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1. Introduction

Necessary and sufficient conditions for efficiency are important field of multiobje-
cive optimization problems. In recent years, many works on nonsmooth analysis
have studied a lot of subdifferentials, especially, convexificators to derive optimal-
ity conditions. The theory of nonsmooth vector optimality conditions has been
achieved many beautiful and plentiful results in terms of subdifferentials such as the
Clarke subdifferential [2], the Michel-Penot subdifferential [16], the Mordukhovich
subdifferential [18], the Treiman subdifferential [23], convexificators [10], approx-
imate Jacobians [9]. Convexificators are efficient tools which have attracted ex-
tensive attention by many authors. On multiobjecive semi-infinite optimization
problems, O.Stein and G.Still [21] derived optimality conditions via directional
derivatives. N.Kanzi [11, 12] gave optimality conditions for multiobjective semi-
infinite optimization problems with Lipschitz functions via the Clarke subdiffer-
entials. S.K.Mishra and M. Jaiswal [17] derived optimality conditions for differ-
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entiable scalar semi-infinite programming problems with equilibrium constraints.
E. Constantin [3] established second-order necessary optimality conditions for scalar
optimization problems with inequality constraints via Pales—Zeidan and second-
order directional derivatives. D.V.Luu [15] established Fritz John conditions of
primal and dual forms for vector equilibrium problems involving equality, inequal-
ity and set constraints in terms of second-order Pales—Zeidan derivatives. Recently,
E. Constantin [4] established optimality conditions for strict local Pareto minima
of second-order of inequality-constrained multiobjective optimization problems with
local Lipschitz functions in terms of Pales—Zeidan second-order derivatives.

This paper presents second-order Fritz John necessary conditions for weak efficiency
of nonsmooth semi-infinite multiobjective programmig involving inequality, equality
and set constraints in terms of the Pale s-Zeidan second-order directional derivatives.
Second-order Karush-Kuhn-Tucker necessary conditions for weak efficiency are es-
tablished under suitable second-order constraint qualifications.

The paper is organized as follows. After some preliminaries, Section 3 is devoted
to developing second-order necessary conditions for local weak efficient solutions
of nonsmooth multiobjective semi-infinite programming problem (MSP1) involving
equality, inequality and set constraints. In Section 4, we derive sufficient optimality
conditions for (MSP1) without assumptions on generalized convexity. Section 5
presents sufficient optimality conditions with the 2-genealized convexity. Finally,
Section 6 deals with second-order duality theorems of Mond-Weir type.

2. Preliminaries

Let f be a real-valued functio defineded on a Banach space X, which is Lipschitz
near T € X. We recall [2] that the Clarke generalized derivative of f at T € X in a
direction v € X is defined as

A (Tv) = limsupl[f(x +tv) — f(x)].

z—Z,t}0

Following [19], the Pdles-Zeidan second-order upper (lower) generalized directional
derivative of f at T in the direction v is defined as

(T v) = limisuptz2 [f(T +tv) — f(7) — tf(T;0)).
tl0
<resp. J(@50) = lim %nft% [f @+ tv) — (@) — tfO(T; v)]).

Let f: X — R be Fréchet differentiable at T € X, and V f(Z) be its gradient at T.
The upper (lower) second-order directional derivative at T in the direction v € X
are defined as

7 (T;v) :=lim supz2 [f(@+t) — f(T) =tV [f(T)v].

t}0,0"—v

(resp. F7_(@v) == liminf 2 [f(T + ) — f(Z) — tV f(z)v]).

t}0v'—ov t

If 7 (Z;v) = f”_(T;v), the comon value is denoted by f”(7; v) and is called second-
order directional derivative of f at T in the direction v.
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Remark 2.1. (a) If f is continuously Fréchet differentiable near T with the Fréchet
derivative V f(Z), then f is Lipchitz near 7, and f°(z;v) = Vf(Z)v (Vv € X). This
is false, when V f(z) is not continuous at Z.

(b) If f: X — R is continuously Fréchet differentiable near T and second-order
directionally differentiable at T in a direction v € X, then (see [4]) f2(7;v) =

I+ (@ ). 0

Let f be a mapping from X — R™. Recall that f is Gateaux differentiable at T if
there exists a continuous linear mapping A from X — R™ such that

F(T + o) = f(@) +tA@) +o(t) (Y v € RY),

where [|o(t)||/t — 0ast — 0. The mapping A is said to be the Gateauz derivative of
f at T and is denoted by f’(Z). Note that a mapping which is Gateaux differentiable
at T may be not continuous at 7.

Let C' be a nonempty subset of X. Following [3], a vector u € X is said to be a
tangent vector to C at T € clC' iff

3 1 I . J—
ltlﬁf)l ;d(x—i—tu, C)=0, (1)

where d(z; C') stands for the distance from x to C, clC' is the closure of C. The set
of all tangent vectors to C' at T is denoted by TzC, and is called the tangent cone
to C' at 7. Note that T3C' is a nonempty closed cone containing 0 € X. Moreover,
(1) is equivalent to the existence of a function v : (0, +00) — X with () — 0 as
t] 0, and

T+tu+v(t)eC (vt>0).

Adapting the definition in [22], a vector v € X is said to be a second-order tangent
vector to C' at 7 iff there exist u € X such that

N 2
lgfgﬁd(x+tu+§v,0)—0. (2)

The vector u satisfying (2) are said to be associated with v. Denote by T2C' the
set of all second-order tangent vectors to C' at . Observe that v € T2C with the
associated vector u is equivalent to the existence of a function 7, : (0,4+00) = X
with v1(t) — 0 as ¢t | 0, and

2
T+ tu+ %(v +7(t) € C (Vt > 0).
Moreover, v € T2C' implies that u € T3C, and T2C' is a nonempty cone containing

0 € X (see [22]).

Remark 2.2. Assume that C' is convex. Then, forz € C, C —T C T2C; for z € C,
r — 7T € T2C with the associated vector z — T € TC'.

Proof. Since C in convex, for z € C,t € [0,1],Z+t(x—7) € C. Hence, for v(t) = 0,
one gets that T+ t(z — T + y(t)) € C, which means that x — 7 € T5:C.
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Since C' is convex, for x € C, for ¢t small enough, t; := t + % € [0,1], and so, for
Mnt)=0,T+t(r—7)+ %(x — T+ (t)) € C, which means that x — T € T2C with
the associated vector x — 7 € 1T5C. ]

Consider the following multiobjective semi-infinite programming problem:
(MSP1) min f(z), s.t. g(r) <0 VteT), hj(x) =0 (Vjel), zeC,

where f = (fi...,f.), fi 1t =1,...,r), gi (i € T) are locally Lipschitz functions
defined on X. The index set T" is arbitrary, not necessary finite (but nonempty).

Let denote J :={1,...,7}, L={1,...,¢}. Let M; denote the set of feasible points
of (MSP1):

Ml::{$€C’: g:(z) <0, ieT, hj(x)zo,jEL}.

For T € My,u € X, the index set of active constraints at T as
T@):={teT: ¢(x)=0}.

For T € M,u € X, we define the second-order contingent set to My at (T, u):
2
T*(M,7,u) :={v e C:3t, | 0,3v, — v such that T + t,u + %‘ve]\/[l, VneN},
and F(@,u) = {veT2C: fi(T)v + %f,go(f; u) < 0Vk e J},

I L 00— ; —
(T (0) + 92T 0) < 0 Vi € T(x),
G(T,u) := {v € T2C : 9:(@) 29 (@) ' ® } :
Vh;(@)(v) + V2h;(T)(u,u) =0 Vj € L
We introduce the second-order constraint qualification (SCQ):
(SACQ) G(T,u) C T*(My,T,u).

To derive second-order necessary conditions for (MSP1), we introduce the following
assumptions.

Assumption 2.3. (a) For T € M, the functions f; (k € J) and g; (i € T(T)) are
locally Lipschitz, Gateaux differentiable, with Gateaux derivative f,(Z) and g;(%),
respectively; regular in the Clarke sense; C' is convex.

(b) hj (j € L) are second-order Fréchet differentiable with Hessian at T is V2h;(T).

A vector T is called local weak efficient solution iff there is a number 6 > 0 such that
there is no x € My N B(T;0) such that

felw) < fi(@) (VK€ J)

where B(Z;0) stands for the open ball of radius § around T. Finally, the vector T
is called local efficient solution iff there is a number § > 0 such that there is no
x € My N B(T;0) such that

fr(z) < fi(@) (Vk € J), and fs(z) < fs(T) for at least one s € J.
Adapting a definition of [4], a vector u € X is called critical at T € M iff
fi(@;u) <0 (Vkeld), gi(7;u) <0 (VieT(T)), Vhj(z) =0 (VjeLl), uel:C.
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3. Kuhn-Tucker necessary conditions for weak efficiency
Denote by S the set of all collections S of finitely many elements of T'(Z) and set
(7)) (v —l—l 07 u) <0 (Viel),
S(T,u%:{vengx (0 + 3@ <0 (vies), |
Vh;(T)(v) + V2hi(T)(u,u) = 0 (Vj€L)

Theorem 3.1. Let T € M, be a weakly efficient solution of (MSP1) for which
Assumption 2.3 and (SCQ) hold. Then for every critical direction v € X, there
exist S € S such that there is no v € T2C with the associated vector u satisfying the
following system:

@ + 5 fO@u) < 0 (ke J(@,u) = {ke ] : fi(T,u) > 0}),
G(@)(0) + 5 9°@u) <0 (L€ S),
Vhy(T)(v) + 5 V2hy(T) (u,u) = 0 (V€ L)

Remark 3.2. The point T € M is a weakly efficient solution of (MSP1), but 7 is
not a solution of the following problem with finitely many inequality constraints:

min f(z), s.t. q(z) <0 (te€S), hj(e)=0(€L), xe€C.

Proof of Theorem 3.1. We show that there exists S € S such that

S(z,u) N F(z,u) = 0. (3)
Assume the contrary, that for every S € S

S(z,u) N F(z,u) # 0. (4)
Hence, UgesS N F(T,u) # 0. Since G(T,u) = UgesS(T,u) we have

G(T,u) N F(T,u) # 0. (5)

Consequently, there exists vy € F(z,u) N G(T,u). It follows from (SACQ) that for
every n € N, there exists t,, | 0,v, — v such that Vt € T(Z),

2
gu(T + tou + ") <0 (Y €N, Vi € T(3)),

2
hi(T + tau + 2ovg) = 0 (V) € L),

2
Thus for every n € N, T + t,u + %"vo is a feasible point of the following problem:
min f(x), s.t. g(x) <0Vt € T(Z)), hj(x) =0(j€ L), z€C.
Therefore, there exists ky € J such that
_ tn _
Jio (T + thu+ EUO) — fro(T) > 0.

Hence, for every n € N, we have ,
Aot ) 2 0 (©)

which implies that ky € J(z, u).
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It follows from (6) that for every n € N,
fiy @ u) + 5 fI0(E u)
> 2t2 [fio (T + tou + —vo) fio(T) =t fr, (T, u + —vo)] > 0. (7)
Since u € T2C and we obtain by (4): f/ (T, u) + 5 fio(T,u)) < 0.
This stands in conflict with (7). Hence, (4) is false, and (3) holds:
there exists S € S such that F(z,u)NS =0,

Consequently, there is no v € T2C with the asociated vector u satisfying the follow-
ing system:

Fi@) + 0@ u) < 0 (Vk € J(@,u)},

G(@)(v) + 5@ u) <0 (W € 9),

Vhi(@)(v) + 3 V2h; (@) (u,u) = 0 (V] € L), O
Theorem 3.3. (i) Let T € M, be a weakly efficient solution of (MSP1) for which
Assumption 2.3 and (SCQ) hold. Then for every critical direction u € X, there exist

SeS, \N=20(keJ@u), pe=>0NeSwithpu=0vVte¢S, vieR(jeL), the
Lagrange multipliers A, (k€ J), pe (t € S), v; (j € L) are not all zero, such that

Z A f1(T,0) +Zﬂt9t$U+ZV]Vh ) >0 (WweT2C) (8),

keJ(z,u) tes JEL

and Z MNP0, u) + Z,utg T, u) + Zl/jVth(f)(u,u) > 0. (9)

keJ(Z,u) tes) JEL

(ii) If the following reqularity condition (CQ1) holds: There exists (ug, vo) € X X T2C
such that

91, (T)vo + g (T, u9) <0 (i =1,..., ),
Vh;(@)ve + V2h,(Z) (uo, ug) =0 (Vj € L),
then A # 0.

Proof. We set

Fuw= ] (H@@0), 6@ :=][]a@TC

keJ(z,u) tesS
H(z,v) = [[ Vii(Z)T2C), B := F(T,u) x G(T,u) x H(T,v),
jeL
(1,00 ~loo— v 1 00/=. S
= 3N (T;u),. .., 2fr (T; u), 51 (Tyu), t €S,

— %Vth(f)(U, U)a ) _%Vth(Ta u)(“? u)>
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Note that B is convex. Taking Theorem 3.1 into account, we get b ¢ B. We invoke
Corollary 1 of Theorem 3.4 and a Corollary of Lemma 5.1 [6] to deduce that for
every critical direction u € X, there exist A, > 0 (k € J(T,u)), uy = 0 (Vt € T(7))
with 1, =0Vt ¢ S, v;€R, je L. The Lagrange multipliers A, (k € J), p (t € 5),
v; (j € L) are not all zero such that Vv € T2C,

Z M S (T v —f-Z/Ltlgt (Z,v) ZVthj(f)(v) >0

ked(z. u) tes JEL

3 2 NP = 5D @) = 5 Do V() () (Vo € TZO)

kEJ (Z,u) tes jer

We take p, = 0if t € T(Z),t ¢ S. Therefore (8) and (9) are fulfilled. Hence,

Z e f1 (T, ) +Zutgta:'u —G—ZVJVh Z )\k

keJ(T,u) tes) jeEL keJ(T,u) (10)
—i—Zutgt T, u +ZVJV2 )(u,u) >0 (Vv € T20).
tesS jeEL

(i) If (CQ1) holds, but A = 0. This conficts with (11). Hence A # 0. The proof is
complete. O

The following example illustrates Theorem 3.1.

Example 3.4. Given fi, f> : R? — R2, where fi(z,y) = |z| + 2, fo(z,y) = 2%y,
and f = (f1, f2), ¢i(z,y) =x+y—i (i € N), C =[0,1] x [0,1], where N is the set
of natural numbers. Consider the following semi-infinite programming problem:
(P1) min f(z,y), st. gi(z,y) <0 (i €N), (z,y) € C.
Then the feasible set of (Py) is M = {(z,y) e R* : z +y < 1,2 > 0,y > 0}. It can
be seen that (Z,7) = (0,0) is a weak efficient solution of Problem (P;). We have
f1((0,0), (u,v)) = [ul, £3((0,0), (u, v)) =0,
£7((0,0), (u, v)) = 20%, f27((0,0), (u,v)) =0,
g ((0,0), (u,v)) = u+wo, g"((0,0), (u,v)) = 0.
It can be seen that T72C' = R%. Condition (SACQ) is satisfied:
G((7.7), (u,v)) = {0} C T*(M,Z,7), (u,v)).
Condition (5) of Theorem 3.1 is satisfied:
lul +u+v>0 (Y(u,v) €R),
20°+0>0 (V(u,v) € RZ,v#£0).

In case C' = X, we obtain the following

Corollary 3.5. LetT be a weak efficient solution of (MSP1) for which all hypotheses
of Theorem 4.1 hold; fy, k€ J, g;, j € T(T), are Gateaux differentiable at T; the
functions fi, (k€ J), g; (j € T(T)) are regular in Clarke’s sense at T and C = X.



1196 D. V. Luu, N. L. Tung / Second-Order Necessary and Sufficient ...

Then for every critical direction u € X, there exist \y > 0 (k € J(T,u)), pr = 0
(Vt e T(T)) with i, =0Vt ¢ S, v; € R, j € L, the Lagrange multipliers A\, (k € J),
e (t€S), v; (j €L) are not all zero such that

> NS@) + Zuzgl )+ v Vhy(@)

keJ(T,u) €T (T jeL
Z MefO(Z, ) Z 1) (T, u) + Zujhj” (T,u) > 0.
keJ(z,u) 1€T(T) jeL

Proof. Since the functions fy(k € J),g(,i € T(T)) are regular in Clarke’s sense at
T, we get that f) = fl(k € J),¢) = gl(i € T(Z)), where f/ stands for directional
derivative of f; at Z. Hence, we invoke Theorem 3.1 to deduce that there exist
M > 0(k € J(@,u), ui >0(i € T(T)), iy =0 for t ¢ S, and v; € R(j € L) such
that

> i@ U+Zutgt o+ > vihy(Tw =0 (Yo e T20),

keJ(z,u) teT (T JEL (11>
Z MefO(Z, ) Z g (T, u) +Zyjhj” (T,u) > 0.
keJ(Z,u) teT(z) jeL

Since for C' = X, we get T2C = X, and

STONSi@ A D g @)+ v Vh(E) =

keJ(T,u) teT(z) JjEL

The conclusion follows. O

Another consequence of Theorem 4.1 can be stated as follows.

Corollary 3.6. LetT be a weak efficient solution of (MSP1) for which all hypotheses
of Theorem 3.1 hold and C' is convex. Then for every critical direction u € X, there
evist A\, > 0 (k € J(T,u)), i =20 (Vt € T(T)) with p, =0Vt ¢ S, v; € R, j € L,
the Lagrange multipliers A\, (k€ J), p (t€S), v; (j€L) are not all zero, such that

Z e S (T f)+2utg£(f, ~|—ZVJVh (z—7)>0 (Vxel),

keJ(T,u) tesS jeEL

Z M (T, u —i—Zutgt T, u) Zujhj”(f,u) > 0. (12)

keJ (z,u) tes jer

Proof. Applying Theorem 3.1 yields that for every critical direction u € X, there
exist \y >0 (ke J), 1, >0 (i € T(T)), ue =0fort ¢ S, and v; € R(j € L) such
that

Z e f1(T,v) + Z,utgt T,v) ZVthj(f)v >0 (YveT20),

keJ(z,u) tesS JEL

Z )\k x,u) + Zlutgto(f’ u) + Zyjhj” (fa u) > 0.

keJ(z,u) tesS jEL

Taking into account Remark 2.2, (C'—7Z) C T2C. Hence, combining this result and
Theorem 3.1 we obtain the conclusion. [
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4. Sufficient optimality conditions for (MP1) without assumptions on
generalized convexity

Theorem 4.1. Let T € M,. Assume that Assumption 2.3 holds and C' is conver.
Suppose that for any critical direction w € My, there exist A\, =2 0 (k € J), py > 0
(t € T(x)) where py =0 (Vt ¢ S) and v; € R (j € J) such that

SONAE ) ) gl (T ) + > v V(@ >0 (Vo € TZC),  (13)

keJ tesS jeL

SN @)+ g (Tou) + > v Vrhy_(T,u) > 0. (14)

keJ tesS jeL

Then T is a local weak efficient solution of (MSP1).

Proof. Assume the contrary, that T is not a local weak efficient solution of (MSP1).
Then Vn € N, dz,, € My, x,, — T such that

fe(zn) < fiu(@)  (VE € J). (15)

Taking into account Remark 2.2 | since C' is convex, one has C' —7 C T2C. Putting
tn = ||z, — ||, v, = 722=%, one gets x, = T + t,v,, Hence,

Ten—a]’
Fol@ + tavn) < ful@). (16)
Since x,, € M, for t € T(T), since x,, € M; one has
(T, z, —T)) <0. (17)
Due to z,, € My, we also have
Vhi(Z,z, —Z) =0. (18)

It follows from (15)-(18) that x, — T is a critical direction. Putting ¢, = ||z, — Z||,

Up = Hi::%\’ one gets x, = T + t,v,. By assumption and (16)—(18) we get that
0<Y @ an—7)+ > g @20 —7)+ > v;V?h (T, 2, — T)
keJ tes jeL
.. 2 _ _ .. _
< kz; Aelim inf{ 5 [f(F + tava) = fu(@)] — lim inf kz; Aeft (T, va) }
€ €

2 _ o ’m
+ > i inf{ 5 [g,(@ + tyva) — i(T)] — liminf > putgi(T, va)}
teT(T) n tesS
a2 _ _
+> Y liminf{ -5 [;(Z + twvn) — 1;(Z)] ~ > vitaVhy(T)va}
JjEL n JEL
2 _ o _ _
< - hgglol.}f F[Z Mt /1. (T) v, — hﬁg}f Z itn gy (T) vy, — Z vit, Vh;(T)v,]
" keJ tesS jEL
<0.

Absurd. Hence, T is a local weak efficient solution of (MSP1). O]
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5. Second-order sufficient optimality conditions with the 2-generalized
convexity

To derive second-order sufficient optimality conditions for (MSP1), we introduce
some notions of 2-generalized convexity (which means second-order generalized con-
vex types). Given a subset C' C X and 7 € C.

Definition 5.1. (i) A function f: X — R, which is locally Lipschitz at T, is called
2-convex (second-order convex type) at T on C' C X, iff for all z € C,

f@) = f@) > f'@x~7) + 3" (@ —7);

(ii) The function f is called 2-pseudoconvex (second-order pseudoconvex type) at T
on C' C X, iff for all z € C, the following implications hold:

f@z=3)+ 5/ @ma—7) > 0= f(x) > [(2).

(iii) The function f is called 2-quasiconvex (second-order quasiconvex type) at T on
C, iff for all x € C, the following implication hold:

flx) < f(@) = f'(T,2—T) + %foo(f;x —T)<0.

(iv) The function f is called strictly 2-pseudoconver at T on C' C X iff for all
x € C,x # 7T, the following implications hold:

f@a—7) + 3 @r—7) > 0= f(z) > f(7). O

Remark 5.2. It should be noted here that a 2-convex function is also 2-quasiconvex
and 2-pseudoconvex. For f is continuous Fréchet differentiable, if for z € C,
[z, x — ) > 0(Vx € C), then f is 2-convex at T on C implies that it is con-
vex at T on C. O

Theorem 5.3. Let T € M;. Suppose that g; (i € T(T)), +£h; (j € L) are 2-quasi-
convex at T on My; C is convex. Assume that for every v € C, there exist A\, > 0
(VkelJ), >0 (t €T(T)) where uiy =0Vt ¢ S and v; (j € L) such that for every

S Ml;
Z Akfl;(fv U) + Z thz(fa 1)) + Z Vthj(f) ('U) >0, (19>
keJ tesS jeL
SOMSL@r =)+ g @ a—T) + Y v VPh(E) (x — T,x —T) > 0. (20)
keJ tes jEL

Moreover, suppose that \f is 2-pseudoconvex at T on M,. Then T is a weakly
efficient solution of (MSP1).

Proof. It follows from (19) and (20) that
S NS k@ + Y gl (T + > v Vhy(@)

keJ tesS jEL
Y MA@ —T) + > g @ 7))+ Y v V(T e —T) 2 0.
keJ tes jeL

For x € My, t € T(T), one has g,(z) — ¢:(T) < 0.

(21)
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In view of the 2-generalized convexity of ¢; (t € T(T)), we get that for ¢t € T(%),
x € Ml,
_ — 1 _
6i@.2—7) + L@ u) <0 (22)

For x € M, j € L, we have hj(x) — h;(Z) = 0. By virtue of the 2-quasigeneralized
convexity of +h; (j € L), we obtain

Vhi(@)(x —T) + %f,?”(f, r—7)=0. (23)

Combining the formulas (21)-(23) yields that A\f(x) > Af(Z) (Vk € J, Vo € D),
where A := (Ay,...,\), f:= (f1,..., fr). Therefore, T is a weak efficient solution
of the problem:

(P2) min A\f(x), st. g(x) <0 N eT), hj(x)=0(€lL), ze€C.

Note that the feasible set of (P2) is also M;. Hence, T is a weak efficient solution of
(MSP1). O

6. Second-order duality
We consider the following second-order dual problem of Mond-Weir type:

max f(u) .= (fi(u),..., fr(u)),
s.t. Z fr(u, 2 —u) + Z pegs(u, x —u) + Z viVh;(u)(z — u)
)

keJ teT(u jEL

1 1
(MWD)  + Z Mef(uy v — u) + 3 Z g (w; - — )
keJ teT (u)
+ % Z viV2hi(u, v —u) > 0,
JeL
e >0 (t € T(u)) with iy €T'(u), pp =0Vt S. (24)
where S is available in Theorem 3.1 (Z instead of u). Denote by Mp the feasible set
of (MWD).

To derive duality theorems we introduce the following assumption:

Assumption 6.1. (a) The functions fi (k € J = {1,...,r}; ¢ (t € T(T) are
locally Lipschitz at u € M;, Gateaux differentiable, with Gateaux derivative f (u)
and ¢}(u), respectively; regular in the Clarke sense; C' is convex.

(b) h;(j € L) are second-order Fréchet differentiable with Hessian V2h;(u).

We now can state a second-order weak duality theorem for (MSP2) and (MWD).

Theorem 6.2. (Weak Duality) Let = and (u, A\, p,v) be the feasible points for
Problems (MSP1) and (MWD), respectively. Assume that Assumption 6.1 is fulfilled,
and \f is 2-pseudoconvex at w on C; g, (t € T'(u)), £h; (j € L) are 2-quasiconvex
at w on My; C' is convex. Suppose that h is twice directionally differentiable at w.

Then f(@) £ f(u). (25)
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Proof. For every t € T'(u), gi(z) <0 = gi(u) (Vo € M;). By the 2-quasiconvexity
of g; at uw on My, one gets

gg(u,x—u)jt%gfo(u;x—u) <0(Vx € My). (26).

Due to the 2-quasiconvexity of £h; at u on M;, we deduce that

V()@ — ) + 5V, (u,x —u) = 0 (Vo € My). (27)
Combining (25)—(27) yields that

M (u,x —u) + %)\foo(u;x —u) >0 (Vx € M).
Due to the 2-pseudoconvexity of Af at u on M, it follows that

Af(x) = Af(u) (Vo € My).
Hence, u is a solution of the following problem:
min A\f(z), st. g(x) <0 (teT), hjx)=0(jel), zeC.

Hence, f(z) £ f(u) (Yx € M;). The proof is complete. O

We give a strong duality theorem for (MSP1) and (MWD).

Theorem 6.3. (Strong duality) Let T be a local weak efficient solution of (MSP1)
for which all hypotheses of Corollary 3.6 are fulfilled. Then there exist \:= (A, ..., \y),
= (s ), B 20 (Vi € T(T)), pir =0 fort ¢ S, v:= (Vy,...,7), 7; €R
(Vj € L) such that (T, \,1,7) is a feasible point of (MWD), and the value of the
objective functions of (MSP1) and (MWD) at T and (T, \,[i,7), respectively, are
equal.  Moreover, if the assumptions of Theorem 6.1 hold, then (T, X,ﬁ,?) s a
weakly efficient solution of (MWD).

Proof. Since 7 is a local weakly efficient solution of (MSP1), we can invoke Theorem

3.1 to deduce that there exist A := (Ay, ..., \.), 7 := (7, ..., 4,), i = 0 (Vt € T(T))
with g, =0Vt ¢ S, 7 := (71,...,7), U; € R such that

S Nfi@a -7+ Y gl@e—7) + 37, Vi (@) (e - 7)

keJ teT(7) jeL

1 ~ _ — 1 _ _ _ 1 _ _ _
3> M@ =T 45 Y B (Ta —7) +5 Y 7 Vhy(Ta —7) 2 0.

keJ teT () jeL
Then, (T, \, 71, 7) is a feasible point of (MWD), and the value of the objective func-
tions of (MSP1) and (MWD) at T and (7, A, iz, 7), respectively, are equal.
If the assumptions of Theorem 6.1 hold, we can deduce that for every feasible points

(u, \, i, v) of (MWD), 1) £ fu)

Hence, there is no (u, A, p, v) € M, such that f(Z) < f(u). Consequently, (Z, \, i, 7)
is a weakly efficient solution of (MWD). O
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Theorem 6.4. (Converse duality) LetZ and (U, \, i, 7) be feasible points of (MSP1)
and (MWD), respectively for which Assumption 6.1 is fulﬁlled at W; ANf is strict

second-order 2-pseudoconvezr atw on Mp; g; (i€1(u)), £h; (j€L) are second-order
2-quasiconver at u on Mp. Suppose also that
> Nefi@®) <> Nefu(m). (27)
k=1 k=1
Thenu="7=.

Proof. Assume the contrary, that @ # Z. Since (U, A, i, ) is a feasible of (MWD),
it follows that for every x € M,

Zxkfllc(ﬂvx - ﬂ) + Zﬂtv9£<ﬂ7$ - E) + Zﬁthj(ﬂ)(x _ﬂ)

keJ tesS JeL

1 ~ _ _ 1 _
+§Z)\kf,go(u;x—u)+iz,utg,?o(u;x—u ZV]VQ u;r—u) > 0. (28)

keJ tesS JeEL

We have ¢:(z) < 0 = ¢(a) for every t € T(u), x € C. In view of the 2-quasiconvexity
of g; at w on Mp, L
g(u,x — ) + 5 ¢ (w;x —u) <0. (29)

We also have hj(x) = 0 = h;(u), for all j € L,z € C. By virtue of the 2-
quasiconvexity of +h; at w on Mp,

Vh;(@) + 5 12, (@)(x —7) = 0. (30)
Combining (28)—(30) yields that

Zxkf,;(ﬂ)(x Z/\k (u;z —w) > 0.

keJ 1€J)

By the strict second-order 2-pseudoconvex of A f at @ on Mp, we get for every z € C,

Zxkfk(x) > Zxkfk(ﬂl

But this contradicts (27). Hence, w = Z. The proof is complete. ]
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