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This paper is concerned with the regularization of the dynamical differential inclusion governed by
the subdifferential of a function ® perturbed both by a Carathéodory mapping and by an integral
forcing term. The integrand of the forcing term depends on two time-variables. It is shown that
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1. Introduction

Let H be a real Hilbert space and I = [To, T, (T > To > 0). Let ® : H — RU{+o0}
be an extended real-valued function and f, : I x H — H, fo: I*> x H — H be two
mappings. The paper is concerned with the differential inclusion

t

—a(t) € 0P(x(t)) + fu(t,x(t)) + | falt,s,z(s))ds ae. t€ [Ty, +oo],
(Pf17f2) Ty
z(Ty) = zo € dom P,

where @(-) := %(.) and @ denotes the proximal subdifferential of the function
® (see the definition in the preliminary section). Recently, with a discretization
procedure which was used in the integro-differential sweeping process case by Bouach
et al [2, 3], the same authors [4] proved that under the primal lower regularity (plr,
for short) of ® one can obtain the existence and uniqueness of the solution for the
differential inclusion (Py, f,). They used in [4] a new Gronwall-like inequality and
a new scheme related to the existence of absolutely continuous solutions for the

quasi-autonomous differential inclusions
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—d(t) € D0(a(t) + filt, wati)) + k:; t_w

t
+/ fa(t, s,y (ty)) ds ae. t € [ty tpr1], xu(To) = o € dom P,
tj

fa(t, s, z,(t;)) ds

where Ty = tp < t; < ... < t, = T is a discretization of the interval [Tp, 7.
Their results have been applied to the study of non-regular electrical circuits with
transmission line and a semilinear heat equation with memory [4].

Kecis and Thibault [12] showed the existence and the uniqueness of the solution
of the differential inclusion (Py, o), i.e., the problem (P, 5,) with fo = 0 when the
function @ is plr. In [12] the method is based merely on the reduction to ordinary
differential equations (ODE, for short) through the Moreau envelope of the function
®. Our aim in this work is to show how a reduction approach with the ordinary
integro-differential equations (OIDE, for short)

t

l'L)\(t) + V@)\(I)(U)\(t)) + fl(t,u,\(t)) + . fg(t, S,UA(S))dS = 0,

also allows us to establish the existence and uniqueness of solution for (P, ) and
give some important properties of the solution and the perturbations f; and fs.
We must also say that our approach only assumes for (P, 5,) the growth condition
| fa(t, s, z)|| < B(t,s)(1+]|z]]) (see (Qa,1) below), while for the same inclusion (Py, s,)
the authors of [4] require the following strengthened form of our assumption (Qz1):

1fat, s, 2)]| < g(t, s) + (D) ]| (see (Ay,) in [4]).

Our regularization approach will serve some purposes in Control Theory, precisely
looking for necessary optimality conditions. We associate with the original optimal
control problem governed by (P, r,) a sequence of approximating optimal control
problems governed by (OIDE). We also state the necessary conditions for such se-
quence of problems and we show that their solutions converge to the solution of the
original optimal control.

The outline of the paper is as follows. In Section 2, we recall some preliminary
results that we use throughout. Section 3 fixes the assumptions. Section 4 provides
our main existence and uniqueness result of local solution, while the similar result
for global solution is established in Section 5.

2. Preliminaries

In what follows, we suppose that H is a Hilbert space endowed with the inner product
(-,+). In this setting, B(z,r) and B[z, r] denote the open and the closed balls with
center z and radius r, respectively. The indicator function of a subset C' of H will
be denoted by (-, C) that is, é(x,C) =0 if z € C and §(z,C) = +o0 if x € H\ C.
Let f: H - RU {400} be an extended real-valued function. Then we denote by
epi f = {(x,r) € H xR : f(z) < r} its epigraph, and its (effective) domain by
dom f:={x € H: f(x) < +00}. The function f is said to be proper if dom f # (.
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A vector € € H is called a proximal subgradient of f at T € dom f (see, e.g., [21, 22])
provided there exist positive numbers ¢ and 0 such that

(€, 2 —7) < flx) — f(T) + o||lz — Z||? for all € B(Z, §).

The set of all such vectors £ is called the proximal subdifferential of f at T and
denoted by Opf(Z). In a similar way, one says that a vector & € H is a Fréchet
subgradient of f at T, if for any € > 0, there exists some d > 0 such that

&, x—7) < f(x) — f(ZT) +el|lz — 7| for all x € B(Z,0).

The set of all Fréchet subgradients of f at T is called the Fréchet subdifferential of
f at T and is denoted by Op f (7).

Further, the Mordukhovich limiting subdifferential of f at T is given by
of@ ={€H 3w, =T, & > €& €0pf(an),Vn=1,2.},

where the symbol x,, —; ¥ means that |z, — Z|| — 0, f(z,) — f(Z), and =
signifies the sequential convergence in the weak topology of H. Denoting by 0f any
subdifferential defined above, the set Dom df := {x € H : 9f(x) # 0} is the domain
of the set-valued mapping 0f, and its graph is the set

gphdf == {(2,6) € H x H: € € 0f()}.
When f(T) = +o00, by convention df(Z) = (). Obviously, we have
Opf(T) COpf(T) C OLf ().
For all the above concepts we refer to [6, 16, 18, 21, 22].

Theorem 2.1. (see, e.g., [16, 22]) If f : O — RU {400} is a proper and lower
semicontinuous (lsc, for short) function on a nonempty open set O C H, then
for anyone of the above subdifferentials, Dom Of is graphically dense in dom f,
that is, for any x € dom f there exists a sequence (x,), tn Domdf such that

(@, f2n)) = (2, f(2)).
We recall now the concept of primal lower regular functions.

Definition 2.2. Let f : H — R U {400} be a function which is Isc on an open
convex set O of H with O Ndom f # (). We say that the function f is

(a)  primal lower regular (plr, for short) on O, if there exists some real number
¢ > 0 such that for all z € O N Dom dpf and for all { € Jp f(x), one has

Fy) = f @)+ &y —a) — e+l e —yl*, vy € 0. (1)

(b)  plr uniformly with respect to subgradients with a constant ¢ > 0 on O, if for
every € O N Domdpf and for every ¢ € dpf(x), one has

fy) > f@)+ Cy—2)—c|lz—y|? forall y € O

The real ¢ > 0 will be called a plr constant for f over O and we will say that
fis e-plr on O.
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One also says that f is c-plr (respectively, uniformly with respect to subgradients)
on O when the constant ¢ needs to be stated. For xy € dom f, we say that f is plr
at o whenever it is plr on some open convex set containing the point (. It is clear
that every function which is plr uniformly with respect to subgradients is plr (see
[12] for more details). O

Obviously, Isc convex functions, C? functions, and lower-C? functions (that is, func-
tions in the form g+ h where g : H — R U {400} is Isc and convex, and h: H - R
is C?) are primal lower regular (see [20, 19]). Moreover, Poliquin [19] proved that
convexly composite functions defined on finite dimensional spaces are primal lower
regular whenever a qualification condition is fulfilled. The same plr property holds
true for convexly composite functions in the Hilbert and Banach settings whenever
an appropriate qualification condition is assumed. We refer to [24, 13, 9, 22| for
more details in the Hilbert and Banach space settings. Given two Banach spaces X
and Y, a convexly composite function f on an open convex set U of X is defined as
f=hoF, where h: Y — RU {400} is a lsc convex function and F': U — Y is a
differentiable mapping whose derivative DF' is locally Lipschitzian on the openset U.

Remark 2.3. By [15] we obtain an equivalent definition for each above plr prop-
erty if we replace the proximal subdifferential by the Fréchet subdifferential or the
limiting subdifferential. So, for such functions, all three above subdifferentials coin-
cide, hence it will be convenient for a plr function f on an open set U to only write
Of(z) in the rest of the paper, for all x € U. ]

The following theorem states an important property that characterizes the plr func-
tions by some local hypomonotocity of its subdifferential 0f. This property has
been established for the first time in [19] in the finite dimensional setting with the
original definition of [19]. As stated in the Hilbert setting, it has been established
in [15]. The property and others can also be found in [22, 23].

Theorem 2.4. Let ® : H — RU{+o00} be a function on the Hilbert space H which
is finite at T and lsc near . The following are equivalent:

(a) P is plr near T;

(b)  there exist real numbers ¢ > 0 and ¢ > 0 such that for all ¢; € 0P(x;) with
|z — || <e,i=1,2, one has

(G = Gor—a2) = —c(L+ |Gl + Gl llz1 — z2]*.

In the next proposition, we recall some closure property of the graph of the subdif-
ferential of a plr function.

Proposition 2.5. (see [15]) Let ® : H — R U {400} be a lsc function on some
open convex set O which satisfies the inequality (2.2) for any y € O N Dom 0P
and any & € 0P(y), where 0P is anyone of the three subdifferentials above. Let
x € ONDom 0P and (x,), be a sequence converging strongly to x in H and let (&,)n
be a sequence which converges weakly to some & in H with &, € 0®(z,). Then

€€ 0P(z) and lim ®(x,) = d(z).

n—-+o0o
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We will also need the following lemmas in the proof of existence of solution for the
evolution differential inclusion.

Lemma 2.6. (see [14]) Let ® : H — R U {+o0} be a lsc function which is plr on
some open conver set O containing Blug, so]. Let Ty and T be real numbers with
To < T and let ny €]0, so[. Consider v(-) € L*([Ty, T), H) and let u(-) be a mapping
from [Ty, T] into H. Let (u,(+))n be a sequence of mappings from [Ty, T| into H and
(vn(+))n be a sequence in L*([Ty, T], H). Assume that

(71) A{un(t) : n € N} C Blug,no] Ndom @ for almost every t € [Ty, T);

(72)  (un(+))n converges almost everywhere to some mapping u(-) with u(t) € dom @
for almost every t € [Ty, T;

(s) n — v weakly in L*([Ty, T], H);
(ja) for eachn > 1, v,(t) € 0P (u,(t)) for almost every t € [To, T.
Then, v(t) € 0P(u(t)) for almost every t € [Ty, T).

Lemma 2.7. Let ¢ : H — RU {400} and let z(-) be a mapping defined on the
interval [a,b] C R. Assume that there exists some ty €la,b] such that x(-) and
(pox)(-) are derivable at ty and p(-) is c-plr on an open convex set containing z(to)

along with 0p(x(ty)) # 0. Then

(00 x)(to) = {(& & (t0)) : § € Dp(x(to))},
that is, for any & € Op(x(ty)) one has (€, @(ty)) = (g ox) (o).

Another important concept is required for the proof of our main existence result.
It concerns some regular mappings introduced by Moreau which are given in the
following definition.

Definition 2.8. (see [17]) Let f : H — R U {400} be an extended real-valued
function and A > 0 be a real positive number. The Moreau envelope function ey f
and the proximal mapping Py\f with index A of the function f are defined by

erf(@) = inf () + g5lle —l?). and
Pyf(w) = argminyerr (f(9)+ 55lle—yll?) = {€ H s exf(@) = f(2) + g5 lo—2012}.

The next theorem summarizes the main properties of the Moreau envelope of plr
functions, which will be needed in the sequel. We refer the reader to [15] and [23]
for the proof of this result.

Theorem 2.9. Let H be a Hilbert space and f : H — RU{+o0} be an extended real-
valued function. Assume that f is c-plr on an open convex set containing B|uy, S|
for a positive constant ¢ satisfying ¢ < ﬁ Let (29, y0) € gph O f with ||zo —uol| < 33
and let

i S

f() = f()+6(, Blao, 3))-

2
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Then there exists some threshold g > 0 such that for every X €]0, X[ the following
properties hold:

(a) exf is CY' on B(u, %) with Vexf dy-Lipschitz continuous on B(uy, 15) for

1
A1 = 2c(A1 + [lwoll) + 50/2))

dy = + lyoll;

(b)  P\f is nonempty, single valued and rko-Lipschitz continuous on B(uy, 15) for

1

Fo =14 Ao + 1—26(/\0+80/2);

¢)  Puf(zo+ Ayo) = xo;
d)  Vexf=X"'(I— P.f) on B(ug,2%);

(
(
(e) [IVexf(zo)ll < rollyoll;
() Pf(B(uo,52)) C Blug, 1550)-
(
(

g)  For any x € B(ug, ) : Vexf(x) € Opf(Prf(z)).

h)  For any x € B(uo, {3) one has
lz = zoll = (1 = A2 + [IVeaf ()| + wollyol)) 123 () — Prf (o).

It is well-known from [5] that, for any lsc convex function f, the mapping Ve, f()
is bounded on H independently of A by ||0°f(-)||, where 0° f(x) denotes the element
of minimal norm of 0°f(z). The latter property plays a crucial role in stating
several nice properties of the solution of some evolution problems involving the
subdifferential of an extended real-valued function (e.g., the inclusion (Py, r,) with
fo = 0), especially the asymptotic behavior of the solution as well as the absolute
continuous property of f along the solution. Unfortunately, such a boundedness has
not yet been shown for plr functions. Nevertheless, if the primal lower regularity
property of the function f is uniform with respect to subgradients, we can establish
a local boundedness of Ve AT() for some threshold \; > 0, which has been shown in
[12].

Lemma 2.10. [See [12]] Let f : H — R U {400} be a function which is plr
uniformly with respect to subgradients on an open convex set containing B|ug, So|
with a constant ¢ > 0. Assume that the other assumptions of Theorem 2.9 are
satisfied . Then there exists a real Ay €]0, \o[ (independent of X and x) such that for
any A €]0, A\1[ one has

[VexF @)l < ;=5 10°F @)l for all & € B(uo, 13). (2)

in particular, the family (Ve f(-))rgon( is bounded on B(ug, %) independent of A.

We finish this section with a version of Gronwall’s lemma for absolutely continuous
solutions of differential inequalities which directly follows from [5]
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Lemma 2.11. [Gronwall’slemma] Letb,c, ¢ : [Ty, T] — [0, +o0[ be three real valued

Lebesgue integrable functions. If the function ((-) is absolutely continuous on the
interval [To, T| and if for almost all t € [Ty, T

C(t) < b(t) + e(t)C (),
then for all t € [T, T

C(t) < C(Ty) exp ( /T t C(T)df) + /T t b(s) exp < / t C(T)df) ds.

3. Technical assumptions and notations

For the sake of readability, in this section we collect the hypotheses used along the
paper. For some real numbers Tp, 79 € [0, +00[ and sg,n €0, +oo[ such that

To <7 and  Blug,se] C B|0,7],

we will consider the following assumptions. Before going on, let A, and A be the
triangles defined by

AL = {(t,s) € [To, 0] X [To,10] : s <t}
and A :={(t,s) € [To, +oo[x [Ty, +oo[: s < t}. (3)

(He) ®: H— RU{+o00} be a proper lsc function with uy € dom ® such that ® is
c-plr on some open convex set containing Blug, So)-

(H1) fi1:[To,70] X H— H is Bochner measurable in time and such that

(H11) there exists a non-negative function () € L?([Tp, 70], R,) such that
| fi(t, 2)|| < Bi(t) for any t € [Ty, ] and for any = € B[0,n] Ndom ®.

(H12) there exists a non-negative function Li,(-) € L*([Tp, 0], R4) such
that for any t € [T}, 79| and for any (z,y) € B[0,n] x B[0,n],

111, 2) = fi(t y)ll < Lag(B)]lz =yl

(H2) fo : [Ty, 70]* x H is (Bochner) measurable in (t,5) € A, (i.e., fol-, -, ) is
measurable for each € H), and such that

(Ha21) there exists a non-negative function S(-,-) € L*(A,,,R;) such that
| f2(t, s, 2)|| < Balt,s) for any (¢,s) € A,, and x € B[0,n] N dom P,

(Ha2) there exists a non-negative function Lo, (-) € L*([Tp, 7o), Ry) such
that for any (¢,s) € A, and for any (z,y) € B[0,n] x B[0,n],

1fa(ts,2) = falt, s, 9)|| < Loy(B)ll2 =yl

It is well known that the regularization approach using Moreau envelope reduces the
constrained inclusion differential to an ordinary differential equation which admits
a unique solution thanks to the classical Cauchy-Lipschitz’s theorem under some
regular conditions. In our case, the obtained regularized problem is perturbed by
an integral forcing term depending on the state function, which leads to an integro-
differential equation in the infinite dimensional Hilbert H. In order to overcome the
existence problem we are going to establish an auxiliary result that will be needed
later.
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Lemma 3.1. Assume that the functions fi and fs satisfy the conditions (H,) and
(Hs) stated above. Then, there exists some real 8 €]Ty, 79| such that the following
integro-differential equation

t

—i(t) = filt,x o(t,s,x(s))ds a.e. To, 7,
0= fita)+ [ ftts.als) S

$(T0) = Ug

admits a unique absolutely continuous solution x : [Ty, 0]— B(uo, ) for some positive
number r €0, so|.

Proof. It is well known that the normal cone Neg)(x) equals the single-valued set
{0} if we suppose that C(t) is the whole space H. In such a case, the Voltera
sweeping process, studied in [2], reduces to the integro-differential equation (4).
Employing the existence and uniqueness result established in Theorem 4.2 in the
same reference and using the hypotheses (#1) and (H2), we deduce that (4) admits
a unique absolutely continuous solution x : [Ty, 79] — H. Since the solution z(-) is
continuous at ug then, we can choose some positive number r such that the solution

x is defined over [Tp, 0] with values in the ball B(ug,r). O

Remark 3.2. It is also worth noticing that the existence and uniqueness result in

Lemma 3.1 can also be proved by a classical method of fixed point without using
2]. O

4. Local existence

This section is devoted to the study of local solution of (P, r,) which is defined on
some bounded interval [Tp, T']. To establish the desired result, our method consists
in taking the Moreau approximation of the function ® and developing some suitable
estimates on the approximate system; by passing to the limit we obtain the existence
and certain desired properties of the solution. This process uses various properties
of Moreau envelope and its proximal mapping which are recalled in Theorem 2.9
above.

Theorem 4.1. Suppose that the assumptions (He), (H1) and (Hz) are fulfilled.
Then, there exists a real number T' €Ty, o[ such that the problem (Py, s,) admits a
unique absolutely continuous solution w : [Ty, T| — B(ug,no). Further

(a1) w([To, T]) C dom ®;
(a2) a() € L*([To, T], H);
(a3) For any s,t € [Ty, T| with s <t

/ Jar)|P? dr < 2(®(u(s))—B(u(t))) + /

2
dr.

T

filru(r)+ [ fa(r,0,u(0)) do

To

(ag) If we strengthen the plr property of the function ® to the following condition:

(Hp): ©: H — RU {400} is a proper lsc function with uy € dom® such
that ® is c-plr uniformly with respect to subgradients on some open
convez set containing Blug, So),
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then, the mapping ® o u is absolutely continuous on [Ty, T], and for almost
every t € [To, T

(o) (t) = (¢ (b)) for any ¢ € HD(ult)), (5)

and for any s,t € [Ty, T| with s <t

D(u(s)) — (u(t))

r

— /: [ a(r)||? dr + /: <f1(r,u(r)) + A fa(r,o,u(0)) da,U(r)> dr.  (6)

Before starting with the proof of the above theorem and in order to keep things
simple, let us fix some notations that will be used in the proof.

e Let 55 €]0,50[ be such that infpp, ) ® € R with 55 < % This is clearly
possible invoking the lower semicontinuity of ®(-) at wuy.

e Let (zo,90) € gph 0P be such that

|0 — ugl| < Mo where 1y := %, (7)

by virtue of the density (graphically) of Dom d® in dom ® (see [7]).
e Let ®(-) be the function defined by

/

B() = 2() + 6(-, Blxo, 2]), (8)
it follows that e, ®(z) > B(inf/) ®, for all z € B(uy, sp). 9)
U0, 8y,

Proof. We refer to [4] for the local uniqueness. Our aim here is to provide another
proof of existence based on the use of the Moreau envelope.

Denote by g the threshold provided by Theorem 2.9 such that (a) — (k) in that
theorem hold whenever A €]0, \o[.

Step 1. A family of approximate solutions.

Fix any A €]0, Ao[ and consider the approximate problem:

Find a real Ty € [Ty, 79[ and a locally absolutely continuous mapping

uy : [To, Th[— B(ug,no) such that
t
uA(t)%-Ve,\@(uA(t))—i—fl(t, u,\(t))—F fQ(t,S,UA(S)) ds=0forall te [TO,T)\[

To

(P)
ux(To) = up.
Let h be the function defined on [Tp, 7] x B(ug,n0) by
h(t,z) := Ve ®(x) + fi(t, ).

The mapping h enjoys the following properties:
° the mapping ¢ — h(t, x) is Bochner measurable thanks to that of f; on [Tp, 7],
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o the mapping h satisfies the hypothesis (H1) on [Ty, 7o] x B(ug,m0). Indeed,
firstly, let x € B(ug,n0) then according to inclusion xy € B(ug, 1) (due to
(7)) and properties (a) and (e) of Theorem 2.9

IVex®(@) | < [IVerd(x) — Ver®(ao)|| + [ Verd(ao)]
< dal = woll + rollyo

< dx (o + |luol| + llzoll) + wollvoll =: K.

This entails that, through the inclusions B(ug,n9) C B(ug, So) C B[0,7n] and
the hypothesis () assumed for f;

Ih(t, 2)I < [IVex@(@)l + [ £t 2)]| < K+ (1) (10)
Secondly, for any t € [T}, 7] and for any =,y € B(ug,n)
Ih(t, 2) = h(t, )| < [[Veax®(z) — Vex@(y)ll + | f2(t, 2) = f1(t, )]
< (dx + Loyl —yll. (11)
Putting (10) and (11) and (H3) together and applying Lemma 3.1, we conclude that

there exists some T\ €]Ty, o] and a unique mapping uy : [Ty, Ta[— B(ug,n0) as
solution of the problem (Py) and defined on its maximal interval of existence, that is

Ty = sup{f € | Ty, 7o[ : ur(+) is the solution of (Py) and wuy([To, 8]) C B(ug,n0)}-

For s € [Ty, T)[, taking the inner product in (Py) with —,(s) we obtain

S

—|lix(s)]]* = <V6A$(u)\(s)) + fi(s,ux(s)) + fa(s,r,ux(r)) dr, uA(s)>

s

To

- % (6,\50 u,\) (5) + <f1(s,u,\(s)) + [ fa(s,r un(r))dr, iL,\(s)>,

To

By integrating over s from Ty to ¢ € [Ty, Th[ we get

[ix()]1* ds = ex®(uo) — ex®(ua(t))

To t s

+/TO <f1(37U>\<S)) + . fo(s,mun(r)) dr, —@A(3)>d3~ (12)

On the other hand, one has from (9) and the inclusion uy € Bz, %]

ex®(ux(t)) > inf @ and e ®(up) < P(ug) = ®(uy),

B(uo,sp)
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S

further /t <f1(S,UA(S)) +

To

fa(s,ryun(r)) dr, —u/\(s)>d3

To

s

< [ (15 unoi +

To

Hfb(sar,ux(r)ﬂldT)HﬂA(S)HdS

To

< [ 36+ [ s nar)linsias

To To
s

then /t <f1(s ux(s)) + fg(s ryux(r)) dr, —uA(s)>ds

To

< / / Ba(s,7) dr ds) ( . ||u,\(s)||2ds>é
<\/_( ()ds+/T( Tﬁg(ST)dT) ds) ( t

<va( Ttﬁf(s)der /T (s—Th) Sﬂg(s,r)drds>é< tHu,\(s)Hst) . (13)

0 To To

N|=

Jia(s) %ds)

To

N[

which implies that

[ {ts.anton +

5 T0 s 5 1/2
where  pg == ﬁ(|!51I|L2<[TO,mLR+>+<To—To> / 62<s,r>drds) :

To To

s t

ol us(r)) dr, —in(s))ds < o[ lin(s)]s)

To TO

Consequently, it follows from (12) that

t t

()]s — po( [ Nin(o)lPas) "~ (@(ue) ~ inf ) <0,

TO TO B(uo SO)

which represents a polynomial equation of the second degree whose discriminant
A = p§ + 4(P(ug) — infpr,,q) P) is nonnegative.

Hence, there exists some nonnegative number p; such that

t 1/2
([ Nin(s)ds) ™ < pr,  forany ¢ € [Ty, T3] (14)
To

This ensures that the mapping w, is locally Holderian on [Tg, 7)[. More precisely

lua(t) —ur(s)|| < pvt—s, forall Typ<s<t<T). (15)

So, we choose some real number T' €]Ty, 7] such that

mwT—%<%L (16)
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The maximality of T\ implies that for any A €]0, \o[, we have T" < T). Indeed,
assume that there exists a real \; €]0, \g[ such that 7\, < T. It results from
(15) that the family (uy, (t))ier, n,[ is @ Cauchy net in the Hilbert space H, hence
limyr, | uy, (t) exists in H. From (15) and (16) and since T' > T}, we obtain that

ux, ([To, Th,]) € Bl(u, n—;) and Wy, := lTl%Il uy, (t) € Bluy, %],

A1

this allows us to extend the mapping wuy, () on a right neighborhood of Tj,, and
by consequence find a real T} > T, such that w,,(-) is a solution of (Py,) on
[T, Ty, [ B(ug,no) with initial condition uy, (Ty) = ug. This contradicts the maxi-
mality of Ty,. Therefore, from (15) and (16) we obtain

ux ([T, T]) € B(uo, %) for all A €]0, Ag|. (17)

Then, we can restrict the study on the interval [Ty, T'.

Step 2. We show that

(II1)  (ua(-))agjono| converges uniformly on [T;,7] to some absolutely continuous
mapping u(-) : [Ty, T| = Blug, ®] C B(ug, 50) with

w(To) =ug and ([T, T]) C dom ®.

(ILy) l){ﬁ)l P\®(uy(t)) = u(t) and P\®(ux([To,T])) C dom P for any A €]0, Aol.

It results from (17) and the properties (b), (f) and (d) in Theorem 2.9 that

ex®(ux(t) = B(AB(ur(1)) + o lua(t) — Py®(un (1))

= O(Pr(ux(1))) + %HW@(uA(t))HQ, (18)

by the property (f) of the same theorem, one has ®(Py®(ux(t))) > infppy, o) -

Then lur(t) = Pa@(ux()1* = 2 (ex®(ua(t)) — ®(Prf(ua(t))))

<2\ (ex®(un(t)) — inf @).

Bluo,s)]
On the other hand, through (12) and (13), we have the estimation
ex®(ua(t)) < ®(uo) + popy. (19)
Thus () = Pa®(ua(t))l] < v/2Ap5, (20)

where p3 := ®(ug) + pop1 — infpp, ¢ -
Now fix any A, u €]0, \o[. For almost every t € [Ty, T| we have

1d

5 g A ®) = w1 = (@a(t) = wu(t), ur(t) — wu (1)) = 0" (8) + 0 (t) + 05™ (1),
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where
A" (1) = (=VexB(ur(t)) + Ve, B (uu(t), AB(ua(t) — P (w, (1))
0" (1) = (~Vex®(ur()) + Ve, B(uu (1)), un(t) — PiB(un() + Pud(uu(t)) = u, (1)
o (1) = (it un(®) = fit uu(®))
+ [ (Faltsoon(s)) = Falt5,1,(9) s s 8) = 0r (1))

To

Now, we are going to make some estimations on the three latter functions. To this
end, let us put

Enn(t) = [Vex®(ua(t))[l + | Ve, ®(u, (1))

It results from the inclusions (f) and (g) of Theorem 2.9 and the subdifferential
characterization of the c-plr property of ® that

0" (1) < 26(1+ E0,u(8) | PAB(ua(t)) — Fu®(u,(t))])”

< de(1+ &0 ((I1PB(un(t) = un(B)l] + [ P® () = wu(1)]])
+ [lua(t) — uu()]%)

< 8epa(VA + Vi) (L Enu(t)) + el + (D)) [ua(t) — w0,

where the latter inequality is due to (20). Also

o™ (1) < V/20s(VA+ V(D).

On the other hand, according to the hypotheses (H;2) and (Ha2)

t
)‘7
05" (t) < Luy(t)lJua(t) — wu(®)1* + Loy () ua(t) — wu(t)]] /T [ur(s) — wu(s)]| ds.
0
Putting these estimations together we get

Llur(®) = wOF < (Sell + Eu(t)) + 2Ly (1)) un(t) — ,(0)
+(16cp5 (VA + /1) +24/25) (1 + 6,,(0)) (VA + /)
2Ly (Olur(®) = 0] [ ) = w5l ds.

By integrating over s from T} to ¢t € [Ty, T| and using the following inequality

[ 2alusts) = uatl ([ urtr) = wa(ol ) s

To

t
< 2T — TollLogllzz [ [lua(s) — uu(s)|ds,
To
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t
we get lux(t) — ()" < Crpu+ / Oxu(8)l[ua(s) — up(s)]ds,
To
where Ch i = |Jua(To) — u,(To) )

+(16cp3(VA + /i) + 24/203) (T = Ty + ||l 2 (o, 11,20 (VA + V1),
and O u(8) :=8c(1+ &) () + 2Ly ,(s) + 2/ T — TO||L2,77||L2([T0770LR+).

Noting that [|&x .|| 21 (my,mr,) is bounded independently of A and p. It follows from
the Gronwall’s inequality that

¢ ¢
||lux(t) — uu(t)H2 <Oy, + C’,\#/ O u(s) exp (/ @,\,#(r)dr)ds.

To To

Recalling that uy (7o) = u,(Tp) and O, ,(+) is bounded in L' independently of A and
u, we conclude that the uniform Cauchy criterion is verified. Then (ux(-))xejo,x
converges uniformly on [Ty, T] as A | 0 to some continuous mapping u : [Ty, T| — H
such that u(7Ty) = up. In addition

u([To, T)) C Bluo, %] C B(uo, s0), (21)

since uy([Tp, T]) C B(ug, %) according to (17). It follows from (20) that

sup lua(t) — Px2(ua(t))ll -2 0, (22)

tE[T(),T}

which implies that P\x®(uy(t)) — w(t). On the other hand, from (19) and (18) we get

®(PA®(ua(t))) < ex®(ua(t)) < P(uo) + popr, (23)

hence P\®(ux([To,7])) C dom ® and by the lower semicontinuity of ¢

D (u(t)) < liriliionfq)(PACD(u)\(t))) < ®(ug) + popr, (24)

which translates the property (a;). It remains to show the absolute continuity of
u(-) as well as properties (az) — (a4). The inequality (14) guarantees that (x)xejo,x
is bounded in L?([Ty, T], H) independently of A\. Therefore we can extract a subse-
quence (A,), in 0, Ao[ converging to 0 such that (uy, ),>1 converges weakly to some
x() € L*([Ty, T], H), that is

T T

lim (ty, (r),w(r))dr = / (x(r),w(r))dr,Yw € L*([Ty,T); H),

n—-+o0o Ty Ty

in particular, for any z € H, taking w(-) := zlig 4, t € [To, T'] then

([ ininanz) = [0 10 0

e /TT<X(T), 2l (r)) dr = </Otx(r) dr,z>,
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t

thus wy, (t) = ug +/ U

¢
A, (1) dr converges weakly in H to ug + / x(r)dr.
Ty 0

The uniform congergence of (uy, ), to u implies u(t) = ug + fo r)dr. This gives
the absolute continuity property of u(:) on [Ty, T] as well as the equahty U= x a.e.
on [Ty, T] and the inclusion u(-) € L*([Ty, T, H).

Step 3. Let us show property (as3). First, put

t

on(t) == fi(t,uy, (1) + [ fo(t,s,uy,(s))ds and

To
t

o(t) :== fi(t,u(t)) + ; falt, s,u(s))ds, t e [To,T].

Then

[ lleatt) = ato)?at

To
t

< [ (Itus,(0) = Atu)] + | falt s, (5)) = flts 5, u(s Dlds) di

To

<2 /T[Lin(t)HuAn() u(t)[* + L3, ( / lx, (8) = u >||d8)2]

To

< 2 Ly () (wr, = ) 3o + 2T = To) / 2,0 [ Tus(s) — u()]ds) e

To

In consequence we obtain
ln — SOH%?([TO,T};H)

< 2|[Ly () (un, — u)”%?([TO,T};H) +2(T - TO)HLQWH%?([TO,T];RJr)||u)\n - u”%?([TO,T};H)’

implying that (,), converges strongly to ¢ in L*([Ty, T|; H). So, for any t € [Ty, T]

/ (on(s)in(s)) ds —> [ (o(s),als)) ds.

Ty n—-+4o0o Ty

On the other hand, It results from (12) and (18) that

t t

[ i ()] ds < @(uo) — B(Ps, B, (1)) - / ()i, ())ds.  (25)

Taking the inferior limit in (25) as n — 400 and using the weak lower semicontinuity
property of || - || L2z, ), the lower semicontinuity property of ® and (22) entails

t t

li(r)|* dr < @(uo) — ©(u(t)) —/ {o(r), a(r)) dr,

T() T()
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which leads to ()| dr < 2(®(u(Ty)) — ®(u(t)) + [ |er)|*dr,

To To
and the latter inequality still holds for s instead of Ty for any for any Tp < s <t < T.

Step 4. Let us prove that u(-) : [Ty, T] — B(uo,1n0) is the solution of (Py, ,).
Based on the above results, one can write

(1) {Pn.®(ur, (1)) : t € [T, T],n € N} C B(uog, 1550) Ndom @ via (f) of Theorem
2.9 and (23).

(2) P, ®(un,(-)) — u(-) according to (20) and u([Ty, T]) C Blug, B] N dom @ via
(21) and (24).

(3) (1) + @nls) = ul(-) + ¢(-) weakly in L*([To, T, H),
(4) =y, (t) — n(t) = Ver, @(uy, (t) € OD(Py, ®(uy, (1)) via (g) of Theorem 2.9
and the inclusion uy([Ty, T]) C B(ug, no)-

Those four properties and Lemma 2.6 lead to the desired inclusion in (P, f, ).

Step 5. Let us prove property (ay).

First, under the strengthened condition (H},), the function ® satisfies the assumption
(%), which ensures the well posedness of (P, f,). Select arbitrary t € [Ty, T] where
¢

—a(t) — fitu®)) — [ folt, s, u(s)) ds € dD(u(t)).

To

Fix any A €]0, \;[ where A\; €]0, A\¢| given by Lemma 2.10. From previous analysis,
one has u(t) € B(uo, {3) then Lemma 2.10 gives the following estimates

IVer® ()] < sy (IO + LA U+ | 1falt 5,06l ds)
< 1o, O+ 800+ [ 5t ) )

Therefore, recalling that $; and Ba(-,-) are in L? yields the weak compactness
of (Ve x®(u()))x. Then, we can extract a subsequence, denoted (Vey, f(u(:)))m,
which converges weakly to some mapping v(-) in L*([Ty, T, H). We have also that

ex,, ®(u(-)) is absolutely continuous on [Ty, T] because ey, ®(-) is C' on B(ug, 52)
according to (a) of Theorem 2.9. It results that for any Ty < s <t <T

ex, @(u(t)) — ey, P(u(s)) = / (Vey, @(u(r)),u(r)) dr

and passing to the limit on m, we get

which means that ® o is absolutely continuous on [Ty, T, hence it is derivable a.e.
on [Ty, T]. The equality (5) is a direct consequence of Lemma 2.7.
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Fix now any ¢ €|Tg, T[ such that ® o u and u(-) are derivable and
t

—a(t) — fitult)) — [ faolt, s, u(s)) ds € dD(u(t)).

To
Using Lemma 2.7 again and taking into account the latter inclusion, it ensures that

t

(@ou)(t) = ~lla(®)| = (filt.u®) + | foltss,u(s) ds,ilt) ) ae t € [T, 7],

To

we integrate this latter equality to obtain

b(uls)) - o) = [ latFar+ [ (A + [

for any s,t € [Ty, T] with s <t and we are done with the proof of the theorem. [J

fa(r, 0,u(0)) do, u(r)> dar

To

5. Existence of global solution

Our next goal in this work is to establish the existence of a global locally abso-
lutely continuous solution over all the interval [Tj, +oo[. This existence issue can
be obtained through the existence of the truncated interval above under some ad-
ditional conditions. Especially, the boundness from below of the function ® by a
function of affine type. Before the formulation of this theorem, recall that a function
W (-) is said to be locally absolutely continuous on [Ty, 400, when it is absolutely
continuous on each compact subinterval [a,b] C [T}, +oo.

Proposition 5.1. Let ® : H — R U {+oc} be a proper lsc function. Consider
up € dom @, real numbers sq > 0,Ty € [0,4+00] such that ® is plr on Blug, so] and
consider also two mappings f1 : [Ty, +oo[xH — H and fs : Ay x H — H where
A is defined in (3). Assume that the following hold

(Q1) fi1 is (Bochner) measurable in time (i.e., fi(-, x) is measurable for each x € H ),
such that

(Q1.1) there exist non-negative functions By1(-) € L1 ([To, +oo[,Ry) suchthat

loc
1@t 2)[| < Bu(t) (X + ||2l]), for any t € [Ty, +oo[ and for any x € H;
(Q12) for each real number n > 0 there exists a non-negative function
Ly, ()€ L2 ([To, +oo[,Ry) such that for any t € [Ty, +oo] and for any

loc

(x,y) € B[0,n] x B[0,n] we have

11, 2) = filt, )l < Lay(D)z =yl

(Qs) f2 is (Bochner) measurable in A (i.e., fo(-, -, x) is measurable for each x € H )
such that

(Qq.1) there exists a non-negative function Ba(-,-) € L} (A, Ry) such that

loc

| f2(t, s, 2)|| < Balt, s)(1+||x|]) for any (t,s) € As and for any x € H;
(Qa2) for each real number n > 0 there exists a non-negative function

Loy () € L3 ([To, +oo[,Ry) such that for any (t,s) € A and for

loc

any (z,y) € B[0,n] x B|0,1],

1fa(t s, 2) = fo(t, s, 9)|| < Loy(@)]z = yl|
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Denote by € any subset of H containing Blug, so|. Then there exist a real number
T e |Ty, +oo| and a locally absolutely continuous mapping u : [Ty, T[— £ satisfying
t

(e1) —u(t) € 0D(u(t)) + fi(t,u(t)) + ; fa(t, s,u(s))ds a.e. t € [Ty, T;

(e2) u(Ty) = up and x([Ty, T[) C dom ®;
(e3) uwe L ([To, T[, H) and for any s,t € [Ty, T| with s <t

loc

T

filru(r)+ [ falr,o,u(0)) do

To

2

[ )P ar < 2(0(u(s) - @(u(e)+ | ar,

(eq) If we strengthen the plr property of the function ® to the following condition:

(Qp) @:H — RU{+oo} is a proper lsc function with uy € dom ® such that
® is c-plr uniformly with respect to subgradients on some open convez
containing Blug, Sol,

then, the mapping ® o u is absolutely continuous on [Ty, T|, and for almost
every t € [To, T we have

(@ ou)(t) = (C,u(t)) forany (€ 0P(u(t)),

and for any s,t € [Ty, T| with s <t

r

D(u(s))—D(u(t)) :/StHu(r)|]2dr—i—/:<f1(r,u(?“))+ fa(r,o,u(0)) da,u(r)>dr.

To

(e5) As a solution, x(-) cannot be extended in a right neighborhood of T.

Proof. Denote by A the collection of pairs (7,z(-)) such that 7 €]Tp, +o0] and
x(+) : [To, 7[— &€ is locally absolutely continuous, and such that the properties (e;),
(e2), (e3) and (e4) are satisfied with 7" = 7. This is clearly possible thanks to
Theorem 4.1 and then, the nonemptiness of the set A is guaranteed. Endow A with
the partial ordering ” <7 defined by

(Tl,l'l) j (TQ,LUQ) ~ T1 S T2 and .CCl(t) = Ig(t) for all ¢t € [T07T1[7

for (T;,x;) € Ayi = 1,2. Let {(Tn,xa) : @ € A} be a totally ordered family in A.
Putting 7T := SUPye 4 T, then the mapping Z(+) : [T, T[— & given by Z(t) := 4 (t)
if t € [Ty, T, [ is well defined, locally absolutely continuous on this interval and fulfills

the properties (e1), (ez), (e3) and (e4) on [To, T[. In order to prove the latter result,

let us consider a sequence (6,),>1 C [T, T[ which converges increasingly to T’ then
15, T[ = | J [T0.0.)-
n>1

Given any integer n > 1, by definition of the supremum f, there is some «,, € A

such that 6, < T,, < T, and by the definition of Z(-) we get that for any ¢ € [Ty, Ta, |,
Z(t) = w4, (1).
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In contrast we have {(T,,z,) : @« € A} C A, which ensures that for any n > 1

the mapping z(-) fulfills the properties (e2), (e3) and (ey4)

26
on [Ty, T,, [ and the property (e;) a.e. t € [Ty, Ty, [ (26)

and this entails that Z([Ty,6,]) C dom ® hence Z([Tp, T[) C dom ®. Let ¢ € [Ty, 7.
By definition of T, there exists @ € A such that ¢ < Ty < T with z4(-) satisfying
(e3) and locally absolutely continuous on [Tp, Tx[. Since t < T, the mapping z4(+)
is absolutely continuous on [Ty, t] with @5(-) € L?([Ty, t], H) and

T

filr,zz(r)+ | fa(r, o, za(0)) daH2dr,

To

/ lia()P dr < 2(®(za(s))—B(aalt)) + /

By definition, for any t € [Ty, Tx[ we have Z(t) = z4(t) which ensures that Z(+) is
locally absolutely continuous on [Tj, f[ and satisfies (e3) on [Tp, T [. Repeating the
reasoning just given, we deduce that Z(-) fulfills (e4) on [Ty, T|.

On the other hand, according to (26), Z(-) satisfies the property (e;) almost every-
where on [T}, Ty, | then, it results from the inequality 6,, < T,,,,n > 1 that for any
integer n > 1 there exists some Lebesgue-null set N,, C [Tp, 6,] such that

t

—Z(t) € 0B(Z(1)) + fr(t,T()) + | folt,s,T(s))ds for any ¢ € [Ty, 0,] \ Ny

To
which yields

t

~3(t) € 00(@(1) + At Z(H) + | folt,s,7(s))ds for any t € [Ty, T (UN)

To

which translates the property (e;) almost everywhere on [Ty, T’ [ Consequently, the
pair (T, %) € A with (T,,z4) = (T, %) for all & € A, which means that (7, %) is an
upper bound for the family {(7T,,z,) : « € A}. According to Zorn’s lemma, there
exists a maximal element in A that we call (7', u(+)), so u(-) : [Ty, T[— £ is locally

absolutely continuous on [Ty, T'| and has no other extension satisfying (e1), (e2), (e3)
and (e4) than itself. O

Theorem 5.2. Let & : H — R U {+0o0} be a proper lsc function which is finite at
up € H. Let any real Ty € [0, +00[ and consider the mappings fi : [Ty, +oo[xH — H
and fy : Ay X H — H which satisfy the assumptions (Q1) and (Qs) of Proposition
5.1. Assume also that we have the following conditions

(Qa,1) The function ® is plr around each point of its domain;
(Qa2) There ezists a positive number « such that

O(z) > —a(l + ||z||) for any x € H.

Then, there ezists a unique locally absolutely continuous mapping u : [Ty, +oo[— H
which satisfies
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—u(t)e 0P (u(t)) + fi(t,u(t)) + t falt, s,u(s))ds a.e. te[Ty, 400,
(,PJ?ifz) To

u(Tp) = up € dom @,
along with the inclusion u([Ty, +oo[) C dom ®. Further, this solution satisfies also:
(81) (S Lloc([T()? +OO[ H) ]
(&) For any s,t € [Ty, +oo| with s <t

r

fi(ryu(r)+ | fo(r,oou(o daH dr. (27)

Ty

JlatiFar < 260u(s)-atue)+ |

In addition, if ® is plr uniformly with respect to subgradients around each point of
its domain, then the function ® ow is locally absolutely continuous on [Ty, +oo[, and
for almost every t € [Ty, +00|

(®ou)(t) = (¢, u(t)) for any ¢ € 0D (ut)),

and for any s,t € [T, +oo| with s <t

<Mw@>—@@@»:£]mmw%wﬁ[?ﬁwww»+

r

fo(r, 7, u(0)) o i(r) ) dr. (28)

To

Proof. Again we refer to [4] for the uniqueness and hence continue with another
approach for the existence.

Denote by u(:) : [Ty, T|— H, with T" < 400, the maximal solution in the sense of
Proposition 5.1 (with & = H) of the differential inclusion

t

—u(t) € 00 (u(t)) + fi(t,u(t) + | fat,s,u(s))ds ae. te [Ty, T,

To
u(Ty) = up € dom P,

then, the solution u(-) enjoys the properties (e;), (e2), (e3) and (e5) stated in Propo-
sition 5.1 on the interval [Ty, T'[. Proceeding by contradiction, we are going to prove
that T' = +o00. Supposing therefore that T' < +o00 so, to get the absurdity, it suffices
to prove that (es) is not valid. Given any s € [T, T, the local absolute continuity
of u(-) on [Ty, T'[ together with the property (e3) tell us that

nw@—st<é]mmm02s@—%>;mmww
e, ur)) + rf2(7“,cr,u(a))daH2dr)

To

< (s = To) (2@ () ~ B(u(s)) + |

To

< 2(s=To) o [|u(s) —uol| + Q(S_TO){®<UO)+Q(1+HuO”) + Ts Bi(r)(1+|u(r)|[)*dr

[ ([ tr o)+ o) ar),

To To
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where the latter inequality is due to conditions (Qg2), (Q1,1), (Q21) and the inequal-
ity (p+ q)* < 2(p? + ¢*). This entails that

(Ilu(s) = uoll = a(s = Tv))* < a*(s — To)* + 2(s — To){q’(w) +a(l + |Juol])

- ;612(7”)(1+IIU(r)II)zerr/s( Tﬁ2(7“70)(1+||u(0)||)da>2dr}7

To To

which gives

lu(s) = uoll* < 4a’(s — To)* +4(s — To)(®(uo) + (1 + [[uol) (29)

S

(=) [ B Par+as=T) [ ([ sro)i+u@lhas)

Ty N JT0
However, using Holder’s inequality, one obtains by elementary calculations
B(r) (L + [lu(r)[)*dr < 2(1 + [Juol|)? ; Bi(r)dr +2 ; Bi(r)|[u(r) — uol*dr,
To 0 0

and

/Ts ( 52(7“ o)1+ ||u(e )||)da) dr < 2(1 + ||uol|) /T /T r—Tp)B2(r, o)dodr

0 To

+ z/T /T (r — To)B2(r, o) |[u(o) — uo|2dodr-

Combining these inequalities with (29) gives

r

) =l < As) + 85 = T2+ ual)? [ (5200 +

To

(r — Ty) B2(r, a)da) dr
+8(s— 1) 52 u(r) — ol[?dr
+8(s—Tp) /T /T:(r T B2, o) |[u(e) — uo|Pdodr,

where A(s) := 4a2(s — Tp) + 4(s — To)(®(uo) + (1 + |[uo|)).

Since s is chosen arbitrary in the interval [T, T[, then the latter inequality can be
written as follows

19(3)§/T:b( )dr+/ dr_’_/To/To r,o)0(o)dodr

I(r) = [lu(r) — uo|?
b(r) == A(r) + 8(T — To) (1 + ||uo||) ( / (T — Tp) B3(r, 0)d0>d

o(r) = 8(T = To)Bi(r), w(r,o):=8(T —1Tp)*B3(r,0).
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It is clear that b(-), ¢(-) and w(-,-) are nonnegative integrable functions, then the
following function

B(s) = / Cb(r)dr + /T c(r)9(r)dr + /T /T :w(r, o)i(0)dodr,

To

is a non-decreasing absolutely continuous function with J(s) < E(s) and for almost
every s € [0, we have

S

< b(s) +c(s)E(s) + /T w(s,o)E(c)do

< b(s) + <c(s) +/ w(s,cr)da)E(s).

To

Applying Gronwall’s lemma (see Lemma 2.11) brings us to

s

u(s) — o |2 = 9(s) < E(s) < /T br) exp | / s (c(r) + / "l 7)do)dr Jar. (30)

To

The finiteness of T', inequality (30) and the inclusions fi(-) € L2 _([Tp, +oo[ and
Ba(-, ) € LE (As, Ry) tell us that

0:= sup |u(s)]] < +oo. (31)
SE[TQ,T[

It follows from (31), inequality (27) and equality (31) that for any ¢, s € [Ty, T with
s < t we obtain

t

[u(t) —u(s)] < m< [ a(r)|)? dr>5

< m<2(®(u0)+a(1+g))+/; Fu(ru(r) + TT folr, 0, u(0)) do er)é
< m<2(<b(u0) +a(l+0)+ (1+0)? /TT (51(7») + Tr Ba(r, U)da)zd'r*)%,

which ensures that the family (u(t))icr,,r| fulfills the Cauchy’s criterion, and then
U = limyp u(t) exists. It remains to prove that @ € dom f. To proceed, fix arbitrary
element s € [Ty, T then, by (27)

T

D(u(s)) < D(ug) + %(1 + 9)2/ (51(7”) + TBQ(T, a)dcr)zdr,

To To

passing to the limit s T 7" and taking into account the lower semicontinuity of ®, we
deduce that

T

®(u) < P(ug) + %(1 + 9)2/ (51(7) + T52(r, 0)d0)2d7‘,

To To
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which translates the inclusion w € dom f. Using the plr property of & around
u € dom f and the local existence result established in Theorem 4.1 with initial time
T and initial state u, we can extend u(-) as a solution on a right neighborhood of T’
such that the properties of Proposition 5.1 remain satisfied, which is a contradiction.
Finally, T" = +o0 and u(-) is a solution of (Pf;,) with u([Tp, +oc[) C dom f and
(e2) with T' = +oo furnishes that @ € L? ([Ty, +ool, H) as well as the inequality in
(&).

Further, if at each point of its domain the function f is plr uniformly with respect
to subgradients, by the property (e4) of Proposition 5.1, it follows that the solution
u(+) is additionally such that the function ® o u is locally absolutely continuous on
[Ty, +oo[ and satisfies the equality (28). O
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