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1. Introduction

Necessary and sufficient conditions for efficiency are important field of multiobje-
cive optimization problems. In recent years, many works on nonsmooth analysis
have studied a lot of subdifferentials, especially, convexificators to derive optimal-
ity conditions. The theory of nonsmooth vector optimality conditions has been
achieved many beautiful and plentiful results in terms of subdifferentials such as the
Clarke subdifferential [2], the Michel-Penot subdifferential [16], the Mordukhovich
subdifferential [18], the Treiman subdifferential [23], convexificators [10], approx-
imate Jacobians [9]. Convexificators are efficient tools which have attracted ex-
tensive attention by many authors. On multiobjecive semi-infinite optimization
problems, O. Stein and G. Still [21] derived optimality conditions via directional
derivatives. N. Kanzi [11, 12] gave optimality conditions for multiobjective semi-
infinite optimization problems with Lipschitz functions via the Clarke subdiffer-
entials. S. K. Mishra and M. Jaiswal [17] derived optimality conditions for differ-
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entiable scalar semi-infinite programming problems with equilibrium constraints.
E. Constantin [3] established second-order necessary optimality conditions for scalar
optimization problems with inequality constraints via Páles–Zeidan and second-
order directional derivatives. D. V. Luu [15] established Fritz John conditions of
primal and dual forms for vector equilibrium problems involving equality, inequal-
ity and set constraints in terms of second-order Páles–Zeidan derivatives. Recently,
E. Constantin [4] established optimality conditions for strict local Pareto minima
of second-order of inequality-constrained multiobjective optimization problems with
local Lipschitz functions in terms of Páles–Zeidan second-order derivatives.
This paper presents second-order Fritz John necessary conditions for weak efficiency
of nonsmooth semi-infinite multiobjective programmig involving inequality, equality
and set constraints in terms of the Pále s-Zeidan second-order directional derivatives.
Second-order Karush-Kuhn-Tucker necessary conditions for weak efficiency are es-
tablished under suitable second-order constraint qualifications.
The paper is organized as follows. After some preliminaries, Section 3 is devoted
to developing second-order necessary conditions for local weak efficient solutions
of nonsmooth multiobjective semi-infinite programming problem (MSP1) involving
equality, inequality and set constraints. In Section 4, we derive sufficient optimality
conditions for (MSP1) without assumptions on generalized convexity. Section 5
presents sufficient optimality conditions with the 2-genealized convexity. Finally,
Section 6 deals with second-order duality theorems of Mond-Weir type.

2. Preliminaries

Let f be a real-valued functio defineded on a Banach space X, which is Lipschitz
near x ∈ X. We recall [2] that the Clarke generalized derivative of f at x ∈ X in a
direction v ∈ X is defined as

f 0(x; v) := lim sup
x→x,t↓0

1

t
[f(x+ tv)− f(x)].

Following [19], the Páles-Zeidan second-order upper (lower) generalized directional
derivative of f at x in the direction v is defined as

f 00
+ (x; v) := lim sup

t↓0

2

t2
[f(x+ tv)− f(x)− tf 0(x; v)].(

resp. f 00
− (x; v) := lim inf

t↓0

2

t2
[f(x+ tv)− f(x)− tf 0(x; v)]

)
.

Let f : X → R be Fréchet differentiable at x ∈ X, and ∇f(x) be its gradient at x.
The upper (lower) second-order directional derivative at x in the direction v ∈ X
are defined as

f”+(x; v) := lim sup
t↓0,v′→v

2

t2
[f(x+ tv′)− f(x)− t∇f(x)v].(

resp. f”−(x; v) := lim inf
t↓0,v′→v

2

t2
[f(x+ tv′)− f(x)− t∇f(x)v]

)
.

If f”+(x; v) = f”−(x; v), the comon value is denoted by f”(x; v) and is called second-
order directional derivative of f at x in the direction v.
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Remark 2.1. (a) If f is continuously Fréchet differentiable near x with the Fréchet
derivative ∇f(x), then f is Lipchitz near x, and f 0(x; v) = ∇f(x)v (∀v ∈ X). This
is false, when ∇f(x) is not continuous at x.
(b) If f : X → R is continuously Fréchet differentiable near x and second-order
directionally differentiable at x in a direction v ∈ X, then (see [4]) f 00

+ (x; v) =
f”+(x; v).

Let f be a mapping from X → Rm. Recall that f is Gâteaux differentiable at x if
there exists a continuous linear mapping Λ from X → Rm such that

f(x+ tv) = f(x) + tΛ(v) + o(t) (∀ v ∈ Rn),

where ∥o(t)∥/t → 0 as t → 0. The mapping Λ is said to be the Gâteaux derivative of
f at x and is denoted by f ′(x). Note that a mapping which is Gâteaux differentiable
at x may be not continuous at x.
Let C be a nonempty subset of X. Following [3], a vector u ∈ X is said to be a
tangent vector to C at x ∈ clC iff

lim
t↓0

1

t
d(x+ tu;C) = 0 , (1)

where d(x;C) stands for the distance from x to C, clC is the closure of C. The set
of all tangent vectors to C at x is denoted by TxC, and is called the tangent cone
to C at x. Note that TxC is a nonempty closed cone containing 0 ∈ X. Moreover,
(1) is equivalent to the existence of a function γ : (0,+∞) → X with γ(t) → 0 as
t ↓ 0, and

x+ t(u+ γ(t)) ∈ C (∀t > 0).

Adapting the definition in [22], a vector v ∈ X is said to be a second-order tangent
vector to C at x iff there exist u ∈ X such that

lim
t↓0

1

t2
d(x+ tu+

t2

2
v;C) = 0 . (2)

The vector u satisfying (2) are said to be associated with v. Denote by T 2
xC the

set of all second-order tangent vectors to C at x. Observe that v ∈ T 2
xC with the

associated vector u is equivalent to the existence of a function γ1 : (0,+∞) → X
with γ1(t) → 0 as t ↓ 0, and

x+ tu+
t2

2
(v + γ1(t)) ∈ C (∀t > 0).

Moreover, v ∈ T 2
xC implies that u ∈ TxC, and T 2

xC is a nonempty cone containing
0 ∈ X (see [22]).

Remark 2.2. Assume that C is convex. Then, for x ∈ C, C−x ⊂ T 2
xC; for x ∈ C,

x− x ∈ T 2
xC with the associated vector x− x ∈ TxC.

Proof. Since C in convex, for x ∈ C, t ∈ [0, 1], x+t(x−x) ∈ C. Hence, for γ(t) ≡ 0,
one gets that x+ t(x− x+ γ(t)) ∈ C, which means that x− x ∈ TxC.
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Since C is convex, for x ∈ C, for t small enough, t1 := t + t2

2
∈ [0, 1], and so, for

γ1(t) ≡ 0, x+ t(x− x) + t2

2
(x− x+ γ1(t)) ∈ C, which means that x− x ∈ T 2

xC with
the associated vector x− x ∈ TxC.
Consider the following multiobjective semi-infinite programming problem:
(MSP1) min f(x), s.t. gt(x) ≤ 0 (∀t∈T ), hj(x) = 0 (∀j∈L), x∈C,

where f = (f1 . . . , fr), fi (i = 1, . . . , r), gi (i ∈ T ) are locally Lipschitz functions
defined on X. The index set T is arbitrary, not necessary finite (but nonempty).
Let denote J := {1, . . . , r}, L = {1, . . . , ℓ}. Let M1 denote the set of feasible points
of (MSP1):

M1 :=
{
x ∈ C : gi(x) 6 0, i ∈ T, hj(x) = 0, j ∈ L

}
.

For x ∈ M1, u ∈ X, the index set of active constraints at x as
T (x) := {t ∈ T : gt(x) = 0}.

For x ∈ M1, u ∈ X, we define the second-order contingent set to M1 at (x, u):

T 2(M,x, u) := {v ∈ C : ∃ tn ↓ 0,∃ vn → v such that x+ tnu+
t2n
2
v∈M1, ∀n∈N},

and F (x, u) := {v ∈ T 2
xC : f ′

k(x)v +
1

2
f 00
k (x;u) < 0 ∀k ∈ J},

G(x, u) :=

{
v ∈ T 2

xC :
g′i(x)(v) +

1

2
g00i (x;u) ≤ 0 ∀i ∈ T (x),

∇hj(x)(v) +∇2hj(x)(u, u) = 0 ∀j ∈ L

}
.

We introduce the second-order constraint qualification (SCQ):
(SACQ) G(x, u) ⊂ T 2(M1, x, u).

To derive second-order necessary conditions for (MSP1), we introduce the following
assumptions.

Assumption 2.3. (a) For x ∈ M , the functions fk (k ∈ J) and gi (i ∈ T (x)) are
locally Lipschitz, Gâteaux differentiable, with Gâteaux derivative f

′

k(x) and g
′
i(x),

respectively; regular in the Clarke sense; C is convex.
(b) hj (j ∈ L) are second-order Fréchet differentiable with Hessian at x is ∇2hj(x).

A vector x is called local weak efficient solution iff there is a number δ > 0 such that
there is no x ∈ M1 ∩B(x; δ) such that

fk(x) < fk(x) (∀ k ∈ J)

where B(x; δ) stands for the open ball of radius δ around x. Finally, the vector x
is called local efficient solution iff there is a number δ > 0 such that there is no
x ∈ M1 ∩B(x; δ) such that

fk(x) ≤ fk(x) (∀k ∈ J), and fs(x) < fs(x) for at least one s ∈ J.

Adapting a definition of [4], a vector u ∈ X is called critical at x ∈ M iff
f ′
k(x;u) 6 0 (∀k∈J), g′i(x;u) 6 0 (∀i∈T (x)), ∇hj(x) = 0 (∀j∈L), u∈TxC.
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3. Kuhn-Tucker necessary conditions for weak efficiency

Denote by S the set of all collections S of finitely many elements of T (x) and set

S(x, u) :=

{
v ∈ T 2

xC :
g′i(x)(v) +

1

2
g00i (x;u) ≤ 0 (∀i∈S),

∇hj(x)(v) +∇2hj(x)(u, u) = 0 (∀j∈L)

}
.

Theorem 3.1. Let x ∈ M1 be a weakly efficient solution of (MSP1) for which
Assumption 2.3 and (SCQ) hold. Then for every critical direction u ∈ X, there
exist S ∈ S such that there is no v ∈ T 2

xC with the associated vector u satisfying the
following system:

f ′
k(x)v +

1

2
f 00
k (x;u) < 0 (∀k∈J(x, u) := {k∈J : f ′

k(x, u) ≥ 0}),

g′t(x)(v) +
1

2
g00t (x;u) ≤ 0 (t ∈ S),

∇hj(x)(v) +
1

2
∇2hj(x)(u, u) = 0 (∀j∈L)

Remark 3.2. The point x ∈ M1 is a weakly efficient solution of (MSP1), but x is
not a solution of the following problem with finitely many inequality constraints:

min f(x), s.t. gt(x) ≤ 0 (t ∈ S), hj(x) = 0 (j ∈ L), x ∈ C.

Proof of Theorem 3.1. We show that there exists S ∈ S such that

S(x, u) ∩ F (x, u) = ∅. (3)

Assume the contrary, that for every S ∈ S

S(x, u) ∩ F (x, u) ̸= ∅. (4)

Hence, ∪S∈SS ∩ F (x, u) ̸= ∅. Since G(x, u) = ∪S∈SS(x, u) we have

G(x, u) ∩ F (x, u) ̸= ∅. (5)

Consequently, there exists v0 ∈ F (x, u) ∩ G(x, u). It follows from (SACQ) that for
every n ∈ N, there exists tn ↓ 0, vn → v such that ∀t ∈ T (x),

gt(x+ tnu+
tn

2

2
v0) ≤ 0 (∀n ∈ N, ∀t ∈ T (x)),

hj(x+ tnu+
tn

2

2
v0) = 0 (∀j ∈ L).

Thus for every n ∈ N, x+ tnu+
t2n
2
v0 is a feasible point of the following problem:

min f(x), s.t. gt(x) ≤ 0 (∀t ∈ T (x)), hj(x) = 0 (j ∈ L), x ∈ C.

Therefore, there exists k0 ∈ J such that

fk0(x+ tnu+
tn
2
v0)− fk0(x) ≥ 0.

Hence, for every n ∈ N, we have
f ′
k0
(x, u+

tn
2
v0) ≥ 0 (6)

which implies that k0 ∈ J(x, u).



1194 D. V. Luu, N. L. Tung / Second-Order Necessary and Sufficient ...

It follows from (6) that for every n ∈ N,

f ′
k0
(x, u) +

1

2
f 00
k0
(x, u)

≥ 1

2t2n
[fk0(x+ tnu+

t2n
2
v0)− fk0(x)− tnf

′
k0
(x, u+

tn
2
v0)] ≥ 0. (7)

Since u ∈ T 2
xC and we obtain by (4): f ′

k0
(x, u) + 1

2
f 00
k0
(x, u)) < 0.

This stands in conflict with (7). Hence, (4) is false, and (3) holds:

there exists S ∈ S such that F (x, u) ∩ S = ∅,

Consequently, there is no v ∈ T 2
xC with the asociated vector u satisfying the follow-

ing system:

f ′
k(x)v +

1

2
f 00
k (x;u) < 0 (∀k ∈ J(x, u)},

g′t(x)(v) +
1

2
g00t (x;u) ≤ 0 (∀t ∈ S),

∇hj(x)(v) +
1

2
∇2hj(x)(u, u) = 0 (∀j ∈ L).

Theorem 3.3. (i) Let x ∈ M1 be a weakly efficient solution of (MSP1) for which
Assumption 2.3 and (SCQ) hold. Then for every critical direction u ∈ X, there exist
S ∈ S, λk > 0 (k ∈ J(x, u)), µt > 0 (∀t ∈ S with µt = 0 ∀t /∈ S, νj ∈ R (j ∈ L), the
Lagrange multipliers λk (k ∈ J), µt (t ∈ S), νj (j ∈ L) are not all zero, such that∑

k∈J(x,u)

λkf
′
k(x, v) +

∑
t∈S

µtg
′
t(x, v +

∑
j∈L

νj∇hj(x)(v) ≥ 0 (∀v ∈ T 2
xC) (8),

and
∑

k∈J(x,u)

λkf
00
k (x, u) +

∑
t∈S)

µtg
00
t (x, u) +

∑
j∈L

νj∇2hj(x)(u, u) > 0. (9)

(ii) If the following regularity condition (CQ1) holds: There exists (u0, v0)∈X×T 2
xC

such that
g′ti(x)v0 + g00ti (x, u0) < 0 (i = 1, ..., s),

∇hj(x)v0 +∇2hj(x)(u0, u0) = 0 (∀j ∈ L),

then λ ̸= 0.

Proof. We set

F(x, u) :=
∏

k∈J(x,u)

(f ′
k(x)(T

2
xC), G(x, u) :=

∏
t∈S

g′t(x)(T
2
xC),

H(x, v) :=
∏
j∈L

∇hj(x)T
2
xC), B := F(x, u)× G(x, u)×H(x, v),

b :=
(
− 1

2
f 00
1 (x;u), . . . ,−1

2
f 00
r (x;u),−1

2
g00t (x;u), t ∈ S,

− 1

2
∇2h1(x)(u, u), . . . ,−

1

2
∇2hℓ(x, u)(u, u)

)
.
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Note that B is convex. Taking Theorem 3.1 into account, we get b /∈ B. We invoke
Corollary 1 of Theorem 3.4 and a Corollary of Lemma 5.1 [6] to deduce that for
every critical direction u ∈ X, there exist λk > 0 (k ∈ J(x, u)), µt > 0 (∀t ∈ T (x))
with µt = 0 ∀t /∈ S, νj ∈R, j∈L. The Lagrange multipliers λk (k ∈ J), µt (t ∈ S),
νj (j ∈ L) are not all zero such that ∀v ∈ T 2

xC,∑
k∈J(x,u)

λkf
′
k(x, v) +

∑
t∈S

µtig
′
ti
(x, v) +

∑
j∈L

νj∇hj(x)(v) ≥ 0

> −1

2

∑
k∈J(x,u)

λkf
00
k (x, u)− 1

2

∑
t∈S

µtig
00
ti
(x, u)− 1

2

∑
j∈L

νj∇2hj(x)(u, u) (∀v ∈ T 2
xC),

We take µt = 0 if t ∈ T (x), t /∈ S. Therefore (8) and (9) are fulfilled. Hence,∑
k∈J(x,u)

λkf
′
k(x, v) +

∑
t∈S)

µtg
′
t(x, v) +

∑
j∈L

νj∇hj(x)(v) +
∑

k∈J(x,u)

λkf
00
k (x, u)

+
∑
t∈S

µtg
00
t (x, u) +

∑
j∈L

νj∇2hj(x)(u, u) > 0 (∀v ∈ T 2
xC).

(10)

(ii) If (CQ1) holds, but λ = 0. This conficts with (11). Hence λ ̸= 0. The proof is
complete.
The following example illustrates Theorem 3.1.

Example 3.4. Given f1, f2 : R2 → R2, where f1(x, y) = |x| + y2, f2(x, y) = x2y,
and f = (f1, f2), gi(x, y) = x + y − i (i ∈ N), C = [0, 1] × [0, 1], where N is the set
of natural numbers. Consider the following semi-infinite programming problem:

(P1) min f(x, y), s.t. gi(x, y) ≤ 0 (i ∈ N), (x, y) ∈ C.

Then the feasible set of (P1) is M = {(x, y) ∈ R2 : x + y ≤ 1, x ≥ 0, y ≥ 0}. It can
be seen that (x, y) = (0, 0) is a weak efficient solution of Problem (P1). We have

f ′
1((0, 0), (u, v)) = |u|, f ′

2((0, 0), (u, v)) = 0,

f1”((0, 0), (u, v)) = 2v2, f2”((0, 0), (u, v)) = 0,

g′((0, 0), (u, v)) = u+ v, g”((0, 0), (u, v)) = 0.

It can be seen that T 2
xC = R2

+. Condition (SACQ) is satisfied:
G((x, y), (u, v)) = {0} ⊂ T 2(M,x, y), (u, v)).

Condition (5) of Theorem 3.1 is satisfied:

|u|+ u+ v ≥ 0 (∀(u, v) ∈ R2
+),

2v2 + 0 > 0 (∀(u, v) ∈ R2
+, v ̸= 0).

In case C = X, we obtain the following

Corollary 3.5. Let x be a weak efficient solution of (MSP1) for which all hypotheses
of Theorem 4.1 hold; fk, k ∈ J , gj, j ∈ T (x), are Gâteaux differentiable at x; the
functions fk (k ∈ J), gj (j ∈ T (x)) are regular in Clarke’s sense at x and C = X.
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Then for every critical direction u ∈ X, there exist λk > 0 (k ∈ J(x, u)), µt > 0
(∀t ∈ T (x)) with µt = 0 ∀t /∈ S, νj ∈ R, j ∈ L, the Lagrange multipliers λk (k ∈ J),
µt (t ∈ S), νj (j ∈ L) are not all zero such that∑

k∈J(x,u)

λkf
′
k(x) +

∑
i∈T (x)

µig
′
i(x) +

∑
j∈L

νj∇hj(x) = 0,

∑
k∈J(x,u)

λkf
00(x, u) +

∑
i∈T (x)

µ00
gi
(x, u) +

∑
j∈L

νjhj”(x, u) > 0.

Proof. Since the functions fk(k ∈ J), g(, i ∈ T (x)) are regular in Clarke’s sense at
x, we get that f 0

k = f ′
k(k ∈ J), g0i = g′i(i ∈ T (x)), where f ′

i stands for directional
derivative of fi at x. Hence, we invoke Theorem 3.1 to deduce that there exist
λk ≥ 0 (k ∈ J(x, u)), µi ≥ 0 (i ∈ T (x)), µt = 0 for t /∈ S, and νj ∈ R (j ∈ L) such
that ∑

k∈J(x,u)

λkf
′
k(x)v +

∑
t∈T (x)

µtg
′
t(x)v +

∑
j∈L

νjh
′

j(x)v ≥ 0 (∀v ∈ T 2
xC),

∑
k∈J(x,u)

λkf
00(x, u) +

∑
t∈T (x)

µtg
00
t (x, u) +

∑
j∈L

νjhj”(x, u) > 0.
(11)

Since for C = X, we get T 2
xC = X, and∑

k∈J(x,u)

λkf
′
k(x) +

∑
t∈T (x)

µtg
′
t(x) +

∑
j∈L

νj∇hj(x) = 0.

The conclusion follows.
Another consequence of Theorem 4.1 can be stated as follows.

Corollary 3.6. Let x be a weak efficient solution of (MSP1) for which all hypotheses
of Theorem 3.1 hold and C is convex. Then for every critical direction u ∈ X, there
exist λk > 0 (k ∈ J(x, u)), µt > 0 (∀t ∈ T (x)) with µt = 0 ∀t /∈ S, νj ∈ R, j ∈ L,
the Lagrange multipliers λk (k∈J), µt (t∈S), νj (j∈L) are not all zero, such that∑
k∈J(x,u)

λkf
′
k(x, x− x) +

∑
t∈S

µtg
′
t(x, x− x) +

∑
j∈L

νj∇hj(x), (x− x) ≥ 0 (∀x ∈ C),

∑
k∈J(x,u)

λkf
00
k (x, u) +

∑
t∈S

µtg
00
t (x, u) +

∑
j∈L

νjhj”(x, u) > 0. (12)

Proof. Applying Theorem 3.1 yields that for every critical direction u ∈ X, there
exist λk ≥ 0 (k ∈ J), µi ≥ 0 (i ∈ T (x)), µt = 0 for t /∈ S, and νj ∈ R (j ∈ L) such
that ∑

k∈J(x,u)

λkf
′
k(x, v) +

∑
t∈S

µtg
′
t(x, v) +

∑
j∈L

νj∇hj(x)v ≥ 0 (∀v ∈ T 2
xC),

∑
k∈J(x,u)

λkf
00
k (x, u) +

∑
t∈S

µtg
00
t (x, u) +

∑
j∈L

νjhj”(x, u) > 0.

Taking into account Remark 2.2, (C − x) ⊂ T 2
xC. Hence, combining this result and

Theorem 3.1 we obtain the conclusion.
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4. Sufficient optimality conditions for (MP1) without assumptions on
generalized convexity

Theorem 4.1. Let x ∈ M1. Assume that Assumption 2.3 holds and C is convex.
Suppose that for any critical direction u ∈ M1, there exist λk > 0 (k ∈ J), µt ≥ 0
(t ∈ T (x)) where µt = 0 (∀t /∈ S) and νj ∈ R (j ∈ J) such that∑

k∈J

λkf
′
k(x, v) +

∑
t∈S

µtg
′
t(x, v) +

∑
j∈L

νj∇hj(x)v ≥ 0 (∀v ∈ T 2
xC), (13)

∑
k∈J

λk,f
00
k,−(x, u) +

∑
t∈S

µtg
00
t,−(x, u) +

∑
j∈L

νj∇2hj,−(x, u) > 0. (14)

Then x is a local weak efficient solution of (MSP1).

Proof. Assume the contrary, that x is not a local weak efficient solution of (MSP1).
Then ∀n ∈ N,∃xn ∈ M1, xn → x such that

fk(xn) < fk(x) (∀k ∈ J). (15)

Taking into account Remark 2.2 , since C is convex, one has C − x ⊂ T 2
xC. Putting

tn = ||xn − x||, vn = xn−x
||xn−x|| , one gets xn = x+ tnvn, Hence,

fk(x+ tnvn) ≤ fk(x). (16)

Since xn ∈ M1, for t ∈ T (x), since xn ∈ M1 one has

g′t(x, xn − x)) ≤ 0. (17)

Due to xn ∈ M1, we also have

∇hj(x, xn − x) = 0. (18)

It follows from (15)–(18) that xn − x is a critical direction. Putting tn = ||xn − x||,
vn = xn−x

||xn−x|| , one gets xn = x+ tnvn. By assumption and (16)–(18) we get that

0 <
∑
k∈J

f 00
k,−(x, xn − x) +

∑
t∈S

µtg
00
t,−(x, xn − x) +

∑
j∈L

νj∇2hj,−(x, xn − x)

≤
∑
k∈J

λk lim inf
n→∞

{ 2

t2n
[fk(x+ tnvn)− fk(x)]− lim inf

n→∞

∑
k∈J

λkf
′
k(x, vn)}

+
∑

t∈T (x)

µi lim inf
n→∞

{ 2

t2n
[gt(x+ tnvn)− gt(x)]− lim inf

n→∞

∑
t∈S

µttng
′
i(x, vn)}

+
∑
j∈L

νj lim inf
n→∞

{ 2

t2n
[hj(x+ tnvn)− hj(x)]−

∑
j∈L

νjtn∇hj(x)vn}

≤ − lim inf
n→∞

2

t2n
[
∑
k∈J

λktnf
′
k(x)vn − lim inf

n→∞

∑
t∈S

µttng
′
t(x)vn −

∑
j∈L

νjtn∇hj(x)vn]

≤ 0.

Absurd. Hence, x is a local weak efficient solution of (MSP1).
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5. Second-order sufficient optimality conditions with the 2-generalized
convexity

To derive second-order sufficient optimality conditions for (MSP1), we introduce
some notions of 2-generalized convexity (which means second-order generalized con-
vex types). Given a subset C ⊂ X and x ∈ C.

Definition 5.1. (i) A function f : X → R, which is locally Lipschitz at x, is called
2-convex (second-order convex type) at x on C ⊂ X, iff for all x ∈ C,

f(x)− f(x) ≥ f ′(x, x− x) +
1

2
f 00(x;x− x);

(ii) The function f is called 2-pseudoconvex (second-order pseudoconvex type) at x
on C ⊂ X, iff for all x ∈ C, the following implications hold:

f ′(x, x− x) +
1

2
f 00(x;x− x) ≥ 0 =⇒ f(x) ≥ f(x).

(iii) The function f is called 2-quasiconvex (second-order quasiconvex type) at x on
C, iff for all x ∈ C, the following implication hold:

f(x) ≤ f(x) =⇒ f ′(x, x− x) +
1

2
f 00(x;x− x) ≤ 0.

(iv) The function f is called strictly 2-pseudoconvex at x on C ⊂ X iff for all
x ∈ C, x ̸= x, the following implications hold:

f ′(x, x− x) +
1

2
f 00(x;x− x) ≥ 0 =⇒ f(x) > f(x).

Remark 5.2. It should be noted here that a 2-convex function is also 2-quasiconvex
and 2-pseudoconvex. For f is continuous Fréchet differentiable, if for x ∈ C,
f 00(x;x − x) ≥ 0(∀x ∈ C), then f is 2-convex at x on C implies that it is con-
vex at x on C.

Theorem 5.3. Let x ∈M1. Suppose that gi (i ∈ T (x)), ±hj (j ∈ L) are 2-quasi-
convex at x on M1; C is convex. Assume that for every v ∈ C, there exist λk ≥ 0
(∀ k ∈ J), µt ≥ 0 (t ∈ T (x)) where µt = 0 ∀t /∈ S and νj (j ∈ L) such that for every
x ∈ M1, ∑

k∈J

λkf
′
k(x, v) +

∑
t∈S

µtg
′
t(x, v) +

∑
j∈L

νj∇hj(x)(v) ≥ 0, (19)

∑
k∈J

λkf
00
k (x;x− x) +

∑
t∈S

µtg
00
t (x;x− x) +

∑
j∈L

νj∇2hj(x)(x− x, x− x) > 0. (20)

Moreover, suppose that λf is 2-pseudoconvex at x on M1. Then x is a weakly
efficient solution of (MSP1).

Proof. It follows from (19) and (20) that∑
k∈J

λkf
′
,k(x)v +

∑
t∈S

µtg
′
t(x)v +

∑
j∈L

νj∇hj(x)v

+
∑
k∈J

λkf
00
k (x;x− x)) +

∑
t∈S

µtg
00
t (x;x− x)) +

∑
j∈L

νj∇2hj(x, x− x) > 0.
(21)

For x ∈ M1, t ∈ T (x), one has gt(x)− gt(x) ≤ 0.
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In view of the 2-generalized convexity of gt (t ∈ T (x)), we get that for t ∈ T (x),
x ∈ M1,

g′t(x, x− x) +
1

2
g00t (x, u) ≤ 0. (22)

For x ∈ M1, j ∈ L, we have hj(x)− hj(x) = 0. By virtue of the 2-quasigeneralized
convexity of ±hj (j ∈ L), we obtain

∇hj(x)(x− x) +
1

2
f 00
k (x, x− x) = 0. (23)

Combining the formulas (21)–(23) yields that λf(x) ≥ λf(x) (∀k ∈ J, ∀x ∈ D),
where λ := (λ1, . . . , λr), f := (f1, . . . , fr). Therefore, x is a weak efficient solution
of the problem:

(P2) minλf(x), s.t. gt(x) ≤ 0 (∀t ∈ T ), hj(x) = 0 (j ∈ L), x ∈ C.

Note that the feasible set of (P2) is also M1. Hence, x is a weak efficient solution of
(MSP1).

6. Second-order duality

We consider the following second-order dual problem of Mond-Weir type:

max f(u) := (f1(u), . . . , fr(u)),

s.t.
∑
k∈J

f ′
k(u, x− u) +

∑
t∈T (u)

µtg
′
t(u, x− u) +

∑
j∈L

νj∇hj(u)(x− u)

(MWD) +
1

2

∑
k∈J

λkf
00
k (u;x− u) +

1

2

∑
t∈T (u)

µtg
00
t (u;x− u)

+
1

2

∑
j∈L

νj∇2hj(u, x− u) > 0,

µt ≥ 0 (t ∈ T (u)) with µt∈T (u), µt = 0 ∀t /∈S. (24)

where S is available in Theorem 3.1 (x instead of u). Denote by MD the feasible set
of (MWD).
To derive duality theorems we introduce the following assumption:

Assumption 6.1. (a) The functions fk (k ∈ J := {1, . . . , r}; gt (t ∈ T (x) are
locally Lipschitz at u ∈ M1, Gâteaux differentiable, with Gâteaux derivative f ′

k(u)
and g′i(u), respectively; regular in the Clarke sense; C is convex.
(b) hj(j ∈ L) are second-order Fréchet differentiable with Hessian ∇2hj(u).

We now can state a second-order weak duality theorem for (MSP2) and (MWD).

Theorem 6.2. (Weak Duality) Let x and (u, λ, µ, ν) be the feasible points for
Problems (MSP1) and (MWD), respectively. Assume that Assumption 6.1 is fulfilled,
and λf is 2-pseudoconvex at u on C; gt (t ∈ T (u)), ±hj (j ∈ L) are 2-quasiconvex
at u on M1; C is convex. Suppose that h is twice directionally differentiable at u.

Then f(x) ≮ f(u). (25)
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Proof. For every t ∈ T (u), gt(x) ≤ 0 = gt(u) (∀x ∈ M1). By the 2-quasiconvexity
of gi at u on M1, one gets

g′t(u, x− u) +
1

2
g00t (u;x− u) ≤ 0 (∀x ∈ M1). (26).

Due to the 2-quasiconvexity of ±hj at u on M1, we deduce that

∇hj(u)(x− u) +
1

2
∇2hj(u, x− u) = 0 (∀x ∈ M1). (27)

Combining (25)–(27) yields that

λf ′(u, x− u) +
1

2
λf 00(u;x− u) ≥ 0 (∀x ∈ M1).

Due to the 2-pseudoconvexity of λf at u on M , it follows that

λf(x) ≥ λf(u) (∀x ∈ M1).

Hence, u is a solution of the following problem:

minλf(x), s.t. gt(x) ≤ 0 (t ∈ T ), hj(x) = 0 (j ∈ L), x ∈ C.

Hence, f(x) ≮ f(u) (∀x ∈ M1). The proof is complete.
We give a strong duality theorem for (MSP1) and (MWD).

Theorem 6.3. (Strong duality) Let x be a local weak efficient solution of (MSP1)
for which all hypotheses of Corollary 3.6 are fulfilled. Then there exist λ := (λ1, ..., λr),
µ := (µ1, . . . , µm), µi > 0 (∀i ∈ T (x)), µt = 0 for t /∈ S, ν := (ν1, . . . , νℓ), νj ∈ R
(∀j ∈ L) such that (x, λ, µ, ν) is a feasible point of (MWD), and the value of the
objective functions of (MSP1) and (MWD) at x and (x, λ, µ, ν), respectively, are
equal. Moreover, if the assumptions of Theorem 6.1 hold, then (x, λ, µ, ν) is a
weakly efficient solution of (MWD).

Proof. Since x is a local weakly efficient solution of (MSP1), we can invoke Theorem
3.1 to deduce that there exist λ := (λ1, . . . , λr), µ := (µ1, . . . , µr), µt > 0 (∀t ∈ T (x))
with µt = 0 ∀t /∈ S, ν := (ν1, . . . , νℓ), νj ∈ R such that∑

k∈J

λkf
′
k(x, x− x) +

∑
t∈T (x)

µtg
′
t(x, x− x) +

∑
j∈L

νj∇hj(x)(x− x)

+
1

2

∑
k∈J

λkf
00
k (x;x− x) +

1

2

∑
t∈T (x)

µtg
00
t (x;x− x) +

1

2

∑
j∈L

νj∇2hj(x;x− x) > 0.

Then, (x, λ, µ, ν) is a feasible point of (MWD), and the value of the objective func-
tions of (MSP1) and (MWD) at x and (x, λ, µ, ν), respectively, are equal.
If the assumptions of Theorem 6.1 hold, we can deduce that for every feasible points
(u, λ, µ, ν) of (MWD),

f(x) ≮ f(u).

Hence, there is no (u, λ, µ, ν) ∈ M1 such that f(x) < f(u). Consequently, (x, λ, µ, ν)
is a weakly efficient solution of (MWD).
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Theorem 6.4. (Converse duality) Let x and (u, λ, µ, ν) be feasible points of (MSP1)
and (MWD), respectively for which Assumption 6.1 is fulfilled at u; λf is strict
second-order 2-pseudoconvex at u on MD; gi (i∈I(u)), ±hj (j∈L) are second-order
2-quasiconvex at u on MD. Suppose also that

r∑
k=1

λkfk(x) ≤
r∑

k=1

λkfk(u). (27)

Then u = x.

Proof. Assume the contrary, that u ̸= x. Since (u, λ, µ, ν) is a feasible of (MWD),
it follows that for every x ∈ M1,∑

k∈J

λkf
′
k(u, x− u) +

∑
t∈S

µt∇g′t(u, x− u) +
∑
j∈L

νj∇hj(u)(x− u)

+
1

2

∑
k∈J

λkf
00
k (u;x− u) +

1

2

∑
t∈S

µtg
00
t (u;x− u) +

1

2

∑
j∈L

νj∇2hj(u;x− u) > 0. (28)

We have gt(x) ≤ 0 = gt(u) for every t ∈ T (u), x ∈ C. In view of the 2-quasiconvexity
of gi at u on MD,

g′t(u, x− u) +
1

2
g00t (u;x− u) ≤ 0. (29)

We also have hj(x) = 0 = hj(u), for all j ∈ L, x ∈ C. By virtue of the 2-
quasiconvexity of ±hj at u on MD,

∇hj(u) +
1

2
∇2hj(u)(x− u) = 0. (30)

Combining (28)–(30) yields that∑
k∈J

λkf
′
k(u)(x− u) +

1

2

∑
i∈J)

λkf
00
k (u;x− u) ≥ 0.

By the strict second-order 2-pseudoconvex of λf at u on MD, we get for every x ∈ C,
r∑

k=1

λkfk(x) >
r∑

k=1

λkfk(u).

But this contradicts (27). Hence, u = x. The proof is complete.

Acknowledgements. The authors are grateful to the referees for their valuable
comments and suggestions which improved the paper.
Disclosure statement. No potential conflict of interest was reported by the au-
thors.

References
[1] B. Aghezzaf, M. Hachimi: Second-order optimality conditions in multiobjective opti-

mization problems, J. Optim. Theory Appl. 102/1 (1999) 37–50
[2] F. H. Clarke: Optimization and Nonsmooth Analysis, Canadian Math. Soc. Series of

Monographs and Advanced Texts, Wiley & Sons, New York (1983).
[3] E. Constantin: Higher order necessary conditions in smooth constrained optimiza-

tion, in: Communicating Mathematics, Duluth 2007, T. Y. Chow et al. (eds.), AMS
Contemp. Math. 479, American Mathematical Society, Providence (2009) 41–49.



1202 D. V. Luu, N. L. Tung / Second-Order Necessary and Sufficient ...

[4] E. Constantin: Second-order necessary conditions in locally Lipschitz optimization
with inequality constraints, Optim. Letters 9 (2015) 245–261.

[5] I. Ginchev, V. I. Ivanov: Higher-order pseudoconvex functions, in: Generalized Con-
vexity and Related Topics, Proc. 8th Int. Symp. Generalized Convexity and Mono-
tonicity, Varese 2005, V. I. Konnov et al. (eds.), Lecture Notes in Economics and
Mathematical Systems 583, Springer, Berlin (2007) 247–264.

[6] I. V. Girsanov, Lectures on Mathematical Theory of Extremum Problems, Springer,
Berlin (1972).

[7] C. Gutiérrez, B. Jiménez, V. Novo: On second-order Fritz John type optimality condi-
tions in nonsmooth multiobjective programming, Math. Program. 123 (2010) 199–223.

[8] I. V. Ivanov: Second-order optimality conditions for vector problems with continu-
ously Fréchet differentiable data and second-order constraint qualifications, J. Optim.
Theory Appl. 166 (2015) 777–790.

[9] V. Jeyakumar, D. T. Luc: Approximate Jacobian matrices for nonsmooth continuous
maps and C¹-optimization, SIAM J. Optim. 36 (1998) 1851–1832.

[10] V. Jeyakumar, D. T. Luc: Nonsmooth calculus, minimality and monotonicity of con-
vexificators, J. Optim. Theory Appl. 101(1999) 599-621.

[11] N. Kanzi: Necessary optimality conditions for nonsmooth semi-infinite programming
problems, J. Glob. Optim. 49 (2011) 713–725.

[12] N. Kanzi: On strong KKT optimality conditions for multiobjective semi-infinite pro-
gramming problems with Lipschitzian data, Optim. Letters 9 (2015) 1121–1129.

[13] D. V. Luu: Higher-order necessary and sufficient conditions for strict local Pareto
minima in terms of Studniarski’s derivatives, Optimization 57 (2008) 593–605.

[14] D. V. Luu: Higher-order efficiency conditions via higher-order tangent cones, Numer.
Funct. Anal. Optim. 35 (2014) 68–84.

[15] D. V. Luu: Second-order necessary efficiency conditions for nonsmooth vector equi-
librium problems, J. Glob. Optim. 70 (2018) 437–453.

[16] P. Michel, J.-P. Penot: Calcul sous-différentiel pour des fonctions lipschitziennes et
nonlipschitziennes, C. R. Acad. Sci. Paris Sér. I Math. 12 (1984) 269–272.

[17] S. K. Mishra, M. Jaiswal: Optimality conditions and duality for semi-infinite math-
ematical programming problems with equilibrium constraints, Numer. Funct. Anal.
Optim. 36 (2015) 460–480.

[18] B. S. Mordukhovich, Y. Shao: On nonconvex subdifferential calculus in Banach
spaces, J. Convex Analysis 2 (1995) 211–228.

[19] Z. Páles, V. M. Zeidan: Nonsmooth optimum problems with constraints, SIAM J.
Control Optim. 32 (1994) 1476–1502.

[20] J.-P. Penot: Calculus without Derivatives, Springer, Berlin (2013).
[21] O. Stein, G. Still: On optimality conditions for generalized semi-infinite programming

problems, J. Optim. Theory Appl. 104 (2000) 443–458.
[22] L. Thibault: Unilateral Variational Analysis in Banach Spaces. Part 1: General

Theory, World Scientific, Singapore (2023).
[23] J. S. Treiman: The nonconvex generalized gradient and Lagrange multipliers, SIAM

J. Optim. 5 (1995) 670–680.


