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Kenderov [Continuity-like properties of set-valued mappings, Serdica Bulg. Math. Publ. 9 (1983)
149-160] proved a general result stating that an arbitrary multivalued mapping from a topological
space X to a set Y has some properties resembling continuity at every point of a residual subset
Xo C X (i-e. its complement X \ Xy is of first Baire category). This statement has far-reaching
consequences and can be called a “continuity phenomenon”, since it proves and unifies in a general
approach several different results in topology and functional analysis, mainly concerning single-
valuedness almost everywhere (in topological sense) of multivalued mappings. In this paper we
show that, in the case when X is a metric space and Y is a compact separable topological space,
the set X is even o-full cone porous (a notion introduced here). It implies that the above (and
other) “generic” results have “o-full cone porous” versions, with unified proofs.
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1. Introduction and notation

Baire categories play an important role in several problems of analysis. The defini-
tion of a set of the first Baire category is based on the notion of a nowhere dense
set. The latter was strengthened by Dolzenko [2], who introduced the notion of a
porous set and started the theory of og-porous sets. After Dolzenko’s paper, both
porosity and related o-porosity have been used to strengthen theorems involving
Baire categories, see expository papers on the subject [9], [12], [13], [14].

Let F': X — 2¥ be a multivalued mapping from a topological space X into a set Y
and A be a subset of Y. Define

(@) FxrNA#( and

H(A) = cX:
(A) =12 (b) Yopen Uz, Jopen U' C U : F(U'YNA=0

We say, following [5], that F' is A-lower almost continuous (A-lac) at some point
of X if zy does not belong to H(A).
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Equivalently, F' is A-lac at zg if either F(zq) N A = 0 or there exists an open
neighborhood U of x4 such that Fz N A # () for all z from some dense subset of U.

The same can be expressed also in the following way: F is A-lac at x( if from
F(x9) N A # 0 it follows that the closure in X of the set F~1(A) is dense in some
open neighborhood of .

Lemma 1.1. (Kenderov [5]) Let A := {A;}2, be a countable family of subsets of
the set Y. Then every mapping F : X — 2 from the topological space X intoY is
A-lac (for every A from A) at the points of some residual subset of X.

The aim of this paper is to generalize this lemma and other results from [5] to porous
set and present some far reaching consequences.

Let X be a metric space. An open (resp. closed) ball in X with center x and radius
r > 0 is denoted by B(x,r) (resp. B(x,r)). If X is a normed space, Bx (resp.
Sx) will denote its closed unit ball (resp. unit sphere), i.e. By := B(0,1) (resp.
Sx ={r e X :|z] =1}).

Definition 1.2. A subset A of X is said to be porous in X, if there exist a > 0
and ro > 0 such that for every r € (0,r9) and x € A there is z € X such that
B(z,ar) C B(z,r)\ A. A set A is called o-porous in X, if it is a countable union of
sets, which are porous in X. Il

Clearly, a set which is o-porous in X is of first category, the converse being false in
general. Given a normed space F, for v € F and ¢ > 0 define the cone

Clv,e)={z e E:x=M+w\>0,w| <c\} = U AB(v,c).
A>0
Definition 1.3. A subset M of a normed space E is called cone porous (resp. fully
cone porous) at x € M, if there exist r > 0,v € E, ||v]| = 1 and ¢ € (0,1) such that
M N B(z,r)N (x4 C(v,c)) =0,

(resp. M N (z+ C(v,c)) =0).

The set M is called cone porous (resp. fully cone porous), if it is cone porous (resp.
fully cone porous) at every of its point. M is called o—cone porous (resp. o-fully

cone porous), if it is an union of countably many cone porous (resp. o-fully cone
porous) sets. O

It is clear that every fully cone porous set is cone porous and every cone porous set
is porous.

The cone porous sets were defined firstly in [13] under the name cone supported
sets, however the definition of fully cone supported sets introduced here seams to
be new.

Proposition 1.4. Let X be a metric space, P C X be a non-empty subset and
a € (0,1). Then the following set is porous:

Irg > 0:Vr e (0,r0) }

Xa(P> = {xGX\P 3268(.1‘,7”(1—05)):8(270m) cP
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Proof. Take x € X,(P). Then x ¢ P and
Irg>0:Vre(0,r9) Iz € B(a:,r(l - a)) : B(z,ar) C P,

which means that B(z,ar) C B(z,r) \ Xa(P). O
Similarly we have the following.

Proposition 1.5. Let P be a non-empty subset of a normed space E and assume
that r > 0 and ¢ > 0. Then:

(a)  the set C,.(P) = {:cEE\P :3veE, v =1,B(z;r) N (z+ C(v,c)) C P}
1S cone porous.

(b)  the set C.(P) := {x e E\P:3veE |v|=1(zx+C(vc)C P} is fully
cone porous.

Definition 1.6. The multivalued mapping F : X — 2¥ from a metric space X
into a set Y will be called A-lac for a non-empty subset A C Y (A-lower almost
continuous) at zg € X if either FzgN A =0, or

Vo> 0, Vrg >0, 3r € (0,r) : F(B(z,ar)) NA#0, Va € B(zo,r — ar).

Definition 1.7. The multivalued mapping F : £ — 2¥ from a normed space E
into a set Y will be called

(a)  A-cone lac for a non-empty subset A C Y (A-cone lower almost continuous)
at x € E if either Fl(x)NA =10, or

Vr >0, Ve >0, Yo € Sp, F(B(z;r)N (z+ C(v,c))) NA# 0,

(b)  A-fully cone lac for a non-empty subset A C Y (A-fully cone lower almost
continuous) at x € E if either F(x) N A = (), or

Ve > 0,Vv € Sg, F(z+4C(v,c)) NA#0.
Theorem 1.8. Let {A;}32, be a countable family of subsets of the set Y. Then every

multivalued mapping F : X — 2¥ from the metric space X into Y is A;-lac (for
every i) on the complement of some o-porous subset of X.

Proof. For P, = {:r; cX:FxnNA = @} the set Xy, (F;) is porous for every n > 2
by Proposition 1.4. Therefore the set

Xi = Xyu(P)

n=2

is o-porous for every ¢ > 1. Therefore the set Xo = [J;2, X; is o-porous as well.

We have X\ Xo=X\ (G G Xl/n(Pi)> (1)

=1 n=2

“O1N (3 X)) @)

i=1n=2
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Let zp € X \ Xo, > 0 and i be fixed. If zy € P; the proof is completed. Assume
that zg & P;, so F(x9) NA; # 0. Choose n > 1/a. Since xy € X1,(F;), by definition
of X1/n(P;), we have

Vro > 0,3r € (0,79) such that B(z,1/n) ¢ P, Vz € B(mo,r(l — 1/n)>

which means

Vz e B(afo,r(l - 1/n)) dr € B(z,1/n) C B(z,«) such that x ¢ P,.

Hence F(x) N A; # () and the proof is complete. ]
Similarly we have the following.

Theorem 1.9. Let {A;}32, be a countable family of subsets of the set Y. Then every
multivalued mapping F : E — 2Y from a Banach space E into Y is

(a)  Aj-cone lac (for every i) on the complement of some o-cone porous subset of
E.

(b)  A;-full cone-lac (for every i) on the complement of some o-full cone porous
subset of E.

2. Applications to submonotone mappings

Let E be a Banach space and E* be its topological dual. We recall that Sg denotes
the unit sphere of E.

A multivalued operator T : Dom(T) — 2% is called submonotone if

liminf S T0YY) 50 Ve B, |le|| = 1, Vao € Dom(T),
TOFET—reZ0 Hl‘ - l‘o”

yeT(x), yo€T (x0)

which means V5>O,V665,35>0:W2—6
— 40

Vo € U(xg,e,d) N Dom(T), Yy € Tx, Yyo € T,

where Dom(T) = {x € E : T(x) # 0} and

Ul(xg,e,0) = {mEE:x;«éxo, |z — @] <6, | ﬂ—e“ <5}.

[z — o
A multivalued operator T : Dom(T) — 2E" is called strictly submonotone if

liminf LT T2M9) S0 e S Vi, € E,
i |21 — 22|
yiET(zi), 1=1,2
T1#T2, T1—22—0

which means Ve >0, Vee S, 30 >0: {1 i;b’y; ||y2> > —c
1 — 42

eH < 4.

whenever y; € T(z;), @1 # @9, i = 1,2, ||z; — x| < 6, \HMJ _

Ty — Ta|
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The operator T is called uniformly strictly submonotone if § does not depend on
e € S. T is called locally bounded, if for every xy € E there exists v > 0 and M > 0
such that

|lz*|| < M Va* € T(z), Yo € B(xo,7).

Theorem 2.1. Suppose that E is a Banach space such that E* is separable, and
T : E — 2F" s a locally bounded uniformly strictly submonotone operator with
domain D(T) # 0. Then there exists a o-cone porous set Xo C D(T') such that T is
single-valued and upper semicontinous on D(T') \ Xj.

Proof. Let {x,’;};o:l be a dense subset of £* and define
* 1
An7k - ZEn + E.BE‘*7

where Bpg- is the closed unit ball in E*.

By Theorem 1.9(a), T is A, y-cone-lac for every n,k > 1 on a complement of a
o-cone-porous set Xj.

Let zy € D(T) \ Xo and € > 0. Since T is locally bounded at Zy, there exists v > 0
and M > 0 such that

|lz*]| < M Va* € T(x), Ya € B(F,7).

Assume that T'(Zg) N Apgy x, 7 0 for some ng, kg > 1. Put

o €
0= 2(M + max{|lal]| : a € Ang ko }) (3)

and r = min{J,v}.

Assume that T(B(ico, r)) Z Apg ko +EBp~.

Then there exist o € D(T) N B(Zo,r) and xj € T(x0) \ (Angko + €Bg+). By the
separation theorem, there exists eq € F, ||eg|| = 1, such that

(€0, xf) > max (g, Ang k) + €. (4)
We will prove that
(e,x5) > max (e, Ay y) +/2, Ve € Bleg,9). (5)
Take e € B(ep,d) and z} € A, x, such that

(e,x]) > max(e, Anyk,) — O

Then:
(e, z5) = (e — eo, 7p) + (eo, 7p)
> —0|zg[| + max(eo, Ang ko) + €
> 8l + (eo — e+ e 21) + =
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hence
<&%>>—&WW—*WﬁH+HmM€Amm>—5+€

> —6(M + ||z, || ~|— -+ 1) + max(e, Apg ko) + €

> max(e, Ang ko) + 5/2 by (3)
and (5) is shown. We will prove that

B(xg,0) N Cl(ey,d/3) C Ulxg,eo,d).
Let z € B(xzg,0) N C(ep,d/3). Then
|z — zo|| < 0

and

z=x0+a, a€CC(e,d/3)= U)\B e, 0/3).

A>0

So a = Ay for some A > 0 and some y € B(ep,d/3), and

lall <6, lly = eoll < 6/3,[lyll =1 =0/3.

Then
‘ e = | e
|z — xo| all
=||—=— —e¢
‘|y|| 0
oG+l
vl ||yl
hence
z— xo 5/3 1 ‘ ’
— < 1—
‘p—x0| J«—l—ém_%l—ém Iyl
25/3
SToam <%

So we proved (6).

Since 1" is A, x,-cone lac at Zo, by Definition 1.7

Vr >0, Vv e S, Ve >0, T(B(:Eo,r) N (2o + C(v,c))) N Ao ko 7 0.

In particular, for r = 6§, v = eg, ¢ = 0/3 there exists
20 € B(f@, 5) N (i’o + 0(60, 5/3))

such that T'(z0) N Apg ke 7 0.

(7)
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Take 25 € Tz N Apy i, and put e; = 22—, Then

llzo—=oll -
<el, z§> > inf <61,TZO>

> sup <61, Ta:o> —c (using submonotonicity, since zo € U(zo, €9, ) by (6)),
which gives

<61,za‘> > <61,x3> > max <€1,Ak0> +¢e/2  (by (5) = <61,28> +¢/2,

a contradiction.

So we proved that diamTzy < 2/ky + 2. Since this is true for every € > 0 and for
every ko > 1 (for possibly different ng), it follows that T is single-valued and upper
semi-continuous on D(T) \ Xy, and the theorem is proved. ]

Similarly we have the following.

Theorem 2.2. Suppose that E is a Banach space such that E* is separable, and
T : E — 2F" is a locally bounded monotone operator with domain D(T) # 0. Then
there exists a o-full cone porous set Xo C D(T) such that T is single-valued and
upper semicontinous on D(T) \ Xo.

The proof is the same as those of Theorem 2.1 as the only difference is that we use
Theorem 1.9 (b) instead of Theorem 1.9 (a).

Remark 2.3. Theorem 2.1 is a generalization to submonotone operators of a Preiss-
Zajicek’s result [7], [8] with respect to the notion of o-cone porous set. The result
in [8] for monotone operators is with respect to an angle small set, a notion defined
there and, in general, not comparable with the notion of o-cone porous set, see [13],
Note 4. The difference of Theorem 2.2 and the result in [8] is only with respect of
the (incompatible) notions of porosity. It is worth to mention that a Zajicek’s result
[13], Theorem 1 contains a partial generalization to Asplund spaces of Theorem 2.2
with respect to a o-cone porous set and without upper semi-continuity.

3. Generalized monotone mappings

Definition 3.1. A multivalued mapping F : X — 2¥ |, where X and Y are sets is
called monotone with respect to (w.r.t., for short) a function h : X x Y — R if

h(zy,y1) — h(ho, 1) > M@y, y2) — h(w2,92) Va; € X, Vy; € Fa. (8)

Example 3.2. The multivalued mapping Fz = argmax,cy{h(x,y) + f(y)}, where
f Y — R is any function, is monotone w.r.t. h. [

Further we assume that X is a Banach space, Y is a separable compact topological
space, h : X x Y — R is continuous and h(-,y) is linear for every y € Y. Then (8)
is equivalent to

inf h(xy —z2,51) > sup h(xg — z2,y2). 9)
y1€F y1€EF T2
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Definition 3.3. We say that h has the separation property (SP) if
VACY, closed, Vy e Y\ A, Jz € X : h(z,y) > suph(zx,a).
acA

Theorem 3.4. Assume that F : X — 2Y is a monotone multivalued mapping w.r.t.
h: X xY — R, X is a Banach space, Y is a separable compact topological space,
h is continuous and h(.,y) s linear for every y € Y. Assume that h has the (SP)
property. Then there exists a o-full cone porous set Xg C X such that for every
x € X\ Xy, F is single-valued and upper semi-continuous at x.

Proof. This is a routine matter to prove.

Claim: F' has a mazimal monotone w.r.t. h extension F, which is upper semi-
continuous.

Let {A;}2, be a countable base of Y. By the porous version of the continuous
phenomenon (see Theorem 1.9) there exists a o-cone porous subset Xy C X such
that F is A;-cone lac at every point of X \ X, for every i € N. This means by
Definition 1.6 and Definition 1.7

Xo = U X,, X, is full cone porous, (10)

n=1
Vee X\ Xy, Vr>0,Vi=1,2,..,¥Vc>0, Vv €S (11)
ALNF)£0 = Eﬂf(:v—l—(?(v,c)) £ 0. (12)

Assume that A, F‘I_F(xo) # 0 but F(z¢) ¢ Ay, for some 7y € X \ X, and some
ip € N. Take yg € F(z9) \ Aj,-

Then by property (SP)

Jeg € X, el =1: 2e:= h(ey, yo) — sup h(eg, Azy) > 0. (13)
By the continuity of A(.,y),
36 > 0: h(eo,yo) — h(e,yo) < e Ve € Bley,?) (14)
and o
sup h(e, A;,) — sup h(eg, A;y) <&, Ve € Bleg,?). (15)

Take ¢ = 6, v = ¢p. By (11) and (12) there exists z; € o + C(v,c) such that
F(z1) N A;, #0. Let y; € F(x1)NA;, and e; = ;2=20-. Then |le; — ¢p]| < 0 and

1 —zoll*

h(e1,y1) = inf h(er, F'(z1))
> sup h(ei, Fzg) (by generalized monotonicity)
> h(e1, yo),
so we have
h(er,y1) > hleo,yo) —e  ( by (14))
= sup h(ep, Ayy) +¢ ( by (13))
> sup h(er, A;,) ( by (15)).



P. G. Georgiev / Continuity Phenomenon ... 1147

This is a contradiction, because y; € A;,. So we proved that F is single-valued and
upper semi-continuous on X \ Xy, therefore F' possesses also the latter properties. [

The following proposition is a variant of Proposition 4 in [6] for the Gateaux dif-
ferentiable case. In its statement, given a function f : X — R U {400} on a
Banach space X, as usual f* denotes its Legendre-Fenchel conjugate defined on X*

by f*(z*) = supyex ((z*,y) — f(y)) for all z* € X*.

Proposition 3.5. Let X be a Banach space, f : X — R U {400} be a proper,
lower semi-continuous function, x* € int Domf*. Then the following statements are
equivalent:

(1)  Of* is single-valued and w-upper semi-continuous at x*, and Of*(z*) = {x},
r e X,
(2)  f* is Gateauz differentiable at x*, and V f*(z*) = x,

(3) f — a* attains its w-minimum on X at x, which means f — x* attains its
minimum at x and

(f —2")(z,) — Hél)rcl(f —2*)(2)  implies z,~> .

Proof. The equivalence of (1) and (2) is widely known.
(2) = B3
Let © = Vf*(2*) and {x,} be such that

Flwn) = () = ik (f = 2%)(2)= — (") (16)

Let € > 0, h* € Sx+, where we recall that Sx+ denotes the closed unit sphere of X*.
Since x = V f*(x*), there exists t > 0 such that

fr(x® +th*) — f*(x*) — (th*, z)< et. (17)
Further, we have

(" +th*, z,) — f(x,) < f*(2" +th") by definition of f*,
flzn) — (2%, x,) < —f*(2*) + et for large n by (16).

Adding these two inequalities (noting that f(z,) is finite for large n by (16)) we
obtain

(th*,x,) < f*(z" +th*) — f*(a¥) + te
< (th*,x) 4 2et  for large n by (17),
which implies
(h*,z, — x) < 2e for large n.

Similarly,
(—=h*,x, —x) <2 for large n,

w
hence =z, — .
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(3) = (2). The proof is similar to the proof of the implication (iii) == (ii)
in Proposition 4, [6], and we addopt its notation, namely we put y := z*, so f —y
attains its w-minimum at x by assumption.

Let h € E*,||h|| = 1, > 0 and sequence {t,}°°,,t, > 0 be given.

We put A\, = ¢t,/2 and y,, = y + t,,h. We need to proof that

| (yn) — [*(y) — tu(h,x)|| < et,, for large n.

Further the proof is the same as in [6], Proposition 4, (iii) = (ii). O

Similarly we have the following.

Proposition 3.6. Let X be a Banach space, g : X* — RU {+oo} be a proper,
lower semi-continuous function, x € intDom(g*|x). Then the following statements
are equivalent:

(1)  Og*|x is single-valued and w*-upper semi-continuous at x € X, and we have
9g"|x (x) = {«"},
(2)  ¢*|x is Gateaux differentiable at x, and Vg*|x(z) = z*,

(3) g —x attains its w*-minimum on X* at x*, which means that g — x attains its
minimum at x* and

(9 —2)(z},) — ml)I(l (9 —x)(z%) implies x A
e X*

Particular cases

The following corollary could be considered as a weak version of Stegall’s type vari-
ational principle [10] in the dual of a separable Banach space.

Corollary 3.7. Let X be a separable Banach space and g : X* — R be a w*-upper
semi-continuous function. Then: For every w*-compact subset K* C E* there exists
a o-full cone porous set Xo C X such that for every x € X \ Xo, g+ x attains its
w*-maximum on K*,

Proof: Define F(z) = argmax, . {g(y) + (z,9)}.

Then F' is monotone according to the definition 3.1 with ¥ = X* h: X XY — R,
h(z,y) = (x,y). Since By- is w*-compact and separable with respect to the w*-
topology, by Theorem 3.4 there exists a o-full cone porous subset Xy C X such that
F is single-valued and w*-upper-semicontinuous on X \ Xj.

It is a routine matter to prove that ¢g + (-,z) attains its w*-maximum for every
re X\ Xo. O]

Corollary 3.8. Suppose that a Banach space E admits an equivalent norm whose
dual is strictly convex. If T : E — 2F" is a monotone operator, then there is a o-full
cone porous set Ey C E such that for every x € E,T(x) contains at most one point.

Proof: Using Theorem 1.9 (b), the proof is the same as those in [5], where the set
Ey is proved to be of first Baire category. O
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This corollary is a generalization to a o-full cone porous set of a result of Zajicek
[13], Theorem 2 (where the result is proved for a o-cone porous set). In particular,
the assertion in this corollary is valid in separable Banach spaces.

Corollary 3.9. Let Y be a separable compact topological space, C(Y') be the space
of all continuous functions on Y with the sup norm. Then there exists a o-full
cone porous subset Xy of C(Y') such that for every x € C(Y)\ X, the minimization
problem

minimize ey f(y) + 2(y)
is well posed (it means it has unique minimum point and every minimizing sequesnce
converges to it).

Proof. The result follows from Theorem 3.4 if we define h(z,y) = x(y) where
reX,yeY and X =C(Y). O

Remark 3.10. Corollary 3.9 stated for the usual notion of porosity is a particular
case of a result of Deville-Revalski [1].
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