Journal of Convex Analysis
Volume 31 (2024), No. 4, 1057-1138

Evolution Inclusions with
and without Rough Signals

Charles Castaing
Inst. Montpelliérain A. Grothendieck, CNRS UMR 5149, Univ. de Montpellier, France
charles. castaing@gmail.com
Christiane Godet-Thobie
Lab. de Mathématiques de Bretagne Atlantique, CNRS UMR 6205, Univ. Brest, France
christiane. godet-thobie @univ-brest. fr
Manuel D. P. Monteiro Marques
CMAFc10, Departemento de Matematica, Faculdade de Ciencias de Lisboa, Portugal
mdmarques@fc.ul.pt
Lionel Thibault

Inst. Montpelliérain A. Grothendieck, CNRS UMR 5149, Univ. de Montpellier, France
lionel.thibault@umontpellier. fr

Dedicated to Jean-Paul Penot on the occasion of his 80th birthday.

Received: August 29, 2023
Accepted: December 22, 2023

The paper studies diverse differential evolution inclusions involving rough signals and governed by
time-dependent maximal monotone operators or subdifferentials evaluated at the velocity or the
state. Their coupling with fractional order differential equations as well as their corresponding
sweeping processes are also considered.

Keywords: Sweeping process, maximal monotone operator, rough signal, fractional differential
inclusion, prox-regular set, Volterra-type integral.

2020 Mathematics Subject Classification: 34A60, 49152, 49J53.

1. Introduction

Given an interval I = [0,7] in the real line R, a real Hilbert space E, mappings
frg:IXE—FE h:IxEXFE— FEand F:[IxIxFE — E, and maximal monotone
operators A, : F = E for t € I, we are mainly interested, in the present paper, on
the one hand in perturbed evolution inclusions with rough signals as

— (1) € Awu(t) + h(t, ult), fot b(s,u(s))dz) ae.t € 1

1.1
u(0) = ug (1)

and on the other hand in differential variational evolution problems with rough
signals in the form
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[y 0(s,u(s))dzs + [3 F(t,s,u(s))ds + f(t,u(t))
— A B(t) € Ay (A% (t) + g(t, u(t))) (1.2)
u(0) = up.

Above b(t, -) is a continuous mapping from F into the space of linear mappings from
E into FE, and fot b(s,u(s))dzs is the Young integral along a mapping z : [ — F
which is continuous with bounded variation, see Section 4.2 for the concepts and
details. In our development, Ay, Ay : E — E will be two positive symmetric bijective
linear operators.

Certain previous works must be mentioned. With closed convex sets C(t) in F and
the normal cone N¢ () (-) the differential inclusion

{ fo) = Li%(t) — Lou(t) € Nogy (2(t)) ae.tel 13)

u(0) = uo,

is dealt in [2], where Loy, L; : E — E are two symmetric linear operators which
are merely semi-definite positive (non bijective); in [2] some assumptions allow to
involve an implicit discretization via a surjectivity result of the subdifferential of a
suitable convex function. An implicit discretization method is also utilized in [1] for
the other problem

{_%(t) € N (Ll%(t) + L2u(t)) (1.4)

u(0) = uo,

where Ly, L, : F — FE are symmetric linear operators with L; coercive. This
system (1.4) is illustrated in [1] as another model for certain quasistatic frictional
contact problems considered in [72]. We also mention the previous work [14] with
the particular case of (1.4) where Ly = 0 and L is the identity mapping Ir on
E. In [4] some other frictional contact problems are modeled with the differential
inclusion

{—g—g(t) € Np(uratsy) (DG () + Pult) + SG(1)) 15)

u(0) = wy,

where W : £ — F is a Lipschiz continuous mapping, ¢ : £ — F is a strongly mono-
tone Lipschitz continuous operator, I'(t,v) = £(t) — Jdj(v,-)(0) for some continuous
mapping ¢ : [ — F and the subdifferential at zero dj(v,-)(0) of some specific sub-
linear function j(v,-) : E — RU{+o0} with v € E, and R,S : Cg(I) — Cg(I) are
two almost history-dependent operators (see [73] for the definition), Cg (/) being the
space of continuous mappings from [ into E. To avoid the above particular struc-
ture of I'(¢, R%(t)), a closed convex moving set K (t) (independent of the velocity
2u()) is involved in [61] for (1.5) with K (t) in place of I'(t, R%(¢)), and the unique
solvability is shown under a Mosco convergence type condition of K(t). A more
general closed convex set I'(t, R%(¢)) is utilized in [62] to obtain a result encom-
passing both [4] and [61]. This result in [62] is proved under the continuity of the
mapping ¢ — Pregu for every (u,v) and the Lipschitz continuity of v — Pre,u
with a uniform Lipschitz constant independent of (¢, ), where Pr . u denotes the
metric projection of u over the closed convex set I'(¢, v).
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The two differential inclusions (1.3), (1.4) as well as (1.5) and its aforementioned
similar ones from [61] and [62], are variants of the well-known Moreau sweeping

process [57-59]

_%(t) € Newu(t) with u(0) € C(0).

For several variants of the Moreau sweeping process we refer, e.g., to [8,10-12,17,
28,36,40,41,46,47,74,81]. The case in (1.2) where b(-,-) = 0, F(-,-,-) = 0 and
Ai(-) = Ne (+), namely the differential inclusion

1.6
u(0) = uy, (1.6)

{f(t,u(t)) — A 24 () € Nogy (M%) + g(t, u(t)))
is solved in [49] by a remarkable reduction to an ordinary differential equation; see
also [78] for a certain extension of [49]. Inspired by the method of [49] we will first
deal with inclusions similar to (1.6) with either a time-dependent subdifferential
Jdp(t,-) or a time-dependent maximal monotone operator A;. Then, through some
important convergence lemmas requiring non-trivial proofs, we show the existence
of solutions for general systems of type (1.2). This is achieved on the one hand
with subdifferentials of time-dependent convex functions ¢(¢,-) and on the other
hand with time-dependent maximal monotone operators A;(-); in both cases no
continuity control in ¢ is assumed but merely a measurability condition. Regarding
systems of the other type (1.1), the existence of solutions is established via some
other new lemmas of compactness and convergence. The situation where (1.2) is
coupled with fractional differential equations is also studied. The coupling of other
inclusions with fractional differential equations can be found, e.g., in [22,24-26] while
diverse evolution problems coupled with either rough signals or stochastic differential
equations are considered, e.g., in [29,31,32,37,42,52,68]. We also investigate the
above problems in the setting where solutions are required to be of bounded variation
(BV, for short). For other works with BV solutions of sweeping processes and of
inclusions with maximal monotone operators, we refer, e.g., to [3,21,30,40,41, 55,
58-60, 63, 75].

Our paper is organized as follows. In Section 2 we recall some needed features on
convex analysis and on measurable multimappings. Section 3.1 is devoted to dif-
ferential variational inequalities with subdifferentials evaluated mainly at velocity
arguments, more precisely the differential inclusion (1.2) with b =0 and F' = 0. We
also examine in Section 3.1 the situation where in addition history-dependent oper-
ators are present in the mentioned case of (1.2) with b = 0 and F' = 0 as well as the
corresponding situation of variational inequalities with normal cones at velocities.
The latter problems with time-dependent maximal operators instead of subdifferen-
tials are the subject of Section 3.2. The equation (1.1) is dealt in Section 4.3. The
general problem (1.2) with rough signals and Volterra-type integrals is studied with
subdifferentials of time-dependent convex functions in Section 4.4, and with time-
dependent maximal operators in Section 4.5. Section 5 is dedicated to evolution
inclusions governed by operators/subdifferentials with velocity arguments %(t) and
coupled with fractional differential equations related to Riemann-Liouville fractional
derivatives, rough signals and Volterra-type integrals. Under a condition of absolute
continuity of the multimapping ¢t — A, with respect to a suitable pseudo-distance
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dis on the set of maximal monotone operators (see Section 3.2 for the definition),
problems of the latter type with maximal monotone operators A; evaluated merely
at the state u(t) are also studied in the same Section 5. The above problems in Sec-
tion 5 with fractional differential equations related to Caputo fractional derivatives
(instead of Riemann-Liouville fractional derivatives) are the subject of Section 6. In
the last Section 7 the above absolute continuity condition for the mapping ¢t — A,
is relaxed to a condition of bounded variation with respect to the pseudo-distance

dis.

2. Notation and terminology

In this section we consider a separable Hilbert space F with its inner product (-, -)
and its associated norm || - ||g (also denoted || - || when there is no risk of confusion),
and we collect diverse concepts and results which will be crucial for the development
of the paper. The closed (resp. open) ball centered at = € E with radius r > 0 will
be denoted by B[x,r| (resp. B(x,r)), and Bg (or B if there is no ambiguity) will be
the closed unit ball, that is, Bg := B[0,1]. The closure of a subset S in E will be
denoted c1.S or S. The space of continuous mappings from a compact interval I of
R into E will be denoted C(1, E) or Cg(I) and it will be equipped (unless otherwise
stated) with the topology of uniform convergence associated with the supremum
norm || - ||oc:z, also denoted || - ||c when there is no risk of ambiguity. When F is
the Euclidean space R? with d € N, its Euclidean norm will be denoted by || - ||ga-
For any subinterval J of I, by 1; we mean the function from J into R defined by

Given p € [1,400] and a measure space (Z, T, v) with a o-field ¥ on Z and a positive
measure v, we will use the standard notation L% (Z, v) for the space of T-measurable
mappings v : Z — E from Z into E such that [ [[v(¢)[|? dv(t) < 400 if p < 400,
and v(-) is bounded v-almost everywhere ( v-a.e., for short) if p = +00. When Z
is a Lebesgue measurable subset S of R and v is the Lebesgue measure dt, we will
write L%.(S) in place of L} (S,dt) for p € [1, +0o0].

Consider now a real p > 1, reals 0 < Ty < T and the interval I := [Ty, T]. We
denote as usual by W};’p (I) the Banach space of mappings u : I — FE which are
almost everywhere differentiable with 2* (also denoted ) in L% (1) and such that

t
d
u(t) = u(Ty) + / —u(T) dr forallt eI,
1, dT
3 . p du ||P 1/p LR
endowed with the norm HuHWép = (HUHL% + HE“L%) . When p = 1, it is known

that Wé’l(f ) coincides with the space of all absolutely continuous mappings from I
into E (according to the reflexivity of E). The absolute continuity of v : [ — E
means that for every real € > 0 there exists a real n > 0 such that for any

n
Ty<ti<te<- <ty ST with ) (ti — ) <1)
i=1

one has Z”U(tiH) —u(t;)]] <e.
i=1
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The concept of measurable multimappings will also be used. Given a measurable
space (Z,%) where T is a o-field on Z, a multimapping M : Z = E is said to be
T-measurable if for every open set U in E the set

MY U):={teT:Mt)NU # 0}
belongs to the o-field ¥. Denoting Dom M or D(M) the (effective) domain of M, i.e.,
Dom M = D(M) :={t € Z: M(t) # 0},

the T-measurability of M clearly entails the inclusion D(M) € T. When the o-field
T is complete with respect to some positive o-finite measure, the T-measurability of
M is equivalent (see [35,71]) to the T ® B(E) measurability of the graph of M

gph M :={(t,x) e Z x E:x € M(t)}. (2.1)

As usual B(F) is the Borel o-field of E. A mapping u : D(M) — E is a selection of
M if u(t) € M(t) for all t € D(M); if for a measure p on (Z, %) one has u(t) € M(t)
for p-almost every t € D(M ), one says that u is a selection of M p-almost everywhere
(a.e., for short). If M is a closed-valued multimapping which is T-measurable with
D(M) # 0, it is known (see, e.g., [35,70,71]) that the set Sy of T-measurable
selections of M is nonempty and that there exists a sequence (uy,), in Sy, for which
the following Castaing representation

M(t) = clg {u,(t) : n € N}, (2.2)

holds for every t € D(M). If M is nonempty-valued but not necessarily closed-
valued and if gph M belongs to T ® B(E) with ¥ complete with respect to a o-finite
positive measure, it is known (see, e. g., [35, Theorem III-22]) that there exists a
sequence (uy), of T-measurable selections of M such that for each t €

the set {u,(t) : n € N} is dense in M(t). (2.3)

The situation of the Lebesgue o-field £(I) with I = [Tp, T'] will be of great interest
throughout the paper. For any real p € [1,+0oc], it will be convenient, under the
Lebesgue measurability of M, to denote S, the set of all selections of M which are
in LY,(D(M)). If in addition to the Lebesgue measurability of the multimapping
M and the closedness property there is a non-negative function v(-) € LE(I) such
that M(t) C v(t)Bg for all ¢ € I, then the sequence (u,), in the above Castaing
representation as well as any Lebesgue selection of M are clearly included in S%,.
When there is no ambiguity, we will keep Sy, (resp. S%;) to denote the set of all
selections of M Lebesgue a.e. on D(M) (resp. which in addition are in L%,(D(M))).

The Hausdorff-Pompeiu distance will also be involved in several places of the text.
Given two non-empty subsets S, S” of E, the excess of S over S’ is the non-negative
extended real (see, e.g., [64,71,76])

exc(S,S") :=supd(zx,S"),

z€eS

where d(z,S") := infyeg ||z — 2'|| (also denoted dg/(x)). The Hausdorff-Pompeiu
distance between S and S’ is then defined as

haus(S, S’) := max{exc(S5,5’), exc(5’, S)}.
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3. Existence results for evolution inclusions with time-dependent
operators evaluated mainly at velocity arguments

3.1. Convex integrands and differential variational inequalities
under time-dependent subdifferentials evaluated mainly
at velocity arguments

Let ¢ : E — R U {400} be a proper lower semicontinuous convex function. The
properness property of ¢ means that its (effective) domain

dom¢ :={z € E: ¢(r) < 400}
is nonempty, which is equivalent to say that its epigraph
epig = {(x,r) € ExR:¢(z) <r}

is nonempty. Notice also that the convexity (resp.lower semicontinuity) of ¢ is
equivalent to the convexity (resp. closedness) of epi¢ in E x R. The subdifferential
of ¢ at a point € dom ¢ is given by (see, e.g., [35,56,76])

9¢(z) :={Ce E:(Cy—x) <¢(y) —o(z), Vy € £},

and 0¢(z) = 0 if ¢(z) = +00. When ¢ is the indicator function o : E — RU{+o00}
of a nonempty closed convex set S in E, that is,

ds(x) =0 ifzeS, and dg(x)=+oco otherwise,

the normal cone Ng(x) of S at © € E is defined as the subdifferential of g at z,
that is, Ng(x) = 0dg(x), which can also be written as

Ng(x)={Ce E:{((,y—z)<0,VyeS} ifxes

and Ng(z) =0 if x & S.

The prozimal mapping prox, : E — E of the proper lower semicontinuous convex
function ¢ is defined for any € E by prox,(z) as the unique minimizer on £ of

the function 1 )
Esy= oy +5lle—yl”

One knows (see, e.g., [56,76]) for such a function ¢ that prox, is Lipschitz on E
with 1 as Lipschitz constant, that is,

|prox,(z1) — prox,(z2)|| < [|ay — 22| for all zy,25 € E, (3.1)

and one also knows that prox, = (Ix + d¢)~t, where Ir denotes here and in all
the paper the identity mapping on E.

We pass now to convex normal integrands (see [35,70,71]).

Given the interval I = [Ty, T], a function ¢ : [ x E — R U {400} is a normal
integrand (resp. convex normal integrand) if the multimapping from [ into E x R

defined with ¢, := (¢, ) by t — epi ¢, is a Lebesgue measurable multimapping with
closed (resp. closed convex) values.



C. Castaing et al. / Evolution Inclusions ... 1063

According to the completeness of the o-field £([7), this is known to be equivalent to
saying (see [35, p. 195,196], [70,71]) that ¢ is £(I) ® B(E)-measurable and ¢(t, -) is
proper, lower semicontinuous (resp. and convex) for each ¢t € I. When ¢ is a convex
normal integrand, it is known that the mapping (¢, ) + prox,, (r) from I x E into
E is L(I) ® B(E)-measurable since it is measurable in ¢ and (Lipschitz) continuous
in x.

Certain symmetric linear operators will be employed below and in other places in
the paper. Consider a linear mapping L : £ — E from the Hilbert space E into
itself which is symmetric in the sense that (Ly,z) = (y, Lz) for all z,y € E, so it
is continuous (as well-known) since its graph is closed. If L is in addition positive,
ie. (Lz,z) > 0 for all z € F, one knows (see, e.g., [69, p.265]) that its (unique)
positive symmetric square root exists, i.e. there is a (unique) positive symmetric
(continuous) linear mapping Lo : E — FE such that

L == LoLo, (32)

and clearly the linear mapping Lg is bijective whenever L is itself bijective. It is
worth mentioning that (by the Lax-Milgram theorem or by Theorem 2.20 in [16]) a
(continuous) symmetric linear mapping L : F — F is bijective whenever it is coercive
(called also strongly monotone) in the sense that there exists a real constant ¢ > 0
such that (Lz,z) > c||z|?* for all x € E.

Through the above features and inspired by A. Jourani and E. Vilches paper [49] we
are now in a position to establish the existence result in Theorem 3.1. In fact, the
proof of the theorem is based on an adaptation of diverse arguments of Jourani and
Vilches [49] where the normal cone N¢(;) of a moving set C(t) in E is considered
there instead of the subdifferential d¢; here.

Theorem 3.1. Let p € [1,+00] and let [ := [0,T] and ¢ : I x E — RU {400}
be a convex normal integrand for which there are a mapping ¢ € L%(I) such that
t = /(pe(C()))T ds in Ly, (I) and two mon-negative functions o, 8 : I — R with

a € Ly (I) and /B € Li (I) such that
—a(t)||x]| — Bt) < p(t,z) forall(t,z) eI x E

(note that /B € L (I)if B€ L (I)). Let f,g: I x E — E be two mappings such
that f(-,z) and g(-,x) are Lebesque measurable for all x € E and such that there
are non-negative functions oy, oy, By, By in L§+(I) along with Yy, Ygr i Lﬁh(f)
for each real r > 0 such that for all (t,x) € I x E

1 (& 2)|| < ap(B)x]] + Bp(t) and |lg(t, 2)|| < ag(t)|[z]] + By(t) (3.3)
and for allt € I and z,y € rBg
1f(t2) = FEI < v Ol = yll, gt 2) — gt 9)]| < vl =yl

Let A : E — E be a positive symmetric bijective linear operator. Then given uy € E
the differential inclusion

{f(t,u(t)) —AL(t) € Do (t, 2(t) + g(t, u(t)) aetel

3.4
u(0) = g (34)

admits a unique absolutely continuous solution u(-) on I.
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Further, u(-) € Wé’p(l) and more precisely there are a real constant k > 0 and two
non-negative functions a(-) and b(-) in Ly (1) such that

lu®)|| <k forallt eI and ||u(t)|| < a(t)||u()||+b(t) aetel,

where a(-) and b(-) depend only on A, on the functions oy, Bf, oy, B, satisfying
(3.3), and on the normal integrand ¢ (via the mappings C(-), a(-), B(:)), and where
the constant r depends only on ||ug|| and A and on the same above functions oy, By,
ay, By and the integrand ¢ (via the mappings ((-), a(-), B(+)).

Proof. Let Ag: E — FE be (see (3.2)) the positive symmetric bijective (continuous)
linear operator such that A = AgAg.

(I) Consider the function ¢ : I x E — R U {+oo} defined by
Y(t,x) = @(t,\y'w) forall (t,x) €l x E,

so ¢ is L(I) ® B(E)-measurable and 1(t,-) is proper, lower semicontinuous and
convex for every t € I, hence v is a convex normal integrand. Note that for every
(t,x) € I x E we have 0¢,(z) = Ay'0¢p,(A;'x), hence

A ' Opi(x) = 0 (Aow),
so we deduce for any y € E that
y — Mooz € Opy(z) & Ao ly — Ao € Oy (M) & Ao = proxu,t(Aaly).
Writing the inclusion in (3.4) as

Ftut)) + AoAog(t, u(t)) — Moo (i(t) + g(t, u(t))) € O (u(t) + g(t u(t))),

we see that it is equivalent to
Aoi(t) + Aag(t, u(t)) = pros,, (A7 F(t.u(®)) + Aag(t. u(t)).
Therefore, defining F': I x E — E by
F(t,x) == —g(t,z) + Ay 'proxy, (Ag " f(t,2) + Aog(t, x)) for all (¢,2) € I x E,

we see that the differential inclusion (3.4) is equivalent to the differential equation
on [

{ u(t) = F(t,u(t)) ae. tel, (3.5)

u(0) = uo.

F(-,z) is Lebesgue measurable for each x € F since the mapping (£, z) > prox,, ()
is Lebesgue measurable in ¢t and Lispchitz in x.

(IT) We also observe that for each real r > 0 we can write for each ¢ € I and all
x,y €rB

1E(t, ) = F(t, y)
< | =gt 2) + gt )| + 1A A (f(t,2) = f(t,m)) + Aolg(t, ) — g(t. y))l]
< YorOllz =yl + 18 1*yr O)llz = yll + 1145 [ [ Aollvgr Bl — wll,
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so for (7)== A P70 (7) + (1 + 1A 1AM ) Yo (7) with ve(-) € L, (1)

we have |t ) = F(t,9)]| < vme(Dlle — gl

(ITI) On the other hand, putting y; := prox,, (0), we have —Agy; € 00y (Ag ),
which by the assumption on ((-) gives

(—Aoye, C(1) = Ag ) < @i(C(1)) = @ulye) < @u(C(1)) + a(t)]lyell + B(2),
hence lyell? = () + [ 8ll IC@ Dyl = (B() + (we(C(E))F) <
Writing — A(t) := (aft) + [ Aol [C@)I)* + 4 (B(2) + (w:(C()F) >
we see that lyell < 5 ( (1) + 18l IS + VA®) =: o(t),

with o(-) € Li (I). Put g(t,z) = Ayt f(t, ) + Mog(t,z). Then by the 1-Lipschitz
property of prox,, (see (3.1))

1E(t )l < [lg(t 2)l + 1A || [Iproxy, (q(t, )|
< llg(t; 2)ll + 1A I la(t @)l + 1A ]| Iprox,, (0)]]
< llg(t, )l + 1A lg(t, @)l + o ()1 A I

and this clearly furnishes ar, Br in L (1) (hence also in Li (1)) such that
|E(t,z)|| < ap(t)||z||+ Br(t) forall (t,z) e I x E.

It results that the differential equation (3.5) has one and only one absolutely con-
tinuous solution, which yields that the evolution inclusion (3.4) admits one and only
one absolutely continuous solution wu(-) on I.

It is clear from what precedes that the functions ar and Sr depend only on A, on
the functions oy, B¢, oy, B, satistying (3.3), and on the mappings ¢, «, 8 related to
the integrand ¢. Further we have ||u(t)|| < ap(t)||u(t)| + Br(t) for ae. t € I.
Putting p(t) := ||u(t)]| for all ¢ € I, the function p and the mapping u are both
absolutely continuous, so both are differentiable on a set P C|0,7[ with I \ P
Lebesgue negligible. For any ¢t € P with u(t) # 0 we deduce by the chain rule
p(t) < ||lu(t)||, and for any ¢t € P with u(t) = 0 we see from the definition of derivate
that p(t) = 0. Consequently, p(t) < ap(t)p(t) + Br(t) for a.e. t € I, so the Gronwall
lemma yields for every t € I

(0 < luollexp ([ () i)+ | Be(r)esxp (/ () is) dr.

This furnishes a real constant x > 0 depending on ||ugl|, ar and Sr such that
lu(t)|| = p(t) < K forallt € 1.

The proof of the theorem is complete with a(t) := ap(t) and b(t) := Sr(t) for all
tel. ]
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Remark 3.2. Previously, S. A. Timoshin and A. A. Tolstonogov [78, Theorem 1.1]
established with I := [0, 7] the existence of an absolutely continuous solution of the
differential inclusion (with notation in [78])

{—Z—’é(ﬂ € g (t, A% () + B(t,u(t))) + U(t,u(t)) ac. t €l 56

u(0) = wy,
where A : H — H is a linear operator, ¢ : [ x H — RU{+00} is a convex integrand
as above, B : I x H — H is a mapping and U : [ x H = H is a multimapping with
nonconvex closed values. The linear operator A is assumed to satisfy A = P*P for
some bijective linear operator P : H — H, the mapping B(-, z) and multimapping

U(-,x) are Lebesgue measurable and there exist {g, mp, ng, {y, my and ny in
LY(I,R,) such that for all t € [ and z € H

1B, 2)[| < mp(®)]lx] +nu(t), dO,U(tz)) < my@)|z]] + no(t)
along with the Lipschitz properties for all t € [ and z,y € H
1B(t,x) = B(t,y)|| < £s(t)lx —yll, haus(U(t,x), U(t,y)) < ly(t)|lx -yl

In Theorem 3.1 above such a multimapping U is not involved and this allowed us
to provide with our data a simpler proof than the one in [78] by applying directly
an approach similar to the method of A. Jourani and E. Vilches [49] for the normal
cone Ney(+) of a convex moving set C(t) instead of the subdifferential Oy, (-) of the
convex integrand . [

A first variant of Theorem 3.1 is deduced as follows.

Corollary 3.3. Let p € [1,+o0] and let I :=[0,T] and ¢ : I x E — R U {+o0}
be a convex normal integrand for which there are a mapping ¢ € L%(I) such that
t = /(@) ds in Ly (I) and two non-negative functions a, B : 1 — R with

a € Ly (I) and /B € Li (I) such that
—a(t)||lz]| — B(t) < p(t,x) forall(t,z) el x E

(note that \/B € th (I)if B e Lﬁ+([))' Let f,g: 1 x E — E be two mappings such
that f(-,x) and g(-,z) are Lebesgue measurable for all x € E and such that there
are non-negative functions ay, oy, Bf, By in th(]) along with Yf,, Ygr N L[1R+(])
for each real v > 0 such that for all (t,x) € [ x E

1t @)l < ap(@)xf] + Bp(t)  and |lg(t, 2)[| < ag(t)|[z]] + By(t)
and for allt € I and z,y € rBg
1t 2) = fFE )l < v Ollz =yl gt 2) — gt Il < 1@z — yll.

Let Ay, Ay : E — E be two positive symmetric bijective linear operators. Then given
ug € E the differential inclusion

{f(t,u(t)) — A (t) € B (t, M 2(t) + g(t,u(t)) aetel

u(0) (3.7)

admits a unique absolutely continuous solution u(-) on I.
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Further, there are a real constant k > 0 and two non-negative functions a(-) and
b(+) in Ly, (I) such that

lu®)|| < x forallt €I and ||a(®)] < a@®)|u)| +b(t) aetel,

where a(-) and b(-) depend only on Ay and Ay, on the functions oy, By, oy, B, sat-
isfying (3.7), and on the normal integrand ¢ (via the mappings ((-), a(-), B(-)),
and where the constant k depends only on ||ug|| and Ay, Ay and on the same above
functions ag, By, g, By and the integrand ¢ (via (), o(-), B()).

Proof. Using the change of mappings U(t) = Aju(t) and
filt,x)=f (t,Al_lx) , qi(t,z) =g (t,Al_l:zc) ,and A= ApATh

we see that the differential inclusion (3.4) can be rewritten as

{fl(t, Ut) — ALY (@1) € 0p (t, (1) + 1 (1, U(1)) ae.tel

U(0) = Ajup. (38)

It is clear that A is still a positive symmetric bijective linear operator from E into E
and that the types of conditions satisfied by the mappings f and g are also enjoyed
by fi1 and g;. Then Theorem 3.1 provides a unique absolutely continuous solution
for (3.8) with the additional properties therein. From this the unique absolutely
continuous solution for the differential inclusion of the corollary is obtained with
the additional stated properties. [

Taking ¢(t, -) in Corollary 3.3 as the indicator function d¢()(-) furnishes the following
second corollary related to sweeping processes; see also the previous result of Jourani
and Vilches [49]. We must mention that the corollary below does not cover the
sweeping process in Adly, Haddad and Thibault [2]

{f(t) — Ay (t) — Aqu(t) € Nog) (24(1)) ae.tel
u(0) = uo,

where Ag,A; : E — E are two symmetric (continuous) linear operators which are
merely semi-definite positive (non bijective).

Corollary 3.4. Let p € [1,+00] and let I := [0,T] and C : I =% E be a closed
convex valued multimapping for which there is a selection ¢ € L%.(I) of C(-), i.e.
C(t) e C(t) forallt € I. Let f,g: 1 x E — E be two mappings such that f(-,z) and
g(+,z) are Lebesgue measurable for all x € E and such that there are non-negative
functions oy, oy, By, By in L&(I) along with vy, Ygr in L%M (I) for each realr > 0
such that for all (t,x) € I X E

1F (8 o)l < ap@llzll + Br(t) and gt 2)|| < ag(®)llz]] + By (t)

and for all t € I and z,y € rBg

1t x) = FE )l < @llz = yll gt 2) = gt w)|l < vg0 )l =yl

Let A1, Ay : E — E be two positive symmetric bijective linear operators.
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Then given ug € E the differential inclusion

{ Fltu(t)) — A2 (t) € Nowy (M 2e(t) + gt ult))) aet el
u(0) = ug

admits a unique absolutely continuous solution u(-) on I.

Further, u(-) € WgP(I) and there are a real constant k > 0 and two non-negative
functions a(-) and b(-) in Ly (1) such that

|lu@®)|| <k forallt € I and ||a(t)]] < a(t)||u(t)] +b(t) a.e t e,

where a(-) and b(-) depend only on Ay and Ay, on the functions oy, B, oy, By satis-
fying (3.7), and on the moving set C(+) (via ((+)), and where the constant k depends
only on |Jug|| and Ay, Ay and on the same above functions oy, By, oy, By and the
moving set C(+) (via ((+)).

Another situation is concerned with the presence of operators with some history
dependence. Let I = [0,T1], let X and Y be two nonempty closed subsets of two
Banach spaces V' and W respectively, and let Cx (/) be the set of all continuous
mappings from [ into X. A mapping R : Cx(I) — Cy(I) is called a history-
dependent operator (see [72, p.70-71]) provided there exists a real constant Lg > 0
such that for all u,v € Cx (/) and t € [0, 7]

[(Ru)(t) = (Ru)(#)]| < LR/O [u(s) = v(s)] ds. (3.9)

If, instead, there are two real constants 0 < /g < 1 and Li > 0 such that

[(Ru)(t) = (Ru)®)|| < rllu(t) —v(®)]| + LR/O [u(s) —v(s)ll ds, (3.10)

the operator R is called (see [73, p.39]) almost history-dependent. We will have to
deal with a slight extension of (3.9) already implicitly contained in the inequality
(2.7) in [39] and in the inequality in [38, Remark p. 710] (with another terminology).
We say that R : Cx(I) — Cy (I) is a history-dependent operator with time-dependent
rate if there exists a non-negative function Qr(-) € Ly, (I) such that we have for all
u,v € Cx(I)and all t € T

[(Ru)(t) — (Ro) (@) S/O Qr ()]t = vllocss ds, (3.11)

where by convenience || - |loo;s == || - ”oo;[O,S]a e, [[Cllocss = SUPr¢(0,s] [¢(7)]| for
¢ € Cx(I) (note that the function s +— ||u — v||o;s is easily seen to be measur-
able and bounded on 7). The latter function 7 — Qg(7) can be seen as a time-
dependent rate of the operator R. We also say that R : Cx(I) — Cy () is an almost
history-dependent operator with time-dependent rates if there exist two non-negative
functions ¢, (-), @r(-) in Lg, (I) such that for all u,v € Cx(I) and all t € I

[(Ru)(t) = (Ro)(®)]| < qn(t)Hu—vHoo;tJr/o Qr(s)[[t = llocss ds. (3.12)
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The latter inequality is just an adaptation of the inequality (3.10) defining almost
history-dependent operators where it is required that ¢z and Ly are non-negative
real constants with g < 1. It will be convenient to write below Ru(t) in place of
(Ru)(t) when there is no risk of ambiguity.

The theorem related to the presence of operators of some history dependence will

utilize the next fixed point lemma. Before stating it, consider With I = [O T] a
non-negative function g € Lﬁh(l) and put g; := g and g1 1(s fo gr(r
Put also G(s fo r)dr and note that G is absolutely continuous on I with

G(0) =0 and derlvatlve G'(s) = g(s) for almost every s € I. Then the function
s — (G(s))* is also absolutely continuous on I with derivative kg(s)(G(s))*~! a.e.
s € I. Then, for each t € I we have

! t 2 2
/ g2(s) ds :/ (g(s)/ > ds _/ G'(s)G(s)ds = (G@)" _ (G@) 7
0 0 2 2!
! ! 3 3
frooas= [ oo [/t ds—/ 1 = G = 40

t
and hence by induction / gr(s)ds =
0

k‘!
We deduce for each t € I that fo gr(s)ds — 0 as k — oo.

Lemma 3.5. Let I = [0,T] and let X be a nonempty closed subset of a Banach space
V. Let R : Cx(I) — Cx(I) be a history-dependent operator with time-dependent rate.
Then R admits one and only one fixed point u(-) € Cx(I).

Proof. Fix any u,v € Cx(I) and let us follow the arguments in [39, p. 318]. Writing
Q(+) in place of Qr(-) in the definition in (3.11), we easily see that

t
R~ Rolls < [ Q)= vl ds
0
so by induction we obtain with R¥ := Ro---oR (k-times)
¢
IR¥ 0 = R < / Qu(s) = e ds
0

where Q1(s) := Q(s) and Qx(s) (s) Jy Qr—1(r)dr for k > 2. This yields

T
[RFu — R¥o] o < ( | @) ds) ot = 0l
0

and we know that fo Qr(s)ds — 0 as k — oo according to what precedes the
lemma. Therefore, for k& large enough R¥ is a strict contraction of Cx(I) into itself,
and hence R admits one and only one fixed point. [
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Theorem 3.6. Let [ := [0,T] and ¢ : [ X E — RU {400} be a convexr normal
integrand for which there are a mapping ¢ € LL(I) such that t — +/(o:(C(t)))T
is in Ly (I) and two non-negative functions o, 8 : I — Ry with o € Ly (I) and
VB € Ly, (I) such that
—a(t)||z]] — B(t) < @(t,x) forall(t,z) eI x E

(note that /B € Ly (I) if B € Ly, (I)). Let g: I x E — E be a mapping such
that g(-,x) is Lebesque measurable for each x € E and such that g(-,0) € LL(I) and
there is a non-negative function () € L]%w satisfying

lg(t, ) =gt )l < y(D)lle =yl forallt € I andz,y € E.

Let Ai, Ay : E — FE be two positive symmetric bijective linear operators (hence
continuous) and let R : Cp(I) — Cg(I) be an almost history-dependent operator
with time-dependent rates. Then given any ug € E the differential inclusion

{—Agfl—g(t) € 0p (t, Ar 2 (t) + g(t, u(t)) + (Ru)(t)) ae.tel

3.13
u(0) = ug (3.13)

admits a unique absolutely continuous solution u(-) on I.

Proof. For each h € Cg(I) the mapping t — g(t, h(t)) + (Rh)(t) is in LL(I) (since
lg(t, ()] < v(@)||h]lco:r + |lg(t,0)]]), hence there exists by Corollary 3.3 a unique
absolutely continuous solution uy, to the differential inclusion

— A% (t) € D (1, Ay %2 (1) + g(t, h(t)) + (RA)(1)) ae.tel
up(0) = uo.
We follow some ideas that can be found in [38,39] and [73], and we consider the
mapping S : Cg(I) — Cg(I) defined by
Sh =uy for every h € Cp(I).

Let q(-) = q(-) and Q(-) := Qr() in Lg, (1) be given by the definition (3.12) of
almost history-dependent operator with time-dependent rates. For any hi, hs in
Cr(I) we have by the monotonicity of dp(t, -)

(g (n, (5) = Uny(5)), Ay (tn, (5) — tiny (s)))
< — (A (i, (5) = iy (5)) , (Rhn)(s) — (Rh2)(s))
— (A (tn, (8) = tny(5)) , 9(s, ha(s)) — g(s, ha(s))) ,

and hence
(Mg (tny (8) = tny (), A (tn, (8) — tny(8)))

< Mo i (5) — ina(s)] ( | Qs = hallr a4 (510 - hQHW)

+(8) | Aall lin, (5) = ns (5[ 122 (8) = ha(s)]]

Choosing the positive symmetric bijective linear operator P : £ — E as the square
root of AjAs, i.e. A{Ay = PP, we note that for every x €

1

(Asx, \yz) = (P, Px) = ||Px|]* > P12

(1.
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It ensues that

1 . .
rpelling (5) = s ()]
< 18l (35)+ 4(6)) s = Pl + 12l | Qo) = ol r

Writing

/ /Q ks = hollooss dr ds—/ /@ )t — allocir ds) dr

<T / Q)1 — hallowy dr =T / Q)71 — oo ds
0 0

yields the inequality

1
el = O < 18] [ (6)+ a(5) + Qs = bl s

This tells us by (3.11) that S is a history-dependent operator with time-dependent
rate, so by Lemma 3.5 it has a (unique) fixed point, say h = Sh = uy. This means
for u := wy, that u(0) = uy and

—Nou(t) € Op(t, Avu(t) + g(t,u(t)) + (Ru)(t)) ae. t €l
The proof is complete. O

The next corollary regarding corresponding sweeping processes directly follows.

Corollary 3.7. Let I :=[0,T] and C : I =% E be a closed convez valued multimap-
ping for which there exists a selection ¢ € Ly(I) of C(-), i.e., ((t) € C(t) for all
tel. Letg:IxFE — E bea mapping such that g(-,x) is Lebesque measurable
for each x € E and such that g(-,0) € LL(I) and there is a non-negative function
v(-) € L (I) satisfying

lg(t,x) —g(t,y)| < vE)|lw —y|| forallt €I andz,y € E.

Let Aj, Ay : E — FE be two positive symmetric bijective linear operators (hence
continuous) and let R : Cg(I) — Cg(I) be an almost history-dependent operator
with time-dependent rates. Then given any ug € E the differential inclusion

{—Azd “(t) € Now (6, M2 () + g(t,ut)) + (Ru)(t)) aetel
u(0) = ug

admits a unique absolutely continuous solution u(-) on I.

Remark 3.8. We emphasize that Corollary 3.7 (under its hypotheses) is different
from the results in [4, 61, 62] concerning the inclusion (1.5) in the introduction,
according to certain basic assumptions in those papers recalled in the introduction.
Neither the corollary covers those results nor the converse. O

In finite dimensional Euclidean spaces the Lispchitz conditions for f(¢,-) and g(t, -)
in the proof of Theorem 3.1 and in the statement of Corollary 3.4 can be relaxed to
the mere continuity to furnish the following result.
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Theorem 3.9. Assume that E is a finite dimensional Euclidean space, p € [1,+o0]
and let I :=1[0,T]. Let ¢ : I x E — RU {400} be a convex normal integrand for
which there are a mapping € Lip(I) such that t — +/(¢:(¢(t)))T is in Ly, (I) and

two non-negative functions o, B:1 — R with a€ Ly (I) and /BE€ Ly, (I) such that
—a(t)||z]] — B(t) < @(t,x) forall(t,z) €I x E

(note that \/B € Ly (I) if B € Ly (1)) Let f,g: I x E — E be two mappings such
that f(-,x) and g(-,x) are Lebesque measurable for all x € E and f(t,-) and g(t,-)
are continuous for allt € I, and such that there are non-negative functions oy, oy,
By, By in Ly, (1) such that for all (t,x) € [ x E

1f(E2)|| < ap@)llell+ Be(t) and [lgt, z)|| < og(t)[|]| + By (t).
Let A1, Ay : E — E be two positive symmetric bijective linear operators.

Then given ug € E the differential inclusion

{f(t,u(t)) — A2 (t) € Op (£, M2 (1) + g(t, ult))) aetel

3.14
u(0) = g (3.14)

admits at least one absolutely continuous solution u(-) on I.

Further, there are a real constant k > 0 and two non-negative functions a(-) and
b(-) in Ly (I) such that for any solution u(-) of (3.14) one has

|lu@)|| <k forallt €l and |u(t)] <a(t)||u(t)]+0b(t) aetel,

where a(-) and b(-) depend only on A, on the functions ay, By, oy, By satisfying (3.3),
and on the normal integrand ¢ (via the mappings ((-), «(-), B(+)), and where the
constant  depends only on ||ug|| and A and on the same above functions ay, By, ay,
By and the integrand ¢ (via the mappings ¢(-), a(-), 5(-)).

Proof. We will argue with the development of the proof of Theorem 3.1 and with
the mapping F': I x F — E as defined therein.

First, the part I) in that proof still holds and says that wu(-) is a solution of the
differential inclusion in the present theorem if and only if it is a solution of the
differential equation

{cé_? = F(t,u(t)) ae. t €10,T] (3.15)

u(0) = up.

The part I) also gives that F'(-,z) is Lebesgue-measurable for each x € E, and it
is clear that F'(t,-) is continuous on E for each t € I. Further, the Part III) of
the proof of the same Theorem 3.1 still holds and the functions ap(-) and Sg(-) in
th (I) therein still satisfy the growth condition

|F(t, )| < ap(t)||z]| + Br(t) foralltel,ze E.

Consequently, the differential equation (3.15) admits at least one absolutely con-
tinuous solution. Finally, part (III) of the proof of Theorem 3.1 also shows that
any solution of (3.15) enjoys all the properties in the statement of the present the-
orem. =
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Corollary 3.10. Assume that E is a finite dimensional Euclidean space, p € [1, +00]
and let I := [0,T] and C : I = FE be a closed convex convex valued multimapping
for which there is a selection ( € LY%(I) of C(), i.e. ((t) € C(t) for all t € I.
Let f,g : I x E — E be two mappings such that f(-,x) and g(-,x) are Lebesgue
measurable for all x € E and f(t,-) and g(t,-) are continuous for all t € I, and
such that there are non-negative functions oy, oy, B¢, By in Lf@([) such that for all
(t,x) e I X E

17 o)l < ap@z]l + B(8) and gt 2)|| < ag(®)llz]] + B, ()

and for eacht € I the mappings f(t,-) and g(t,-) are continuous. Let Ay, Ay : E — FE
be two positive symmetric bijective linear operators.

Then given ug € E the differential inclusion

{f(t, u(t)) — Ao (t) € Negy (M2e(t) + g(t, u(t))) ae.tel (3.16)

u(0) = uyg

admits at least one absolutely continuous solution u(-) on I.

Further, there are a real constant k > 0 and two non-negative functions a(-) and
b(-) in Ly (I) such that for any solution u(-) of (3.16) one has

lu(®)|| < &k forallt €l and |a(t)]| <a(t)||u(t)] +06(t) ae tel,

where a(-) and b(-) depend only on Ay and A, on the functions ay, B, oy, B, satis-
fying (3.7), and on the moving set C(-) (via ((-)), and where the constant k depends
only on ||ug|| and Ay, Ay and on the same above functions oy, By, oy, B, and the

moving set C(-) (via ((-)).

3.2. Evolution inclusions with time-dependent maximal monotone
operators evaluated mainly at velocity arguments

Let A: F = E be a multivalued operator. The domain, the range and the graph of
A are the following sets

D(A)={z € E: Ax # 0},

R(A)={ye EF: 3z € D(A), y € Az} = U Az,
z€D(A)

gph (A) ={(x,y) e EX E: x € D(A), y € Az}.

It can also be convenient to denote a multivalued operator Aas A: D(A) C E = E.
One says that A : D(A) C E = E is monotone, if (y; — y2, 21 — x2) > 0 whenever
(x;,y;) € gph (A), i = 1,2. Given for each t € I := [0,7] a monotone multivalued
operator A; : D(A;) C E = FE it is remarkable that for any uy € E and any
mapping h : I — FE, the monotonicity of A; (as is easily seen) entails that the
evolution inclusion

_?1_?@) € Aw(t)+h(t) aetel
u(0) = uyg
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admits at most one absolutely continuous solution, otherwise stated, if this evo-
lution inclusion has an absolutely continuous solution, this solution is necessarily
unique.

A monotone multivalued operator A : E = E is mazimal monotone, if its graph is
not strictly contained in the graph of any other monotone multivalued operator. In
the sequel, when there is no ambiguity, we will just say monotone operator instead
of monotone multivalued operator. Given a fixed real A > 0, a monotone operator
A : D(A) C E = E is known to be maximal monotone if and only if the basic
surjectivity equality (see, e.g., [15])

R(Ig+\A)=F (3.17)
holds, where Ig stands for the identity mapping of F as said in the previous sub-

section.

Let A be a maximal monotone operator on E. Then, for every x € D(A), Ax is
nonempty, closed and convex. So, the projection A%z of the origin into Az, exists,
it is the element of minimal norm of Ax and it is unique. For any real A > 0, one
defines the resolvent and the Yosida approzimation of A respectively by

J= T+ and Ay= (1- 7).
These operators are both single valued and defined on the whole space F/, and one has

J{(z) € D(A) and Ay(z) € A(Ji(z)), for every x € E,
| Ax(z)]] < ||A2|| for every x € D(A).

Given two maximal monotone operators A: D(A)CE = F and B:D(B)CE = E,
we denote by dis (A, B) the Viadimorov pseudo-distance between A and B introduced
in [82] and defined by

dis (A, B) — W=y’ =2) ) € gph (A), (o) € hB} 3.18
(4,5) =sup { L (o) € gph (), () g (B) | (3.9
Clearly, dis (A, B) € [0,4+o00], dis (A, B) = dis (B, A) and dis (A4, B) = 0 if and only
it A=B.

We summarize below some useful other features. Lemma 3.11 can be found, e.g.,
in [15, Theorem 2.2 and Proposition 2.7].

Lemma 3.11. Let A be a maximal monotone operator of E. The following hold.
(a)  The closure D(A) of the domain of A is convex.
(b) Ifx e D(A) and y € E are such that (A2 —y,z —x) > 0 for all z € D(A),

then x € D(A) and y € Ax.

The result in Lemma 3.12 is shown in [51, Lemma 3|. It states a property related
to the convergence with respect to the pseudo-distance dis (-, ).

Lemma 3.12. Let A, (n € N), A be mazximal monotone operators of E such that
one hasdis (A, A) — 0. Assume also that x,, € D(A,) withx, — x andy, € A,(z,)
with y, — y weakly for some x,y € E. Then x € D(A) and y € Ax.
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The property (b) in Lemma 3.13 is classical (see, e.g., [15, Proposition 2.2]), and
the property (a) is taken from [51, Lemma 4].

Lemma 3.13. Let A, B be mazimal monotone operators of . Then the following
holds.
(a) For A >0 and xz € D(A)

o — JP(@)]| < M A%] +dis (4, B) +/A(1 + | 4%])dis (4, B).

(b)  For A >0 and z,2’ € E we have ||J{ () — JA ()| < ||lx — ']

The following other property of convergence with respect to the pseudo-distance
dis (-, -) is also taken from [51, Lemma 5].

Lemma 3.14. Let A, (n € N), A be mazximal monotone operators of E such
that one has dis (A, A) — 0 and such that for some real constant ¢ > 0 one has
|A%z|| < (1 + ||z||) for alln € N and x € D(A,). Then for every = € D(A) there
exists a sequence (zy,), such that

zn € D(A,), 2z, — 2z and A%z, — A%z (3.19)
We recall now a useful existence result in [5] for differential inclusions of the type
—u(t) € Awu(t) + h(t)

with time-dependent maximal monotone operators A; evaluated at the state u(t)
instead of the velocity «(t). This existence result will be utilized in Subsection 4.1.

Theorem 3.15. Assume that for everyt € I = [0,T], Ay : D(A;) C E = E is a
mazimal monotone operator satisfying:

(A1) there exists a function r € WY2(I) which is non-negative on [0,T] and non-
decreasing with r(T') < co and r(0) = 0 such that

dis (Ay, As) < |r(t) —r(s)|, forallt,s € I;
(Ay) there exists a real constant ¢ > 0 such that
|AYz|| < c(1+||z]]), forallt €I, z € D(A).

Let h: I — E be a mapping in L%4(I). Then, for each ug € D(Ay), the problem

{ —a(t) € Awu(t) + h(t) ae t €1
u(0) = g

has a unique absolutely continuous solution u(-). Further, this solution u(-) €W y*(I)
with u(t) € D(Ay) for every t € I and it satisfies

la(t)]| < K(1+#(t) + (1 + K)|h®)]| ae tel,

for some non-negative real constant K (independent of t) depending on ||uo||, ¢, I, r(+).
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Following partly the arguments by Jourani and Vilches [49] as in Theorem 3.1 above,
we also have the existence result in Theorem 3.16 below.

Before stating the theorem, let us notice the following. Let I' : F = E be a
multimapping and L : E — E be a continuous linear operator. Define I'y, : E =2 E
by I'p(z) = L*(I'(Lz)) for all x € E, where L* is the adjoint continuous linear
operator of L. If I' is monotone, it is easily seen that I'; is also monotone. Indeed,
for any y; € I'pa;, with i = 1,2, there is z; € I'(Lx;) with y; = L*z;, so

(Y1 — Y2, 01 — m2) = (L (21 — 22), 21 — T2) = (21 — 22, Lxy — L1g) > 0,
implying that 'z, is monotone. It is remarkable (see, e.g. [9, Theorem 24.5]) that

(L surjective and I' maximal monotone) = (F 1 maximal monotone). (3.20)

Theorem 3.16. Let p € [1,400]| and let I :=[0,T] and f,g : [ x E — E be two
mappings such that f(-,z) and g(-,x) are Lebesgue measurable for all x € E and
such that there are non-negative functions oy, oy, By, By in LﬁJI) along with v¢.,

Yo i Lig (I) for each real v >0 such that for all (t,x) € I x E

1 (&)l < ap®)llell + 8¢ (t) and [lgt, 2)]| < ag(t)]lx]] + By(t)
and for allt € I and z,y € rBg

1t z) = fFEI < vl =yl llgt,z) — g9l < vz —yl.

Let A : E — E be a positive symmetric bijective linear operator. For each t € I let
A D(Ay) C E = E be a mazimal monotone operator such that the multimapping
t — gph A; from I into E x E is Lebesgue measurable and there are ((-) € L.(I) and
§(1) € LY(I) with £(t) € Ai(C(t)) for allt € I. Then given ug € E the differential
inclusion

{f(tm(t)) — AR €A (GO gt u®) aetel (3.21)

u(0) = o
admits one and only one absolutely continuous solution u(-) on I.
Further, there are a real constant k > 0 and two non-negative functions a(-) and
b(+) in Ly, (I) such that
lu@®)|| <k foralltelI and |a(t)] < a(t)|u(t)| +0b(t) ae tel,

where a(-) and b(-) depend only on A, on the functions ay, By, oy, By satisfying (3.3),
and on the maximal monotone operators (Ai)ier (via the mappings ((+), £(+)), and
where the constant k depends only on ||ug|| and A and on the same above functions
ay, Bf, ag, By and the mazimal monotone operators (Ay)er (via C(+), £(+)).

Proof. (I) As already seen (cf.(3.2)) there exists a (unique) positive symmetric
bijective continuous linear operator Ay : £ — FE such that A = AgAg. Foreacht €
consider the multivalued operator B; : E = F defined by

Bix = Ay Ay (Aytw) forallx € B,

and note that B; is maximal monotone according to (3.20).
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Note also that the latter equality is equivalent to
Ayt Ay(x) = By(Aoz) for allz € E,

so denoting ®; := (I + B;)~! (the A\-resolvent of B; with A = 1) it follows that for
any y €

y — NoAox € Ay(7) & Ao 'y — Aoz € By(Aox) & Moz = O (A y).

Writing the inclusion in (3.21) in the form

F(t,u(®)) + AoAog(t, u(t)) — AoAo (@(t) + g(t, u(t))) € Ae(a(t) + g(t, u(t))),
we see that it is equivalent to
Agt(t) + Nog(t, u(t)) = (I + B) ™ (Ag ' f(t,ult)) + Aog(t, u(t)))
= @, (Ag ' f(t u(t)) + Aog(t, u(t))).
Consequently, defining F': I x £ — E by
F(t,z) == —g(t,z) + Ay @ (Ag ' f(t, @) + Aog(t, x)) for all (t,z) € I X E,

we see that the differential inclusion (3.21) is equivalent to the differential equation
F(t,

on [
{ ugo)) Y u(t)) ae.tel, (3.22)

Clearly, for G={(t,z,y) € [ x Ex E: (x,y) € gph A;}

we have that G € L(I)® B(E)® B(FE) by the assumption of Lebesgue measurability
of the multimapping ¢ — gph A;. We notice that

y=0(x) &z €y+ A A(Agy),
hence putting p(t, x,y) := (¢, Ay 'y, Ao(z — y)) yields

{(t,a,y) € IXx Ex E:y=d(2)} =p ' (G),

with p™'(G) € L(I) ® B(E) ® B(E). According to this and to the completeness of
the o-field £(I) we easily see by (2.1) that for each x € E the mappings t — ®;(x)
and F(-,z) are Lebesgue measurable.

(IT) Using the 1-Lipschitz property of ®; (see (b) in Lemma 3.13), we also observe
that for each real » > 0 we can write for each t € I and all z,y € rB

£, 2) = F ()

< | =gt 2) + gt ) + 1A A (f(t,2) = f(t,y)) + Aolg(t, ) — g(t. y))l]
< Yo Ol = yll + 1A Py Ollz =yl + 1A Aol (D)l = yll,

s0 for (1) = Mg [Pv7r (T) + (1 + [[Ao|H1AG )Y (7) With vp, () € Lz, (1) we

have
|E(t,z) = F(ty)ll < ver)llz —yll.
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(ITII) On the other hand, putting vy, := ®;(0) we have —y, € By, or equivalently
—Noys € Ay(Agty,), which by the monotonicity of A, gives with the assumption on

¢(-) and £(-)
(Aoye +&(1), Ag 'y — C(1)) <0,

or equivalently
(Aoye, g ye) — (v, MoC (1) — AgHE(L)) — (C(1),€(1)) <0,
hence lyell* = [1A0C () — Ag €@ el — (C(1), £(2)) < 0.
Writing
A(t) : = || AoC(t) — Mg E)IIF + 4(C(1), £(1))
= [|ACOI” + AT E@1* — 2(A0C (1), Ag (1)) + 4(AoC (), A TE(R))
= [[AoC () + Mg "E(B)II”

we see that
vl < %(I\Aoc(t) — A D)+ [[AoC(t) + AFTED) =: o (1),

o(-) € Ly, (I). Put q(t,z) = Ayt f(t,z) + Aog(t,x). Then by the 1-Lipschitz
property of ®; again
It 2)]| < llg(t, )l + 1A HI @2 (a(t, )
< llg(t; @)l + 1A 1 la(t @) || + 1A 1|22 (0) |
< llg(t, )l + 1A la(t, @)l + o ()1 A I

and this clearly furnishes ar, 8r in L (I) such that
|F(t, z)|| < ap(t)|z||+ Br(t) forall (t,z) €l x E.

It ensues that the differential equation (3.22) has one and only one absolutely contin-
uous solution, which in turn assures us that the differential inclusion (3.21) admits
one and only one absolutely continuous solution u(-) on I.

Finally, regarding the real constant x > 0 and the integrable functions a(-) and b(-)
as in the statement, they are obtained with arguments similar to those in Theorem
3.1. O

Proceeding as for Corollary 3.3 furnishes from Theorem 3.16 the following.

Corollary 3.17. Let p € [1,+0o0] and let I :=[0,T] and f,g: I x E — E be two
mappings such that f(-,x) and g(-,x) are Lebesque measurable for all z € E and
such that there are non-negative functions oy, oy, By, By in Ly, (I) along with vy,

Ygr @ Ly, (I) for each real v > 0 such that for all (t,x) € I x E

1F (8 o)l < ap@llzll + Br(8) and gt 2)|| < ag(®)llz]] + By (t)

and for allt € I and z,y € rBg

17t x) = F& )l < @llz = yll gt 2) = gt 9)| < vg0O)llz =yl
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Let A, Ay : E — E be two positive symmetric bijective linear operators. For each
tellet Ay : D(A;) C E = E be a mazimal monotone operator such that the
multimapping t — gph A; from I into E x E is Lebesque measurable and there are
C(-) € L%H(I) and &(+) € LE(I) with &(t) € Ai(C(t)) for allt € I. Then given ug € E

the differential inclusion

{f(t, u(t)) — Ao 2(t) € Ay (M 2(t) + g(t, ult) aetel
u(0) = ug

admits one and only one absolutely continuous solution u(-) on I.
Further, there are a real constant k > 0 and two non-negative functions a(-) and
b(+) in Ly (I) such that

lu@®)|| <k foralltel and |u(t)] <a(t)||u(t)]+b(t) aetel,

where a(-) and b(-) depend only on Ay and Ay, on the functions oy, Bf, oy, B
satisfying (3.3), and on the mazimal monotone operators (Ay)wer (via ((+), &(+)),
and where the constant k depends only on ||ug||, A1, As and on the same above
functions oy, By, ay, By and the mazimal monotone operators (Ag)ier (via (+), £(+)).

As Theorem 3.6 the following result with history-dependent operators also holds true.

Theorem 3.18. Let I := [0,T] and let Ay, Ay : E — E be two positive symmetric
bijective linear operators (hence continuous). For eacht € I let Ay : D(A;)) C E = FE
be a maximal monotone operator such that the multimapping t — gph A; from I into
E x E is Lebesque measurable and there are ((-) € LL(I) and &(-) € Li(I) with
E(t) € Ay(C(t)) forallt € I. Let g: I x E — E be a mapping such that g(-, ) is
Lebesgue measurable for all x € E and such that g(-,0) € LL(I) and there exist a
non-negative function y(-) € Lﬁh(i) satisfying for allt € [ and x,y € F

lg(t,2) — gt y)|| < ~(D)llx =yl
Let Aiy,Ay : E — E be two positive symmetric bijective linear operators (hence

continuous) and let R : Cg(I) — Cg(I) be an almost history-dependent operator
with time-dependent rates. Then given any uy € E the differential inclusion

—Ap B (1) € Ay (M 2(t) + g(t, u(t)) + (Ru)(t)) aetel
u(0) = ug

admits a unique absolutely continuous solution u(-) on I.

The proof of Theorem 3.16 also guarantees the following statement in finite dimen-

sions. Indeed, under the assumptions below of Theorem 3.19 only part (II) in the

proof of Theorem 3.16 requires to be modified in the obvious continuity on E of the

mapping F(¢,-) for any ¢t € [0, T], so according to the finite dimensional property of
FE the differential equation

{Ccll_? = F(t,u(t)) a.e. t € [0,T]
u(0) = up

admits at least one solution, and this solution enjoys all the properties in Theorem
3.16.
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Theorem 3.19. Assume that E is a finite dimensional Euclidean space, p € [1, +o0]
and let I :=[0,T). Let f,g: I x E — E be two mappings such that f(-,x) and g(-, x)
are Lebesgue measurable for all x € E and f(t,-) and g(t,-) are continuous for all
t € I, and such that there are non-negative functions oy, oy, By, By in Lfl’h(f) such
that for all (t,z) € I x E

LF &) < ap@llzll + Br(t) and gt 2)|| < ag(@)]l]] + By (t)-

Let A . E — FE be a positive symmetric bijective linear operator. For each t € I let
A, D(A;) C E = E be a mazimal monotone operator such that the multimapping
t — gph Ay from I into E X E is Lebesque measurable and there are ((-) € L.(I)
and £(+) € LY (I) with £(t) € Au(C(t)) for allt € 1.

Then given ug € E the differential inclusion

{f(t,u(t)) — A1) € A (L) + g(t,u(t) aetel

3.23
u(0) = wuyg (3:23)

admits at least one absolutely continuous solution u(-) on I.

Further, there are a real constant k > 0 and two non-negative functions a(-) and
b(+) in Ly, (I) such that for any solution u(-) of (3.23) one has

|lu@)|| < & forallt €I and ||a()|| < a(t)||u(t)|+06(t) aetel,

where a(-) and b(-) depend only on A, on the functions oy, B, o, By satisfying (3.3),
and on the mazimal monotone operators (Ay)er (via the mappings ((-), £(+)), and
where the constant k depends only on ||ug|| and A and on the same above functions
ay, Bf, ag, By and the maximal monotone operators (Ay)er (via C(+), £(+)).

4. Evolution inclusions and variational inequalities
with various perturbations

We pass in this section to the study of diverse evolution inclusions and variational
inequalities involving perturbations of various types. We begin with inclusions with
operators evaluated only at the state.

4.1. Evolution inclusions under Carathéodory perturbations and with
operators evaluated at the state

Two lemmas will be useful. The first is a lemma of compactness.

Lemma 4.1. Assume that for anyt € I =1[0,T], A; : D(A;) C E = E is a mazximal
monotone operator satisfying (Ay)-(Asz) and such that D(A;) is ball-compact. Let
X : [0,T] = E be a weakly compact convex valued measurable multimapping such
that X(t) C m(t)Bg for all t € I with m(-) € Lg, (I). Let ug € D(Ao) and let S%
denote the set of all L%(I)-selections of X. For each h € S% denote wuy, the unique
absolutely continuous solution of the evolution inclusion

{ —ibh@) € Atuh(t) + h(t) a.e.t € [,
up(0) = up.
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Then the set X := {uy, : h € S%} is compact in Cg(I) for the topology of uniform
convergence on I, and for each h € S%

i (t)]] < K (14 7(t) +m(t)) + m(t) ae tel,

where K is the real constant of Theorem 3.15 (independent of t) depending on
[uoll, ¢, I, 7(:).

Proof. Let K be the constant furnished by Theorem 3.15. For each h € S%, one
has [|h(t)|| < m(t) for a.e. t € I. Then by virtue of Theorem 3.15 the solution set
X :={uy, : h € S%} is bounded and equicontinuous in Cx(I), namely

lin (@) < y(t) = K (L +7(t) + m(t)) + m(t),

with v(-) € Lg, (1), so the set {un(t) : h € S5} is bounded in E (uniformly with
respect to ¢ € I). Since uy(t) € D(A;) for every t € I by Theorem 3.15 and since
D(A;) is ball-compact for every ¢ € I, we deduce by the Arzela-Ascoli theorem that
X is relatively compact in Cg(I) for the topology of uniform convergence on I. It
remains to see that X" is closed in Cg(I). Let (us, ), be a sequence in X' converging
uniformly on I to some u in Cg(I). We may suppose that (h,), weakly converges in
L%(I) to some h € S%. By Lemma 4.2 below we obtain that u € W,*(I) and that

{ —u(t) € Awu(t) + h(t) aetel,
u(0) = up.

By uniqueness we have that u = wuy, so the set X' is compact in Cg(I) for the topology
of uniform convergence on I. [

The second lemma is concerned with a fundamental convergence property.

Lemma 4.2. Let I = [0,T] and A; : D(A;) C E = E be a maximal monotone
operator for each t € I, and let also ug € D(Ap). Let A : E — E be a continuous
linear operator. Let p € [1,4o00[ and let (h,), be a sequence in L%.(I) converging
weakly in L% (I) to a mapping h € L5(I). Assume that for each n € N there exists
an absolutely continuous solution mapping u, : I — E to the evolution inclusion

{ —At,(t) € Ayu,(t) + hy(t) ae t €1,
un(0) = up.

Assume that the sequence (uy), of these mappings pointwise converges on I to a
mapping u : I — E and that (1,), weakly converges in L%(I). Assume also that for
almost every t € I the sequences (ty(t)), and (h,(t)), are bounded in E. Then u is
an absolutely continuous solution of the evolution inclusion

{ —Au(t) € Awu(t) + h(t) ae. t €1,
u(0) = uo,

and one has u € WP (I).
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Proof. Denote by v(+) the mapping to which (u,), weakly converges in L%.(I), and
notice for 1/p+ 1/p’ = 1 that the equality (A, (t),y(t)) = (un(t), A*y(t)) for every
y(-) € L%/(I) ensures that (Aw,(-)), weakly converges in L% (I) to Au(-). For each
t € I writing for every e €

(e, un(t)) = (e, up) —{—/0 (e,u,(8))ds = (e, ug) + /(1[07t](3)e,un(s)> ds,

I

we see as n — oo that

(e, u(t)) = (e,up) + /I<1[0,t](s)e,v(s)> ds = (e, uy + /1[07,5](3)1)(5) ds),

I

and this being true for every e € E we obtain

u(t) = ug + /[1[0,t](s)u(s) ds = uy + /Otv(s) ds.

It follows that u(-) is absolutely continuous with u = v a.e. and u € L% (T).

Since the sequence (A, +hy,), weakly converges in L7 (1) to A+ h, we may suppose
that it Komlos converges to At + h. Choose a negligible set N in I such that for
each n € N
— A, (t) € Apuy(t) + hy(t), for every t € I\ N,
lim % Z[Auj (t) + hj(t)] = Au(t) + h(t), for every t € I\ N.

Jj=1

This gives in particular for each ¢ € I \ N that u,(t) € D(A;) for every n € N,

hence u(t) € D(A;). According to the assumptions we may also suppose that for
each t € I\ N both sequences (A, (t)), and (h,(t)), are bounded in E. Fix any
t €I\ N and any y € D(A;). For any j € N the inclusion

— A (t) € Apui(t) + hy(t)
ensures by monotonicity of A,
(A (t) + hy(t), u;(t) —y) < (Aly,y — uy(t)). (4.1)
The equality
(A (t) + hy(t), u(®) —y) = (N () + hy(2), ui(t) — y) + (A (8) + hy (2), u(t) — u;(t))

valid for every j € N, allows us to write for each n € N

L D (A1) + (1), u(t) = )

n

= %Z(A%’(t) + hy(t), u;(t) — y) + % > (N (8) + hy(t), u(t) — u (L)),

J=1



C. Castaing et al. / Evolution Inclusions ... 1083

thus by (41) = S (s (1) 4 hy(0), u(t) — )

n

< DAy —uy(0) +mt) s 3 lu(t) — s ()]

where m(t) := sup{||A|| ||t (t)]] + ||hn(t)] : » € N} < +o00. Passing to the limit as
n — oo in this inequality yields

(Aa(t) + h(t),u(t) —y) < (Ay,y — u(t)).

Acoording to this and the previous inclusion u(t) € D(A;), Lemma 3.11 entails that
in fact u(t) € D(A;) and that for every t € I \ N

“Aa(t) € Aw(t) + h(t).

This inclusion and the evident equality u(0) = uo finish the proof of the lemma. [

We are now in a position to state and prove the following theorem on evolution
inclusions with a single-valued perturbation depending on time and state variable.

Theorem 4.3. Assume that for every t € I = [0,T], A, : D(A) C E =2 E is
a mazimal monotone operator satisfying (Ay)-(As) and such that D(A;) is ball-
compact. Let f : I x E — E be a Carathéodory mapping for which there ezists a
non-negative function o(-) € Ly, (I) such that, for allt €I and for all x € E, one has

LF(t2) |} < at). (4.2)

Then, given uy € D(Ag) there is an absolutely continuous solution to the inclusion

{ —u(t) € Awu(t) + f(t,u(t)) aetel
u(0) = up.

Moreover, this solution u € Wy (I) and satisfies u(t) € D(A,) for allt € I and
la(t)] < K(1 )+ a(t)) Yalt) aetel,

where K is a positive real constant depending on ||ugl|, ¢, I, r and c.

If in addition f(t,-) is integrably hypomonotone on bounded sets in the sense that
for each real n > 0 there is a non-negative function k,(-) € L]}M(I) such that

(ft,z) = f(t,y),x —y) > —k, )|z — y||* forallt €I, x,y € nBg,
then the solution is unique.

Proof. Step 1. We will follow some arguments used in [22].

Let ug € D(Ap). Let w: I — E be the unique absolutely continuous solution to

{ —w(t) € Aiw(t) ae tel
w(0) = up.
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Now, let p : I = [0,7] — R, be the unique absolutely continuous solution of
the differential equation p(t) = a(t) a.e. t € I with p(0) = sup,¢; ||w(t)]]. Since
p € L (I), the set

L:={he Li(I):||ht)] < p(t) ae. t €I},

is clearly convex and o(L%(I), L%(I))-compact. For any h € L denote (see Theorem
3.15) by wuy, the unique absolutely continuous solution to the perturbed evolution
problem

—tp(t) € Ayup(t) + h(t) ae.t € 1
{ up(0) = up.
This solution satisfies in view of Theorem 3.15
lun(t)]| < K(1+7(t) + a(t)) + a(t) ae t €1,

where K is a positive real constant depending only on ||ug||, ¢, I, 7 and «a(:). Using
the monotonicity of A; for all ¢ € I, one obtains the estimate

;Huh(t)—w(t)H?S/O 1R(s)| [[un(s) — w(s)]|| ds.

t
Thanks to [15, Lemma A.5] we have [Juy(t) — w(t)|| < / |h(s)|| ds, so that
0

o011 < p0)+ [ iteyds = oo (43)

Set M :={uy : h € L} and notice that M is compact in Cg(I) for the topology of
uniform convergence on I according to the above estimate and to the compactness
property stated in Lemma 4.1.

Step 2. By construction the set L is convex and o (L2%,(I), L%(I))-compact. Further,
for every h € L, we note that

1f (& un ()] < at) = p(t).
Let us define the mapping ¢ : L. — L by
O(h)(t) = f(t,up(t)) for all t € I,

where u;, is as above the unique absolutely continuous solution to the differential
inclusion

{ —iLh@) € Atuh(t) + h(t) ae. tel
up(0) = up.
Theorem 3.15 also says that uy(t) € D(A;) for every t € I. Clearly, if h is a fixed

point of @ (i.e. h = ®(h)), then upy(t) € D(A;) for all t € I and wy, is an absolutely
continuous solution to the inclusion under consideration, namely

{ —tp(t) € Ayup(t) + h(t) ae.t €1
up(0) = ug,

with h(t) = f(t,up(t)) for all t € I.
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Therefore, let us prove that & : L — L is continuous when L is endowed with
the topology induced by the o(L%(I), L%4(I)) topology. Recalling that L is con-
vex o(L%(I), L% (I))-compact and E is separable, we see that L is a metrizable
o(L%4(I), L%(I))-compact convex set. It is then enough to show that ® is sequen-
tially o(L3%(I), L%(I)) continuous on L. Take any h € L and any sequence (hy,),
in L converging o(L%(I),L%(I)) in L%(I) to h. Keeping in mind that the set
M = {uy : ¢ € L} is compact in Cg(I) for the topology of uniform convergence on
I, and that wy, is the solution to

{ —uhn(t) € Atuhn (t) + hn(t), a.e.t € I,

Up,, (0) = Uy,

it is easily seen by Lemma 4.2 that (uy, ), converges uniformly on I to the solution
uy, of the differential inclusion

{ —uy(t) € Ayup(t) + h(t), ae.t € 1,
up(0) = up.

To continue the proof of the required continuity of ®, consider any g € L%(I). For
any n € N we have

[{g (@), f(#; un, ()] < [lg@)]|e(t)-

Whence the measurable functions ¢ — (g(t), f(¢,un,(t))) are dominated by the
integrable function t — «(t)||g(t)||. By the above uniform convergence of (uy, ), to
up, and by the continuity of f(¢,) we also have

(g(t), f(t,un, () = (g(t), f(t,un(t))) for everyt € I.

As a consequence of Lebesgue’s convergence theorem, it follows that

T T

tim [ ). st )t = [ (0. @)
We infer that (®(h,,)), converges to ®(h) on L with respect to the o(L%(I), L% (1))
topology. This means that ® : L. — L is continuous on L endowed with the topol-
ogy induced by the o(L%(I), L%(I)) topology. Applying the Schauder fixed point
theorem to the continuous mapping ® : L — L shows that & admits a fixed point,
h = ®(h), just showing (by the above development) the existence of solution for the
differential inclusion in the statement of the theorem.

Now assume that f satisfies the hypomonotonicity condition in the statement. Let
u(+) and v(-) be two absolutely continuous solutions. Choose a real number 1 > 0
such 7B contains both «(I) and v(I). For a.e. t € I we have by monotonicity of
the operator A;

(a(t) + f(t u(t)) — o) = f{t,v(t)), u(t) —v(t)) <0,

which gives 5 gt — v < my () Jult) — v(B],

so that the uniqueness property follows from Gronwall’s lemma. [
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Theorem 4.3, with operators evaluated at the state, is of great interest and it pro-
vides the existence and uniqueness of the solution with a precise estimation of the
velocity. In Subsection 4.3 (resp. Subsection 4.4) we will deal with differential in-
clusions associated to operators evaluated at the state (resp. mainly at the velocity)
and associated also to perturbations involving rough signals related to the Young
integral. Before that, we need to recall various features on the Young integral.

4.2. Young integral

Consider the compact interval I := [0,7] of R. For a mapping ¢ : J — R?% on a
compact subinterval J := [s, ] of I, its variation (or 1-variation) |(|1_yars on J is
the supremum

sup 3 IC(1) — C(ti)]

over all sequences s =ty <t; <--- <t, =t, so the bounded variation property of
¢ on J can be translated as [(]1—yars < +00.

Let C'7var(I,R?) denote the space of continuous mappings with bounded variation
defined on I = [0, T'] with values in R?. We recall some notations. By £(R%, R¢) we
denote the space of linear mappings L from R¢ to R® endowed with the operator
norm

|L| := sup | L(z)]|ge-
fGRdeCCH]Rd:l
Fix z € C'7vo ([, R%). For any piecewise continuous mapping A : I — L(R9,R®) the
Young integral fStA(T) dz(1) is well defined in R® for any s < ¢ in I. It will often
be convenient to write [' A, dz, in place of [TA(T)dz(1). If [A()|eeysy < B with
s < t, then (see, e.g., [43, Proposition 2.2])

t
‘ / Ardz,

Let Ar = {(s,t) : 0 < s <t < T} A function w : Ar — [0,00][ is called a
control function on Ar (see [43, Definition 1.6)) if w is continuous, superadditive
and w(s,s) =0 for 0 < s <T. By super-additivity of w we mean

< 5’z‘l—va7‘;[s,t]- (44)
Re

w(s, 7) +w(r,t) <w(s,t) foral0<s<7<t<T.

Examples of control functions on Ag are (s,t) — [t — 5| for § > 1, and also
(s,t) — fst p(T)dr, where p is a positive Lebesgue integrable function on I. Let us
consider the class of continuous integrand operators b : I x R® — L(R?,R¢) satisfying
the conditions

(B1)  |b(t,z)| < M forallt € I,z € Re,
(B2)  |b(s,z) —b(t,x)| < w(s,t) for all s,t € [ with s <t, and all z € R®,
(Bs)  |b(t,z) —b(t,y)| < M|z —y| forall t € I, x € Re,

where w is a control function on Ar and M is a positive constant.
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If X ¢ C(I,R°) is a set of continuous mappings from [ into R® controlled by a
control function «(-,-) in the sense that for each z(-) € X

|x(s) —x(t)]] < afs,t) forall s,t € I with s <t,

then for b(-,-) as above the set of mappings {b(-,z(:)) : z € X} from [0,7] into
L(R? R¢) is uniformly bounded and uniformly bounded in variation, in particular
b(-,z(+)) belongs to C*=vo" (I, L(RY,R®)) for any z(-) € X. Indeed, we have for all
0<s<t<T

[b(s, 2(s)) = b((t, 2 ()| < [bs, 2(s)) = b(t, x(s))] + [b(t, 2(s5)) = b(t, 2(1))]
as well as
[b(s, 2(s))=0(t, x(s))| <w(s, t) and [b(t, z(s)) =b(t, 2(t)| < M|z (s) =z ()| < Ma(s, 1),
so using Proposition 1.11 in [43], we see that

16(-, () [1—varsfs,y < +00, forany 0 <s <t <T.

Consequently, the Young integral fot b(s,z(s))dzs along z is well-defined and the
mapping ¢ fot b(s, z(s))dzs belongs to C'~"*"(I,R¢), and according to Friz and
Victoir [43, Theorem 6.8] we have the following estimates for all 0 < s <t < T

/: b(r,z(7))dz,

1

< T a N2 li—vars g 100 20) imvarfsn + [b(s, 2(3))[[|2() = 2(5) || e

Re

1
< 1_9o1-6 |Z|1*var;[87t}|b('vx('))|17vm;[8,t} + MHZ(t) - Z(S)”]R‘i

with 0 = 2 and

< C(L Dl2li—vars (16C, 2())l1—varsgs.g + 10 2())locifsar) -

1—var;[s,t]

/ b, x(7))dzs

0

In consequence, we see that the set ) of mappings
t
Vi [t / b(r,2(r))dzs < 7 € X) (4.5)
0

in C'7vo"(I,R®) is uniformly bounded, and equicontinuous according to the conti-
nuity of ¢ — |z|1_par;0,q since z € C'~"(I, R%); further ) is additionally uniformly
bounded in variation. Altogether, ) is uniformly bounded, equicontinuous and uni-
formly bounded in variation. When X is compact in C'(I,R¢) and equi-absolutely
continuous, then

Y is compact with respect to the topology of uniform convergence on I, (4.6)

a property which will be crucial in the next subsection.
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4.3. Perturbed evolution inclusions under rough signal and with opera-
tors evaluated at the state

Using the properties of Young integral recalled in the previous subsection, Theorem
4.4 below establishes a general existence result for evolution inclusions with pertur-
bations involving the Young integral and with operators evaluated at the state.

Theorem 4.4. Let [ := [0,T] and let Ay : D(A;) C R® = R®, with t € I, be
mazimal monotone operators satisfying (A1)-(Ag). Let z € C'7v"(I,RY) and let
b:IxR®— L(RYR®) be a continuous integrand operator satisfying the conditions

(By) |b(t,x)| <M forallt€l, x € R,

(By)  |b(s,x) —b(t,x)| <w(s,t) foralls,t €I withs <t, and for allxz € R®,
(B3) |b(t,x) = b(t,y)| < M||z —vyl|| forallt €1, z,y € RE,

where w is a control function on Ar and M is a positive constant.

Let f: I xR®xR® — R be a Carathéodory mapping for which there are a function
a € Ly (I) and a function k,(-) € L (I) for each real n > 0 such that

W) fEzy)ll <alt) foralltel, zy e RS,

(ii) (f(t,x, ) = f(t,2,92), 90 — y2) = —rqg(t)lyr — w2ll?, for all (t,2) € T x RS,
and for all yi,ys € R® x R®.

Then, for any ug € D(Ay), the problem

E(t) = [ob(s,u(s))dz, Yt €T

—u(t) € Awu(t) + f(t,&(t),u(t)) a.e.t €1

u(0) = ug
has a solution (&, u) € CTv (I, R®) x WY2(I,R®). Further, this solution satisfies
u(t) € D(A;) for everyt € I.

Proof. Let I' : I == R be the measurable multimaping with compact convex values
given by I'(¢) := a(t)Bg. for all t € I. Let Sr be the set of all measurable selections
of T, so Sr coincides with SZ. For each £(-) € Sr denote (according to Theorem
3.15) by u, the unique absolutely continuous solution of the differential inclusion

{ —ﬂg(t) € AtUg(t) + f(t) ae. tel
ue(0) = wo,

and set X' := {uy : £ € Sp}. Lemma 4.1 tells us that X" is compact in C(/,R®) and
equi-absolutely continuous on [ with

s ()] < (1) = K(1+7(t) + a(t)) + alt) ae. t € I

for each ¢ € Sp. As consequence, the set (see (4.6))

V= {t — /Otb(s,x(s))dzs Lz € X}

is compact in C'(I,R) for the topology of uniform convergence on I, and so is the

set @o(Y).
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By Theorem 4.3, for each h € o(Y), there is a unique W?(I,R¢) solution vy, to the
differential inclusion

{ —0p(t) € Agop(t) + f(t, h(t),vp(t)) ae tel
vp(0) = uo,

and this solution satisfies v, (t) € D(A;) for all ¢t € I along with ||, (t)]] < ~(t) for
a.e. t € I. Now let us consider the mapping ® defined on ©6()) with values in )
by putting for every h € c6())

B(R)(t) = /0 (s, 0n())dzs forallte I

Since vy, € X, it is clear that ®(h) € ). Our aim is to show the existence theorem by
applying some ideas developed in [28] via a fixed point theorem. For this purpose
we first prove that ® : ¢6()) — Y is continuous with respect to the topology of
uniform convergence on I. Take any sequence (h,,), in ¢6()) uniformly converging
on I to h € c6(Y). We claim that the sequence (vp,),, where vy, is the absolutely
continuous solution associated with h,, of the differential inclusion

{ Un,, (0) = uo

_i}hn (t) S Atvhn (t) + f(t> hn(t)> Uhn, (t))’ a.e. b€ [7

uniformly converges on I to the absolutely continuous solution v, associated with A
of the differential inclusion

{ vr(0) = g
—0p(t) € Ayon(t) + f(t, h(t),vp(t)) ae. t el

Since (vp, ) is equi-absolutely continuous with for each n € N the estimate
[on,, ()] < ~(t) ae t €1,

we may suppose that (v, ), converges uniformly on I to an absolutely continuous
mapping w : [ — R® with w(t) = ug + f(f w(s)ds. We may also suppose that (vp, )n
weakly converges in L?(I,R¢) to some ¢ € L*(I,R¢) with ||£(¢)|| < y(t) a.e. t € 1,
so we easily see that w = £. Consequently, for each t € I we have

kn(t) := f(t, hn(t),vn, () — k(t) == f(t, h(t),w(t)) asn — .
Remember that ||k, (t)|] = [|f(t, hn(t), vn, (t)|| < aft) for all t € T with o € Lg ().

We deduce that w is absolutely continuous and is solution of the differential inclusion

{ w(0) = ug
—w(t) € Ayw(t) + f(t, h(t),w(t)) aetel

according to Lemma 4.2. Then by uniqueness w = vy, which confirms the claim of
uniform convergence on I of (vp, ) t0 vp,.

Taking into account this uniform convergence of (vy, ), to v, on I, we see by applying
(Bs) that b(-,vp,(-))n converges uniformly on I to b(-,vs(-)), whence (®(hy)(-)),
converges uniformly on I to ®(h)(-) by [43, Proposition 2.7].
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This translates the desired continuity of ® : €6()) — Y with respect to the topology
of uniform convergence on I. By the Schauder fixed point theorem ® has a fixed
point, say h = ®(h), which means

h(t) = ®(h)(t) = /Ot b(s,vn(s))dzs, for allt € I,

{ vR(0) = ug

— (1) € Awon(t) + f(t,h(t), vn(t)) ae. t € T

further vy, (t) € D(A;) for all t € I as already seen above. Then, taking £(-) = h(-)
and u(-) = v,(-), we obtain that (£,u) belongs to C17vo"(I,R¢) x W'2(I,R¢) and
is a solution of the differential inclusion in the statement of the theorem, and

u(t) € D(A;) for all t € 1. O

4.4. Integro-differential variational inequalities under rough signals and
time-dependent subdifferentials at velocity arguments

In addition to the study of convergence in Lemma 4.2 for inclusions in the form
fn(t) — Ay (t) € Ai(uy(t)), the following two lemmas consider situations involving
the operator along the velocity u,(t) instead of the state u,(t). More precisely, the
lemmas deal with inclusions where 0p(t, @, (t)) or Op(t, . (t) + g(t, u,(t)) replaces

Ai(un(t)).

Lemma 4.5. Let [ :=[0,T], letug € E and let (u,, u)nen be a sequence of absolutely
continuous mappings from I into the separable Hilbert space E in the form

un(t) = ug + /Ot U () ds, u(t) = up + /OtU(s) ds,

(so u,(0) = u(0) = up), and such that (uy,), converges to u uniformly on I and
(Ut)n converges to u weakly in LL(I). Let o : [ x E — R U {+00} be a convex
normal integrand for which there exist a non-negative function p(-) € L (I) with
p €)1, +00] and a mapping 7 (-) € L% (I) with 1/p+ 1/p" =1 such that:

(1) |, ()] < p(t) for almost every t € I,

(i) (e, ("), g0(~,u(-)))n€N is uniformly integrable on I,
(iii) (-, m(+)) is integrable on I.
Let A : E — E be a positive symmetric linear operator (hence continuous). Let

(fn, [nen be a sequence of Carathéodory mappings from I x E — E such that for
each real n > 0 there exists a real constant 5, > 0 for which

| fu(t, )| < B, forallneN, telandz € nBg.

Let (v, v)nen be a bounded sequence in L$S(I) such that for a.e. t € I the sequence
(Un(t))n converges strongly in E to v(t).

Assume that for every n € N
falt,v,(t)) — Ay, (t) € Op(t, 0, (t)) a.e. t € 1. (4.7)
Then for a.e. t € I one has f(t,v(t)) — Au(t) € Op(t,u(t)).
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Proof. Put I'(t) := u(t)Bg for all t € I. Since u,(t) € I'(t) a.e. t € I by (i) and
since (), converges weakly to @ in LL(I), we have u(t) € I'(t) a.e. t € I. Choose
a real v > 0 and a Lebesgue null set N C I such that for each t € I \ N we have
vn(t) = v(t) as n — oo and

lo@)|| <~ and ||v,(t)]] <~ for all n € N.

For each ¢t € I\ N the continuity assumption of f(t,-) implies that (f(¢,v,(¢)))n
strongly converges in E to f(t,v(t)). Setting h,, := f,.(-,v,(-)) we see that, for each
telI\N,

Fon(®)l = [ fult, oa(®)]| < 8, forall n € N. (45)
This uniform boundedness and the a.e. convergence of (h,()), to h := f(-,v(-))
assure us (by the Lebesgue dominated convergence theorem) that (h,), strongly
converges to h in L%,(I) with 1/p+ 1/p/ = 1, and hence also in LL(I). Take any
Lebesgue measurable subset Z in I. Keeping in mind that 4,(¢) € I'(t) = pu(t)Bg
a.e. t € I, we observe that

/Z<hn(t) = h(t), un(t)) dt’ < hn = hllprl[nllp < [ = Rl </Iu(t)p dt) Up,

thus we deduce that [, (h,(t) — h(t), @,(t)) dt — 0 as n — oco. Noticing [|h(t)|| < S,
a.e. t € I by (4.8), it ensues that

i [ (hn(t), () dt

n—o0 VA

= lim [ (ho(t) — h(t), 0 (®)) dt + Lim | (R(2), (1)) dt

:gﬁém@mm»ﬁzémmm@mt (4.9)

Now define ¥ : I x E — RU {400} by
Ya(t,x) = (Az,z) if o € ['(t) and ¥a(t,z) = +oo otherwise.

This function 1, is a non-negative convex normal integrand, so the lower semicon-
tinuity property in [33, Theorem 8.1.6] yields

lim nf /Z U (i (1)) dt > /Z Ua(a(t)) dt,

that is, 1mmémmm%wﬁz/mwmwwt (4.10)

n
z
The same lower semicontinuity property in [33, Theorem 8.1.6], associated with the
convex normal integrand ¢ and with the assumption (ii), also entails that

/@@mmﬁgmmm/wmwwmt (4.11)
z " z
On the other hand, as ¢ is a convex normal integrand, the conjugate integrand
function ¢* : I x E — RU{+o0} given by

Pt y) = sup ((z, y) — o(t, )
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is also a convex normal integrand (see, e.g, [35, 70, 71]). In particular, putting
qn(t) == h,(t) — Au,(t) for all ¢ € I the function t — ¢*(t,q,(t)) is Lebesgue
measurable. Note furthermore that (g, ), weakly converges in LL(I) to the mapping
q(+) :== h(-) — Au(-) since (h,), strongly converges in L}(I) as already noticed and
(AL, ), weakly converges to A in LL(I) by the assumption of weak convergence in
LL(I) of (1,), to . Further, by assumption we have

Qn(t) = hn(t) - Aun(t) € a(p(t, un(t))v
so that for a.e. t €1

{hn(t) = Mg (1), w(t) = Un(t)) < @(E,7(2)) — o (t, in(t)),

which (taking the positivity of the linear mapping A into account) gives

0 < (An (1), in (1)) < @(E,7(t)) = (t, tn(t)) + By (@) + p@O A = @)1,

so the sequence (Aty(-),un(-)))n is uniformly integrable on I by the assumptions
(ii) and (iii). This and the equality

<Qn(t)v un(t)> = <hn(t)v un(t)> - <Aun(t)v un(t)>

tell us that the sequence of measurable mappings ({(g,(-), un()>)n is uniformly inte-
grable on the interval I. Then, for p,(t) := —@(t, 0, (t)) + (U, (t), ¢, (t)) the sequence
(pn(+))n is uniformly integrable on I by (ii), which combined with the weak conver-
gence in LL(I) of (¢,), to ¢ and with the inequality

Pu(t) < ©"(t, qult))

(due to the definition of conjugate function) allows us to apply again [33, Theorem
8.1.6] to get

/ S (1, q(t)) dt < liminf / St qu(1)) dt. (4.12)
z " z
Consequently, integrating on the Lebesgue measurable subset Z of I the equality

p(t, tn(t)) + ¢ (1, qu(t) = (tin(t), gu(t))

(due to the inclusion g,(t) € Op(t,0,(t))) gives

/ ot 1y (1)) dE+ / St qn(t)) dt + / (N (£), i (1)) dt — / (i (1), (1) d.
z z z z

Passing to the limit as n — oo in this equality and using (4.9)-(4.12) furnish the
inequality

/Z ot it)) dt + / o (tqlt)) di < / (alt), q(t) dt.

Z

This being true for every Lebesgue measurable set Z in [ and the non-negative
function t — @(t,a(t)) + ¢*(t,q(t)) — (u(t),q(t)) being Lebesgue measurable, we
deduce that for almost every t € 1

p(ta(t) + ¢ (1, q(t) — (alt), ¢(t)) <0
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It follows for almost every ¢ € I that ¢(t,u(t)) + ¢*(t, q(t)) = (u(t), q(t)), or equiv-
alently ) .

q(t) = f(t,v(t)) — Na(t) € p(t, u(t)).
The proof of the lemma is finished. [
Remark 4.6. We point out that an LL-version of the above lemma can also be

obtained by combining the arguments therein with [19], if we replace the above

assumptions (i), (ii), (iii) by the following ones:

(i) (@n(+)), is uniformly integrable on I with w,(t) € I'(t), where T'(:) is a
Lebesgue measurable multimapping with weakly compact convex values,

(i) (p(-,®n(-)), ©(-,u(+))), ey is uniformly integrable on I,

(iii)  there exists m(-) € L¥ such that (-, 7(-)) is integrable on 1. O

Lemma 4.7. Let I :=[0,T], letug € E and let (u,, u)nen be a sequence of absolutely
continuous mappings from I into the separable Hilbert space E in the form

un(t) = ug + /Ot Un(s), u(t) = ug + /Otu(s)ds,

(so u,(0) = u(0) = wg) and such that (u,), converges to u uniformly on I and
(1) converges to u weakly in L%(I), and for which there is a non-negative function
u(-) € Lg, (I) satisfying for eachn € N

|, ()| < p(t) a.etel.

Let o : I x E — RU{+00} be a convexr normal integrand for which there exist two
non-negative functions o(-) € L (I) and B(-) € Ly (I) such that

—a(t)||z]| — B(t) < p(t,x) forall(t,z) eI X E.

Let A : E — E be a positive symmetric linear operator (hence continuous). Let
(fu)nen and (gn)nen be two sequences of mappings in L%(I) converging strongly to
f and g respectively in L%(I), and such that there exists a non-negative function
v(-) € L, (I) satisfying for each n € N the inequality ||gn(t)[| < () a.c. t € 1.

Assume that for every n € N
falt) — A (t) € 0p(t, Un(t) + gu(t)) ace. t € 1. (4.13)
Then for a.e. t € I one has f(t) — Au(t) € dp(t, u(t) + g(t)).

Proof. First, note that (At,), converges weakly in L%(I) to A, and that (4,),
converges weakly in LL(I) to u. Modifying g¢,, g and 7 on a Lebesgue null set, we
may and do suppose that the function v > 0 in L (1) satisfies [|g(t)|| < ~(¢) for all
t € I and also ||g,(t)|| < ~v(t) forallm € Nand all ¢t € I.

Put po(t) := 14~(t)+u(t) for all t € I. Let (my, 0k )ren be a Castaing representation
of the Lebesgue measurable closed-valued multimapping M : I = E x R defined by

M(t) == epip(t,-) N (B0, uo(t)] x R)  forallt € I.
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Take any Lebesgue measurable set Z in I. For each k € N we have ||7(¢)]| < po(t)
for all t € I, then m(-) € L%(I) and hence as n — oo

/Z (Fult),mul6)) dt — / (1), mu() dt

and also /Z (N (1), 7 (8)) dt — /Z (NG(E), o (1) dt.

Clearly, the assumptions on (f,), and (g,), along with the weak convergence in
L%(I) of (1), to u ensures as n — 0o

/Z (Falt), gu(t)) dt — / (1), gl0)) dt,

/Z (i (1), fo(t)) dt — / (alt), £(1)) dt,

/Z (N (£), gu(t)) dt > / (Nalt), g(t)) d.
Now define 95 : I X E — R U {+o0} by
Ua(t,z) = (Az,z) forall (t,x) € I X E.

This function ¢, is a non-negative convex normal integrand by the positivity of the
linear operator A, so the weak convergence of (,), to @ in LL(I) and the lower
semicontinuity property in [33, Theorem 8.1.6] give

lim inf /Z U (1)) dt > /Z Ua(a(t)) dt,

that is, lim inf /Z (N (1), 11y (£)) dt > /Z (NGt (1)) dt. (4.14)

Putting us(+) := u(-) and g (+) := g, we also observe by the assumption on ¢ that
for each n € NU {oo}

o (1 a(1) + ga(0)) = —a(t)(3(0) + (1) — B(t) e t € T

with the non-negative function ¢ +— a(t)(y(t) +p(t)) +5(t) in Lg, (1), thus the same
lower semicontinuity property in [33, Theorem 8.1.6], associated with the convex
normal integrand ¢ and with the weak convergence of (i, + gn), in Ly(I) to @+ g,
entails that

/Z p(t,(t) + g(t)) dt < lim in /Z o(t, i (t) + gn(t)) dt. (4.15)

Fix any k£ € N and put
pr(t) = (fu(t), M () = Un(t) = gn(t)) — (At (t), me () + (Atin(t), gn (1))
p(t) = (f(t), m(t) —u(t) — g(t)) — (Au(t), m(t)) + (Au(t), g(t)).
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Using for a.e. ¢ € I the inclusion f,,(t) — A, (t) € dp(t, 0, (t) + gn(t)), we can write

(N (t), un (1)) + p(t, n(t) + gn(t)) + pu(t) < @(t, mi(t)),

so integrating on any Lebesgue measurable subset Z of I and invoking (4.14), (4.15)
along with the convergences preceding them, we obtain as n — oo

[ (0 = K0, m(®) = ale) = g(0) + olti0) + 9(6)) dt < [ oltma(t) .
VA VA

with o(t, m(t)) > —a(t)po(t) — () and ¢ +— a(t)uo(t) + B(t) in Lg, (I). This being
true for every Lebesgue measurable set Z in I, it follows that there exists a Lebesgue
measurable null set N C I such that for all k € Nand allt € I \ N

(F(t) = Aa(t), m(t) — a(t) = g(t)) + (8, a(t) + g(t)) < @(t, mi(t)). (4.16)

According to the weak convergence of (1), to @ in L%(I) and to the assumption
| (t)|| < wu(t) ae. t € I, choose a Lebesgue null set Ny D N with ||a(t)|| < p(t)
forall ¢t € I\ N;. Fix any t € P := I\ Ny. For any y € BI0, po(t)] N dom p(t, -)
there is a subsequence (7 (t), ok (t))rex With an infinite subset K C N converging in
E xR to (y,¢(t,y)). This combined with the inequality (¢, mx(t)) < ox(t) and the
convergence o (t) — ¢(t,y) as K 3 k — oo, implies that

lim sup (¢, m4(1)) < (1,
K3k—o0

It follows from this and the lower semicontinuity of ¢(¢,-) that

o(t,y) < liminf (¢, m(t)) < Limsup o(t, m(t)) < (£, y),
K3k—00 K3k—00

which means that lim g5y o0 (¢, (1)) = @(t,y). We deduce from this and from
(4.16) that for every y € B|0, p1o(t)]

(1) = Nat),y — a(t) — g(1)) + (¢, u(t) + 9(1)) < p(t,y). (4.17)

The latter inequality is true for any y in the neighborhood B0, uo(t)] of @(t) + g(t)
so that for any t € P we get for the convex function ¢(t, -)

f(t) = Aa(t) € dp(t, ult) + g(t)).
This finishes the proof of the lemma. [

Theorem 4.8. Let [ := [0,T] and ¢ : I x R® — RU {400} be a conver normal
integrand for which there are a mapping ¢ € L3.(I) such that t — +/(0:(C(1)))*
is in L (I) and two non-negative functions o, 8 : I — R with a(-) € L (I) and
B(-) € Ly, (1) such that

—a(t)||z]] — B(t) < @(t,x) forall (t,x) € I x R®

(note that /B € Lg, (I) since f € Ly (I)). Let f,g: I x R® = R® be two mappings
such that f(-,z) and g(-,x) are Lebesque measurable for all x € R® and such that
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there are non-negative functions oy, oy, Bf, By in L]%M(I) along with Y¢,, Ygr in
L, (I) for each real v > 0 such that for all (t,z) € I x R®

1F (& 2)l| < ap(@)xfl + Bp(E)  and |lg(t, 2)[| < ag(t)|[z]] + By(t)
and for allt € I and z,y € rBge

1) = FE )l < @llz = yll gt 2) = gt w)| < vg0 )]l =yl

Let F : I x I x R® — R® be a mapping such that F(-,-,x) is L(I) ® L(I) measurable
for each x € R® and such that

(i) for some non-negative L(I) @ L(I) measurable function Br : I x I — Ry with
(t,s) — (Br(t,s))? Lebesque integrable on I x I

|EF(t,s,2)|| < Br(t,s) forallt,s €I andx € R®,
(ii)  for each (t,s) € I x I the mapping F(t,s,-) is continuous on R®.

Let A : R® — R® be a positive symmetric bijective linear operator.

Let z € C17v(I,RY) and let b : I x R® — L(RY R®) be a continuous integrand
operator satisfying the conditions

(By)  |b(t,x)] < M for all z € RE,

(Bz) |b(s,x) = b(t,x)| < w(s,t) for all x € R® and s,t € T with s < t,
(B3) |b(t,x) = b(t,y)| < M||x —y| for allt € I and x,y € R®,

where w is a control function on Ar and M is a positive constant.

Then for any ug € R€, there exists an absolutely continuous solution v : I — R® of
the evolution variational inequality with rough signal and with Volterra integral

u(0) = g
{fot b(s,u(s))dzs —i—fg F(t,s,u(s))ds + f(t,u(t)) — A%(t) €Dy (¢, () + g(t, u(t))),

the inclusion being satisfied for a.e. t € I.

Proof. The assumptions on Sr directly imply that the function ¢ — fot Br(t,s)ds
is in th(] ). Consider the set £ of mappings e : [ x R® — R® Lebesgue measurable
in ¢t and such that

t
le(t, z)|| < ap(t)||z]| + MT|2|1—vars + B (%) +/ Br(t,s)ds forall (t,z) € I x R®
0
and such that for each real r > 0

let, x) —e(t, Yl < @)z -yl forallt € [,z,y € rBge.

By Theorem 3.1 there is a non-negative function p(-) € Lg (1) such that for every
mapping e € £ the solution ((-) of the differential inclusion

{e(t, (1) — AL(t) € D (t, % (t) + g(t,((t))) ae tel
€(0) =g

satisfies ||C(¢)]| < p(t) ae. t € I. Put I'(t) := u(t)Bge for all ¢ € I.
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Consider the subset X' in the Banach space C(I,R°) defined by
X :={q :l€ Sr}

where ¢, is the mapping from [ into R® given by

qe(t) == ug + /Otﬁ(s) ds

and where Sr stands here for the set of Lebesgue almost everywhere selections of
I'. We note at first that X’ is compact convex and equi-absolutely continuous on [
since for any ¢ € St

¢
llge(t) — qe(s)]| < / p(r)dr  for all s,t € I with s <t.

Then for any h € X and any s,t € [ with s <t , using (Bs) and (Bs) we can write

[bt, 1)) = b(s, h(s))| < [b(E, h(t)) — (s, h(t))] + [b(s, h(t)) — b(s, h(s))]

st—i—M/

so that b(-, h(-)) € CT7vo (I, L(R®,R?)) with |b(¢, h(t))] < M for all t € T by (B;).
In particular, for any h € X and any t € I the Young integral f(f b(s,h(s))dzs is
well defined and b(+, h(-)) is bounded in variation uniformly with respect to h € X.
Fix for a moment i € X and define Ij, : I — R® by I, (¢ fo (t,s,h(s))ds and
ep - I x R® — R by

en(t,x) = /Ot b(s, h(s))dzs + In(t) + f(t,z) forall (t,z) € I x R

The inequality ||,(¢)|| < fot Br(t, s) ds easily entails that I,(-) € L%(I), and clearly
en(+, ) is Lebesgue measurable for each z € R®, and for each real >0 and each te [

len(t, z) = en(t, )l <vpelle =yl for all 2,y € rBge.

Further, since Hfot b(s, h(s))dzs|| < MT|z|i_yar.r We have

len(t, z)|| < ayp(t)||z||+MT|2|1—var;s + By (t) / Br(t,s)ds forall (t,z) € I xR".

Therefore, e, € £ and hence, by what precedes, the differential inclusion

vp(0) = ug
{ 3 0(s, h(8)) dzs+In(t)+ (£, vn(t) — A% (1) €D (t, 2o (t)+g(t, va(t)) , ae.tel

admits a unique absolutely continuous solution v, and this solution satisfies the
inequality ||05(t)|| < w(t) a.e. t € I. This ensures that v, € X by definition of X,
so we can consider the mapping ® : X — X with ®(h) = v, for every h € X.
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Let us show that ® is continuous with respect to the topology induced on X by the
topology of uniform convergence on I. For this purpose, it is sufficient to show that,
if a sequence (hy,), in X uniformly converges on I to h € X, then for v, denoting
the absolutely continuous solution of the differential inclusion

vp, (0) = ug
{ Jo (s, P (8))dzs + I, (8) + £ (£, 0n, (1) — AL22(£) €Dip(t, “2m(t) + g(t, vn, (1)),

the sequence (vy, ), uniformly converges on I to the absolutely continuous solution
vy, of the differential inclusion

vr(0) = g
{ 5 0(s, h(8))dzs+In(t) + f(t, vn(t) — AL (1) €D (t, L (t)+g(t,vn(t))) , ace. tET

The inequality ||op, (t)|| < w(t) a.e. t € I yields that (vy,, ), is equi-absolutely con-
tinuous, and these features combined with the equality vy, (0) = wuo allow us by
the Ascoli-Arzela theorem to suppose that (vy, ), uniformly converges on I to an

absolutely continuous mapping u on I. Since vy, (t) = ug + [, ' dy’;” dsforallt el

and since ||t (¢)|| < p(t) for a.e. ¢t € I, we may also suppose that (% 7 )n weakly
converges in L. (I) to some w € L. (1) with ||w(t)|| < u(t) for all t € I so that

t
lim vy, (1) = uo —I—/ w(s)ds for everyt € I.
" 0
Identifying the limits yields for every ¢t € 1
¢
u(t) = ug +/ w(s) ds,
0

so & = w. Furthermore, it is readily seen that the sequence (¢ — fg b(s, hn(s))dzs)n

n

)
uniformly converges on I to ¢ fot b(s,h(s))dzs and the sequences ( (-, on,(4)))
and (g(-, v, (+))),, converge both uniformly on I and strongly in Lg.(I) to f(-,v(-))

and g(-,v(+)) by the boundedness of (v, ), and by the growth conditions of f and g.
On the other hand, noticing that

F(t,s,hy(s)) = F(t,s,h(s)) and ||F(t, s, h,(s))|| < Br(t,s) with G € LI2R+(I x I),

the dominated convergence theorem guarantees that

//1 I | (¢, s, h(s)) = F(t, s, h(s))||* dsdt — 0,

so writing by the Holder inequality

/0 ||Ihn(t)—Ih(t)H2dt:/0 /0(F(t,s,hn(s))—F(t,s,h(s))) ds

<7 [ ([ 1) = Fles b ds) a

< T//I (s a(9) = Flts () dsi.

2
dt

we deduce that (I, (+)), strongly converges in L%(I) to Ij.
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Therefore, by Lemma 4.7 we obtain

/0 t (s, h(s))dzat I (1) + £ (1 u(t)) — A% (1) € &p<t, Wity + gt u(t))) ae.tel

with u(0) = wp, so that by uniqueness we obtain u = vj,. This confirms that
® : X —» X is continuous with respect to the topology induced by the topology of
uniform convergence on /. This continuity of ® : X — X on the compact convex
set X of C'(I,R®) tells us that ® has a fixed point, say h = ®(h) € X. This implies

h(t) = ®(h)(t) = va(t) forallt € I,

hence

vp(0) = wg
{ f(f b(s, vp(8))dzs+In(t)+ f(t, v (t) —ALL(t) €D (t, L2 () +g(t, vn(t))) , ae.tEL

So, putting u(-) = vp(-) we conclude that u(-) solves the evolution variational in-
equality with rough signal and Volterra integral

u(0) = g
I3 b(s,u(s))dzs + [3 F(t,s,u(s)) ds + f(t,u(t)) — A2(t) €dp (t, 22 (t) + g(t, u(t)))
0 ! s 0 T ) dt ) dt ’ ’
the inclusion being satisfied for a.e. t € I. The proof of the theorem is complete. [

Taking, in Theorem 4.8 above, ¢(t,x) = dcw)(x) as the indicator function of C(t)
directly yields the following corollary.

Corollary 4.9. Let [ :=[0,T] and C : I = R® be a closed convex valued Lebesgue
multimapping which has a selection ( € Li.(I), i.e. ((t) € C(t) for all t € I.
Let f,g : I x R® — R® be two mappings such that f(-,x) and g(-,z) are Lebesgue
measurable for all x € R® and such that there are non-negative functions oy, oy,
By, By in L, (I) along with vy, Y, in Ly (I) for each real v > 0 such that for all
(t,x) € I x R®

1) < ap@®)llzll + Br() and |lg(t, 2)|| < ag()]z]l + 5,(2)

and for allt € I and z,y € rBge

1t 2) = FE )l <@z = yll gt 2) = gty < v )]l =yl

Let F : I x I x R® — R® be a mapping such that F(-,-,x) is L(I) ® L(I) measurable
for each x € R® and such that

(i) for some non-negative L(I) ® L(I) measurable function fr : I x I — R with
(t,s) = (Br(t,s))* Lebesque integrable on I x I

|F'(t,s,z)|| < Br(t,s) forallt,s el andx € R,

(ii) for each (t,s) € I x I the mapping F(t,s,-) is continuous on R®.

Let A : R® — R® be a positive symmetric bijective linear operator.
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Let z € CY([,RY) and let b : I x R® — L(R? R®) be a continuous integrand
operator satisfying the conditions

(B1) |b(t,x)| < M for all x € R®,

(Bz) |b(s,x) —b(t, )| <w(s,t) for allz € R® and s,t € I with s <t,
(B3) |b(t,x) —b(t,y)| < M|z —y|| forallt €1 and x,y € RE,

where w is a control function on Ar and M is a positive constant.

Then for any ug € R, there exists an absolutely continuous solution u : I — R® of
the evolution variational sweeping process with rough signal and Volterra integral

u(0) = g
{fo ) dzot L F(t, s, u(s)) ds+ (¢, u(t) ~A%() € Negy (22(1) + gL, u()))

the inclusion being satisfied for a.e. t € I.

4.5. Integro-differential evolution inclusions under rough signals
and time-dependent maximal monotone operators evaluated
at velocity arguments

We begin with a fundamental convergence lemma.

Lemma 4.10. Let I :=[0,T] and let (u,,u)nen be a sequence of absolutely contin-
uous mappings from I into the separable Hilbert space F,

un(t):u0+/0tun(s), u(t):u0+/0tu(s)ds,

(so u,(0) = w(0) = wg) such that (4,), converges to U weakly in L%(I) with
p € [1,+oo[. Foreacht € I let Ay : E = E be a time-dependent maximal monotone
operator such that the multimapping (t,x) — Ai(z) is L(I) ® B(FE)-measurable,
and for which there is a Lebesgue measurable selection ((, &) of the multimapping
t — gph A; with both ((-) and &(-) in LL(I) for q := max{p,p'} and 1/p+1/p' = 1.
Let A : E — E be a positive symmetric linear operator (hence continuous).

Let (fn, )nen be a sequence in L%/ (I) converging strongly in L%/(I) to f and (gn)n be a
sequence in L% (I) converging strongly in LL(I) to g, where as above q := max{p,p'}.
Assume that for every n € N

Fal)) = MG (1) € A (S(t) + gult) ) ace t € 1. (4.18)

Then for a.e. t € I one has f(t) — A%(t) €A (%(t) + g(t)).

Proof. First, note that (Ady,), converges weakly in L% (I) to Ad. Define for each
m € N the nonempty-valued multimapping M,, := E X E by

M, (t) = {(¢ }U ((gph AY) N (mBp x mBg)) for allt € 1.

Noticing that the function (¢, x) +— d(0, Ay(x)) is L(I)@B(E)-measurable (according
to the £(I) ® B(F)-measurability of (¢,z) — A;(z)), we see that the set
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[zl < m, [yl < m, }

gph M,,, = (gph(¢(), () U {(t’x’y) CyeA(t,a), lyll = d(0, Ai(x))

belongs to L(I) @ B(E) ® B(E) = L(I) ® B(E x E). This ensures by [35, Theorem
[11-22] (already recalled in a partial form in (2.3)) that there exists a sequence of
Lebesgue selections (7gm, Okm)ken of My, such that (mpm(t), okm(t)), is dense in
M,,(t) for each t € I. Fix for a moment (k,m) in N x N. Take any Lebesgue
measurable set Z in I. According to the assumptions on (f,)n, (gn)n and (iy,),, we

have as n — oo
[0 mn@ it > [ (10, mnt)

/<gn() Okm(t dt%/ O (1)) dt,

and also /Z (i (£), T (1)) dt — / (AG(E), T (£))) d,

/Z<Un() T (1 dt—>/ ,Orm(t))) dt.

Clearly, the strong convergence of (f,), and (g,), in L%(]) to f and g respec-
tively along with the weak convergence of (), and (Aw,), in L%(I) to u and Au
respectively, assures us as n — oo that

éwwnmw%éwwmmu

/Z (At (t), gn(t)) dt — /Z (A(t), g(t)) dt.

Further, since (g,), strongly converges in L} (1) to g it also holds that

/Z<fn(t),gn(t))dt—> /Z<f(t),g(t))dt.

Now define ¢y : [ x E — RU {400} by
Ya(t,z) = (Ax,z) forall (t,z) e [ X E.

This function v, is a non-negative convex normal integrand by the positivity of the
linear operator A, so the lower semicontinuity property in [33, Theorem 8.1.6] gives

1mmémmwaémwmm

that is, lim inf /Z (Nt (£), i (1)) dt > /Z (Aa(t), a(t) dt. (4.19)

n

By the differential inclusion assumption and by monotonicity of A;, for each n € N
we can write for a.e. t €

(N (t) = fu(t), tn(t) + gn(t) = T (t)) < (Tkm(b); Thm(t) = Un(t) = gn(t)) -



1102 C. Castaing et al. / Evolution Inclusions ...

By integration of this inequality on Z we obtain for each n € N

/Z (N (8) — o (£), i (£) + G (£) — (1))
< / (Gt (1)) T (£) — i (£) — (1)) i,

which gives as n — oo (by (4.19) and the convergences preceding it)

/Z [(Na(E) = F (1), t) T g(t)— ()] di < / (@) Wi (£) — () — g (£))] .

Z

This being true for every Lebesgue measurable subset Z of I, there exists a Lebesgue
measurable null subset Ny ,,, in I such that fo every t € I'\ Ny,

(Na(t) = f(t), a(t) + g(t) = Tem(t)) < (Okm(t), T (t) —a(t) — g(t)) . (4.20)

On the other hand, we know that a subsequence of (i, + ¢,), Komlos converges
to @+ ¢ (according to its weak convergence in L% (1)), so there exist an increasing
function s : N — N and a Lebesgue negligible set N C [ such that for every t € I\ N
(by convexity of D(A;), as recalled in Lemma 3.11(a))

DAY > =3 (i 1) + g (1)) = 1) + 9(0),

hence we have u(t) + g(t) € D(A;). Now put N := [ n)enxny Nem and fix any
te P:=1\(NUN’). Take any z € D(A;) and choose an integer m € N satisfying

m > max{|z|, [ A7 (@), [CB)II, €D}

so (z,AY(z)) € M,,(t). By the density of (Txm(t), 0km(t))ren in M, (t) there is a
subsequence (7, (t), 0k m(t)) ke With an infinite subset K C N such that

lim (i (), 01 (1)) = (2, A%(a)).

K3k—o0

From this and from (4.20) we derive

(MG = £, G0+ 9(0) — ) < (), = G0 = 9(0))

Since this is true for all z € D(A;) and since u(t) + g(t) € D(A;), Lemma 3.11

assures us that
du

F(t) = A% 1) € 4 (S0 + 1))
which finishes the proof. ]

In complement to Theorem 4.8 and with the help of the above lemma, we pass to the
case concerning the situation of differential inclusions involving A, (%%(t) + g(¢, u(t)))
with maximal monotone operators A, in place of Oy, (24(¢) + g(t, u(t))).
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Theorem 4.11. Let I := [0,T] and let f,g : [ x R® — R® be two mappings such
that f(-,x) and g(-,z) are Lebesque measurable for all x € R® and such that there
are non-negative functions ay, ag, By, By in L (I) along with g, vg, in Lg, (I)
for each real r > 0 such that for all (t,x) € I x R®

1) < ap@®)lzll + Br(t) and lg(t, 2)|| < ag(@)]z]|l + 5,(t)

and for allt € I and x,y € rBge

1) = FE )l <@z = yll gt 2) = gt 9)| < 390l =yl

Let F': I x I x R® — R® be a mapping such that F(-,-,x) is L(I) ® L(I) measurable
for each x € R® and such that

(i) for some non-negative L(I) @ L(I) measurable function S : I x I — Ry with
(t,s) = (Br(t,s))? Lebesgue integrable on I x I

|F'(t,s,z)|| < Br(t,s) forallt,s el andx € R,

(ii) for each (t,s) € I x I the mapping F(t,s,-) is continuous on R®.

Let A : R® — R€ be a positive symmetric bijective linear operator. For eacht € I let
A;: D(A;) C R® = R be a mazximal monotone operator such that the multimapping
(t,z) = Ai(x) from I xR® into R® is Lebesque measurable and there are w(-) € Li.(I)
and () € L3.(I) with o(t) € Ay(w(t)) for allt € I. Let z € C*=*"(I,RY) and let
b:I xR — L(R?R®) be a continuous integrand operator satisfying the conditions

(B1) |b(t,x)| < M for all x € R®,
(Bz)  |b(s,x) —b(t, )| <w(s,t) forallz € R® and s,t € I with s <t,

(Bs) |b(t,x)—=b(t,y)| < M||lx—vy]|| forallt €I andx,y € R®, where w is a control
function on Ar and M is a positive constant.

Then for any ug € R®, there exists an absolutely continuous solution u : I — R® of
the integro-differential evolution inclusion with rough signal and Volterra integral

{u(O) = ug

JEbssu(s)) dz+ J2 F(ts,u(s)) ds + F(tu(t) — A2(0)€ A, (4(2) + glt,ult))))
the inclusion being satisfied for a.e. t € I.

Proof. First, it can be easily seen that the function ¢ — fot Br(t,s)ds is in Lg ().

We continue by employing arguments similar to those for Theorem 4.8. Define £ as
the set of mappings e : I x R® — R® Lebesgue measurable in ¢ and such that

le(t, )|l < ap@)z]l + MT|2[1vars + By (1) +/O Pe(t,s)ds (4.21)

for all (t,z) € I x R and such that for each real r > 0

le(t, x) —e(t, Yl <)z —yll forallt € [,z,y € rBge. (4.22)
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By Theorem 3.16 there is a non-negative function pu(-) € L%h (I) such that for every
mapping e € £ the solution ((-) of the differential inclusion

{e(t, C(t)) — AC(t) € A, (5@) +g(t, C(t))) ae.tel

satisfies ||C(t)|| < pu(t) ae. t € I. Put T'(t) := p(t)Bge for all t € I. Consider the
subset A" in the Banach space C'(I,RR¢) defined by

X :={q:le€Sr}

where ¢, is the mapping from [ into R® given by

qe(t) == ug + /Otﬁ(s) ds

and where we recall that St stands for the set of Lebesgue almost everywhere se-
lections of the multimapping I'. We note at first that X is compact convex and
equi-absolutely continuous on [ since for any ¢ € Sr

¢
llge(t) — qe(s)]| < / p(r)dr  for all s,t € I with s <.

Then for any h € X and any s,t € I with s <t , using (B,) and (Bs) we can write

[b(t, h(t)) — b(s, h(s))| < [b(Z, h(£)) = b(s, h(t))] + [b(s, h(t)) — b(s, h(s))]

so that b(-, h(-)) € CT7vo" (I, L(R¢,R?)) with [b(¢, h(t))| < M for all t € I by (By).
In particular, for any h € X and any t € I the Young integral f(f b(s,h(s))dzs is
well defined and b(-, h(-)) is bounded in variation uniformly with respect to h € X.
Fix for a moment i € X and define Ij, : I — R® by I;,(t fo (t,s,h(s))ds and
ep - I x R® — R by

en(t,x) = /Ot b(s,h(s))dzs + In(t) + f(t,z) for all (t,z) € I x R

Clearly, ey (-, x) is Lebesgue measurable for each x € R®, and for each real r > 0 and
eacht € [

llen(t, z) —en(t,v)|| < vrllz —yl| forall z,y € rBge.

I3 b(s, h(s)) dz

Further, since < MT|z|1-var:s We have

len(t, 2)|| < ayp(t)||z]| + MT|2|1—vars + B (2) / Br(s,t)ds for all (t,z) € I x R®.
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Therefore, e, € £ and hence, by what precedes, the differential inclusion

vh(O) = g
{ (5. b)) et Tn(t) + Tt 0n(6)) — Ain () € A (50(0) + gt 04 (1)) .t € 1

admits a unique absolutely continuous solution vy, which satisfies |0, (2)| < p(t) a.e
t € I. This ensures that v, € X by definition of X, so we can consider the mapping
¢ : X — X with ®(h) = v, for every h € X. Let us show that ® is continuous with
respect to the topology induced on X by the topology of uniform convergence on
I. For this purpose, it is sufficient to show that, if a sequence (h,), in X uniformly
converges on [ to h € X, then for vy, denoting the absolutely continuous solution
of the differential inclusion

vp,, (0) = ug
{ f(f b(S, hn(S))dZs+Ih(t)+f(t, Uh,, (t)) _Ai)hn (t) S At (Uhn (t)+g(t, Uh,, (t))), a.e. te ],

the sequence (vy, ), uniformly converges on I to the absolutely continuous solution
vy, of the differential inclusion

vp(0) = ug
{ fg b(s,h(s)) dzs+1In(t)+ f(t, vp(t)) —Avp(t) € Ay (¢, 0n(t)+9g(t, vn(t))), ae. teL.

Since (vp, )n is equi-absolutely continuous according to the inequality ||os, (¢)] < p(t)
a.e. t € I, we may and do suppose that (vp,), uniformly converges on I to an
absolutely continuous mapping v on /. Since vy, (1) = up + fo Op, (s)ds for all t € I
and since ||, ()| < w(t) for a.e. ¢t € I, we may also suppose that (0, )n weakly
converges in L2.(I) to some w € L2, (I) with ||w(t)| < u(t) for all t € I, so that

t
lim vy, (t) = uo +/ w(s)ds foreveryt e I.
" 0

Identifying the limits yields for every ¢ € I
t
v(t) = ug +/ w(s) ds,
0

n

so © = w. Furthermore, it is readily seen that the sequence (¢ — fo hn(s)) dzs)
uniformly converges on I to t+— fo s,h(s)) dzs and the sequences ( (v, (),
and (g(-, v, (+))),, converge both uniformly on I and strongly in Lg.(I) to f(-,v(-))
and g(-,v(+)) by the boundedness of (v, ), and by the growth conditions of f and
g. On the other hand, as in Theorem 4.8 we can see that the sequence (I, (+))n
strongly converges in L%(I) to I;(-). Therefore, by Lemma 4.10 we obtain

/Ot b(s, h(s))dzs + In(t) + f(t,u(t)) — Aa(t) € A (ut) + g(t,u(t))) ae.t € I

with u(0) = ug, so that by uniqueness v = v,,. This confirms that & : X — X is
continuous with respect to the topology induced by the topology of uniform con-
vergence on [.
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This continuity of ® : X — X on the compact convex set X' of C'(I,R®) tells us that
® has a fixed point, say h = ®(h) € X. This means that

h(t) = ®(h)(t) = vu(t) for allt € I with

Uh(()) = U
{ [5b(s,vn())dzs + In(t) + f(t,on(t)) — Aoy (t) € Ag(0n(t), gt vn(t))), ae.t € 1.

So, putting u(-) = vp(-) we conclude that u(-) solves the integro-differential evolution
variational inequality with rough signal and Volterra integral

u(0) = uyg
{fo dZS+f0 (t,s,u(s))ds+ f(t,u(t))—Au(t) € A (t,0(t)+g(t, u(t))),

the inclusion being satisfied for a.e. ¢t € I. The proof of the theorem is finished. [

5. Differential evolution inclusions coupled with rough signals,
Volterra-type integrals and fractional differential equations related to
Riemann-Liouville fractional derivatives

In this section we are interested in fractional order boundary problems involving
evolution differential inclusions associated with rough signals and Volterra integral
perturbations.

We will start with such above problems with operators evaluated at velocities and
with perturbations involving the Riemann-Liouville fractional derivative. Otherwise
stated, we will consider in the setting of the separable Hilbert space E problems of
the following type:

Dh(t) + AD*'h(t) = u(t), t € [0,1], (5.1)
. L-s) _
Tge(®)limo 1= lim | S5 —h(s) ds =0, (5.2)
h(1) = [0, h(1) = /1 wh(s) ds, (5.3)
0ty e A (%) + g(t,u(t) /ft,s,u W(s))ds aete0,1], (54)

where a €]1,2], 5 € [0,2 — a],\ > 0, > 0 are given constants, D is the standard
Riemann-Liouville fractional derivative, I' is the standard Gamma function and
f:[0,1] x [0,1] x E x E — FE is a single-valued mapping, and A, : D(4,) CE = E
is a maximal monotone operator for each ¢ € [0, 1].

Definition 5.1. Let f be a mapping from [0, 1] into the separable Hilbert space E
and let a real @ > 0. The fractional Bochner-integral of order a of the mapping f
is defined by

e [ S ) as

for any 0 < 0 <t <1 for which the Lebesgue-Bochner integral exists in E. [
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When f € L([0,1]) one knows by [65]:

o if 0 <a <1, then I+ f(t) exists in E for almost every t € [0, 1] and
Lo+ f € Li([0,1])

o if > 1, then I+ f(t) exists in E for all ¢ € [0,1] and I+ f € Cg([0, 1]).
Definition 5.2. Let a > 0 and n := [a] 4+ 1, where [a] denotes the integer part

of a. For f € LL([0,1]), its Riemann-Liowville fractional derivative of order a at
t € [0, 1] is given by

n n t —s n—a—1
D" f(8) = D310 = S 1) = g [ e s

whenever the latter exists. O]

We refer to [50], [54], [66], for the general theory of Fractional Calculus and Frac-
tional Differential Equations.

Following standard notation, W;:}E([O, 1]) denotes the space of all continuous map-
pings from [0, 1] into the separable Hilbert space F such that their Riemann-Liouville
fractional derivatives of order o —1 are continuous and their Riemann-Liouville frac-
tional derivatives of order av are Bochner integrable.

We will have to use some elementary features from [24] that we recall in Lemma 5.3
and Theorem 5.4 below.

Green function and its properties. Let us consider
€|L,2], €0,2—a], A>0, v>0. (5.5)
Define the Green function G : [0,1] x [0,1] — R by

Gt ) = (s) 125 exp(— M) + { PO R A, D e 2

Y — —8—7

where (s) = PO [0 exp(—2)) ) (1) — (17 (exp(=0) ) (1)]

with o = (15 (exp(=20)) ) (1) = (I (exp(=A)) ) (1).

Lemma 5.3. Let E be a separable Hilbert space. Let o, B, A,y be as in (5.5) and
let G be the Green function defined as in (5.6). The following hold.

(a) G(-,-) satisfies the estimate

1 1+T(y+1) .
G ) < 7 (|M0|F(04)F(7+1) * 1) = Me.

(b) Ifuce€ ng ([0,1)) satisfies boundary conditions (5.1), (5.2), (5.3) above, then

u(t) = /0 G(t,s) (D%u(s) + AD*u(s)) ds  for every t € [0, 1].
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(c) Forany f € L ([0,1]) and for uy : [0,1] — H defined by
/Gts s)ds for te€]0,1],

one has I§+Uf( ) =0 = 0 and uy(1) = (1] uy) (1).
Moreover, one also has uy € Wg:}j([o, 1]) and
(D%ug) (t) + A (D uy) (t) = f(t)  forall tel0,1].
The following theorem characterizes the topological structure of the solution set.

Theorem 5.4. Let E be a separable Hilbert space and Let o, 3, X\, be as in (5.5).
Let X : [0,1] = E be a measurable multimapping with nonempty compact convex
values in E such that X (t) C {Bg for allt € [0, 1], where ¢ is a positive real constant,
and let Sx be (as above) the set of all measurable selections of X. Then the set of
Wg”]E([O, 1])-solutions of the problems for all f € Sx

{ Deu(t) + AD* " u(t) = f(t), ae. t €[0,1] (5.7)

I ult) li=o = 0, (1) = I u(1)

is equi-Lipschitz, convex and compact in Cg([0, 1]) relative to the topology of uniform
convergence on [0, 1].

We can now state and prove the existence result for the fractional differential inclu-
sion which we are interested in.

Theorem 5.5. Let o, B, A,y be as in (5.5), I :==[0,1] and ¢ : I x R® — RU {+0o0}
be a normal conver integrand for which there are a mapping ¢ € L.(I) such that
t = /(pe(C(t))T is in Ly (I) and two non-negative functions ay, B, = I — R with

/By € L, (I) such that
“ag(t)llzll — Bo(t) < p(tz) for all (t.x) € T x B

(note that /B, € Lg (I) since B, € Lg, (I)). Let f,g : I x R® = R® be two
mappings such that f(-,x) and g(-,x) are Lebesque measurable for all x € R® and
such that there are non-negative functions oy, oy, By, By in L. (1) along with vy,
Yo in Ly, (I) for each real v > 0 such that for all (t,x) € I x R

1F (& 2)|| < ap(@)xf] + Bp(t)  and |lg(t, 2)[| < ag(t)|[z]] + By(t)
and for allt € I and z,y € rBge

17 () = F@ )l <@z = yll gt 2) = gt 9)| < vg0 )]l =yl

Let F': I x I x R® — R® be a mapping such that F(-,-,x) is L(I) ® L(I) measurable
for each x € R® and such that

(i) for some non-negative L(I) @ L(I) measurable function S : I x I — Ry with
(t,s) — (Br(t,s))* Lebesque integrable on I x I

|F(t, s, x)| < Br(t,s) forallt,s €l andx € R®,

(ii) for each (t,s) € I x I the mapping F(t,s,-) is continuous on RC.
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Let A : R® — R be a positive symmetric bijective linear operator.

Let z € CY7([,RY) and let b : I x R® — L(RY R®) be a continuous integrand
operator satisfying the conditions

(By) |b(t,x)] < M forall x € R®,

(B2)  |b(s,z) —b(t, )| <w(s,t) for all x € R® and s,t € I with s <t,
(B3)  |b(t,x) = b(t,y)| < M|z —y|| forall t €I and z,y € R,

where w is a control function on I and M is a positive constant.

Then for any ug € R®, there exist a W;:]ﬁe([o, 1]) mapping & : I — R® and an abso-
lutely continuous mapping u : I — R® satisfying the fractional evolutional integro-
differential inequality with rough signal

(DOE(t) + ADLE(t) = u(t), ae. t e

1) o = 0, &(1) = I3,.£(1)

u(0) = g

o (s, €(9))dzst [y F(t,5,€(5)) ds + f(t,ult)) — A% (t) € Dp(t, @ (t) + g(t, u(t))),

the inclusion being fulfilled for a.e. t € I.

Proof. Consider the set £ of mappings e : I x R® — R® Lebesgue measurable in ¢
and such that

le(t, @) < ap@®)l|zll + MT|zls—vars + 55 () / Bi(t,s)ds forall (t,7) € I x R®

and such that for each real r > 0
le(t,z) —e(t,y)|| < vpr@)||x —yl forallt el z,y € rBge.

By Theorem 3.1 there is a non-negative function p(-) € Lg (1) such that for every
mapping e € £ the solution ((-) of the differential inclusion

{e<t,<<t>) AL() € 0 (1, (1) + g(t,C(1) ae.tel
¢(0) = uo
satisfies ||C(t)|| < p(t) ae. t € I. Put A(t) == ug + <f0 ds) Bge for all ¢ € 1.

Recalling that ((t) = uy + fo s)ds for all t € I with ((t) € pu(t)Bge we see that
¢(t)e A(t) for all t€I. Consider the set X in the Banach space C'(I,R¢) defined by

X = {qg:EESK},

each mapping ¢, being given for any t € I by q,(t fo s)ds, where G is the
Green function given in (5.6) and S} is the set of all Lebesgue 1ntegrable selections
of the multimapping A(-) from [ into R¢. We note that X is equi-Lipschitz, convex,
compact in Cg(I) for the topology of uniform convergence (see Theorem 5.4 and
Lemma 5.3) and that for every h € X

|h(t) — h(s)|]| < N[t —s| foralls,tel,

where N is a positive constant independent on h € X.
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Then for any h € X and any s,t € I with s <t, using (By) and (B3) we can write

[b(t, h(t)) = b(s, h(s))| < [b(t, k(1)) — b(s, h(t))[ + [b(s, h(t)) — b(s, h(s))]
< w(s,t)+ MN|t — s|

so that b(-, h(-)) € C'7vo" (I, L(R®,R®)) with |b(¢, h(t))| < M for all t€ I by (B;). In
particular, for any h € X and any ¢ € I the Young integral fot b(s,h(s))dzs is well
defined and b(-, h(-)) is bounded in variation uniformly with respect to h € X.

Fix for a moment A € X and define e;, : I x R® — R® by

en(t, ) = /Ot b(s, h(s))dzs + /OtF(t,s, h(s))ds+ f(t,z) forall (t,x) € I x R®.

Clearly, ey (-, x) is Lebesgue measurable for each x € R¢, and for each real » > 0 and

each tel
le(t,a) — et p)ll < vpollz —yll - for all 2,y € rB..

Further, since || [; b(s, h(s)) dz|| < MT|2|1_yar;r We have

len(t, )| < ap (@) 2]+ MT|2]1—vars + B4 (1) /ﬁpts s for all (t,2) € I x R".

Therefore en, € &€ and hence, by what precedes, with I;, : I — R defined by
fo (t,s,h(s))ds the differential inclusion

vp(0) = vy
{ fg b(s, h(s)) dzs+1(t)+ f(t, vp(t)) —ALE(t) €D (¢, L2 (t)+g(t,vn(t))) , ae.t €L

admits a unique absolutely continuous solution v, which satisfies the inequality
|lon(t)|| < wp(t) a.e. t € I. This ensures that the mapping ¢ — folG(t, s)up(s) ds
belongs to X by deﬁmtlon of X. Then, we can consider the mapping ® : X — X
with ®(h fo (t,s)vp(s)ds for every h € X and for every t € I. Let us show
that & is contmuous with respect to the topology induced on X by the topology
of uniform convergence on I. For this purpose, consider any sequence (h,,), in X
converging uniformly on / to a mapping h € X. Denote by v, the absolutely
continuous solution of the differential inclusion

Up, (O) = Ug
{ Jy B, Ton()) 2, + T, (8) + (00, (1) = A% (1) €04 (1, % (1) + g (8, vn, (1)),

the inclusion being satisfied for a.e. t € I. We are going to show that the sequence
(vp, )n uniformly converges on I to the absolutely continuous solution v, of the
differential inclusion

vp(0) = g
{ 3y b(s, h(8))dzs+In(t) + F(t, vn(t) — AL (1) €D (t, Lo (t)+g(t,va(t))) , ace. tET

The inequality ||on, (t)|| < w(t), valid for a.e. t € I, ensures that (vp,), is equi-
absolutely continuous, and these two properties allow us to suppose that (vp,)n
uniformly converges on I to an absolutely continuous mapping v on I.
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Since vy, (t) = vo + J}o q %(s) ds for all t € I and since ||, ()] < p(t) ae. t €1,

we may also suppose that (dZ;"

with ||w(t)|| < u(t) for all t € I, so that

) weakly converges in L2.(I) to some w € L2.([)

t
lim vy, (t) = vo + / w(s)ds for every t € I.
" 0

It follows that for every ¢t €
t
v(t) = vo +/ w(s) ds,
0

which gives in particular v = w. Furthermore, it is readily seen that the sequence
(t — fot b(s, hy(s)) dzs), uniformly converges on I to t — fot b(s,h(s))dzs and that
the sequences (f(-,vp,())),, and (g(-,vp,(-))), uniformly converge on I to f(-,v(-))
and g(-,v(-)) respectively. Therefore, by Lemma 4.7 we obtain

/0 (s, h(s)) dzo + Iu(t) + F(t,0(t)) — A% (1) € ago(t, Wt) + gt U<t))) aetel

with v(0) = v, so that by uniqueness v = vy,. As desired, this confirms the uniform
convergence on I of (vp,(+))n to vp(+).

Now, let us write by Lemma 5.3

W@M@—¢@WW=lAG@QWA@%—ACWAM$M8

/0 G(t, 5)[on (5) — vn(s)] ds

< [ Mol (s) = o)l s

Since ||vp,, () — vp(+)|| = 0 uniformly on I as n — oo, we deduce that
1
sup [| @ (hn) () = () ()] < / Ma|lvn,(s) — vn(s)l| ds — 0,
te 0

which implies that (®(h,,)), converges to ®(h) uniformly on I. This proves the
desired continuity of & : X — X with respect to the topology induced by the
topology of uniform convergence on I. This continuity of & : X — X on the compact
convex set X of C(I,R°) tells us that ® has a fixed point, say h = ®(h) € X. This
means, according to the definition of ® and to Lemma 5.3(c), that

h(t) = ®(h)(t) = /1 G(t,s)vp(s))ds for all t € 1
and also ’
Dn(t) + AD* 7 h(t) = vy (t), ae. t €1
Ijeh(t) li=o =0, h(1) = I k(1)
vR(0) = ug
[3b(s, h(s))dzs+ [3 F(t, s, h(s)) ds+ f(t,v(t) — AL (1) € Dp(t, Lo (t)+g(t, vi(1))),

where the inclusion is satisfied for a.e. ¢ € I.
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So, by putting & = h, u = v, we conclude that the pair (£, u) solves the frac-
tional/evolutional inequality with rough signal and Volterra integral

(Do¢(t) + ADE(t) = u(t), ae. t € [0,1]

.6 =0 =0, €(1) = I7,.£(1)

u(0) = ug

o b5, 6(5))dza+ fy F(t,5,8(5)) ds+ (£, u(t) — N2 () € Dp(t, S (1) +9(t, u(1))),

the inclusion being satisfied for a.e. ¢t € I. The proof of the theorem is finished. [

Sweeping processes under rough signals and coupled with fractional differential equa-
tions and Volterra-type integrals easily follow with ¢(t,2) = dc() () in the following
form.

Corollary 5.6. Let I := [0,1] and let C : I = R® be a closed convezr valued Le-
besgue multimapping which has a selection ¢ € L3.(I), i.e. ((t) € C(t) for allt € I.
Let f,g : I x R® — R® be two mappings such that f(-,x) and g(-,z) are Lebesgue
measurable for all x € R® and such that there are non-negative functions oy, oy,
Br, By in Ley (I) along with g, Ygr in Ly, (I) for each real v > 0 such that for all
(t,z) € I x R®

1F (@)l < ap(@)xfl + Bp(t) and |lg(t, 2)[| < ag()|[z]] + By(t)

and for allt € I and z,y € rBge

1t x) = F& )l <@z = yll gt 2) = gt w)ll < vl =yl

Let F: I x I x R® — R® be a mapping such that F(-,-,x) is L(I) ® L(I) measurable
for each x € R® and such that

(i) for some non-negative L(I) @ L(I) measurable function S : I x I — Ry with
(t,s) = (Br(t,s))* Lebesque integrable on I x I

|F(t,s,2)|| < Br(t,s) forallt,s €I andx € R®,

(ii) for each (t,s) € I x I the mapping F(t,s,-) is continuous on RC.

Let A:R¢ — R® be a positive symmetric bijective linear operator. Let z€ C1=v% (I, R%)
and let b : I x R® — L(RY R®) be a continuous integrand operator satisfying the
conditions

(B1) |b(t,z)] < M for all z € R,

(B2) |b(s,x) = b(t,x)| < w(s,t) forall z € R® and s,t € T with s < t,

(B3) |b(t,x) = b(t,y)| < M||x—y|| forallt €l and z,y € R,

where w is a control function on I and M is a positive constant.

Then for any uy € R®, there exist a Wg:ﬁge([(), 1]) mapping & : I — R® and an abso-
lutely continuous mapping u : I — R® satisfying the fractional evolutional integro-
differential variational inequality with rough signal
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(DOE(t) + ADLE(t) = u(t), ae. t e
1) o = 0, &(1) = I3,.£(1)
u(0) = ug € R®
o b(5,€(5))dzs+ fy F(t,5,6(5)) ds+ f (8, ult)) — A%E(t) € Now (%) + g(t,ult))),

where the inclusion is required to be fulfilled for a.e. t € I.

Remark 5.7. Theorem 5.5 and its Corollary 5.6 contain several novelties since we
consider here the problem driven by a fractional/evolutional dynamic with rough
signal by contrast with the problem driven merely by a fractional inclusion in the
form (with I :=[0,1])

Du(t)+AD Mu(t) € M (t,u(t), D u(t)), ae.t€ 1, 10 u(t)]i=o = 0,u(1) = IJ,u(1),
for a multimapping M : I x R® x R® = R®. O
It is worth mentioning that when o« = 2, D*u(t) = (t), D* tu(t) = u(t), so with
I := 0, 1] the problems in Theorem 5.5 and its Corollary 5.6 respectively are reduced
to mechanical problems with dry friction/evolutional dynamic with rough signal

)+ M) = u(t), ae. tel

IJ.E() [0 =0, &(1) = IJ,£(1)

u(0) = ug

Jo b(s, &(s))dze+ [y F(t,5,6(5)) ds + f(t,u(t)) — A2 (t) € Dp(t, L (t)+g(t, u(t))),

and respectively

)+ XN(t) = u(t), ae. tel

IJE() o = 0, &(1) = I7.£(1)

u(0) = o

Jo bls,6()dzat [y F(t 5, €(5)) ds + F(t,u(t)) = Mg (£) € Now (G (D) +9(t, u(t)),
where both above inclusions are required to hold for a.e. ¢t € I.

Those considerations lead, with a multimapping M : I x R® x R® — R® where
I := 10, 1], to more general problems such as

E(t) + AE(t) € M(t,&(t), u(t)),

I (1) im0 =0,  €(1) = I],€(1)

u(0) = wuyg

Jy (s, &(s))dzs+ [y F(t,5,€(s)) ds + f(t,u(t)) — A2 (t) €9p(t, Z(t)+g(t, u(t))),
and

0 € &(t) + (L) + 0 (t, &(t), u(t)),

I (1) im0 =0,  €(1) = I],€(1)

u(0) = g

Jy (s, &(s))dzs+ [y F(t,5,€(s)) ds + f(t,u(t)) — A2 (t) €9p(t, Z(t)+g(t, u(t))),

where all the inclusions are required to hold for a.e. t € I.
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Such problems will be the subject of other works. For clarity, let us mention that
the problem of fractional inclusion

{g(t) + () € M(t, (1)), ae. te0,1]
I E(t) o = 0, &(1) = I0,€(1)

is solved in [24] meanwhile the second order problem of the form
{0€ &)+ 2é(0) +00(1.€(1), ac.te 1]

is studied in [32]. O

Proceeding as in the proof of Theorem 5.5 above with the statement and arguments
of Theorem 3.16 we also have the following theorem concerning differential inclusions
governed by time-dependent maximal monotone operators at velocities under rough
signals and coupled with fractional differential equations and Volterra-type integrals.

Theorem 5.8. Let o, B, \,7y be as in (5.5). Let I :=1[0,1] and let f,g: [ xR® — R
be two mappings such that f(-,x) and g(-, x) are Lebesque measurable for all x € R®
and such that there are non-negative functions ay, oy, By, By in La,(I) along with
Yt Voo @0 Ly (I) for each real r > 0 such that for all (t,z) € I x R®

1F (o)l < ap@zll + B¢(8) and gt 2)|| < ag(®)llz]] + By (?)

and for allt € I and z,y € rBge

1t 2) = FE )l < e @Ollz =yl N9, 2) = 9@yl < @)z =yl

Let F : I x I x R® — R® be a mapping such that F(-,-,x) is L(I) ® L(I) measurable
for each x € R® and such that

(i) for some non-negative L(I) ® L(I) measurable function Br : I x I — R with
(t,s) = (Br(t,s))? Lebesque integrable on I x I

|F(t,s,2)|| < Br(t,s) forallt,s €I andx € R®,

(ii) for each (t,s) € I x I the mapping F(t,s,-) is continuous on R®.

Let A : R¢ — R€ be a positive symmetric bijective linear operator. For eacht € I let
A; : D(A;) C R® = R be a mazximal monotone operator such that the multimapping
(t,x) — Ay(z) from I xR into R¢ is Lebesque measurable and there are w(-) € La.(I)
and () € L&.(I) with o(t) € Ay(w(t)) for allt € I. Let z € C*=""(I,RY) and let
b:IxRe— L(RYR®) be a continuous integrand operator satisfying the conditions
(B1) |b(t, )] < M for all x € R,

(By)  |b(s,z) —b(t,z)| < w(s,t) for all z € R® and s,t € I with s <t,

(B3) |b(t,x) = b(t,y)| < M|z —vy|| forallt €l and x,y € R,

where w is a control function on I and M is a positive constant.

Then for any uy € R®, there exist a Wg:ﬁge([(), 1]) mapping & : I — R® and an abso-
lutely continuous mapping u : I — R® satisfying the fractional evolutional integro-
differential system with rough signal
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DoE(t) + ADYYE(t) = u(t), ae. t €T

IJE() |imo =0,  &(1) = I).€(1)

u(0) = ug

Jab(s,E(s))dzg+ [y F(t,s,6(5)) ds + f(t,u(t)) — A (t) € A, (2(t) + g(t, u(t))) .

where the inclusion is required to hold for a.e. t € I.

Remark 5.9. It is worth mentioning that, under the above assumptions on the
maximal monotone operator A;, it can be seen that the mappings ¢ th (x) and
t — A\(t,x) are measurable. O

We pass now to another important variety of problems where the operator A; is
evaluated at the state u(t) instead of the velocity 2(¢). In the statement we keep
D¢ as the Riemann-Liouville fractional derivative of order a.

Theorem 5.10. Let I := [0, 1] and let (A¢)ier be mazimal monotone operators on
R satisfying the following conditions (A;) and (A3):
(A1) There exists a function r € WY2(I) which is non-negative on [0, 1] and non-
decreasing with r(1) < oo and r(0) = 0 such that
dis(As, As) < |r(t) —r(s)| for allt,s € I,
(Az)  there exists a non-negative real number ¢ such that
|AYz|| < c(1+||z]]) forall t €I, x € D(A).

Let z € C'7v"(I,RY) and let b : I x R® — L(RYR®) be a continuous integrand
operator satisfying the conditions

(B1) |b(t,z)] < M for all x € R,

(B1) |b(s,x) —b(t, )| <w(s,t) forallz € R® and s,t € I with s <t,
(B1) |b(t,x) —b(t,y)| < M|z —vy|| forallt €l and x,y € R,

where w is a control function on [0,T] and M is a positive constant.

Let f: I xR x R® = R® be a Carathéodory mapping for which there is a function
a € Lg, (I) such that

W) &z )l <alt) foraltel, v,y € RS,

(i) for each real n > 0 there is a non-negative function k,(-) € Ly (I) such that
for each (t,z) € I x R® we have

<f<t,y1,.’ll') - f(tay%m)ayl - Z/2> Z _Kvn(t)”yl - y2“2 fOT‘ all Y1, Y2 c Re.
Assume that o €]1,2], 5 € [0,2 —a], A > 0, v > 0. Then for any uy € D(Ay),
there exist a Wg”%{e([o, 1]) mapping € : I — R® and an absolutely continuous mapping
u: I — R® satisfying the dynamic FDI/ EVI with rough signal
(DoE(t) + ADLE(t) = u(t), te
Ig:E(t) =0 =0, €(1) = I, €(1)
u(t) € D(A(t)), t eI
—du () € Awlt) + f(tu(t), [y b(s,&(s))dz)  ae.tel
u(0) = uo.
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Proof. For any continuous mapping ¢ : I — R® the mapping f, : I x R® — R®
defined by
fo(t,x) == f(t,z,g(t)) forall (t,z) € I x R®

is Lebesgue measurable for every x € R®, continuous in z on R® for every ¢t € I, and

satisfies
| fo(t,z)|| <a(t) forall (t,z) € I x R®

and for each real n > 0
(fo(t, ) = fo(t.y),x —y) > —wy(t)[lz — y|I*  forall (t,2,y) € I x Bre X Bge.

Then, given ug € D(Ap), by Theorem 4.3 there is a unique absolutely continuous
solution u, to the differential inclusion

{ug(O) = Uy
— G (1) € Awug(t) + f(tug(t), (1) ae t €T,

further wu,(t) € D(A:) for all t € I and uy(-) is uniformly bounded and equi-
absolutely continuous with

so for some real constant L > 0 one has for every Lebesgue measurable mapping
g: I —Re°

Lo ()| <90 = K+ 70) +a®) + alt), (58)

llug()|| <L foralltel.

Now let us consider the set X defined by X :={¢,: I — R®: ( € Spp .}, each
mapping (, being given for every ¢t € I by

Mﬂzz(XmM@m&

where G is the Green function defined in (5.6). We note that X’ is convex, compact
and equi-Lipschitz (see Theorem 5.4 and Lemma 5.3) with for every h € X

[h(t) = h(s)[l < Nt = s],

where N is a positive constant independent of h. Then for any h € X, using
(Bs), (B3) we obtain

[b(t, h(t)) = b(s, h(s))| < [b(E, h(t)) — (s, h(t))] + [b(s, h(t)) — b(s, h(s))|
<w(s,t)+ N[t — s,
so that for any h € X, b(-,h(-)) € O (I, L(R®,R®)) with |b(¢,h(t))] < M for
all t € I by (By). In particular, for each h € X and each t € I the integral

fg b(s, h(s))dzs is well defined for all h € X and b(-, h(-)) is uniformly bounded in
variation with respect to h € X.
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As consequence, it follows that the set

V= {t — /Otb(s,h(s))dzs ‘he x}

is compact in C'(I,R¢) for the topology of uniform convergence on /. In particular,
if a sequence of mappings (h,), in X converges uniformly on I to a mapping h € X,

then the sequence (¢ — fot b(s, hn(s))dz,), converges uniformly on I to the mapping
t— fg b(s, h(s))dzs. Foreach h € X let usset (again with the above Green function i)

O(h)(t) = /01 G(t,s)un(s)ds forallt eI,

where uy, is the unique absolutely continuous solution to the differential inclusion

up(0) = a € D(A(0))
— D (t) € Ayun(t) + f(t, un(t fo s))dzs) a.e.t el

Then it is clear that ®(h) € X. Now we check that ® is continuous relative to X'
It is enough to show that, if (h,), converges uniformly on I to h in X, then the
sequence (uy, )n, where each wy,, is the unique absolutely continuous solution of the
differential inclusion

{uhn(()) Ug
~ti, () € Agup, () + f(t, un, (5), [y b(s, ha(s))dz,) ae t €1,

uniformly converges on I to the unique absolutely continuous solution w; of the
differential inclusion

up(0) = ug
—tp(t) € Agun(t) + ft,un(s), [Jb(s, h(s))dz,) ae. t el
Since (up, )n is equi-absolutely continuous for each n € N the estimate (see (5.8))
|, ()| < ~(t) ae. t €1,

holds. We may suppose that (uy,), converges umformly on I to an absolutely
continuous mapping w : I — R°® with w(t) = uy + fo s)ds for all t € I. We
may also suppose that (iy, ), weakly converges to a mapplng q € L*(I,R°) with
lg(®)]] < ~(t), hence w = ¢, so for every t € [ we have as n — o0

o (t) = f(t,uhn(t),/o b(s, hn(5))dzs) — K(t) = f(t,w(t),/o b(s, h(s))duw(s)).
Keeping in mind that

kn(D)]] = \f(t,uhnu), [ s =)

‘ <a(t) foralltel

with a € L (I), Lemma 4.2 yields that w is absolutely continuous and solution of
the differential inclusion

{ w(0) = ug
—i(t) € Aqw(t) + f(t,w(t), [y b(s,h(s))dz,) ae. tel.
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Now let us write by Lemma 5.3

||<1><hn><t>—<1><h><t>||:] [ Gt s)ds = [ Gt as

/0 G(t, s)[un, (s) — up(s)| ds

< /0 Mg ||up, (s) — up(s)|| ds.

Since ||up, () — up(-)|| — 0 uniformly on I as n — oo, we deduce that

sup || (hn)(t) — @(h)(1)]| < /0 Mellun, (s) — un(s)| ds — 0,

tel

which entails that ®(h,) — ®(h) uniformly on I. This translates the continuity
of & : X — X with respect to the topology induced by the topology of uniform
convergence on [. Therefore, by the Schauder fixed point theorem ® has a fixed
point, say h = ®(h) € X. This can be translated as

h(t) = ®(h)(t) = /0 G(t, s)up(s)ds for every t € I,

with {wl(o) -
—tp(t) € Agun(t) + f(tun(t), [)b(s,h(s))dz) ae.tel

Further, as we saw above by Theorem 4.3, we have uy(t) € D(A;) for all ¢t € I.

According to Lemma 5.3, this means that we have just shown that there exists a
mapping h € W;:HIQE(I ) such that

t) + ADh(t) = up(t),

t) =0 =0, h(1) =1 n(1)

€ D(Ay),vtel

t) € Agun(t) + f(t,un(t), [) b(s, h(s))dz) ae. t €l

0
t

“h(
I
( )=
un(

—Up,

)
[ —tn(

This finishes the proof of the theorem with £ := h and u := uy,. [

6. Differential evolution inclusions coupled with rough signals
and Caputo fractional differential equations

The present section is devoted to problems in the line of those in Section 5 but with
the Caputo fractional derivative instead of the Riemann-Liouville one.

We study Caputo fractional differential inclusions coupled with time dependent max-
imal monotone operators A; : D(A;) = E with ¢ € [0, 1], where FE is still a separable
Hilbert space. For the sake of completeness, we recall some needed properties for
the Caputo fractional calculus and provide a series of lemmas on the corresponding
integral.
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Definition 6.1. Given a function h : [0,7] — E, its Caputo fractional derivative
of order o > 0 at a point t € [0,7]] is defined by

crar 1 Lopt(s)
Dh(t) = F(na)/o = ayra 45

when the latter integral exists in £. Here n = [a] + 1 and [a] denotes the integer
part of the real a. O

Throughout we assume « €]1,2]. We denote by CL([0,7T]) the vector space of dif-
ferentiable mappings from [0, 7] into £ whose first order derivatives are continuous
on [0, 7], and we also denote

Wiw(0,T]) = {u € Cp(0,T)) : °D*"*u € C([0, T)), “D*u € LF([0,T])},

where ¢D* 'y and D% are the Caputo fractional derivatives of order o — 1 and «
of u, respectively.

We recall and summarize some properties of a Green function given in [23] which is
fundamental for many differential equations involving Caputo fractional derivatives.

Lemma 6.2. Keep a€|1,2] and consider the Green function (relative to the Caputo

fractional derivative) G : E T| x [0,T] = R defined by
(t — 5)0‘_1 1 + t (T _ S)(x—l (T _ 8)a_2 '
['(a) _T+2[ I'(«) I(a—1) :|7 Zf 0<s<t,
G(t,s) = Lt T T
+ — s a—1 — s a—2 '
_T+2[ INE) F(al):| if 0<t<s<T.

The following assertions hold.

(a) For f € LY([0,T]) and for the mapping us : [0,T] — E defined by

u(t) :/0 G(t,s)f(s)ds, Vt € [0,T],

one has us(0) = B0y =0, uy(T)+ (1) =0,
c 0171 Ia_lf(T) 2—a
D /f T+2)F(3—a) 27 vt e [0,7],

D%uy(t) = f(t), Vt € [0, T].
(b)  Ifu(-) is a “Wg'E ([0, T])-solution to

where o € LE([0,T)), then u(t) = G(t,s)o(s)ds for allt € [0,T].
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We also recall the following lemma ( [23, Lemma 3.5] ).

Lemma 6.3. Let X : [0,T] = E be a compact convex valued measurable multimap-
ping such that there is a real constant L>0 for which sup{||z||:z€ X (t)} < L < 400

for allt € [0,T]. Then the set X of ‘W7 ([0,T])-solutions to the fractional differ-
ential inclusion cDoult) € X (1), t € [0,T]

u(0) — G(0) =0

w(T) + %(T) =0,

is bounded, convezx, equi-Lipschitz and compact in the Banach space Cg([0,T]) for
the topology of uniform convergence on [0,T].

Using in Theorem 5.5 the Green function (relative to the Caputo fractional deriva-
tive) in (5.6) in place of that (relative to the Riemann-Liouville fractional derivative)
and using also Lemma 6.2 in place of Lemma 5.3 and Lemma 6.3 in place of Theorem
5.4, we obtain our following first result of this section.

Theorem 6.4. Let o €]1,2] and I := [0,1]. Let ¢ : I x R® — R U {400} be
a normal convex integrand for which there are a mapping ¢ € L3.(I) such that
t = \/(@u(C(t))T s in Lg, (I) and two non-negative functions o, B, : I — R with

g, \/By € L, (I) such that

(B2l = B(t) < p(tx) for all (t,7) € T x RE
(note that \/B, € Lg, (I) since B, € Lg (I)). Let f, g : I xR — R® be two
mappings such that f(-,x) and g(-,x) are Lebesque measurable for all x € R® and

such that there are non-negative functions oy, o, Br, By in La, (I) along with vy,
Ygr in Ly (I) for each real r > 0 such that for all (t,z) € I x R®

[f (@t 2)|| < ap@)l|z]| + B¢ (2)  and [lg(t, z)|| < ag(t)]|z]| + By(t)
and for allt € I and x,y € rBge

1t 2) = FE )l <A @Ollz =yl g, 2) = 9yl < .|z =yl

Let F: I x I x R® — R® be a mapping such that F(-,-,x) is L(I) ® L(I) measurable
for each x € R® and such that

(i) for some non-negative L(I) @ L(I) measurable function fr : I x I — Ry with
(t,5) = (Br(t,s))? Lebesque integrable on I x I

|F(t,s,2)|| < Br(t,s) forallt,sel andx € R®,
(ii) for each (t,s) € I x I the mapping F(t,s,-) is continuous on R®.

Let A : R® — R be a positive symmetric bijective linear operator.

Let z € CY([,RY) and let b : I x R® — L(RY R®) be a continuous integrand
operator satisfying the conditions

(B1) |b(t,z)| < M for all z € R,
(Ba)  |b(s,z) — b(t,z)| < w(s,t) forall x € R® and s,t€ with s < t,
(B3) |b(t,x) —b(t,y)| < M|z —vy|| forall tel and x,y € R,

where w is a control function on I and M is a positive constant.
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Then for any uy € R®, there exist a CW;:]E(;(]) mapping £ : I — R® and an abso-
lutely continuous mapping u : I — R® satisfying the fractional evolutional integro-
differential inequality with rough signal

(¢D¢(t) =u(t), tel
£(0) = 5 (0) =0
1)+ 5(1) =0
) = ug
b(

+

u(0
Lo

where the inclusion is required to hold for a.e. t € I.

5, 6(8))dzact [} F(1,5.6()) ds+ (1, u(t)) — A () €0 (1, (1) +g(t, u(1)))

The case of sweeping processes follows by taking ¢(t,x) = do ().

Corollary 6.5. Let o €]1,2] and I := [0,1]. Let C': I =2 R® be a closed convex
valued Lebesgue multimapping which has a selection ¢ € La.(I), i.e. ((t) € C(t) for
allt € I. Let f,g: 1 x R® — R® be two mappings such that f(-,x) and g(-,x) are
Lebesgue measurable for all x € R® and such that there are non-negative functions
ar, ag, By, By in L (I) along with g, vy, in Ly, (I) for each real r > 0 such that
for all (t,z) € I x R®

1F(t o)l < ap@lzll + B(8) and gt 2)|| < ag(®)llz]] + B, ()

and for allt € I and x,y € rBge

1t x) = FE ) < pe@llz =yl g 2) — gyl < var)llz =yl
Let F : I x I x R® — R® be a mapping such that F(-,-,x) is L(I) ® L(I) measurable
for each x € R® and such that
(i) for some non-negative L(I) ® L(I) measurable function fr : I x I — R with
(t,s) — (Br(t,s))* Lebesgue integrable on I x I
|F'(t,s,z)|| < Br(t,s) forallt,s el andx € R,
(ii) for each (t,s) € I x I the mapping F(t,s,-) is continuous on RC.

Let A : R® — R€ be a positive symmetric bijective linear operator.

Let z € C* v ([,R?) and let b : I x R® — L(RY,R®) be a continuous integrand
operator satisfying the conditions

(By) [b(t, )| < M for all x € R,

(B2) |b(s,x) = b(t,x)| < w(s,t) forall z € R® and s,t € T with s <'t,

(B3) |b(t,x) = b(t,y)| < M||x —y|| forallt €l and z,y € R,

where w is a control function on I and M is a positive constant.

Then for any ug € R, there exist a CW;‘:E@(I) mapping £ - I — R and an absolutely

continuous mapping u : I — R® satisfying the fractional/evolutional dynamics with
rough sitgnal
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£(0) = %(0)=0
N+ 51 =0
u(0) = ug

Jo b5, E(5))dzst [y F(t5,€(s)) ds+f (¢, u(t) =A% (£) € Now (4 (8)+9(t ult))

where the inclusion is required to hold for a.e. t € I.

A result similar to Theorem 5.8 with Caputo fractional derivative instead of Riemann-
Liouville fractional derivative also holds true with the same arguments in Theorem
6.6.

Theorem 6.6. Let a€|1,2] and I :=[0,1]. Let f,g: I x R® — R® be two mappings
such that f(-,z) and g(-,x) are Lebesque measurable for all x € R® and such that
there are non-negative functions oy, oy, By, By in L. (1) along with vg,, Ygr in
Ly (I) for each real r > 0 such that for all (t,z) € I x R®

1F (o)l < ap@llzll + Br(8) and gt )| < ag(®)llz]] + B, ()

and for allt € I and x,y € rBge

1t z) = fFEI < vl =yl lgt,x) — g 9l < vz =yl

Let F: I x I x R® — R® be a mapping such that F(-,-,z) is L(I) ® L(I) measurable
for each x € R® and such that

(i) for some non-negative L(I) ® L(I) measurable function Br : I x I — R with
(t,s) = (Br(t,s))? Lebesque integrable on I x I

|F'(t,s,z)|| < Br(t,s) forallt,s el andx € R,

(ii) for each (t,s) € I x I the mapping F(t,s,-) is continuous on RE.

Let A : R — R be a positive symmetric bijective linear operator. For eacht € I let
Ay 2 D(Ay) C R® = R® be a mazimal monotone operator such that the multimapping
(t,z) = Ai(x) from [ xR® into R® is Lebesque measurable and there are w(-) € L. (I)
and o(-) € L2.(I) with o(t) € Ai(n(t)) for allt € I. Let z € C*7"(I,R?) and let
b:IxR®— L(RYR®) be a continuous integrand operator satisfying the conditions

(B1) |b(t,z)| < M for all z € R,
(Bz)  |b(s,x) —b(t, )| <w(s,t) forallz € R® and s,t € I with s <t,
(B3) |b(t,x) = b(t,y)| < M||x—y|| forallt €I and z,y € R,

where w is a control function on I and M is a positive constant.

Then for any uy € R®, there exist a CWg:ﬁ@(I) mapping £ : I — R® and an abso-
lutely continuous mapping u : I — R® satisfying the fractional evolutional integro-
differential system with rough signal
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£(0) = %(0)=0
N+ 51 =0
u(0) = ug

C Jo b(s,6(5))dza+ [§ F(t,5,6(s)) ds + f(t,u(t)) — ADe(t) € Ay (5() + g(t, u(t)))

where the inclusion is required to hold for a.e. t € I.

Regarding the situation where the operator A; is evaluated at the state u() in place
of the velocity CC% (t), the statement and arguments of the next theorem are similar to
those of Theorem 5.10. Here we deal with the Caputo fractional derivative instead
of the Riemann-Liouville one.

Theorem 6.7. Let a €]1,2] and I := [0,1]. Let (A¢)ter be mazimal operators on
Re¢ satisfying the following conditions (Ay) and (As):

(A1) There exists a function r € WY2(I) which is non-negative on [0, 1] and non-
decreasing with r(1) < oo and r(0) = 0 such that
dis(As, As) < |r(t) —r(s)|, for allt,s € I;
(Az)  there exists a non-negative real number ¢ such that
|AYz|| < c(1+||z]]) forall t €I, x € D(A).

Let z € C*v(I,R?) and let b : I x R® — L(RY,R®) be a continuous integrand
operator satisfying the conditions

(By) [b(t, )] < M for all x € R,

(Ba) |b(s,x) = b(t,z)| <w(s,t) forallz € R® and s,t € I,

(B3) |b(t,x) —b(t,y)| < M|z —vy|| forallt €l and x,y € R®,
where w is a control function on [0,T] and M is a positive constant.

Let f: I xR® xR — R be a Carathéodory mapping for which there is a function
a € Li, (I) such that

i) NSzl <alt) foraltel, z,y € R

(ii) for each real 1 > 0 there is a non-negative function r,(-) € L (I) such that
for each (t,z) € I x R®

<f(t,y1,l') - f(t7y27x)7y1 - ?/2) 2 ’%n(t)Hyl - y2||2 fO’f’ all Y1,Y2 € R®.

Then for any uo € D(A(0)), there exist a “Wyge(I) mapping £ : I — R° and
an absolutely continuous mapping u : I — R® satisfying the Caputo fractional
differential inclusion with rough signal

(eDog(t) =u(t), tel

u(t) € DIA(t)), t e I
8 (1) € Aw(t) + f (Lult), fy bls,E(9))dz,) actel
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7. BVRC evolution inclusions coupled with rough signals and fractional
differential equations

First, we summarize and state an important existence result in [21] in the form of
the following theorem. When a vector measure m on a measurable space (Z,¥) is
absolutely continuous with respect to a positive measure v on the same measurable
space, it will be convenient (as usual) to say that m is v-absolutely continuous.

Theorem 7.1. Let E be a separable Hilbert space and for each t € I := [0,T] let
A(t) : D(A(t)) C E = E be a maximal monotone operator satisfying:

(A%)  There exits a real constant ¢ > 0 such that
[AYz) < e(L+lzf])  for every (t,x) € T x D(A(t)),

(A% dis(As, As) < dr(]s,t]), for all 0 < s <t < T, wherer : I — R, is a
on-decreasing right continuous function on I with r(0) =0 and r(T) < +o0,

(A3)  for each t € I the set D(A(t)) is ball-compact.

Let f:I x E— E be a map with f(-,x) Borel measurable for all z € E and for which
there is a real constant M > 0 such that || f(t,z)|| < M for all (t,x) € I X E and

||f<t’$)_f(t7y)||SM”‘T—yH fO?"CL”tG],l’,yEE.

Consider the measure v := dr + dt and assume further that there is 6 > 0 such that
0 <2ML(t)v({t}) <6 <1 foralltel.

Then for each uy € D(A(0)) there is a unique bounded in variation and right
continuous (BVRC) solution to the problem

u(0) = ug
u(t) € D(A(t)) Vtel
the differential measure du is v-absolutely continuous

—%(t) € Au(t) + f(t,u(t));l—i(t) v—aetéel,

further, < K, where K is a real constant depending only on ug, on the

il
dv IILg (1,v)
real constants ¢, M and on the non-decreasing function r(-).

The next theorem establishes the existence of BVRC solutions to differential inclu-
sions as in Theorem 7.1 with the additional presence of rough signals and with the
coupling with fractional differential equations involving fractional Riemann-Liouville
derivatives. It is worth recalling that BVRC mappings from I = [0, 7] into R® are
Borel measurable, a property which will be implicitly used inside the proof of the
theorem. In the statement and beyond we keep, as in Section 5, the notation D*¢ for
the Riemann-Liouville fractional derivative of order a of a mapping ¢ : [0, 1] — Re.

Theorem 7.2. Let I :=10,1] and o €]1,2], 5 € [0,2—a], A >0, v > 0. For each
tel let Ay : D(Ay) C R® = R® be a mazimal monotone operator satisfying:

(A%)  There is a real constant ¢ > 0 such that
|AYz|| < c(1+||z]]) for every (t,x) € I x D(A),
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(A% dis(As, As) < dr(]s,t]), for all0 < s <t < 1, where r : I — R is a
non-decreasing right continuous function on I with r(0) = 0 and r(1) < o0,

(A3)  D(A(t)) is closed for eacht € I.

Let z € C* v ([,R?) and let b : I x R® — L(RY,R®) be a continuous integrand
operator satisfying for some real constant M, > 0 and some control function w on I
the conditions

(B1) |b(t,x)| < M, for all z € R®,

(By)  |b(s,x) = b(t,z)| < w(s,t) forall x € R® and s,t € [ with s <t,

(Bs) |b(t,x) = b(t,y)| < Mp||lz —y|| forallt € I and x,y € R°.

Let f : I x R® x R® — R® be a mapping with f(-,x,y) Borel measurable for all

(x,y) € R® x R® and f(t,-,-) continuous for all t € I, and which satisfies for some
real constant My > 0:

(1) ||f(t,x,y) - f(twr/:y)H < Mf”x - JIIH fOT’ all (t,x,x’,y) €I xR*xR®x Re)
(i) If(t,z,y)l| < Mg forall (t,z,y) € I x R® x Re.
Consider the measure v := dr + dt and assume that there is a real constant 6 > 0
such that for M := max{M,, M}

0<2M UL (u({t}) <6<1 foralltel

Then for any uy € D(A(0)), there exist a Wg;ﬂ;([o, 1]) mapping & : I — R® and a
BVRC mapping u : I — R® whose differential measure du is v-absolutely continuous
and which satisfies the evolution system with rough signal

(DE(t) + AD*'E(t) = u(t), t €1
IDE() [0 = 0, £(1) = I).€(1)

u(t) € D(A(t), te I

—9(t) € Awu(t) + f (t,u(t), [ b(s,&(s)) dzs> dt) v-aetel
u(0) = up.

\

Proof. The first part (I) of the proof will consist in adaptations of arguments in
the proof of Theorem 5.10.

(I) Put M := max{M,, M;} and fix any uy € D(A(0)). Notice that for any
continuous mapping ¢ : I — R® by Theorem 7.1 there is a unique BVRC solution
u, to the differential inclusion

ug(0) = ug

ug(t) € D(A(t)), Vte I

du, v-absolutely continuous

— B (1) € Apug(t) + f(toug(t), g(t)L(t) v—ae.t €l
and notice also that by the same Theorem 7.1 there is a real constant n > 0 inde-
pendent on g € Cge(I) such that u, is uniformly bounded and equi-BVRC with

Hdﬂ

< _
o (t)H <n v-—aetel.
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So, for some constant K > 0 (independent on g € Cre(I)) one has |ju,(t)|| < K for
all t € I and for all continuous mappings g € Cge(I). Now let us consider the set X

defined by
X :={{:I—>R: ge S}(Bke},
each mapping &, being given for every ¢t € I by

() = / G(t, 5)(s) ds,

where G is the Green function defined in (5.6). We note that & is convex, compact
(relative to the topology of uniform convergence on I) and equi-Lipschitz, i.e., for
some real constant N > 0

|h(t) — h(s)|]] < N|t —s| forallh € X and s,t € I.
Then for any h € X, using (By), (B3)

[b(t, h(t)) — bls, h(s))| < [b(t, h(t)) = bls, ()] + [b(s, h(t)) — b(s, h(s))]
<w(s,t)+ N[t — 5]

so h e X, b(-,h(-)) € C*vor (I, L(RE, R?)) with |b(-, h(-))| < M by (By).
In particular, for each h € X the integral fot b(s, h(s))dzs has a meaning for all
t € I with b(-, h(-)) uniformly bounded in variation with respect to h € X. As a
consequence, the set

YV={t— /tb(s,h(s))dzs theX}

is compact in C'(I,R®) for the topology of uniform convergence on I. In particular,
if a sequence (h,), in X converges uniformly on I to a mapping h € X, then
the sequence of mappings (¢ — f(f b(s, hp(s)) dzs), converges uniformly on I to the

mapping t — fot b(s, h(s))dz,.
For each h € X let us set (again with the above Green function G)

O(h)(t) = /01 G(t,s)un(s)ds forallt eI,

where uy, is the unique BVRC solution to the differential inclusion
Uh(()) = U
up(t) € D(A()), Yt el
duy, v-absolutely continuous
duh<)€AtUh<)+ftUh fo dzs)dt(t) v—aetel.

Clearly, we have ®(h) € X for every h € X.

(IT) Now we check that @ is continuous relative to X'. It is enough to show that,
if (hy), converges uniformly on I to h in X, then the sequence (up, )n, where each
up,, is the unique BVRC solution of the differential inclusion
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up, (0) = wug
up, (t) € D(A(t)), Yt e I
duy,, v-absolutely continuous
dzh”( t) € Awup, (t) + f(t,up, (s fo $))dz) L(t) v—ae. t €I,

converges uniformly on I to the unique BVRC solution uy, of the differential inclusion

up(0) = uo
up(t) € D(A(t)), Vte I
duy, v-absolutely continuous
— B () € Agun(t) + f(t,un(s), [y b(s, h(s))dz)dL(t) v—ae. t € I.

This needs a careful look. Since (up,), is equi-BVRC with for each n € N the

estimate d

t)HSn v—ae.tel,

we may suppose that (uh )n pointwise converges to a BVRC mapping w : I — R®

with w(t) = up+ fo s) dv(s), and hence the differential measure dw is v-absolutely
continuous. We note by closedness of D(A(t)) that
w(t) € D(A(t)) forallte . (7.1)

We also suppose that ( »), weakly converges to 9% in L}.(I,v) with || 22(t)|| < n,
so for every t € I we have as n — 00

kalt):= £ 1, 1), /0 Bsuhals))dz) L) = k(t) = £ (1 (), /0 B, b)) 2 o).

Keeping in mind that

Hf(t,uhn(t),/ot b(s,hn(s))dzs>

we show that w(-) is solution of the differential inclusion

‘SM forallt €I,

w(0) = ug
w(t) € D(A(t)), Vte I

dw v-absolutely continuous
—du(f) € Au(t) + f (t,w b dzs) 4y y—aetel

By construction w(0) = wug, and we have already seen that w(-) is BVRC and its
differential measure dw is v-absolutely continuous. The v-a.e. inclusion will be
shown by applying an argument of Komlos convergence. Indeed, since (dZ’;" + Ekn)n

weakly converges to 9% + k in L. (I,v) we may suppose that (d”h” + ky),, Komlos
converges to 5 T k. There is a v-negligible set @) of I such that

_%(t) € Ayup, (t) + kn(t), foralln e Nand t € I\ Q,

limlzn:[dss (t) + K, ()] f;;(t)+k(t), forallt € I'\ Q.

n n
Jj=1
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Let t € I\ @ and let ¢ € D(A;). According to the inclusion

— Q0 () € g, (t) + (1)

and the monotonicity of A; we have

(88 (8) + o (8), i, (6) = ) < {ADC, € = un, ()
Writing
(%2 () + a(8), w(t) = €)
= (B0 0) o (8), i (6) — €) (B2 (8) 4 (1), 0(8) — 1))

vields
D " (G 0+ KDl )
{0500+ S0+ 5000 -, 0).
so that ]_

3

3 (S + k() wlt) — )

> (AYC, ¢ —up, () + (n + M)~ Zuw —up, (1))
7j=1

3

<

3\>—‘

Passing to the limit as n — oo in the latter inequality gives

(92(8) + k() w(t) — ¢ ) < (A%, C — w(t)).
It follows by Lemma 1.1 that

~ (1) € Apw(t) + k(t) v—actel

Further, we have already seen in (7.1) that w(t) € D(A;) for all t € I. Consequently,

the mapping w(-) is a BVRC solution of the aforementioned differential inclusion,
so that by uniqueness w = uy,.

Now let us write by Lemma 5.3
B(hn)(£) — D(R)(E) = /0 G(t, s)un, (s) ds — /0 G(t, s)un(s) ds
_ /0 Gt 8)[un. (5) — un(s)] ds < /0 Mellun, (5) — un(s)| ds.
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Using for each s € I the convergence |lup,(s) — un(s)|| — 0 as n — oo and using
also the inequality ||up, (s) — up(s)|| < 2K for all s € I, we deduce by the Lebesgue
convergence theorem that

sup [ (hn)(E) = R(R)(B)]| < /O M |lun, (s) = un(s)| ds — O,

which entails that (®(h,,)), converges uniformly on I to ®(h), as desired. Then
® . X — X is continuous for the topology induced by the topology of uniform
convergence on I, hence by the Schauder theorem ¢ has a fixed point, say h =
®(h) € X. This means that for every ¢ € I we have

h(t) = ®(h)(t) = /0 Gt $)un(s) ds
with duj v-absolutely continuous and
un(0) = ug, un(t) € D(A(L)), Vt € 1
{—ddiyh(t) € Agup(t) + f(t,up(t), fg b(s, h(s))dz)%(t) v—ae. te€l

According to Lemma 5.3(c), this translates that we have just shown that there exists
a mapping h € Wg:ﬂée(l) such that

Dh(t) + AD'h(t) = up(t), t € I
{féih(t) o =0, h(1) = Ig.h(1)
and such that duy, is v-absoluetly continuous with
up(0) = ug, un(t) € D(A(R)),Vt el
{—%’“—j(t} € Awn(t) + f(tun(t), [, b(s, h(s))dz,) v—ae.t e l.
This finishes the proof of the theorem. O

Corollary 7.3. Let us keep notation and assumptions as in Theorem 7.2 and let
L :[0,1] x R® x R® x R® — [0,00[ be a lower semicontinuous integrand such that
L(t,z,y,.) is convex on R® for every (t,z,y) € [0, 1] x R*xR®, and let uy € D(A(0)).

Then the problem of minimizing the cost function

/O L(t,/o b(s,£(5)) dzs, u(t), 22(1)) dw (1)

over the pairs (§,u) with § € Wg:ie([o,l]) and u : I :=1[0,1] - R® BVRC, and
subject to
(DE(t) + AD*E(t) = u(t), te ]

I)E() im0 =0, £(1) = I3,€(1)

u(0) = ug

u(t) € D(A(t)),vt e I

du v-absolutely continuous

\__( )€ Awu(t) + f (t,u fo dz5> ) v-aetel

has an optimal solution.
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Proof. Let (h,,u,), be a minimizing sequence, namely

liqgn/oz(t,/otb(s,hn(s))dzs,un(t),un du—mf/ / (s, k(5))dzs, v(t), 5(¢))dv

(DN, (t) + ADY Y hy () = un(t),

12 h() im0 = 0, (1) = I7, hn(1)
u,(0) = ug, un(t) € D(A(t)),Vt €1
du,, v-absolutely continuous

— i (1) € Agun () + F(t,un(t), [ 0(s, ha(s))dz,) 9L(t) v—ae. t € 1.

First, by compactness of the set X' (as seen in the proof of Theorem 7.2), there is
a (not relabeled) subsequence of (h,), in X converging uniformly on I to h € X.
Second, by the proof of Theorem 7.2 the sequence (u,), of solutions to

\

n(0) = o, wn(t) € D(A(E)),VE € I
du,, v-absolutely continuous
— i () € Apun(t) + f(t, un(t fo s))dzs)dL(t) v—ae. t €

admits a subsequence (not relabeled) converging pointwise to a BVRC mapping u(-)
with d“" — :j weakly in L. (I,v), and the differential measure du is v-absolutely
Contmuous By compactness of the set (again seen in the proof of Theorem 7.2)

YVi={t— /0. b(s,xz(s))dzs : x € X}

for the topology of umform convergence on [, we may suppose that the sequence of
mappings (t > fo hn(s)) dzs)n converges uniformly on the interval I to the map-
ping t — fo ))dzs So, by repeating the arguments in the proof of Theorem
7.2, it ensues that u(-) satisfies the inclusion

u(0) = ug, u(t) € D(A(t)),Vtel
du v-absolutely continuous

—du(t) € Au(t) + f <t,u fo dzs> 4(t) v—ae. tel
Further, by Lemma 5.3 the equalities

Dy, (t) + AD*  h,(t) = u,(t), t €1
]§+hn(t) |t:0 =0, hn(l) = Ig+hn(1)

are equivalent to hn(t) = / G(t, s)un(s) ds
0

again with the Green function G considered in (5.6). Therefore, by passing to the
limit in this equality as n — 0o, we obtain

1
h(t) = / G(t,s)u(s)ds for allt € I.
0
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Altogether, we see that the pair (h,u), with £ € Wgzﬂée([O, 1]) and w : I — R®,
satisfies the system

([ Dh(t) + XD h(t) = u(t),

Igch(#) li=o =0, h(1) = IJ.h(1)

uw(0 =ug, u(t) € D(A()),Vtel

du v-absolutely continuous

—du () e Awu(t) + f(t, u(t fo s))dzs)dL(t) v—ae. t€ I

\

According to the lower semicontinuity of the above integral functional (see [33,
Theorem 8.16]) it ensues that

hmmf/ /sh Dz (1), (1)) dv >/ /sh )z, u(t), 2 (6))dv.

so we see that the pair (h,u) is an optimal solution. ]

Several variants of Theorem 7.2 and its Corollary 7.3 can be obtained with ei-
ther other classes of time dependent maximal monotone operators or with other
fractional-type derivatives. For example, regarding the case of dynamic systems
with Caputo fractional differential equations and evolution inclusions with rough
signals, we state the following variant. As in the previous Section 6, *D*¢ denotes
the Caputo fractional derivative of order « of a mapping ¢ : [0, 1] — R®.

Theorem 7.4. Let I :=10,1] and a€]1,2|. For eachtel let A;: D(A;) C R® =% R
be a maximal monotone operator satisfying:
(A7)  There is a real constant ¢ > 0 such that

|AYz|| < c(1+||z]]) for every (t,x) € I x D(A),

(A3)  dis(As, As) < dr(]s,t]), for all 0 < s <t < 1, where r : I — RY is a
non-decreasing right continuous function on I with r(0) =0 and r(1) < +o0,

(A%)  (A%) D(A(t)) is closed for each t € I.

Let ug € D(A(0)) and let z € C*7v(I,RY). Let b : I x R® — L(RYR®) be a
continuous integrand operator satisfying for some real constant M, > 0 and some
control function w on I the conditions

(B1) |b(t,x)] < My for all x € R,

(B2) |b(s,x) = b(t,x)| < w(s,t) forall z € R® and s,t € I with s <t,

(Bs) |b(t,x) = b(t,y)| < M|z —y|| forallt €I and z,y € R°.

Let f: I x R® x R® — R® be a mapping with f(-,x,y) Borel measurable for all
(x,y) € R® x R® and f(t,-,-) continuous for all t € I, and which satisfies for some
real constant My > 0:

i) [[f(t,x,2) = f(t,y,2)|| < My||lx— vyl for all (t,z,y,2) € I x R® x R® x R®,

(i) |f(t,z, 2)|| < My for all (t,z,z) € I x R® x R°.

Consider the measure v := dr + dt and assume that there is 6 > 0 such that for

M = {Mb, Mf} dt
0<2M_-(t)v({t}) <6 <1 foralltel
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Then there exist a “Wp'g. ([0, 1]) mapping £: 1 — R® and a BVRC mapping u:1 — R°
satisfying the dynamic system with rough signal

(cD¢(t) = u(t), tel

£(0) - G(0) =0

§0)+G1) =0

u(t) € D(A(t)), t el

du v-absolutely continuous

—du () € Agult )+f<t,u b dzs>—y() voae tel

u(0) = up.

\

Let L : I x R® x R® x R® — [0, 00| be a lower semicontinuous integrand such that
L(t,z,y,.) is convex on R® for every (t,z y) € I x R® x R¢. Then the problem of

minimizing the cost function fol (t, fo s))dzs, u(t), 2(t)) dv(t) over the pairs
(&, u) with & € CW;:HIRE([O, 1)) andw: I — ]Re BVRC, and subject to

u(t) € D(A(t)), t el

du v-absolutely continuous

—du(t) € Agult )—l—f(t,u fo dzs) B(t) v-aetel
u(0) = o

\

has an optimal solution.

Proof. The proof is omitted. It is sufficient to repeat the arguments in the proofs
of the previous Theorem 7.2 and Corollary 7.3 with suitable modifications using the
properties of Caputo fractional differential equations given in Theorem 3.1. [

Direct applications to convex sweeping processes hold true. It is enough in Theorem
7.2 and Theorem 7.4 to take the normal cone Ngy(-) in place of the operator
Ay(+) since it is known (see [82]) that for closed convex sets 5,5 of E one has
dis (Ng, Ng/) = haus(S,.S") for the pseudo-distance between the maximal monotone
operators Ng and Ng, representing the normal cones to the closed convex sets S
and S’ respectively. First, we state the result related to the coupling with fractional
differential equations with Riemann-Liouville fractional derivatives.

Theorem 7.5. Let I :=1[0,1] and a€]1,2], 5 €[0,2—a], A >0, v> 0. For each
t €1 let C(t) be a closed convex set in R® such that

haus(C(t),C(s)) < dr(]s,t]) for alls,t € I withs <t,

wherer: I — Ry is anon-decreasing right-continuous function on I with r(0) = 0 and
r(1) < +oo, and let ug€ C(0). Let € C1="(I,R?) and let b : I x R® — L(R?,R®)
be a continuous integrand operator satisfying for some real constant M, > 0 and
some control function w on I the conditions
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(B1) |b(t,x)] < M, for all z € R®,

(By)  |b(s,x) = b(t,z)| < w(s,t) forall z € R® and s,t € [ with s <t,

(Bs) |b(t,x) = b(t,y)| < Mpl|lz —y|| forallt €I and x,y € R°.

Let f : I x R® x R® — R® be a mapping with f(-,z,y) Borel measurable for all

(x,y) € R x R® and f(t,-,-) continuous for all t € I, and which satisfies for some
real constant My > 0:

W) Nf@ 2, 2) = [y, 2l < Mylle =yl for all (t,2,y,2) € I x R* x R® x R,
(i) |f(t,z, 2)|| < My forall (t,z,z) € I x R® x R®.

Consider the measure v := dr + dt and assume that for there is § > 0 such that for

M = {My, M
{0y, My} 0§2Mj—i(t)y({t})ﬁf5<l forallt e 1.

Then there exist a W‘B’;ng([o, 1]) mapping £:1 — R® and a BVRC mapping u:I — R®
satisfying to the dynamic system with rough signal
(DYL(t) + AD*7X(t) = u(t), t €T

L5 €(1) |imo = 0, €(1) = I3 £(1)
u(t) e C(t), t € I, u(0) = uy,
du v-absolutely continuous

 — ()ENC( ()—I—f(tu fo dzs> V() v—ae.te€l.

Let L : I x R® x R® x R® — [0, 00[ be a lower semicontinuous integrand such that
L(t,x,y,.) is convexr on R® for every (t,z,y) € I x R® x R¢. Then the problem of
minimizing the cost function

1 ¢ "
|2t [ sy dzutn. o) avtr
over pairs (&, u) with € € ngl%&e([o, 1]) and u : I — R® BVRC, and subject to

(Dg(t) + AD*2E(t) = u(t), t € [0,1]
1€ =0 =0, €(1) = I3.€(1)
u(t) e C(t), t e, u(0)=1um
du v-absolutely continuous
du(t) € Nowu(t) + f(t,u(t fo s))dzg) 9L (t) v—ae.t €l

\

has an optimal solution.

The following theorem states the similar result for the coupling of BV sweeping
processes with differential equations with Caputo fractional derivatives.

Theorem 7.6. Let I := [0,1] and « €]1,2]. For each t € I let C(t) be a closed
convex set in R® such that

haus(C(t),C(s)) < dr(]s,t]) for alls,t € I withs <t,

where v : I — Ry is a non-decreasing right-continuous function on I with r(0) =0
and r(1) < 400, and let uy € C(0).
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Let z € CY([,RY) and let b : I x R® — L(R? R®) be a continuous integrand
operator satisfying for some real constant M, > 0 and some control function w on I
the conditions

(By) |b(t,x)] < My for all z € R,

(B2)  |b(s,x) = b(t,x)| < w(s,t) forall z € R® and s,t € I with s <t,

(B3) |b(t,x) = b(t,y)| < My||lx —y|| for allt € I and z,y € RE.

Let f: I x R® x R® — R® be a mapping with f(-,x,y) Borel measurable for all
(z,y) € R® x R® and f(t,-,-) continuous for all t € I, and which satisfies for some
real constant My > 0:

() 1t 2) — f(ty 2) < Myllz =yl for all (t,2,y,2) € T x BE x R x RF,

(i) If(t,z,2)|| < My forall (t,x,2) € I x R® x Re.

Consider the measure v := dr + dt and assume that there is 6 > 0 such that for

M = {Mb, Mf} dt
0<2M_-()v({t}) <6 <1 foralltel

Then there exist a CW;:HIQE([O, 1]) mapping &: 1 — R® and a BVRC mapping u: 1 — R®

satisfying to the dynamic system with rough signal

D) =wu(t), tel

£(0) = 5 (0) =0

)+ 51 =0

u(t) e C(t), tel, u(0)=1ug

du v-absolutely continuous

—424(t) € Noul(t) + f (t,u(t), I (s, €(5)) dzs> dt) p—ae.tel

Let L : I x R® x R® x R® — [0, 00 be a lower semicontinuous integrand such that
L(t,z,y,.) is convexr on R for every (t,z y) € I x R® x R®. Then the problem

of minimizing the cost function fol (t, fo ) dzs, u(t), 2(t)) dv(t) over pairs
(&,u) subject to
(eDog(t ) ut), tel

£(0) — 5(0)=0

§(1)+5(1)=0
()EC’()tEI, u(0) = ug

du v-absolutely continuous
()ENC( ()—i—f(tu fo dzs> V() v—ae.t€l.

has an optimal solution.

Iﬁt Etlm
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