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1. Introduction and main notations

Suppose that f : Rn → R is a convex function. Let (p, q) be the inner product of
vectors p, q ∈ Rn and ∥p∥ =

√
(p, p). The subdifferential ∂ f(p) at a point p ∈ Rn is

the set of all subgradients x ∈ Rn, i.e.

∂ f(p) = {x ∈ Rn : f(q) ≥ f(p) + (x, q − p), ∀q ∈ Rn}.

If ∂ f(p) is a singleton, then ∂ f(p) = {f ′(p)}, where f ′(p) is the Frechet gradient
of the function f at the point p. The main creators of the subdifferential theory
are R. T. Rockafellar and J. J. Moreau. The theory of subdifferential calculus can be
found in [23], see also [24].
We want to focus our attention on a very special case of the supporting function
f(p) = s(p,M) = supx∈M(p, x) for a convex compact set M ⊂ Rn. The func-
tion s(p,M) is homogeneous, convex and Lipschitz continuous with the Lipschitz
constant L = max

x∈M
∥x∥.

It is well known that ∂ s(p,M) = {x ∈ M : (p, x) = s(p,M)}. From the differenṫia-
bility almost everywhere of a convex function there is a set S ⊂ {p∈Rn : ∥p∥ = 1}
of full measure such that ∂ s(p,M) = {xp} for all p ∈ S. We denote such an element
xp as M(p). If the set ∂ s(p,M) consists of more than one point then we also denote
its arbitrary element by M(p). We shall call a point M(p) a supporting element.
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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The behavior of supporting elements of a compact convex set M ⊂ Rn is very
important in different problems, both in theory and applications.
Denote by Br(x) the closed Euclidean ball with center x ∈ Rn and radius r > 0. In
[11], the authors proved the following proposition.

Proposition 1.1. For a compact convex set M ⊂ Rn and a number R > 0 the
following three points are equivalent:
(1) M =

⋂
x∈X BR(x) for some set of centers X ⊂ Rn,

(2) M ⊂ BR(M(p)−Rp) for all ∥p∥ = 1,
(3) ∥M(p)−M(q)∥ ≤ R∥p− q∥ for all ∥p∥ = ∥q∥ = 1.

A set of the form M =
⋂

x∈X BR(x) is called R-strongly convex. The equivalence of
(1) and (3) shows that the class of R-strongly convex sets and the class of convex
compact sets M with R-Lipschitz continuous gradient of the function s(p,M) on
the unit sphere coincide.
The work [11] and subsequent works [12, 21, 26] show that geometric approach, e. g.
items (1), (2) of Proposition 1.1, is productive when studying R-strongly convex sets.
Before [11], similar settings were also considered in works [15, 20]. An equivalent
characterization of R-convex sets was also considered in earlier works [16, 17].
There are a lot of applications of R-strongly convex sets in different algorithms
[2, 14, 25]. There is also an important characterization of strong convexity in terms
of nearest and farthest points of a set.
For a compact set M⊂Rn and x∈Rn we define the distance ϱM(x)=infy∈M ∥x−y∥
and the antidistance fM(x) = supy∈M ∥x−y∥. The distance function and its proper-
ties are well known, while the antidistance function is not so familiar to the general
public [1, 18].
Denote by PMx = {y ∈ M : ∥x − y∥ = ϱM(x)} the metric projection of a point
x onto a set M and denote by FMx = {y ∈ M : ∥x − y∥ = fM(x)} the metric
antiprojection.

Proposition 1.2. ([6, 7]) For a compact convex set M ⊂ Rn and a number R > 0
the next points are equivalent:
(1) M =

⋂
x∈X BR(x) for some set of centers X ⊂ Rn,

(2) For any r > 0, points x0, x1 ∈ Rn with ϱM(xi) ≥ r and projections ai = PMxi,
i = 0, 1, the inequality ∥a0 − a1∥ ≤ R

R+r
∥x0 − x1∥ is satisfied.

Moreover, if the radius R is minimal then the Lipschitz constant R
R+r

is also minimal.

Proposition 1.3. ([1]) For a compact convex set M ⊂ Rn and a number R > 0
the next points are equivalent:
(1) M =

⋂
x∈X

BR(x) for some set of centers X ⊂ Rn,

(2) For any r > R, points x0, x1 ∈ Rn with fM(xi) ≥ r and antiprojections
ai = FMxi, i = 0, 1, the inequality ∥a0 − a1∥ ≤ R

r−R
∥x0 − x1∥ holds.

If the radius R is minimal then the Lipschitz constant R
r−R

is also minimal.
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We also want to mention a survey [12], where different properties of R-strongly
convex sets and metric projections/antiprojections onto such sets are discussed.
The properties mentioned above, in particular Proposition 1.2, have found different
applications, e. g. in gradient methods of minimization.
An important technical tool for proving Propositions 1.2 and 1.3 is the support-
ing principle (2) from Proposition 1.1. It is this property that allows us to prove
the Lipschitz behavior of the metric projection or antiprojection. We want to note
that we often don’t need a global Lipschitz condition in the spirit of item (3) from
Proposition 1.1. For example, when we prove the convergence of minimization algo-
rithms (e.g. the gradient projection algorithm or the method of conditional gradient
(Frank-Wolfe method)) we often estimate the distance ∥x0 − xk∥ between the solu-
tion x0 and a current point xk. Thus, one point x0 is fixed and another point xk

can “travel” through the set M during calculations. In the same way we can fix p
in item 3) of Proposition 1.1 and change only vector q. Note that in this case, we
no longer need strong convexity of the set M. This and similar observations lead
us to the following definitions.

Definition 1.4. ([3]) Let M ⊂ Rn be a (convex) compact set, R > 0 and p ∈ Rn

be a unit vector. We shall say that the supporting condition sc(p,R) holds for the
set M and write M ∈ sc(p,R)

if ∂ s(p,M) = {M(p)} and M ⊂ BR(M(p)−Rp). (1)

Definition 1.5. ([4]) Let M ⊂ Rn be a (convex) compact set, L > 0 and p ∈ Rn

be a unit vector. We shall say that the Lipschitz condition lip(p, L) holds for the
set M and write M ∈ lip(p, L)

if ∂ s(p,M) = {M(p)} and ∥M(p)−M(q)∥ ≤ L∥p− q∥. (2)

Here ∥q∥ = 1 is any unit vector and M(q) ∈ ∂ s(q,M) is any element.

Below for simplicity we will assume that in Definitions 1.4 and 1.5 the set M is con-
vex, but it is not necessary. We want to note that Definition 1.4 is ideologically very
close to the quadratic growth condition for a function. The quadratic growth con-
dition allows one to prove the convergence of some gradient minimization methods
in convex optimization [19].
In [4], the implications lip(p, L) ⇒ sc(p, L) and sc(p,R) ⇒ lip(p, 2R) were proven.
We note that the second implication can be improved by letting q in (2) have ar-
bitrary norm. Indeed, Definition 1.4 means that for any point x ∈ M we have
∥M(p)− Rp− x∥ ≤ R or, equivalently, 1

2R
∥M(p)− x∥2 ≤ (p,M(p)− x). Suppose

that q ∈ Rn, x ∈ ∂ s(q,M), i.e. x = M(q). Then by the definition of ∂ s(p,M) we
have (q,M(q) −M(p)) ≥ 0 and adding this inequality with the last inequality we
get

1

2R
∥M(p)−M(q)∥2 ≤ (p− q,M(p)−M(q)) ≤ ∥p− q∥ · ∥M(p)−M(q)∥.

Thus ∥M(p)−M(q)∥ ≤ 2R∥p− q∥ for arbitrary q.
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We want to point out that the constant 2R is minimal, see Figure 1. Fix R > 0.
In R2, put p = (0, 1) = e2, q = (sinφ, cosφ) for small φ > 0. Now we define the
set M = BR(0) ∩ {x ∈ R2 : (q, x) ≤ R(q, e2)}, i.e. a 2D ball without a circu-
lar segment. From elementary planimetry we see that the length of the base of
the removed segment is 2R sinφ. Moreover, M(p) = Re2. Add to the set M a
point z which is contained in the removed segment strictly higher than the line
{x ∈ R2 : (q, x) = R(q, e2)} and close to the point R(sin 2φ, cos 2φ), namely the
distance between these points is of the order φ2. Denote the convex hull of the
set M and the point z by M̃. By construction M̃(q) is the added point. Then
∥p− q∥ ∼ φ, and ∥M̃(p)− M̃(q)∥ ∼ 2Rφ as φ → +0.

Figure 1: The constant 2R is optimal.

A very useful property of sc is that it is preserved in cartesian products, while strong
convexity is not.

Lemma 1.6. Let M1 ⊂ Rn1, M2 ⊂ Rn2 be convex compact sets. Assume that
Mi ∈ sc(pi, Ri), i = 1, 2. Then for any α1 > 0, α2 > 0, α2

1 + α2
2 = 1 we have

M1 ×M2 ∈ sc ((α1p1, α2p2),max{R1/α1, R2/α2})

Proof. Take any xi ∈ Mi. From the definition of sc the following inequalities hold:

∥Mi(pi)−Ripi − xi∥ ≤ Ri ⇔
1

2Ri
∥Mi(pi)− xi∥2 ≤ (pi,Mi(pi)− xi).

Adding them with appropriate coefficients and using the fact that supporting ele-
ments are the same for collinear vectors, we get

((α1p1, α2p2), (M1(α1p1),M2(α2p2))− (x1, x2))

≥ 1

2R1/α1
∥M1(α1p1)− x1∥2 +

1

2R2/α2
∥M2(α2p2)− x2∥2

≥ 1

2max{R1/α1, R2/α2}
∥(M1(α1p1),M2(α2p2))− (x1, x2)∥2.
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As noted above, this inequality is equivalent to

∥(M1×M2)(α1p1, α2p2)−R(α1p1, α2p2)− (x1, x2)∥ ≤ R, R = max{R1/α1, R2/α2}.

This concludes the proof.

Here we also point out that the tangent cone to the set M1 × M2 at the point
(M1 ×M2)(α1p1, α2p2) is not sharp.
The condition sc for a convex compact set has a typical nature in the following
sense.
Proposition 1.7. ([4]) Let M ⊂ Rn be a convex compact set. Then the set of unit
vectors p, for which we have the inclusion M ∈ sc(p,R(p)) for some R(p) > 0 has
a full spherical measure [8, 3.10.82, p. 231] on the unit sphere in Rn.

We normalize the measure so that the unit sphere in Rn has measure 1. In [4], we
proved that the set FR = {p ∈ Rn : ∥p∥ = 1, R(p) > R} has measure

µFR ≤ 1−
(
1− RM

R

)n−1

where RM = min
x∈Rn

max
y∈M

∥x− y∥ is the Chebyshev radius of the set M and R > RM.

2. The nearest and the farthest points

For points x, y ∈ Rn denote [x, y] = {(1− λ)x+ λy : λ ∈ [0, 1]}.

Theorem 2.1. Let ϱ0 ≥ r > 0, ∥p0∥ = 1, R > 0 and M ⊂ Rn be a convex compact
set with M ∈ sc(p0, R). Suppose that x0 = M(p0)+ϱ0p0 and x ∈ Rn is such a point
that ϱ = ϱM(x) ≥ r. Then for a = PMx and a0 = PMx0 = M(p0) the following
inequality holds

∥a0 − a∥ ≤ 2R

2R+ r

√
∥x0 − x∥2 − (ϱ0 − ϱ)2.

Proof. Put p = (x− a)/ϱ. The vector p is a unit normal to the set M at the point
a = PMx. By the implication sc(p0, R) ⇒ lip(p0, 2R)

∥a0 − a∥ ≤ 2R
∥∥∥x0 − a0

ϱ0
− x− a

ϱ

∥∥∥ .
Squaring and grouping the terms we get

∥a0 − a∥2 ≤ 4R2
(
2 +

∥a0 − a∥2 + ∥x0 − x∥2 − ∥x− a0∥2 − ∥x0 − a∥2

ϱ0ϱ

)
. (3)

Let α = ∥a0 − a∥, z = a0 −Rp0.
Consider triangles x0a0a and za0a. From the inclusion a0 ∈ [z, x0] we have the
equality ∠x0a0a = π − ∠za0a and

cos∠x0a0a = cos (π − ∠za0a) = −R2 + α2 − ∥z − a∥2

2Rα
≤ − α

2R
,
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hence

∥x0 − a∥2 = ∥x0 − a0∥2 + ∥a0 − a∥2 − 2∥x0 − a0∥ · ∥a0 − a∥ cos∠x0a0a

≥ ϱ20 + α2 + 2ϱ0α
α

2R
= ϱ20 + α2 +

α2ϱ0
R

. (4)

The angle ∠xaa0 in the triangle xa0a is greater or equal to π/2. Thus

∥x− a0∥2 ≥ ∥a0 − a∥2 + ∥x− a∥2 = α2 + ϱ2. (5)

Substituting (4) and (5) in (3) and multiplying both sides on ϱ0ϱ, we obtain that

α2
(
ϱ0ϱ+ 4Rϱ0 + 4R2

)
≤ 4R2

(
∥x0 − x∥2 − (ϱ0 − ϱ)2

)
.

By the inequalities ϱ0 ≥ r, ϱ ≥ r, the last formula proves the theorem.

Note that under conditions of Theorem 2.1 we have the estimate

∥a0 − a∥ ≤ 2R

2R+ r
∥x0 − x∥. (6)

Compared to Proposition 1.2, the Lipschitz constant is 2R

2R+ r
instead of R

R+ r
.

Theorem 2.2. Let M ⊂ Rn be a convex compact set, x0 ∈ Rn, ϱM(x0) = r > 0,
a0 = PMx0. Suppose that there exists such a constant λ ∈ (0, 1), that for any point
x ∈ Rn, ϱM(x) ≥ r, and a = PMx the following inequality holds

∥a0 − a∥ ≤ λ∥x0 − x∥.

Then M ∈ sc(p0, R), where p0 =
x0 − a0

∥x0 − a0∥
and R =

λr

1− λ
.

Proof. Fix a unit vector p and a supporting element a = M(p) ∈ M and put
x = a + rp. Then ϱM(x) = r and PMx = a. By the condition of Theorem and
equality x0 = a0 + rp0 we have

∥a0 − a∥ ≤ λ∥a0 + rp0 − a− rp∥ ≤ λ∥a0 − a∥+ λr∥p− p0∥,

i.e. ∥a0−a∥ ≤ L∥p0− p∥ for L =
λr

1− λ
. From the implication lip(p0, L) ⇒ sc(p0, L)

we get M ∈ sc(p0, L).

Theorem 2.3. Let M ⊂ Rn be a convex compact set, x0 ∈ Rn, a0 = FMx0,
p0 = (a0 − x0)/∥a0 − x0∥. Assume that M ∈ sc(p0, R) and for some R > 0, r > 0
we have ∥a0 − x0∥ ≥ r > 2R. Then for any point x ∈ Rn with fM(x) ≥ r, and for
any point a ∈ FMx we have the estimate

∥a0 − a∥ ≤ 2R

r − 2R
∥x0 − x∥. (7)

Proof. Recall that M(p0) = {a0}. Fix a ∈ FMx. Put p = (a− x)/∥a− x∥.
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By the implication sc(p0, R) ⇒ lip(p0, 2R)

∥a0 − a∥ ≤ 2R∥p0 − p∥ = 2R

∥∥∥∥ a0 − x0

∥a0 − x0∥
− a− x

∥a− x∥

∥∥∥∥
≤ 2R

∥∥∥a0 − x0

r
− a− x

r

∥∥∥ ≤ 2R

r
(∥x0 − x∥+ ∥a0 − a∥) .

From the last estimate and by the inequality r > 2R we get (7).

Compared to Proposition 1.3, the Lipschitz constant is 2R

r − 2R
instead of R

r −R
.

Below we consider some examples of applying the above results to prove the conver-
gence of numerical algorithms. These examples under more stringent assumptions
were considered in [13], where the sharp sufficient conditions for each of the problems
to have a unique solution and, moreover, to be Tykhonov well-posed, were obtained.

Theorem 2.4. Let M,N ⊂ Rn be compact convex sets and a0 ∈ M, b0 ∈ N be
such points that

max
x∈M

max
y∈N

∥x− y∥ = ∥b0 − a0∥. (8)

Assume that M ∈ sc(p0, R) and N ∈ sc(−p0.R) for p0 = (a0 − b0)/∥a0 − b0∥ and
R > 0. Fix a1 ∈ M, b1 ∈ N . For any natural k ≥ 1 for given ak ∈ M0, bk ∈ M
define the vector pk = (ak− bk)/∥ak− bk∥ and points ak+1 ∈ M(pk), bk+1 ∈ N (−pk).
Suppose that there exists a constant r > 0 such that ∥a1 − b1∥ ≥ r > 4R.
Then the iterations {ak, bk} converge to a point {a0, b0} with a linear rate:

∥ak+1 − a0∥+ ∥bk+1 − b0∥ ≤ 4R

r
(∥ak − a0∥+ ∥bk − b0∥) . (9)

The point {a0, b0} is the unique solution of (8).

Proof. By the inequality r > 4R, the sets BR(b0 + Rp0), BR(a0 − Rp0) do not
intersect and have a0, b0 as their most distant points. Then uniqueness follows from
the inclusions M ⊂ BR(a0 −Rp0), N ⊂ BR(b0 +Rp0).
Also note that the norm ∥ak − bk∥ is increasing.

∥ak+1 − bk+1∥ ≥ (pk, ak+1 − bk+1) ≥ (pk, ak − bk) = ∥ak − bk∥

Then by the inequality r ≤ ∥ak − bk∥ we have

∥ak+1−a0∥ ≤ 2R∥pk−p0∥ = 2R
∥∥∥ ak − bk
∥ak − bk∥

− a0 − b0
∥a0 − b0∥

∥∥∥ ≤ 2R

r
(∥ak−a0∥+∥bk− b0∥).

Similarly ∥bk+1 − b0∥ ≤ 2R

r
(∥ak − a0∥+ ∥bk − b0∥).

The sum of two last inequalities finishes the proof.

Note that if the set N = {b0} in Theorem 2.4 is a singleton, then bk = b0 for all k
and under the assumptions ∥a1 − b0∥ > r and r > 2R we get

∥ak − a0∥ ≤ 2R

r
∥ak − a0∥.
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Theorem 2.5. Let M0 ⊂ Rn be a convex compact set and M ⊂ Rn be a closed set,
a0 ∈ M0, b0 ∈ M such points that

min
x∈M

max
y∈M0

∥x− y∥ = ∥b0 − a0∥. (10)

Suppose that M0 ∈ sc(p0, R) for a vector p0 = (a0 − b0)/∥a0 − b0∥ and a number
R > 0 and there exists such a constant C > 1 that for any points x, y ∈ M0 we have
the estimate ∥PMx− PMy∥ ≤ C∥x− y∥. Put a1 ∈ M0, b1 = PMa1 ∈ M. For any
natural number k ≥ 1 for given ak ∈ M0, bk ∈ M define pk = (ak−bk)/∥ak−bk∥ and
points ak+1 ∈ M0(pk), bk+1 = PMak+1. Then under the assumption 2R

r
(1 + C) < 1,

where r = minx∈M0,y∈M ∥x − y∥, iterations {ak, bk} converge to the point {a0, b0}
with a linear rate:

∥ak+1 − a0∥ ≤ 2R

r
(1 + C)∥ak − a0∥. (11)

Moreover, ∥bk − b0∥ ≤ C∥ak − a0∥ and the solution {a0, b0} of the problem (10) is
unique.

Figure 2: r<2R and M is a singleton. In this case the algorithm from Theorem 2.4
can converge to a local maximum L.

Proof. From the Lipschitz condition for PM with Lipschitz constant C > 0 we have

∥bk − b0∥ = ∥PMak − PMa0∥ ≤ C∥ak − a0∥.

Thus if (11) holds then {bk} converges to b0 linearly.
Now prove (11). We have

∥ak+1 − a0∥ ≤ 2R∥pk − p0∥ ≤ 2R

r
∥ak − a0 − (bk − b0)∥

≤ 2R

r
(∥ak − a0∥+ ∥bk − b0∥) ≤

2R

r
(1 + C)∥ak − a0∥.

Assume that we have another solution (ã0, b̃0) of the problem (10). Take a1 = ã0,
b1 = b̃0, by formula (11) we obtain that the vector p1 = a1−b1

∥a1−b1∥ is not normal to the
set M0 at the point a1. Thus the necessary condition of extremum is false.
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Notice that the Lipschitz condition for the projector PM in Theorem 2.5 takes place
if the set M is proximally smooth [9, 10, 22, 26]. If the set M is proximally smooth
with constant K > 0 then in any d-neighborhood UM(d) = {x ∈ Rn : ϱM(x) < d},
d ∈ (0, K), of the set M for any points x, y ∈ UM(d) we have

∥PMx− PMy∥ ≤ K

K − d
∥x− y∥.

Also note that if the sets are R-convex, then we can use Lipschitz condition with
constant R instead of 2R which improves the convergence speed estimates (and the
corresponding conditions) by a factor of two. While the conditions imposed in the
theorems are not necessary, there are counterexamples in case they fail, see Figure 2.

3. Some optimization problems with sets

Below we shall give some illustrative examples of using Theorems 2.4 and 2.5.
Consider the sets

E1 = {x | xTA1x ≤ 1}, A1 =

4 1 1
1 2 2
1 2 9

 ;

E2 = {x | xTA2x ≤ 1}, A2 =

3 0 0
0 7 0
0 0 12

 ;

Rt =

∫ t

0

eAs U ds, A =

−1 1 0
0 −1 1
0 0 −1

 , U = co{±e3}.

The integral in the definition of Rt above is considered in the Aumann sense.
We calculate the supporting element Rt(p) for a unit vector p ∈ Rn by the formula

Rt(p) =

∫ t

0

eAs U
(
eA

T sp
)
ds,

the last integral is calculated with high accuracy using standard Python tools.
Note that Rt is the reachable set of the differential inclusion ẋ ∈ Ax+ U with zero
initial condition. This set is not strongly convex [5].

Example 3.1. Consider problem (8) with the following sets in R3 (see Figure 3 on
the next page):

M = R2, N = E1 + E2 +

5
3
0

 ,

Example 3.2. Consider problem (8) with following sets in R4

M = B1/2 (
4
−5 )× B1/2(

0
−6 ), N = [−6,−4]×R2.
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Figure 3: First example, M on the left, N on the right

Example 3.3. Consider problem (10) with the following sets in R3:

M0 = E1 + E2;

e =
1√
3

(
1
1
1

)
,

M =

{
x ∈ R3 | ∥x− x0∥ = 30,

(e, x− x0)

∥x− x0∥
≥ cos(π/15)

}
,

x0 = −15e.

The algorithms stopped when the total change of both ak and bk per iteration was
less than 10−8. In all cases the convergence was linear as shown in Figure 4 (note
the logarithmic scale).

For the Examples 3.1 and 3.2 the plots of ∥ak − â0∥+ ∥bk − b̂0∥ are depicted (where
â0, b̂0 is the found approximate solution), while for example 3 we plot ∥ak − â0∥.
The number of steps N , the estimated rate of linear convergence q, found approxi-
mate solution (â0, b̂0), as well the numeric estimates of constants R, r and C from
Theorems 2.4, 2.5 are shown in Table 1. In Example 3.2, Lemma 1.6 was also used
to estimate R.

Figure 4: Graphs of distance to the found solution in logarithmic scale
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Example N q R r C (â0, b̂0)

1 14 0.21 1.8 7.3 -

−0.32
−0.59
−0.86

,

 5.81
3.68

−0.11



2 7 0.04 3.0 13.7 -


 4.44
−5.23
−0.04
−6.50

,

−6.00
0.32
0.59
0.86




3 12 0.13 2.2 14.5 2.1

−0.64
−0.74
−0.13

,

 8.37
8.15
9.43


Table 1: Numeric results for the Examples
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