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We propose different splitting methods for solving distributionally robust optimization problems
in cases where the uncertainties are described by discrete distributions. The first method involves
computing the proximity operator of the supremum function that appears in the optimization
problem. The second method solves an equivalent monotone inclusion formulation derived from
the first-order optimality conditions, where the resolvents of the monotone operators involved in the
inclusion are computable. The proposed methods are applied to solve the Couette inverse problem
with uncertainty and the denoising problem with uncertainty. We present numerical results to
compare the efficiency of the algorithms.
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1. Introduction

Stochastic optimization models decision problems that involve uncertainty or ran-
domness. The goal is to find solutions that work well under different conditions by
optimizing an objective function that accounts for the uncertainty, often focusing on
expected results or reducing risks (see, e.g., [14]). However, this approach usually
assumes full knowledge of the probability distributions, which may not always be
practical in real situations. To address this situation, the theoretical framework of
Distributionally Robust Optimization (DRO) has been introduced, which assumes
that the true probability distribution belongs to a set of distributions known as the
ambiguity set. Optimization is then performed based on the worst-case scenario
within this ambiguity set. By considering different ambiguity sets, DRO encom-
passes Robust Optimization when the ambiguity set includes all possible distri-
butions, and Stochastic Optimization when the ambiguity set consists of a single
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distribution. Hence, the DRO framework is well-suited for addressing problems with
partial information, promoting distributed robustness in decision-making. We refer
to [14, 15, 16] for more details.

Let (£2,.A) be a measurable space, and let P be a nonempty, closed, and convex
subset of probability measures defined on (£2,.4), supported on = C G, where G is a
real Hilbert space. In this paper, we aim to study splitting methods for solving the
following distributionally robust optimization problem:

Ixréig{h(x)JrﬂleelgEP [F(z, )] }, (1)

where Q is a nonempty closed convex subset of a real Hilbert space H and h: H — R
is a convex and differentiable function with $~!-Lipschitz gradient for some 3 > 0,
which represents a cost associated to the decision variable x. Besides, £: () — Zis a
random vector, and F': ‘H x = — R is the random cost function, with F(-, ) being
proper, lower semicontinuous, and convex. The set P is called the ambiguity set and
accounts for the level of knowledge about the probability model of the problem. This
set can be constructed based on empirical statistical information or beliefs about
the moments of the distribution itself (see [15]). Moreover, when the ambiguity set
P is a singleton, the DRO model (1) reduces to a stochastic optimization problem.
Conversely, if P represents the set of all probability measures defined on (£2,.4) and
supported on =, then problem (1) becomes a robust optimization problem.

It is well-known that both robust and stochastic optimization have certain limita-
tions. First, robust optimization can be very conservative, as it ignores valuable
probabilistic information, while stochastic optimization may require too much in-
formation about the probability distribution, which may not be available to the
modeler. Second, the solutions provided by robust or stochastic optimization mod-
els may perform poorly in out-of-sample tests or may have intrinsic bias that cannot
be eliminated simply by increasing the size of the sampled data. Third, robust mod-
els can be computationally difficult to solve. Additionally, stochastic programs may
involve high-dimensional integration, which is also generally intractable. In this
context, the DRO problem provides a potent modeling framework and addresses
some of the disadvantages of both stochastic and robust optimization. We refer to
[14] for a thorough discussion.

One approach to tackle the problem (1) is to use the techniques proposed in [15,
Section 4.2] or in [14, Section 7.4], that is, formulate the dual program of the inner
maximization problem:

max B (F(z, )] == Ee[h(z) + F(,€)]. (2)

Let us illustrate this technique considering G = R™ and the following ambiguity set
(15, eq. 4.2.1]

PEp u)={Pe M (A PEcE)=1, p~ <Ep[§] <p'},

where M, (A) is the set of all the measures defined on A, p™ € R™, and p~ € R™.
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Denote by M (R™) the set of all the measures induced by the random vector £. That
is, p € ML (R™) if u(A) = P(¢ € A), for all A C R™ Borel measurable set, where
P € M, (A). Then, the problem (2) is equivalent to the following maximization
problem

max / P, €)dpu(€) 3)

pEM 4 (R™)

st / apl€) = 1, / cp(e) < pt, / —du(€) < —p,

1

whose dual problem (3) is given by

min A+ 8 pt—~Tp (4)
AER, B>0, v>0

st. F(2,8) = A+ (v—B)T¢ <0, Vec=

If the strong duality hold between the primal problem (3) and its dual (4) (for ex-
ample, if the Slater conditions holds for (3)), we can replace the inner maximization
problem with its dual in the original DRO problem (1). Thus, the problem (1) is
equivalent to the following static robust optimization problem

min A+ BTIJJJr - ’YTﬂi (5)
z€H, AER, B>0, v>0

st. F(z,8) = A+ (y—B)'¢€<0, VEe€z,

r € Q.

The difficulty of the program (5) depends on the structure of the function F(z, &)
as well as of the set Q. We focus on the discrete case, that is, when the uncertainty
set = associated to ¢ is finite: == {&,...,&n} C G with N > 1. For every P € P
and 7 € {1,..., N}, we denote p; :=P({w € Q : {(w) = &}). Then, the set of all
the probability measures is given by the following set (the probability simplex)

N
Ay = {pERf : Zp,-zl}
i=1

and Ep [F(z,8)] = SOV, piF(x,§;). Hence, the problem (1) becomes

i {n(2)+ sup ﬁmm}, (6)

where f; := F(-,&) foralli € {1,..., N}. As far as we know, for the above problem,
there are no available splitting algorithms in the distributionally robust literature.
Hence, the aim of this paper is twofold. First, to propose a new algorithm for solving
the following generalization of problem (1) in the discrete case:

N N
min {H(x) + sup Zp,fl(xl)} st. xeVnXao,, (7)
X=(Z1,..., zN)EHN pEP i=1 =1

where H: HY — R is a convex differentiable function with 3~'-Lipschitz gradient,
Q, C H is a nonempty closed convex subset, V C H is a closed vector subspace,
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and P C Ay is a nonempty closed convex set. Second, to propose different methods
to solve the problem (6).

On the one hand, we observe that whenever V =D :={x € H" : 7 =--- = an},
H(x) = h(x1), and Q; = Q for all i € {1,..., N}, we have that (x,...,z) € D is
solution to problem (7) if and only if z € H is a solution to (6). On the other hand,
when H = R"™, V is the nonanticipativity set, and H = 0, problem (7) reduces to the
problem considered in [10, Example 4]. In order to solve problem (7), we consider
the following functions (f;)Y, and ambiguity sets P. For every i € {1,..., N},

(i)  fi(z) = {a;,x) + &, where a; € H\{0} and & € R.
(a) P = Ap.
(b) P={peAn:p<q}, where geR" is such that int(RY) Nint(Py) NPy # 0
with Py ={peRY : N p=1}and P, = {p e RN : p < ¢}.
(c) P={pe Ay : p- < Zi]\;pi& < py}, where u— € R, and py € R are
such that int(RY) Nint(Ps) NPy # 0 with
Po={peR : n <37 p& < py}.
(ii) fi(z) = ||z — &||*, where & € H, and P = Ay.
Remark 1.1. Note that in the context of problem (6), the case when we have
fi(z) = (z,Qx) + (b, ) + ¢;, where Q: H — H is a symmetric positive semidefinite

operator, b; € ‘H, and ¢; € R, reduces to the case (i). Indeed, since P C Ay, we
have in this case that

N N
h(x) + sup ;pifi(l‘) = h(z) + (z,Qz) + sup ;pz«bu z) + ¢;),
h(x)

where £ is convex and differentiable with Lipschitz gradient. [

The case (i)(b) covers the case when the ambiguity set is associated to the Condi-
tional Value-at-Risk, which is

Pcovar, = {p €Ay :p< L }, (8)

—1—«

where p € RY is a probability vector and a € ]0,1[. The ambiguity set in (8)
appears in [10] and is the domain of the conjugate of the well-known Conditional
Value-at-Risk, which is a coherent-risk measure. On the other hand, the case (i)(c)
is motivated by the ambiguity set defined in [15, eq. 4.2.1].

In the case (i), problem (7) is
N

min {H<x) +sup Y pil{as, ) + 52»)} st. xe VX Qi 9)

N
xeH peP 4 i=1

In the case (ii), problem (7) reduces to

N
min {H(x) N gi|y2} st. xe VX Qi (10)

N
XEH i=1
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On the other hand, in the case (i), problem (6) is equivalent to

min{h(m) +supipi(<ai,x> +§i)}. (11)

z€Q
pEP i—1

Notation: Let H be a real Hilbert space with inner product (-, -) and induced norm
| - ||. For every A > 0, the Moreau envelope of f: H — RU {400} of parameter A is
denoted by

o LR 2}
7€M erf(a) = inf {f(u) + o5 lle —ul
and the proximity operator is denoted by

r€Hw Pyf(x) = argmin{f(y) + %Hx —y||2}.

yEH
Moreover, the projection on a set @ C H is denoted by

x € H — projg(x) = argmin ||z — y||.
yeQ

The indicator function of a set Q is denoted by tg, which is equal to zero in Q and
400 otherwise. On the other hand, the normal cone to a closed convex set Q is
denoted by Ng and the interior of Q is denoted by int(Q). Moreover, the set of the
functions f: H — R U {400} that are proper, lower semicontinuous, and convex is
denoted by I'g(#H). The convexr subdifferential of a function f € I'g(H) is denoted
by df. In addition, the domain of f is denoted by dom f = {z € H : f(z) < +o0}.
We have that if f € ['o(H), then P, f(x) is unique. In particular, if Q is a nonempty
closed convex set, then projg(x) is unique.

The conjugate of a function f € I'o(H) is denoted by f* and the resolvent of a
maximally monotone operator A is denoted by J4. Now, the class of bounded linear
operators from H to a real Hilbert space G is denoted by L(H,G) and if H = G
this class is denoted by L(#H). Given L € L(H,G), its adjoint operator is denoted
by L* € L(G,H). Finally, the expected value of a random variable X : Q — = with
respect to a probability measure P is denoted by Ep[X] = [, X (w)dP(w).

The remainder of this paper is organized as follows. In Section 2, we compute the
proximity operator of certain supremum functions. In some cases, we provide an
algorithm that converges to the proximity operator, while in a particular case we
provide a closed-form for the proximity operator. Next, in Section 3, we will show
the different algorithms for solving the problems described in the introduction. In
Section 4, we provide some applications that can be written as a particular case
of the main problem. In Section 5, we illustrate the numerical experiments of the
proposed algorithms. Finally, conclusions are detailed in Section 6.

2. Proximity operator of a supremum function

Consider the following function

x € HY = f(x) := suprZ-fi(xi). (12)

pEP i—1
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In the following result, we compute the proximity operator of f in the cases (i) and
(ii). We will see that in the case (ii), the proximity of f has a closed-form.

Proposition 2.1. Let {f;}Y, C To(H) and let P C Ay be a nonempty closed
convex set. Let x € HN cmd let X\ > 0. Then the following hold.

(i) If for every i € {1,...,N}, fi(x) = {(a;,x) + & with a; € H\{0} and & € R,
then N
Pyf(x) = (2 — )\piai)i:1 )
where p € P s the unique solution to
ol T T
min 5p Dp —p'd, (13)
with D = diag(\|a1||?, ..., Man|?) and d :== ({a;, z;) + &)XY,

(i) IfP = Ay and for everyi € {1,...,N}, fi(x) = ||z — &||* with & € H, then
DI TAN
I DiSi
PAf(X) a ( 2Ap; +1 >¢:17

where p € Ay is a solution to
N

g p) = 2 (1 +p2iApi> %, (14)

1=

and, for everyi € {1,...,N}, a; = ||lz; — &||*.

Proof. Let us define the function x € HY > g,(x) = S, pifi(x;) for all p € P.
Note that, since f; € Do(H) for all i € {1,..., N}, then {g,}per C To(HY). More-
over, the function p — g,(x) is concave and upper semicontinuous for all x € H".
In addition, since f; is proper foralli € {1,..., N} and P C Ay, then f = sup,cp g,
is proper. Furthermore, P is a nonempty compact convex set. Then, by [13, Theo-
rem 3.5], we have that

P\ f(x) = P\gp(x), with p € argmaxeyg,(x) (15)
peEP

Case (i): By [2, Proposition 24.8(i) & Proposition 24.11], we deduce that

Prgp(x) = (i = ADits),L - (16)
Let us compute e)g,(x). By (16), we obtain that

exgy(X) = gp<PAgp<x>> + 55X = Pagy ()]

p@ (ai, 7 = Apias) + &) + QAZH% i+ Apsas ||
i=1

pil(a,w) + &) Azpznam? %Zv 2

- “M

-
I
_

pilai, zi) + &) — ZPZHCMHQ

I
.MZ

.
Il
—
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Set a; = A||a;|? and d; = (a;,x;) + & for all i € {1,..., N}. Then, in order to find
p in (15), we need to solve the following problem

N
max z; pid; Z pa,
which is equivalent to mi7131 »(p) == 5]oTDp —p'd, (17)
pe

where D = diag(ay,...,ay) € RYY and d = (d;)Y, € RY. Note that, since
V%)(p) = D is positive definite, ¢ is strictly convex and coercive. Thus, from [2,
Proposition 11.15(i)], we have that the problem (17) has a unique solution.

Case (ii): By [2, Proposition 24.11 & Proposition 24.8(i)], we obtain that

(zi + zméi))],v : (18)

Prgp(x) =

< 1
20D, + 1
Let us calculate eyg,(x). By (18), we have that

exgp(X) = gp(Prgp(x)) + %Hx — Pagy()]?

_ | + 2Ap;&; s Z z; + 2)‘pz€z o
Pl Ty, Sl T Tty

_ Z A& — 22piz; ||

=_Pi||1- T 2)\;01 T 1+ 2\,

pillzi — &l . (2Xpi)2|& — i ||?
( +2\p;)? 2M(1 4 2Ap;)?

WMz ‘WMz EMZ M=

N
p(1+2x\pz 2 _ ( Pi > 2

Set o = ||z; — &||? for all i € {1,..., N}. Then, in order to find p in (15), we need
to solve in this case the following problem

N

pi ]
g f(p) = Zl (1+2Api>0‘” (19)
Note that ¢ is continuous and Ay is a nonempty compact set. Therefore, the
problem (19) has solutions. O

Remark 2.2. In the case when P = Ay (case (i)(a)) or P ={p € Ay : p < ¢}
(case (i)(b)), the problem in (13) can be solved by the method proposed in [8].

The following result provides a method for solving (13) when

P={peAy:p <X p& <py}
(case (i)(c)). Recall that Ps = {p € RN : pu_ < SN p& < py}.
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Proposition 2.3. In the context of problem (13), let R :== /D, let zo = R~'d, and
let po = qo = 0. For every k € N, we consider the following routine

Yr = Projpp, (Tx + P
Dk+1 = Tk + Dk — Yk
Tri1 = PrOjpa, (Uk + Q)
Qk+1 = Yk + qk — Thy1-

(20)

Then the sequence (xy) converges to a point ¢ and p = R™'q is the solution to (13)
with P ={p € Ay : p_ <30 pi&i < ps}

Proof. Note that the problem (13) with P = {p € Ay : p_ < SN pi& < py} is
equivalent to

- 1 T T
= -p Dp— . 21
penin_ W(p) = gp Dp—pd (21)

Let us consider the variable change ¢ = Rp. Then, since R = v/D and D € RfﬁN
is a diagonal matrix, we have
1

_ _ _ 1 _ _ _
¢(p):§(R lq)TDR 1q—(R 1(])Td:§qTR 1DR lq_qTR 1d

1 _ 1 _ 1 _
=50'q—q R 'd=llg— R7'd|* — Z||[R7'd|]*
Thus, since R is invertible, problem (21) is equivalent to find

q= prOjRANmeg(R_ld)~ (22)

From [7, Proposition 5.3], the sequence (zy) generated by the algorithm in (20)
(Dykstra’s projection algorithm) converges to the projection g in (22). Therefore,
p = R™'q is the solution to (21). O

Remark 2.4. In the context of problem (13), denote D = diag(ay,...,ay). Note

thatRAN:{qERf:Zfil\/%zl}and

N
RPs={qeR" : p < qua < i}
i=1 !

Then, the projection on RAy can be calculated using the algorithm proposed in [§]
and the projection on RPs can be calculated through of [2, Example 29.21]. [

Let us now consider a method for solving the problem (14), where o; > 0 for all
i€ {l,...,N}. Note that if oy =0 for all i € {1,..., N}, then every p € Ay is a
solution to (14). Thus, we can assume that max a; > 0. On the other hand, note

that for every p € Ay, we have

(sz(p))z‘j -

—4hoi(1+ 2 p;) ™2 ifi=
{ (1+22p) 7 forallije{1,..., N}

0 ifi#j
Then, V?(—¢)(p) is a positive semidefinite matrix for all p € Ay and thus —¢ is
convex on Ay. The following result provides an explicit solution to problem (14).
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Proposition 2.5. In the context of problem (14), let {£;}}¥, be such that we have
ap, < - < gy, with agy, >0 and let I :=={ly,...,0;} forallie {1,...,N}.

Define k::min{ie{o,...,]\f—l} D (N —i+42)) 0%+1>Z\/a_j}a (23)

JglL
where Iy := (. Then p € RY defined by
O7 ZfZE]k,
vie{l,...,N})) p,= _ , o 24
(Vi € { 1 P 1{<N k+2A)\/aﬁ_1], iid 1, (24)
2 2jen VG

is a solution to problem (14).

Proof. First of all, the set in (23) is nonempty since N — 1 is in that set. Indeed,
(14 2X) /oy > \/ag,. Hence k is well defined. Note that

v )—(76” )N for all p € RY
PI= oz )imy TP ER

Then, since —/ is convex on Ay, by the definition of Ay and the KKT’s conditions,
it follows that it is enough to prove that there exists 7 € R and (u;)~; € RY such
that

W—FT—LQIO, ,LszZZO, pzZO fOI'aHZE{l,,N}, (25)
N

and > pi=1, (26)
=1

where p € RY is defined by (24). Consider
1

2
T:(N_k+%p<%;Vaﬁ cR
JELE

and ()Y, € RY defined by p; = 7 — o if i € I, and p; = 0 if i ¢ I. Thus, we
have the second condition in (25). Let us now prove the first condition in (25). Let
ie{l,...,N}. If i € Iy, then p; = 0 and

Q;
7(1+2)\pi)2+T—,ui:—ozi—|—7—ui:0.

If i ¢ I, then by (24), we have that
2 (N —k+2))2a;

(Zier, vas)
(Sien ve)
—Q o j¢1k,\/07j o
hence W+T—MZ— m+7 i = —p; =0,

proving the first condition in (25). We claim that p; > 0 for all ¢ € I, (note that
if £ = 0, the latter is direct since Iy = ), so in order to prove this claim we assume
that £ > 0). Let i € Iy. Then o; < ay, .
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Now, by definition of k, we have that & — 1 is not in the set in (23), that is,

(N —k+142)\)/ag < Z VG =\, + 4 /s
J#Ik—1
which yields that

(N =k +20)ya; < (N =k +2))/ag, < Jag, +- -+, = Y J/aj,

J¢ 1k

which implies that u; =7 — a; = = k: o (Z N2 ) — oy > 0. We claim now

that p; > 0 for all ¢ ¢ I.. Let i ¢ Ix. Then 2 ang and therefore

(N — k420 var _ (N —k+2)) ja
Vai VAU
Zjéfk V& nglk V&

where the last inequality is by the definition of k. Thus, by definition in (24), we

obtain that p; > 0. Finally, since |I{| = N — k, we deduce from definition in (24),
that Zi]ilp,- = 1. In summary, we have proved (25)-(26). O

Consider now the following function

reH fla —supzpz z,Qx) + (bi, ) + ci), (27)

pEP

where P C Ay is a nonempty closed convex set, (): H — H is a bounded linear
operator which is symmetric positive semidefinite, b; € H, and ¢; € R. The following
result provides an algorithm for compute the proximity operator of the function f

n (27).
Proposition 2.6. Let z € H, A > 0, C = (Id+2)XQ)~! and let B € LIRYN,H) be
defined by Bp = Zévzlpjbj. Let M = AB*(Id =\C*Q — 3C*)CB € L(RY) and let
v € RN be defined by

vi = (bi, C(2AQC — 21d +C)x) — ¢;.
Then the following hold.

(i) M is a symmetric positive semidefinite operator.

(ii) Let p° € RY, let p° € RN, and let ¢° € RN such that p° = p°. Let L = M*'/?
and let 7,0 > 0 such that To||L||* < 1. For every k € N, we consider the
following routine

zF = C(x — ABpF)

= m(q +oLp*)

k+1 p (L* k+1 + ’7) (28)

Pt = projp(utt?)

i pk—i-l pk+1 + uk+1 _pk

(S

u

Then a* — Py f(x).



L. Briceno-Arias, S. Lopez-Rivera, E. Vilches / Splitting Algorithms ... 209

Proof. For every p € P, let us define the function

Z‘EHHQP sz x, QI’ bl,l’>+Cz)

Note that {g, },ep C I'o(H). Moreover, the function p — g,(x) is concave and upper

semicontinuous for all x € H. In addition, since P C Ay, then f = SUP,ep Gp 18
proper. Furthermore, P is a nonempty compact convex set. Then, by [13, Theo-
rem 3.5], we have that

Py f(z) = P\gy(z), with P € argmax ey, (). (29)
peP

Note that g, is differentiable. Then, given p € P C Ay, we have

N

y=Pgs(r) & 2 =y+AVG(y) & v=y+A1)_ 5i(2Qu+b)

=1

N
& = (1d+2)Q) y—l—AZ@-
o y=(1d+2)\Q)" (x—/\sz ) & y=C(z—ABp), (30)

where we defined C' := (Id +2X\Q)~!, and B is here the linear operator defined by
peRN — Bp = Zfilpibi. Let us compute eyg,(z) with p € P C Ay. By (30), we
obtain that

exdp(®) = Gp(Prgp(®)) + 5l = Pagp(a)]?
N
=Y pi({C(x = ABp), QC(x — ABp)) + (b, C(x — ABp)) + ¢;)
+ o5 lle = Cla = ABp) |
=:l1(p, z) + l2(p, x). (31)
Let ¢ = (¢;)X,. Then the first term in (31) is
ti(p,z) = (C(z — ABp), QC(x — ABp)) + (Bp,C(z — ABp)) +p'c
= (Cx,QCx) — MOz, QCBp) — \(CBp, QCx) + A\*(CBp, QC Bp)
+ (Bp,Cx) — \(Bp,CBp) +p'c
= (Cz,QCz) — 2\ (Cz, QCBp) + X*(p, (CB)*QC Bp)
+ (Bp,Cz) — XMp, B*CBp) +p'c

= (Cz,QCx) + X*(p,(CB)*"QCBp) — X(p, B*CBp)
+ (Bp, Cz — 20CQCz) +p'e.
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On the other hand, the second term in (31) is
1
lo(p, @) = 55 [I(1d =C)z + ACBp||*

1 A
= 5 11d =C)z||* + ((1d —C)z, CBp) + F||CBp|*.

1 A %
= 55 1(1d =C)z||* + (Bp, C(1d =C)x) + T {p, (CB)"CBp).
Let v € RY defined by
vi = (0, 2ACQCx — Cx — C(Id —C)x) — ¢; = (b, C(2AQC — 21d +C)x) — ¢;.
~ 1

Then exfp(r) = 3 |(1d =C)z||* + (Cz, QCx) — p'y — (p, Mp),
where M = AB*CB — \*(CB)*QCB — %(C’B)*CB = AB*(Id -XC*Q — 3C*)CB.
Therefore the problem max,ep €)g,(z) reduces to

max —p 'y — (p, Mp) < minp'y + (p, Mp). (32)

peEP peP
Observe that, since C' and ) are symmetric, M also is symmetric. Now, note
that p — e gy(z) is concave since is the infimum of affine linear functions. Then,
p > (p, Mp) + p'+ is convex. Thus, M is positive semidefinite. Hence there exists

M'? symmetric positive semidefinite such that M = M'/2M"/2. Therefore we have
(p, Mp) = ||[M*/?p||?. Thus, the problem (32) is equivalent to

min g(Lp) + h(p), (33)
peP
where g = || - ||, L = MY2, and h is defined by h(p) = p'vy. Now, we have that

P,g(x) = z/(1 + 20), which implies that
_°c r__2 .
142/c o o+2°
In addition, Vh(p) = 7 is Lipschitz. Thus, the algorithm (28) is equivalent to
a* = C(z — A\BpF)
k+1 P.g* k L—k
q g (q" +oLlp*)
uttt = pf —7(L*g" + Vh(pY))
pk—i-l — projp(ukﬂ)
PR = phtl kL k.

ng*(l) =T — UP1/0§($/U) =T —

From [6, Theorem 3.1], there exists p € P solution to (33) such that p* — p. That
is p € argmax,p exgp(z). Now, by continuity, 28 — C(x — A\Bp). Finally, by (29)
and (30), C(z — ABp) = P\ f(x). O
Remark 2.7. In the case when P = Ay, the projection onto P can be obtained
efficiently [11]. In the case when P is the ambiguity set given in (i)(b), we have
that P = Any NP, and the projection onto P can be calculated using the Dykstra’s
algorithm [7, Proposition 5.3], which requires the computation of the projection onto
Apn and Ps.

Note that by using [2, Proposition 29.3] the projection onto Py has an explicit form.
Similarly, if P is the set in (i)(c), then P = Ay NP3 and we can use the Dykstra’s
algorithm for computing the projection onto P. Note that the projection onto Ps
has an explicit form given in [2, Example 29.21].
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3. Algorithms

In this section we propose splitting algorithms for solving problems (9) and (10).
This method is based on the results of Section 2, in which we compute the proximity
operator of the supremum function appearing in problem (7). Note that the difficulty
of calculating this proximity operator depends on the functions f; and the set P.
On the other hand, to solve problem (11), we propose a second method, which
focuses in the resolution of an equivalent monotone inclusion problem, coming from
the optimality conditions via the computation of resolvents of maximally monotone
operators involved given in [3, Proposition 4.1]. In addition, we propose a third and
fourth method to solve the problem (11), which correspond to the application of the
algorithms proposed in [4] and [9], respectively, to solve a product space formulation
involving the normal cone to a closed vector subspace.

3.1. A proximal algorithm
Note that the problem (7) is equivalent to

Hél‘I/l f(x) +15(x) + H(x), (34)
where Q = XiN=1 Q; and f is the function defined in (12). The problem (34) can be

solved using the algorithm proposed in [5], which requires calculating the proximity
of f, the projection on Q, and VH.

Let us define the following functions

N N
a,d) e RY, xRY — pla,d :argmin{1 proy — pidi},
(a,d) € RY, (,d) = argm 2; 2;

N . bi )
(,A) € RY X Ryy = o, A) = al;%anaX; (1 +2)\pi> i

In order to solve the problem in the definition of p, we use the method proposed
in [8] for the cases (i)(a) and (i)(b), and the algorithm (20) for the case (i)(c). On
the other hand, the explicit form of ¢ is given by (24). From Proposition 2.1(i), [2,
Proposition 24.8(ix)], and [5, Theorem 3.1], we obtain the following

Proposition 3.1. Let u® € HY, let x° € V, let X° = x°, and let y* € V*. Let
A €10,28[ and let v > 0 such that v < % — % For every k € N, we consider the
following routine.

uftt = uk + 4Tk — yprojg, <uw—k +Ef> foralli e {1,...,N}

z¥ = xF + \y* — A proj, (uF! + VH (x*))

P* = p((Mlasl )Ly, ((as, Z5) + &)iLy)

witt =78 — \pFa; forallic {1,...,N} (35)
x* = proj, wht!

yk+1 — yk + (Xk+1 _ Wk+1)/)\

xhHL = oxhtl P,

Then there exists a solution x € HY to problem (9) such that x* — x.
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Similarly, from Proposition 2.1(ii), [2, Proposition 24.8(ix)], and [5, Theorem 3.1],
we obtain the following

Proposition 3.2. Let u’ € HY, let x° € V, let X° = x°, and let y* € V+. Let
A € 10,28 and let v > 0 such that v < % — % For every k € N, we consider the
following routine.

)

z¥ = x* + \y* — Aproj, (uf! + VH(x¥))
ph =2 = &GlIP)E, A)

<k k
k41 Zi +2Ap7& ~ (36)
w; BT forallie {1,...,N}
xM1 = proj,, wht!
YA = yk 4 (xh kL) /)

}—(k:-‘rl k+1 Xk.

k
ubt! :uf—i—’yif — 7 Projo, (%’ +Ef) foralli e {1,...,N}

= 2x

Then there exists a solution x € H™ to problem (10) such that x* — x.

3.2. Distributed forward-backward method

In this section, we propose an alternative method for solving problem (6). Note
that in the cases (i) and (ii), we have that dom f; = H for all i € {1,...,N}. In
addition, domh = H. Thus, by the Fermat’s rule and [2, Corollary 16.50(iv)], the
problem (6) is equivalent to solve the following inclusion (optimality condition)

0 € Vh(z) + No(x) + Zf\il pi0fi(x)

(37)
0 € Np(p) — G(z),

Find (z,p) € H x RY such that {
where G(z) = (fi(z),..., fn(2))" € RN, If we have P = Ay, then P = RY NPy,

where we recall that P, = {p € RN : N p; = 1}. Since int(RY) NPy # 0, then by
2, Corollary 16.48(ii)], Np = Ngy + Np,. Now, by defining ¢ = tr_, we have that

Nr, = 0¢*. Define the following operators

(z,p) € H x RY s Bi(w,p) = (%*(pflj(z;fi—(x}i(x)ei) forall i€ {1,...,N} (38)

(2.p) € H x RY 5 Cla,p) = (Vho(@) |

where ¢; is the canonical vector in RY. Then the inclusion (37) is equivalent to

N N

(8) € A(w,p) + ) Bi(w,p) + ) Cilw,p), (39)

i=1 =1

where C; = C and C; =0 forall i € {2,..., N}.



L. Briceno-Arias, S. Lopez-Rivera, E. Vilches / Splitting Algorithms ... 213

IfP={pec Ay :p<g} thenP = RYNPNP,, where P, = {p € RY : p <¢}. By
assumption in (i)(b), Py Nint(RY) Nint(Ps) # 0. Hence, by [2, Corollary 16.50(iv)],
Np = Ngy + Np, + Np,. Thus, in this case the inclusion (37) is equivalent to

N N+1
0
N O . . .
where (z,p) € H x RY — As(z,p) = <N7> (p)) and Cyy1 = 0. Similarly, if
2
P={pcAy:pu <N p& < pi}, we deduce that the inclusion (37) is equi-

valent to
N NA+1

0
where (.’L’p)GHXRN*—)Ag(LEp):( 0 )
’ ’ Np3(p)
N
and we recall that Ps={pecRY :pu_ < pi& < pyt
i=1

Note that (A;)?_, are maximally monotone and (C;)Y" are cocoercive. Thus, to

apply the splitting methods in order to solve the previous inclusions, we need to
prove that B; is maximally monotone and compute J,p, with v > 0.

Proposition 3.3. Leti € {1,..., N} and consider the operator B; defined in (38),
where f; € To(H) satisfies dom f; = H. Then the following hold.

(i) By is mazimally monotone.

(ii) Let (z,p) € H x RY, let v > 0, and let W the unique real number in [0, +oo|

such that
o= 0 if pi +vfi(x) <0 (42)
pi +vfi(Pyfi(x))  if pi +vfi(z) > 0.
_ ) (zw) if pi + v fi(x) <0
fhen  mnp)= {(Pwifxw),w) i+ i) > 0,

where w; = w and wj = p; for all j # i.

Proof. (i): First, we prove that B; is monotone. Let therefore (u,v) € B;(x,p)
and (u/,v") € By(«',p'). Then u € p;0fi(x), u' € p,ofi(x'), v; € 0¢*(p;) — fi(x), and
v; €9¢*(p;) — fi(2'). In addition, v; = v} = 0 for all j#i. By [3, Proposition 3.1(v)],
we have that the following operator

(,§) € H x R = £0fi(x) x (9¢"(§) — fi(x)) (43)

is maximally monotone. Thus,
<(u7v) - (ulvv,)> (:E,p) - (mlﬁp,» = <’LL - u/’x - :E/> + <Ui - Uﬁapi _p2> > 0,

which proves that B; is monotone. By [2, Theorem 21.1], it is enough to prove that
ran(Id+B;) = H x RY. Let (y,w) € H x RY. Then (y,w;) € H x R.
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Since the operator (43) is maximally monotone, then from [2, Theorem 21.1], there
exists (z,£) € H x R such that

§0fi(x)
(1) € (,€) + (3925*(5) - fi<w>) |

Let p € RY defined by p; = £ and p; = w; for all j # i. Then

pidfi(x) _
(y,w) € (z,p) + (3¢*(pi)6,- - fi(a:)ei> = (2,p) + Bi(z,p).
That is, ran(Id +B;) = H x RY.
(ii): Let (y,w) € H x RY. Then

(y7w) = J’yBi(‘xvp> <~ ('Tap> S (y7w) +fyBZ(y7w)

(2 € y +wi0fi(y)

<~ pi € wi + 700" (wi) — Vfi(y)
(pj = wj for all j #i

(y = P’szfl(x>

< w; = Py¢*(pi +71i(y))
(wj = p; forall j #i

Using [3, Remark 4.1 & Example 4.1] and that dom f; = H, we deduce that

0 if pi +fi(z) <0
Wi = . (44)
pi +1fi(Pyo fi(z))  if pi +7fi(x) > 0.
T,w if p +~vfi(x) <0
Therefore, Jyg,(x,p) = {( ) . Pt i)
(P'ywifi(x)aw) lfpz_l"yfz(l‘) >O7
where w; € [0, 400 is the unique solution to (44) and w; = p; for all j # . O

In the case (i) we have f;(x) = (a;,z) + . Therefore we get P, fi(x) = © — ywa,
and thus f;(Py fi(x)) = (a;, © — ywa;) + &. Hence

w=p; + 1 fi(Pyfi(r)) & w=pi+v(a,z—ywa;) +&

_ pi+7(<ai7x>+€i)' (45)

S w
L4 2]|aif?

It follows from (45) that, in the case (i), the solution to (42) reduces to

0 if pi +v({a;,x) +&) <0

Di + 7(<ai7m> + &)
1+ 72 ]|?

w =

if p; +v({as, z) + &) > 0.
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On the other hand, Jy4, (z,p) = (projg(x), projp, (p)), Jya,(x,p) = (x, projp, (p)),
and Jy4,(2,p) = (x,projp,(p)). Once calculated Jy4,, Jya,, Jya,, and J,p, for all
i€ {l,...,N}, we can apply the method proposed in [1] for solving problems (39),
(40), and (41). Define H = H x RY. From [1, Theorem 3], we deduce the following

results.

Proposition 3.4. Let A € 10,28] and let v € }0, 1— % [

Let z° = ((zV,79), ..., @, P%)) € HY. For every k € N, we consider the following
routine.

ak = pron(T’f) and p} = projp, (o)
(25, p5) == Jap, (T5 + o} — T} — AVh(a}), P + pf — 7))
(k. pf) = g, (@ +af | —7F PP+ pk —pF ) forallie{3, .. N}

N ! (46)
(2h 1, Phvsr) = Dapy (af + 2 — 25, 0f + Dk — DY)

e R (G
—k+1 k

) .
. . forall j € {1,...,N}
p;  =Dj +7(pj+1 _pj)

Then there exists (z,p) € H solution to problem (39) such that (z¥,p}) — (z,p).

Proposition 3.5. Let A €10,20[ and let v €]0,1 — % .

Let z° = ((zV,19), ..., (TN 41, PN 41)) € HYTL. For every k € N, we consider the
following routine.

7} = projo (@) and p} = projp, (B})

(25, p5) == (T + o} — 7§ — AVA(2f), projp(p5 + pf — 7))
(k. pF) == Iap,_, (@ +al_y — 0, Di+pl —pl ) forall ie {3,..., N+1}

N _ (47)
(wljgv+2»p§cv+2) = JaBy (xlf + m’Jg\H-l - xlfv+17plf "‘pljgv-s-l - plfv+1)

—k+l _ —k ko ok
T =T (i — )

ot =k —pb)

) } forall j € {1,...,N + 1}

Then the following hold.

(i)  If P = Pa, then there exists (z,p) € H solution to problem (40) such that
(¥, ) = (,p).

(ii) If P = Ps, then there exists (x,p) € H solution to problem (41) such that
(¥, ) = (,p).

Remark 3.6. By [2, Example 29.18], the projection onto P; is given by

projp, () = x + <T>1 for all z € RY,

where 1 = (1,...,1) € RV,

On the other hand, note that Py = Xi]il{p ER: p<gq}.
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Then by [2, Proposition 29.3],

x; ifx; <g

(projp, ()i = { foralli € {1,...,N} and z € R".

g ifz;>gq
Finally, the projection onto P3 can be calculated using [2, Example 29.21]. [

3.3. Forward-backward with subspaces
Let us see another method to solve the inclusions (39), (40), and (41). Consider the
spaces Hy = (HxXRM)N L and Hy = (K xRM)Nt2, Let A, : Hy — 2H1, Ay: Hy — 2F2,
2{31 Hy — 2H2 51: H; — H;, and 62: Hy — Hs the operators defined by
AvlzBl><"'XBNXA1
C, = (C1,0,...,0)
——

N —times
AVQZBlX"'XBNXAleAQ
Ay =By x - x By x A; x As

Co=(Cy, 0,...,0 ).
——

(N+1)—times
Then the inclusion (39) is equivalent to

Find z € H; such that 0 € A;(z) + Cy(2) + Ny, (2), (48)

where Vi = {z € H; : 21 = ... = zy41}. Indeed, we have that
Vit={z¢eH: Zf\gl zi =0} = Ny, (2) forall z € V).

Now, define D; = B; for all i € {1,...,N}, Dyy1 = A;, and C; = 0 for all
i €{2,...,N+1}. Thus, denoting x = (z,p), (39) is equivalent to

0€ YD)+ Cilx) ¢ (At € X Dix)) 0= (o~ Cix)
N+1

& (El(yz)f\;’il e X Di(x)> — (Y1, Yns1) — él(x,...,x) eVt

=1

s0eA(x,. .., x)+Ci(x, ..., x) + Ny (x,...,x).
Similarly, the inclusion (40) is equivalent to
Find z € Hy such that 0 € Ay(2) + Ca(2) + Ny (2), (49)
where Vo = {2z € Hy : 2y = ... = zy4o}. Finally, the inclusion (41) is equivalent to

Find z € Hy such that 0 € As(z) + Ca(z) + Niy(2). (50)
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Remark 3.7. Note that the projection on V; is given by

1 N+1
projy, (z) = (Niﬂ zj> for all z € Hy, (51)
i=1
j=1
and the projection onto V5 is similar. Il

In order to solve (48), (49), and (50), we use the algorithm proposed in [4, Corol-
lary 5.3] when A\, = 1 (which coincides with the algorithm proposed in [5] in this
case). From [4, Corollary 5.3], [2, Proposition 23.18], and (51), we deduce the fol-
lowing results.

Proposition 3.8. Lety € 10,20, let 2° = ((29,p?), ..., (2% 11, 0% 1)) € V4, and let

20 =((@,0)), ..., (@11, PXs1)) € Vit. For every k € N, we consider the following
routine.

(@F.7Y) = Jys, (xf + 97 — Ve, P+ ) forall i € 41,... V)
(@41, Pi+1) = (Projg (xN+1+’733N+1_th(xl))’Projpl (PN4+1T7PN41))
zfﬂ = (x k+17pi€+1 N+1 ZN+1(~§713§) foralli e {1,...,N+1}

I = @ g = (= l,pl)+ (2t 3k phtL_BF) for all i€ {1,..., N+1}.

)

(52)

Then there exists z € Vy solution to problem (48) such that z* — z.

Proposition 3.9. Let vy € 10,20, let 2° = ((29,p?), ..., (2% 10, PX12)) € Vo, and let

20 = (@), 1)), ..., (TN 0 PN42)) € V5-. For every k € N, we consider the following
routine.

(@, 5%) = o, (2 + 928 = 2 VA(ah), pf +95F) foralli € {1,..., N}

(@1 Phy1) == (proig (eh +77h  — 32 V(ah)), projp, (P +7P5 1))
($N+2,PN+2) = (2f 0+ Vf]fv+2 N_A,_QVh(xl) prOjP(Plfv+2 +’@§€v+2)) (53)
A= (@ i) = A SR EE BY) for all i € {1,..., N + 2}

2= @) = @)+ 2 (2 = pl T —pF) for all i€ {1, ..., N+2}.

Then the following hold.
(i)  If P = Py, then there exists z € Vy solution to problem (49) such that zF — z.
(i) If P = Ps, then there exists z € Vy solution to problem (50) such that zF — z.

3.4. Davis-Yin’s formulation

Another method for solving the problems (48), (49), and (50) (and therefore the
inclusions (39), (40), and (41)) is the algorithm proposed in [9] since the normal
cone to a closed vector subspace is a maximally monotone operator. From [9, The-
orem 2.1], [2, Proposition 23.18], and (51), we obtain the following results.
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Proposition 3.10. Let v € ]0,26[ and let 2° = ((29,p), ..., (2% 1, p%41)) € Hi
For every k € N, we consider the following routine.

Zf ( z?pz)_N+1 ZN+1< ;Cap?) for alle{l,,N—i—l}

( ’f,ﬁf) 731(2I1 “Yvh(xl) 2p1 )

(zk, pk) = (2:1: —ak 2pl pk) forallie{2,...,N} (54)
( ]fv+17ﬁN+1) (PYOJQ(Z??NH - x?\url)’ projp1(2]_7§“v+l _prVH))

| (o ) = (afF 3R Tk pf P —pF)  forallic {1,...,N +1}

2

]

2N

8

Then there exists = € Hy solution to problem (48) such that Z%F — z.

Proposition 3.11. Let v € ]0,28[ and let 2° = ((29,p?), ..., (2% 19, PX12)) € Ha.
For every k € N, we consider the following routine.
N+2 .
) = N+22 P (x af,pf) foralli e {1,...,N +2}
7, PY) = Jop, (27 — 27 — yVh(ZT), 2p7 — ph)
(

8 ) = J,p,(2zF — 2, 2pF — p¥)  forallie€ {2,...,N} (55)

xlfv+27]31fv+2> = (2EIJ€\/+2 - x’]€\f+27 projp(zp’f\uz - pljgw-z))

aF T pE Yy = (aF B T pf +pF —PF)  forallie {1,...,N +2}.

(
(
(%IJC\H-DPN-H) = (prom(Zf’fVH - x’fvﬂ)a PTOJ'Pl(QﬁVH _p?\/ﬂ))
(
(

Then the following hold.
(i)  If P = Py, then there exists z € Hy solution to problem (49) such that Z% — z.
(ii) If P = Ps, then there exists z € Hy solution to problem (50) such that Z% — z.

3.5. Dual method

In this section, we use the techniques proposed in [15, Section 4.2] for solving problem
(6) for the ambiguity sets considered in the cases (i)(a), (i)(b), and (i)(c). In each
case, we reformulate the dual of the following inner maximization problem

peEP

max h(z +szfz = D_pilfilx) + h(x)). (56)

Observe that by assumption of each case, we have that the problem (56) is a convex
problem that satisfy the Slater conditions. Therefore, the strong duality hold.

Case (i)(a): In this case P = Ay and the Lagrangian function is

- ﬁ:pi(fi(x) + h(z)) + A(1 - ﬁ:p’)

=\t Zpi(fi(x) + h(z) — \).
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Then, (56) is equivalent to the following dual problem

minmax{)\—Fipi(fi(x)—kh(:v)—)\)} <:>min{/\+max2pz filw )}

AeR p>0 AER

S min A st fi(x) +h(z) —A<0, Vie{l,...,N}

AER
Thus, problem (6) is equivalent to

min A (57)
z€H, AeR

st. filz)+h(z) = A <0, Vie{l,...,N}
xeQ

Case (i)(b): In this case P={pe Ay : p < ¢} and hence the Lagrangian function is

ij/,L Zplfl _’_A]‘_Zpl +Z[’L'L Z Z
=A+uTq+Zpi(fi(fv)+h(w)—m—A)-
i=1

Then, from strong duality, (56) is equivalent to the following dual problem

AR p>0
peRY

min max {3+ 17g + > pilfi@) + h@) - = )}

=
win A+ u'a
peRY

st. filx) +h(z) —pwi —A<0, Vie{l,...,N}
Thus, problem (6) is equivalent to

A
xEI%lnilGR + M ¢ (58)

peRY
sit. filx)+h(z) —p;—A<0, Vie{l,...,N}
xr e Q

Case (i)(c): Here P = {p € Ay : p_ < 3.7 pi€i < piy} and hence the Lagrangian
function is

L(p, A, B,7) = szfz (z)) +A1—sz + 8 (p sz&
—/LWLZP@)
=1

= A+ Bpy — -+ sz(fz(x) + h(z) = A+ (v = B)&)-

=1
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Therefore, from strong duality, (56) is equivalent to the following dual problem

AER p>0
820, v=0

& min A+ Buy — yp-
AER
B=0,720

st. fi(w) + h(z) = A+ — 6 <0, Vie{l,... N}
Thus, problem (6) is equivalent to

min max {)\ + By —ypu_ + sz(fz(iﬁ) +h(x) = X+ (v — 5)&)}

R (59)
=0, v=0

st. fi(x) +h(z) = A+~& — B <0, Vie{l,...,N}

x e Q

4. Applications
4.1. Couette inverse problem

Consider a rheometer of coaxial cylinders with fluid. Let 2: R — R representing
the angular velocity of the inner cylinder. The function €2 has the following form
[12]: .
ar) =1 g
2 t

BT
where 7 is the tangential shear stress on the cylindrical surface, f: R — R is the
rheological curve of the fluid, and § < 1. Given 2: R — R, the Couette inverse
problem consists in to find the function f. Suppose that we have a sample of size r of
values (€, 7;)i_; representing measurements obtained from the rheometer. Assume
that the function f has the form f(t) = Z§:1 aje;(t), where a; € R and e; is a
function such that ¢ — e;(¢)/t is integrable for all j € {1,...,¢}. Given (€, 7)i_4,
the problem is to find the constants (a;){_, such that

¢ .
_ L[ e :
QI—Z% 2/% , dt, forallie{l,...,r},

j=1

which is equivalent to Q = Az, where Q = (;)/_, € R", A € R"™* is the matrix

defined by A;; = 3 ,BTT ejt(t) dt, and x = (a;)|_,. It is possible that the system Az = Q
has no solutions or that it has several solutions. In these cases, a common approach
to finding an approximate solution is to solve the following regularized least squares

problem

min || Ar — Q|* + AR(z), (60)
zER®

where R is the regularization function which represents a prior information on x
and X > 0 is the regularization parameter. In the case when R(z) = || Dz||?, where
D € RP** and assuming that ATA + AD'D is positive definite (for example, if
D =1d), the Fermat’s rule implies that the solution to (60) is

T=(ATA+AD'D)'ATQ.
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Suppose now that we have N samples of size 7 of values (Q2})i_,, ..., ()= Let
¢: Q — Z the random vector defined on a measurable space (€2, A) whose values are
in the finite set = = {Q!, ..., Q"} and let P C Ay a nonempty closed convex subset
of probability measures on the space (2,.A) supported on Z. For every P € P and
k€ {l,...,N}, we denote p, = P({w € Q : &(w) = QF}). Thus, we consider the
following DRO problem N

mmsuprkHAx—QkHQ+)\||Dx|\2 (61)

rcR¢ pE

Note that, since P C Ay, problem (61) is equivalent to

min | Az||? 4+ A|| Dz||*> + sup Zpk —22TATQF 4+ (|QF1?),

PEP =
which is equivalent to problem (11) when Q = R, h(x) = ||Az||* + \||Dx||* (which
has Lipschitz gradient), a;, = —2ATQF, and & = || QF||%.
Note that if D = Id, then the problem (61) reduces to

m1n—||x|| —I—suprk (x,Qx) + (bg, x) + cx), (62)

PEP =1
where Q = ATA, b, = —2A7QF, ¢, = ||QF|?, and p = 55. The problem (62) is

1
_)\.

equivalent to find P“f(O), where f is defined in (27). Thus, (62) can be solved using

the algorithm proposed in Proposition 2.6.

4.2. Denoising
Suppose that we have a noisy measurement of a signal x € R™:
b=x+w,

where x is an unknown signal, w is an unknown noise vector, and b is the known
measurement, vector. The denoising problem is the following: Given b, find a good
estimate of z. The regularized least squares problem associated with this problem is

. g2
min [z — B + AR(z), (63)

where R(z) is a regularization term which represents some a priori information on
the signal and A > 0 is a given regularization parameter. Typically, it is considered

a regularization function of the form
n—1

R(x) = Z(.ﬁlsZ — zi1)%

=1

Note that R(x) = ||Lx||?, where L € RM™~D*" is given by

1 -1 0 0 -~ 0 0
01 -1 0 -~ 0 0
r—lo 0o 1 -1 -0 o0
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In this case, by the Fermat’s rule, we have that the solution to (63) is given by
z=(Id+ALTL)™'b.

Suppose that we have N noisy measurement b', ..., b":

V=1 4w,
where, for all : € {1,..., N}, 2 € R" is an unknown signal and w’ is an unknown
noise vector. The objective is to find a good estimate of z* for all i € {1,..., N}

in order to minimize the largest norm of the noise vectors. Thus, we consider the
following robust optimization problem

N
. j 112 ) (12
min o {0 NI + i o —#° (64)
]:

where ||L;27||* represents the regularization term of the variable 7. The prob-
lem (64) is a particular case of problem (10) when we have V = Q; = H = R",
H(x) = )\Z;\Ll | L;27]|?, and &; = b'. Note that VH(x) = 2\(L{ L1z, ..., Ly Lyz").

Then, for every x and y in R™, we have
N
IVH(x) = VH(y)[> = > I2AL] Ly(@? — y7)|?
j=1
2 T 120~ — oll2
< (20 s L] L1 — v

. _1_ . . . —1 — T .
Hence VH is f~-Lipschitz with /3 2\ max 1L, Ly |-

5. Numerical experiments

Consider the problem (6) when H = R", fi(z) = (a;,x) + & for all i € {1,..., N},
and Q@ = {x € R* : Ax = b}, where a; € R"\{0}, & € R, A € R™*" satisfies
ker AT = {0}, and b € ran(A). We consider two cases for the function h. First, we
consider h(z) = %xTM x, where M € R" " is symmetric positive definite. In this
case, the problem (6) is

N
. 1 T

min< -x Mz + su i ((a;, x) + Z} 65

min {5 sup D pilfana) +6) (65)

Second, we consider h(z) = ¢'z, where ¢ € R™. In this case, problem (6) is
N

[T

min<c' x +su i((a;, x) + Z} 66

min { sup D pilfana) +6) (66)

We consider two ambiguity sets P. First, we consider P = Ay. Second, we consider
P=P:={peclAy:pu <3SN p&<pu.}, where & € Ry € R, and py € R
satisfies the conditions in (i)(c).

Note that, since M is positive definite, then x +— %xTM x is coercive and strictly
convex. Thus, by [2, Proposition 11.15(i)], the problem (65) has a unique solution.
On the other hand, we assume that problem (66) has solutions.
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For solving problems (65) and (66) with P = Ay, we use the algorithms (35) (with
V =D, Q; = Q, and H(x) = h(zy)), (46), (52), and (54), while that for solving
problems (65) and (66) with P = P, we use the algorithms (35), (47), (53), and
(55). Note that in the context of problem (66), the equivalent formulations (57) and
(59) reduce to a linear program, which can be solved using the function linprog of
MATLAB. Thus, also we use the equivalent formulation (57) for solving (66) when
P = Ay and we use the formulation (59) for solving (66) when P = P.

Table 1: Average execution time (number of iterations) with relative error
tolerance e = 107° for solving problem (65) with P = Ay.

FB with
(n,m, N) prox max distributed FB | subspaces Davis-Yin

(100,100,10) | 2.224 (1137) | 4.723 (3806) | 7.892 (5880) | 7.497 (5530)
(100,100,50) | 3.163 (580) | 17.317 (12849) | 6.260 (3493) | 5.377 (3314)
(100,100, 100) | 11.728 (1160) | 67.524 (23416) | 6.056 (2018) | 6.828 (2036)
(200,200,50) | 9.962 (580) | 19.387 (12835) | 2.231 (498) | 1.539 (937)
(200,200, 100) | 41.647 (1160) | 100.361 (23404) | 7.065 (725) | 8.887 (1722)

For each method, we obtain the average execution time (in seconds) and the average
number of iterations from 20 random instances for the matrices A and M, the vectors
{a;}, b, and ¢, and the scalars {&}, pu_, and puy (we consider u_ € [0,1/2] and
py € [1/2,1]). We measure the efficiency for different values of N, n, and m. We
choose n = m. We label the algorithm in (35) as prox maz, algorithms in (46)
and (47) as distributed F'B, algorithms in (52) and (53) as F'B with subspaces, and
algorithms in (54) and (55) as Dawvis- Yin. In addition, we label the method proposed
in Section 3.5 for solving (66) as dual method. We choose to stop every algorithm
when the norm of the difference between two consecutive iterations is less than 107°
or the number of iterations exceeds 30000.

Table 2: Average execution time (number of iterations) with relative error
tolerance e = 107 for solving problem (65) with P = P.

FB with
(n,m,N) prox max distributed FB | subspaces Davis-Yin

(100,100,10) | 2.277 (1160) | 5.417 (4057) | 7.043 (4799) | 6.242 (4304)
(100,100,50) | 4.663 (530) | 18.313 (13065) | 6.312 (3055) | 4.666 (2899)
(100, 100, 100) | 24.465 (1160) | 67.241 (23624) | 5.823 (1915) | 6.311 (2012)
( )
( )

(200,200,50) | 10.312 (580) | 20.348 (13050) | 2.505 (542) | 1.591 (948)
(200,200, 100) | 46.704 (1160) | 86.954 (23613) | 8.723 (868) | 8.092 (1737)

With respect to problem (65), we observe that in the cases (n,m, N) = (100, 100, 10)
and (n,m,N) = (100,100, 50), the most efficient algorithm is the proximal algo-
rithm, where in the case of problem (65) with P = P and (n,m, N) = (100, 100, 50)
the Davis-Yin’s method has a similar performance with the proximal method.
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Now, for the problem (65) with P = Ay, the forward-backward method with
subspaces is the most efficient in the case (n,m, N) = (100, 100,100) and in the
case (n,m,N) = (200,200, 100), while that in the case (n,m,N) = (200,200, 50)
the fastest method is the Davis-Yin’s formulation. On the other hand, for the
problem (65) with P = P, in the case (n,m,N) = (100,100,100) the forward-

backward algorithm with subspaces is the most efficient, while that in the case

(n,m) = (200, 200) the Davis-Yin’s method has the best performance.

Table 3: Average execution time (number of iterations) with relative error
tolerance e = 107 for solving problem (66) with P = Ay.

FB with Dual

(n,m,N) prox max | distributed FB | subspaces Davis-Yin method
(100,100,10) | 0.028 (11) 1.034 (813) 0.403 (277) | 2.661 (1945) | 0.057
(100,100,50) | 0.065 (11) | 13.310 (8586) | 1.923 (1051) | 13.107 (7515) | 0.064
(100,100,100) | 0.113 (10) | 7.387 (2317) | 5.189 (1943) | 22.904 (7108) | 0.059
(200,200,50) | 0.164 (10) | 1.920 (1256) | 1.676 (1112) | 8.792 (5632) 0.093
(200,200,100) | 0.345 (11) | 9.393 (2664) | 7.844 (2022) | 27.166 (6459) | 0.105

Table 4: Average execution time (number of iterations) with relative error
tolerance e = 107 for solving problem (66) with P = P.

FB with Dual

(n,m,N) prox max | distributed FB | subspaces Davis-Yin method
(100,100,10) | 0.040 (11) 1.128 (864) 0.463 (301) | 2.907 (2060) | 0.058
(100,100,50) | 0.204 (11) | 10.441 (7558) | 1.914 (1072) | 11.944 (6647) | 0.059
(100,100,100) | 1.166 (10) | 8.750 (2993) | 5.130 (1965) | 17.486 (5607) | 0.061
(200,200,50) | 0.256 (10) | 3.659 (2328) | 1.702 (1140) | 6.885 (4257) | 0.092
(200,200, 100) | 0.850 (10) | 13.278 (3726) | 7.992 (2041) | 26.853 (5857) | 0.107

With respect to the problem (66), we note that in the case (n, m, N) = (100, 100, 10)
the proximal algorithm is the most efficient for both ambiguity sets, while that
in the other cases the dual method is the most efficient. Note that in the case
(n,m,N) = (100, 100,50) with P = Ay, the proximal algorithm and the dual
method have similar performance. In addition, the forward backward algorithm
with subspaces also is an efficient alternative for solving problem (66).

6. Conclusions

In this paper, we provide different splitting algorithms for solving the discrete ver-
sion of the distributionally robust optimization problem. This problem includes a
supremum function in the objective function. The first method is based on calculat-
ing the proximity operator of said supremum function. In some cases, we propose an
algorithm that converges to the proximity operator, while in a particular case, we
provide a closed form for the proximity operator. On the other hand, under quali-
fications conditions, we prove that the problem is equivalent to solving a monotone
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inclusion that involves the sum of finitely many monotone operators, and we com-
pute the resolvent of the monotone operators involved in the inclusion. The second
method uses an algorithm specialized for that type of inclusion, which is proposed
in [1]. Additionally, we reformulate the inclusion as one that involves two monotone
operators and the normal cone to a vector subspace. For solving this reformulation,
we use the algorithm proposed in [4] (third method) and the algorithm proposed in
9] (fourth method).

The proposed algorithms can be applied to solve the Couette inverse problem with
uncertainty and the denoising problem with uncertainty. In addition, we prove the
efficiency of the algorithms in two particular problems. The first numerical exper-
iment shows that the algorithm which computes the proximity of the supremum
function (proximal algorithm) is the most efficient when the dimension of the prob-
lem and the size of the uncertainty set are small, whereas the third and fourth
methods are more efficient when the dimension of the problem is larger. On the
other hand, the second numerical experiment shows that the proximal algorithm is
more efficient when the uncertainty set is small, while the method proposed in the
literature performs better in other cases.
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