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J. Convex Analysis 29 (2022) 837-856] we proved with L. Zaji¢ek that if G C R™ is an unbounded
open convex set that does not contain a translation of a convex cone with non-empty interior,
then there exist f : G — R and a concave modulus w such that lim; o, w(t) = oo, f is both
semiconvex and semiconcave with modulus w and f ¢ C1“(G). Here we improve the previous
result as follows: If G is as above and w(t) = t* for some « € (0, 1), then there exists f : G — R
that is both semiconvex and semiconcave with modulus w and f ¢ C%%(G). This result has
immediate consequences concerning a first-order quantitative converse Taylor theorem and the
problem whether f € C1®(G) whenever f is smooth in a corresponding sense on all lines.
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1. Introduction

If G C R™is an open convex set, then f : G — R issaid to be (classically) semiconvex
if there exists C > 0 such that the function

v f(z)+Clz]?, 7€,

is convex. We say that f: G — R is (classically) semiconcave if —f is semiconvex.
Then it is well-known (see [5, Section 3] for references) that

f : G — R is both semiconvex and semiconcave <= f € C"'(G). (1)

The notion of semiconvex, resp. semiconcave, functions is generalized to the notion
of funtions that are semiconvex, resp. semiconcave, with modulus w (see [1, Defi-
nition 2.1.1]). We will call these functions w-semiconvex, resp. w-semiconcave, for
short (see Definition 2.1 and Definition 2.3 below). Note that a function is semi-
convex, resp. semiconcave, if and only if it is w-semiconvex, resp. w-semiconcave,
with w(t) = Ct for some C' > 0 (see [1, Proposition 1.1.3]). For the theory and
application of w-semiconvex, resp. w-semiconcave, functions, see the monograph [1].

This article deals with functions that are both w-semiconvex and w-semiconcave.
Let G C R™ be an open convex set and w a modulus. It is easy to show that if
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[ € C'(G), then there exists C' > 0 such that f is both (Cw)-semiconvex and (Cw)-
semiconcave (see [1, Proposition 2.1.2]). So we will consider the natural problem
whether also the opposite implication holds. This implication can be equivalently
formulated as follows:

f : G — R is both w-semiconvex and w-semiconcave => f € C*“(G).  (2)

Recall (see (1)) that implication (2) holds if w(t) = Ct for some C' > 0. Further,
by Remark 2.4 (i) below and [5, p.839], implication (2) holds if either G is bounded
or contains a translation of a convex cone with non-empty interior. However, (2)
doesn’t hold in general. Namely, we proved (see [5, Theorem 1.9]) that if G C R"
is an unbounded open convex set which does not contain a translation of a convex
cone with non-empty interior, then there exists a concave modulus w such that
limy 0 w(t) = 0o and (2) doesn’t hold. The main disadvantage of [5, Theorem 1.9]
is that w depends on G and may be irregular. In this article we improve [5, Theorem
1.9] in the following way:

Theorem 1.1. Let G C R™ (n > 2) be an unbounded open convez set that doesn’t
contain a translation of a cone with non-empty interior. Let a € (0,1) and set
w(t) :=t* for allt > 0. Then there ezists f : G — R that is both w-semiconver and
w-semiconcave and f ¢ CH*(G).

So Theorem 1.1 gives a positive answer to [5, Question 6.10 (3), (4)]. By (31),
Theorem 1.1 is a special case of Theorem 5.5 below which works with more general
moduli (namely those with property (*) below).

The strategy of the proof of Theorem 5.5 is similar to that used in [5] where we re-
duced (using the notion of recessive cones) the case of an open convex subset of R" to
the case of an open convex subset of R? of the special form G, := {(z,y) € R* : x >
0, |yl <n(x)} where n : (0,00) — (0,00) is concave and satisfies lim; ., 7(t)/t = 0.
However, the construction of f : G, — R in the proof of Proposition 4.4 is much
more sophisticated than the corresponding construction used in [5]. The present
construction is based on the notion of modulus w, (see Definition 3.1 below and for
the motivation Remark 3.2 below).

It’s worth mentioning that if w is a modulus, then functions that are both (Cw)-
semiconvex and (Cw)-semiconcave for some C' > 0 can be characterized via “Taylor
approximation of the first order” or via “C'*-smoothness on all lines”. See Lemma
2.5 below for a precise formulation. Thus Theorem 1.1 can be reformulated as
follows:

Corollary 1.2. Let G C R" (n > 2) be an unbounded open convez set that doesn’t
contain a translation of a cone with non-empty interior. Let a € (0,1) and set
w(t) :=t* for allt > 0. Then there exists f : G — R that is Fréchet differentiable,

(i)  foreverya € G andv € R", |v| = 1, the derivative of the functiont — f(a+tv)
is uniformly continuous on {t € R : a+ tv € G} with modulus w,

(i) |f(z+h)— f(z)— f(2)[R])] < || for all z,x + h € G and
(i) f ¢ CH(G).
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Let us remark that Corollary 1.2 improves [5, Theorem 6.8]. Note also that Theorem
5.5 can be reformulated (using Lemma 2.5) in the same way as Theorem 1.1 and so
we can get a more general statement than Corollary 1.2.

2. Preliminaries

Throughout this article, the norm on R" is always Euclidean. For A C R"™ the
symbol span(A) denotes the linear span of A. By a cone in R” we mean a set
C C R” such that Ax € C for each x € C'and A > 0. If G C R” is an open set,
f:G—= R, ze€Gandh €R" then f'(x) denotes the Fréchet derivative of f at z
and f’(x)[h] denotes its evaluation at h.

Definition 2.1. We denote by M the set of all w : [0,00) — [0,00) which are
non-decreasing and satisfy lim;, o+ w(h) = 0. The members of M are called moduli.

Definition 2.2. Let G C R™ be an open set, w € M and « € (0,1]. Then we

denote by C'(G) the set of all Fréchet differentiable f : G — R such that f’ is
uniformly continuous with modulus Cw for some C' > 0. If w(t) = t* for every ¢ > 0,
then we also write C''*(G) instead of C1¥(G).

Definition 2.3. Let G C R" be an open convex set and w € M.

. We say that f : G — R is semiconver with modulus w (or w-semiconvex for
short) if, for every z,y € G and X\ € [0, 1],

fOz+ (1 =XNy) < Af(z) + (1 =N f(y) + A1 =Nz —ylw(z —y|).

. We say that f: G — R is semiconcave with modulus w (or w-semiconcave) if
— f is semiconvex with modulus w.

Remark 2.4. Let G C R" be an open convex set, f : G — R and w € M. Then
the following hold (see [1, Theorem 2.1.7] and [1, Theorem 3.3.7]):

(i) If f is w-semiconvex or w-semiconcave, then f is continuous.

(i) If f is both w-semiconvex and w-semiconcave, then f € C(G).

As already mentioned in the introduction, we have the following:

Lemma 2.5. Let G C R" be an open convex set, f : G — R and w € M. Then the
following are equivalent:

(i)  There exists C, >0 such that f is both (Ciw)-semiconvex and (Cyw)-semiconcave.

(ii) There exists Cy > 0 such that for every a € G andv € R, |v| = 1, the function
t — f(a+ tv) is differentiable on {t € R : a +tv € G} and its derivative is
uniformly continuous with modulus Cow.

(iii) f s Fréchet differentiable and there exists Cy > 0 such that

|[f(z+h) = f(z) = fi()[h]] < Cslhlw([R]), z,z+hed.

Proof. It follows from Remark 2.4 (i) and [5, Proposition 6.4 (i), (iv)] that (i)

implies (ii) and (iii). Further, it follows easily from [4, Lemma 2.3 (i)] and [4,

Proposition 2.4 (ii)] that (ii) implies (i). Finally, (iii) implies (i) by [5, Proposition

6.4 (i)]. O

Recall that w € M is called sub-additive if w(x 4+ h) < w(x) 4+ w(h) for all z,h > 0.
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Remark 2.6. Let w € M. Then the following hold:
(i) If w is concave, then it is sub-additive.

il If w is sub-additive, then there exists a concave ¢ € M such that w < ¢ < 2w.
(ii) : @ ©

Both of these statements are well-known. The proof of (i) is easy. Statement (ii) is
due to Stechkin (see [2, Lemma 2.3] for references).

Remark 2.7. Let f: (0,00) — [0,00) be concave. Then the following hold:
(i)  f is non-decreasing.

(ii)) The function t — f(t)/t, t > 0, is non-increasing.

(iii) For every t > 0 and ¢ > 1 we have f(ct) < cf(t).

All these facts are easy and well-known. Note that (iii) is just a reformulation of
(ii). However, a useful one.

As in [5] we will use the following auxiliary notation:

Definition 2.8. Let n € N and w € M. Then we denote by G,(w) the set of all
open convex sets G C R™ for which there exist a € G, x € R"\ {0} and f € CY(G)
such that f is both w-semiconvex and w-semiconcave, M :={a+ Az : A >0} C G
and f’ is uniformly continuous on M with modulus Cw for no C' > 0.

Remark 2.9. Let n € N and w € M. Then:

(i) By Remark 2.4 (ii) we can equivalently write f : G — R instead of f € C'(G)
in the definition of G, (w).

(ii) If G € G,(w), then (2) clearly doesn’t hold.
(iii) IfbeR™and G+ b€ G,(w), then it is easy to check that G € G, (w).

For the proof of the following lemma see [5, Example 5.1].

Lemma 2.10. Let w € M satisfy liminf wih) >0 and lim
h—0+ h

h—o0
Then R x (0,1) € Ga(w).

wih) _ ),

As in [5], we will work with recession cones of unbounded convex sets A C R™ and
use the notation rec(A) (instead of 07 A used in [6]).

Definition 2.11. Let () # A C R" be a convex set. Then we set
rec(A) :={z € R": (Va € A)(YA >0) a+ \x € A}.

Now we recall some basic properties of recession cones. For the proof see [5, Lemma
2.10].

Lemma 2.12. Let n € N and let ) # G C R™ be an open convex set. Then the
following hold:

(i)  rec(G) = rec(G).

(ii) rec(G) is a closed convex cone and 0 € rec(G).
(i) rec(G)={x €R":(Jac A)(VA>0)a+ Iz € A}.
(

(

~—

iv) If G C R" is unbounded, then 1 < dim(span(rec(G))).
v) dim(span(rec(G))) = n if and only if G contains a translation of a cone with
non-empty interior.
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We will also need the following special case of [5, Lemma 5.11]:

Lemma 2.13. Letm e N, m > 2, and w € M. Let G C R™ be an open convex set
and L : R™ — R? a linear surjection. Suppose that w is concave, L(G) € Go(w) and

rec(L(G)) C L(rec(G)). Then G € Gp(w).
The following lemma is an easy consequence of [6, Theorem 9.1].

Lemma 2.14. Let m,n € N, let G C R™ be an unbounded open convex set and let
L :R"™ — R™ be a linear surjection such that

rec(G) N L71({0}) C rec(G) N (—rec(QG)).
Then rec(L(G)) = L(rec(Q)).
Proof. By Lemma 2.12 (i) we have rec(G) = rec(G). So rec(G) N L7*({0}) C

rec(G)N(—rec(G)) and thus [6, Theorem 9.1] (applied to C := G) 1mphes that L(G
is closed and rec(i)(G)) = L(rec(G)). Hence we easily obtain that L(G) = L(
Therefore, rec(L(G)) = rec(L(G)) by Lemma 2.12 (i) and the equality rec(L(G))

L(rec(G)) follows.

\_/
~—

1

3. Modulus w,

One of the main ingredients of this article is the introduction of modulus w;,:

Definition 3.1. Let 1 : (0,00) — (0,00) and w € M. Then for every h > 0 we set

= inf { Z max{ xj) . }w(a?j - xj—l)}a (3)

where the infimum is taken over all partitions 0 = zp < z; < --+ < x,, = h of [0, hl.
Further we set w,(0) := 0.

The fact that w, is indeed a modulus will be proved in Lemma 3.4 (i) below.

Remark 3.2. The original motivation for w, was that the following statement

should hold:
. Let n: (0,00) — (0, 00) be concave, let w € M and set

G:={(z,y) €R*: 2 >0, |yl <n(z)}.

Let f : G — R be both w-semiconvex and w-semiconcave. Then f € CT¥n(G).

However, we do not need this statement and therefore not prove it. Note also that
wy is “minimal” in the sense of Proposition 4.4 below which we use substantially at
the end of the article.

Remark 3.3. Let 1: (0,00) — (0,00) and w € M. Then
h
wy(h) < max {1, m} w(h), h>0.

Indeed, taking n =1 in the sum in (3), we immediately obtain the estimate.
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Lemma 3.4. Let n: (0,00) — (0,00) be concaveand let w € M. Then the follow-
ing hold:

(i) w,eM.

(i)  For every x,h > 0 we have wy(x + h) < w,(z) + w,(h).

Proof. (i): Obviously w,(h) > 0 for every h > 0. By Remark 3.3 and Remark 2.7
(ii), we have

wy(h) < max {1, 77(hh)}w(h) < max {1, n(ll)}w(h), h e (0,1),

and thus limy_,o4 wy(h) = w,(0) = 0. To prove that w, is non-decreasing, it is
sufficient to show

wy(x) <wp(z+h), x,h>0. (4)
Let z,h > 0andlet 0 = xy < 21 < -+ < z,, = x+h be a partition of [0, z+h]. Then
there exists m € N such that m <n and z,,_; < x < x,,. According to Remark 2.7
(i), (ii), we have

T — Tm-1 — x - Tm—1 < T, - Tm—1 — Tm — Tm—1
n(x) n(@) ) 7 nlem)  nlzm) 1(@m)
and thus
m—1
wy(z) < max {1, z _n(x:;’)“l }w(x — Tm-1) + Z max {17 W}w(aj] —Zj_1)
< l’] 1 L < Lj—Tj—1 . .
Zmax{ @) }w(x] xj_1) < ;max {1, ) }w(x] Tj_1)

Hence (4) holds.

(ii): Let x,h>0and € >0. Then there exists a partition 0 =zg < 21 < --- <z, = x
of [0, z] such that

3w {155t ) S
.7
and a partition 0 =y < y1 < -+ < Yy, = h of [0, h] such that
ma 1,yi_yi_1}w = i) < w,(h) + 2.
S 2252 ot 20+

Hence, for z; :=x +y;_, (j =n+1,...,n+ m) we obtain using Remark 2.7 (i)

n+m

(x + h) Z max{ iﬂ) ! }w(a:j — ;1)
= ;max {1, xjn(;j)_l}w(iv —zj1) + Zmax {1 yz(x +iy_z) }w(y, —Yi 1)
< ]Zn;max {17 W}W(% —xj-1) + Zmax {1, yln_(;f)’l }w(yi — i)

Thus (ii) holds. O
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In the rest of this section we will prove several properties of w, for further use.
Lemma 3.5. Letn: (0,00) — (0,00) be non-decreasing and let w € M be concave.

hw(n(h))
Then — 2 < wy(h), h>0. 5
n(h) — 77( ) ( )

Proof. Let h > 0 and € > 0.
Then there exists a partition 0 =z < ;3 < -+ < x, = h of [0, h] such that

Zmax {1, xjrl_(;jj)l} w(x; —xj_1) < wy,(h) +e.
=1

Set Ji={je{l,...,n}:n(x;) <z; —z;_1},
and Jo={je{l,....n} x; —x;_1 <nx)}

Using Remark 2.7 (ii) we obtain

w(w; — ;1) < max {1’ M}w(% —x;4), je,

Consequently

hw(n(h)) _ _ w(n(h)) _ w(n(h))

a2 = BTG D me) S
Jj€NI JjEJ2
< Z max {1, Jn(fj)_l }w(mj xj_1) + Z max {1, % (;7)_1 }w(a:j xj_1)
Jj€NI JjeJ2
- Z max {1, xjnf(;]j_l }w(xj zj_1) <w,(h) +e
j=1 ’

Hence (5) holds. O

Lemma 3.6. Let n: (0,00) = (0,00) and w € M. Then

wy(x + h) < wy(z) + max {1, n(thrh)}w(h), xz,h > 0. (6)

Proof. Let ,h > 0 and € > 0.
Then there exists a partition 0 = zo < x; < --- < z,, = x of [0, z] such that

Zmax {1, m}w(aﬁj — 1) < wy(z) +e.
i=1 !
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Hence, for z,1 := = + h we have

n+1
wp(x+ h) < max{l,w}w Tj— Tji_
n( )— JZ1 n(z;) ( J J 1)

n

= max {1, n(wﬁrh)}w(h) + Zmax {1, W}w(az] —Zj1)
=1

1=

< wy(z) + max {1, n(:thrh)}w(h) +e.

Consequently (6) holds. O

Lemma 3.7. Let n: (0,00) — (0,00) be non-decreasing and let w € M. Then

wy(x + h) < wy(z) +2 hw(n(z))

z)) n(x)
e w0 b= T (7)

Proof. Let ,h >0, h > n(x)/2, and € > 0.
Then there exists a partition 0 = o < z1 < - -+ < ,, = z of [0, z] such that

Zmax{ e 1}w(xj —zj1) < wp(z) + €.

xa)

Denote by m the upper integer part of h/n(x) and set z; := x4 (j —n)h/m for each
j=n+1,....,n+m. Then

m o _h
2

S @

<m

and h/m < n(x) <n(z;) for each j =n+1,...,n+m. Thus
n+m

wy(z 4+ h) < Z max {1, m}w(% — 1)
j=1 J

n+m

— Zmax{ x]) : }W(xj —j-1) + Z fnax {1’ 77(:9;3') }w(%)

j=n+1

<w —l—s—{—z < ><w,, )+€+Zm:w

hw(n(z))
n(x)

= wy(x) + mw(n(z)) + e <w,(x) +2—-2 + €.

Hence (7) holds. O
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4. The case R?

We begin with three lemmas that we need to prove important Proposition 4.4 below.

Lemma 4.1. Let n:(0,00) — (0,00) and we M be both concave, let g:(0,00) — R
be differentiable and let C' > 0. Suppose that

lg(z 4+ h) — g(z)] < Cmax{l,n(xljrh)}w(h), x,h >0, (8)
n(z)lg'(z)| < Cw(n(z)), x>0, (9)
n()lg'(z) — g'(x + h)| < Cw(h), x,h>0, (10)
and set G:={(r,y) eR*:2 >0, |y| <n(z)},

fle,y) = g(x)y, (v,y) €C.

Then the function f is both (5Cw)-semiconvezr and (5Cw)-semiconcave.
Proof. By [5, Lemma 2.3] it is sufficient to show that

|f'(@ + h,y + k)[h, k] = f'(z,y)[h, k]

< 5C|(h, k)|w([(h. K)]),  (2,y),(z+hy+k)€G, h>0.
Let (z,y), (x + h,y + k) € G, h > 0. Then, according to Remark 2.7 (i), we have

[kl < |y + K[+ |yl <0z +h) +n(z) < 2n(z + h) (11)

and thus by (9) and Remark 2.7 (ii)

/ _ @+ h)lg (@ + h)| w(n(x + h))
|k[lg'(z + h)| = |k n@ L h) < CWw

(18]
< clk2L2) < acu(jk|).

L]
2

Further, by (10) we have
yllg'(z + h) — g'(x)] < n(@)lg'(x + h) — ¢'(z)] < Cw(h).

Consequently
g/ (x +h)(y + k) — g (@)l < |yllg'(z + ) — ¢'(x)] + |kl|g'(z + h)]
< Cw(h) +2Cw(|k|) < 3Cw(|(h, k)]). (12)
Since by (11) we have
h _ ||
|/<;|max{1, n(“h)} - max{|k:|, n(x+h)h} < 2 max{|k|, h},

we obtain by (8)
h
[Fllg( -+ 1) = g(@)| < Olk|max {1~ Foo(h)

< 20 max{[k|, hYw(h) < 2C|(h, K)|w(|(h, k). (13)
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Hence (12) and (13) give

[z + h,y + k), k] = f'(z,y)[h, k]|

< [hl| g+ by + k) = (e y)| + k[ + by + k) = (@)
= [hllg'(x + h)(y + k) — g'(x)yl + |kllg(x + h) — g(=)]
< 3C|(h Wl (|(h, K)) +2C |(h Wl (B, K)]) = 5C[(hR)w(l(nR). O

Lemma 4.2. Let n : (0,00) — (0,00) and w € M be both concave. Define the
function ¢ by

> 0.

— B ‘ x1, 29 > 0, A € [0,1],
(x) := sup {/\wn(l‘l) + (1 — Nwy(2z2) : v o (1 )\)@} .

Then v € M, 1 is concave, w, < ¥ < 2w, and

Pt +n(t) <o) +2w(n(t)), ¢>0,n() <t (14)

Proof. By Remark 2.6 (ii) and Lemma 3.4, there exists a concave ¢ € M such
that 0 < w, < ¢ < 2w,. Note that 1 is the upper concave envelope of w, (see [6,
Corollary 17.1.5]). In particular, 1 is concave and 0 < w,, < ¢ < ¢. Thus ¢ < 2w,,

lim, 04 ¢¥(z) = 0 and it follows from Remark 2.7 (i) that ¢ is non-decreasing.
Therefore, 1 € M.

Let t > 0, z1,29 > 0 and A € [0,1] be such that we have n(t) < ¢, 1 < x9 and
Azy + (1 — N)axg =t +n(t). Then to prove (14) it is sufficient to show

Awy (1) + (1 = Nwy(z2) < P(t) 4+ 2w(n(t)).
Note also that 1 is non-decreasing by Remark 2.7 (i).

If ¢t < a1, then n(t) <t < x; < x5 and thus by Lemma 3.6 (with A = 7(t) and
x=u1x1—n(t) or x = xz9 —n(t))

Hence
Awp(@1) + (1 = MNwy(22) < Awy(z1 — (1) + (1 = Nwy(z2 — n(t)) + w(n(t))
< Mz = n(t)) + (1 = N(x2 — n(t)) +w(n(t))
< YAz — (1) + (1 = A)(z2 — n(t))) + w(n(t))

= ¥(t) +wn(t)) < ¢(t) + 2w(n(t)).

Now suppose that 1 < ¢. Then A < 1 and therefore we may set
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Then (1 —=ANt=t—X<t—Ar;=(1—Nzy—n(t) = (1 — Nz and thus

t <. (15)

In particular, 0 < z. If h < n(x + h), then by Lemma 3.6 and Remark 2.7 (iii)
h
wy(22) = wy(x + h) < w,(r) + max {1, 77(3:—|—h)}w(h)

= wy(z) + w(;)it))\) < wy(z) + wl(n_(t))\)

and thus
Ay (1) + (1 = Nwy(x) < Awy(z1) + (1 — Nwy(x) + w(n(?))
< M(x1) + (1= A)Y(x) +w(n(t))
< P(Azy + (1 = Nz) + w(n(t))
=P(t) +w(n(t)) < () +2w(n(t)).

If n(z+ h) < h, then by Lemma 3.7, Remark 2.7 (ii) and (15) we have

wy(x2) = wy(x + h) < wy(z) + Qhw

< wnl) ¥ Zhw%)) = wy(2) + 2200

and therefore
Awp (1) + (1 = Nwy(x2) < Awy(z1) + (1 — Nw,(x) + 2w(n(t))
<M (1) + (1= A)Y(x) + 2w(n(?))
<Az + (1= A)z) + 2w(n(t))

= P(t) + 2w(n(t))- O

Lemma 4.3. Let n: (0,00) — (0,00) and » € M be both concave, let w € M and

let C' > 0. Suppose that

bt +n(t) —P(t) < Cwln(t)), >0, n(t) <t, (16)

W(h) < C'max {1, n(hh)}w(h), h > 0. (17)

Then (x4 h) —Y(x) < 2C max {1, n(Ithh)}w(h), z,h > 0.

Proof. Let x,h > 0. We will distinguish four cases.
(a) x < h: Then n(xz + h) < n(2h) < 2n(h) by Remark 2.7 (i), (iii). And so, using
Remark 2.6 (i) and (17), we obtain

Wz + h) — d(x) < (k) < Cmax {1, n(hh)}w(h)

< C'max {1, n(;f_h)}w(h) < 2C' max {1, M}w(h)
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(b) h <mn(h): Then, according to Remark 2.6 (i) and (17), we have
h
U +h) = (@) < o(h) < Cmax {1,

< 2C' max {1, n(xh+h)}w(h)

}w(h) = Cw(h)

(¢) n(x) < h <z: Then n(z+ h) < n(2z) < 2n(x) by Remark 2.7 (i), (iii). Thus,
using the concavity of ¢ and (16), we obtain

h n(x)
h h
< O sw(n(a) —w(h) < 2Cmax{1, } h).

(d) Suppose that none of cases (a), (b) or (c) holds: Then clearly h < z and
n(h) < h < n(z). Since n is continuous, there exists t € [h, x| such that n(t) = h.
Hence, using the concavity of ¢ and (16), we obtain

Now we can prove the crucial proposition of this article, which we will need to prove
Theorem 5.5 below. However, we believe that it is also interesting in itself.

Proposition 4.4. Let n : (0,00) — (0,00) and w € M be both concave. Suppose
that w(z) > 0 for all x > 0, and set

G:={(z,y) €R*: x>0, |y| <nlx)}.
Then there exists a concave and strictly positive g € C*((0,00)) such that the function
f defined by
fx,y) =g(x)y, (2,y) € G,

has the following properties:

(i) [ is both w-semiconver and w-semiconcave.

(i) If ¢ € M satisfies liminf, . o(x)/w,(x) = 0, then there is no C > 0 such
that o of

w00~ 200 < Colle 1)), 2 >0, (18)

in particular, f ¢ CY%(G).

Proof. Firstly, note that n is non-decreasing by Remark 2.7 (i). So it follows from
Lemma 3.5 that w,(x) > 0 for all z > 0. Hence by Lemma 4.2 there exists a concave
1 € M such that (16) holds with C' = 2 and

0 <wy(z) <Y(x) < 2wy(z), x>0. (19)
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Further, it follows from (19) and Remark 3.3 that (17) holds with C' = 2. Hence by
Lemma 4.3 we have

h
— < .
(x+h) —(x) 4max{1,n(x+h)}w(h), x,h >0 (20)
Note that since 1) is concave, we have

T) = /Oxz/)ﬂr(s) ds, x>0.

Since ¢ € M and ¥(z) > 0 for every x > 0, there exists a > 0 such that

Y, (4a) > 0. (21)
By Remark 2.7 (ii) we have
”;)g (a)gq ax{l,@}, T > a. (22)

Denote by § the real function on [a,cc0) that is affine on each [2"7!a,2"a] (n € N)
and

6(2%a) =9/ (2"a), neNU{0}.

Then § is continuous and non-negative. Since v, is non-increasing, ¢ is also non-
increasing. Hence for every n € N and z € [2"'a, 2"a] we have

¥4 (20) < ¥ (2"0) = 6(2"a) < 8(x) < 52" 1a) = (2" ) < (3)
and thus Y (2z) < 6o(x) <Y, <£>, x> a. (23)
We set b := 1280¢* and

x> 0.

@IH
\

Then g is concave and g € C*((0, oo)) Furthermore, for all z > 0 we obtain using

(23) and (21)
1 min{a+z,2a} 1 min{a+z,2a}
g(z) > 5/ 5(s)ds > 5/ V', (25)ds

1

min{a+z,2a}
> 5/ Y, (4a)ds > 0.

(i): Note that ¢’ is non-increasing and, by Remark 2.7 (i), also non-negative. Note
also that 8/b < 8¢/b < 1/5. Hence by Lemma 4.1 (with C' = 1/5) it is sufficient to
show that

glx+h)—g(z) < %max {1, n(m}lh)}w(h), x,h >0, (24)
n()g (#) < Mw(n(z), x>0, (25)

(@) (g (@) = gz + 1) < w(h), x,h>0. (26)
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Inequality (24): For all z, h > 0 we have by (23), (20) and Remark 2.7 (iii)

g(x +h) —g(x)
B 2/a+x+h5( s < 1 /aa+x+h " (g)ds _ i/ﬂ: ! (t)d

a+x “+x )

=5 ((5) —o(57)) < g {1 4 5)

h
2

(4
max{ et }w( ) < - max{l n(x}lh)}w(h).

2

S| =

<

| oo

Inequality (25): Let = > 0. Then we have by (22)

and by Remark 2.7 (iii)

Consequently, using the concavity of ¢, (23) and (20), we obtain

n(2)g (@) = gn@)d(a+x) < jnla), (57)
- n(w)zp(%—w(%ﬁ—t) =20y (1) — (U 1))

t 2 2

et =G (%) < Fu).

n(n—gr

b
< S—quax{l,

Inequality (26): By (25) and Remark 2.7 (iii) we have

n(w)(g' () — ¢ () < n(w)g'(u) < wln() < Hwltg(v - u))
< 3qu2w(v—u) = %Ow(v—u) 0<u<w, nu) <4q(v—u).
Set z, :=2"a—a, neNU{0}.

Then by Remark 2.7 (iii) we have
n(an) < 2n< ) < 277(%) n €N,
and by (22)

(27)
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Hence by (27) (for every n € N applied with v = (2,1 + 2,,)/2 and v = z,,) we
obtain

Tpn_1+Tn Tp—Typ—
_ o) g ) 1 w(T=in=t)
In == T _ Tnoi¥ia = 40p(Zr=ttia)  ZazIno
n 2 Ui 2 -
< 1 w(xy — Tp_1) < 1 w(xy — Tp_1)

- 2077(%) Tp — Tp—1 - 1077(xn) Tpn — Tp—1 ’

n € N. (28)

Since ¢’ is affine on (x¢, z1] and on each [x,_1,z,] (n € N, n > 1), we obtain by (28)
and Remark 2.7 (ii)

S T e )

= 10737((1;)@ wE)U:UU) (v—u) < Tl()w(v — ), (29)

n(u)(g'(w) = ¢'(v)) = n(w)gn(v —u)

where n € N, u,v € [x,_1,2,], 0 <u <.
Let x,h > 0. Then there exists n € N such that =, 1 <z < z,. If n(z) < 4qgh or

x4+ h < x,, then (26) holds by (27) or (29). Hence we may further suppose that
4qgh < n(z) and z, < x + h. Then we have by (22)

<oy M) o nen) In <9, <
r+h<x+ 1q <z, + 1q < Tn <2z, < Ty

and thus, using two-times (29), we obtain
n(@)(g'(x) = g'(x +h)) = n(@)(g'(x) = g'(zn)) + n(2)(g'(2n) — g'(x + 1))
< n(@)(g'(x) = g'(zn)) + nza) (9 (2n) — g'(x + h))

< 1

< Tow(.rn —z)+ io.z(:z: +h—z,) < %w(h).

10

(ii): Let ¢ € M satisfy liminf, . ¢(x)/w,(x) = 0. Suppose to the contrary that
there exists C' > 0 such that (18) holds. Hence

0 0
9(0) — 9| = |ZL@w.0) - Lo <cpe-1), 2>0 (30
Y Y
If p(x) = 0 for all x > 0, then (30) implies that g is constant, and thus by (23)
¥, (4a) < 5(20) = bg'(a) = 0

which is a contradiction with (21). So we may further suppose that ¢(xy) > 0 for
some o > 0. Then

5

0<

20) o @)

Tr > x
wo(x) = wy(z)’ 0

~—

and thus liminf, . ¢(xg)/w,(x) = 0. Since w, is non-decreasing by Lemma 3.4 (i),
it follows that lim,_,. w,(z) = co. Now by (23) and (19) we have

a+x a+x 2(a+zx)
2b(g(x) —g(1)) = 2/ d(s)ds > 2 Yl (25)ds = / Yl (t)dt
a+1 a+1 2(a+1)

=¢2a+1x)) —Q2a+1) = d(x) - P(2(a+1))
> wy(r) =¢2(a+1)), z>1,
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and thus by (30)

wy(z) = ¥(2(a +1)) < 2b(g(z) — g(1)) < 20Cp(z — 1) < 20Cp(x), x> 1.

Hence on(@) wn(@)

, x> 1,

which is a contradiction with liminf, .. ¢(z)/w,(x) = 0 and lim,_ . w,(z) = .
This completes the proof. O

5. The case R"
The main result (Theorem 5.5) of the article works with w € M that satisfies

. oeow(h)
%Iellfw (hmmf ) = 0. (*)

e o(t)
An immediate consequence of Theorem 5.5 is Theorem 1.1, since we have:
If a € (0,1) and w(h) = A for all h > 0, then (*) holds. (31)
Indeed, if a € (0,1) and w(h) = h* for all h > 0, then

. h 1
lim meh) = 4,
h—o00 nw(ﬁ) nTe

n € N,

and thus (*) holds.

The following remark concerns the validity of (*) for some other w € M.

Remark 5.1.

(i) Ifae€l0,1)and g > 0, then there exist C' > 0, hg > 1 and a concave w € M
such that w(h) = h*log”(h) + C for all h > hg and (*) holds.

(i) If w(h) = hfor all h > 0, then (*) doesn’t hold.

(iii) If 5 > 0, then there exist C' > 0, hy > 1 and a concave w € M such that
w(h) = h/log?(h) + C for all h > hg and (*) doesn’t hold.

All these facts can be easily proved.

The main property of concave w € M satisfying (*) is that assertion (iii) of the
following lemma holds.

Lemma 5.2. Let w € M be concave and satisfy (*). Then the following hold:
(i)  w(h) >0 for all h > 0 and liminf, o w(h)/h > 0.

(i) limpoeow(h)/h =0.

(iii) Ifn:(0,00) = (0,00) is non-decreasing and limy_,oo n(h)/h = 0, then

liminf %) — o, (32)

h—oo wy(h)
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Proof. (i) This follows easily from (*) and Remark 2.7 (ii).

(ii): Firstly, the limit exists by Remark 2.7 (ii). Further, using (i) and Remark 2.7
(iii), we obtain

0 < lim 2% — 1) i ") < iy g )

h—oo h h—oo Lw(1) h—oo  w(Z)’

n €N,

and thus limy,_,o w(h)/h =0 by (*).
(iii): Let € > 0. Then, by (*), there exists n € N such that

lim inf w(h)

h—o00 nw(%)

<eE.

Further, there exists hy > 0 such that n(h)/h < 1/n for every h > hy. Hence by (i),
Remark 2.7 (ii) and Lemma 3.5, we have

nw()  h w(%) < hw(n(h)) < w"(:) h > hy,

VSTLm) T E S am ) S e
and thus 0 < liminf w(h) < liminf (h) <e
h—oo  wy(h) h—00 nw(%)
Hence (32) holds. O

We will also need the following lemma:

Lemma 5.3. Let n € N and let G C R™ be an open convex set such that we have
1 <dim(span(rec(G)))<n. Then there exists a linear surjection L:R™ — R? such that

(1,0) € rec(L(G)) = L(rec(G)) C span({(1,0)}). (33)

Proof. We will proceed by induction on n. If n = 2, then dim(span(rec(G))) = 1
and thus there exists a linear bijection L : R® — R? such that

(1,0) € L(rec(G)) C span({(1,0)}).

Hence (33) holds by Lemma 2.14.

Now suppose that n > 3 is given and the assertion holds for n — 1. It follows
easily from Lemma 2.12 (ii) that W := rec(G) N (—rec(G)) is a linear subspace of
span(rec(G)). Thus

m := dim(W) < k := dim(span(rec(G)))

and there exist by,...,by € R™ such that {by,...,b,} is an algebraic basis of W
and {by,...,bx} an algebraic basis of span(rec(G)). We will show that there exists
a linear surjection L, : R® — R™! such that

rec(G) N L1 ({0}) € W, 1 < dim(L;(span(rec(G)))) < n — 1. (34)

We will distinguish three cases:
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(a) k <mn—1: Then it is easy to find a linear surjection L; : R" — R"! such that
span(rec(G)) N Ly '({0}) = {0}. Then

Ly (span(rec(G))) = span({L1(b1), ..., Li(bg)})
and thus (34) follows.

(b) m =0and k =n—1: Then it is easy (cf. [5, Lemma 5.10] or see [7, Consequence
2]) to find w € span{by, by} \ {0} such that

rec(G) Nspan({w}) = {0}.

Then there exists a linear surjection L; : R® — R™! such that L;'({0}) =
span({w}). Since Li(w) = 0 and w € span{by, by}, it follows that L;(b;) and
Ly(bg) are linearly dependent and thus

Ly (span(rec(G))) = span({Li(b2), ..., Li(bg)}) (35)
or Li(span(rec(G))) = span({L1(b1), ..., L1(bx)} \ {L1(b2)}).

Hence (34) holds.

(c) 1 <m < k=mn-—1: Then we choose a linear surjection L; : R® — R""! such
that L;7'({0}) = span({b;}). Then L;'({0}) C W and (35) holds. Consequently
(34) holds.

So there exists Ly for which (34) holds. Then L;(G) is an open convex set and
Ly (rec(G)) = rec(Lq(G)) (36)

by Lemma 2.14. Thus

span(rec(L;(G))) = span(L;(rec(G))) = Li(span(rec(G)))
and hence 1 < dim(span(rec(L1(G)))) <n — 1.
Now by induction assumption there exists a linear surjection Ly : R*™1 — R? such
that

(1,0) € ree(La(Ly(G))) = La(rec(Ly(G))) C span({(1,0)}).  (37)

Then L := Ly o Ly is a linear surjection and it follows from (36) and (37) that (33)
holds. [

Remark 5.4. The proof of the preceding lemma is similar to the proof of [5, Propo-
sition 5.13|. Let us note that the proof of [5, Proposition 5.13] is incomplete. Namely,
in case (bl) we forgot to consider the case when H is bounded. This can be easily
corrected as follows: If H is bounded, then clearly dim(span(rec(G))) = 1 and thus
it is easy to find a linear surjection L : R™ — R"! that satisfies [5, (24) and (25)],
and so we can finish the proof as in case (b2).

Now we will prove the main theorem of the article. Recall that it implies Theorem
1.1 by (31) and that it can also be applied to other interesting moduli than power
type moduli (see Remark 5.1 (i)).
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Theorem 5.5. Let G C R™ (n > 2) be an unbounded open convex set that doesn’t
contain a translation of a cone with non-empty interior. Let w € M be concave
and satisfy (*). Then there exists f : G — R that is both w-semiconver and w-
semiconcave and f ¢ C1¥(Q).

Proof. By Lemma 2.12 (iv), (v) and Lemma 5.3 there exists a linear surjection
L : R™ — R? such that

(1,0) € rec(L(G)) = L(rec(G)) C span({(1,0)}). (38)

Then L(G) is an open convex set. We will further distinguish two cases.

(a) —(1,0) ¢ rec(L(G)): Then it follows (see the proof of [5, Proposition 5.13))
from (38) that there exist b € R? and a concave 7 : (0,00) — (0,00) such that
lim, 0o n(x)/z = 0 and

{(z,0)eR*: 2 >0} C L(G)+bC Gy :={(z,y) eR*: 2 >0, |yl <n(x)}. (39)

By Proposition 4.4 and Lemma 5.2 (iii) there exists a function fy € C'(Gy) that is
both w-semiconvex and w-semiconcave and such that f) is uniformly continuous on
{(x,0) € R? : z > 0} with modulus Cw for no C > 0. Thus it follows from (39) that
L(G) 4+ b € Gy(w). Then L(G) € Go(w) by Remark 2.9 (iii), and hence G € G, (w)
by Lemma 2.13 and (38). Now the assertion follows from Definition 2.8.

(b) —(1,0) € rec(L(G)): Then it follows from Lemma 2.12 (ii) and (38) that
rec(L(G)) = span({(1,0)}). Hence it is easy to find a bounded open interval I C R
such that L(G) = R x I. Then we find a linear bijection @ : R? — R? and b € R?

such that Q(L(G)) +b=R x (0,1).

Then Q(L(G)) + b € Go(w) by Lemma 2.10 and Lemma 5.2 (i), (ii).

Hence Q(L(G)) € G2(w) by Remark 2.9 (iii). Now by Lemma 2.14 (applied to Q)
and (38) we have

rec(Q(L(G))) = Q(rec(L(G))) = Q(L(rec(Q)))

and thus G € G,(w) by Lemma 2.13 (applied to @ o L). Then the assertion follows
from Definition 2.8. [l
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