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1. Introduction

In this paper, we consider the evolution inclusion

{ — € A(t, 2(t), (Riz(t)))+ 0 (t, 2(t), Rox(t)) — 0 (t, 2(t), R3x(t))+ F(t, z(t)), O

x(0) = xo.

on the time interval [0,7], where A : [ x R* x R" — R" n > 1, is a nonlinear
operator, ¢¥'(t,z,-) : R® — R, t € I, z € R", is a locally Lipschitz function,
V(t,z, ) : R — RU {400}, te I, x € R", is a proper (i.e., not identically +o0)
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convex lower semicontinuous function, di! denotes the Clarke subdifferential of )1,
Ov? is the subdifferential in the sense of convex analysis of 12, R, Ry, R3 are history-
dependent operators, F': [0,7] x R" — R" is a multivalued mapping with closed
values, and z is a given initial vector. The precise conditions under which our
problem is considered are stated in the next section. Here, we only mention that
the values of the mapping F' are not assumed to be convex or bounded.

Evolution inclusions containing the difference of two subdifferentials have been con-
sidered in [1] and [19] with a single-valued time dependent perturbation and in [27]
and [28] with a multivalued bounded perturbation.

In the case when the subdifferential term 9¢* = 0, Problem (1) is characterized by
the Clarke generalized subdifferential 91! of locally Lipschitz function ! and thus
represents the so-called hemivariational inequality. Hemivariational inequalities are
used to describe nonconvex, nonmonotone and possibly multivalued constitutive
laws that govern various processes in nonsmooth mechanics. The mathematical
theory of hemivariational inequalities began to emerge in the early 1980s, largely
thanks to the pioneering works of Panagiotopoulos (see [20, 21]) and become a
subject of intense research since then (see, e.g., [10, 11, 12, 13, 15, 16, 17, 18] and
the references therein).

When one studies a mechanical system, one often needs to consider external forces
applied to the system. In general, these forces can be included in the model as a
multivalued perturbation. Then, based on physical considerations, it occurs reason-
able to assume that the perturbation can have nonconvex and unbounded values.
Also, the unboundedness of values of the right-hand side of set-valued mapping is
a fairly natural property of differential inclusions which appear in optimal control
problems, e.g. when dealing with a Mayer problem obtained as the result of refor-
mulation of a problem with integral functional (cf., e.g., [14, 22]). This prompts us
to require the values of multivalued perturbation F' to be closed only. On the other
hand, the numerical analysis of Problem (1) may be ineffective because the values
of F' are not convex. Therefore, we relax Problem (1) by introducing the following
convexified problem:

—i(t) € A(t,z(t), Riz(t)) + 0w (t, z(t), Rox(t))
— O (t,z(t), Rez(t)) + o F(t, z(t)), (2)
z(0) = xo,

where the symbol ¢o stands for the closed convex hull of a set. This is the intersection
of all convex sets containing the set.

We note that in our two problems, (1) and (2), we allow the nonlinear operator and
both subdifferentials to depend on history-dependent operators. These are operators
that, at a given time moment, depend on the previous history of the solution up to
that time. They include operators of the Volterra type and, more generally, various
integral-type operators.

The main goal of this paper is to prove the existence of solutions to both Problems
(1) and (2). In addition, we demonstrate the relaxation property for solutions of
our problems. This property establishes approximation, in a suitable topology, of
solutions of Problem (1) by those of Problem (2). In the next section, we will define
what a solution is and explain exactly what relaxation means.
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A conventional assumption employed when proving relaxation type properties for
evolution inclusions with bounded perturbations is the Lipschitz continuity of the
perturbation in the Hausdorff distance haus(-, -) between nonempty closed bounded
sets:

haus (F(t,z), F(t,y)) < k(t)|[z — yl| (3)
for z,y € R™ and a summable function k(-). However, the condition of Hausdorft-
Lipschitzness for F' is too strict in the case where the values of F' are unbounded
and assuming this property essentially reduces the class of unbounded perturba-
tions, because it is not satisfied for half-spaces, for example — a very important
case for applications. Therefore, in the unbounded situation, we need a localized or
truncated alternative to (3). The (p — H)-Lipschitzness of a multivalued mapping
introduced in the next section proves to be a right candidate for such an alternative.
We note that the (p — H)-Lipschitzness has recently been used to investigate subdif-
ferential inclusions and control problems with unbounded perturbations and control
constraints in a number of papers (see, e.g., [9, 25, 26, 29] and references therein).
In these papers, with exception of [9], one considers the subdifferentials of convex,
lower semicontinuous functions. However, to the best of the authors’ knowledge,
there have been no contributions so far on unbounded history-dependent problems
with the difference of subdifferentials.

The rest of this paper is organized as follows. Section 2 introduces the necessary no-
tation and recalls some results that will be used throughout the paper. In Section 3,
we state the assumptions on the data describing Problem (1) and prove the exis-
tence result for it using a priori estimates for a solution and a fixed point principle.
Finally, in Section 4, we obtain the relaxation result for Problem (1).

2. Preliminaries

Let (X,|| - |lx) be a Banach space, X* be its dual space and (-, ) x+xx denote the
duality brackets between X* and X. We use the symbols s—X and w—X to denote
the space X endowed with the strong and weak topologies, respectively. The symbols
“—7” and “—7” stand for the strong and weak convergences, respectively. The same
notation is adapted for subsets of X. If || - || is the norm on X, then the distance
from z € X to C C X is d(z,C) = infyec ||z — y|| (for C' = 0 we set d(z,C) = +00)
and for C, D C X the excess of C over D is defined as e(C, D) = sup,cc d(z, D)
with the natural convention that e = 0 for C' = () (for C' # (@ and D = §) we have
e=+00 ).

Next, we recall the notion of Clarke generalized gradient, see [5, 16, 24].

Definition 2.1. The Clarke generalized directional derivative of a locally Lipschitz
function j: X — R at a point # € X in the direction v, denoted by j%(z;v), is
defined by

§%(z;v) = limsup

y—x, A\—0T1

iy +Av) = j(y)
\ :

The Clarke generalized gradient or Clarke subdifferential of j at x is then given by
Oj(z) = {a* € X*| j%z;v) > (z*,v) forall veX}. O
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Let B denote the open ball of radius one centered at the origin of the space X and

be the intersection of the set C' with the closed ball of radius p centered at the
origin. Then, given p > 0 we denote and define the p-Hausdorff or (p — H)-distance
between nonempty sets C, D C X (see [2]; also [22] and [24]) as:

haus,(C, D) = max {e(C,,D),e(D,,C)}. (4)
For closed sets C, D, haus,(C, D) = 0 for all p > 0 if and only if C' = D.

Definition 2.2. Let F': Q C [0,7] x X — X have nonempty values. We call the
multivalued mapping F' integrally (p— H)-Lipschitzian on @, if there exist f > 0
and [(-) € L*(0,T),1 > 0, such that

haus, (F(t,z), F(t,y)) < (I(t) + Bp)|lz —y|| for all (¢,z),(t,y) €Q and p > 0. O

The following relationship holds between the usual Hausdorff distance and p-Haus-
dorff distance:

Proposition 2.3. [2, Proposition 1.4] Let py > 0 be such that C,, and D,, are
nonempty for two closed convez sets C, D C X. Then, for all p > pgy

haus (C,, D,) < p 2pp haus,(C, D).
— PO

Proposition 2.4. If ¢ : U — R is a locally Lipschitz function on an open subset
U of X, then the graph of the generalized gradient 0v is closed in X x (w* — X*)
topology, i.e., if x, € U and (, € X* are sequences such that (, € 0Y(z,) and
x, — x in X and (, weakly* converges to ¢ in X*, then ¢ € 0y(x).

For the proof of Proposition 2.4 we refer to [5] (see also [24]). The following definition
and a fixed point result (a consequence of the Banach contraction principle) can be
found in [23].

Definition 2.5. Let X and Y be normed spaces. An operator R: C([0,7]; X) —
C([0,T7;Y) is called history-dependent, if there exists a constant Lgr > 0 such that

[(Bo1)(t) = (Rog) 1)y < LR/O [o1(s) = va(s)llx ds Vo102 €C([0,T]; X), t€[0,T].

Details on various classes of history-dependent operators, their properties, and ap-
plications, can be found in [23].

Lemma 2.6. Let F: L*(0,T; X) — L*(0,T; X) be an operator such that

1(Fm) (8) — (Fro) (D]% < L / In(s) — ma(s)% ds

for all ny,my € L*(0,T;X), a.e. t € (0,T) and a constant Lr > 0. Then F has a
unique fized point in L*(0,T;X), i.e., there exists a unique n* € L*(0,T; X) such
that F'n* = n*.

Denote by I'g(X) the family of all proper, convex, lower semicontinuous function on
X with values in R U {+o0}.
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The Moreau-Yosida regularization of a function ¥ € I'y(X) is the function

Ua(e) = inf {v(y) + 35ly —alBy e X}, A>0.

The following results can be found in [3, 8.

Lemma 2.7. Let H be a Hilbert space, 1 € T'y(H). Then,

(a)  the function 1y is finite, convexr and continuously differentiable on H with
dom 877/))\ =H

(b)  lova(x) = 0ea()Il < 5lle = yll, A > 0,2,y € H;
(c)  there exists a constant L > 0 such that

—L([Jz]| +1) < ¥a(z) < ¥(w),

x€ H, A>0, and ¥\(x) T ¢(x) as X | 0;
() Nova(@)|| < lov°(@)]l, A > 0, da(z) — O(x) in H as A ] 0, z € dom I,

where OY°(x) is the unique element of minimal norm in the set OY(x) that
exists in view of the closedness and convexity of the set O (x), x € dom d;

(e) ifx, € domdy, v, € O (x,), n>1, z, = x in H and v, — v in w— H,
then v € OY(x);

(f)  if A 10,2\, = xin H, and 0Oy, (z),) — ¢* inw — H, then z* € 0Y(x).
Lemma 2.8. Let ¢ € T'y(H), z(-) € L*(0,T; H), and

T ))dt if ¥(x)(-) € L'(0, T;R),
ﬂd%z{f , (5)
+00 otherwise.
Then:

(a) @() € Lo (L*(0,T5 H));

(b) /wA V)t \ > 0: (6)

(c) ifv(-) € L*(0,T; H), then v(-) € 0®(x(+)) if and only if v(t) € OY(x(t))
fora.e. te€ [0 T]

(d) 0P(z)(t) = OYr(x(t)) for a.e. t €[0,T], A > 0.

Given a Banach space Y, a multivalued mapping F' : X — Y is called lower semi-
continuous if for any = € X,y € F(x), and any sequence z,,n > 1, converging to
x, there exists a sequence y,, € F'(z,,) ,n > 1, converging to y. Let ¥ and B(X) de-
note the o-algebras of Lebesgue measurable subsets of [0, 7] and Borel sets from X,
respectively. Then, a multivalued mapping F': [0,7] x X — X is called (X, B(X))
measurable if {(t,z) € [0,T] x X : F(t,z) NU # 0} € ¥ ® B(X) for any open set
UcCX.
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3. Existence result

Below and in the rest of the paper 9y (t, z, v) means Y (t, z,-)(v), i = 1,2, i.e. the
subdifferential with respect to the third variable. We make the following assumptions
on the data describing Problem (1).

H(A) : The nonlinear operator A : [0,7] x R" x R™ — R" satisfies the conditions:

(a) A is measurable in the first variable and continuous in the third variable;

(b) there exist two constants my,ma > 0 such that for a.e. t € [0,7]
(A(t,x1,v1) — A(t,m,02) 01 — v2) > ma [lon — val|* = ma |21 — 22| [Jor — val|
for all x1, xo,v1,v9 € R™;

(c) A satisfies a linear growth condition with respect to the second and third vari-
ables, i.e. there exist a function ag(-) € L?*(0,7") and two constants a;,as > 0
such that for a.e. t € [0,T]

|A(t, z,0)|| < ao(t) + ai||z]| + az||v| for all z,v € R™.
H (1) : The function ¢* : [0, 7] x R® x R" — R is such that
(a) ! is measurable in the first variable and locally Lipschitz in the third variable;
(b) there exist two constants my1, my1 > 0 such that for a.e. t € [0,7]
(&1 — Ea,01 — va) > —mya |Jog — va|* — ||y — 2| [lvr — val]
for all & € oYt (¢, z;,v;) , x5, v; € R i = 1,2;

(c) there exist a function cy(-) € L*(0,T) and two constants c¢;,co > 0 such that
for a.e. t € [0,7] and for all x,v € R"

109 (t, 2, v)| = sup{lly|| - y € 0P (t,z,v)} < co(t) + el + ezv]l.

H (v?) : The function ¢? : [0,7] x R™ x R" — R is such that

(a) ? is measurable in the first variable and proper convex lower semicontinuous
in the third variable;

(b) there exist two constants myz, my2 > 0 such that
(01 = va, w1 — wa) < myzllvr — val|* + Mye (a1 — 2| v — val|

for any w;, € O (t, 1, v1), ws € OV2(t, T2, vo);

(c) there exist a function ¢(-) € L?(0,T) and two constants ¢;,c > 0 such that
for a.e. t € (0,7

1097(t, @, v)| = sup{lly|| : y € OP*(t,z,v)} < co(t) + el + ev]]

for all z,v € R™;
(d) there exist two constants k € [0,1) and v > 0 such that for a.e. t € [0, 7]

|09 (2. 0) | < kint{wl; w € 90 (¢, 2,0)} + ]l for all 2,v € R
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H(R) : The operators R;: C([0,T|;R™) — C([0,T};R™), i = 1,2,3, satisfy the
condition

(a) there exist constants Lg, > 0, i = 1,2, 3 such that

t
[(Rivr) (£) = (Riva) (1) < LRi/O [o1(s) = va(s)]| ds
for all vy, v € C([0, T]; R™).
H(F): F:[0,7] x R* — R™ admits closed values and
(a) is (X, B(X)) measurable;
(b) is integrally (p — H)-Lipschitzian on [0, 7] x R";

(c) there exists a function ko(-) € L*(0,T) such that d(0, F(t,0)) < ko(t) for a.e.
t €0, T];

(d) there exist By > 0 and lo(-) € L*(0,T), lp > 0 such that
coF(t,r) N p(t)B C co(F(t,z) Nm(t)B)
for t € [0,T], x € R", m(t) = lo(t) + Bop(t) and some p(-) € L*(0,T).

H(l) DM > Mgl + M2 +mACR1 + mwlCRQ —|—mw2CR3 + kco + 7.

Definition 3.1. By a solution of Problem (1) we mean a function z(-) € W%(0,7),
2(0) = xp, for which there exist functions &, &, f € L*(0,T) such that the following
four inclusions hold for a.e. t € [0, T]:

—i(t) € AL, 2(1), Baz(1)) + &i(1) = &(1) + f (1),
&i(t) € Oy (t, x(t), Ron (1)), &a(t) € OY* (¢, a(t), Rya(t)), f(t) € F(t, x(t)). N

We fix \,n,0 € L?(0,T) and introduce the following evolution inclusion.

Problem 3.2.
{—:'c(t)eA@,x(t>>+a¢?1(t,x<t))—a¢2(t,x(t))+F(t,x<t)) for a.e. t€0,T], -
x(0) = xo.

where we defined A(t,z(t)) = A(t,\(t),z(t)), 0V (t,z(t)) := O (t,n(t),2(t)), and
OV (t, x(t)) == O2(t,0(t), z(t)). We note that the notion of a solution to Problem
3.2, as well as for all the auziliary problems considered later in the text, extends in
a natural way from Definition 3.1.
Next, we consider the following problem.
Problem 3.3.

— i(t) € A(t,z(t)) + 0P (t, z(t)) + F(t,z(t)) for a.e. t €0,T],

z(0) = .

Theorem 3.4. Problem 3.1 has a solution.

Proof. Under our Hypotheses H(A)(a), H(¢'), H(F), and H(1), the result follows
directly from [9, Theorem 3.1]. O
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Now, replace in (7) the multivalued perturbation F' with an arbitrary single-valued
function f € L*(0,T) and consider

Problem 3.5.
{ —i(t) € A(t,z(t)) + 0L (t, x(t)) — B2 (L, x(t)) + f(t) for a.e. te0,T), )
z(0) = .
Theorem 3.6. Problem 3.5 has a unique solution.
Proof. For A >0, f € L*(0,T), we consider the inclusion
{ — () € A(t, 25 (1)) + 09 (t, 22 (1) — O3 (t, 2a(t)) + f(t) for ae. [0, T, (10)
zx(0) = zo,

where we replaced 81/;2 in Problem 3.5 by its Moreau-Yosida regularization 8@[)?\
The existence of a solution of inclusion (10) follows from the existence of a solution
of the inclusion

—i(t) € A(t,z(t)) + 00 (¢, x(t)) + F(t,z(t)) ae., x(0) = xo,

with F(t,z(t)) = —003(t, z(t)) + f(t). In view of Lemma 2.7, the latter existence is
a consequence of Theorem 3.4. Given f(-) € L*(0,7), | f|lz2¢0,r) < R, for a constant

R >0, let R R

fat) = —aa(t) + 093 (t, 2a(t)) — f(t) — A(t, 2(1)- (11)
From (10) we see that FHt) € 9P (t, (D). (12)
Multiplying (11) by z:,(¢) and integrating the result over [0,¢],¢ € (0, 7] we obtain

s+ [ Cits,oa(s), (o) (13)
= glaol = [ G annds = [+ [ @5 (s.a(9) arls)ds

According to H(y1)(a), H(¢1)(b) we have

—(fa(®),2a(t) = ( 1) = fo (1), —za(t)) — (fo (), 2a(1))
< myt[|zaA(t )II2 s FIOIENG]
< my|lza(O)]* + co(®)llzA ()], (14)

where f1(t) € 0¢'(t,0) for a.e. t € [0,T]. From Hypotheses H(A)(a), (b) it follows
that

(A(t, (1)), 2a(t)) = (A(t,2a(1)) — A(t, 0), 2x(2)) + (A(2,0), 2a(1))

(15)
> mallar(®)I = ao(Ollar(0)]
According to Lemma 2.7(d), H(?)(d) and H(')(c), we get
(033 (t22(8) () < 1095 (. or(®) Mloa 0] < 007 (L s@®)[Ileatol

<(kllzll+Allza@ D lza @1 < (Reo(t) + keallzx@ +vllzx@Dza@);
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where z € 9y (t,z5(t)) . Invoking Young’s inequality, from (13)-(16) we infer that
¢

1
s t)|? + (ma = mgn — hes =) [ Jloa(s) P
0
t
1
< ol + €+ G [ (o)
0

for some constants C1,Cy > 0. Gronwall’s inequality and H(1) now imply that

M > 0 and
|lea(®)|| < My, te€[0,T], X>0, (17)

for a positive constant M; independent of A\. Then, taking into account this estimate
and (11), (12), H(A)(c), H(¥')(c), H(¥?)(c), for a constant My > 0 independent of

A we have ‘
||x>\||L2(T7H) < My, X>0. (18)

Next, Lemma 2.7(d), Hypotheses H(1)?)(d), H(A)(c) and (11), (12) imply that
1003 (£, 2A(2)) |
< k(1093 (& ax(@)| + @] + £ N + A zx@)I) +llea@)])- (19)
From H(A)(c), (17)-(19), we see that
|03 (¢, =) HB(T’H) <N, A>0,

1l 2z < N, A>0,

for some constant N > 0. The estimates (17), (18) imply, by virtue of the Arzela-
Ascoli theorem, that the set {zx; A > 0} is relatively compact in the space C([0,T7])
and the set {@y; A > 0} is relatively compact in the space w — L?(0,T).

Similarly, the sets {Oﬁi(t,x,\);)\ > 0} and {f}; A > 0} are relatively compact in
the space w — L?*(0,T). Therefore, there exist a sequence A, | 0 and functions
r € WH2(0,T) and f!, f? € L?(0,T) such that

zy, =z in C([0,T]), @ — & in w—L*0,7),

i (20)
f;n — f1in w—L*0,T), 05 (t,zy) — f* in w— L*0,7).
It follows from (11), (20) and H(A)(a) that
—i(t) = A(t,z(t)) + f1(t) — f2(t) + f(t) for a.e. t €[0,T]. (21)

Let ®* @3 : L*(0,7) — R, A > 0, be the functions defined by equalities (5) and
(6) where the functions ¢» and v are replaced by the functions % and 3%, A > 0,
respectively. Then, using (20) along with Lemma 2.7(f) applied to the function ®?,
we obtain the inclusion f? € 9®?(x). From (12), (20), Lemma 2.8(c) and Proposition
2.4 we see that

Fit) € 0gi(t, z(t)) for ae. t €[0,T], i=1,2. (22)

Now, the existence for Problem 3.5 follows from (21) and (22).
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To prove the uniqueness, assume that x; and x5 are two different solutions to Prob-
lem 3.5. Then, there exist & : [0,7] — R™, i = 1,2, such that

—d(t) = A(t (1)) + & (t) = E(1) + (1),
2(0) = zo, (1) € 0P (t,wi(t)), & () € DY (t, (1))

for a.e. t € [0,T]. Multiplying the last equation by the difference of the two solutions
first for # = 1 and then for ¢ = 2, we obtain

(@1(t) + A(t,21(t) , 2a(t) — 21(8)) + (E1(1), 2a(t) — 21(8)) — (€1(1), 22(t) — aa(t))

= (f(t), 21 (t) — 22(1))
for a.e. t € [0,77], and

(@a(t) + A(t,2a(1)) a1 (1) — 22(t)) + (E3(8), 21(8) — wa(t)) — (E3(£), 21(¢) — w2 (t))
= (f(1), z2(t) — 1(¢))
for a.e. t € [0,T]. Next, we sum up the last two equalities to get
(@1 () = @a(t), 21 () — wa(t)) + (A (8, 21(1) — A(E,2a(t)) , 21 () — 2a(1))
+ (& (1) = & (1), 21(t) — @a(t)) = (§1(1) — &5 (t), 21 (t) — x2(t))

for a.e. t € [0, T]. We integrate this equality on [0, ], apply the integration by parts
formula to the first term, use Hypotheses H(A)(b), H(¢')(b), H(x)?(b) to deduce
that

2l (8) = ()1 = 4 111(0) — 22(0)|* + / l1(s) — ()] ds

t ¢
cgr [ s) = a(s) [P ds = mus [ ar(s) = o) ds <0
0 0
for all ¢ € [0,T]. By virtue of the fact that x1(0) — 22(0) = 0, we further have
(ma —myr —my2) [y — 752”?:2(0,0 <0
for all ¢ € [0, T]. This finally implies the uniqueness for Problem 3.5. O

Now, in the original problem (1) we replace the multivalued perturbation F' with
an arbitrary single-valued function f € L?(0,T') and consider

Problem 3.7.
{ — &€ A(t, x(t), Riz(t))+ 00" (1, 2(t), Rox(t)) — 00> (t, (1), Rex(t))+ f (1),

23
z(0) = xo. (23)

Theorem 3.8. Problem 3.7 has a solution.
Proof. First, we prove the following estimate
21 = 22l 204y < CUIM = Aallz2oy + I = m2ll2p) + 1161 = O2ll20e) (24

for all ¢ € [0,7] and a constant C' > 0, where 21 = %0, T2 = Ta,n,0, are the
unique solutions to Problem (3.5) corresponding to (A1, n1,61) and (A2, m2,09), re-
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spectively, with \;,7;,0; € L*(0,T), i = 1,2. By definition of a solution to Problem
3.5, there exist & : [0,7] — R", i = 1,2, such that

—ai(t) = A(t,25(t), Mi(t)) + & (1) — &(t) + £(1),
2(0) = xo, & (t) € 0V (tai(t).mi(t)), & (t) € M® (t, (1), 0,(1))

for a.e. t € [0,T]. Multiplying this equation by () — x2(t), similarly to above, we
obtain

(@1(t) + At 21(1), (), w2(t) — 21(8)) + (€1(1), 22(t) — 21.(8))
—(&1(8), 72(t) — 21(8)) = (f(£), 21(t) — 72(1))
for a.e. t € 0,77, and
(@a(t) + A (L 2a2(t), o)), 21 (t) — w2(1)) + (1), 20(8) — 22(8))
—(& (), 21(t) — 22(1)) = (f(£), 22(t) — 21(1))
for a.e. t € [0,T]. The addition of these equalities gives
(1 () — aa(t), a1 (¢ > - m( )+ (At 2 (0, M(1) = A (F za(t), Aa0)) 71 () — 2(0))
+(&(t t),w1(t) — wa(t)) = (& (1) — &(1), 21(t) — 22(1))

for a.e. t € [0,7]. Integrating the last inequality on [0,¢] and using Hypotheses
H(A)(b ) H(y')(b), and H(¢?)(b), we obtain

Dlles(6) = o) = L 1 (0) = 2(O)]F — / [als) = Aals)l s () — 2ol ds
rma / Ja1(5) = a(s) | ds — g0 / 1 (5) = ()| s () — ()1l ds

s / J1(s) = a(s) | ds — o / Ja1(s) = a(s) | [61(5) — 0a(s)]| d

— s [ (o) = aals) P ds <0

for all ¢t € [0,7]. The condition z1(0) — 22(0) = 0 and Hélder’s inequality further
yield

(ma — myr —mye) ||z — 1'2”%2(07,5) <y l|A — )\2||L2(o,t) |1 — 552||L2(0,t)
+ Mg | = 2l 200y 171 = T2l 120, + M2 (101 — 02l 204 [|01 — 22l 120 )
for all t € [0,T]. Hence, by (H;), the inequality (24) holds.
Now, define the operator A : [L?(0,T)]* — [L?(0,T)]® by the rule
AN, n,0) = (Ryzy, Roxy, Ryx,)

for all (A, n,0) € [L*(0,T))> = L*(0,T) x L*(0,T) x L*(0,T), where z, denotes the
solution to Problem 3.5 corresponding to (A, 7,0).
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Employing Hélder’s inequality again, in view of (24), we obtain
[A (A1, 11, 01) (8) — A (A2, 72, 62) (t)Hz

= [|(Ruz1) (8) = (Ruzz) (O] +[[(Rozr) (1) = (Rawa) (0)"+ | (Rsy) () — (Rsas) (2)]|°

< (L [ hons) = 2alds)" + (L, [ o) =t )
(L [ 1) ats)las)

< Lifzy — xQHiQ(O,t) <LxC <H)\1 - )‘QHiQ(O,t) + llm — 772||iQ(o,t) + |61 — 92‘@2(0,7:))
for some L > 0. This implies that
A (A, 11, 01) (8) — A (A2, 12, 62) (t)H2

t
<L C [0 00 (5) = Oy 80) (5) s
0
for a.e. t € [0,T]. By Lemma 2.6, we conclude that there exists a unique fixed point
(A*,n*,0%) € [L?(0,T)]? of A: A", n*,0%) = (\*, ", 0%).

Let xyepgr € WH2(0,T), Zxsy=9-(0) = 29 be the solution to Problem 3.5 correspond-
ing to (A*,n*,0*). From the definition of operator A, we have

AN =Ry (Ix*n*e*) , N =Ry (m*n*e*) , 0" =R3 (Ix*n*e*) )
which finally shows that @y«,«« is a solution to Problem 3.7. O
We are now in a position to prove the main result of this section.

Theorem 3.9. Problem (1) has a solution.

Proof. Let now f; € L*(0,T), i = 1,2, and z;, i = 1,2 be the corresponding
solutions to Problem 3.7. From Definition 3.1 it follows immediately that there
exist &, 62 : 0, 7] — R™, i = 1,2, such that

—xi(t) = A(t, i(t), Razi(t) + & (t) — &(t) + fi(t),
2i(0) = wo, & (1) € 0P (t,24(t), Rowi(t)),  &(t) € OV* (¢, 2i(t), Rawi(t))

for a.e. t € [0,T]. Taking the difference of these two equations and multiplying the
result by x(t) — x1(t) we obtain

S llwa(t) — 2 ()7 + (A (L, 2a(t), Riaa(t)) — A (t, 24(2), Ryaa (1)), 22(t) — 21(t)) +
(&) =&1 (1), wa(t) =21 (t)) = (fr(t) = fa(t), ma(t) =21 (£)) + (EF(8) = &5 (1), 1 (t) —22(t)).

Integrating the last equation from 0 to ¢ € (0,71, by virtue of Hypotheses H(A)(b),
H (') (b) we have

1e2(6) = (17 + (ma = s = mez) [ falr) =) P



Z. Liu, S. A. Timoshin, Z. Yuan / Unbounded Perturbation ... 557

< s [ o) = Baa(r) | fa(r) = (1)

#is [ WRara(r) = Raralo) fa(r) = (1)

+iee [ 1Rana(r) = Reaalo) fa(r) = (7

+ [ 1) = £ loatr) = i)l dr
<aCr [ [ n(6) = aa(o)ds Ja(r) = ()

s, [ | / s =) =0l

waC, [ [ loa(s) = na)ds haatr) — (o)

+ [ 1) = £ loater) = ma)l
< i, | b —x1<r>u2df+mlcf2 JNECECIR

waCn, [ oar) —ar(Pdr+ [ 1) = 5O - faa(r) = ()]

From this inequality, we obtain

lnasz( £) — a1 (1)

mA T Myl — M2 — mACRl - mTZJlCR2 - mTZJQCR:% / ||:132 ) - :)31( )HQdT
/ [ fa(7 (D - [J2(7) — 21 ()| dr.

Neglecting, in view of H(1), the second term on the left, [3, Lemma A5] further
implies that

lz2(t) = 1 ()] < 2/0 1f2(7) = fi(7)] dr. (25)

Next, given f(-) € L*(0,T), | f|lr20,r) < R, we derive a priori bounds for a solution
of Problem 3.7 depending on R and structural constants of Eq. (3.7) only. To this
end, let z(+) be a solution of Problem 3.7 corresponding to f(-), i.e.

(1) = At (1), Rya()) + €' (1) — €(0) + 11 (26)

with z(0) = =g, for some &(t) € I, i = 1,2. Multiplying (26) by x(t) and
integrating the result over [0,t],t € (0,7] we obtain

sle O + [ (AGrar), Fua(r) a(r))ar
=l = [ amar+ (@i - [ e
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From Hypotheses H(A)(a), H(A)(b) it follows that
(Al 2(t), Raz(t)), 2(8)) = (A(t, 2(8), Ry(t)) — A(t,0,0),2(6)) + (A(£,0,0), 2(¢))

= mallz(®)]* = mal (Ruz) (@) = ao(t) ()] (28)
Similarly, from Hypotheses H (¢ ( )( ), H(')(b) we have
=& (1), (1)) = (£'(t) — —x(t)) = (S (t), 2(t))
< mya ||z (t )||2 +m¢1|l(R2$)( )||||$ O+ @ - ll=®1 - (29)
< myp[lz @)1 + mya [[(Rez) Iz (@)1 + co(®) Iz (@)1,

where &} (t) € ¢ (¢,0,0) a.e. on [0,7T).

From Hypotheses H(wz)( ) and H( ¥?)(c), we see that
(€2(0), 2(t)) = (£t () + (&0, ()
< mw2||( 317)( )||||17(t)|| +m¢2||$ O+ IO - Nz @)l (30)

< mmye || (Rsw) () [Ilz (@) + myz 2@ + co )z ()],
where &(t) € 0¢?(t,0,0) a.e. on [0,T]. Combining (27)-(30), using Definition 2.5
and invoking Young’s inequality we see that

1 . ) )
*HUC(t)HQ + (ma — myr —myz —MaCpr, — My1Cr, — mwQCR?s)/ |z(7)||*dr
0

< L +01+C2/ le(r)|Pdr (31)

for some constants C; and C, dependent on ay, cg, ¢, R;(0) and R only. The appli-
cation of Gronwall’s inequality and H (1) yield

lz(t)]| < M, (32)

for all t € [0,T] and some M; > 0. From this estimate and Eq. (26) with the help
of H(A)(c), H(¢)(c) we obtain

4]l 20,y < M (33)

for a constant My > 0 dependent on the fixed quantities in H(A)(c), H(¢)(c) and
R only.

Now, define the solution operator S : L*(0,T) — C([0,T]) that to a given function
f(-) € L*(0,T) associates the unique solution # = x(f) of Problem 3.7:

S(f) = =(f) (34)

and prove its weak-strong continuity. To this end, take an arbitrary sequence
fn(-) € L*(0,T),n > 1, weakly convergent in L*(0,T) to some f(-) € L*(0,T) and
let z, := z(f,),n > 1, be the sequence of solutions to Problem 3.7 corresponding
to f,. We show below than x,, converges strongly to x = z(f), the solution of Prob-
lem 3.7 corresponding to f, as n — oo. The uniform estimates (32), (33) extend to
the sequence x,,n > 1. In particular, (33) implies the equicontinuity of z,,n > 1, in
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C([0,T]). The latter coupled with (32) guarantee, by the Arzela-Ascoli theorem,
the existence of a subsequence of z,, (we do not relabel) converging in C([0,77]) to
some function y(-) € C([0,T]). In addition, &, — 3 in w— L?(0,T). Hence, to prove
the required contimuity of S, it remains to verify that y(-) equals x(-).

Similarly as above, we get
1 2
L an(t) — () +

t
(g — g — gz — MACry — s Cry — gCry) / lan(r) — (7|2 dr
0

< / (n(r) = y(7), F(7) = fulr)) dr + / ((r) — 2(r), f(r) — fulr)) dr.

The facts that @, — y in C([0,7]) and z,, — y weakly in L?(0,T) entail that the
right-hand side of this inequality goes to zero as n — oo and we, thus, deduce that
2, (t) — x(t) in R" for any ¢ € [0, T]. Since the sequence x,,,n > 1, is equicontinuous,
the Arzela-Ascoli theorem finally implies that =, — = in C([0,77).

Let z(t) € F(t,0), t € [0,T1], be such that ||z(t)|| = d (0, F(¢,0)). Then, from H(F2),
H(F(3)) we obtain

d (0, F(t,x)) < d(=(), F(t,x)) + [|2(t)]]
< (1) + Bl Nzl + =@ < Ko(t) + ka (t)l|] (35)
with ky(t) := [(t) + Bko(t). Next, introduce the mapping

O(t,2) == F(t,2) N (ko(t) + k1 ()] B, (36)

where the bar denotes the closure in R™. It is a standard matter to show that
®:[0,7T] x R" — 28" is lower semicontinuous in z for a.e. ¢ € [0,T]. The (3, B(X))
measurability of ® follows from H(F'1) and [7, Corollary 4.2].

Next, consider the set
K :={fecL*0,T): |[[f®)] < ko(t) + ki (t)r(t) for a.e. t€[0,T]}, (37)

where the functions ko(-), k1(-) are from (35) and r(-) is the unique solution of the
differential equation 7(t) /2 = ko(t)+ki(t)r(t), 7(0) = M, with the constant M, from
(32). Since the set K is compact in the weak topology of L?(0,T) the weak-strong
continuity of the solution operator S defined in (34) implies that the set

Ki={zec(0,T]): z=8(f), feK} (38)

is compact in C([0,7]). From (25), (32), and (37) we infer that for any z(-) € K we
have

lz@I = llz(H O < =) @) + 2/0 If (D)l dr < M, +/0 H(r)dr = r(t),

for all t € T'. Therefore, for every z(-) € K
sup{lz]| : 2z € @, 2(2))} < ko(t) + k(D) [|z(D)]] < ko(t) + ka()r(2), — (39)
for all ¢t € [0, T]. We remark that ko(-) + k1 (-)r(-) € L*(0,T).
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Now, introduce the multifunction d: I — 2L70.17,
®(z) :={u e L*(0,T) : u(t) € ®(t,z(t)) for ae. t €[0,T]}, =€ K.

Then, the estimate (39) and the properties of ® established above allow us to apply
[6, Corollary 3.3] and to derive the existence of a continuous selection

¢ K — LX0,T)of ®: ¢(z) e d(z), zek,
and we have d(x)(t) € D(t,z(t)) for a.e. t €[0,T].

Taking now the composition of the solution operator S with ¢ and restricting the
resulting superposition ¢ o S : L*(0,T) — L*(0,T) onto the set K defined in (37),
from (38)—(39) we infer that ¢ o S is a self-mapping on K. Using the facts that
¢ o S is continuous from w-K to w-K and w-K is compact and convex, from the
Schauder fixed point theorem we conclude that there exists a fixed point of ¢ o S,
i.e. a function f, € K such that

Finally, defining z, := S(f,) from (34), (36), and (40) we see that z, is a solution
to Problem (P). O

4. Relaxation result

In this section, we prove the relaxation result for Problem (1) and Problem (2):
solutions of the convexified Problem (2) can be approximated, in a suitable topology,
by those of the original one Problem (1). Namely, we have

Theorem 4.1. Let y € W'%(0,T),y(0) = yo, be a solution of Problem (2). Then,
there exists a sequence x,(t), x,(0) = yo,n > 1, of solutions of Problem (1) converg-
ing to y(-) in C([0,T)). In addition z,(-) — y(-) in w — L*(0,T).
Proof. By H(F(4)), we have

haus ,)(CoF (t,x),coF (t,z)) < haus,, (F(t,z), F(t,2)), (41)

t €10,T),z,z € R, with the functions p(-) and m(-) as in H(F')(4). For the proof
of this fact we refer the reader to [25, Theorem 5.1]. From (41) and H(F')(b) we

then have
haus ) (COF (7). @F (1, 2)) < (I(t) + Bm() [z - . (42)

)
From the definition of solution to Problems (2), we see that there exist functions
 Ray(t

&L (t) € oYt y(t), Ray(t)), 2(t) € Ov*(t, y(t), Ray(t)), such that
—y(t) — At y(t), Riy(t)) — €'(t) + (1) € F (¢, y(t)) (43)

for a.e. t € [0,T]. Defining p(t) == || — 5(t) — A(t,y(t), Ruy(t)) — £'(t) + £,
t € [0,T], from (42), (43) we infer that

—y(t) — A(t,y(t), Riy(t)) — €'(t) + €(t) € TF(t, ) + (U(t) + fm(1))ly(t) — =]| B,
t €10,T], x € R". From this inclusion and H(F)(4) we further deduce that
@F(t,x) N (| = yg(t) — At y(t), Ruy(t)) — €'() + (1) (44)
+ (L&) +Blo(t)+BBoll =y (t) = Alt, y(t), Riy(t)) =& () +&2)]) ly(t) —x]) B # 0,
for all ¢ € [0, 7], z € R™.
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Henceforth, we restrict our analysis to the set
Nyo ={(t,z) € [0, T] xR": [lz —y(1)|| < a}
for some constant o > 0. Define
o0(t) == || = 9(t) — At,y(t), Ray(t)) — &'(t) + (V)|
+a (U(t) + Blo(t) + BBoll — 9(t) — A(t,y(t), Ruy(t)) — €' (t) + &)l .
o(t) := 200(t),
where ¢t € [0,T], and observe from (44) that
CoF(t,x) N oo(t)B #0, cF(t,x)Not)B #0, (t,x) € Nya-

Hence, we can apply Proposition 2.3 and infer from (42), in view of H(F')(4), that
__ _ 20(t
haus (coF (t, ) 4(t), COF (t, 2)o(t)) < g(t)g(g)o(t) (U(t) + B (lo(t) + Poo(t)) ||z — ||
<k@)||z — 2], (45)

(t,2), (L, 2) € Ny for k(t) := 4(I(t) + B(lo(t) + Boo(t)). Define proj,(x) to be the
projection of x € R onto the set y(t) + aB,t € [0,7] and consider the multivalued
mapping ¥ : [0,7] x R* — R* U(t,x) := F(t,proja(z)), t € [0,T],z € R". From

(45) and the properties of projection we deduce that
haus (coU(t, x),a), COU(t, 2) 1)) < k(t)|lz — 2|, (46)
x,z € R™. Since proj,(y) =y, from (43) and the definition of o(-) we have

—y(t) — At y(t), Riy(t)) — &' (1) + (1) € @¥(t,y(t)) No(t)B. (47)

Then, the measurability properties of the mapping ¢t — co¥ (¢, z) N o(t)B combined
with (46) guarantee through the standard measurable selection argument the exis-
tence of a Caratheodory function 7 : [0, 7] x R" — R™ such that

n(t,z) € co¥(t,x) No(t)B (48)
and I =5(t) — Alt, y(t), Ray(t)) — &'(t) + &(t) — n(t, )|
= d(—g(t) — At y(t)) — £'(t) + &(1), P (t,2) N o(t) B). (49)
From (47), (49) we deduce that
—y(t) = A(t,y(t), Ruy(t)) — €' (t) + (1) = n(t,y(t))- (50)

Moreover, from (48), H(F)(4) and the definition of ¥ we obtain

n(t,z) € co (\If(t,x) N mo(t)B) , (51)

x € R™, for mg := lo(t) + Boo(t),t € [0,T].

Next, similar to the existence proof, consider the solution operator Sy : L?(0,T) —
C([0,T]) that to a given function f(-) € L%*(0,T) associates the unique solution
x = z(f) of Eq. (23) with the initial data x there replaced with yy now.
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As before, we can show that the operator Sy is weak-strong continuous and thus the

et Ko = {x € CO.T) : 2 = So(f). | € Ko}
is compact in C([0,T7]) for

Ko:={fe€L*0,T): | f(t)]| < mo(t) for ae. t €[0,T]}, (52)

where the function mg(-) comes from (51). For z(-) € Ky introduce the mapping
¢ : Ko — L*(0,T) by the rule

p(a)(t) == n(t,z(t), tel0,T]. (53)

From (51) it follows that o(z)(t) € co (\If(t,x)ﬂmg(t)B>, (") € Ko, t€[0,T].

It is clear that the mapping W (¢, z) N mg(t) B enjoys the properties established above
for the mapping ®(¢, x). Then, by virtue of [4, Corollary 1.1] and [7, Theorem b5.6]
we can show that for any n>1, there exists a continuous selection ¢, : Ky — L*(0,T)
of this mapping, i.e.

pn(2)(t) € W(t, x) Nmo(t)B, (54)

such that sup ‘/ on(x o(x)(r))dr| < =, z(:) € Ko. (55)

0<s<t<T

Taking now the composition of the solution operator Sy with ¢,,,n > 1, and restrict-
ing the resulting superposition ¢, oSy : L?(0,T) — L?(0,T) onto the set K, defined
n (52), from (54) we see that ¢, o Sy is a self-mapping on Ky. Therefore, from the
Schauder fixed point theorem we see as above that there exists a fixed point f,, € K
of p, 08 :

fn = n o8 (fn) = ¥n (SO (fn))a n =1 (56)

The weak compactness of the set Ky C L?*(0,T) implies then that a subsequence
of f,(-) converges weakly in L?(0,T) to some f.(-) € Ky. From the weak-strong
continuity of Sy we also infer that

T =So (fn) = e = So (f+) (57)
strongly in C(]0,77]) as n — oco. From (45) and (46) we obtain

n > 1.

w | [ () =06 () ()| <

0<s<t<T n

Hence, letting n — oo and taking into account the continuity of p and Sy we see that
fe =9 (So(f«)) = ¢ (x4). The definition (53) of ¢ further yields f.(t) = n (¢, z.(t)),
te[0,T].

Consequently, from (57) and the definition of solution operator Sy we see that there
exists £L(t) € OV (t, x.(t), Row. (1)), E2(t) € OY? (¢, (L), R3x.(t)), such that

{ — a0, (t) = A(t, Rz, (t), 2, (8)) +ELH) —E2(t) +n (¢, 2.(t)) for a.e. t€]0,T],

z.(0) =y %)
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Reasoning as in derivation of (25) with the roles of 21 and x5 there taken by x, and
y, respectively, now, from (50) and (58) we obtain

ly(t) — 2. < 2/ In(r,y(7)) =0 (7, 2.(7))| dr, t €T

Furthermore, from (46), (47), (49), and(50) we see that

In(t, y(t) —n(t, o)l < k@)[ly@) —z|, =eR"

Hence, the last two inequalities imply that z.(t) = y(¢), t € [0,T], by the Gronwall-
Bellman lemma, and from (57) we conclude that the sequence x,(-) converges to
y(-) in C([0,7]). In particular, this means that there exists no > 1 such that
|lzn(t) —y(t)]] < a, t € [0,T], for n > ng and « introduced in the definition of
Nyo. Then, we see that U (¢, z,(t)) coincides with F (¢, z,(t)) for a.e. ¢t € [0,T] and
n > ng. Therefore, z,,(-) are solutions of Problem (1) converging to y(-) in C([0,T7).

To finish the proof, we need to show the weak convergence of derivatives in L?(0,T).
To do so, we note that the a priori bound (33) extends to the solutions z,(-),
n > ng, with the constant My now depending on the L2-norm of the function mq(-)
from (52). This bound implies the weak convergence in L*(0,T) of the derivatives
tn(-),mn > ng, to some function from L?(0,T). The unique representation of an
absolutely continuous function through the integral of its derivative finally ensures
that this function coincides a.e. on [0, 7] with y. O
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