x),∑

i∈I

λi 〈∇fi(x), w1〉+
∑

j∈J(x)

µj 〈∇gj(x), w2〉+
∑
k∈T

γk 〈∇hk(x), w3〉 ≥ 0,

0 > −
∑
i∈I

λi

〈
z∗i,f , v

〉
−

∑
j∈J(x)

µj

〈
z∗j,g, v

〉
.

We need to point out that

λi ∈
[
∇fi(x)(T (Ω;x))

]+ (∀ i ∈ I), µj ∈
[
∇gj(x)(T (Ω;x))

]+
(∀ j ∈ J(x))

and γk ∈
[
∇hk(x)(T (Ω;x))

]+
(∀ k ∈ T ). In fact, let us take w1, w2, w3 ∈ T (Ω;x) be

arbitrary. For any t, s, r > 0, it results that tw1, sw2, rw3 ∈ T (Ω;x) since T (Ω;x)
is cone, and further, the following inequality holds true∑

i∈I

λi 〈∇fi(x), tw1〉+
∑

j∈J(x)

µj 〈∇gj(x), sw2〉+
∑
k∈T

γk 〈∇hk(x), rw3〉 ≥ 0.

If there exists i0 ∈ I such that λi0 6∈
[
∇fi(x)(T (Ω;x))

]+, which means that there
exists w0 ∈ T (Ω;x) such that for t be sufficiently large,∑

i∈I

λi 〈∇fi(x), tw0〉+
∑

j∈J(x)

µj 〈∇gj(x), sw2〉+
∑
k∈T

γk 〈∇hk(x), rw3〉 < 0.

This is a contradiction. This allows us to conclude that λi ∈
[
∇fi(x)(T (Ω;x))

]+ for
every i ∈ I. Similarly, we also have a conclusion that µj ∈

[
∇gj(x)(T (Ω;x))

]+ for
all j ∈ J(x) and γk ∈

[
∇hk(x)(T (Ω;x))

]+ for all k ∈ T . Thus, conditions (15)–(16)
hold. By taking µj = 0 for any j 6∈ J(x), equality (17) holds.
Under (CQ), it should be pointed out that (λ, µ) 6= (0, 0). Indeed, if it was not so,
then γ 6= 0.
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In this case, for some w ∈ T (Ω;x), we obtain
∑

k∈T γk 〈∇hk(x), w〉 < 0, or equiva-
lently, ∑

i∈I

λi 〈∇fi(x), w〉+
∑

j∈J(x)

µj 〈∇gj(x), w〉+
∑
k∈T

γk 〈∇hk(x), w〉 < 0,

which contradicts with (15), what we had to show.

Corollary 3.6. Let x ∈ K be a weakly efficient solution for the problem (RQMP).
Suppose that the mappings fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are, either C1-smooth, or
C1,1-smooth, and h satisfies (A2) and (A3). Then, for all v ∈ C(x), z∗i,f ∈ ∂̂2fi(x)(v)

(∀ i ∈ I) and z∗j,g ∈ ∂̂2gj(x)(v) (∀ j ∈ J(x)), there exist

λi ∈
[
∇fi(x)(T (Ω;x))

]+
(∀ i ∈ I), µj ∈

[
∇gj(x)(T (Ω;x))

]+
(∀ j ∈ J)

not all equal to zero and γk ∈
[
∇hk(x)(T (Ω;x))

]+
(∀ k ∈ T ) such that conditions

(15), (16) and (17) are fulfilled.

Proof. Arguing as in the proof of Theorem 3.5 by using Corollary 3.3 in place of
Theorem 3.2, we get the desired conclusion.

Corollary 3.7. Let Ω = R and x ∈ K be a weakly efficient solution for the problem
(RQMP). Suppose that the mappings fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are, either
C1,1-smooth, or C1-smooth, and h satisfies (A2) and (A3). Then for all v ∈ C(x),
z∗i,f ∈ ∂̂2fi(x)(v) (∀ i ∈ I) and z∗j,g ∈ ∂̂2gj(x)(v) (∀ j ∈ J(x)), there exist

λi ∈
[
∇fi(x)(Rn)

]+
(∀ i ∈ I), µj ∈

[
∇gj(x)(Rn)

]+
(∀ j ∈ J)

not all equal to zero and γk ∈
[
∇hk(x)(Rn)

]+
(∀ k ∈ T ) satisfying (16), (17) and∑

i∈I

λi∇fi(x) +
∑

j∈J(x)

µj∇gj(x) +
∑
k∈T

γk∇hk(x) = 0.

Proof. Follows immediately from the proof of Theorem 3.5 by considering the
exact equalities

T (Ω;x) = cl cone(Ω− x) = cl cone(Rn − x) = Rn.

Theorem 3.5 is illustrated by the following example.

Example 3.8. Let the real-valued functions f, g and h defined on R by

f(x) := 3

∫ |x|

0

Φ(t)dt−vx ∀v∈ ]− 2, 2[, Φ(t) :=

{
2t2 + t2 sin(1

t
) if t > 0,

0 if t = 0,

g(x) = −2− vx ∀v∈ ]− 1, 1[, ∀x∈R, h(x) = sin(πx) ∀x∈R.

Consider the problem (RQMP) being given above in which Ω = R, T (Ω;x) = R,
K = R, C(x) = R, and x = 0 is a weakly efficient solution of problem (RQMP).
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Observe that fv is a pseudoconvex C1,1-smooth function for all v ∈ [−2, 2], therefore
fv is also quasiconvex for all v ∈ [−2, 2]. Consequently, f is robustly quasiconvex
with modulus 2. In other words, h is Fréchet differentiable at x with ∇h(x) = π and
moreover h is continuous on a neighborhood of x. If γ∇h(x)(R) ≥ 0, i.e., πγa ≥ 0
for all a ∈ R, it entails that γ = 0. So, the constraint qualification of the (RC) type
holds. We compute that I = {1}, J = {1}, T = {1}, J(x) = ∅ and the Fréchet
derivative of f1 at x is given by

∇f1(x) =

{
3Φ(x)− v if x ≥ 0,

−3Φ(−x)− v if x < 0.

Consequently ∂2f1(x)(u) = [−3|u|, 3|u|] (u ∈ R), and ∇f1(x)(T (Ω;x)) = {0} if
v = 0, ∇f1(x)(T (Ω;x)) = R if v 6= 0. Therefore, [∇f1(x)(T (Ω;x))]

+ = R if v = 0,
[∇f1(x)(T (Ω;x))]

+ = {0} if v 6= 0. All these results allow us to conclude that for all
u ∈ R and z∗1,f ∈ [−3|u|, 3|u|], there exist λ1 ∈ R \ {0} and µ1 = γ1 = 0 satisfying
(15), (16) and (17). In fact, in this setting, conditions (15) and (17) are obtained
obviously. In order to check (16), by an easy computation one may pick λ1 6= 0 if
u.z∗1,f = 0, λ1 > 0 if u.z∗1,f > 0, λ1 < 0 if u.z∗1,f < 0, as we have to check.

The next result provides a weak Karush-Kuhn-Tucker type second-order necessary
optimality condition for the weakly efficient solution of problem (RQMP).

Theorem 3.9. (Fritz John second-order optimality condition) Let x ∈ K be a
weakly efficient solution for the problem (RQMP). Suppose that the mappings fi
(∀ i ∈ I) and gj (∀ j ∈ J(x)) are C1-smooth and h satisfies (A2) and (A3). Suppose
also that the set M is a closed convex and the constraint qualification of the (GBCQ)
type holds. Then for every v ∈ C(x), there exist λi ∈

[
∇fi(x)(T (Ω;x))

]+
(∀ i ∈ I)

with λ := (λi)i∈I 6= 0, µj∈
[
∇gj(x)(T (Ω;x))

]+
(∀ j∈J) and γk∈

[
∇hk(x)(T (Ω;x))

]+
(∀ k ∈ T ) such that∑
i∈I

λi 〈∇fi(x), w〉+
∑

j∈J(x)

µj 〈∇gj(x), w〉+
∑
k∈T

γk 〈∇hk(x), w〉 ≥ 0 ∀w∈T (Ω;x), (18)

∑
i∈I

λi

〈
∂2fi(x)(v), v

〉
+

∑
j∈J(x)

µj

〈
∂2gj(x)(v), v

〉
≥ 0, (19)

µjgj(x) = 0, j ∈ J. (20)

Proof. Due to the result obtained in Theorem 3.2, we deduce that 〈−M, v〉∩N = ∅.
By an argument analogous to that used for the proof of Theorem 3.5, there exist
reals λi ∈

[
∇fi(x)(T (Ω;x))

]+ (∀ i ∈ I), µj ∈
[
∇gj(x)(T (Ω;x))

]+
(∀ j ∈ J) not all

equal to zero and γk ∈
[
∇hk(x)(T (Ω;x))

]+
(∀ k ∈ T ) such that conditions (18)–(20)

are fulfilled. We want to prove that λ 6= 0 under (GBCQ). In fact, if it was not so,
then, we have λ := (λi)i∈I = 0, and so, µ := (µj)j∈J(x) 6= 0. Adding up both sides of
the inequalities (18) - (19), we arrive at the following inequality∑
j∈J(x)

µj

[
〈∇gj(x), T (Ω;x)〉+

〈
∂2gj(x)(v), v

〉 ]
+
∑
k∈T

γk 〈∇hk(x), T (Ω;x)〉 ≥ 0. (21)
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Under (GBCQ), it means that there is (v0, w0) ∈ C(x)× T (Ω;x) such that
〈∇gj(x), w0〉+

〈
∂2gj(x)(v0), v0

〉
∈ −

[
∇gj(x)(T (Ω;x))

]
\ {0}, ∀ j ∈ J(x),

〈∇hk(x), w0〉 ∈ −
[
∇hk(x)(T (Ω;x))

]
, ∀ k ∈ T.

Since µ := (µj)j∈J 6= 0, due to the proof of Theorem 3.5 it infers that µj = 0 for any
j 6∈ J(x), and thus, there exists j0 ∈ J(x) such that µj0 ∈

[
∇gj0(x)(T (Ω;x))

]s,+. By
invoking the concept of the strict positive polar cone

[
∇gj0(x)(T (Ω;x))

]s,+ gives us

µj0

[
〈∇gj0(x), w0〉+

〈
∂2gj0(x)(v0), v0

〉 ]
< 0.

Observe that for all j ∈ J(x), j 6= j0, k ∈ T , it holds that

µj

[
〈∇gj(x), w0〉+

〈
∂2gj(x)(v0), v0

〉 ]
+ γk 〈∇hk(x), w0〉 ≤ 0.

Consequently,∑
j∈J(x)

µj

[
〈∂gj(x), w0〉+

〈
∂2gj(x)(v0), v0

〉 ]
+
∑
k∈T

γk 〈∇hk(x), w0〉 < 0,

which conflicts with (21), and completes the proof.

We state a direct consequence from Theorem 3.9, which its easy proof can be omit-
ted.
Corollary 3.10. Let Ω = Rn and x ∈ K be a weakly efficient solution for the
problem (RQMP). Suppose that the mappings fi (∀ i ∈ I) and gj (∀ j ∈ J(x))
are C1-smooth, and h satisfies (A2) and (A3). Suppose also that the set M is a
closed convex and the constraint qualification of the (GBCQ) type holds. Then for
every v ∈ C(x), there exist λi ∈

[
∇fi(x)(Rn)

]+
(∀ i ∈ I) with λ := (λi)i∈I 6= 0,

µj ∈
[
∇gj(x)(Rn)

]+
(∀ j ∈ J) and γk ∈

[
∇hk(x)(Rn)

]+
(∀ k ∈ T ) such that∑

i∈I

λi∇fi(x) +
∑

j∈J(x)

µj∇gj(x) +
∑
k∈T

γk∇hk(x) = 0,

∑
i∈I

λi

〈
∂2fi(x)(v), v

〉
+

∑
j∈J(x)

µj

〈
∂2gj(x)(v), v

〉
≥ 0,

µjgj(x) = 0, j ∈ J.

The next result considers the second-order generalized Ben-Tal constraint qualifica-
tion (GBCQs) for some s ∈ I holds.

Theorem 3.11. (Weak KKT second-order optimality condition) Let x ∈ K be a
weakly efficient solution for the problem (RQMP). Suppose that the mappings fi
(∀ i ∈ I) and gj (∀ j ∈ J(x)) are C1-smooth, and h satisfies conditions (A2) and
(A3). Suppose also that M is a closed convex set and the constraint qualification
of the (GBCQs) type for some s ∈ I holds. Then for every v ∈ C(x), there
exist λs ∈

[
∇fs(x)(T (Ω;x))

]s,+, λi ∈
[
∇fi(x)(T (Ω;x))

]+
(∀ i ∈ I \ {s}), and

µj ∈
[
∇gj(x)(T (Ω;x))

]+
(∀ j ∈ J) and γk ∈

[
∇hk(x)(T (Ω;x))

]+
(∀ k ∈ T ) such

that conditions (18)–(20) are fulfilled.
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Proof. Under (GBCQs) for some s ∈ I, it is guaranteed that the constraint qual-
ification (GBCQ) is true. According to Theorem 3.9, for every v ∈ C(x), there
exist λi ∈

[
∇fi(x)(T (Ω;x))

]+ (∀ i ∈ I), λ := (λi)i∈I 6= 0, µj ∈
[
∇gj(x)(T (Ω;x))

]+
(∀ j ∈ J) and γk ∈

[
∇hk(x)(T (Ω;x))

]+
(∀ k ∈ T ) satisfying (18)–(20). We need to

point out that λs ∈
[
∇fs(x)(T (Ω;x))

]s,+. Indeed, from λs ∈
[
∇fs(x)(T (Ω;x))

]+ it
follows that 〈λs,∇fs(x)(T (Ω;x))〉 ≥ 0, i.e., for all xs∈∇fs(x)(T (Ω;x)), 〈λs, xs〉 ≥ 0.
If λs 6∈

[
∇fs(x)(T (Ω;x))

]s,+, then there would exists xs ∈ ∇fs(x)(T (Ω;x)) \ {0}
such that 〈λs, xs〉 ≤ 0. So, we deduce that 〈λs, xs〉 = 0 implies λs = 0 due to
xs ∈ R \ {0}. It is evident that∑

i∈I

λi

[
〈∇fi(x), T (Ω;x)〉+

〈
∂2fi(x)(v), v

〉 ]
+
∑
k∈T

γk 〈∇hk(x), T (Ω;x)〉

+
∑

j∈J(x)

µj

[
〈∇gj(x), T (Ω;x)〉+

〈
∂2gj(x)(v), v

〉 ]
≥ 0

is equivalent to∑
i∈I\{s}

λi

[
〈∇fi(x), T (Ω;x)〉+

〈
∂2fi(x)(v), v

〉 ]
+
∑
k∈T

γk 〈∇hk(x), T (Ω;x)〉

+
∑

j∈J(x)

µj

[
〈∇gj(x), T (Ω;x)〉+

〈
∂2gj(x)(v), v

〉 ]
≥ 0. (22)

Under the constraint qualification (GBCQs), there exist (v0, w0) ∈ C(x) × T (Ω;x)
such that 〈∇fi(x), w0〉+ 〈∂2fi(x)(v0), v0〉 ∈ −

[
∇fi(x)(T (Ω;x))

]
\{0}, ∀ i ∈ I \{s},

〈∇gj(x), w0〉 + 〈∂2gj(x)(v0), v0〉 ∈ −
[
∇gj(x)(T (Ω;x))

]
\ {0}, ∀ j ∈ J(x), and fur-

thermore 〈∇hk(x), w0〉 ∈ −
[
∇hk(x)(T (Ω;x))

]
, ∀ k ∈ T. Since λ 6= 0, one finds

i0 ∈ I \ {s} with λi0 ∈
[
∇fi0(x)(T (Ω;x))

]s,+. Using the definitions we obtain the
following inequalities

λi0

[
〈∇fi0(x), w0〉+

〈
∂2fi0(x)(v0), v0

〉 ]
< 0,

λi

[
〈∇fi(x), w0〉+

〈
∂2fi(x)(v0), v0

〉 ]
≤ 0 ∀ i ∈ I \ {i0, s},

µj

[
〈∇gj(x), w0〉+

〈
∂2gj(x)(v0), v0

〉 ]
≤ 0 ∀ j ∈ J(x),

γk

[
〈∇hk(x), w0〉 ≤ 0 ∀ k ∈ T.

Adding up both sides of the inequalities above, it results that∑
i∈I\{s}

λi

[
〈∇fi(x), w0〉+

〈
∂2fi(x)(v0), v0

〉 ]
+
∑
k∈T

γk 〈∇hk(x), w0〉

+
∑

j∈J(x)

µj

[
〈∇gj(x), w0〉+

〈
∂2gj(x)(v0), v0

〉 ]
< 0,

which contradicts inequality (22), what we had to show.
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Theorem 3.12. (Strong KKT second-order optimality condition) Let x ∈ K
be a weakly efficient solution for the problem (RQMP). Suppose that the map-
pings fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are C1-smooth, and h satisfies (A2) and
(A3). Suppose also that M is a closed convex set and the constraint qualification
of the (GBCQs) type for all s ∈ I holds. Then for every v ∈ C(x), there ex-
ist λi ∈

[
∇fi(x)(T (Ω;x))

]s,+ (∀ i ∈ I), µj ∈
[
∇gj(x)(T (Ω;x))

]+
(∀ j ∈ J), and

γk ∈
[
∇hk(x)(T (Ω;x))

]+
(∀ k ∈ T ) satisfying (18), (19) and (20).

Proof. We fix s ∈ I. This implies following Theorem 3.11 that for all v ∈ C(x),
there exist λ

[s]
s ∈

[
∇fs(x)(T (Ω;x))

]s,+, λ
[s]
i ∈

[
∇fi(x)(T (Ω;x))

]+ (∀ i ∈ I \ {s}),
µ
[s]
j ∈

[
∇gj(x)(T (Ω;x))

]+
(∀ j∈J) and γ

[s]
k ∈

[
∇hk(x)(T (Ω;x))

]+
(∀ k∈T ) such that∑

i∈I

λ
[s]
i 〈∇fi(x), T (Ω;x)〉+

∑
j∈J(x)

µ
[s]
j 〈∇gj(x), T (Ω;x)〉

+
∑
k∈T

γ
[s]
k 〈∇hk(x), T (Ω;x)〉 ≥ 0, (23)

∑
i∈I

λ
[s]
i

〈
∂2fi(x)(v), v

〉
+

∑
j∈J(x)

µ
[s]
j

〈
∂2gj(x)(v), v

〉
≥ 0, (24)

µ
[s]
j gj(x) = 0, j ∈ J. (25)

Taking λi =
∑
s∈I

λ
[s]
i ∈

[
∇fi(x)(T (Ω;x))

]s,+
(∀i∈I), µj =

∑
s∈I

µ
[s]
j ∈

[
∇gj(x)(T (Ω;x))

]+
(∀ j ∈ J(x)), γk =

∑
s∈I

γ
[s]
k ∈

[
∇hk(x)(T (Ω;x))

]+
(∀ k ∈ T ), and then, by adding

up both sides of the inequalities with respect to s = 1, . . . ,m from (23) to (25), it
results that µjgj(x) = 0, j ∈ J ,∑

i∈I

λi

〈
∂2fi(x)(v), v

〉
+

∑
j∈J(x)

µj

〈
∂2gj(x)(v), v

〉
≥ 0,

∑
i∈I

λi 〈∇fi(x), T (Ω;x)〉+
∑

j∈J(x)

µj 〈∇gj(x), T (Ω;x)〉+
∑
k∈T

γk 〈∇hk(x), T (Ω;x)〉 ≥ 0,

which completes the proof of the theorem.

Corollary 3.13. Let Ω = Rn and x ∈ K be a weakly efficient solution for the
problem (RQMP). Suppose that the mappings fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are
C1-smooth, and h satisfies (A2) and (A3). Suppose also that the set M is a closed
convex and the constraint qualification of the (GBCQs) type for all s ∈ I holds. Then
for every v ∈ C(x), there exist λi ∈

[
∇fi(x)(Rn)

]s,+
(∀ i ∈ I), µj ∈

[
∇gj(x)(Rn)

]+
(∀ j ∈ J) and γk ∈

[
∇hk(x)(Rn)

]+
(∀ k ∈ T ) such that µjgj(x) = 0, j ∈ J and∑

i∈I

λi∇fi(x) +
∑

j∈J(x)

µj∇gj(x) +
∑
k∈T

γk∇hk(x) = 0,

∑
i∈I

λi

〈
∂2fi(x)(v), v

〉
+

∑
j∈J(x)

µj

〈
∂2gj(x)(v), v

〉
≥ 0.
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Proof. Follows immediately from Theorem 3.12.
Remark 3.14. We remark that the statements in Theorem 3.9, Theorem 3.11,
Theorem 3.12, Corollary 3.10 and Corollary 3.13 are still true if the inequality∑

i∈I

λi

〈
∂2fi(x)(v), v

〉
+

∑
j∈J(x)

µj

〈
∂2gj(x)(v), v

〉
≥ 0

is removed and replaced by∑
i∈I

λi

〈
∂̂2fi(x)(v), v

〉
+

∑
j∈J(x)

µj

〈
∂̂2gj(x)(v), v

〉
≥ 0.

Especially, this remark still holds if fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are C1,1-smooth
mappings. Furthermore, all the preceding obtained results are still true if the critical
cone C(x) is removed and replaced by the subcritical cone CT (x). We also remark
that all these results have not been considered before (see Mordukhovich [25–27],
for instance).

4. Second-order sufficient optimality conditions

In this section, we establish second-order Karush-Kuhn-Tucker sufficient optimality
conditions for a local weakly efficient solution of problem (RQMP) with set and
inequality constraints (without equality constraints) being given as in Section 2. The
conditions are given in terms of the second-order Mordukhovich subdifferentials/ the
second-order Fréchet subdifferentials.
Regarding this issue, for every x ∈ clΩ, we denote by

C−(x) :=
{
v ∈ T (Ω;x)

∣∣∣ 〈∇fi(x), v〉 ≤ 0, 〈∇gj(x), v〉 ≤ 0, ∀ i ∈ I, ∀ j ∈ J(x)
}
,

C0(x) :=
{
v ∈ T (Ω;x)

∣∣∣ 〈∇fi(x), v〉 = 0, 〈∇gj(x), v〉 = 0, ∀ i ∈ I, ∀ j ∈ J(x)
}
.

It can be easily seen that C0(x) ⊂ C−(x). (26)
In order to obtain second-order sufficient optimality conditions, we say that the
constraint qualification of the (NCQ) type is true for x ∈ clΩ iff,
(NCQ) C−(x) ⊂ C0(x).

Under the constraint qualification (NCQ), it follows from (26) that C0(x) = C−(x).
To begin with, we provide a second-order sufficient optimality condition for efficiency
in terms of second-order Mordukhovich’s subdifferentials as follows.

Theorem 4.1. Let x be a feasible solution of problem (RQMP). Suppose that the
mappings fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are C1-smooth, the set Ω is nonempty
convex and the constraint qualification of the (NCQ) type holds.
Then, if for every v ∈ C(x) \ {0}, there exist λi ∈

[
∇fi(x)(T (Ω;x))

]+
(∀ i ∈ I) and

µj ∈
[
∇gj(x)(T (Ω;x))

]+
(∀ j ∈ J(x)) such that∑

i∈I

λi

〈
∂2fi(x)(v), v

〉
+

∑
j∈J(x)

µj

〈
∂2gj(x)(v), v

〉
> 0, (27)

then x is a local weakly efficient solution for the problem (RQMP).
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Proof. Suppose by contradiction, that the feasible solution x is not a local weakly
efficient solution for the problem (RQMP). By the definition of local weak efficiency
to the (RQMP), there exists sequence (xn)n≥1 with xn ∈ K∩B(x, 1

n
)\{x} such that

f(xn) ≤ f(x), ∀n ≥ 1.

Consider the boundary sequence (vn)n≥1 ⊂ Rn, given by

vn :=
xn − x

‖xn − x‖
, ∀n ∈ N.

We may assume without loss of generality that vn converges to v0 with ‖v0‖ = 1 due
to ‖vn‖ = 1 (∀n ≥ 1). Consider the positive real numbers sequence (tn)n≥1, defined
by

tn := ‖xn − x‖, ∀n ∈ N.
Since xn = x+ tnvn ∈ K (∀n ≥ 1) and tn → 0+, which proves the following relation

v0 ∈ T (Ω;x) \ {0}. (28)

Because fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are continuously Fréchet differentiable at x,
we have on the one hand that

〈∇fi(x), v0〉 ≤ 0, ∀ i ∈ I, (29)

〈∇gj(x), v0〉 ≤ 0, ∀ j ∈ J(x). (30)
Since the constraint qualification (NCQ) holds true for x ∈ clΩ, which combined with
(28), (29) and (30) gives us v0 ∈ C0(x)\{0}. It is not hard to see that v0 ∈ C(x)\{0}.
On the other hand, by the initial assumptions, there exist λi ∈

[
∇fi(x)(T (Ω;x))

]+
(∀ i ∈ I) and µj ∈

[
∇gj(x)(T (Ω;x))

]+
(∀ j ∈ J(x)) such that∑

i∈I

λi

〈
∂2fi(x)(v0), v0

〉
+

∑
j∈J(x)

µj

〈
∂2gj(x)(v0), v0

〉
> 0. (31)

It must be mentioned that for every i ∈ I and j ∈ J(x), the sets ∂2fi(x)(v0) and
∂2gj(x)(v0) are nonempty due to Mordukhovich [25, 26]. We have v0 ∈ T (Ω;x),
which guarantees that
∇fi(x)(v0)∈∇fi(x)(T (Ω;x)) (∀ i∈I), ∇gj(x)(v0)∈∇gj(x)(T (Ω;x)) (∀ j∈J(x)).

Consequently, one obtains the following inequalities

λi 〈∇fi(x), v0〉 ≥ 0, ∀ i ∈ I, (32)

ηj 〈∇gj(x), v0〉 ≥ 0, ∀ j ∈ J(x). (33)
Combining (29) with (32) as well as (30) with (33) yields that λi ≤ 0 (∀ i ∈ I) and
µj ≤ 0 (∀ j ∈ J(x)). In view of the definition of C(x) and L(φ,α) in Section 2, it
is evident that (x, v0) ∈ L(fi,αi) for all i ∈ I and (x, v0) ∈ L(gj ,βj) for all j ∈ J(x).
In other words, the mappings fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are C1-smooth, and
taking into account Lemma 2.4, this implies that 〈∂2fi(x)(v0), v0〉 ≥ 0 ∀ i ∈ I and
〈∂2gj(x)(v0), v0〉 ≥ 0 ∀ j ∈ J(x).
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These inequalities combined with λi ≤ 0 (∀ i ∈ I) and µj ≤ 0 (∀ j ∈ J(x)), ensure
that λi 〈∂2fi(x)(v0), v0〉 ≤ 0 ∀ i ∈ I and µj 〈∂2gj(x)(v0), v0〉 ≤ 0 ∀ j ∈ J(x). Adding
up both sides of the above inequalities, we obtain the following one∑

i∈I

λi

〈
∂2fi(x)(v0), v0

〉
+

∑
j∈J(x)

µj

〈
∂2gj(x)(v0), v0

〉
≤ 0,

which contradicts (31), what we had to show.

The next result provides a second-order sufficient optimality condition for local weak
efficiency based on the second-order Fréchet subdifferentials.

Theorem 4.2. Let x be a feasible solution of problem (RQMP). Suppose that the
mappings fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are C1,1-smooth, the set Ω is nonempty
convex and the constraint qualification of the (NCQ) type holds. Suppose also
that the second-order Fréchet subdifferentials ∂̂2fi(x)(v) (∀ i ∈ I) and ∂̂2gj(x)(v)
(∀ j∈J(x)) are nonempty for every v∈C(x). Then, if ∀ v∈C(x) \ {0}, there exist
λi ∈

[
∇fi(x)(T (Ω;x))

]+
(∀ i ∈ I) and µj ∈

[
∇gj(x)(T (Ω;x))

]+
(∀ j ∈ J(x)) such

that ∑
i∈I

λi

〈
∂̂2fi(x)(v), v

〉
+

∑
j∈J(x)

µj

〈
∂̂2gj(x)(v), v

〉
> 0, (34)

then x is a local weakly efficient solution for the problem (RQMP).

Proof. Arguing as in the proof of Theorem 4.1, with the new situation where all
the objective and constraint functions are C1,1-smooth, and utilizing Lemma 2.3 in
place of Lemma 2.4, we also get the desired conclusion.

Corollary 4.3. Let x be a feasible solution of problem (RQMP). Suppose that the
mappings fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are C2-smooth, the set Ω is nonempty
convex and the constraint qualification of the (NCQ) type holds.
Then, if for every v ∈ C(x) \ {0}, there exist λi ∈

[
∇fi(x)(T (Ω;x))

]+
(∀ i ∈ I) and

µj ∈
[
∇gj(x)(T (Ω;x))

]+
(∀ j ∈ J(x)) such that∑

i∈I

λi

〈
∇2fi(x)v, v

〉
+

∑
j∈J(x)

µj

〈
∇2gj(x)v, v

〉
> 0, (35)

then x is a local weakly efficient solution for the problem (RQMP).

Proof. By the initial assumptions, we always have a conclusion for every v ∈ C(x)
that ∂̂2fi(x)(v) (i ∈ I) and ∂̂2gj(x)(v) (j ∈ J(x)) are nonempty, where

∂2fi(x)(v) = ∂̂2fi(x)(v) = {∇2fi(x)v},

∂2gj(x)(v) = ∂̂2gj(x)(v) = {∇2gj(x)v}.

By repeating the proof of Theorem 4.1 even the proof of Theorem 4.2, we arrive at
the desired conclusion.
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Example 4.4. Consider the real-valued functions f and g defined on R, where
f := (f1, f2) and g := g1, defined by

f(x) :=
(
x2, −x sinx

)
, ∀x ∈ R,

g(x) :=

∫ |x|

0

ϕ(τ)dτ − αx, ∀x ∈ R, ∀α ∈]− 1, 1[,

where ϕ(τ) :=

{
2τ 2 + τ 2 sin( 1

τ
) if τ > 0,

0 if τ = 0.

Consider the C1-smooth robustly quasiconvex multiobjective programming problem
(RQMP) given above for which Ω := [0, π

2
] and x = 0. Then the functions f1, f2 are

C2-smooth around x = 0, and g1 is robustly pseudoconvex C1,1 smooth function with
modulus 1, so it is also robustly quasiconvex C1,1-smooth function with modulus 1.
By an easy computation shows that I := {1, 2}, J = J(x) = {1}, T (Ω;x) = R+,
∇fi(x) = 0, (i = 1, 2), ∇2fi(x) = 2(−1)i−1 (i = 1, 2), and moreover, ∇g1(x) = −α
for all α ∈ R such that |α| < 1 and ∂2g1(x)(v) = [−|v|, |v|] for all v ∈ R. We thus
obtain the result ∇f1(x)(T (Ω;x)) = ∇f2(x)(T (Ω;x)) = {0} or equivalently,[

∇f1(x)(T (Ω;x))
]+

=
[
∇f2(x)(T (Ω;x))

]+
= R.

We see that ∇g1(x)(T (Ω;x)) = {0} is equivalent to
[
∇g1(x)(T (Ω;x))

]+
= R if

α = 0, and ∇g1(x)(T (Ω;x)) = R is equivalent to
[
∇g1(x)(T (Ω;x))

]+
= {0} if

−1 < α < 1 and α 6= 0. We remark that C0(x) = C−(x) = R+ if α = 0, which
means that (NCQ) holds. In this case, for all v ∈ R+ \ {0} ⇐⇒ v > 0, using the
precedingresults, we assert that ∂2f1(x)(v), ∂2f2(x)(v) and ∂2g1(x)(v) are nonempty.
By taking λ1 = 1 and λ2 =

1
2

one obtains the following inequality∑
i∈I

λi

〈
∂2fi(x)(v), v

〉
+

∑
j∈J(x)

µj

〈
∂2gj(x)(v), v

〉
≥ v2 > 0.

By applying the results obtained in Section 4, we can conclude that x = 0 is a local
weakly efficient solution for the problem (RQMP), as we had to check.

We state now a series of direct corollaries, whose easy proofs are omitted.

Corollary 4.5. Let Ω = Rn and x be a feasible solution for the problem (RQMP).
Suppose that the mappings fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are C1-smooth and the
constraint qualification of the (NCQ) type holds. Then, if for every v ∈ C(x) \ {0},
there exist λi ∈

[
∇fi(x)(Rn)

]+
(∀ i ∈ I) and µj ∈

[
∇gj(x)(Rn)

]+
(∀ j ∈ J(x)) such

that ∑
i∈I

λi

〈
∂2fi(x)(v), v

〉
+

∑
j∈J(x)

µj

〈
∂2gj(x)(v), v

〉
> 0,

then x is a local weakly efficient solution for the problem (RQMP).
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Corollary 4.6. Let Ω = Rn and x be a feasible solution for the problem (RQMP).
Suppose that the mappings fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are C1,1-smooth
and the constraint qualification of the (NCQ) type holds. Suppose also that the
second-order Fréchet subdifferentials ∂̂2fi(x)(v) (∀ i ∈ I) and ∂̂2gj(x)(v) (∀ j ∈ J(x))
are nonempty for any v ∈ C(x). Then, if for every v ∈ C(x) \ {0}, there exist
λi ∈

[
∇fi(x)(Rn)

]+ (∀ i ∈ I) and µj ∈
[
∇gj(x)(Rn)

]+
(∀ j ∈ J(x)) such that∑

i∈I

λi

〈
∂̂2fi(x)(v), v

〉
+

∑
j∈J(x)

µj

〈
∂̂2gj(x)(v), v

〉
> 0,

then x is a local weakly efficient solution for the problem (RQMP).

Corollary 4.7. Let Ω = Rn and x be a feasible solution for the problem (RQMP).
Suppose that the mappings fi (∀ i ∈ I) and gj (∀ j ∈ J(x)) are C2-smooth and the
constraint qualification of the (NCQ) type holds. Then, if for every v ∈ C(x) \ {0},
there exist λi∈

[
∇fi(x)(Rn)

]+
(∀ i∈I) and µj∈

[
∇gj(x)(Rn)

]+
(∀ j∈J(x)) such that∑

i∈I

λi

〈
∇2fi(x)v, v

〉
+

∑
j∈J(x)

µj

〈
∇2gj(x)v, v

〉
> 0,

then x is a local weakly efficient solution for the problem (RQMP).

Remark 4.8. We remark that when Ω = Rn, it can be seen that T (Ω;x) = Rn.
Moreover, the strict inequality (27) implies the strict inequality (34). Hence, the
result obtained in Corollary 4.6 is the same if the strict inequality (34) is removed
and replaced by the strict inequality (27). The strict inequalities (27), (34) and
(35) coincide in the case the objective and constraint functions are C2-smooth.
Furthermore, all the results obtained in Section 4 have not been considered before
(see Mordukhovich [25–27] for more details).

5. Conclusions

Based on the notions of the second-order Mordukhovich subdifferentials/ Fréchet
subdifferentials, constraint qualifications of the (GBCQ) and (GBCQs) types are
provided. Using these constraint qualifications, we have established the primal and
dual Karush-Kuhn-Tucker type second-order necessary optimality conditions for (lo-
cal) weak efficiency of problem (RQMP). We also propose the constraint qualifica-
tion of the (NCQ) type. Under (NCQ), the second-order Karush-Kuhn-Tucker type
sufficient optimality conditions are presented.
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