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Variational analysis presents a unified theory encompassing in particular both smoothness and
convexity. In a Euclidean space, convex sets and smooth manifolds both have straightforward
local geometry. However, in the most basic hybrid case of feasible regions consisting of pre-images
of convex sets under maps that are once (but not necessarily twice) continuously differentiable, the
geometry is less transparent. We define a new approximate convexity property, that holds both
for such feasible regions and also for all prox-regular sets. This new property requires that nearby
points can always be joined by smooth feasible paths that are almost straight. In particular, in
the terminology of real algebraic geometry, such feasible regions are locally normally embedded in
the Euclidean space.
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1. Introduction

Variational analysis, as expounded in central texts such as [29, 27, 10], foregrounds
a particular style of geometry, focused on normal and tangent vectors to sets C' in
a FEuclidean space R™. The classical Bouligand tangent cone at a point x in C,

Te(x) = lirrtlgup %(C — ),
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plays a prominent role. Variational analysis unifies two classical threads — the study
of convex sets D in a Euclidean space R™ on the one hand and CM-smooth maps
F: R™ — R™ on the other — leading to nonsmooth calculus rules for hybrid scenarios,
central among them being the generalized equation

F(z) € D.

Good behavior of this system at a solution Z typically requires a certain “constraint
qualification” involving the derivative map VF(z):

Tp(F(z)) + Range(VF(z)) = R™ (1)

Under this condition, in the terminology of [29], the solution set C' = F~1(D) is
called amenable at Z, and strongly amenable if F is in fact C®-smooth. Useful
consequences of amenability include a formula for the tangent cone to C' at z:

Tr-1p)(T) = VF(z) " (Tp(F(2))).

Convex sets and CM-smooth manifolds, two basic building blocks of variational
analysis, are everywhere amenable. Convex sets arise by taking the map F' to be
the identity; manifolds arise when the set D is a singleton. When D is an orthant, the
constraint qualification (1) becomes the “Mangasarian-Fromovitz” condition central
to classical nonlinear optimization.

Although the tools of variational analysis apply in principle to arbitrary closed sets C'
in R™, some important avenues rely on regularity assumptions ensuring good behav-
ior of all sets in some particular class. Such assumptions are discussed extensively in
[29], amenability being one example. From this perspective, rather than necessarily
having in hand any particular representation C' = F~1(D), one simply assumes its
existence and deduces useful variational consequences. A second such assumption,
common in various settings, is prox-regularity of C' at a point z, which amounts to all
points near z having unique nearest points in C'. Amenability and prox-regularity
are independent properties, neither implying the other, although both are implied
by strong amenability. In this work we propose a new candidate for a reasonable
local assumption about sets in variational analysis, a property that we prove in our
main result to be weaker than both amenability and prox-regularity. We call this
idea “smooth approximate convexity”, a property we define shortly.

Among the regularity assumptions deployed throughout the variational analysis lit-
erature, the most basic is Clarke regularity [9], which for a closed set C' at a point
X requires inner semicontinuity of the tangent cone:

Both amenability and prox-regularity imply Clarke regularity, and we prove that so
does smooth approximate convexity. To summarize, we will arrive at the implica-
tions presented on the next page.

Basic variational analysis, despite its power, is surprisingly mute on the local metric
geometry of sets. Connectedness is an interesting example. By definition, pairs of
points in a convex set C' are connected by line segments in C. Similarly, because
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any CM-smooth manifold C' C R” is locally diffeomorphic to an open ball, nearby
points are connected by CM-smooth paths in C' that are close to line segments.
Both convex sets and C(M-smooth manifolds are thus normally embedded in the
terminology of [4]: locally, the intrinsic distance between points in C', as measured
by the length of rectifiable paths in C' joining them, is bounded by a fixed multiple of
their Euclidean distance. This property is sometimes called “Whitney 1-regularity”,
due to its origins in [35], or “quasi-convexity” in [13] — see also [30, 18]. Consider,
then, the following natural question.

strong amenability

7 N

amenability prox-regularity

Ny 7

smooth approximate convexity

y

Clarke regularity

Question 1. If a set in Euclidean space is amenable at a point, must it be normally
embedded at that point?

This basic question about the geometry of amenable sets seems unaddressed in
the variational analysis literature. The observation that amenability implies Clarke
regularity does not help, because, for example, the set of points (u,v) € R? satisfying
u? = vt is Clarke regular at (0,0) but not normally embedded there.

The analogous question for prox-regular sets is easier to settle. Prox-regularity
implies that, locally, C' has “positive reach” in the sense [12]. By comparison with
Clarke regularity, the metric geometry of sets of positive reach has a rich history,
and indeed we shall see that prox-regular sets are normally embedded, and hence so
are strongly amenable sets.

However, answering Question 1 by resorting to properties like prox-regularity or
C®-smoothness seems unsatisfactory: those properties lie beyond the question’s
two basic ingredients, namely convexity and C(V-smoothness. After all, C™Y-smooth
manifolds are normally embedded even though they may not be prox-regular: an
example is the graph of the univariate function u + |u|*/2, which is not prox-regular
at zero. Both theory and computational practice [5] encourage an approach relying
on C, rather than C®-smoothness.

We present an affirmative answer to Question 1: amenability implies normal em-
beddability. Indeed, we will not discuss normal embeddability further, because in
fact we deduce a stronger consequence of amenability: the smooth approximate con-
vexity property, an idea that, like amenability itself, is framed simply in terms of
CM-smoothness and a local convexity-like property. However, unlike amenability,
which is defined in terms of representability as an inverse image, smooth approxi-
mate convexity is an intrinsic geometric property.

A set C' C R"™ is smoothly approximately conver at a point z € C' if, given any
constant € > 0, for all points x,2’ € C near Z, there exists a C(V-smooth map 7
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from an open neighborhood of the interval [0, 1] into R" satisfying ([0, 1]) C C,
n(0) = z and n(1) = 2/, and such that

In'(t) — (2 — 2)|| < ¢€l|z’ — x| for all ¢ € [0, 1].

Geometrically, smooth approximate convexity of the set C' at the point z requires
the existence, for each nearby pair of points x and 2’ in C, of a nearly straight
CM-smooth path in C' connecting  and z’. Several more familiar properties follow
immediately from smooth approximate convexity. The restriction of the above path
n to [0, 1] has length no more than (1+e€)||2’ —x||, so the set C' is normally embedded,
as we claimed. While we make no systematic effort to situate smooth approximate
convexity precisely in the diffuse literature on general convexity-like properties, we
do note that, along the path, the points n(t) for 0 < ¢ < 1 satisfy the inequality

In(t) = (1 =)z + )| < 2et(1 = t)[|z — 2|

and so C' is locally “intrinsically approximately convex” in the terminology of [33].
Another immediate consequence is the “uniform approximation by geodesics” prop-
erty introduced in [22] in the context of the method of alternating projections.

Our main aim in this work is speculative: we propose smooth approximate convexity
as a potential substitute for more familiar regularity conditions like amenability or
prox-regularity. We confine ourselves to one simple illustration from optimization.
Consider the problem of minimizing a C(V-smooth objective function f over a feasible
region C' C R™. The failure of a feasible point = to satisfy the standard first-order
necessary condition amounts to the existence of a direction in the tangent cone
Te(x) whose inner product with the gradient V f(x) is negative. Consequently,
some sequence of feasible points approaching x realizes a positive rate of objective
decrease. Computing such isolated points may be hard, unfortunately. However,
smooth approximate convexity guarantees instead a C™M-smooth feasible path from
x along which the objective decreases linearly, a more promising computational
scenario.

Our discussion has focused on sets in Euclidean space, but much of our development
extends naturally to subsets of Riemannian manifolds.

2. Preliminaries
2.1. Euclidean spaces

We fix some notation mostly following [29]. Let N denote the set of natural numbers
excluding 0. Given a Euclidean space R™, we denote by || - || the Euclidean norm
on it. Denote the open ball and closed ball with center z € R™ and radius 6 > 0 by
B;(r) and Bj(w), respectively. A neighborhood of a point 2 € R" is an open set in
R" containing x. The range and kernel spaces of a linear mapping A : R® — R™
are the sets Range(A) := {Az : z € R"} and Ker(4) := {x € R" : Az = 0},
respectively. Denote the graph and epigraph of a function f: R™ — R as

gph f:={(z, f(z)) : x € R"} and epif :={(z,t): 2 € R" t> f(x)}.
Given a set C' C R™ and points z,y € C, a curve in C from x to y is a continuous
mapping 7 : [a,b] € R — C such that y(a) = = and v(b) = y. We say that C' is
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connected if for every pair of points z,y € C there is a curve in C' from x to y. The
set C'is locally connected at a point € C'if for every open set V' containing z, there
exists an open set U C V containing z such that C' N U is connected. The set C' is
called locally closed at Z if C'N B is closed for some closed ball B centered at Z. The
affine hull of C, denoted by aff(C), is the smallest affine set in R™ containing C'.

Let z € C. The reqular normal cone to C at z, denoted by ]/\\fc(f), is the set of all
vectors v such that
(v,x —Z) <o||r —z|) forall zeC.

The normal cone to C' at T, denoted by N¢(Z), is the set of all vectors v for which
there exist two sequences (x;) C C and (vy) € R™ with v, € No(xy) for all £ € N
such that x;, — z and v, — v.

The notion of Clarke regularity discussed in the Introduction can equally be formu-
lated using normal cones. The set C'is Clarke regular at T if it is locally closed at
Z and N¢(Z) = Ne(z). The set C' is proxz-regular at T for v € No(Z) if it is locally
closed at ¥ and there exist constants €, p > 0 such that

(v,2" = z) < plla’ — =||?

for all z,2’ € C N B(Z) and v € Ne(x) N B(v); C is proz-regular at T if this
property holds for all v € N¢(Z). Prox-regularity is a stronger property than Clarke
regularity. Prox-regularity of the set C' at  can be equivalently characterized as
the condition that every point around Z has a unique nearest point in C'. This
characterization will allow us to extend prox-regularity and related results to general
metric spaces.

For p > 0, a C®)-smooth immersion H : U — R", where U is an open subset of
R* is a C®-smooth mapping such that VH (w) is injective for all w € U. A C®-
smooth embedding is a CP)-smooth immersion that is also a homeomorphism onto its
image. A C®)-smooth embedded submanifold (in R™) is the image of a C®-smooth
embedding. For a C")-smooth embedded submanifold M defined by the embedding
H : U — R, its tangent space and normal space at a point x € M are given by

Tw(r) = Range(VH(w)) and Ny(z) = Ker(VH(w)"),

where w = H~!(x). A mapping F : M — R is C®?)-smooth at z if Fo H : U — R™
is CP)-smooth at w in the canonical sense, with its differential defined by

dF(z) =V(F o H)(w)VH(w) ™" : Tp(x) = R™.

If F' extends to a CP)-smooth mapping F defined on a neighborhood of z in R",
then dF(z) = VF(2)| 1 (2)-

2.2. Metric spaces

In this paper, we also work with more general metric spaces (X, d). (When X is
a Euclidean space, d(z,y) = ||z — y|.) At this point we only give a few basic
definitions, but we will include a more detailed discussion in Appendix B.

Still denote the open ball and closed ball with center z € X and radius 0 > 0 by
Bs(x) and Bg(x), respectively. The distance from a point x € X to a set C' C X is
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d(z,C) = infyec d(z,y), and the projection of x onto C is the possibly empty set
Po(z) :={y € X : d(z,y) = d(z,C)}.

Given a curve in X, namely a continuous mapping v : [a,b] C R — X, define its
length as

n—1
L(v) :=sup { Zd(y(ti),y(tiﬂ)) ca=tg<t; <---<t,=b, ne N}.
=0

For every set C' C X and for points x,y € C, we define the intrinsic distance
de(x,y) € [0,00] in C between = and y as the infimum of the lengths of the curves
in C from = to y. We say (X, d) is a length space if dx = d.

Let x,y € X. A geodesic from x to y is a curve 7 : [0, L(y)] — X from z to y such
that

d(’y(tl),’}/(tg)) = |t1 — tg‘ for all tl, t2 c [O, L(’Y)]

The image ([0, L(7)]) is called a geodesic segment. We say that X is a (uniquely)
geodesic space if for every pair of points xz,y € X there exists a (unique) geodesic
from x to y. Every geodesic space is a length space. Conversely, by the Hopf-Rinow
Theorem, every length space that is complete and locally compact is geodesic.

In this paper, it is often easier to work with reparametrized geodesics as follows.
Given z,y € X, an averaging map from x to y is a curve 7 : [0,1] = X from z to y
such that

d(y(t1),7(t2)) = [t1 — to| - d(z,y) for all ¢1,t, € [0, 1]. (2)

Obviously, a curve 7 : [0, 1] — X is an averaging map if and only if its reparametriza-
tion ¢ — y(t/d(z,y)) is a geodesic.

3. Smooth approximate convexity in Euclidean spaces

Approximate convexity has been discussed extensively in the literature. In particu-
lar, [33] calls a set C' C R™ “intrinsically approximately convex” at z € C' if given
any € > 0, all z, 2’ € C around 7 satisfy

d((1 —t)x +ta',C) < et(l1 —t)||a’ — x| forallte]0,1]. (3)

Analogously, [32] defines a notion of approximate convexity for functions. A function
f :R™ — R is called “approximately convex” at ¥ if given any € > 0, all z, 2" around
T satisfy

F(L— )z +t2') < (1—t)f(2) +tf(@) +et(1 —t)|2’ —z| forallte[0,1). (4)

Based on these ideas, we introduce a new definition that not only captures approx-
imate convexity but in a CM-smooth sense. Given a set C C R, as in [20], we
call a curve v : [a,b] — C a smooth curve segment in C' if it has an extension to a
CM-smooth map from a neighborhood of [a, b] to R". (Note that the mapping n used
in the Introduction to define smooth approximate convexity is such an extension.)



A.S. Lewis, A. Nicolae, T. Tian / Local Geometry of Feasible Regions ... 517

Definition 3.1. A set C' C R" is smoothly approximately convex at a point T € C
if given any € > 0, for all x,2/ € C around 7, there is a smooth curve segment
v :[0,1] — C with y(0) = x and (1) = «’ that satisfies

17/ () — (2" —2)|| < e€l|lz’ — x| forall t € [0,1]. (5)

We call such a map 7 an e-path from x to z/. Moreover, we say C is smoothly
approximately convex if it is smoothly approximately convex at every z € C.

Remark 3.2. We can immediately see that the length of any e-path ~ from z to x’
is at most (1 + €)||2’ — z||. Moreover, for all ¢ € [0, 1], we have

(@) = (1 = )+ ta') | = | / () - W -y < el —al. (6)

By symmetry of v with respect to x and 2/, we can deduce that

lv(@t) — (1 —t)o +ta') || < 2et(1 —1t)||2" — x| for all ¢ € [0, 1].

Remark 3.3. If a function f is approximately convex at z, then given any § > f(z),
by considering, for (x,s), (', s’) € epi f around (z, 3), the curve

v(#) = (1 —t)x+tx', (1 —t)s +ts' + et(1 —t)||z" — z|) for all ¢ € [0, 1],

we can see that epif is smoothly approximately convex at (Z,5). Moreover, it
is shown in [11] that a locally Lipschitz function is lower-C(!) if and only if it is
approximately convex. Hence, the epigraph of any lower-C(!) function is smoothly
approximately convex. On the other hand, it is easy to see that smooth approximate
convexity implies intrinsic approximate convexity.

Henceforth, we will concentrate on the idea of smooth approximate convexity, and
will not discuss further intrinsic approximate convexity or approximate convexity.
Clearly, the graph and epigraph of any C"-smooth function are smoothly approxi-
mately convex. Another family of functions whose epigraphs are smoothly approxi-
mately convex is described in the following proposition.

Proposition 3.4. (Smooth approximate convexity of epigraphs) If a function f :
R™ — R s locally Lipschitz continuous at T with local Lipschitz modulus 0, then
epi f is smoothly approximately convez at (Z,5) for all s > f(Z).

Proof. Fixany e > 0. There exists a neighborhood U of T such that f is §-Lipschitz
continuous on U. Then for all z, 2" € U we have

F(L=t)x +ta') < f(a) + Sl[t(a" — 2)], (7)
A=tz +ta') < fl@) + 511 - )" ). (8)

Multiplying (7) with 1 —¢ and (8) with ¢ and adding up, we obtain (4), which means
f is approximately convex at Z. The conclusion follows from Remark 3.3. ]
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The following lemma reveals that C(Y-smooth embeddings preserve smooth approx-
imate convexity, which is essential for our proofs later.

Lemma 3.5. (Smooth embeddings preserve smooth approximate convexity) Sup-
pose the set C' C R™ is smoothly approzimately convex at x € C. If the map
H : U — R™, where U is a neighborhood of & in R", is a CV-smooth embedding,
then H(C NU) is smoothly approximately convezr at H(T).

Proof. Let y = H(z) and M = H(U). Suppose H = (hy,...,hy). Fix any ¢ > 0.
By the injectivity of VH(z) and CM-smoothness of H, we find a neighborhood

U C U of z in R™ and constants 1, o > 0 such that for all z,2" € [7,

|H(z) — H(2)|| = e1f|z — 2|
and ||Vhi(a;)||§‘:—2, |Vhi(z) — Vh(x )||<‘316 for all i € {1,...,m}.

Let € = mln{ L ¢! 1} Since C' is smoothly approximately convex at z, there exists

d > 0 such that Bss(Z) C U and for all z, 2’ € Bs(z) N C, there is an e-path from =
to a’. Since H : U — M is a homeomorphism, there exists ¢’ > 0 such that

H~'(By(§) N M) C Bs(7).

Fix any v,y € By(y)NH(CNU). Then there exist z, 2" € Bs(Z) such that y = H(x)
and y' = H(z'). Moreover, the injectivity of H implies x, 2z’ € C. Let v be an e-path
from x to 2’. Using (6), we deduce that

Iy(8) = 2| < [lv(8) = (1 = D) + ') [| + [ (1 = D) + t2") — Z
<et|lz' — x|+ < 2ed+ 6 < 26,
for all t € [0,1]. Consequently, ¥([0,1]) € Bss(z) C U. Let
Ay=Ho~:[0,1] = H(CNU).
For each i, by the mean value theorem, there exists & € U such that

hi(2") = hi(x) = Vhy(&) T (' — ).

Hence,

15/ (t) — y—y||<2||Vh (t) — V(&) (2 — 2)||

<m¢ﬂm—m+QW’—m)

<(Z+ )y -yl <ely —yl  foraltelo,1]. O

C1

3.1. Other regularity conditions

Various regularity conditions have been introduced in the literature to ensure good
behavior of sets in different aspects. Conditions that appear unrelated sometimes
have surprising implication relationships. It is worthwhile to inspect the relation-
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ships between smooth approximate convexity and common regularity conditions,
including Clarke regularity and prox-regularity. As we will see, for closed sets,
smooth approximate convexity is strictly stronger than Clarke regularity and strictly
weaker than prox-regularity.

The proof for prox-regularity will be presented in Section 3.3. For now, we demon-
strate the relationship between smooth approximate convexity and Clarke regularity
through two other conditions, which are also interesting for their own sake. The
first one, super-regularity, was introduced by Lewis, Luke, and Malick in [23] as a
condition for local linear convergence of alternating projections. A set C' C R” is
“super-regular” at a point = € C'if it is locally closed there and given any ¢ > 0, all
x,x’ € C around 7 satisfy

(v, 2" —z) < el - ||=" — || for all v € N¢(x). (9)

Later, Lewis, Lopez-Acedo and Nicolae [22] extended the analysis of the local linear
convergence of alternating projections to the setting of metric spaces with bounded
curvature by studying the second condition, the notion of uniform approximation by
geodesics. When restricting the setting to R”, a set C' is “uniformly approximable
by geodesics” (UAG) at a point z € C' if given any € > 0, for all distinct z,2’ € C
around Z, there is a map 7 : [0,1] — C and a direction d € R"\{0} such that
7(0) = z,v(1) = 2’ and

|v(t) — (z + td)|| < et]|d|| for all t € [0, 1]. (10)

The authors showed in [22] that if a closed set is UAG at a point, then it is super-
regular there. Furthermore, using (6), we can easily see that smooth approximate
convexity implies the UAG property.

Proposition 3.6. (Implications of smooth approximate convexity) If a set C' C R"
is smoothly approximately convex at & € C, then it is UAG there. If it is furthermore
locally closed at x, then it is super-reqular and Clarke regular there.

Next we present two examples. The first example illustrates that an everywhere
Clarke regular set might not be super-regular, and therefore neither smoothly ap-
proximately convex. The second example from [22] shows that the UAG property
at a point does not ensure smooth approximate convexity there, therefore neither
does super-regularity.

Example 3.7. (Clarke regularity does not imply smooth approximate convexity)
Consider the closed set C' = {(z,y) € R? : y = 2% or y = —a?}.

It is easy to see that, for all x € R,
Ne(z,2%) = No(z,2%) = (—22,1)-R  and  Ne(z, —2%) = No(z, —2?) = (22, 1)-R.

So C' is everywhere Clarke regular. To see that it is not super-regular at (0,0),
consider the points z = (3, %), 2}, = (3, —7) and vy = (2, 1) € Ng(zy) for all
k > 1. Clearly, xy, x — (0,0) as k — oco. However, for each k we have

2 1
(on, 7, — k) = 25 > gllvell - [y, — ol
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Hence (9) fails for € = % By Proposition 3.6, C' is not smoothly approximately
convex at (0,0).

Example 3.8. (UAG does not imply smooth approximate convexity) Define the
function f : R — R as follows

1(3; 1) ifxe(l 3},keN

ok T okt ok+17 9k+2
_ 1 1 . 3 1
g’/‘ g
f(x) 2—k<2—k—x) 1fx€<m,2—k},k€N
0 otherwise.

Let C' = gph f. It was proved in [22] that C' is UAG at (0,0). For the sake of
contradiction, assume it is smoothly approximately convex there. Then for e = % and
a sufficiently large k, there is an e-path v = (y1,72) from = = (0,0) to 2’ = (2%, 0).
By (5) we can deduce that

1 1

4(0) = &1 < 17(0) = (@ = 2)l| < ella’ — 2] < 2,

which means 7 (0) > 0. So there is a CY-smooth map g : (0,d) — (0, 00) for some
d > 0 such that v, 0 g = id(g5). Hence we have

nog=fomnog=flos-
It follows that f is CY-smooth on (0, §), which is obviously not true.

Remark 3.9. In Example 3.8, it is easy to see that f is locally Lipschitz continuous
at 0 with local Lipschitz modulus 0. So by Proposition 3.4, we know that the set
epi f is smoothly approximately convex at (0,0). However, it is obviously not Clarke
regular at (%%, 2%%) for all £ € N, therefore not smoothly approximately convex
at these points either. This means smooth approximate convexity is not persistent

nearby.

We conclude this section by mentioning another regularity property, called sub-
smoothness, which can be regarded as a translation of prox-regularity in a first-order
context. Namely, a set C' C R" is “subsmooth” at a point z € C'if it is locally closed
there and given any p > 0, there exists € > 0 such that (v, 2’ —z) < p||2’ — z|| for all
z,7' € CN B(7) and all v € N&(z) N B1(0), where N&(z) is the closed convex hull
of No(z) called the Clarke normal cone to C' at x. Subsmoothness is strictly weaker
than prox-regularity and strictly stronger than super-regularity, intrinsic approxi-
mate convexity, and Clarke regularity. Moreover, a function f : R® — R that is
locally Lipschitz continuous at z € R" is approximately convex at Z if and only if its
epigraph is subsmooth at (z, f(Z)). We refer to the survey [31] for a comprehensive
study of subsmooth sets.

3.2. Amenability vs. smooth approximate convexity

The first main result in this paper states that all amenable sets are smoothly ap-
proximately convex. To see this, we start with some discussions about the structure
of amenable sets. Note that one can equally reformulate the constraint qualification
(1) defining amenable sets as follows.
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Definition 3.10. A set C' C R" is amenable at & € C' if there is a neighborhood V'
of Z along with a C™) mapping F from V into a space R™ and a closed, convex set

D C R™ such that
CNV={zeV:F(x)e D}

and the following constraint qualification is satisfied:
the only vector y € Np(F(Z)) with VF(z) 'y =01isy = 0. (11)
In this case, we call (V| F, D) a representation of the set C' around z.

To prove the desired implication, we start with a special type of amenable sets for
which the convex sets in the representation have nonempty interiors.

Lemma 3.11. In Definition 3.10, if int(D) # 0, then the constraint qualification
(11) is equivalent to the following condition:

there exists r € R™ such that F(Z) + VF(Z)r € int(D). (12)

Proof. The fact that (12) implies (11) follows immediately since (y,z — F(Z)) <0
for all y € Np(F(z))\{0} and z € int(D). To see the converse, assume (12) is not
true. Then we have

0 ¢ Range(VF(z)) — (int(D) — F(7)) .

Applying [29, Theorem 2.39], Range(VF(z)) and int(D) — F(z) can be separated
by a hyperplane, namely there exist a € R™\{0} and a € R such that

(a,v) > « for all v € Range(VF(7)),
(a,v) < « for all v € int(D) — F(7).
Clearly, it must hold that a = 0, a € Ker(VF(z)") and
(a,v—F(z)) <0 for all v € D,
which means a € Np(F(z)). This contradicts (11). O

Proposition 3.12. Let C' C R" be an amenable set with representation (V, F, D)
around T € C. Suppose int(D) # (). Then C' is smoothly approximately convexr at

Z. Moreover, the e-path v connecting any two points in C' around T can be taken so
that v((0,1)) C int(C).

Proof. If F(z) € int(D), then z € int(C), therefore C' is smoothly approximately
convex at Z trivially. Henceforth we assume F(z) ¢ int(D). By Lemma 3.11, there
exists w € R™ and A > 0 such that ||w|| =1 and

F(z) + A\VF(z)w € int(D).
So there exists 6 > 0 such that Bs (F(Z) + AVF(Z)w) C int(D).

Fix any € € (0,1]. Suppose F(z) = (fi(x),..., fm(x)) for all = close to z. By the
CM-smoothness of F, there exists &' € (0,%) such that for all z € By(z), F is
defined at x with

|F(r) = F@) <3 and [Vfie) = VA@ < qoos forallie {1,...,m}.
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Fix any distinct z,2" € By 2(2) N C. Consider the map v : [0, 1] = R™ defined as
Y(t) = (1 —t)x +ta' + et(l — t)||a — 2'||w, te€]0,1].

Obviously, v satisfies (5). We only need to show that () € int(C') for all ¢t € (0, 1).

Fix any t € (0, %] By the mean value theorem, for each i € {1,...,m} there exist
& € [z,7(t)] and n; € [z, 2'] such that

Ji1(0) = file) + V@) (82— ta + et(1 - D)l|e — 2’ |w) + i(0),

Jil@') = fi(a) + V@) (@ =)+ gi(t),
where  hy(t) = (Vi(6) = V(@) (ta' — ta + et(1 - )]z — 2'[w),

6:(t) = (Vfilm) = VA@) (@ — ).
Note that we have x, 2’ € By 5(Z) and

() — 2l < (1= D)z — 2] + ]’ — 2] + £l — 2’| < &,

therefore &, n; € By (Z). Hence,

h(0)] < IIVA(&) = V@) - 12! — t + et(1 = D)l|e — 2 [w]

€ / . € I
_ 0
. < (n)) — . Ay — |l < € 1 _
9.0 < IVin) = VE@ - 1o’ — ]l < -2 fla’ — a]].

Let h(t) = (hi(t), ..., hn(t)) and g(t) = (g1(t), ..., gm(t)). Then
F(y(t)) = F(x) + VF(Z) (ta' — tx + et(1 — t)||x — 2'||w) + h(t),
F(z') = F(z) + VF(z) (2" — ) + 9(t),

1) €
< & I _ < I
where ||h(t)|| < 8)\tHx z|| and ||g(t)]] < 16)\”$ x||. Hence,

F(y(t) =1 —=t)F(z) + tF(z") + et(1 — t)||lz — 2| VF(Z)w + h(t) — tg(t),
where Ih(t) = tg(t)| < Stlla’ — ol < S0 —B)lla’ - .
Letting pn = $t(1 — t)|lz — /||, we have p € (0,1) and
et(1 —t)|jxz — 2'||VF(Z)w + h(t) — tg(t) € - Bsps(AVEF(Z)w).
Let y = (1 —t)F(z) 4+ tF(a). Then y € By/2(F(z)) N D. Thus,
F(y(t) € y+ - Bsp(AVF(T)w)
= =@ y+p- (y+ BspA\VF(2)w))
C(l—p)y+p- (Bsp(F(@)+ Bsp(AVF(Z)w))
C(L=py+p-Bs(F(z)+AVF(T)w)
C(1—p) D+ p-int(D) Cint(D).

So v maps (0, %] into int(C'). By symmetry, it follows that v also maps [5,1) into

int(C'). O]
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Remark 3.13. We can see from Proposition 3.12 that F'~!(int(D)) is a connected
set around Z.

Next we use Lemma 3.5 to extend the above result to general amenable sets.

Theorem 3.14. (Amenability implies smooth approximate convexity) If a set
C CR" is amenable at & € C', then it is smoothly approrimately conver at T.

Proof. Let (V| F, D) be a representation of C. By Proposition 3.12, we only need
to consider the case when int(D) = (. Let K = aff(D). We can assume K =
span{ey, ..., e}, where k < m and e; denotes the ith standard basis vector in R™.
Suppose F(z) = (fi(x),..., fm(z)), € V. Define the mappings F; and F; as

(

Fi(z) = (filz),..., fr(x), F(z)=(fis1(2),..., fm(x)), ze€V.
Then F~Y(K) = F;*(0). Note that for any u € Ker(VFy(Z)"), we have
(0,u) € Np(F(z)) NKer(VF(z)") = {0},

therefore V F(Z) is surjective. Thus, F; *(0) is a C) manifold around # of dimension
n —m + k. Hence there exists a neighborhood U of 0 in R™™+F a neighborhood
V C V of Z in R" and a CM-smooth embedding H : U — R™ with H(0) = Z such

that FUK) N = F7Y0) N T = H(U).
Define the map P : R™ — R as
Plyr, - Ym) = (Y1, yn)-
Let F = Fy o H and D = P(D). Then we have
CNV={zeV:F(z)eK and F(z) € D}
={z € HWU) : F\(z) € D}
= {H(w): w e U and F(w) € D}. (13)
Let C={weU:F(w)e D}
Note that D is a closed convex set with nonempty interior. Next we verify the
constraint qualification condition. Suppose
y € N5(F(0)) and VF(0)'y = 0. (14)
Then we have VF(z)"y € Ker(VH(0)") = Np-14)(Z) = Range(VEFy(2)").
Hence there exists z € R™* such that
VE@) (y,2) = VF(Z) y + VFy(Z) 2 = 0.

Moreover, it is easy to deduce from (14) that (y, z) € Np(F(Z)). So by (11) we have

y = 0. Thus, C' is amenable at 0. Applying Proposition 3.12, we know that C is
smoothly approximately convex at 0. Consequently, by (13) and Lemma 3.5, C' is
smoothly approximately convex at . [
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Remark 3.15. Obviously, amenability is persistent nearby. Hence, combining Re-
mark 3.9 and Theorem 3.14, we can see that smooth approximate convexity does
not necessarily imply amenability. Specifically, the set epi f, where f is defined as in
Example 3.8, is smoothly approximately convex at the point (0, 0), but not amenable
there. (Otherwise, we would have amenability and therefore smooth approximate
convexity around (0,0) as well.)

3.3. Prox-regularity vs. smooth approximate convexity

Next we show that, likewise to amenability, prox-regularity is a strictly stronger
condition than smooth approximate convexity. Before proving this, we note that
there is no implication relationship between amenability and prox-regularity. We
present two examples below to illustrate this. The first example defines a set that is
everywhere amenable but not prox-regular at (0,0). The second example describes
a set that is prox-regular at (0,0), but not amenable there.

Example 3.16. (Amenability does not imply prox-regularity) Consider the set
C = {(z,|z)*’*) : z € R}.

Clearly, C = {(z,y) € R? : F(z,y) = 0}, where F(x,y) = |z|*/? —y is a CM-smooth
mapping with V F' everywhere surjective. Therefore, C' is everywhere amenable. On
the other hand, given any r > 0, for all z € R close to 0 we have

((0,), (, [z*%) = (0,0)) > 7|(z, [2]*/*) — (0, 0)>.

So C' is not prox-regular at (0,0) for (0,1) € N¢(0,0).

Example 3.17. (Prox-regularity does not imply amenability) Consider the set
C={(z,y) eR*: -2 <y < 2°}.

It is easy to check by definition that C' is prox-regular at (0,0). For the sake of
contradiction, assume C' is amenable there with representation (V, F, D). Without
loss of generality assume F'(0,0) = 0, where 0 is the zero vector in R™.

By [29, Theorem 6.14], we have
VE(0,0)"Np(0) = Ne(0,0) = {0} x R,

which, along with the constraint qualification, implies that Np(0) is a 1-dimensional
subspace of R™. We deduce that 0 € ri(D). Otherwise, by a standard separation
argument we can find a nonzero vector v € aff(D) such that v € Np(0) = aff(D)*,
which is a contradiction.

Thus we have C' = F~!(aff(D)) around (0, 0), which along with the constraint qual-
ification implies that C is a C(Y) manifold around (0,0). However, this is obviously
not the case. Hence the contradiction.

Remark 3.18. It is important that the mapping F in Example 3.16 is only CM)-
smooth. As explained in the Introduction, when the mapping F' in the representation



A.S. Lewis, A. Nicolae, T. Tian / Local Geometry of Feasible Regions ... 525
of an amenable set is C®-smooth, the set is called “strongly amenable”. Strongly
amenable sets are always prox-regular. We can easily check this by using the second-
order Taylor expansion of F and the expression N¢(Z)=VF(Z)" Np(F(Z)) (see [29]).

Here comes the second main result. In the absence of direct implication relations,
the following result, along with Theorem 3.14, helps us draw some parallel between
prox-regularity and amenability.

Theorem 3.19. (Prox-regularity implies smooth approximate convexity) If a set
C C R" is prox-reqular at a point & € C, then C is smoothly approximately convex
at T. Moreover, for any € > 0, around T, every averaging map in (C,dc) is an
e-path.

Proof. By [22, Proposition 3.15 and Remark 3.2], there exist 0,79 > 0 such that
for all r € (0,79), the set C'N B,(z) is closed with

der, @) (¥:2) < lly =21+ olly —2|*)  forally,z € C'N B (7). (15)
This condition is discussed in more detail in Appendix B.

Fix any € € (0,1). Take 0 < r < min {rq, ﬁ} Denote D = C' N B,(Z).

Consider z, 2’ € D and let 7 : [0,1] — D be an averaging map in (D, dp) from x to
2’, namely a curve satisfying

dp (v(t1),v(t2)) = |ty — t2| - dp(z, 2) for all ¢1,t5 € [0, 1],

which exists since (D, dp) is a geodesic space. We will show that 7 is an e-path from
x to .

Fix any t1,t5 € [0,1]. Denote m = $7(t1) + 37(t2) and m’ =~ (2£22). Then

1 1 1
|m' —ml|*> = Sllm’ = Y(t)]]? + Sllm’ = Y(t)|* — () = V(2|

1

< 5 (m', y(80)° + 3db (', y(82))* = Fv(t) = 7 (t2)]?

= 30 ((0),7(12))° = 3 (12) (02

< 2l (t) =)t (2 + ollv(t) = v (E)1%)
where the last inequality uses (15). Since o||y(t1) — v(t2)]|? < o(2r)? < 1 and

() = (t2) ]| < dp (4(02). A1) < |12 — o] - 2l — '],
we have
i —mll < Valr(t) — 1) < 4valla — Pt — 1ol < Kty — 1, (16)

where K := 8y/or|z — 2|

For all ¢,h € [0, 1] such that ¢ + 2h € [0, 1], plugging t; = t,t; = t + 2h into (16)
yields
I7(t) = 29(t + h) +~(t + 2h)|| < 8KR*.



526 A.S. Lewis, A. Nicolae, T. Tian / Local Geometry of Feasible Regions ...

Hence, by [15, Lemma 1], 7 is a smooth curve segment in C.

It remains to show that v satisfies (5). To see this, define the function g : B,.(z) — R
by g(y) = d(y,[z,2']) and let f = go~y : [0,1] — R. By the 1-Lipschitzness and
convexity of g, we have

£ = glo') < glm) 4l — ml] < Lp(e) + 2 £+ o’ =]

2
S f(tl) + f(tQ) + K|t1 — t2|2 fOI all tl,tg € [0, 1]

1
2

NN

Using a standard argument, we deduce that, for all a, ¢;,t5 € [0, 1],
f ((1 — Oé)tl + Oétg) S (1 — Oé)f(t1> + Oéf(tg) + 4KO((1 — Oé)‘tl — t2’2.

Now fix any ¢ € [0,1]. Plugging aw = ¢, t; = 0, to = 1 into the above inequality, we
obtain
f(t) <AKt(1 —t) < 32y/art||2’ — z.

Let p(t) = Py (y(t)). Then

Ip(t) = (1 =t)z +ta)|| = lllp(t) — =l| — ]|z’ = [|| < [V () — ]| = tlla" — ||+ f (D).
Note that |v(t) — 2| < dp(x,v(t)) = tdp(z,2") < (1 +dor?)t||z’ — z||
and ||’Y(t> i $|| > dp(z,7(t)) _ tdp(z,z’) > tla" — x|

1 +4or? 1+40r2 = 1+4or2’
which means |||y(¢) — z|| — t||2’ — z||| < 4or?t||z’ — || < ort|2’ — x|
Hence, — [[7(t) = (1 = ) + ta’)|| < (7 (t) — || — tlla" — ][] + 2f ()
< G5v/artle’ -l < Stll’ — 2l
Therefore, 17(0) — (2" — 2)|| < i“x’ — x| (17)
Finally, for any t, € (0,1/2], let 2y = v(ty) and define the curve
F(t) =~ (to + t(1 — o)) for all ¢ € [0, 1].

Then for all ¢1,t5 € [0,1],

dp (3(t1),¥(t2)) = (1 — to)|t1 — to|dp(x, ") = |t1 — ta|dp(xo, 2').
Applying conclusion (17) to the curve 7, we obtain

15(0) = (@ = 20| < &2’ = ol < Fdp(a’,20)

= i(l —to)dp(2',z) < §<1 —to)||z" — z||.



A.S. Lewis, A. Nicolae, T. Tian / Local Geometry of Feasible Regions ... 527

Hence,

1

17 (to) = (" = 2)| = 7= 17(0) = (1 = to) (2" — )|

- 1
< _70”V/(0) - (l’/ —x0)|| + ﬂ”(l —to)x + tox' — o]

<7 /I tO /I < I
< Sl a4 g elle’ — ol < el all.

By symmetry, we know that the above inequality also holds for ¢, € [1/2,1].

The second statement follows by noting that all points y, 1y’ sufficiently close to Z
satisfy dp(y,vy') = dc(y,y'). Thus every averaging map in (C,d¢) sufficiently close
to T is also an averaging map in (D, dp). O

Remark 3.20. It is clear from Example 3.16 that the converse to the above impli-
cation does not hold.

4. Smooth approximate convexity on Riemannian manifolds

In light of Lemma 3.5, we naturally realize that the structure of smooth approximate
convexity is not limited to Euclidean spaces. In this section, we generalize the idea
and the two main results to Riemannian manifolds. We first consider embedded
submanifolds in Euclidean spaces and then use the Nash embedding theorem [28] to
deal with general Riemannian manifolds.

4.1. Embedded submanifolds

The generalization to embedded submanifolds is straightforward. In Fuclidean
spaces, smooth approximate convexity is characterized by comparing the deriva-
tives of the paths with those of line segments. In embedded manifolds, we simply
replace the line segments with averaging maps (see (2)).

We consider a C®-smooth embedded submanifold M in R” and a point & € M.
In this case, every pair of points in M near T are connected by a unique geodesic,
therefore also by a unique averaging map. Moreover, since M is prox-regular at z
(see [29]), we can apply Theorem 3.19 to see that all averaging maps of M near &
are smooth curve segments. Note that C®-smoothness of the manifold is assumed
for simplicity. Most of the results below hold under weaker smoothness conditions.

Definition 4.1. A set C' C M is smoothly approximately convex at a point € C
in M if given any e > 0, for all distinct x, 2’ € C' around Z, there is a smooth curve
segment 7 : [0,1] — C with v(0) = x and (1) = 2’ that satisfies

17 () — ¢' ()] < er for all t € [0, 1], (18)

where r = dpy(x,2’) and g : [0,1] — M is the averaging map from x to z’. We call
such a map v an e-path from x to 2’ in M.

The ideas of amenability and prox-regularity also naturally generalize.
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Definition 4.2. A set C' C M is amenable at * € C in M if there is an open
neighborhood V' of Z in M along with a C") mapping F from V into a space R™
and a closed, convex set D C R™ such that

CNV={zxeV:F(x)e D}
and the following constraint qualification is satisfied:
the only vector y € Np(F(z)) with y L Range(dF(z)) is y = 0. (19)

In this case, we call (V| F, D) a representation of the set C' in M around Z.

Definition 4.3. A set C' C M is proxz-reqular at T € C' in M if there exists r > 0
such that Po(y) is a singleton for all y € B,.(Z).

The notion of prox-regularity in Riemannian manifolds was introduced in [16] with
a different definition involving the exponential mapping. However, prox-regular sets
in the sense of [16] also satisfy the projection property in Definition 4.3 (see [16,
Theorem 3.12]). Note also that Definition 4.3 implies that C' is locally closed at .

Before proving the implications, we show that all of the generalized definitions above
are compatible with the canonical definitions given in Section 3. Namely, whether
a set satisfies the desired conditions does not depend on the ambient space that we
view it in. To be specific, we have the following equivalence results.

Lemma 4.4. Given a set C' C M and a point x € C, C' is smoothly approzimately
convex at T in R™ if and only if it is smoothly approrimately conver at T in M.

Proof. We have seen in Theorem 3.19 that for all z, 2’ € M around z,
dm(w,2') = [l — 2’| + O(l|lz — 2'[°). (20)

Therefore to prove the desired result, it is enough to show that given any € > 0,
for all distinct x, 2" € M around Z, the averaging map g : [0,1] - M from z to 2’
satisfies

lg'(t) — (2" — 2)|| < €llz’ — x| for all ¢ € [0, 1],

namely that g is an e-path in R"™. This holds by Theorem 3.19. O

Similar correspondences hold for amenability and prox-regularity.

Lemma 4.5. Given a set C C M and a point x € C, C' is amenable at T in R™ if
and only if it is amenable at T in M.

Lemma 4.6. Given a set C C M and a point x € C, C' is proz-reqular at T in R"
if and only if it s prox-regular at T in M.

The proof for the former involves illuminating results on the structure of amenable
sets. In connection to the latter, Bangert [2] studied sets that are prox-regular at
all their points and showed, based on [17], that this notion does not depend on the
considered Riemannian metric. Instead of building a proof relying on this result, we
justify Lemma 4.6 as a consequence of the fact that prox-regularity at some point
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implies finite extrinsic curvature there. To avoid distracting readers from the main
focus of the paper, we discuss these proofs in the appendices.

Armed with the above lemmas, we readily obtain the following generalized results.

Theorem 4.7. If a set C' is amenable at a point x € C in M, then it is smoothly
approximately convex at T in M.

Proof. Follows directly from Lemma 4.4, Lemma 4.5, and Theorem 3.14. O

Theorem 4.8. If a set C' is proz-reqular at a point x € C' in M, then it is smoothly
approzimately convex at T in M.

Proof. Follows directly from Lemma 4.4, Lemma 4.6, and Theorem 3.19. [

4.2. General manifolds

Next we move on to manifolds that are not necessarily subsets of Euclidean spaces.
Readers unfamiliar with general Riemannian manifolds can refer to [20, 21]. Assume
M is a smooth Riemannian manifold, namely it is a C(*-smooth manifold endowed
with a C(®)-smooth Riemannian metric. Thanks to the Nash embedding theorem
28], we can study geometry in M through an embedded submanifold, and hence
establish results similar to Theorems 4.7 and 4.8 in this general setting.

Let da(+, ) be the Riemannian distance function on M. Given a set C' C M, we
call a curve v : [a,b] — C a smooth curve segment in C'if it has an extension to a
CM-smooth map from a neighborhood of [a, b] to M. Note that in the special case
where M is an embedded submanifold, the definitions of du(-,) and of smooth
curve segments here coincide with the ones in the previous sections.

We define amenability and prox-regularity in exactly the same way as in the em-
bedded case, namely by Definitions 4.2 and 4.3. However, the concept of smooth
approximate convexity does not have a direct generalization to the new setting. The
reason is that, when M is not a subset of a Euclidean space, tangent vectors to M at
different base points belong to different tangent spaces and are therefore impossible
to compare directly. As a workaround, we consider the following formally weaker
definition that retains the geometric feature of smooth approximate convexity.

Definition 4.9. A set C' C M is smoothly weakly conver at a point x € C' in M if
given any € > 0, for all distinct z, 2’ € C' around Z, there is a smooth curve segment
v :[0,1] — C that satisfies

dm(vy(t),g(t)) <ert(l1—t) for all ¢ € [0, 1], (21)

and L(y) < (1+eé)r, (22)

where r = dy(z,2') and g : [0, 1] — M is the averaging map from z to z’ (see (2)).
We call such a map v a weak e-path from z to ' in M.

The first lemma shows that in embedded submanifolds, smooth approximate con-
vexity is a stronger condition than smooth weak convexity.
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Lemma 4.10. Suppose M is a C® -smooth embedded submanifold in R™. Consider
any set C C M, point T € C, and constant € > 0. Then around x, every e-path in
M is a weak 3e-path in M.

Proof. Consider points z,z’ € M around z. Let «y : [0,1] — C be an e-path from
x to 2’, and let g : [0,1] — M be the averaging map. The inequality (22) follows
easily from (18) and the fact that ||¢'(¢)|| = r for all ¢ € (0,1), where r = d(z, 2').
By Holder’s inequality, for all ¢ € [0, 1],

() — gt |—|r/ )~ g dTH<\//|W (r)|[2dr < ert.

By the symmetry of v with respect to x and z’, we also have

7 (t) = g@)[| < er(1—1) for all ¢ € [0, 1].
Hence, 1v(t) — g(t)]| < 2ert(1—1t) for all ¢t € [0, 1].

We conclude by (20) that + is a weak 3e-path. O

Although Definition 4.9 is formally weaker than smooth approximate convexity,
the two inequalities in it capture the key idea of approximating geodesics with
smooth feasible paths. Inequality (21), with roots in the earlier ideas of approximate
convexity and the UAG property (see (3), (4), and (10)), measures the distance
between the path and the reparametrized geodesic. Inequality (22) ensures that
the path does not have erratic curvature, and in particular guarantees the set to be
normally embedded. The weakening allows us to establish counterparts of Theorems
4.7 and 4.8 in general manifolds.

As a first step, we note that smooth weak convexity possesses the same independence
of the ambient space as the three conditions discussed in Section 4.1.

Lemma 4.11. Suppose M is a C® -smooth embedded submanifold in R™. Consider
any set C' C M and point x € C'. Then C' is smoothly weakly convex at  in R"™ if
and only if it is smoothly weakly convex at T in M.

Proof. In light of (20), it suffices to prove that given any ¢ > 0, for all distinct
x,x" € M around Z, the averaging map g : [0, 1] — M from z to 2’ satisfies

|g(t) = (1 = t)x + ta')|| < elja’ — z|[t(1 —¢) for all t € (0,1),

namely that ¢ is a weak e-path in R". This holds by Theorem 3.19 and Lemma
4.10. [

The next two results generalize Theorems 4.7 and 4.8.

Theorem 4.12. If a set C' is amenable at © € C' in M, then it is smoothly weakly
convex there.

Proof. Using the Nash embedding theorem [28], we know there is a C(®) isometric
embedding H from M to the space R". Let w=H(z), M=H (M) and C=H(C).
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Then M is a C®-smooth embedded submanifold of R". Let H ~1 denote the inverse
of the mapping H : M — M. Suppose CNV ={z € V : F(z) € D}, where V
is a neighborhood of Z in M, F': V — R™ is a C(l)—smootll map and D C R™ is a
closed convex set satisfying (19). Define V = H(V)and F = Fo H!:V — R™.

Note that dF(w) = dF(z) o dH'(w). So V is a neighborhood of @ in M satisfying
CNV={H(z):zeV,F(z)e D} ={weV: F(w) € D}

and the property that the only vector y € Np(F(w)) with y L Range(dF(w)) is
y = 0. This means that C is amenable at @ in M. By Theorem 4.7, we know that A(?

is smoothly approximately convex and therefore smoothly weakly convex at w in M.
/

Fix any € > 0. For all distinct z, 2" € C around z, the points w := H(z),w' := H(2')

are in C and close to @. So there is a smooth curve segment 7 : [0,1] — C that
satisfies
d((t),9(t)) < ert(1 —1) for all ¢ € [0, 1],

and L) < (1+¢€)r,
where 7 = dg(w,w’) and g : [0,1] — M is the averaging map from w to w’. Since
H is an isometry, it keeps the lengths of curves and Riemannian distances around z.

Hence, letting vy = H ' o5 and g = H~ ' 0 g, we know ([0, 1]) C C, r = dy(z, '),
and ¢ is the averaging map from x to 2’ satisfying

dam(Y(8),9(t) = dz(3(), g(rt)) < ert(1 —t)  forall t €[0,1]
and L(y)=L(y) < (1+¢€)r.
We conclude that C' is smoothly weakly convex at z in M. O

It is clear from the definition that prox-regularity is also preserved under isometric
embeddings. Hence we have the following result.

Theorem 4.13. If a set C is proz-regular at & € C' in M, then it is smoothly weakly
convez there.

Remark 4.14. Although it is common practice to assume C(*-smoothness, the
Nash embedding theorem only requires C®)-smoothness of the metric for the map-
ping H to exist. Hence, Theorems 4.12 and 4.13 also hold for any C*-smooth
manifold endowed with a C®-smooth Riemannian metric.

5. First-order optimality condition on Riemannian manifolds

In this section, we consider the optimization problem

min f(z), (23)

zeC

where C is a subset of a Riemannian manifold M, and f : M — R is a CY-smooth
function. To discuss the first-order optimality condition, we need to introduce the



532 A.S. Lewis, A. Nicolae, T. Tian / Local Geometry of Feasible Regions ...

following property for a tangent vector v at € (', which is equivalent to the fact
that v belongs to the Bouligand tangent cone to C' at x as given in [19, Definition
3.8].

Definition 5.1. Let x € C. A vector v € Ty(x) is tangent to C at x, written
v € Te(x), if v =0 or there exists a sequence {z;} C C converging to = such that
9,,(0) = v/||v||, where gy, is the geodesic from z to zy.

Consider the following standard first-order optimality condition at a point z € C:
vf >0 forallveTo(z). (24)

This condition must hold at any local minimizer of f on C'. The proof is elementary
(cf. [19, Proposition 3.9]).

An interesting property of smoothly approximately convex sets is that for such sets,
the failure of (24) implies the existence of a CM-smooth descent path of f in C
starting from .

Proposition 5.2. Let M be a smooth Riemannian manifold. If a set C is smoothly
weakly convez at a point T € C' in M, then the failure of (24) implies that there is
a smooth curve segment in C' starting from T on which f is decreasing at a linear
rate.

Proof. By the Nash embedding theorem [28], we know there is a C®) isometric
embedding H from M to a space R". Let w = H (), M = H(M) and C = H(C).
Then M is a C®-smooth embedded submanifold of R". Let H ~1 denote the inverse
of the mapping H : M — M and define f = fo H —1. Using the same argument as

in Theorem 4.12, we can see that C' C M is smoothly weakly convex at w. Suppose
there exists a vector v € Tx(Z) such that vf < 0. It is easy to check that

v :=dH(Z)v € Tz(w) and of =vf <0,

By definition there is a sequence {wy,} C C converging to @ such that g} (0) — 7,
where gy, : [0, 7] — M is the geodesic from @ to wy. Let f be a CM-smooth function
defined on a neighborhood of M that satisfies 1l = f. Take

) S SR .

By the smooth weak convexity of C at w and considering that ¢ +— gg(ryt) are
averaging maps (see (2)), we know there exist & € N and a smooth curve segment

~v:10,1] — C such that ||g}(0) — || < € and
d(v(1), ge(rit)) < erit(1—t)  forall ¢t € [0,1].
It follows that

1
17'(0) = regi (0)]| = lim 2l (t) — g (rit)|

o0l
< hItn\lonf Zdﬂ(y(t), gr(rit)) < ery.
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Hence defining 7 : [0,7,] — C by 5(t) = v(t/r),) we have
(fo)(0) = (Vf(w),7(0))

< (Vf(@),v) + [V f(@)] (I17(0) = gx(0)]| + [lgx.(0) — o))
<{Vf(w),0) + | VF(@)|| - 2¢ = 0.

£

Thus H~! 04 is a descent curve of f. ]

Remark 5.3. From the proof above, we can see that the conclusion of Proposition
5.2 also holds when M is a C®-smooth embedded submanifold in R” and the set
C' C M is smoothly weakly convex (or smoothly approximately convex) at z in M
(or, equivalently, in R™).

Feasible curves of linear decrease, like that guaranteed in Proposition 5.2, open up
the possibility of constructing descent steps using a backtracking line search, like
that in [6, Section 4.5].

A. Appendix: amenability on Riemannian manifolds

In this section, we take a few steps to prove Lemma 4.5. As a byproduct, the
intermediate results also help uncover the intrinsic structure of amenable sets.

Still consider a C®-smooth embedded submanifold M in R”. The first result is an

analogue of Lemma 3.11 combined with Remark 3.13.

Lemma A.1. In Definition 4.2, if int(D) # 0, then the constraint qualification
(19) is equivalent to the following condition:

there exists u € Ty (T) such that F(Z) + dF (T)u € int(D).

Moreover, when these conditions hold, F~'(int(D)) is a connected set around .

Proof. Suppose M = H(B;(0)) around Z, where Bs(0) C R* and H : Bs(0) — R"
is an embedding. Let C=H ~1(C). Then there exists an open neighborhood W
of 0 in R* such that CNW = {w € W : F(w) € D}, where F := F o H. Note
that VF(0) = dF(z)VH(0) and T (Z) = Range(VH(0)). Hence the equivalence
follows directly from applying Lemma 3.11 to (W, F ,D). The local connectedness
of F~(int(D)) comes from applying Remark 3.13 to (W, F, D). O

The following lemma allows us to understand general amenable sets.

Lemma A.2. Consider a set C' C R"™ and a point T € C. Then C' is amenable at T
in R™ if and only if there is a CV)-smooth embedded submanifold N in R"™ such that
C' is amenable at T in N with a representation (Vyr, Far, D) satisfying int(Dys) # 0.

Proof. For the direct implication, let (V) F, D) be a representation of C' in R"
around T. Define F}, F5, P in the same way as in Theorem 3.14. Let

N:szl((]), Vv =V NN, Ex = Fi|y, Dy = P(D).
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Then C C N and CNVy = {x € Vi : Fy(x) € Dy}. Moreover, whenever
y € Np, (Fx(Z)) and y L Range(dFy(z)) = VF1(Z)Ly(Z), we have

VE(#)Ty € Ny(z) = Range(VE;(z)"),
which means there exists 2 such that (y,z) € Ker(VF(z)"), therefore y = 0.

Conversely, suppose C' is amenable at Z in N with representation (Vy, Far, Dy).
According to [20], there is an open neighborhood V' of z in R™ along with two
CM-smooth mappings F} : V — R¥ and F, : V — R* such that Fy = Fi|u,
VAN = FH0) C Vi, and VFy(Z) is surjective. Define F = (F},F;) and
D = Dy x {0} € R* x R*. Then we have CNV = {z € V : F(z) € D}.
Let (y,z) € Np(F (7)) NKer(VF(z)"). Observe that

VF (7)"y = ~VFy(Z) 2 € Range(VFy(7)") = Ny(%).

Hence, y € Np, (Fy(z)) N Range(dFy(z))* = {0} and we get VFy(z)T2 = 0. It
follows from the surjectivity of VF,(Z) that z = 0. So (V, F, D) is a valid represen-
tation of C' in R™ around z. O

Remark A.3. We can see that in Lemma A.2, the condition int(Dy) # 0 is not
needed for the reverse implication. Moreover, the equivalence still holds if we replace
R™ with the manifold M.

Lemma A.4. Consider two embedded submanifolds Ni and Ny of R™, where N is
CV-smooth and Ny is C?-smooth. Suppose that, at a point T € Ni N Na, we have
Ty, (T) C T, (T). Then Pa,(N) is also a CV-smooth embedded submanifold of R™
around T.

Proof. Suppose N = H(Bs(0)) around 7, where Bs(0) is an open ball in R* and
H : Bs(0) — R"™ is a CW-smooth embedding. Let H = Py, o H. Then by [24,

Lemma 2.1], H is CW-smooth around z with
VH(0) = VP, () - VH(0) = Py, 2 VH(0) = VH(0).
So H is also a C(M-smooth embedding on By (0) for some & > 0. N

We can now prove the correspondence between amenability in R” and that in M.

Proof of Lemma 4.5. The reverse implication is already proved in Lemma A.2. We
focus on the direct implication. By Lemma A.2, there is a CY-smooth embedded
submanifold A/ in R™ such that C' is amenable at z in N with a representation
(V, Far, D) satisfying int(D) # (). Then applying Lemma A.1, we know there
exists a vector u such that

uwe () and Fy(T)+ dFp(T)u € int(D). (25)

Let v : [0,€) = N be a CM-smooth curve with 4/(0) = u. The convexity of D along
with (25) implies that Fyr(y(t)) € int(D) for all sufficiently small ¢ > 0. Note that
around every such 7(t), we have N’ C M. Hence,

Ta(@) = Jim Ty (1/K)) € Jim Taay(1/k) = Taa ().
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Clearly, for every x € C sufficiently close to Z, (25) as well as the arguments after
it, still hold when we replace & with x. Therefore, C' = cl(Cy) around Z, where
Co == Fy'(int(D)).

Let N = Poy(N). By Lemma A4, N is a CH-smooth embedded submanifold of R”
around 7 with Tip(Z) = T(%). Note that C € N NAN. Let Fg be a CM-smooth
mapping on N such that Fyle = Fy|c around z. Define S = FAifl(D). Then S is

amenable in A around z. Similarly as before, we have S = cl(S) around Z, where
So = FAifl(int(D)).

Note that Cp CN NM C N. Hence CoNV C S5yNV for some open neighborhood
of z in R". Take V to be small enough. We know from Lemma A.1 that So NV is
connected. So CoNV = Sy NV, from where

CNV =c(C)NV =c(S)nV=5nV,

which means C is also an amenable set in A around Z. Since N C M, by Remark
A.3 we know C' is amenable at z in M. O

B. Appendix: prox-regularity on Riemannian manifolds

The goal of this section is to discuss prox-regularity in connection to other geometric
notions that measure how close a set is to being convex, which also allows us to
derive the proof of Lemma 4.6. In particular, we focus on a characterization of
prox-regularity by comparing the intrinsic distance with the Riemannian distance
as below (see [14]).

Definition B.1. Given a metric space (X, d) and a set C' C X, we say that C' has
finite extrinsic curvature at a point € C' in X if there exist o, > 0 such that

do(p,q) < d(p,q) + od(p,q)°  forall p,qg € CN B, (z). (26)

Proposition B.2. In a C®-smooth Riemannian manifold M, a set C C M is
proz-reqular at a point x € C' if and only if it has finite extrinsic curvature there.

Proof. The reverse implication can be deduced from [22, Remark 3.2] and [25,
Theorem 1.6]. The direct implication follows from Proposition B.6. 0

Remark B.3. Lemma 4.6 is an immediate consequence of the above result. To see
this, consider the setting where M is a C®)-smooth embedded submanifold of R™.
Using again the inequality (20), we can see that C' has finite extrinsic curvature at
Z in R" if and only if it has finite extrinsic curvature at  in M. Lemma 4.6 then
follows easily.

Although equivalences among related properties have been extensively studied in the
literature in the setting of Euclidean spaces and Riemannian manifolds, we include
here, based on similar techniques, a complete and direct proof of the fact that prox-
regularity implies finite extrinsic curvature with the aim of clarifying details for the
reader’s convenience. Before doing this, we recall some properties of geodesic metric
spaces and smooth Riemannian manifolds.
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For k € R, let D, be the diameter of the complete, simply connected, 2-dimensional
Riemannian manifold M? of constant sectional curvature k. More precisely, D,, = oo
if kK <0, while D,, = 7//k if kK > 0.

Given three points x,y, z in a geodesic space, a geodesic triangle A = A(x,y, 2)
is the union of three geodesic segments (its sides) joining each pair of points. A

Kk-comparison triangle for A is a triangle in M? that has side lengths equal to those
of A.

A metric space is called a CAT(k) space (also known as a space of curvature bounded
above by k in the sense of Alexandrov) if every two points at distance less than D,
can be joined by a geodesic and all geodesic triangles having perimeter less than
2D,; are not thicker than the k-comparison triangles (in the sense that distances
between points on the sides of a geodesic triangle are no larger than corresponding
distances in a k-comparison triangle). Correspondingly, CBB(k) spaces (or spaces
that have curvature bounded below by k in the sense of Alexandrov) are defined in a
similar way using the condition that all geodesic triangles are not thinner than the
k-comparison triangles.

For a C®)-smooth Riemannian manifold M and a point Z € M, there exists a ball
centered at T that is both a CAT (k) and a CBB(x') space for some suitable , k' € R
(see, e.g., [7, Chapter II.1, Appendix], [8], [3]).

Henceforth, we make the following assumption. Note that the balls and projections

below are defined with respect to the Riemannian distance.

Assumption B.4. Consider a C®-smooth Riemannian manifold M and a subset
C' that is prox-regular at a point z € C. Let R > 0 be small enough such that the
following conditions are simultaneously met:

e Bpg(7) is compact;

. Pq(7) is a singleton for all € Bg(Z);

. Bgr(z) is CAT(x), CBB(x’) for some x > 0, " < 0;

. R < ﬁg, so Bg(Z) is convex and there is a unique geodesic segment connecting
every pair of points in Br(Z);

o  for all distinct x,y € Br(Z) with dyp(z,y) < R, the geodesic from x to y can
be extended beyond y to a geodesic of length R.

We first prove a result on the extension of geodesics in M (see also [12, 17]).

Proposition B.5. For any r € (0, £], taking arbitrary x € B,(z)\C and denoting
u = Po(z), we have that the geodesic from u to x can be extended beyond x to a
geodesic of length 2r, and u is the nearest point in C' of all points belonging to this
extension.

Proof. We prove the desired property following similar ideas used in [1, 34]. The
proof is based on the following claims.

Claim 1: The mapping Pc|p,,(z) is continuous.

Proof of Claim 1: Suppose Pg is not continuous at some x € Bs,.(Z). Then there
exists € > 0 such that for each k € N there is a point z, € Bs, () with dy(zy, z) < ¢
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and dug (Pe(zy), Po(x)) > e. For sufficiently large k such that 1 < 3r — da(z, z),
we have

dM (Pc(xk),ff) < dM(l’k, C) + dM(CL’k,Zf)
< dm(z, C) + dp(g, ) + dp(zy, )
< dM(x,f)+%+3T <6r <R.

Suppose Po(zy) — u € C. Then
dm(u,z) = lim dpy (Po(zg), xr) = Im dy(xg, C) = dp(z, C).
k—o00 k—o00

Hence, u = Po(x), which contradicts da(Po(xy), Po(x)) > €. H

Claim 2: Let x € Bs,(Z)\C. Denote u = Pg(x). Extend the geodesic from u to
x beyond x and, for small ¢ > 0, take z; on this extension such that we obtain
dyp(xg,u) = (1 +t)dpa(x,u). Then

lim dM (xt; C) - dM (1’, C)

=1.
t\o dM(Z‘t,Jf)

Proof of Claim 2: Denote u; = Po(z;). By Claim 1 , u; — u. Then
dM('rtv ut) < dM(xh U) < dM(xt7x> + dM<LU,U>,

dp(z,up) — dag(z,w) <1

from where
dM (xtv l’) -

oy t 1
In addlthIl, d./\/l (U, fL’) < d./\/l (ut7 :E) < md/\/( (U’t7 U) + md/\/l (ut> .ft),

so dy(zy,up) — dpg(z,u) >t (dag(x, u) — dag(ug, w)). This yields

dm (e, ut) — dm(w,u) dm(z,u) — dpq(ug, u) -1 dm(ut, u)
A (2, ) - dpm(z,u) dp(z,u)

Y

where da(us, u) — 0. O

Claim 3: Let x € B,(7)\C and ¢ € (0,1]. Denote 6 = d(z,C). Then there exists
y € M such that dy(z,y) = 2r — (1 — €)d and dp(y,C) > 2r.

Proof of Claim 3: Let o = % and

U={y € Bar_1-e)s(2) : dp(y, ) < 0 (dpm(y, C) — dm(z,0))} .
Note U # () since x € U. Moreover,
dm(y,C) < dm(y,x) + 9 < 3r for all y € Bo,_(1-¢)s().
Define a partial order < on U by y; < ¥ if and only if

dm(yr, y2) < o (dm(yz, C) — dm(yr, C)).

Let (y:)ier be a chain in U. Then dap(yi, C) < dm(y;, C) whenever ¢ < j, therefore
(dam(y;, C)) converges. So (y;) is a Cauchy net. Suppose y; — o.
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Then yo € U and y; <X gy, for all ¢ € I. Hence, yy is an upper bound of (y;). By
Zorn’s lemma, U has a maximal element y € U.

Suppose dap(y,x) < 2r — (1 — €)d. Then
dM(yaf) < dM(ya‘T) + dM(xvj) < 3r.
By Claim 2, there exists y; # y arbitrarily close to y such that

dpm(ye, C) — dm(y, C)
d./\/l(ytvy)

1
>*7
g

which means y < 1. Then we have + <X y < y; and y, € U, which leads to
contradiction. Hence, dy(y, x) = 2r — (1 — €)d. Moreover, since y € U we have

Am(y, C) 2 ~du(y. ) + dua(2,C) =21 a

We return to the proof of Proposition B.5. Let z € B,(z)\C, u = Pc(z) and
denote § = dp(z,C). By Claim 3, for every k£ € N there exists y, € M with
dm(x,y) = 2r — (1 — %) 0 and dy(yg, C) > 2r. Then

2r < dm(yr, C) < dpa(yr, v) < dag(yn, ©) + dag(x, u) = 2r + %5.

So dm(yk, C) = 2r, dp(yk, w) — 2r, dp(yr, ) = 2r — § and
A (Yr, T) < dpg(y, ) + dpg (7, %) < 3r < R.

Extend the geodesic from u to x beyond = to a geodesic of length 2r and take y on
this extension such that dp(u,y) = 2r. Fix any limit point y" of (yx). We have

dm(y',C) = dm(y',u) = dpu(y,u) and  dp(y', z) = du(y, x).

By the uniqueness of geodesics and the lower curvature bound, we know ¢y’ = y.
Hence, dy(y, C) = dap(y, u), which means Po(y) = u. ]

Proposition B.6. For all sufficiently small r > 0, there exists a constant o > 0
such that

deng. @ (P @) < dm(p,q) + 0dm(p, q)®  for all p,q € CN B (%).
Proof. Suppose that R > 0 satisfies, in addition to Assumption B.4, the following
conditions:
o forall z € Br(z), dpy (-, x)? is (—2)-convex;

o forallte[0,V/—~r'R|, we have
St <tanh(t) <t +<sinb(t) <2t and 145t < cosh(t) < 145124 St

R 1

Take r < mi —
aer_mln{u,Q\/jH,

}. The proof is based on the following claims.
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Claim 1: Let p,qg € C'N B,(z), m be the midpoint of p and ¢, and u = Po(m).
Then v € CN B,(z) and

5
da(m,u) < =du(p.a)’.

Proof of Claim 1: We can suppose m ¢ C. By the (—2)-convexity of dp,m (-, Z)?,

_ 1 _ 1 _ 5 5
d/\/l(ma l‘)2 S id/\/l(p7 x)Z + idM(Qa I)2 - ﬂd/\/l(}% Q)2 S 7”2 - ﬂdM(p7 Q)Q (27)

Applying Proposition B.5, the geodesic from u to m can be extended beyond m to
a geodesic of length 4r and u is the nearest point in C' of all points belonging to this
extension. Take z on this extension such that da(u,z) = 4r.

The sum of the adjacent angles Z,,,(x, p) and Z,,(z, q) is m. Without loss of generality
assume Zp,(z,p) < 7. Denote

a=vV—rdy(m,u), b=+v—kKdyu(m,zx),
c=vV—rdy(m,p), and s=vV—r'dp(u,x).
Then, by the cosine law in M?,
cosh(s) < cosh(v —K'dp(z,p)) < cosh(b) cosh(c) = cosh(s — a) cosh(c)
= (cosh(s) cosh(a) — sinh(s) sinh(a)) cosh(c)
< (cosh(s) cosh(c) — sinh(s) sinh(a)) cosh(c).
We get that sinh(s)sinh(a) cosh(c) < cosh(s)sinh(c)?, from where

3

150 < tanh(s)sinh(a) < tanh(c)sinh(c) < 2¢?

Cc.

= ot

5dm(m,p)® _ 5 2
Thus, dM(m7U) < W = T&,d/\/l(pa Q) :

Hence, by (27),

d./\/l(uv'f) < d./\/l(maj) + dM(m7u> < \/TQ - %d/\/l(pa Q>2 + %d./%(pa q>2 <r,

which means v € C' N B,(Z). O

Claim 2: Let p,q,u € B,(z). Suppose that the midpoint m of p and ¢ satisfies
d(m,u) < Kda(p. q)*

for some constant K > 0. Then

dp(p,u) + da(q,u) < dp(p, @) + K'dp(p, q)°,

where K' = 5K? — //32.
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Proof of Claim 2: Denote
a=V—rdy(p,u), b=vV—rdyu(q,u),
c=vV—rkdy(m,p), and s=+v—r'dy(u,m).

Applying the cosine law in the geodesic triangles A(p,m,u) and A(g, m,u), we

btai
optatn cosh(a) + cosh(b) < 2cosh(c) cosh(s).

Using now the bounds on cosh(t) for ¢ € [0,/ —~'R],
L,y 2 1o, 14 159 14
2+§(a +b) §2<1+§c +§c> <1+§S —f—gs)
<2 <1 + %CQ + éc‘l) (1 + 32) since s < 2v/ —k/r < 2
<242+ 304 + 25 +2¢%s%  since ¢ < V—kr < 2.

Therefore, a® + b* < 2¢* + %04 + 45% 4+ 4¢2s%. Since we have ¢ = —V;”/dM (p,q) and
s < /=K' Kdam(p, q)%, we get that
1
Ana(p, 0)* + daa(,)° < Sdualp, a)? + (4K -

1
< Sdu(p.0)* + (5K = &) du(p, )",
where the last inequality follows since (—#')d(p, ¢)* < 4(—r")r? < 1.

Consequently,

< \/dM(p, q)*+ (10K2 — %) dm(p,q)?

< dum(p.q) + (5K2 - ;%) dp(p: a)°.
This completes the proof of Claim 2. ]

Now we continue with the proof of Proposition B.6. Fix any p,q € C'N B, (7). We
will construct a continuous curve in C' N B,(Z) whose length satisfies the desired
inequality.

For any points =,y € Br(z), denote the geodesic in M from x to y as 7,, and its
length as [, ,. We recursively define a sequence of continuous curves =, : [0, 1] — M,
where n € NU {0}, as follows:

o Define 7y as Yo(t) = 7,4(t - l,4) for all ¢ € [0, 1].

. For n > 0, denote p} := 7,(k-27") for 0 < k < 2" and consider the points
uy = Po(my), where m} is the midpoint of p}_; and p} and 1 < k < 2". Then
define 7,1 as

’sz—lv“Z((t - %) ’ 2n+1lp2_17uz)’ t e [%’ 22]’:31111]

7n+1<t) -
Yupop ((E = ) -2 ), t € [, ]

for 1 <k < 2™
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Using Claim 1 and induction, we can see that for all n > 0 and 1 < k < 27,

() € CNEB(3) (28)
and Ay (my, up) <Kl2 e
where K = =-. Thus,
max{lpn  un, lyppn} < 3 pk ot Kl; e (29)

Moreover, applying Claim 2, we obtain

by + oy < by + KT (30)

Py_1:Pp’

where K’ = 5K* — ;—; We will use (29) and (30) to show that {~,} converges to the
desired curve in C'N B,.(%).

First, it follows easily from (29) that
. n+1 3 . n
max {lpzﬂ’pzﬂ 1< k<ont } < zmax{lpZ—vakl 1<kE<2 } for all n > 0,

and hence

b oo <ha(0)" < 2r(2)" forall 1<k <2 n>0. (31)

Note that L .
Ynr1(ge) = mlgy)  forall0<k<2" n>0. (32)

Fix any n > 0 and 1 < k < 2". For all ¢ € [}, &), using (31) and (32), we obtain

At (Va1 (t), (t)) < d ('yn+1(t) Yoi1 (5= )) +dy <%( ), %(2%))
< g g+l <5r(3)"

Therefore, given n > 0,

3\n
()H<1?<X1 dM<7n+1( )aVn(t)) < 5T(1) )

which means that {7,} is a uniformly Cauchy sequence and therefore converges
uniformly to a continuous curve ~ : [0,1] — M. Moreover, it is easy to see from

(28) that v(t) € C' N B,(7) for all t € [0, 1].
Second, by (30) and (31), we have that for all n > 0,

27'7.

L('Yn+1) < Z <lp + K/lg pR_ 1P >
k=1
2"L

< leilppﬁ (1 + K/l;,q(%yn)
k=1

= (14 K (2)7) L) < X Loy,

where L(7,) denotes the length of ~,.
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Hence, L) < eK’li,qZZ;é(%)’“zp,q < G%K’li,qzm <(1+ 4K’l§,q)l,,7q,

where the last inequality follows from the fact that

16 , 125 K
(4827"2 32)

16 112 2 1 2/2

IS

and that ¢! <1+ %t for all ¢ € [0, %] Letting n — oo, we get

denp, (P @) < L(Y) < g + 4K .

We conclude that the constant o = 4K’ satisfies the required inequality. Il

We finish by mentioning another two related properties defined for sets on manifolds,
namely “2-convexity” and “positive reach”. A closed set S C M is 2-convex (see
[25]) if there exist o, p > 0 such that

ds(p,q) < dm(p,q) + odm(p,q)®  for all p,q € S with du(p,q) < p,

and S has positive reach (see [12]) if there exists § > 0 such that Ps(y) is a singleton
for all y € M with day(y,S) < 0. For sets of positive reach, a result related to
Proposition B.6 is [26, Proposition 2.4].

Proposition B.7. The following statements are equivalent:
(1) C is proz-regular at z;

(2) C has finite extrinsic curvature at T;

(3)  there exists r > 0 such that C' N B,(Z) is 2-conver;

(4)  there exists r > 0 such that C N B,(Z) has positive reach.

Proof. It follows directly from the definitions that (3) = (2) and (4) = (1). More-
over, by [22, Remark 3.2], we know (2) = (3); by [25, Theorem 1.6], we know
(3) = (4). Proposition B.2 gives the equivalence between (1) and (2). We conclude
that the four properties are equivalent. Il
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