Journal of Convex Analysis
Volume 32 (2025), No. 2, 585-603

Conical Points of Convex Surfaces:
Generalized Unit Normal and Angle Defect

Domenico Mucci, Alberto Saracco

Dipartimento di Scienze Matematiche, Fisiche ed Informatiche (SMFI)
Universita di Parma, Italy
domenico.mucci@Qunipr.it, alberto.saracco@unipr.it

Dedicated to Ralph Tyrrell Rockafellar on the occasion of his 90th birthday.

Received: July 29, 2024
Accepted: August 19, 2024

Given a conical point of a convex surface, a robust notion of generalized unit normal is introduced.
Its relationship with the polar to the tangent cone implies the BV regularity of our unit normal. We
then show that the area of the geodesically convex hull of its image, called angle defect, describes
the energy concentration of the Gauss curvature of smooth surfaces approximating the tangent
cone at the conical point.
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1. Introduction

In the study of extremum problems in many areas of applied mathematics, convexity
plays an increasingly important role. For a self-contained account of the recent
developments of the theory of convex sets and convex functions we refer to the
monograph [22] by Professor R.T.Rockafellar, to whom we are very pleased to
dedicate this paper.

Second order invariants of smooth oriented surfaces in 3D are encoded by the graph
of the Gauss map, the function defining the unit normal at any point of the surface,
see [10]. Concerning non-parametric surfaces given by the graph of bounded and
convex functions (that is, by pieces of the boundary of a 3D convex body), the
unit normal is well defined at the full 2D-measure set of regular points. Moreover,
as observed in [9], it is a function of bounded wvariation. The Jump component
of its distributional derivative contains the relevant information about the set of
ridge points: they are points where the tangent cone is the union of two half-planes
meeting at a line, whose orientation is identified by the one-sided limits of the unit
normal. Therefore, in an unspecified sense, convex functions may be viewed as
functions with bounded hessian, that provide the functional framework in order to
study e.g. plastic behavior without hardening of plates, compare [12].

Complementary to regular and ridge points is the at most countable set of conical
points. In mechanics, a conical point is e.g. obtained when deforming a flat surface
through a punching. However, analytical properties at conical points of convex
surfaces cannot be analyzed by means of the previous functional setting. On the
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other hand, in all examples one has in mind, one checks the existence of a “normal”
to the oriented convex surface that is defined around a conical point, whose image
in the Gauss sphere S? collects the information of the tangent cone.

The aim of this paper is to give a robust notion of generalized normal at conical
points P of a convex surface. Our normal is a function § — vp(f) of the angle
identifying the outcoming direction at a conical point, taking values into S%. Its
definition clearly depends on the directional derivatives of a local parameterization
of the convex surface around the point P, see Proposition 4.1. The BV regularity
of the function vp is the first main result of this paper, and we now briefly describe
how it is obtained.

Let 00 be the convex surface given by the boundary of a convex body € in R3
with non-empty interior. For each point P at 9€), up to a rigid motion, we have
P = (Ogz, Ap) for some Ap > 0, and the tangent cone ¥p is equal to the graph of a
function op : R*> — R such that op(0gz) = A\p. Denote by cp the convex spherical
curve identified by the intersection of the tangent cone Xp with the unit sphere
centered at P, i.e.,

cp={2—P|ze€%p,|z—P|=1} CS%

Then, cp is a rectifiable and closed curve with finite geodesic total curvature, say
TCs2(cp) < 0o. Referring to Section 2 for some notation and background material,
and using results taken from [20], in Theorem 3.2 we show the existence of a convex
and closed spherical curve yp, whose length is equal to TCg2(cp), that agrees with
the limit of the polar curves of any sequence of inscribed spherical polygonals con-
verging to cp. Therefore, the curve vp will be called polar to cp, and we also denote
by Np the spherically convex region of the Gauss sphere enclosed by the polar vp.

In Theorem 4.3, we then prove that the set Np agrees with the geodesic convex
hull of the image of the generalized unit normal vp. Therefore, Np may be called
generalized normal cone. As a consequence, in Proposition 4.4 we obtain that vp is
a function of bounded variation.

We now call angle defect of the convex surface at P the area AD(P) of Np. Note
that AD(P) = 0 if P is a regular or ridge point, whereas AD(P) > 0 if P is a
conical point. In that case, in fact, the polar vp is a non-degenerate, simple, convex
curve.

If P is a conical point, one expects that (in a weak sense) the Gauss curvature of
the tangent cone X p is concentrated at the point P, where it is described by a Dirac
measure ¢ with a positive weight equal to the angle defect AD(P). This is the
content of our second main result.

Assume first that the spherical curve cp is smooth, and recall that op is the function
whose graph is equal to the tangent cone ¥ p. If P is a conical point, then op is not
differentiable at the origin. However, in Proposition 5.1 we show the existence of a
smooth sequence {0} C C°°(B?) such that o, — op uniformly in B?, and

K (z,00(2))[\/1+ |Vor(2)|> £L2L B> — AD(P) 00,

weakly-* in the sense of the measures, as k — oo, where K = K(z,04(x)) is the
Gauss curvature of the graph G,, of o, at the point (x, o (x)).
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Moreover, lim K| dH?* = AD(P).

k—o0 go_k
Furthermore, Theorem 5.2 extends the latter result to any point P of the convex
surface 0f2.

We conclude this introduction by giving a short (and not exhaustive) list of recent
regularity results in this framework. We first recall that boundaries of convex bodies
with non-empty interior are surfaces with curvature measures in the sense of Federer
[15], compare e.g. [9], whereas the Radon-Nikodym derivatives of curvature and
surface area measures of convex bodies (as Hessian measures) have been studied
in [14]. Moreover, a thorough analysis of non differentiability points of convex
functions is given in [3], see also the survey paper [7], and we refer to [1] for a
study of the structure properties of the singular set. Also, the fine properties of
subgradients of convex and lower semicontinuous functions obtained by Alexandrov
[5], can be recovered by viewing them as a particular class of monotone functions,
see [2]. Finally, Lusin-type properties of convex functions and convex bodies have
been recently analyzed in [11].

Acknowledgments. The research of the authors was partially supported by the
GNAMPA of INDAM.

2. Preliminary results

We collect some well-known properties of curves in Euclidean spaces. We then focus
on spherical curves, recalling some results from [21] concerning rectifiable curves
with finite geodesic total curvature. We refer to Secs. 3.1-3.2 of [8] for the notation
adopted on one-dimensional functions of bounded variations.

2.1. Length and total curvature

Consider a curve c in the Euclidean space R? parameterized by the continuous map
c : [a,b] — R3. Any polygonal curve p inscribed in ¢, say p < ¢, is obtained by
choosing a finite partition D := {a =ty < t; < ... < t;_1 < t,, = b} of [a,b], say
p = p(D), and letting p : [a,b] — R3 such that p(t;) = c(¢;) for i = 0,...,m, and
p(t) affine on each interval I; := [t;_1,t;]. We call meshp the maximum length of
its edges. The length L(c) of c is defined by

L(c) = sup{L(p) | p < c}

and c is said to be rectifiable if L(c) < oo. By uniform continuity, for each ¢ > 0 we
can find § > 0 such that meshp < ¢ if meshD < § and p = p(D). As a consequence,
taking p, = p(D,), where {D,} is any sequence of partitions of [a,b] such that
mesh D,, — 0, we get mesh p,, — 0 and hence the convergence L(p,) — £L(c) of the
length functional. Finally, the curve c is rectifiable if and only if the function c is
of bounded variation, say ¢ € BV((a,b), R?), and in that case

L(c) = Vargs(c) = |Dcl(a,b) .

In particular, if ¢ € C'([a, b], R?) we get L(c) = [ ||e(t)] dt < oo.
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Definition 2.1. The Fréchet distance d(cy, cs) between two rectifiable curves is the
infimum, over all strictly monotonic reparameterizations, of the maximum pointwise
distance.

Therefore, if d(cy,cy) = 0, the two curves are equivalent in the following sense:
homeomorphic reparameterizations that approach the infimal value zero will limit
to the more general reparameterization that might eliminate or introduce intervals
of constancy, compare [23].

Moreover, if {c;} is a sequence of rectifiable curves in R? such that d(cj,c) — 0 as
h — oo for some rectifiable curve c, then by lower semicontinuity

£L(c) < liminf £(cy). (1)

h—o00

We call rotation k*(p) of a polygonal curve p in R? the sum of the exterior angles
between consecutive segments. Milnor [18] defined the total curvature TC(c) of a
curve ¢ in R? by

TC(c) :=sup{k’(p) | p < c}.
Then TC(p) = k*(p) for each polygonal p. Moreover, if a curve ¢ has compact
support and finite total curvature, TC(c) < oo, then it is a rectifiable curve.

Assume now that a rectifiable curve c is parameterized by arc-length, so that we
have ¢ = c(s), with s € [0, L] = I, where I}, := (0, L) and L = L(c). If ¢ is smooth
and regular, one has TC(c) = fOL k| ds, where k(s) := &(s) is the curvature vector.
More generally, since ¢ is a Lipschitz function, by Rademacher’s theorem (cf. [8,
Thm. 2.14]) it is differentiable £'-a.e. in Ij. Denoting by f := 4 f the derivative
w.r.t. arc-length parameter s, the tantrix t = ¢ exists a.e., and actually t : I, — R?
is a function of bounded variation. Since moreover t(s) € S? for a.e. s, where S? is
the Gauss sphere
S*={z€eR®: |z| =1}

we shall write t € BV([1,S?). The essential variation Vargz(t) of t in S? differs
from Vargs(t), as its definition involves the geodesic distance dg2 in S? instead of
the Euclidean distance in R?. Therefore, Vargs(t) < Varsz(t), and equality holds if
and only if t has a continuous representative. More precisely,

Vargz(t):/o Blds + " dea(b(s+), b(s—)) + | DOt (I1) (@)

s€Jy

whereas in the formula for Vargs(t), which is equal to |Dt|(Iy), one has to replace
at each jump point s € J; in (2) the geodesic distance dgz(t(s+),t(s—)) with the
Euclidean distance [t(s+) — t(s—)] .

The following facts hold:

(i) if p and p’ are inscribed polygonals and p’ is obtained by adding a vertex in ¢
to the vertices of p, then k*(p) < k*(p’);

(ii) if c has finite total curvature, for each point v in ¢, small open arcs of ¢ with
an end point equal to v have small total curvature.
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As a consequence, compare [23], it turns out that TC(c) = Varg:(t), see (2), and
the total curvature of ¢ is equal to the limit of k*(p,) for any sequence {p,} of
polygonals in R? inscribed in ¢ such that meshp,, — 0. More precisely, if t,, is the
tantrix of p,, then Varg:(t,) — Varg:(t).

2.2. Geodesic total curvature of spherical curves
We now consider curves supported in the unit sphere S? of R3.

If ¢ is a smooth and regular curve in S?, parameterized by arc-length, the unit
tangent vector t(s) := ¢(s) satisfies t @t = 0. In consequence the curvature vector
k(s) := t(s) is orthogonal to t(s). Since the unit normal n(s) = c(s), denoting by

u(s) :=n(s) x t(s) the unit conormal, we get
k(s) = R,(s)u(s) — n(s).

The triad (t,n,u) is called Darboux frame, whereas £, := k o u is the geodesic
curvature of ¢, and the normal curvature is equal to —1. The geodesic torsion is
equal to zero, and the Frenet-Serret formulas in R? are equivalent to the Darboux
system: .
t=RK,u—-n, n=t, u=-K{t.

Let p be a polygonal in S?. The geodesic rotation ks2(p) of p is the sum of the
turning angles between the consecutive geodesic arcs of p. The polygonal p is said
to be inscribed in a curve c : [a,b] — S? if it is obtained by choosing a partition
a<ty<ty <---<t, <band connecting with geodesic segments the consecutive
points c(t;) of the curve. Note that one has TC(p) = ke2(p) + L(p).

For a general curve ¢ supported in S?, we denote by Ps2(c) the class of polygonals
in S* which are inscribed in ¢. The following property has been proved in [13,
Thm. 3.4].

Theorem 2.2. Let ¢ be a reqular curve in S? of class C?, parameterized by arc-
length. Then, for any sequence {p,} C Psz(c) such that meshp, — 0, one has

L
lim kgz(pn)—/|ﬁg|ds—/ 1Ry (s)] ds
n oo c 0

As a consequence, one is tempted to define the geodesic total curvature of a curve c
in S? as in the Euclidean case, i.e., by the supremum of the geodesic rotation kg (p)
computed among all the polygonals p in Pg2(c). However, as observed in [13], since
S? has positive sectional curvature, the analogous to the monotonicity property (i)
fails to hold, and the definition does not work.

Example 2.3. Let ¢ be a parallel which is not a great circle. If p,p’ € Ps2(c),
where p’ is obtained by adding a vertex in ¢ to the vertices of p, then

kg2 (p) > kgp (p/) > /’ﬁg’ ds.

In order to overcome this drawback, the good intrinsic notion turns out to be the
one proposed by Alexander-Bishop [4], that goes back to the one considered by
Alexandrov-Reshetnyak [6].
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For this purpose, compare e.g. [17], we recall that the modulus p.(p) of a polygonal
p in Psz(c) is the maximum of the geodesic diameter of the arcs of ¢ determined by
the consecutive vertices in p. For € > 0, we also let

Ye(c) :=={p € Ps2(c) | pe(p) < €} .
Definition 2.4. The total intrinsic curvature of a curve ¢ in S? is

TCsz(c) := lim sup{ks:(p) | p € X:(c)}.
e—0t

Clearly, the above limit is equal to the infimum as € > 0 of sup{ks2(p) | p € ¥.(c)}.
Moreover, arguing as in [17, Prop. 2.1], for a spherical polygonal we always have
TCs2(p) = ks2(p). If, for example, ¢ = ¢y, is the parallel with constant co-latitude
6y €]0,7/2], one has TCs2(cy,) = 27 cosbp. In particular, TCsz(cy,) = 0 if and only
if 6y = /2, so that c, s is a great circle, whence a geodesic in S*. Most importantly,
compare [6, Thm. 6.3.2], one has:

Proposition 2.5. The geodesic total curvature TCg(c) of any curve ¢ in S* is
equal to the limit of the geodesic rotation ks2(pp) of any sequence of polygonals
{pr} C Ps2(c) such that pc(pn) — 0.

Proposition 2.5 fills the gap given by the lack of monotonicity observed in Example
2.3, yielding to the conclusion that Definition 2.4 involves a control on the modulus
and not on the mesh.

As a consequence, by Theorem 2.2 one infers that for smooth curves ¢ in S? one
has TCs2(c) = [, |Ry|ds. By [13, Cor. 3.6], for piecewise smooth curves ¢ in S* one
similarly obtains that

TC(c) = /O Ry5) ds+ 3 el (3)

In this formula, the integral is computed separately outside the corner points of c,
where the geodesic curvature £, is well-defined, and the second addendum denotes
the finite sum of the absolute value of the oriented turning angles «; between the
incoming and outcoming unit tangent vectors at each corner point of c. Therefore,
for piecewise smooth curves we can rewrite formula (3) as

TCSZ(C)Z/O toulds+ ) ds(t(s+),t(s—)).

sEJt

For a curve c in §?, we clearly have TCgs:(c) < TC(c), but it is false in general that
if TCg2(c) < oo, then also TC(c) < oo. If one e.g. takes a curve in S? that winds
around an equator infinitely many times, its total intrinsic curvature is zero but its
length and total curvature are both infinite. Dealing with rectifiable curves ¢ in S,
one instead has
TCgs(c) < 00 <= TC(c) < 0.

Assume now that ¢ : I, — S? C R? is a rectifiable spherical curve parameterized
in arc-length, where I, = (0,L) and L = L(c). If TCs2(c) < oo, then the curve
is one-sidedly smooth in the sense of [6, Sec. 3.1], i.e., it has a left and a right tangent
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T.(s) at all points c(s) in the so called “strong sense”. This implies that for each
s € I and 0 > 0, we can find € > 0 such that any secant inscribed in the arc ¢ (s ¢
forms with the straight line T, (s) an angle less than J, and similarly for the left
tangent.

Furthermore, recalling that the tantrix t is a function of bounded variation, the
weak conormal u € BV([,S?) is well defined, u(s) € T)S* for a.e. s € I, and
one has

D =u(ue D)
i.e., the Cantor component Dt of the distributional derivative of the tantrix is
tangential to S2.

The previous discussion motivates the introduction of the energy functional:

F(t) ;:/0 boulds + [DC|(12) + 3 dea (t(5+), (5—)) (@)

s€Jg

where, we recall, t ® u is the tangential component of the differential of the tantrix
t := ¢, so that |[t| > |t e u|. Therefore, by (2) we clearly have F(t) < Varg:(t),
where strict inequality holds in general.

By exploiting a suitable notion of weak parallel transport, and a generalized Gauss-
Bonnet theorem, in [21] we proved that for any rectifiable curve c in S* with finite
geodesic total curvature, one has: TCs2(c) = F(t).

3. Polar to spherical curves

Fenchel [16] in the 1950’s exploited the spherical polarity of the tangent and binormal
indicatrix in order to analyze differential geometric properties of smooth curves in
R3. In his survey, Fenchel proposed a general method that gathers several results
on curves in a unified scheme.

In this section, we introduce a notion of polar of any rectifiable spherical curve with
finite geodesic total curvature, by exploiting polarity along inscribed approximating
polygonals. For the sake of simplicity, we only consider closed curves, the case of
open curves being treated in a similar way.

Let p be a closed and oriented spherical polygonal in S?. Then, the support of p
is the union of m non-trivial geodesic arcs «;, where 7; has initial point z;_; and
end point z;, for i« = 1,...,m, and we let z, := 2. We denote by b, € S? the
“north pole” corresponding to the great circle passing through ~+; and with the same
orientation as ;, and we let b, 1 := b;. For i = 1,...,m, we also denote by I'; a
minimal geodesic arc in S? with initial point b; and end point b,,;. Note that I'; is
uniquely determined if b;y; # —b;.

Definition 3.1. We call polar of the spherical polygonal p the closed oriented curve
Yp in S? obtained by connecting the consecutive geodesic arcs I';, for i = 1,...,m.

The polar of p is a spherical polygonal. Moreover, since the length of each I'; is
equal to the geodesic distance between b; and b, 1, and hence to the turning angle
of p at the vertex z;, we have: L(7,) = ke2(p) < 0.
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Furthermore, since polarity is an involutive transformation, we also have

ks2(7p) = L(p) < 00.
Using arguments taken from [20], we prove the following

Theorem 3.2. Let ¢ be a rectifiable and closed spherical curve with finite (and non-
zero) geodesic total curvature, T := TCg2(c) < co. There exists a rectifiable curve
Ye : [0,T] — S* parameterized by arc-length, so that

L(7e) = TCg(c),

satisfying the following property. For any sequence {pn} of inscribed closed polyg-
onals, let v, : [0,T] — S? denote for each h the parameterization with constant
velocity of the polar ~yp, of Pn, whence

L) = L(vp,) = ks2(Pr) Vh.

If pe(pr) — 0, then v, — v uniformly on [0,T] and L(y) — L(7e)-

Proof. It is divided into four steps.

Step 1. Choose an optimal sequence {py} of polygonal curves inscribed in ¢ such
that pc(pn) — 0 and T}, — T, where T}, := ks2(pp,) and T" = TCgz(c). For h large
enough so that 7}, > 0, we have L(vp,) = T, and we may and do assume that
Yo, : [0, Tn] — S? is parameterized in arc-length.

Define 7y, : [0, 7] — S? by vi(8) := 7p, ((T/T)s), so that || yn(s)|| = Tn/T a.e., where
T,/T — 1. By Ascoli-Arzela’s theorem, we can find a (not relabeled) subsequence
of {v,} that uniformly converges in [0,7] to some Lipschitz continuous function
v :10,T] — S?, and we denote 7 = .

Step 2. We claim that a subsequence of {¥,} converges to 4 = 4, strongly in L.
As a consequence, we deduce that ||| = 1 a.e. on [0, 7], and hence that

L) = / Ie(s)ll ds = T = TCs(c) .

In order to prove the claim, we let 75, denote the tantrix of the curve ~;, so that
Th(8) = Yn(5)/||7n(s)| for a.e. s. Then, 75, has essential total variation in S? lower
than the sum L(7p,) + ks2(7p,), that we already know to be equal to the sum
L(pr) + ks2(pp). Therefore, there exists h such that

Varg:(7,) < 2(L(c) + TCs2(c)) < oo, Vh>h.

As a consequence, recalling that ||§,(s)|| — 1 for a.e. s, by compactness, a (not
relabeled) subsequence of {4,} converges weakly-* in the BV-sense to some BV-
function v : [0,T] — S%

We show that v(s) = 4c(s) for a.e. s € [0,T]. This yields that the sequence {43}
converges strongly in L' (and hence a.e. on [0,77]) to the function ..
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In fact, using that by Lipschitz-continuity
w(s) =n@+ [ mOdr ¥se
0
and setting V(s) :=7.(0) + / v(A)dA, s € 0,7
0

by the weak-* BV convergence ~y, — v, which implies the strong L' convergence, we
have v, — V in L*°, hence 4, = V = v a.e. on [0,T]. But we already know that
Yh — Ve in L, thus we get v = ..

Step 3. Let now {p.} denote any sequence of closed polygonal curves inscribed in
c such that pc(pn) — 0. We claim that possibly passing to a subsequence, the polar
curves 7, converge uniformly (up to reparameterizations) to the curve 7.

In fact, we recall that the polar to a polygonal spherical curve p is defined in terms
of vector products of couples of consecutive points of its geodesic segments, the
vector product being continuous. Moreover, the Frechét distance between the two
sequences {py} and {pn} goes to zero, since

d(Pn, Pr) < d(Pr,c) + d(Pr, c).

Whence, the polars of p;, and of p, must converge uniformly (up to reparameter-
izations) to the same limit function. Therefore, the sequence 75, converges in the
Frechét distance to the curve . obtained in Step 1.

Step 4. Now, if {p} is the (not relabeled) subsequence obtained in Step 3, by
repeating the argument in Step 1 we infer that the limit function v = 7, is unique. As
a consequence, a contradiction argument yields that all the sequence {~;,} uniformly
converges to 7. and that the limit curve v, does not depend on the choice of the
sequence {p,} of inscribed polygonals satisfying pe(pn) — 0. Therefore, the curve
Ye is identified by c. Arguing as in Step 2, we finally infer that £(y) — L(7c), as
required. O

The curve 7. obtained in Theorem 3.2 may be called polar to the curve c.

For future use, we finally note that if ¢ is a geodesically convex, simple, and closed
spherical curve, then £(c)+TCsz(c) < oo, and the support of ¢ is contained in a half
sphere of S?2. Each inscribed polygonals pj, is convex, and hence the polar curves
Yp,, are geodesically convex, too. Since moreover d(py,c) — 0, and the convergence
in distance preserves the convexity property, we obtain:

Corollary 3.3. Ifc is a closed, simple, and geodesically convex spherical curve, the
polar 7. s closed and geodesically convez, too.

4. The generalized normal at conical points

Let Q be a bounded convex set in R"™! where n > 2, with non-empty interior (i.e.,
a conver body in R™™) and let O € int Q. For any point P in the boundary 92
of ), there exists a neighborhood U of P such that & N 92 can be viewed as a
non-parametric hypersurface.
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We choose an orthonormal frame (z1,...,z,,y) centered at the point O in such a
way that P = Ape,q for some Ap > 0, where (ey,...,e,,e,11) is the canonical
basis defining the frame. Further, we denote by x = (x1,...,z,) the coordinates on
R™ := span{ey,...,e,}, and by y the coordinate on the “vertical” direction e, .
Then, letting B! := {z € R" : |z| < r}, there exists r = rp > 0 such that

00N (Byx]0, +o0]) = {(z,y) e R" |z € B!, y = up(2)}

for some bounded and concave function up : B! — RT. For each direction v in
OB} :={v € R" : |v| = 1}, since the differential quotient along radial directions is
monotone, the limit

Oyup := lim up(hv) —up(Oe-) o (5)
h—0t h

is a real number, and the tangent cone ¥ p to 0€) at P is determined by the directional
derivatives d,up. More precisely, Xp is given by the graph of a concave function
op : R" = R such that op(Ogn) = Ap and

O—P('T) = Ap+ aszp |~T’ , X 7é Ogrn ,  Ugp 1= —, (6)
so that we have:
EP:{(ORna)\P)+h<vaavuP) | hZO, UE&BIL} (7)

Denote by H* the k-dimensional Hausdorff measure in R"*'. Then, for H"-almost
every point P in 0, the tangent cone X p is an affine n-space satisfying the equation
y = Ap + ap ® z in the given frame coordinates, where ap € RY and e denotes the
scalar product. In that case, P is called a regular point, and one has ap = Vup(Ogn)
and O,up = ap e v for each v € OBY.

If P is a ridge point, after a rotation around the e, -axis, and using the two
alternatives + by the sign, we find two vectors alig € R” satisfying the compatibility
conditions apee; # apee; and apee; = ahee;, Vi =2,...,n,such that d,up = afev
for each v € 0* By, where

OBy :={v e dB} | +tvee >0}.
Therefore, this time Y p is the union of the two half-spaces Eli; given by
Y5 ={(z,y) eER"™ | £ ee; >0, y=Ap+afex}.

At regular points P, the outward unit normal to 0f2 is given by

np = (—ap, 1)//Jar? + 1,
and it identifies a point in the Gauss hypersphere
S":={z € R*"! . |z| = 1}.

Instead, at ridge points, two unit “normals” n% := (—a}, 1)/+/ |aP£|2 + 1 appear, the
normal cone is degenerate, and it is identified by the geodesic arc connecting the
points nlji in S™.

In general, there exists an at most countable set of points P in 02 that are neither
regular nor ridge points: they are called conical points.
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We wish to describe the normal cone at a conical point P through a generalized
outward unit normal in the Gauss hyper-sphere S”, in such a way that the angle
defect at P is described by the n-dimensional area of the geodesic convex hull in S™
of the image of our unit normal. We only consider the case of dimension n = 2.

4.1. The generalized unit normal
Assume now n = 2. With the previous notation, we identify directions in the
unit circle 9B7 with the angle 6 € [0,2x[, so that, in polar coordinates, we have
OB? = {vg := (cosf,sin @) | 6 € [0,27[}. We also define:

vy = (—sinf, cosh),

and note that since sine = € + o(e) and cose = 1 + o(e), we have:

Ve — vg = vy + (0(e), 0(€)) . ()

Proposition 4.1. For every 6 € [0, 2], there exists ap(f) € R such that

Ovg, Up = Opyup +ap(@)e+o(e), Ve>0. (9)

Therefore liy (102 90ouP) X (Vote, Ovgy . up)
’ e—07T ‘(U97 aveuP) X (’09+€7 8ve+suP>‘

B (ap(é') sinf — Oy, up cos, —ap(f) cosd — dy,up sin b, 1)

\/1 + aUQUP2 + ap(0)2

Proof. The function z — 0,(z) — Ap = 0,,up |z| being concave, by computing the
differential quotient at the point = Oz + vp in the direction of vy, it turns out
that for each 6 € [0, 27[, and for € > 0 small,

Opg,.up — cOSE Dy, up

€= -
sine

is a bounded and monotone function, whence

Opg..up — COSE Dy, Up

cR,

ap(f) = lim :
50+ sine

and the first formula readily follows. Let now (€, €2, €3) be the canonical basis in
R?, and denote for simplicity w(0) := dy,up and w(e) := Oy, up. For e > 0, we
first compute

[(ve, w(0)) X (vgte, w(e))] @ €1 =sinf(w(e) — w(0) cose) — cos bw(0) sine,
[(vg,w(0)) X (vVgye,w(e))] ® €2 = —cosB(w(e) — w(0) cose) — sin fw(0) sine,

[(vg,w(0)) X (vVgse,w(e))] ® €3 = sine.
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Using w(e) = w(0) + ap(f) e + o(e), we get:
(V942 w(e)) x (vg, w(0))
= ((ap(0) sinf — d,,up cosb)e + o(e), (—ap(d) cosd — dy,up)e + o(e),e + o(e)) ,

and hence lim (Vg+e,w(e)) x (v, w(0))
e—0*t e

= (Ozp(e) sinf — 0y, up cosd, —ap() cosf — Oy,up sinb, 1) ,

where

|(ap(t9) sin@ — 0y, up cosf, —ap(f) cos —0,,up sinb, 1)| = \/1 + aveuPQ + ozp(Q)Q.

The limit readily follows. [

Let now ¢p : 0B? — R? be the function given by
ep(vg) == ((ap(8), Dpup) vy, (ap(0),0p,up) ® vg), 0 €[0,2n], (10)

so that ©p(ve) @ vg = Dyup, op(vg) @ vy = ap(f).

We can re-write equation (6) as:
ap(x):)\p+gpp<|i> er, T #Ope, (11)

whereas in Proposition 4.1 we have obtained:

li (0978119“13) X (U9+E’8Ue+sup) _ (_@P(UQ)’ 1) (12)

11m .
e—=0t |(U9a aveuP) X (U9+E, 81)9+EUP)| v 1+ ‘@P(v0)|2

Finally, note that we actually have:

(vg, Dnyuup) X (vy, ap(0)) = (—pp(vg), 1), VO € 0,2n]. (13)

Definition 4.2. We call the function vp : [0, 27[— S? given by

VP(9> . (—pp(vg), 1)

VT COlEh

generalized unit normal, where pp(vg) € R? is given by (10), with 9,,up the direc-
tional derivative in (5), and ap(f) € R the real number in (9).

If P is a ridge point, when 6 € [0, 7] we have d,,up = a}, ® vy, so that by (8) we
obtain that ap(f) = a}, e vy, and hence pp(vg) = ap. Similarly, pp(vg) = ap when
0 € [r,2n[, and definitely

vp(f) =n35 if +cosd > 0.
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4.2. The polar curve of the normal

Let P € 99, where 2 C R? is a convex body. Consider the function cp : [0, 27| — S?

given by
CP(Q) = (v97av9uP)

A/ 1+ 8U9up2

for 6 € (0,27, and cp(2m) := cp(0). By the previous construction, it defines a
closed, simple, and geodesically convex spherical curve. According to Theorem 3.2,
we denote by vp = v, the polar of cp.

By Corollary 3.3, we already know that yp is a closed and geodesically convex
spherical curve. In the smooth case, since by (9) we get 0p[0y,up] = ap(f), using
(13) we infer that vyp agrees with the spherical curve 6 — vp(#). More generally, we
have:

Theorem 4.3. Let P be a conical point. Then, the region of the Gauss sphere S
enclosed by the polar vp of the curve cp agrees with the geodesic convex hull of the

image {vp(0) : 0 €0,27]} C S? (14)

of the generalized unit normal vp.

Proof. Since P is a conical point, the polar vp is a simple curve. In fact, if yp is not
simple (and non-degenerate), being convex its support is equal to a geodesic arc that
is parameterized twice. Since polarity is involutive, the support of cp has the same
structure, and hence P must be a ridge point. We also denote by vp : [0, L] — S?
an arc-length parameterization, where L is the length of vp.

For a fixed 6 € [0,2n[, we choose a sequence {p,} C Psz2(cp) of inscribed closed
spherical polygonals with y.,(pn) — 0 and such that cp(f) is a vertex of each py,.
For any h, we choose €, > 0 in such a way that cp(6 + £5,) is the vertex following
cp(f) of the polygonal py. Since e, (pr) — 0, by possibly taking a subsequence,
we have that e, N\, 0. Therefore, the limit (12) and Definition 4.2 give:

Vg, Opup) X (Vote,, Opp.. U
fin (20 Ouatp) X (vove,; Ougy, ) = vp(f). (15)
h—o0 |('U9>avguP) X (U9+Eh78v0+shuP)|

On the other hand, for every h there exists A;, > 0 such that
(ve, Doytup) X (Voteys Ongy., ur) = Anb(h),

where b(h) € S§? is the polar point of the oriented geodesic arc between cp(6) and
cp(0 + €,). Therefore, on account of Definition 3.1 of polar of p,, by Theorem 3.2
we infer that the sequence {b(h)} converges to a point in the support of the polar
of the spherical curve cp. Using (15), we can thus find ¢(0) € [0, L[ such that

vp(0) = vp(L(0)). (16)

Up to a translation of the arc-length parameter of vp, we may and do assume that
t(0) = 0. Then, by the convexity of the curve 7p, it turns out that the parameter
function 6 +— t(f) is non-decreasing, i.e., for any 0 < 6, < 6; < 27, we have
t(6p) < t(6y). Finally, the thesis readily follows from the previous facts. N
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As a consequence, we obtain:

Proposition 4.4. Let P be a conical point. Then, the function 6 — vp(0) has
bounded variation, vp € BV((0,27),S?). Moreover, if vp(8) — vp(0) as 0 — 27—,
its total variation in S? is equal to the length of the spherical polar curve vyp, i.e.,

VaI'SQ (Vp) = ,C(")/P) . (17)

Proof. By the monotonicity property of the function 6 — ¢(0) yielding to equation
(16), and since vp is a convex curve, it turns out that vp is a function of bounded
variation. If vp is not continuous, we choose 6y €]0,27[ in the at most countable
set of discontinuity points of vp. Then, denoting by vp(6y+) € S? the left and right
limits of vp at 6, it turns out that the geodesic distance between the two points is
equal to the length of a geodesic arc lying in the support of vp and connecting the
points _ ‘
Hltl(%é)— e(l) Hltl(%;w el
On the other hand, if vp is continuous at some closed interval [y, 6], the total
variation | Dvp|(6, 01) is equal to the length of the arc of vp with end points yp(¢(6p))
and yp(t(61)). Therefore, equation (17) follows from definition (2), where t = vp.
O

Remark 4.5. If vp(0) # limgy_,9,- vp(#), we similarly obtain that the length of vp
is equal to Vargz(vp) plus the length of the minimal geodesic arc between the points
limy 9.~ vp(#) and vp(0).

Our previous result implies that the polar curve vp can be obtained from the gen-
eralized unit normal vp by means of the same argument leading to the notion of
complete tantriz, in the sense of Alexandrov-Reshetnyak [6]. To this purpose, we
recall that if e.g. c is a rectifiable open curve in R? with finite total curvature,
parameterized in arc-length, the approximate derivative ¢ is a function of bounded
variation in BV (I1,S?). Then, the complete tantrix t. is obtained by connecting
with geodesic arcs the points ¢(s+) € S?, where s € I}, is any discontinuity point of
¢, and actually

TC(c) = Vargz2(¢) = L(t.) .
Motivated by Theorem 4.3, we finally give for any P € 0f2 the following
Definition 4.6. We call generalized normal cone Np the geodesic convex hull of

the set (14), i.e., the region of the Gauss sphere S? enclosed by the polar vp of the
curve cp.

5. The angle defect

Let © be a convex body in R3. For any point P € 99, we call angle defect of 99 at
P the area AD(P) of the generalized normal cone Np given by Definition 4.6, i.e.,
AD(P) := H*(Np) .

Note that AD(P) = 0 if P is a regular or ridge point, whereas AD(P) > 0 if
P is a conical point. In that case, in fact, the polar vp is a non-degenerate sim-
ple curve. More precisely, Theorem 4.3 says that the angle defect is equal to the area
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of the spherically convex region enclosed by the polar vp of the spherical curve cp
generated by the tangent cone Xp to 02 at P.

Assume now that the function ¢p in (11) is smooth. Then, the graph of op is a
non-parametric conical surface with zero Gauss curvature outside the point (Ogz, Ap),
and the angle defect AD(P) agrees with the area of the region in S? enclosed by
the spherical curve vp. If, for example, op(x) = Ap — m|z|, where m > 0, we have
wp(vg) = —muyg, and hence vp(0) = (mwvy,1)/v/1 4+ m? for each 6 € [0, 27[, so that

AD(P) = 21 (1 - ﬂiw) .

In the smooth case, moreover, if op is not differentiable at the origin, in a weak
sense we can say that the Gauss curvature of the graph surface is concentrated
at the singular point (Ogz, Ap), where it is described by a Dirac measure ¢ with a
positive weight equal to the angle defect AD(P).

To this purpose, we recall that if o : B> — R is a smooth function, denoting by
K the Gauss curvature of the graph surface G,, since v/1 + |Vo(z)|? dx is the area
element of the parameterization x +— (z,0(x)), by the area formula we have:

; K| dH?* = /32 K(z,0(x))|\/1+ |Vo(z)|?dx,

where (compare e.g. [19])

L 1 81710'(1') 81’20'(17) 2
K(z,o(x)) = T Ce@P)y det ( D1a0(x) rao() ) , T € B*.

With the previous notation, we in fact have:

Proposition 5.1. Assume that the function pp in (11) is smooth. Then, there
exists a smooth sequence {o},} C C*(B?) such that o, — op uniformly in B%, and

K (z,00(2)) /1 + |Vor(2)|]? £L2L B> — AD(P) 00,2

weakly-* in the sense of the measures, as k — oo. Moreover,

lim |K|dH? = AD(P). (18)

k—o00 Go

Proof. Let ¢ : [0,+00) — R be a weakly increasing, smooth and convex function
such that ¢(p) =0if 0 < p < 1/4, and ¢(p) = p—1/2if p > 1. For k € Nt define
O'k(OR2> = )\p and

X

on(x) = Ap + %w(k’\x!) or( ) Dowe B\ {0ms).

|z
Each oy, is a smooth function, and by equation (11) we readily estimate
1
ok — 0plloo.52 < % max{|pp(ve) @ vg| : 6 € 0,27} Vk,

so that uniform convergence follows from the smoothness of the function ¢p.
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Since moreover ¥ (kp) = 0 if p < 1/(4k), the Gauss curvature of the graph surface
Gs, is possibly non zero only at points (z,04(z)) such that 1/(4k) < |z| < 1. By
the area formula we thus obtain

/ K| dH? = I}, + I,
Yoy,

where, letting Ay, := B} i\ Bl/(4k and By, := B? \Bl/k7 we have denoted

I = | |K(z,01(2)|\/1+|Vor(z) > de, I} = \K z,05(x)) |/ 1+|Vog(z)|? dx .
Ak

Recalling that op is concave and 1 convex, it turns out that oy, is a concave function

on Ag. As a consequence, the integral [ is equal to the area of the geodesically

convex set enclosed by the unit normal n to the graph G, computed at points

(x,0k(x)), where |x| = 1/k. On the other hand, using polar coordinates we infer
that n(zx,ox(z)) = _zera) D) if r=1u 6 € [0,2n]
y Uk 1+|§0P(U9)|2, L 0> ) .

Therefore, by Definition 4.2 of generalized unit normal, the latter geodesically convex
set is equal to the normal cone Np, see Definition 4.6, and hence its area agrees with
the angle defect AD(P), so that I, = AD(P) for all k.

Moreover, using that k= (kp) = p — 1/(2k) for 1/k < p < 1, we obtain

e /2” 1/(8)*/ (k)
1, = — do | dp.
T 1/k< o 1@+ 0-yenyrer )

Hence, by the smoothness of f and by dominated convergence we infer that II, — 0
as k — 00, so that the limit (18) holds true. Since the weak-* convergence follows
from standard arguments of measure theory (see [8]), the proof is complete. 0]

More generally, we finally obtain:

Theorem 5.2. For every P € 0N, there exists a smooth sequence {0} C C*°(B?)
such that o, — op uniformly in B* and the limit (18) holds.

Proof. Since 0,,up = 0,,up as 0 /2w, we can extend 6 — O,,up to a continuous
and 2m-periodic function f : R — R such that f(0) = 0,,up if 8 € [0,27[. By the
proof of Proposition 4.1, we infer that f has bounded variation on each bounded
open interval, and that f has a bounded and 27-periodic right derivative f’ (6) for
each § € R, with f, (0) = a(f) for 6 € [0,27[. In a similar way, we obtain that f
has a bounded and 2m-periodic left derivative f’ () for each § € R. Therefore, f is

a Sobolev map in W, (R), with derivative f'(f) equal to ap(f) for £'-almost every
6 €]0, 27].

Let ¢pn(a) := ho(ha) for h € NT, where ¢ : R — R is a standard symmetric
convolution kernel, i.e., ¢(—a) = ¢(a) > 0 for each «, ¢(a) = 0 if |a] > 1, and

fjl ¢(a) da = 1. Setting
:/R%(Oé)f(@—a)da,
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we find a sequence {f,} C C*°(R) of 2r-periodic smooth functions converging to f
uniformly in R and such that

2 2
lim/ jf,;(e)\dez/ ap(6)] 6,
0 0

h—o00

where by the Sobolev regularity of f
fi(0) = / on(a) (0 — a)da, VOER. (19)
R

According to (11), we then define

opn(x) == Ap + ¢pnu <£> oz, x#Ope,

||

where as in (10) we have set

wrn(ve) = ((fn(0), £1(0)) @ vy, (fu(0), f1(0)) @ vg) , 6 € [0, 2],
so that ¢py(ve) vy = f1(0) and @pp(vg) @ vy = f1(0) for each 0, whereas according
to (13)
(va, fn(0)) x (v, £1(0)) = (—ppn(ve), 1), VO €[0,27].

Therefore, the previous argument yields to the polar curve parameterized by the
smooth function

vpn(0) = —=2ealt) ) g e 1o o).

VI+Tlepn(e)?’

Moreover, by the I/Vlic1 convergence we infer that the sequence {vpy} converges in
the sense of the Frechét distance to the polar curve vp. As a consequence, denoting
by Npy, the region enclosed by the curve vpj,, and by AD(P, h) its area, we obtain
that AD(P,h) — AD(P) as h — oo.

We thus have to show that opj, is a concave function for every h € N*. In fact, by
applying Proposition 5.1 to the smooth function ¢pj, the assertion follows through
a diagonal argument.

Now, by the concavity and Sobolev regularity of the function op, the graph of op
lies below the tangent space Ty, to op at (zg, op(xp)), for L2-almost every xy € R?.
In polar coordinates, for every p > 0 and a.e. 0, with o = puvy, the tangent space
T,, is given by the graph of the function

pug = p f(0) + (F(8)vg + ['(0)vy) & (pvg— pug) = (f(O) ve + f'(8) vy)  pg .
Therefore, property op(x) < T,,(z) is equivalent to
fO+e) < (f(0)ve+ f'(0)vy) ® vose
where we have taken ¢ = 6 — 6. We thus obtain the validity of inequality
f(@+¢e)— f(0) cose — f'(0) sine <0

for a.e. 8 € R and for all € € R.
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Now, using (19), for each h we have

fn(0+¢) — fr(0) cose — fr(0) sine

— /Rgzbh(oz) (f0—a+e)— f(6—a)cose — f'(§ — a) sine) da <0

for every 0, ¢, and h, which implies that the graph of op), lies below the tangent
space to opy, at (zg,0pn(10)), for every xo € R?, and hence the required concavity

of the functions op,. O
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