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1. Introduction

The quasiconvex functions share many nice properties of convex functions and cover
some models which are effective and adaptable to real-world situations. As far as we
know, if the continuously differentiable function f of the minimization problem is
quasiconvex and its derivative at the optimal point is 0, then the origin is the local
minimum of that problem. Therefore, the class of quasiconvex functions play an im-
portant role in nonconvex optimization; for example see Mangasarian [23,24]. More
recently, Khanh and Phat [17,18] have provided the second-order fundamental char-
acterizations of C'-smooth robustly quasiconvex functions, where the authors have
achieved some necessary conditions in terms of Mordukhovich’s subdifferentials. To
the best of our knowledge, these characterizations are useful for establishing second-
order optimality conditions for robustly quasiconvex multiobjective programming
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problems via the Mordukhovich subdifferentials with C'-smooth even C''-smooth
data. However, this application to the class of quasiconvex optimization problems
is not considered; for instance see Mordukhovich [25-27], An and Yen [1] and the
references therein. So, it is important to find some second-order necessary and suf-
ficient optimality conditions in terms of Mordukhovich’s subdifferentials for a class
of nonlinear programming problems with non-convex and C'-smooth data.

C'-smooth robustly quasiconvex multiobjective programming problems are multi-
objective optimization problems whose concerned functions are quasiconvex under
small linear perturbations (known as robustly quasiconvex functions). These prob-
lems lie among the class of quasiconvex and convex multiobjective optimization
problems. Any well-known result in the literature which is true for quasiconvex
problems will remain true for robustly quasiconvex problems. Further, the C'-
smooth robustly quasiconvex multiobjective programming problems also share a lot
of nice properties of convex multiobjective optimization problems, more precisely,
we refer the reader to the references [1,3,7,8,12,13,15,28]. Second-order optimality
conditions have attracted many outstanding mathematicians in the last years and
the interest in this kind of problems has grown more and more because of their
applications in optimal control, economic, games, etc, e.g., in [14,19,21] and the
references therein. Again, to the best of our knowledge, the results on optimality
of second-order via the second-order Mordukhovich/Fréchet subdifferentials for the
class of these problems are not considered, see [2,18,20,22-24,29-31, 34] and the
references therein.

As far as we know, the second-order Mordukhovich and/or limiting subdifferentials,
which was introduced by Mordukhovich [25,26], has been well recognized as a conve-
nient tool to study many important issues in variational analysis and optimization,
see [1,4-6,9-11,16,27] and some other related publications. Recently, as shown
in [17], the authors obtained two necessary conditions for the the robust quasicon-
vexity of C''-smooth functions via the second-order Fréchet and/or Mordukhovich
subdifferentials. This results are of interest and can be used to study the C*-smooth
robustly quasiconvex multiobjective programming problems with set, inequality and
equality constraints. This is a motivation for our present work.

In this work, we first analyze a C'*-smooth robustly quasiconvex multiobjective pro-
gramming problem with set, inequality and equality constraints. Secondly, we in-
troduce the cone of critical directions and subcritical directions at a given point
and three constraint qualifications of the (GBCQ), (GBCQs) and (NCQ) types. We
also obtain a necessary condition for the class of robustly quasiconvex functions
with moduli o > 0 via the second-order Mordukhovich subdifferentials. In additon,
weak and strong Karush-Kuhn-Tucker necessary and/or sufficient second-order op-
timality conditions for weak efficiency to such problem in terms of the second-order
Mordukhovich/Fréchet subdifferentials are derived.

The remainder of this paper is organized as follows. After some preliminaries and
definitions, Section 3 is devoted to constructing strong and weak Karush-Kuhn-
Tucker second-order necessary optimality conditions for the weakly efficient solu-
tion via the second-order Mordukhovich/ Fréchet subdifferentials for the considered
problem. Section 4 presents Karush-Kuhn-Tucker second-order sufficient optimality
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conditions for local weakly efficient solution via the second-order Mordukhovich/
Fréchet subdifferentials for the considered problem. Illustrative examples are pro-
vided for our results.

2. Preliminaries and definitions

Throughout the paper we use standard notation of convex analysis, set-valued anal-
ysis, variational analysis and generalized differentiation. We refer the reader to
books [2,16,23-28] for more details and discussions. For the sake of clarity, let
R™ be the usual n-dimensional Euclidean space, 4 be the closed unit ball in R",
(x,v) the standard inner product of z,v € R". We will write (A, z) + (B,y) < z
with respect to a binary relation < on R, to mean that (a,z) + (b,y) < z for all
a € A,b € B, where z,y,z € R", A,B C R". For each A C R", the interior, the
closure, the relative interior and the convex hull of A are denoted respectively by
intA, clA, riA and coA. We use the symbol coneA to denote the cone generated
by A, and | A| signifies the cardinality of A, i.e., the number of elements of A. The
positive polar cone of A is denoted by AT and given as

At ={a" € R”| (x*,a) >0, Va € A}.
The strictly positive polar cone of A is denoted by A>T and given as
AT = {z* e R"| (z*,a) > 0,Va € A\ {0}}.
The contingent cone to A at T € clA is denoted by T'(A;Z) and given as
T(A;T) = {v € R"|3t, — 07, Jvp — v such that T+ tpvp € AVE > 1}.
Let F: R™ = R be a set-valued mapping. The effective domain and the graph of F
are defined as
domF :={z e R"| F(z) # 0}, and graphF := {(z,y) e R" x R™ |y € F(z)}.
We recall from [25-27,32,33] that the sequential Painlevé-Kuratowski upper/outer
limit of F' as ¢ — T is

LimsupF'(z) = {x* eR (1)

r—T

3 sequences z, — T and x;, — z*
with x; € F(xy) for every k € N

Given Q C X and T € Q. Then the Fréchet normal cone to 2 at T is defined as

N(@;0) = {o" € R [limsu @he-7) o o}, 2)
VO |z —Z|

where the symbol z LN signifies that z — T with x € . Letting for the sake of

convenience N(Z; Q) = () if T € R™\ Q and employing the outer limit (1) to N (., ),

we define the Mordukhovich normal cone to 2 C R" at T as follows:

N(z; Q) := LimsupN (z; Q). (3)

Q _
T—

A~

It should be mentioned that N(7;2) is often nonconvex, in contrast to N(Z;<),
which may be null at boundary points. When 2 is a convex set, both constructions
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(2)—(3) are reduced to the classical normal cone. Following Mordukhovich [25-27],
the Mordukhovich (resp. Fréchet) subdifferential of p:R™—R at T€R is defined by

Op(@) = {a* € R" | (2", ~1) € N((@ ¢(7)); epie?)}
(9p(@) = {2* € R"| (2, 1) € N((7, p(2)); epiv0)} ).

where epip := {(z,7)€R" x R:r > ¢(z)}. From the notion of the graph of F’, for
all y*€R, define the Fréchet coderivative D*F(Z,7) : R = R™ at (7,7) € graphF' by

~

DF@E ) = {o* € B | (=", —y") € N((@7)s graphF) }.
and the Mordukhovich coderivative D*F(Z,7) : R = R™ at (Z,7) € graphF' by
D'F(@3)(y") i= {a* € R"| (2", ~y") € N(@,9);graphF) }, y" € R,
or equivalently,
D*F(z,9)(y") == {x* eR"

(3, =yn) € N((n, yn); graphF) as n — 400

ny

where 7 is omitted when F' = f : R” — R is real-valued function.

Definition 2.1. [25-27] Let ¢ : R® — R be a Fréchet differentiable function at

T e R™

(i)  The second-order Fréchet subdifferential of ¢ at T relative to ¥ = Vp(T) is the
set-valued mapping 92¢ () : R” = R” given by

Oo(@.9)(u) = (D"0p)(T,7)(u), YueR"

Each z* in the second-order Fréchet subdifferential of the function ¢ at =
relative to § = V() is called a second-order Fréchet subgradient of ¢ at T
relative to 7 = V(7).

(ii)  The second-order Mordukhovich subdifferential of ¢ at T relative to § = V()
is a set-valued mapping 9% (7) : R® = R" given by

0%p(T,7)(u) := (D*0p)(T,7)(u), Yu€R".

Each z* in the second-order Mordukhovich subdifferential of  at ¥ relative to
¥ = V() is called second-order Mordukhovich subgradient of ¢ at T relative
to 7 = Vo(T). O

According to [14,20,21], ¢ is C' around T, which is denoted by ¢ € C'! around 7 iff
it is Fréchet differentiable around Z with its gradient V¢ being locally Lipschitzian
around T; ¢ is C'! around Z, which is denoted by ¢ € C! around 7 iff it is continuously
Fréchet differentiable in a neighborhood of Z. Similarly, ¢ € C? around 7 iff it is
twice continuously Fréchet differentiable in a neighborhood of z. We mention that
when we say that Vy is continuous at T we assume that V() exists for all x close
Z. Due to Khan, Tammer and Zalinescu [16], one says that ¢ is Lipschitz on U iff,
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lo(x) — (y)| < L||x — y|| for any z,y € U and for some L > 0. If ¢ is Lipschitz
on some neighborhood of Z, we will say that ¢ is Lipschitz around . We have the
following implications:

¢ € CY around T = V continuous around T = ¢ Lipschitz around 7.

In general, the Fréchet second-order subdifferential and the one of Mordukhovich are
incomparable. However, if ¢ € C! around 7, i.e., continuously Fréchet differentiable
in a neighborhood of 7, then

Oo(T.7)(u) C (T, 7)(u), VueR" (4)

From now on, if not otherwise specified, for ¢ € C'! around 7 and for u € R", by
v, we will denote the function ¢, : R — R defined by

ou(z) = (Vip(x),u), Vo € R™

We remark that by virtue of the C*!-smoothness of ¢, ¢, is locally Lipschitz con-
tinuous on R”™. For this case, we omit the following scalarization formulas

0*0(T,7)(u) == %p(T)(u) := 0p,(T), Yu € R". (5)
If ¢ € C? around 7, it holds that

P*¢(T)(u) = Pp(@)(u) = {Vp(T)u}, YueR" (6)
The following generalized convexity plays a key role in the literature.
Definition 2.2. [28] A function ¢ : R®” — R is said to be
(i) convez if for any x,y € R™ and for any t € [0, 1],

otz + (1 =t)y) <tp(z) + (1= t)p(y).

(ii)  quasiconvez if for any x,y € R™ and for any ¢ € [0, 1],

p(tr + (1 —t)y) < max{p(r), ¢(y)}.

(iii) pseudoconver if for any x,y € R™,

(y+t(x —y)) —o(y)
t

o(z) < p(y) = limsup 2 < 0.

t—0t

(iv) robustly quasiconver with modulus o > 0 if the function ¢, : & — ¢(z)+ (v, z)
is quasiconvex for all v € a%.

(v)  robustly pseudoconver with modulus a > 0 if the function ¢, : © — p(z)+(v, x)
is pseudoconvex for all v € a . ]

It follows, immediately, from the above definitions, that pseudoconvexity implies
quasiconvexity, ¢ is robustly quasiconvex with modulus a > 0 iff ¢, is quasiconvex
for all v € R™ such that ||v|| < «, ¢ is convex iff ¢ is robustly quasiconvex for any
modulus a > 0, and robust quasiconvexity is equivalent to robust pseudoconvexity
for C'-smooth functions.
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In the case when ¢ is a robustly quasiconvex function with modulus o > 0, we write

Lipay = { (@,0) € R*" | | (Vip(x), u} | < afjull }.

Lemma 2.3. Let ¢ : R" — R be a robustly quasiconvex function with modulus
o> 0. If p is a C'-smooth function then for all (x,u) € L, ), then

<32¢(x)(u), u> > 0.
Proof. Follows from Khanh and Phat [17], which completes the proof. O

Lemma 2.4. Let o : R* — R be a robustly quasiconvex function with modulus
o> 0. If p is a C'-smooth function then for all (x,u) € L, ), then

(0%p(z)(u), u)y > 0.
Proof. Analogous to the proof of Lemma 2.3, we get the desired conclusion. ]

In the present paper, we deal with the following C'-smooth robustly quasiconvex
multiobjective programming problem with set, inequality and equality constraints:

minimize f(z)

ROQMP
(RQMP) subject to ©r € K := {33 €Qg(z) <0, h(z)= 0},

where f,g and h are functions from R™ into R, RP and RY respectively, ) a
nonempty convex subset of R” and K is the feasible set for the problem (RQMP),

f=0, i fm)g=1(g1,-..,9p)and h = (hy,..., hy) with f; (Vi e I :={1,...,m}),
g; (Vj e J:={1,...,p}) are robustly quasiconvex functions with moduli o; > 0
(Viel), B; >0 (Vj e J), respectively, and hy (Vk € T :={1,...,q}) are Fréchet
differentiable functions at the point under consideration.

Definition 2.5. A vector T € K is said to be a weakly efficient solution of problem
(RQMP) iff, there is no @ € K such that f(z) < f(Z) and f(z) # f(T). If there
exists 7 > 0 such that there is no x € K N B(Z,r) such that f(z) < f(Z) and
f(z) # f(T), then T is called a local weakly efficient solution of problem (RQMP).

For the sake of brevity, for each T € K, consider the active index set J(T), defined
by J(Z) :={j € J|g;() = 0}. We set
K(H) =kerVh(z) :={v € R"| (Vh(Z),v) = 0},

H = {z e R"|h(z) = 0}, a := minje; o > 0, B := mineyz F; > 0, and for each
T €cand v € C(T), set M = [[,c; 0 fi(T)(v) x [[;c @ %9;(T)(v),

VEE(T(E) = ) (VH@), w), i€,

weT (T)
V@ T©z) = |J (Vg@). w), je .
weT ()

V(@) (T(7) = | (VA(@), w), k€T

weT ()
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We define the following sets
C(K,T) := {U e R"

[ (Vgi(@),0) | < Blvll, j € I@)} {0},

O(f,7) = {v eR"|[(VA@),v) | < alv], i€ f} U {0}

It is easy to verify that

C(KT)C ) {veR"||[(Vg@),v)]| < Blvll} u{o}, (7)
J€J(T)
(f, @) C ﬂ{v eR™ | [(V£(@),v) | < ayllv]|} U{0}. (8)

At the end of this section, in order to establish optimality via the second-order
Mordukhovich subdifferentials for the weakly efficient solution of problem (RQMP),
we introduce the critical /subcritical directions cone and the constraint qualifications
(GBCQ) and (GBCQs) (for some s € I), which will be useful in the present paper.

Definition 2.6. Let a feasible vector T € K to the problem (RQMP).
(i)  The critical directions cone is denoted as C(T), defined by

C(z) :=C(K,z)NnC(f, ).
(ii)  The subcritical directions cone is denoted as Cp(T), defined by

Cr(z) :=C(@)NT(Q; 7). O

For simplicity, for each T € 2 and some s € I, we define the following sets
Ol .= {w € R" | (Vf,(T),w) < 0, (Vg;(T),w) <0, Viel, Vje J@},

<V9J( ) + <829J )>U>
D(g,h) := q (v,w) € R*™ —[ng(:c)( ;7))\ {0}, Vie J(@), ¢,
(Vhi(T),w) € —[th(f)(T(Q;E))] VkeT

(Vfi(@),w) + (0" fi(@)(v),v) }

Ds(f,g, h) = {(U,w) S D(g7h) c —[sz( )( ( ))] \{O}VZ c ]\{5}

Definition 2.7. The following constraint qualifications at & € K are considered:
(GBCQ) C(@) x T(4T) N D(g, h) # 0;
(GBCQs) C(@) x T(QT)NDy(f,g9,h) #D for some s € I.

We mention that the constraint qualifications (GBCQ) and (GBCQs) are called the
second-order generalized Ben-Tal constraint qualifications in the sense of second-
order Mordukhovich subdifferentials. The constraint qualifications above are used
to establish weak and strong Krush-Kuhn-Tucker second-order optimality condi-
tions for the problem (RQMP) in terms of the Mordukhovich second-order sub-
differentials, which are different from the existing one in the literature, e.g., in
Mordukhovich [25-27] and the references therein.
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3. Primal and dual second-order necessary optimality conditions

In this section, we always consider problem (RQMP) and we suppose that all of the
following assumptions hold:

(Al) Te QN H;

(A2) h is continuous in a neighborhood of Z;

(A3) the constraint qualification of the (CQ) type holds, where

(CQ) 0€d WwVh(T) - [T(XT)]" = n=...=7=0

keT
It is well-known that if h is Fréchet differentiable at 7, then

T(Z)NK(H)=T(QNH;T) =cl[K(H)Ncone(Q —T)]. (9)
In order to obtain primal and dual second-order necessary optimality conditions

for the weak efficiency of problem (RQMP), we establish the following fundamental
lemma.

Lemma 3.1. Let T € K be a weakly efficient solution for the problem (RQMP).
Then CINT(7)NK(H) = 0. (10)

Proof. Let T € K be a feasible solution to the problem (RQMP). By the initial
assumptions, it follows from (9) that the equality T'(2;7) N K(H) = T(Q2 N H; T)
holds, which, combined with the equality C2NT(Q;Z) N K (H) = (), guarantees that

CinTQNH;z)=0.
In consequence, there is no w € R™ which solves the system

(Vfi(@),w) <0, Viel,
(Vyg;(T),w) <0, VjeJ@),
we TN H;T).

Taking into account Lemma 2.3 in [31], we get the desired conclusion. O

Theorem 3.2. (Primal second-order optimality condition) LetT € K be a weakly
efficient solution for the problem (RQMP). Suppose that v € C(T), the mappings f;
(Viel)and g; (Vj€ J(T)) are Ct-smooth and h satisfies (A2) and (A3). Then
the following system is incompatible in w € R™ :

(02 f;(T)(v),v) <0, Viel,

(0%g;(T)(v),v) <0, Vje J(T), (11)

Proof. Suppose the contrary, that is, there exists w € R™, which solves the system
(11). Tt is evident that w € T(;7) N K(H). Taking into account Lemma 3.1, it

follows that
w ¢ CL. (12)
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On one side we have v € C(Z), which is equivalent to v € C(K,Z) and v € C(f, 7).
As v € O(K,T), it follows from the inclusion (7) that (Z,v) € ;¢ ;@) Lig;.8)-

In view of Lemma 2.4 we obtain (9%g;(Z)(v),v) > 0, Vj € J(T).

Consequently, (Vg;(T),w) < 0 for all j € J(Z). On the other side, in a similar way

to the previous proof, it results that (V f;(Z),w) < 0 for all 7 € I. In consequence,
w € CL, which conflicts with (12), what we had to show. O

Corollary 3.3. (Primal second-order optimality condition) LetT € K be a weakly
efficient solution for the problem (RQMP). Suppose that v € C(T), the mappings f;
(Viel)andg; (Vje€ J(T)) are, either CH'-smooth, or C*-smooth, and h satisfies
(A2) and (A3). Then the following system is incompatible in w € R™ :

;

(V £,(T), w) + <é2fi(f)(v),v> <0, Viel,
(Vg;(z), w) + (PPg;(@)(v), v) < 0, ¥j € J(@),
(Vhe(Z),w) =0, VkeT,

w e T(;7).

(13)

Proof. By an argument analogous to that used for the proof of Theorem 3.2, if f;
(Viel) and g; (Vj € J(T)) are C'-smooth, then one obtains (9%¢;(T)(v),v) > 0
Vj € J(T). It should be pointed out that

(82;(@)(v).v) > 0, Vj € J(@) (14)

If 9%g;(z)(v) = 0 (j € J(T)), there is nothing to prove. Conversely, under (4),
it entails that ((’52%@) (v),v) >0, and so, inequality (14) is satisfied. In case the
mappings f; (Vi € I) and g; (Vj € J(T)) are C*'-smooth, then by arguing similarly
as for proving Theorem 3.2 with observing Lemma 2.3 replacing Lemma 2.4, it
ensures that (14) is satisfied too. The remaining part of the proof is similar as
mentioned in the proof of Theorem 3.2. 0

Remark 3.4. It should be mentioned here that (CQ) is equivalent to the following
regularity condition (RC):

(RC) S WVR@T(@T) 2 0= 3 = .. =% = 0.

In fact, by the definition of the positive polar cone of the cone T'(€2; Z), the inequality
Y ker VeVh(Z)(T(;T)) > 0 is equivalent to 0 € >, % Vhi(Z) — [T(Q2;7)]T,
which proves that v; = ... = v, = 0, as required. 0

Theorem 3.5. (Dual second-order optimality condition) Let T € K be a weakly
efficient solution for the problem (RQMP). Suppose that the mappings f; (Vi € I)
and g; (Vj € J(T)) are Ct-smooth and h satisfies (A2) and (A3). Then for all
v e C(T), 77, € Pfi(@)(v) (Viel) and 25, € 0%g;(T)(v) (Vj € J(T)), there exist

A€ [VAE@T@z)]" (Viel), p e [Vy@T@m)]" (vie)
not all equal to zero and vy € [Vhy,(T) (T(Q;f))rr (Vk €T) such that
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S NAVE@), W)+ u] (Vi (@), w) +>_ 3 (Vhi(T),w) > 0 VweT( ), (15)
iel jeJ(T keT
Z& (zpv)+ D i (2g00) 2 0, (16)
i€l jeJ (@)
1;9;(T) =0, j € J. (17)

Proof. By assumptions, f; (Vi € I) and g; (Vj € J(T)) are C'-smooth, h is Fréchet
differentiable at T and satisfies (A2) and (A3). We consider the cone N defined by

N=]]VH@ <[] Va@@(©@:7) x [[ Va@NT (7).

el jeJ(T) keT

Since 2 is convex, the cone T'(2; ) = clcone(2 — T) is convex too, which ensures
the convexity of N. In view of Theorem 3.2, we deduce that (—a,v) ¢ N, where
a = ((sz)iej, (23,)jes@) € M. It can be easily seen that (—a,v) € R™ X RIV@I
riN # () and (—a,v) € riN. By using two seperation theorems in Rockafellar’s book
(see [28], for instance), there would exist \; € R (i € I), p; € R (j € J(%)) and

v € R (k € T'), not all equal to zero, such that for every wy,wy, w3 € T(Q;T),

D NAVEA@) w) + Yy (Vei(@),we) + Yy (Vhn(@), w3) 2 0,

iel JjeJ(T) keT
0>—Z%<Zif7v> Z M3<J97
el JEJ(T)

We need to point out that
N e [VE@T(Q)]" (Viel), p e [Vu@(T©r)]" (Ve J@)

and vy, € [th(f)(T(Q;E))]+ (VEk €T). In fact, let us take wy, wq, w3 € T(€;T) be
arbitrary. For any ¢,s,r > 0, it results that twy, swsy, rws € T(;T) since T'(£2;T)
is cone, and further, the following inequality holds true

SONAVLE@) tw) + D> (V@) swa) + > (Vhi(T), rws) > 0.
iel jeJ(T) keT

If there exists igp € I such that \;, & [V fi(Z)(T (Q;f))r, which means that there
exists wy € T(£2;T) such that for ¢ be sufficiently large,

S ONAV@) two) + D 1y (Vgi(T), swa) + > i (Vhi(T), rws) < 0.
i€l JjeJ(T) keT
This is a contradiction. This allows us to conclude that \; € [V f;(Z)(T(€; ))] for

every i € I. Similarly, we also have a conclusion that p; € [Vg;(@)(T(€; ))]

all j € J(z) and v € [Vhi(Z) (T(Q;E))}+ for all k € T'. Thus, conditions (15)f(16)
hold. By taking p; = 0 for any j ¢ J(T), equality (17) holds.

Under (CQ), it should be pointed out that (A, u) # (0,0). Indeed, if it was not so,
then ~ # 0.
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In this case, for some w € T'(£2;7), we obtain ), .7 (Vhi(T),w) < 0, or equiva-
lently,

D NVE@),w) + Y (Ve(@),w) + Dy (Vhi(T), w) <0,

el jEJ(T) keT

which contradicts with (15), what we had to show. O

Corollary 3.6. Let T € K be a weakly efficient solution for the problem (RQMP).
Suppose that the mappings f; (Vi € 1) and g; (Vj € J(T)) are, either C*-smooth, or
Ct-smooth, and h satisfies (A2) and (A3). Then, for allv € C(T), 2, € O f:(T)(v)
(Vi € 1) and 2}, € 9%g;(T)(v) (Vj € J(T)), there exist

N€ [VE@TQE)] " (Viel), we [Vg@Tz)]" (vVje )

not all equal to zero and v, € [Vhy(T) (T(Q;f))}+ (Vk € T) such that conditions
(15), (16) and (17) are fulfilled.

Proof. Arguing as in the proof of Theorem 3.5 by using Corollary 3.3 in place of
Theorem 3.2, we get the desired conclusion. [

Corollary 3.7. Let Q=R andT € K be a weakly efficient solution for the problem
(RQMP). Suppose that the mappings f; (Vi € 1) and g; (Vj € J(T)) are, either
C™-smooth, or C'-smooth, and h satisfies (A2) and (A3). Then for all v € C(T),

z € PLHE)(v) (Yiel) and 25, € 8g;(T)(v) (Vj € J(T)), there eist
A e [VE@E (ieD, e [Va@®En]* (v e )
not all equal to zero and vy € [Vhy(T) (R”)Tr (Vk € T) satisfying (16), (17) and

Z)\ V(@) + Z iV, (T )+Z’kahk(§):0.

el jeJ(x keT

Proof. Follows immediately from the proof of Theorem 3.5 by considering the
exact equalities

T(Q;7T) = clcone(Q — T) = clcone(R" — 7) = R"™. n

Theorem 3.5 is illustrated by the following example.
Example 3.8. Let the real-valued functions f, g and h defined on R by

202 + t*sin(})  if ¢ >0,

||
f@) = 3/0 B(1)dt—ve Yoe] —2,2], B(t) = {0 o
g(x) = -2 —wvx Ywe| - 1,1, VzeR, h(z) =sin(rz) YzeR.

Consider the problem (RQMP) being given above in which Q = R, T(;7) = R,
K =R, C(z) =R, and T = 0 is a weakly efficient solution of problem (RQMP).
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Observe that f, is a pseudoconvex C'*'-smooth function for all v € [—2, 2], therefore
f» is also quasiconvex for all v € [-2,2]. Consequently, f is robustly quasiconvex
with modulus 2. In other words, h is Fréchet differentiable at T with VA(Z) = 7 and
moreover h is continuous on a neighborhood of z. If YVA(Z)(R) > 0, i.e., mya > 0
for all a € R, it entails that v = 0. So, the constraint qualification of the (RC) type
holds. We compute that I = {1}, J = {1}, T = {1}, J(Z) = 0 and the Fréchet

derivative of f; at = is given by

) 3®P(x) —v if x>0,
Vhle) = {—3@(—x) —v if 2 <0.

Consequently 0%f1(T)(u) = [=3Ju|, 3|u|] (v € R), and Vf(Z)(T(Q;7)) = {0} if
v=0, VA@)(T(Q;T)) = R if v # 0. Therefore, [V f1(Z)(T( 7))t =R if v =0,
VA@)(T(;T))]T = {0} if v # 0. All these results allow us to conclude that for all
u € R and 2} ; € [=3|ul, 3|ul], there exist \; € R\ {0} and p; = 1 = 0 satisfying
(15), (16) and (17). In fact, in this setting, conditions (15) and (17) are obtained
obviously. In order to check (16), by an easy computation one may pick A\; # 0 if
w2y, =0, A >0if w.zf, >0, Ay <0if u.zy, <0, as we have to check. ]

The next result provides a weak Karush-Kuhn-Tucker type second-order necessary
optimality condition for the weakly efficient solution of problem (RQMP).

Theorem 3.9. (Fritz John second-order optimality condition) Let T € K be a
weakly efficient solution for the problem (RQMP). Suppose that the mappings f;
(Viel)andg; (Vje€ J(T)) are Ct-smooth and h satisfies (A2) and (A3). Suppose
also that the set M is a closed convex and the constraint qualification of the (GBCQ)

type holds. Then for every v € C(T), there exist \; € [V]”Z-(E)(T(Q;E))]Jr (Viel)
with A :== (Ni)ier # 0, p1; € [ng(f)(T(Q;f))rr (Vjeld)and vy € [th(f)(T(Q;f))Tr
(Vk €T) such that

S NAVE@), W)+ M] (Vi (@), w) +>_ i (Vhi(T), w) > 0 Yw e T(Q;7), (18)
i€l jeJ(T keT
Z Yy <82f2. U> + Z 1 <8 9;(T > >0, (19)
el jeJ(T)
1ig;(T) =0, j€J. (20)

Proof. Due to the result obtained in Theorem 3.2, we deduce that (—M,v)NN = .
By an argument analogous to that used for the proof of Theorem 3.5, there exist
reals \; € [V£@)(T(Q;7)]" (Vi€ 1), gy € [Vg;(@)(T(47)]" (v € J) not all
equal to zero and vy, € [V (Z)(T(; 93))} (Vk € T') such that conditions (18)—(20)
are fulfilled. We want to prove that A # 0 under (GBCQ). In fact, if it was not so,
then, we have A := (\;)ier = 0, and so, p := (1) jesz) 7# 0. Adding up both sides of
the inequalities (18) - (19), we arrive at the following inequality

S [ (Vo (@), T 0) + (00(@)(0),v) | + 30 3 (Vha@), T(2:7)) 2 0. (21)

JjEJ(T) keT
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Under (GBCQ), it means that there is (vg, wy) € C(T) x T(£2;T) such that
(Vg;(T), wo) + (9%9;(T)(v0), v0) € —[Vg;(T )( (7)) \ {0}, ¥je (@),
(Vhy,(T), wo) € —[Vhe(Z)(T(2;7))], VEeT.

Since p := (pj)jes # 0, due to the proof of Theorem 3.5 it infers that p; = 0 for any

j & J(z), and thus, there exists jo € J(T) such that 115, € [Vg;,(T) (T(Q;E))]S’Jr. By

invoking the concept of the strict positive polar cone [Vg;, (Z)(T (€ T))] “* gives us
:ujo[<v9jo( ) wO + <a2gjo )(UO UU>:| < 0.

Observe that for all j € J(T), j # jo, k € T, it holds that

b3 | (Vg5(®), o) + (9%9,(7) (v0), vo) | + 2 (Vhu(@), i) < 0.

Consequently,

> ﬂj[@gj( ) wo) + (9%g;(T ] D % (Vhi(T), wo) < 0,
jeJ () keT
which conflicts with (21), and completes the proof. ]

We state a direct consequence from Theorem 3.9, which its easy proof can be omit-
ted.

Corollary 3.10. Let 2 = R™ and T € K be a weakly efficient solution for the
problem (RQMP). Suppose that the mappings f; (Vi € I) and g; (Vj € J(T))
are C'-smooth, and h satisfies (A2) and (A3). Suppose also that the set M is a
closed convex and the constraint qualification of the (GBCQ) type holds. Then for

every v € C(T), there exist \; € [sz(f)(]R”)}+ (Vi e I) with X := (N)ier # 0,
e [Vg;@)RM] " (V5 € J) and i € [Vh(@)(R™)] " (Vk € T) such that

> Vi) Z 1V 95(@) + Y Vhi(@) =0,

el JjeJ(T keT
S (0 fi<f><v>,v> + 3 1 (0@ (v),0) 2 0,
icl jeJ(T)

1;9;(T) =0, j e

The next result considers the second-order generalized Ben-Tal constraint qualifica-
tion (GBCQs) for some s € I holds.

Theorem 3.11. (Weak KKT second-order optimality condition) LetZ € K be a
weakly efficient solution for the problem (RQMP). Suppose that the mappings f;
(Vi€ I)and g; (Vj € J(T)) are C*-smooth, and h satisfies conditions (A2) and
(A3). Suppose also that M is a closed convex set and the constraint qualification
of the (GBCQs) type for some s € I holds. Then for every v € C(T), there
exist Ay € [VE@TQD)]™, N € [VA@T(Q;7)]" (Vi € I\ {s}), and

e [Vg;@)(T(z)]" (vj € J) and v € [Vh(@)(T(%7)]" (Vk € T) such
that conditions (18)—(20) are fulfilled.
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Proof. Under (GBCQs) for some s € [, it is guaranteed that the constraint qual-
ification (GBCQ) is true. According to Theorem 3.9, for every v € C(T), there

exist A € [VA@)(T(Q1)]" (Vi€ D), A= (Mier # 0, pj € [Vg;(@)(T(47))] "
(Vj € J)and v € [Vhe(Z)(T(Q _))]+ (Vk € T) satisfying (18)-(20). We need to
point out that As € [V f,(Z)(T(%; ))}8+ Indeed, from A; € [V f,(Z)(T (Q,E))Tr it
follows that (As, V£s(Z)(T'(;7))) > 0, i.e., for all z, € V f5(Z)(T(2; 7)), (A, x5) > 0.

If \s & [st(f)(T(Q;f))]s’+, then there would exists x5 € V fi(Z)(T(%; 7)) \ {0}
such that (A\s,z5) < 0. So, we deduce that (A, z5) = 0 implies Ay, = 0 due to
xzs € R\ {0}. It is evident that

SN (V@)L @) + (0 F@) (0),0) | + 3 30 (Vha(@), T 7))

i€l keT

+ZMJ[V93 T(7)) + (0%g;(T) ),v>}20

jeJ(T)

is equivalent to

> A[(V@), T ) + (@) 0),0) | + D (Vhn(@), T(2:7))
i€I\{s} keT
+ >0 | (Vei(@), (7)) + <azgj<f><v>,v>} >0, (22)
jeJ(z)

Under the constraint qualification (GBCQs), there exist (vg, wg) € C(T) x T(Q;T)
such that (V fi(T), wo) + (0° fi(T)(vo),v0) € — [V fi(@)(T(;7))] \ {0}, Vie I\ {s},
(Vg;(Z), wo) + (0%g;(T) (o), v0) € —[ng( )(T( ;7)) \ {0}, Vj € J(2), and fur-
thermore (Vhi(T), wo) € —[th( T(;7))|, Yk € T. Since A # 0, one finds
io € I\ {s} with A\, € [V [, (@)(T(S x))} : Using the definitions we obtain the
following inequalities

)‘io |: <Vf10( wo + <8 fzo (Uo Uo>:| < 0,

N[ (V£i(@), wo) + (8 fi(@)(w0), vo) | <0 Wi € T\ fio, 5},

3 | (V95(2), w0) + (92;(F)(v0), w0) | <0V € J(@),

Vi [ (Vhi(T),we) <0 VkeT.

Adding up both sides of the inequalities above, it results that

> /\i[<vfi(f>’ o) + (9% £i(@) (vo), Uo>] > (Vhi(T

iel\{s} kET

£ 3 ] (Vg5(@),wo) + (92,(@) (w0, vo) | <0,

JEJ(Z)

which contradicts inequality (22), what we had to show. O
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Theorem 3.12. (Strong KKT second-order optimality condition) Let T € K
be a weakly efficient solution for the problem (RQMP). Suppose that the map-
pings f; (Vi € 1) and g; (Vj € J(T)) are C'-smooth, and h satisfies (A2) and
(A3). Suppose also that M is a closed convex set and the constraint qualification
of the (GBCQs) type for all s € I holds. Then for every v € C(T), there ex-

ist \; € [VAE@T (D))" (Vi€ 1), py; € [Vo@(T(7)]" (Vj € J), and

M € [th(f)(T(Q;E))}+ (VEk € T) satisfying (18), (19) and (20).

Proof. We fix s € I. This implies following Theorem 3.11 that for all v € C(T),

there exist A5 € [VA@)(TQ2)]™", A e [VA@T©Q)]" (Vi e 1\ {s}),
He Vg @)(T(;7)]" (vied) and 4 € [Vh(@)(T(Q7))] " (VkeT) such that

XE;A (Vi@ Z (Vg (@), T 7))
+> (Vi J ((Q;f)) > 0, (23)
DN L@ W), v) + 3 w7 (PP w),0) 20, (24)
h e (@ >j€—J(g, jed. (25)
Taking A = SN € [VA@)(T(Q2)]"" (Viel), uy = Xt e [V, @)(T(Q7))]
(Vj € J(f)),se;k = 86217}:} e [Vh(@)(T(;7)]" (Vk S:T), and then, by adding

up both sides of the inequalities with respect to s = 1,...,m from (23) to (25), it
results that p;0,(Z) =0, j € J,

Y AP @), 0y + Y 1 (0Pg;(@)(v),0) >0,

iel jeJ(z)

S ONAVE@), TE) + Y 15 (Vg;(@), T4 D)) + Y 1 (Vh(E), T(%T)) > 0,
iel jeJ(@) keT
which completes the proof of the theorem. [

Corollary 3.13. Let 2 = R™ and T € K be a weakly efficient solution for the
problem (RQMP). Suppose that the mappings f; (Vi € I) and g; (Vj € J(T)) are
Ct-smooth, and h satisfies (A2) and (A3). Suppose also that the set M is a closed
convez and the constraint qualification of the (GBCQS) type for all s € I holds. Then

for every v € C(T), there exist \; € [V f;(Z)(R" )} (Viel), u € [Vg (@) (R ")}
(Vj € J) and v € [Vh(@)(R™M]" (Vk € T) such that u;g;(T) = 0, jeJand

> ANVLE) + Z Vi (E) + Y wVhe(E) =0,

el jeJ(x keT

> N (0% fi(@) v>—|— > i (0%g;(@)(v),v) > 0.

iel jeJ ()
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Proof. Follows immediately from Theorem 3.12. O

Remark 3.14. We remark that the statements in Theorem 3.9, Theorem 3.11,
Theorem 3.12, Corollary 3.10 and Corollary 3.13 are still true if the inequality

S AP HE@ ), 0) + > pi (0°g;(@)(v),v) >0
iel jeJ(x)
is removed and replaced by
Soa(PE@ ) 0) + Y i (Fg@).v) 2 0.
iel JjEJ(T)
Especially, this remark still holds if f; (Vi € I) and g; (Vj € J(T)) are C*'-smooth
mappings. Furthermore, all the preceding obtained results are still true if the critical
cone C(7) is removed and replaced by the subcritical cone Cr(7). We also remark

that all these results have not been considered before (see Mordukhovich [25-27],
for instance). O

4. Second-order sufficient optimality conditions

In this section, we establish second-order Karush-Kuhn-Tucker sufficient optimality
conditions for a local weakly efficient solution of problem (RQMP) with set and
inequality constraints (without equality constraints) being given as in Section 2. The
conditions are given in terms of the second-order Mordukhovich subdifferentials/ the
second-order Fréchet subdifferentials.

Regarding this issue, for every x € cl{2, we denote by
C_(@) = {v e T(Y7) ] (VF(T),0) <0, (Vg;(@),0) <0, Yiel, Vje @)},
Co(@) = {v € T(%7T) ] (Vfi(@),v) =0, (Vg;(T),v) =0, Vie I, Vje J(@))}.

It can be easily seen that Co(z) C C_(T). (26)

In order to obtain second-order sufficient optimality conditions, we say that the
constraint qualification of the (NCQ) type is true for T € cl2 iff,

(NCQ) C_(T) C Co(m).
Under the constraint qualification (NCQ), it follows from (26) that Cy(Z) = C_(T).

To begin with, we provide a second-order sufficient optimality condition for efficiency
in terms of second-order Mordukhovich’s subdifferentials as follows.

Theorem 4.1. Let T be a feasible solution of problem (RQMP). Suppose that the
mappings fi (Vi € I) and g; (Vj € J(T)) are C'-smooth, the set Q is nonempty
convex and the constraint qualification of the (NCQ) type holds.
Then, if for every v € C(%) \ {0}, there exist \; € [Vfi(f)(T(Q;f))]Jr (Viel) and
1 € [Vo,@)(T(%7))]" (V] € J(T)) such that
SN @ADL+ Y 1 (@) ). 0) > 0 (27)
iel JjEJ(T)
then T is a local weakly efficient solution for the problem (RQMP).
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Proof. Suppose by contradiction, that the feasible solution ¥ is not a local weakly
efficient solution for the problem (RQMP). By the definition of local weak efficiency
to the (RQMP), there exists sequence (2,,),>1 with z,, € KN B(T, £)\ {T} such that

flz,) < f(@), Yn>1.
Consider the boundary sequence (vy,),>; C R", given by

Ty — T

Un = T > vn G N
|z — |
We may assume without loss of generality that v,, converges to vy with ||vg|| = 1 due
to ||vn|l =1 (Vn > 1). Consider the positive real numbers sequence (t,),>1, defined

b
Y tn = ||z, — 7|, Vn €N,

Since x, = T+t,v, € K (Vn > 1) and t,, — 07, which proves the following relation
vo € T(Q;7) \ {0}. (28)

Because f; (Vi € I) and g; (Vj € J(T)) are continuously Fréchet differentiable at T,
we have on the one hand that

(Vfi(T),v9) <0, Viel, (29)

(Vyg;(T),v9) <0,Vje J(T). (30)
Since the constraint qualification (NCQ) holds true for Z € clQ2, which combined with
(28), (29) and (30) gives us vy € Co(T)\{0}. It is not hard to see that vy € C(Z)\{0}.
On the other hand, by the initial assumptions, there exist \; € [V f; (f)(T(Q,E))Tr
(Viel)and pu; € [ng(f)(T(Q;f)ﬂ+ (Vj € J(T)) such that

> X f@)(vo),vo) + Y 1 (0°g;(T) (o), vo) > 0. (31)

iel jeJ(x)

It must be mentioned that for every i € I and j € J(T), the sets 0%f;(T)(vy) and
0%g;(Z)(vo) are nonempty due to Mordukhovich [25,26]. We have vy € T(;7T),
which guarantees that

V(@) () € VAE)T(Q; 7)) (Viel), Vg;(@)(v) e Vg;(@)(T(4T)) (V)€ (T)).

Consequently, one obtains the following inequalities

15 (V;(T),v0) 20, Vj € J(@). (33)

Combining (29) with (32) as well as (30) with (33) yields that A\; <0 (Vi € I) and
; <0 (Vj € J(@)). In view of the definition of C(Z) and L(‘pa in Section 2, it
is ev1dent that (7,v0) € Ly, a, for all i € I and (T,vo) € Ly, ;) for all j € J(T).

(
In other words, the mappings fZ (Viel)and g; (Vj e J(T)) a re Cl-smooth, and
taking into account Lemma 2.4, this implies that (92 f;(Z)(vo),ve) > 0 Vi € I and

(0%g;(T)(vo),v0) >0 Vj € J(T).
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These inequalities combined with A\; < 0 (Vi € I) and p; <0 (Vj € J(T)), ensure
that \; (02 f:(T)(vo),v0) <0 Vi€ I and p; (0%9;(T)(vg),v0) < 0Vj € J(T). Adding
up both sides of the above inequalities, we obtain the following one

D AP fi(@) (o), vo) + Y i (0%;(T)(vo), v0) <0,

i€l jeJ(T)
which contradicts (31), what we had to show. O

The next result provides a second-order sufficient optimality condition for local weak
efficiency based on the second-order Fréchet subdifferentials.

Theorem 4.2. Let T be a feasible solution of problem (RQMP). Suppose that the
mappings f; (Vi € I) and g; (Vj € J(T)) are CY-smooth, the set Q is nonempty
conver and the constraint qualification of the (NCQ) type holds. Suppose also

that the second-order Fréchet subdifferentials 92f;(T)(v) (Vi € I) and éQQj(f)(v)
(Vje J(T)) are nonempty for every ve C(x). Then, if VoeC(T) \ {0}, there exist

b e [VE@T(2)]" (Vi e D) and p; € [Vg(@)(T(QT)]" (V€ J(@)) such
that
S A (PR@ W), )+ 3w (Pg@w)v) > o0, (34)
icl JEJ(T)

then T is a local weakly efficient solution for the problem (RQMP).

Proof. Arguing as in the proof of Theorem 4.1, with the new situation where all
the objective and constraint functions are C'*'-smooth, and utilizing Lemma 2.3 in
place of Lemma 2.4, we also get the desired conclusion. O

Corollary 4.3. Let T be a feasible solution of problem (RQMP). Suppose that the
mappings fi (Vi € I) and g; (Vj € J(T)) are C*-smooth, the set Q is nonempty
convex and the constraint qualification of the (NCQ) type holds.

Then, if for every v € C(%) \ {0}, there exist \; € [Vfi(f)(T(Q;f))]Jr (Viel) and

p; € [V, @ (T(7)]" (V) € J(@)) such that
Z i V2 fi(@)v,v) + Z 1 (V?g;(T)v,v) > 0, (35)
iel JEJ(T)

then T is a local weakly efficient solution for the problem (RQMP).

Proof. By the initial assumptions, we always have a conclusion for every v € C' (7)
that 0%f;(z)(v) (i € I) and 0%¢;(T)(v) (j € J(T)) are nonempty, where

0*f,(@)(v) = 0*f:()(v) = {V*f;(T)v},
0%g;(@)(v) = 0%g;(@)(v) = {V?g;(@)v}.

By repeating the proof of Theorem 4.1 even the proof of Theorem 4.2, we arrive at
the desired conclusion. O
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Example 4.4. Consider the real-valued functions f and g defined on R, where
f = (f1, f2) and g := g1, defined by

f(z) = <x2, —xsinx), VreR,

||
g(x) = ¢(r)dr —ax, Vz eR, Yae]—1,1],
0

where

272 + 72sin(2 if 7>0,
or) = oo
0 if 7=0.

Consider the C'-smooth robustly quasiconvex multiobjective programming problem
(RQMP) given above for which  :=[0,%] and Z = 0. Then the functions fi, fo are

C%-smooth around T = 0, and ¢; is robust21y pseudoconvex C'! smooth function with
modulus 1, so it is also robustly quasiconvex C*!-smooth function with modulus 1.
By an easy computation shows that I := {1,2}, J = J(T) = {1}, T(;T) = R,
V@) =0, (i =1,2), V2fi(z) = 2(=1)"" (i = 1,2), and moreover, Vg, (T) = —«
for all & € R such that || < 1 and 8%¢,(Z)(v) = [—|v|, |v|] for all v € R. We thus
obtain the result V f1(Z)(T(Q2;T)) = V fo(Z)(T(; 7)) = {0} or equivalently,

[VA@T(Q:7))]" = [VLEE@(T(®)] =R

We see that Vgi(Z)(T(7)) = {0} is equivalent to [Vgi(z)(T(Q;7) }+ = R if

a = 0, and Vg, (Z)(T(Q;7)) = R is equivalent to [Vgl(f)(T(Q;f))]Jr = {0} if
—1 < a < 1and a # 0. We remark that Co(Z) = C_(T) = Ry if a = 0, which
means that (NCQ) holds. In this case, for all v € Ry \ {0} <= v > 0, using the
precedingresults, we assert that 9 f1(T)(v), 0 fo(Z)(v) and 9%¢,(T)(v) are nonempty.
By taking A\ =1 and A\, = % one obtains the following inequality

Z/\i (O*f:(T)(v),v) + Z 1 (0°g;(T)(v),v) > v* > 0.
)

icl jeJ(@

By applying the results obtained in Section 4, we can conclude that T = 0 is a local
weakly efficient solution for the problem (RQMP), as we had to check. 0

We state now a series of direct corollaries, whose easy proofs are omitted.

Corollary 4.5. Let Q = R™ and T be a feasible solution for the problem (RQMP).
Suppose that the mappings f; (Vi € I) and g; (Vj € J(T)) are C'-smooth and the
constraint qualification of the (NCQ) type holds. Then, if for every v € C(T) \ {0},

there exist \; € [V]“Z-(T)(]R”)]Jr (Viel) and pu; € [ng(f)(]R”)]+ (Vj e J(T)) such
that
Z A (O 1i(T) (v),v) + Z 1 (9°9;(T) (v),v) > 0,

icl JEJ ()

then T is a local weakly efficient solution for the problem (RQMP).
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Corollary 4.6. Let Q2 = R™ and T be a feasible solution for the problem (RQMP).
Suppose that the mappings f; (Vi € I) and g; (Vj € J(T)) are CH'-smooth
and the constraint qualification of the (NCQ) type holds. Suppose also that the
second-order Fréchet subdifferentials 0% f;(z)(v) (Vi € I) and 9%g;(Z)(v) (Vj € J(T))
are nonempty for any v € C(T). Then, if for every v € C(T) \ {0}, there exist

N € [VA@®RM] (Viel)and p; € [Vg;(@)(RY)]" (V) € J(@)) such that

Z)‘i <é2fi(f)(v),v> + Z [ <é2gj(f)(v),v> > 0,

iel jeJ(T)

then T is a local weakly efficient solution for the problem (RQMP).

Corollary 4.7. Let Q = R™ and T be a feasible solution for the problem (RQMP).
Suppose that the mappings f; (Vi € I) and g; (Vj € J(T)) are C*-smooth and the
constraint qualification of the (NCQ) type holds. Then, if for every v € C(Z) \ {0},

there exist \; € [V fi(Z)(R™)] * (Viel) and p; € [Vg;(T)(R™)] - (Vi€ J(T)) such that

Z)‘i (V2 f;(Z)v,v) + Z 1 (V?g;(T)v,v) > 0,

icl jeJ(x)
then T is a local weakly efficient solution for the problem (RQMP).

Remark 4.8. We remark that when 2 = R"™, it can be seen that T'(2;7) = R".
Moreover, the strict inequality (27) implies the strict inequality (34). Hence, the
result obtained in Corollary 4.6 is the same if the strict inequality (34) is removed
and replaced by the strict inequality (27). The strict inequalities (27), (34) and
(35) coincide in the case the objective and constraint functions are C?-smooth.
Furthermore, all the results obtained in Section 4 have not been considered before

(see Mordukhovich [25-27] for more details). O

5. Conclusions

Based on the notions of the second-order Mordukhovich subdifferentials/ Fréchet
subdifferentials, constraint qualifications of the (GBCQ) and (GBCQs) types are
provided. Using these constraint qualifications, we have established the primal and
dual Karush-Kuhn-Tucker type second-order necessary optimality conditions for (lo-
cal) weak efficiency of problem (RQMP). We also propose the constraint qualifica-
tion of the (NCQ) type. Under (NCQ), the second-order Karush-Kuhn-Tucker type
sufficient optimality conditions are presented.
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