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Let ® : II'_; E; — R be a multilinear form on the Cartesian product of finitely many Euclidean
vector spaces. We suppose that each factor E; is equipped with its own closed convex cone K;. We
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of cone-constrained singular values of bilinear and trilinear forms.
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1. Introduction

A finite dimensional multilinear variational problem (MVP) is a variational problem
involving a multilinear form & : II7_;E; — R on a Cartesian product of finitely
many Euclidean vector spaces. The multilinear form ® plays the role of an objective
function if the MVP under consideration is an optimization problem; think for
instance of the maximization problem

|Plop = 1ax O(zq,...,2,) (1)

1
lz1ll=1, ..., [lzr[I=1

that characterizes the operator norm of ®. By positive homogeneity reasons, it is
natural to restrict ® to the multisphere S = II_, Sg,, where Sg denotes the unit
sphere of a Euclidean vector space E. In the present work, each z; is of unit length
and satisfies a constraint of conic type. The study we are undertaking is motivated
by the fact that many MVPs arising in practice can be cast in the maximization
format

max O(zy....x 2
r1€EKY,...,zrEKyp ( 1 ’ T)7 ( )
ey =1, ..., o ll=1

where K; is a nonzero closed convex cone in F;. The decision vector z; is taken from
K;NSE,, aset that we call a cone-sphere intersection. A cone-sphere intersection (or,
alternatively, a spherical section of a cone) is a special type of nonconvex compact
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set. The feasible set of (2) is a Cartesian product of r cone-sphere intersections.
Sometimes the MVP is cast in the minimization format

min O(xy....x 3
r1€EKy,...,zrEKyp ( 1 ’ T)7 ( )
ey =1, ..., o ll=1

but, of course, one can pass from minimization to maximization, and viceversa. In
order to avoid repetitions in the exposition, we give the priority to minimization
problems. There are different goals for consideration in the analysis of a problem
like (3). The first idea that comes to mind is to compute the minimum value of
(3) and find a feasible point z* = (z7,..., %) attaining such a minimum value. A
global solution z* always exists, but it may not be unique. Since (3) is a nonconvex
minimization problem, it may be of interest to search also for local solutions and
corresponding local minimal values. More generally, it may be of interest to search
for critical points and corresponding critical values. This work deals mainly with the
last issue and much of our attention is devoted to the task of counting the number
of critical values. The reason why we focus on the critical values of (3) is that such
mathematical objects can be viewed as singular values of ® in the presence of conic
constraints.

1.1. On singular values of unconstrained multilinear forms

For the sake of the exposition, we recall some basic material of the classical theory of
singular values of multilinear forms. The expression introduced in (1) is sometimes
called the spectral norm of @, the reason for this name is that ||®||,, is equal to the
largest singular value of ®. By definition, cf. Lim [11, Section 3|, a singular value of
a multilinear form @ : II]_, F; — R is a critical value of the Rayleigh quotient

o (I)(gla ce 767")
Re(©) = e el

Let = be the open subset of II]_, E; on which the denominator of Rg is nonzero.
Since Rg is differentiable on =, the set of singular values of ® is given by

Y(P) ={Ro(&) : £ € E such that VRg(&) =0} .

Proposition 1.1 proposes two alternative ways of characterizing the elements of 3(®).
In what follows, N, = {1,...,r} and V,;® is the partial gradient of ® with respect to
the i-th argument. The intrinsic gradient of ® (relative to the multisphere S) is the

map Vo :S - II7_, E; given by 6@(:)&) = m,V®(z), where 7, : [I]_ | E; — III_, E; is
the orthogonal projector onto

T.(S)={helll_E;: (x;,h;) =0 for all i € N,.},
the tangent space to S at x.

Proposition 1.1. Let ® : II]_,E; — R be a multilinear form. For o € R, the
following conditions are equivalent:

(a) o is a singular value of ®.
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(b)  There exists a tuple x = (x1,...,x,) in S satisfying the system of equations
V:®(z) = ox; forall i €N,. (4)
(¢) o =®(x) for some z € S such that V®(x) = 0.

Proof. The case r = 1 is easy. Therefore we assume that » > 2. The equivalence
(a) < (b) is obtained by working out the criticality condition VRg(£) = 0 and
exploiting the multilinearity of ®. The details are omitted. For proving the equiva-
lence (b) < (c), we rely on two fundamental facts. Firstly, since ® is a multilinear
form, each partial gradient V;® is well defined and

(Vi®(x),hi) = P(xy, ..., Zim1, by Tig1y - oo, Ty) (5)
for all h; € E;. In particular,
(V;®(x),x;) = ®(z) forall i € N,. (6)
And, secondly, T,.(S) = I1/_,T,..(Sg,) for all z € S, where
1., (Se,) = {hi € Ei: (zi, hy) = 0}
is the tangent space to Sg, at z;. Hence, for x € S, we have
Vo(z)=0 < m,,V;®(z) =0 forall i € N,
& V,®(z) € Re; forall i € N, (7)

where 7., : E; — Ej; is the orthogonal projector onto 7y, (Sg,). But the combination
of (6) and ||z;|| = 1 shows that (7) is equivalent to writing (4) with ¢ = ®(z). [

The right-hand side of (5) is usually indicated with the shorter notation ®(h;;x_;),
where z_; is obtained from x by removing the component z;. The model (4) is
illustrated below with the help of two examples.

Example 1.2. A bilinear form ¢ : F; x E; — R can be represented in terms of a
linear map A € L(E,, Ey) by writing ®(u,v) = (u, Av). The model (4) becomes the

familiar system
Av = ou,
ATu = ov,

where AT € L(Ey, E5) is the adjoint map of A. Hence, a singular value of a bilinear
form ® is just a singular value of the associated linear map A.

Example 1.3. A trilinear form ® : E; x Ey; X EF3 — R can be represented with a

bilinear map. By the Riesz representation theorem, there are three bilinear maps
By : Ey % E3 — El, By : E; x E3 — EQ, and Bg By x By — Eg, such that

O(u,v,w) = (Bi(v,w),u) = (Ba(u,w),v) = (Bs(u,v),w)

for all (u,v,w) € Ey X Ey x Ej.
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The B;’s are called the canonical bilinear maps induced by ®. The model (4) becomes

Bi(v,w) —ou =0,
By (u,w) — ov =0, (8)
Bs(u,v) —ow = 0.

The singular value problem (8) must be solved in tandem with the normalization
conditions
ull? = 1=0, o>~ 1=0, fu?~1=0. o)

The smooth system (8)—(9) that can be handled for instance with Newton’s method.

See Bernhardsson and Peetre [3] for a different treatment of the concept of singular
value of a trilinear form. Example 1.3 can be easily extended to the case of a multi-
linear form & : IT_; E; — R. For 7 € N, consider the smaller dimensional Cartesian
product E_; = ey, \ i1 &; obtained by dropping the factor E;. Note that, for all
x € II'_, F;, one has
®(z) = (Bi(z—i), 7).,

where B; : E_; — E; is the multilinear map given by B;(x_;) = V;®(x). As shown
in (5), the vector V,;®(x) does not depend on z;. Hence,

Bi(x_;) = ox; forall i €N, (10)

corresponds to a more explicit way of writing (4). Lim [11] proposes several inter-
esting variants of the concept of singular value of a multilinear form, but we shall
not follow his line of thought. What we want to do in this work is to incorporate
constraints of conic type into the discussion. For pedagogical reasons, we focus first
on the case r = 1 and then we proceed with the case of a general r.

2. The cone-constrained linear case

This section concerns the case r = 1. Let E be a Euclidean vector space and
C(E) ={K C E : K is a nonzero closed convex cone}.

Consider the minimization or maximization a linear form on a cone-sphere intersec-
tion, i.e.,
min {(y,z) : x € K N Sk}, (11)

max{(y,x) : x € KNSk}, (12)

where y € E and K € C(F). Such problems arise in various fields of applied
mathematics. Concrete examples can be found for instance in Ginchev et al.[7,
Proposition 1], Tusem and Seeger [9, p.263|, and Tropp [19, Definition3.1]. Two
illuminating examples are mentioned below.

Example 2.1. Tanenhaus [18, p. 506] considers the problem of finding the minimal
distance from a given point y € E to a cone-sphere intersection:

min{|jy —z| : x € KN Sg}. (13)
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Tanenhaus assumes that K is polyhedral, but such an assumption is not essen-
tial. Bauschke et al. [2, Theorem 8.1] and Ferreira et al. [5, Proposition 8] discuss
the metric projection problem (13) without assuming polyhedrality. By developing
|y — z||?, we see that (13) has the same solution set as (12).

Example 2.2. Let y € E be a unit vector. The optimization problems

max{arccos(y,z) : ¢ € K N Sk}, (14)
min {arccos(y,z) : x € KNSk} (15)

have a clear interpretation: The first (respectively, second) problem is about finding
a unit vector in K that forms a largest (respectively, smallest) angle with respect to
y. By passing to cosines in (14) and (15), one gets (11) and (12), respectively.

Our work is not about algorithmic issues. Rather than solving numerically the
optimization problems (11) or (12), we are interested in analyzing their critical
points and corresponding sets of critical values, i.e.,

LCV(y,K) = {{y,z):xis a critical point of (11)},
UCV(y,K) = {(y,z):x is a critical point of (12)}.

The capital letters L and U are used to distinguish between minimization (lower ex-
tremization) and maximization (upper extremization). The next definition explains
what we mean exactly by a critical point of a minimization problem

min{ f(z) : x € KN Sg} (16)

whose objective function f : F — R is differentiable and whose feasible set K NSg is
a cone-sphere intersection. The abstract problem (16) has been studied in Ferreira
et al. [5, 6] under the additional assumption that K is pointed, in which case KNSk
is a spherically convex set in the traditional geodesic sense, cf.[6, Proposition 2].
Recall that a closed convex cone is pointed if it does no contain a line. In what

follows,
K*={ceFE:(c,z)>0forallxz € K}

is the dual cone of K. The intrinsic gradient of f (relative to the sphere Sg) is the
map Vf : Sg — E given by Vf(z) = 7,V f(z), where

., B —F

Ty =Y — (Y, )T
is the orthogonal projector onto the tangent space T,(Sg).

Definition 2.3. Let f : E — R be differentiable and K € C(E). A critical point

of (16) is a point = € K N Sg such that Vf(z) € K*. The value of f at such z is
called a critical value of (16).

Definition 2.3 introduces a notion of criticality that relies on the intrinsic gradient
of f and the dual cone of K.
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Another possibility is to consider an extrinsic approach based on the usual gradient
of f and the Bouligand tangent cone T,.(K N Sg). If Q is a closed set containing x,
then the Bouligand tangent cone to € at x is given by

T.(Q) ={h € E:3{hy} — h and {tx} | 0 with x + t hy € Q for all k}.
A Bouligand critical point of (16) is a point x € K N Sk such that
(Vf(z),h) >0 forall he T, (KNSg).

As shown in the next proposition, both definitions of criticality coincide. We start
by observing that T,(K N Sg) is equal to the closure of the convex cone

7(K)={h— (h,x)x :h € K}.
Lemma 2.4. Let K € C(E) and x € KN Sg. Then
T.(KNSg) = c[r.(K)]. (17)

Proof. Since a Bouligand tangent cone is closed by construction, it suffices to check

that
m(K) C T,(KNSg) C cllm(K)]. (18)

For proving the first inclusion, we pick w = m,h with h € K. Since the function
u +— U(u) = ||ul|"u is differentiable at z with differential given by ¥'(x) = 7., we

have .
|z 4+ d|| (x4 d) = x4+ md + ||d|| £(d)
with e(d) — 0 as ||d|| — 0. Hence,

z +t(w + ||h||e(th)) = ||z +th]| ' (z +th) € KN Sg

for all t > 0 small enough. This shows that w € T,(K N Sg). For proving the
second inclusion in (18), we pick h € T,,(K N Sg). In such a case, h € T,(K) and
(x,h) = 0. There are sequences {h,} — h and {t;} | 0 with x + t;h, € K for all
k. Since 7, is a linear map and 7, x = O, we get t, m.hy = m.(x + tphy) € . (K).
By dividing by ¢ and passing to the limit, we get m,h € cl[n,(K)]. But we know
mzh =h — (h,x)x = h. Hence, h € cl[r,(K)]. O

Formula (17) is likely to be known, but we were unable to find a suitable reference.
Our proof will be extended later to the case of a Cartesian product of several cone-
sphere intersections. In what follows, the symbol L stands for orthogonality in a
corresponding Euclidean vector space.

Proposition 2.5. Let f : E — R be differentiable and K € C(FE). Then the
following conditions are equivalent:

(a) x is a Bouligand critical point of (16).
(b) =z is a critical point of (16).
(¢) |lz|| =1 and there exists 0 € R such that K >« L (Vf(z) — ox) € K*.

Furthermore, criticality is a necessary condition for x to be a local solution to (16).
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Proof. That Bouligand criticality is necessary for local minimality is part of the
folklore of optimization theory, cf. Rockafellar and Wets [12, Theorem 6.12]. Condi-
tion (b) says that

re KNSk, Vf(x)— (Vf(x),z)x € K7,

but this is clearly equivalent to (¢). Indeed, the scalar o mentioned in (c) is linked to
x by means of the relation ¢ = (V f(z),z) . It remains to show that (a) is equivalent
to (b). We assume that z € K N Sk, otherwise both conditions are false. Since
is self-adjoint, a passage to dual cones in (17) yields

T,(KNSp)"={ye E:m,ye K'}.
This shows that (a) and (b) are equivalent. O

The next corollary is obtained from Proposition 2.5 by choosing f as a linear form.

Corollary 2.6. Let K € C(E) and y € E. Then the following conditions are
equivalent:

(a) z€ KNSgand ye [T.(KNSg)]".

(b) xze€ KNSk and y— (y,x)x € K*.

Furthermore, these equivalent conditions are necessary for x to be a local solution
to (11).

If “min” is changed by “max” in (16), then the associated concept of critical point
is similar as in Definition 2.3, but the dual cone K* must be changed by the polar
cone K° = —K*. The sets

ch(ya K) = {(y,x> MRS KmSEa Yy — <y,x>x € K*}7

UCV(y,K) = {(y,z):x€e KNSg, y— (y,x)x € K°}

are equal if K is a linear subspace, but they are different in general. Anyhow, one
can recover the second set from the first one by using the formula

UCV(y, K) = —LCV(—y, K). (19)

The next lemma is recorded for subsequent use. Its proof is easy and, therefore,
omitted. The notation U(Q) = {Uz : z € @} stands for the image of a set () under
a linear map U.

Lemma 2.7. Let U : X — Y be a linear isometry between two FEuclidean vector
spaces. If @ belongs to C(X), then U(Q) belongs to C(Y') and, for ally €Y,

LCV(y,U(Q)) = LCV(U 'y, Q). (20)
For proceeding further with the exposition, we need to introduce some notation. Let

F(K) be the set of nonzero faces of a cone K € C(E). By definition, a face of K is
a closed convex cone F', subset of K, such that u € K, v —u € K, and v € F' imply
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u € F. The symbol spanF stands for the linear span of a face F and I : E — F is

the orthogonal projector onto spanF'. As shown in the next proposition, the set
Dy, K) = {£|I"y||: F € F(K)} (21)

captures all the elements of LCV(y, K) and UCV(y, K). The cost of evaluating
['(y, K) depends essentially on the number of faces of K and our ability to identify
such faces.

Proposition 2.8. Let K € C(E) andy € E. Then
LCV(y, K) UUCV(y, K) C I'(y, K). (22)
Proof. Let y be a nonzero vector, otherwise the result is trivial. In view of (19), it

suffices to check that LCV(y, K) C I'(y, K). Let 0 € LCV(y, K). Hence, o = (y, )
for some = € S such that

reK,y—(y,x)re K" (23)
There exists a nonzero face F' € F(K) such that € ri(F), where the acronym

[13-p)]

ri” stands for relative interior. Such a face F' is unique and corresponds to the
intersection of all faces of K containing . We claim that

[y, 2)| = 117y (24)
We divide the proof of (24) into three steps.

Step 1: Let K = FE, in which case K* = {Og} and F' = E. Conditions (23) and
(24) become

y—(y,x)r = O, (25)
[y, 2| =yl (26)
respectively. It is clear that (25) implies (26).

Step 2: We now assume that K = L, where L is a nonzero linear subspace of F.
Since K* = L+ and F = L, conditions (23) and (24) become

.TEL, y_<y7$>'r€LL7 (27)
[{y, 2)| = I Pryll, (28)

respectively. Here, P, : E — FE is the orthogonal projector onto L. By the orthogo-
nal decomposition formula y = Pry+ Py 1y, conditions (27) and (28) can be written
as

'TGL7 PLy_<PLy7'T>x:OL7
[(Pry, z)| = 1Pyl
respectively. So, we are back to Step I with L as underlying Euclidean vector space.

Step 3: Finally, we assume that K is not a linear subspace. Recall that F' is the
face associated to x and spanF’ is the linear span of F'. By using (23) and a similar
argument as in Seeger and Torki [16, Theorem 3.4], we get

r € spank’, y — (y,z)x € (spanF)* .
So, we are back to Step 2 with L = spanF'. [
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2.1. Counting critical values in a polyhedral setting

If K € C(E) is polyhedral, then, for all y € E, problem (11) has finitely many critical
values. Such an observation is a straightforward consequence of Proposition 2.8. As
shown in the next theorem, one can be more precise and give an upper estimate for

a(K) = supcard[LCV(y, K)] . (29)

yekE

The supremum in (29), which depends only on K, can be viewed as a uniform
upper bound for the number of critical values of (11). Parenthetically, formula (19)
implies that a(K’) does not change if one writes UCV instead of LCV. By economy
of language, a(K) is called the critical-value capacity of the cone K. Roughly
speaking, a(K) reflects the “capacity” of K for producing critical-values. In the
proof of Theorem 2.9, we partition the set of nonzero faces of K into two subsets:

Freg(K) = {F € F(K): F is not a linear subspace},
Faeg(K) = {F € F(K): F is a linear subspace}.

Each element of the first (respectively, second) subset is called a regular (respectively,
degenerate) nonzero face of K. The number of nonzero faces of K is expressible as

n(F) = Mg (K) + naeg(K)
With nyes(K) = card|[Freg(K)] and

0 if K is pointed,
Naeg(K) = card[Faeg(K)] = ¢ .
1 if K is unpointed .
Theorem 2.9. Let K € C(F) be polyhedral. Then
A(K) < Mueg(K) + 2neg(K) (30)

Proof. The choice y = Og is uninteresting because LCV(0g, K) = {0}. We pick
then a nonzero vector y € E. For each F' € F(K), consider the possibly empty set

LCVF(y,K) = {{y,2) : x is a critical point of (11), z € ri(F)}.

Such a set gathers the critical values of (11) obtained with a critical point admitting
F' as associated face. Clearly,

card[LCV(y, K)] < Z card[LCV* (y, K)] + Z card[LCV (y, K)] .
FEFreg(K) FEFgeg(K)

Whether F is regular or not, the proof of Proposition 2.8 shows that
LCV (y, K) € {07y} . (31)

Hence, LCV® (y, K) has two elements at most. We claim that card[LCV* (y, K)] < 1
for all F' € Freq(K). Suppose that for some F € Fre(K), the set LCVF (y, K)



1236 A. Seeger / Critical Values of Multilinear Forms ...

contains at least two elements, say oy and o;. Thanks to (31), problem (11) has
corresponding critical points xy € ri(F') and x; € ri(F') of such that

oo = —|[Iyll.

<y,$0>
(y,z1) = o1 = [[IT7y]|.

Note that I1¥'y is nonzero, because oy # 0.

Since zg, 71 € spanF and y — [y € (spanF)*, we get (y — 1y, z) = 0 and
(y — Ty, z1) = 0. Hence, (IT"y, z¢) = — || y|| and (IT¥y, z;) = ||IT¥y||. In such a
case, rg = —||IIFy|| 711y and 2, = ||IIFy|| 7 11"y are opposite unit vectors in ri(F)
and, therefore, 0 = x¢ + x; € ri(F'). This implies that F' = spanF’, contradicting
the fact that F' is not a linear subspace. [

In principle, counting faces is easier than counting critical values. We do not claim
that (30) is always a tight upper estimate of a(K’). The next proposition displays
however a nontrivial example of polyhedral cone for which (30) holds as an equality.

Proposition 2.10. Let K € C(FE) be a simplicial cone whose generators are mutu-
ally orthogonal. Then

a(K) = n(K) = 24 _ 1 (32)
Proof. Let n = dim(E). The second equality in (32) is true because
K = conef{uy, ..., u,}
is a polyhedral cone generated by a basis of E. Without loss of generality, the

generators ug’s are taken of unit length. If the u;’s are mutually orthogonal, then
K = U(R?) for some linear isometry U : R" — E.

We must construct a vector y € F such that
card[LCV(y, K)] = 2" — 1. (33)

Lemma 2.7 implies that LCV(Uz, K) = LCV(z,R%) for all z € R". If the entries of
z are positive, then a matter of computation yields

LCV(z,RY) ={s;: 0 # J CN,} (34)

with s, = [, 27]"/2. The set (34) is of cardinality 2" — 1 if the s,’s are all

distinct. This happens for instance if z = (7,7%,...,7")", where 7 is a positive
transcendental number. If we choose z as just mentioned, then y = Uz satisfies
(33). O

We do not know if the first equality in (32) is true for an arbitrary simplicial cone.
Entering into such a discussion would lead us too far away from our main concern.
We leave as an open question the problem of identifying classes of polyhedral cones
for which (30) holds as an equality.
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2.2. Beyond polyhedrality

Counting critical values in a non-polyhedral setting is more subtle. If the cone K
is non-polyhedral, then it is not clear beforehand whether a(K) is finite or infinite.
In fact, both cases are possible. Recall that a revolution cone in E is an axially
symmetric cone of the form

Rev(d,c) ={z € E : (cosV)||z] < {(c,x)}, (35)

where ¢ € Sg determines the symmetry axis and 0 < ¥ < 7/2 is the half-aperture
angle. The following result is implicit in Seeger and Sossa [14, Theorem 2.1].

Proposition 2.11. Let K be a revolution cone in a Euclidean vector space of di-
mension at least 3. Then a(K) = 3.

A revolution cone is a non-polyhedral cone with a lot of symmetry in it. This
explains somehow why its critical-value capacity is so low. The next proposition
shows that a(/) may be infinite if K is a non-polyhedral cone with a rather nasty
structure.

Proposition 2.12. Let E be a Euclidean vector space of dimension at least 3. Then,
for all nonzero vector y € E, there exists a non-polyhedral cone K € C(E) such that
problem (11) has infinitely many critical values.

Proof. Let E be of dimension n. Without loss of generality, we may assume that
y € F is a unit vector. We must construct K € C(F) such that LCV(y, K) is
infinite.

Step 1: As a first step, we consider the three-dimensional unit vector ¢ = (0,0,1)"
and construct a cone P € C(R?) such that

,glﬁi’? (c,u) (36)
u|l=1

has infinitely many critical values. Let {0y }r>1 be an increasing sequence in [0, 7 /2]
and {7x}x>1 be a decreasing sequence such that v, > 1 for all £ > 1. Both sequences
are convergent of course. Let g, = lim;_,, gx with

g =[1+ 72]_1/2 (7x cos O , Yk sin Oy 1)T
The g;’s are all different and lie on the upper half of the unit sphere of R3. In fact,
(c,gr) = [1+~27* >0. (37)

Let P be the smallest convex cone capturing the g;’s and the limit g,. Such a
convex cone P is closed, but non-polyhedral. Indeed, the ray generated by each g
is a one-dimensional face of P. The dual cone of P is given by

P*={z€R®:{gs,2) >0 forall £ >1}.
Hence, each gy is a critical point of (36) if and only if

(¢, 9¢) — (¢, gr){(ge, gr) > 0 forall k, 0> 1. (38)
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We now explain how to built {74 }x>1 so as to obtain (38). By combining (37) and

Yoy cos(br — 0¢) + 1
[1 +”)/42}1/2 [1 +,y£]1/2 )

<9679k> =

we see that (38) can be written as
cos(O — 0p) < vi/ve forall k, > 1. (39)

Note that 7, = cos(fg+1—0k) belongs to |0, 1] for all & > 1. Let {7, }x>1 be initialized
with 7, > 1 and constructed recursively with the rule

max{1l,0r} < Vrr1 < Y, (40)

where J;, = max;<j<x ;7. By proceeding as in [10, Proposition 1], one can prove by
induction that max{1, 0.} < 7%. Hence, choosing ;1 as in (40) is always possible.
We claim that with such a construction of {~x}x>1, the condition (39) is true. Since
cos(Op — 0p) <1 < /v for k < ¢, we may assume that 1 < ¢ < k. But in such a

case,
Yecos(Or — 6) < vyeme < 0k < Vi,

as needed. We have proven that [1 + 72]~/2 € LCV(c, P) for all k > 1. Since the
v's are different, the set LCV (¢, P) is infinite.

Step 2: In this step we pass from R3 to R” by forming the Cartesian product
P = P x {0}"3 and the n-dimensional unit vector ¢ = (c,0,...,0). Note that

LCV(¢, P) = LCV(c, P)

is infinite. Finally, we consider the given unit vector y € E and construct a suitable
K € C(F). For doing this, we pick any linear isometry U : R" — E such that y = U¢
and set K = U(P). By using Lemma 2.7, we deduce that LCV(y, K) = LCV(¢, P)
is infinite. Note that K is non-polyhedral because Pis non-polyhedral. Il

3. The cone-constrained multilinear case

This section studies the set of critical values of (3) for the case r > 2. We adopt
a notion of criticality in the same vein as in Definition 2.3. The notation V;®(z)
refers to the i-th component of the intrinsic gradient V®(z). A critical point of (3)

is defined as a tuple x = (z1,...,2,) in S such that
z € Ky, V;®(z) e K¥ forall i eN,. (41)
The set of critical values of (3) is given by
LCV(®,Ky,...,K,) = {®(z) : x is a critical point of (3)}.
The above set is nonempty and compact. By combining (5) and the fact that
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for all h; € E;, we see that (41) amounts to saying that

X; € Ki,
(42)

for all i € N,.. Since K is a cone, the variational inequality (42) can be written as
a complementarity problem. This observation is further clarified in Proposition 3.1.
An alternative way of defining a critical point of (3) is by relying on the usual
gradient V®(z) and the Bouligand tangent cone to

AUK,,....K,) = II_,(K; N Sg,). (43)
A Bouligand critical point of (3) is a point x € Q(K7,..., K,) such that
(VO(x),h) >0 forall he T, (QKy,...,K,)). (44)
The next result is an extension of Proposition 2.5.

Proposition 3.1. Forxz = (z1,...,x,) in S, the following conditions are equivalent:
(a) x is a Bouligand critical point of (3).
(b) x is a critical point of (3).
(¢)  There exists 0 € R such that
K; >z, L (Vi®(z) —ox;) € Kf  forall i € N,. (45)

Furthermore, criticality is a necessary condition for x to be a local solution to (3).

Proof. We just show that (a) < (b), because everything else is clear. We claim

that
T,(QUKy, ..., K,)) = II'_ cl[m,, (K;)] . (46)

We start by proving the inclusion II}_,W; C T,(Q), where Q = Q(K;,..., K,) and
W; = 7, (K;). Let w = (wy,...,w,) € III_;W,. For each i € N,, there exists a
vector h; € K; such that w; = m, h;. Furthermore, for all £ > 0 small enough, we
can write

with g;(d;) — 0 as ||d;|| — 0. Hence, x + t(w + ¢(t)) € 2, where

p(t) = (lhalle(th), ... hrlle(thy))

is a vector in II}_, E; converging to zero as t | 0. This proves that w € T,(£2). On
the other hand, we get T,(2) C II7_,cl(W;) by combining the obvious inclusion

T, (Ki N Sgy)) € T T (KN SE,)
and formula (17). Since each 7, is self-adjoint, a passage to dual cones in (46) yields
[T (UK, ..., K)|"={y e ll_E;: m,y; € K} forallieN,}.

This shows that (a) and (b) are equivalent. O
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The model (45) corresponds to a system of complementary problems whose unknown
is a pair (z, o) formed by a real number ¢ and a point x in the multisphere S. Unless
¢ and the K;’s have a very simple structure, the analysis of (45) offers a number of
mathematical challenges, both from a theoretical and numerical point of view. To
start with, consider the minimization problem

T T (47)
Already with r = 3, solving (47) is far from being a trivial matter. Except for the
normalization of each x;, this problem is unconstrained in the sense that K; = E;
for all i € N,.. In such a context, the model (45) reduces to (4) and, therefore, the
critical values of (47) are just the singular values of ®.

The minimization problem (47) and the maximization counterpart (1) have the same
critical values, namely, the singular values of ®. In the literature devoted to multi-
linear spectral analysis, it is usually the maximization problem that is considered.
Most authors work with a multilinear form &7 : II7_,R% — R induced by a tensor
T = (Tk,...k,) of order r and size d; x ... x d,, i.e.,

d1

dr
Op(x) =Y o> Thyok 2ht 2l (48)

ki=1 kr=1

Here, the components of z; € R% are indexed with the superscript k; € {1,...,d;}.
The maximization of (48) on the multisphere II}_,; Sga; is considered for instance in
He et al. [8] and So[17]. It is asserted in [8, Proposition 3.2] that such a problem is
NP-hard. Two important cone-constrained examples are presented below.

Example 3.2. As said before, a bilinear form ® : F; x E; — R can be represented
in terms of a linear map A € L(Es, Ey) by writing ®(u,v) = (u, Av). Consider the
minimization problem

min (v, Au), (49)

ueEPveEQ
llull=1, [lvll=1

where P € C(F;) and @ € C(E,) are given cones. Seeger and Sossa[15] provide a
long list of concrete problems that can be cast in the format (49). The model (45)
takes here the special form

(50)

P>ul (Av—ou) € P*,
Q>v L (ATu—ov) € Q.

This couple of complementarity problems is at the origin of the theory of cone-
constrained singular values of linear maps. In the terminology of [15], a lower
singular value of A relative to (P, Q) is a real number o such that (50) holds for
some pair (u,v) of unit vectors. An upper singular value of A relative to (P, Q) is
defined in a similar way: “min” is changed by “max” and, consistently, dual cones
are changed by polar cones.

Example 3.3. Consider next the case of a minimization problem
min O (u,v,w) (51)

ueP, vEQ, wER
lul=1, |[v]=1, [lw|=1
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involving a trilinear form ® : F; X Ey X E3 — R and cones P € C(E}), Q € C(Es),
and R € C(FE3). For finding the critical values of (51), we must solve the system of
complementarity problems

P>3ul (By(v,w)—
Q>ul (By(u,w)—ov
R>u l (Bs(u,v) —

ou) € P*,

)

) eq, (52)
ow) € R*

under the normalization conditions mentioned in (9). Here, By, By, and Bs, are the
canonical bilinear maps induced by ®, cf. Example 1.3. To the best of our knowledge,
the cone-constrained trilinear case has not been treated in the literature. Neither

Lim [11] nor Bernhardsson and Peetre [3] consider the possibility of handling con-
straints of conic type.

Example 3.3 can be extended from a trilinear form to a r-linear form ®:1I_, E; — R.
The obvious way of writing (52) is

Ki 2T 1 (Bl<l’,l) — O'JIZ‘) < K,L* for all 7 € NT, (53)
where the B;’s are the (r — 1)-linear maps induced by ®.
Remark 3.4. From an algorithmic point of view, the handling of (53) is a diffi-
cult matter in general, and specially so if the K;’s are unstructured. A favorable
situation occurs when, for each ¢ € N,, one can construct an easily computable

complementarity function Y; : F; x E; — E; for K;. The reason is that T; allows
to reformulate (53) in the form

Yi(z;, Bi(x_;) —ox;) =0 forall i e N, (54)

and such a system of equations can be treated with a nonsmooth version of New-
ton’s method, cf. Facchinei and Pang [4] for the general theory of complementarity
functions.

We would like to point out that the number of critical values of the minimization
problem (3) could be countable infinite or even uncountable. This fact is illustrated
with the next example.

Example 3.5. Consider the particular case
EFi=FE,=R*, F3=...=FE, =R,
Ki=K,=K, Ksy=...=K,=R,,
O(x) = (a1, z2) (23 ... 2p),

where K is a nonzero closed convex cone in R?. Note that any feasible point x of
problem (3) satisfies 23 = ... = z,, = 1. Hence, problem (3) reduces to
Jin (2, 2)
w1 lI=1, Il =1
i.e., one searches for a pair of unit vectors in K that forms a largest possible angle.
If K has countably infinite (respectively, uncountably many) critical angles, then (3)
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has countably infinite (respectively, uncountably many) critical values. See Iusem
and Seeger [10] for the construction of both types of cone K and for the definition
of a critical angle of a cone.

3.1. A partially constrained trilinear variational problem

We present as a toy example a MVP in which some decision vectors are cone-
constrained and some others are free. The criticality conditions are expressed in
terms of a hybrid system involving equations and complementarity problems. Let
the space M, ,, of real matrices of size m x n be equipped with the Frobenius inner
product. The operator norm of M € M,,,, is defined as

2], = s Mo

This norm is different of course from the Frobenius norm. Given Ay, ..., Ay € M, 5,
we wish to find a nonnegative unit vector w € R*® such that the operator norm of the
linear combination A(w) = > 7, wi Ay is as large as possible. The maximization
problem under consideration is

max [|[A(w)|lop = max max (u, A(w)v) = max 5 wy (u, Agv) .
lwl=1 =1 ||uf|=1, [v]|=1 lull=1, ljo]| =1
w>0 w>0 lwi=1,w>0 k=1

The later formulation can be converted into a minimization problem

. ¢ 55

P (u,v,w)
with C, = —Ag. We are in the context of (51) with F; = R™ Ey = R", E3 = R?,
P =R" @Q=R" and R = RY. By taking partial gradients of ®, we get
V1®(u,v,w) = By(v,w) Zwkav

V@ (u, v, w) = By(u,w) ZwkCT

V3®(u,v,w) = Bs(u,v) = ((u,C1o), ..., (u,Cw))"

Since u and v are not cone-constrained, the first two complementarity problems in
(52) yield a system of equations, namely,

S
Y i WpCrv —ou =0,

(56)
S wpClu — ov = 0.

Note that (56) is a classical singular value problem for a matrix »;_, wyCy depend-
ing on a vector parameter w.
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On the other hand, the last complementarity problem in (52) becomes

wk‘zoa
fork=1,....,s (u, Cxv) — owy, > 0 (57)

wi((u, Cyv) — owy) = 0.

The hybrid system (56)—(57) must be solved under the normalization conditions
mentioned in (9). We make use of the Fischer-Burmeister complementarity function
T(a,b) = a + b — va?+ b?, which allows us to reformulate (57) as a system of

equations, namely,
T (wg, (u, Cxv) — owy) =0 fork=1,...,s. (58)

The function T is not differentiable, but it is strongly semismooth. Hence, the
equations listed in (56), (58), and (9), can be handled with a semismooth version
of Newton’s method. See Adly and Seeger [1] for the implementation of such an
approach in the context of a cone-constrained eigenvalue problem. For the sake of
bibliographical completeness, we mention that (55) can also be written in tensor

format
m n S
o Z Z Z T j puivjw (59)

lwl=1,w>0 =1 j=1 k=1

where T; ; ; is the (4, j)-entry of the matrix Cj. See Zhang et al. [20, Section 4] for
a discussion on algorithmic aspects concerning problem (59).
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