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1. Introduction

Over the past few decades, the classical notion of convexity and convex analysis have
been extensively studied by prominent mathematicians and experts in applied fields.
However, researchers have also made significant efforts to go beyond convexity by
introducing and studying many generalized convexity notions for sets and functions.
One such notion is the nearly convex set, defined based on convexity by requiring that
the set under consideration lies between a convex set and its closure in the Euclidean
space R"™; see [17, Theorem 12.41]. The concept of near convexity originated in
the work of Minty [10], who defined it in another equivalent form and referred
to it as almost converity. Namely, according to [10, p.135], a set in R" is called
almost convex if it contains the relative interior of its convex hull. A more general
concept of wvirtual convexity for sets in Banach spaces was proposed by Rockafellar
[16], who proved (see [16, Lemma on p.82]) that, in finite dimensions, a set is
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virtually convex if and only if it is almost convex. The study of maximal monotone
operators reveals that the near convexity appears naturally, as their domains are
nearly convex sets. In particular, the domain of the subdifferential mapping of a
proper lower semicontinuous convex function is nearly convex, as discussed in [11]
and the references therein.

Despite being introduced in the early age of convex analysis, the notion of near
convexity had not been systematically studied in the literature until recently in
the papers [2, 11], which provide basic properties and examples of nearly convex
sets, ranges of maximal monotone operators, and ranges and fixed points of convex
combinations of firmly nonexpansive mappings. The new development also creates
opportunities for further study, from nearly convex sets to nearly convex functions
and set-valued mappings. Progress in this direction can be seen in [8], which builds
on the work of Bot, Kassay, and Wanka from [5] on characterizations of nearly
convex sets and functions, useful for investigating strong duality for nearly convex
optimization problems. Further recent studies and applications of near convexity
can be found in [1, 3, 6, 9, 14] and the references therein.

In the present paper, we introduce the concept of nearly convex set-valued mappings
by requiring their graphs to be nearly convex sets. We then examine how near con-
vexity of set-valued mappings and nonsmooth functions is preserved under different
operations. Specifically, we present two distinct proofs that demonstrate how the
sum of two nearly convex functions maintains near convexity, as long as the relative
interiors of their effective domains intersect. Our proofs are direct and allow us to
identify an error in [8, Theorem 4.18]. Then we explore generalized differentiation
for both nearly convex set-valued mappings and nonsmooth functions.

It should be noted that there are still challenging open questions related to nearly
convex sets and functions. For example, to the best of our knowledge, the three
questions raised by Moffat, Moursi, and Wang in [11, p.218] on the domains and
ranges of subdifferential mappings have not been solved so far.

Our paper is structured as follows. In Section 2, we provide an overview of the
fundamental definitions and properties of nearly convex sets, which will be referred
to throughout the paper. In Section 3, we establish basic properties of nearly con-
vex functions and set-valued mappings. Section 4 is dedicated to exploring the
preservation of near convexity under various operations on set-valued mappings and
nonsmooth functions. In Section 5, we develop a geometric approach to generalized
differentiation of nearly convex functions and set-valued mappings.

The paper utilizes standard notions and notations of convex analysis in the Euclidean
space R"™, which can be found in many sources, such as [4, 7, 13, 15]. In the sequel,
we use the notation B(z; p) (resp., B(z;p)) to represent the open (resp., closed) ball
centered at z € R¥ with a radius of p > 0. The affine hull of a subset D C R* is
abbreviated to aff D, while D represents the closure of D, and int D denotes the
interior of D.
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2. Preliminaries

This section provides a brief overview of fundamental definitions and significant
properties of nearly convex sets that are utilized in this paper. For more compre-
hensive information, we recommend referring to [2, 11].

A subset 2 of R" is said to be nearly convez if there exists a convex set C' in R"
such that ¢ C Q C C.

Clearly, any convex set is nearly convex and any nearly convex subset of R is convex.
Meanwhile, in R” with n > 2 there are many nearly convex sets which are not convex.

Recall that the relative interior of an arbitrary set {2 in R" is defined by
riQ = {a € Q| there exists § > 0 such that B(a;d) Naff Q@ C Q}.
It follows from the definition that a € ri{2 if and only if a € aff 2 and there exists

0 > 0 such that
SHen e B(a;d)NnatfQ C Q.

It is clear that if ; C R™ and 25 C RP are nearly convex, then €; x 5 is also
nearly convex.

Although the next proposition can be found in [2], we provide here a detailed proof
for the convenience of the reader.

Proposition 2.1. Let Q be a nearly convex set with C C Q C C, where C is a
convex set in R™. Then af Q = aff C, riC =1iQ), and C = Q.

Proof. It follows from the definition that
aff C c aff Q c aff C = aff C,

which implies the equality aff 2 = aff C. Fix any a € riC". Then a € C and there
exists 0 > 0 such that

B(a;0)Naff Q= B(a; ) naff C C C C Q.

It follows that a € ri€2, so riC' C ri{). Applying the same argument again shows
that ri2 C riC' = ri C', where the last equality is valid by the convexity of C. Thus
we obtain riQ2 = ri C.

Since C € Q C C, we have C C Q C C, which implies Q = C and completes the

proof. [
Theorem 2.2. (See [11, Theorem 4.2 and Corollary 4.8]) Suppose that the sets
Q,Q,...,Q, are nearly convex sets in R™, and A: R™ — RP is a linear function.
Then

(a)  A(Q) is a nearly convexr set in RP and 11 A(Q2) = A(riQ2).
(b) If (i #0, then () is nearly conver,
i=1 i=1

ri (ﬁ@l) = ﬁriQi, and ﬁQZ = ﬁ@
i=1 i=1 i=1 i=1

For two subsets ©; and €, of R”, if riQ = ri{)y and Q; = Q,, then we say that
they are nearly equal and write €1 = €.
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The proposition below characterizes the near convexity using the near equality.

Proposition 2.3. (See [2, Lemma 2.9]) Let Q be a subset of R™. Then the following
properties are equivalent:

(a)  Q is nearly convex.
(b)  Q is nearly equal to a conver set.

(¢)  Q is nearly equal to a nearly conver set.

(d) Q=co.

The preservation of the near equality between two nearly convex sets via a linear
mapping is stated as follows.

Proposition 2.4. (See [11, Corollary 4.9]) Let 2y and Qs be nearly convex subsets
of R™ with Oy = Qy and A: R™ — RP be a linear function. Then A() ~ A(£).

Given a function f: R" — R = [~00, 00|, the effective domain and the epigraph of
f are given respectively by

dom f ={z € R" | f(x) < o0},

epi f = {(z,A) e R" xR | f(z) < A}.
We say that f is proper if dom f # () and f(z) > —oo for all 2 € R"™. The function

f is said to be conwver if epi f is a convex set, and it is said to be nearly convex if
epi f is a nearly convex set.

Example 2.5. (a) Consider the function f: R — R defined by

-0 ifx <0,
0 if x > 0.

Then dom f =R, epi f = ((—00,0) x R) U ([0,00) x [0,00)). We can see that f is
neither convex nor nearly convex.

(b) Consider the function g: R — R defined by

—oo ifx <0,
glz) =<1 if x =0,
00 if x > 0.

Then dom f = (—o0,0], epi f = ((—00,0) x R) U ({0} x [1,00)). We can see that f

is an improper convex function. O

We continue this section with a representation of the affine hull of the epigraph of
an arbitrary function; see [13, Exercise 2.6].

Proposition 2.6. Let f: R® — R be an arbitrary function. Then
aff(epi f) = aff(dom f) x R. (1)
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Proof. Fix any (z,7) € aff(epi f). Find \; € R and (z;,7;) €epif fori=1,...,m
such that

m

zm:)\i =1 and (z,7)= Z)\i(xi,%).
i=1

=1

Since (z;,7;) € epi f, we have f(z;) < v < 00, so x; € dom f for i = 1,...,m.
Then x = > 7", \ia; € aff(dom f) and thus (x,7) € aff(dom f) x R. This justifies
the inclusion C in (1).

To verify the inclusion D in (1), let (z,7) € aff(dom f) xR be given arbitrarily. Then
v € R and there exist z; € dom f and \; € R for i = 1,...,m with >>" A\ =1
such that © =", \jz;. For each i = 1,...,m, define o; = f(x;) if f(z;) € R, and
choose any «; € R if f(x;) = —oo. Clearly, (x;, ;) € epi f and (z;,a; + 1) € epi f.
Letting o = Y1, Mo € R gives us

m

ZAi(:ci,az-) = (2, @) € aff(epi f),

m

and Z)\i(%‘,az‘ +1) = (z,a+ 1) € aff(epi f).

i=1
Considering the number A = o — v + 1, we have
(x,7) = AMz,a) + (1 = N)(x,a + 1) € aff(epi f),

which justifies the reverse inclusion in (1) and also the proof of the proposition. [

For a set-valued mapping F': R" = RP, define the domain, the range, and the graph
of F' by

domF ={zeR"| F(z) #0}, rgeFF= |J F(x),
r€eR™
gph F'={(z,y) e R" x R? | y € F(x)}.

We say that F'is nearly conver if gph F' is a nearly convex set in R™ x RP.

Given a function f: R™ — R, define the epigraphical mapping E;: R* = R by
E¢(x)={NeR | f(z) <A}, z€R™ (2)

It follows directly from the definition that dom Ey = dom f and gph E/y = epi f. We
also define the epigraphical range of f by rge f = rge E.

The indicator function 5q: R™ — R of a set Q C R™ is defined by

0 if x € Q,
do(z) = {

oo  otherwise.

Since epidg = Q x [0, 00), we see that dg is nearly convex if and only if  is nearly
convex.
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3. Nearly convex functions and set-valued mappings

In this section, we study general properties of nearly convex functions and set-valued
mappings. In particular, we are able to show that the relative interior of the graph
of a nearly convex set-valued mapping can be computed via the relative interiors of
its domain and of the mapping values. This result generalizes a well-known theorem
by Rockafellar (see [15, Theorem 6.8] and also [17, Proposition 2.43] for another
proof) on the relative interiors of convex graphs to the case of nearly convex graphs.

For two elements a,b € R", define
[a, 0] ={(1—=t)a+tb|0<t <1}, (a,b)={(1—=t)ta+tb|0<t <1},
[a,0) ={(1—=t)a+tb|0<t <1}, (a,b]={(1—t)ta+tb|0 <t <1}
Note that if a = b, then [a,b] = (a,b) = [a,b) = (a,b] = {a} = {b}.

The next simple result will be used in what follows.

Proposition 3.1. Let Q be a nearly convex set in R*. If a € 1i€Q) and b € Q, then
[a,b) C rifd.

Proof. Take any a € 1iQ and b € Q. Choose a convex set C' such that C ¢ Q c C.

By Proposition 2.1 we have a € riC and b € C.

It follows that [a,b) C riC =1i2, which completes the proof. ]

Given two nonempty sets €27 and €25, we say that {2; and €2 can be properly separated
(by a hyperplane) if there exits v € R™ such that

sup{(v,x) | z € 1} < inf{(v,y) | y € Qa},
inf{(v,z) | . € U} <sup{(v,y) | y € Qa}.

(3)

Note that the first inequality means that (v, x) < (v, y) whenever z € ; and y € Qy,
while the second inequality means that there exist © € €2y and § € ()5 such that

(v, 2) <(v,9).
The theorem below provides necessary and sufficient conditions for proper separation

of two nearly convex sets; see [8, Proposition 3.7]. Here we give a new proof for the
result.

Theorem 3.2. Let Q1 and €y be two nonempty nearly convex sets in R™. Then 2y
and Qs can be properly separated if and only if i€ NriQy = (.

Proof. Let (4 and Cy be two convex sets in R™ such that
Clcﬁlca and CQCQQC@. (4)

Suppose that 2 and € can be properly separated and find v € R" such that (3) is
satisfied. The inclusions in (4) and the continuity of the inner product yield

sup{(v, )z € C1} < sup{(v,z) |z €} < inf{(v,y) |y} < inf{(v,y)|yeCs}

and
inf{(v,2) |z € C1} = inf{{v,z) | v € C} < inf{(v,z) | x € A}

< sup{(v,y) | y € Qa} < sup{(v,y) | y € C2} = sup{(v,y) | y € Ca}.
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Hence, € and (5 can be properly separated. Since C; and (5 are nonempty and
convex, we can apply [13, Theorem 2.40] to get that riC; NriCy = (). By Proposi-
tion 2.1 we have

i NriQy =1iC; NriCy = 0.

For the converse implication suppose that ri Q; Nri€Qy = () and get from Proposition
2.1 that ri C1Nri Cy = (. Applying [13, Theorem 2.40] again gives us a vector v € R"
such that

sup{(v,z) | z € C1} < inf{{v,y) | y € Cs},

. ()
inf{(v,z) | € C1} <sup{{(v,y) |y € Cs}.

Then by (4) and (5) we have

sup{(v,z) | x € Y} <sup{(v,z) | # € C1} = sup{{v,z) | z € C,}

< inf{(v,y) |y € Co} = nf{(v,y) |y € Co} <inf{(v,y) |y € D}

The verification of the strict inequality inf{(v,z) | x € 1} < sup{(v,y) | y € Qa}
by using (4) and (5) is similar. Thus (3) is satisfied for the vector v. This completes
the proof. [

Proposition 3.3. Let Q be a nearly convex set in R™ with yy € 2. Then yy € 1i{2
if and only if for any x € Q) there exists z € Q such that yo € (z, 2).

Proof. Suppose that yy € ri€2 and take any x € ). By the definition of relative
interior, there exists 0 > 0 such that B(yo;d) Naff Q C Q. Choose t > 0 sufficiently
small such that

Yo +t(yo — ) = (1 +t)yo + (—t)x € B(yo; ).

Put z = yo + t(yo — x). Since z is an affine combination of yy and z, we have
z € B(yo;0) Naff Q C Q. Then

Yo = %_HJ?—F%HZ € (z,2).
To prove the converse implication, suppose on the contrary that for any x € €2 there
exists z € ) such that yo € (z,2), but yo ¢ riQ2. Choose a convex set C' such
that C € Q € C. Then 1iC = 1iQ and C = Q by Proposition 2.1; thus y ¢ 1i C.
Applying the proper separation theorem (see, e.g., [13, Theorem 2.40]) to the convex
sets C' and {yp}, we can find v € R" such that

(v,x) < (v,yo) forall ze€C (6)

and there exists & € C such that (v,2) < (v,y). Since & € Q, by our assumption
there exists £ € 2 such that yo € (Z,2). So, thanks to the inclusion @ C C' and the
convexity of C, we have yo € (2,2) C [z, 2] C C. Passing to a limit shows that the

inequality in (6) holds for all x € C. Then
(v,2) < (v,yo) forall z e [z,Z] and (v,Z) < (v,yo)-

This means that the convex sets [z, Z] and {yo} can be properly separated. So, by
[13, Theorem 2.40] we get yo ¢ ri([z, 2]) = (Z, 2), a contradiction. O
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The next proposition concerns the near convexity of the domains and ranges of
nearly convex functions and set-valued mappings.

Proposition 3.4. If F: R" = R? is a nearly conver set-valued mapping, then
dom F' and rge F' are nearly convex sets. Consequently, if f: R™ — R is a nearly
convex function, then dom f and rge f are both nearly convez.

Proof. First, observe that dom F' = P(gph F’), where P is the linear mapping
P(z,y) ==z, (z,y) € R" xR (7)

Since gph F' is nearly convex, the set dom F' is nearly convex by Theorem 2.2(a).
Similarly, as rge F' = P;(gph F'), where Py is the linear mapping

P1<$,y) =Y, (xay) c Rn X Rp’

we can conclude that rge F' is nearly convex.

Now, to prove the second assertion, suppose that f: R® — R is nearly convex. Then
the epigraphical mapping Ey defined in (2) is nearly convex. As dom f = dom E
and rge f = rge Fy, the sets dom f and rge f are both nearly convex by the first
assertion. [

Remark 3.5. Given a proper function f: R® — R, define
im f ={f(z) | z € dom f}.

We can find an example of a proper convex function for which im f is not nearly
convex. Indeed, consider the function f: R — R given by

1 ifx=0,
flx)=40 if0<z<l,
oo otherwise .

Then f is convex, rge f = [0,00), but im f = {0, 1}. O

The theorem below allows us to represent the relative interior of the graph of a nearly
convex set-valued mapping via the relative interiors of its domain and mapping
values.

Theorem 3.6. Let F': R" = R? be a nearly convexr set-valued mapping. Then
ri(gph F') = {(z,y) e R" x R? | z € ri(dom F'), g € ri F'(Z)}. (8)

Proof. Since gph F' is nearly convex by our assumption, using the projection map-
ping P defined in (7) along with Theorem 2.2(a) gives us

P(ri(gph F)) = ri (P(gph F)) = ri(dom F). (9)

To prove the inclusion C in (8), fix any (z,y) € ri(gph ). By (9) we then have
Z € ri(dom F'). By the definition of relative interior, there exists ¢ > 0 such that

[B(z;6) x B(y;6)] Naff(gph F) C gph F.
Then we have [{z} x B(y;6)] Naff(gph F) C gph F. (10)
This implies that B(y;0) naff F(z) C F(z). (11)
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Indeed, taking any y € B(y; d) N aff F(Z) gives us the representation

Yy = Z Aili,
i=1

where y; € F(z) and \; e Rfor i =1,...,m with >_7" A, = 1. Then

i=1
Thus, by (10) we see that
(z,y) € [{z} x B(g;0)] Naff(gph F') C gph F,

which yields y € F(z). This justifies (11), so g € ri F(Z) by the definition of relative
interior.

To prove the inclusion D in (8), take any & € ri(dom F') and y € ri F(z). Using (9),
we find g € F(Z) such that (z,9) € ri(gph F'). Choose a convex set C' C R" x R?

such that _
C CcgphF CC.

By Proposition 2.1 one has ri(gph F') = ri C'. We only need to consider the case where
§ # U because in the other case it holds that (zZ,y) € ri(gph F'). Since g € ri F(Z),
by [13, Proposition 2.18|, we can choose v > 0 such that § + v(g — 3) € F(%).
Note that this does not require the convexity or near convexity of F'(z). Then
(Z,5+7(7 —¢)) € gph F € C. By [13, Theorem 2.22(ii)] and the convexity of C,
we have the inclusion

[(2,9), (@5 +7(5 —9))) CriC,

where the set on the left-hand side is the half-open interval connecting (z,9) € riC
with (Z,7 +v(y — y)). It follows that

Fort =1/(1+~) € (0,1), by (12) we obtain
(@,9) =1 =)@ 9) +t(z,5+77 —9) € [(.9). (2,5 + (5 — ) Cri(gph F),
which completes the proof of the theorem. O

The following proposition not only improves Proposition 4.4 from [8] but also pro-
vides an alternative simple proof for the result.

Proposition 3.7. Let f: R — R be an arbitrary function. Then
ri(epi f) C {(z,A\) e R" xR |z €ri(dom f), A > f(x)}. (13)
The reverse inclusion of (13) holds if we assume in addition that f is nearly conver.

Proof. To prove inclusion (13), take any (Z,\) € ri(epi f). Then by the definition

of relative interior one has (Z,\) € epi f and there exists 0 > 0 such that

(B(z;6) x [\ — 8, X+ 8]) Naff(epi f) C epi f.
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The representation of aff(epi f) from Proposition 2.6 gives us
(B(z; 6) x[A—0, A+4]) N (aff(dom f)xR) = (aff(dom f)NB(Z; §)) x [A—8, A+0] C epi f.
It follows that
(aff(dom f) NB(7;0)) x {A} Cepif, and {Z} x[X—8, A+ 3] Cepif.

The first inclusion gives us aff(dom f) N B(7;6) C dom f, and so z € ri(dom f).
From the second inclusion we have (Z,A —9) € epif, so f(Z) < A —6¢ < A. This

shows that (Z,)) is contained in the set on the right-hand side of inclusion (13).
Thus, (13) is valid.

Now, to prove the second assertion, assume that f is nearly convex. Consider
the epigraphical mapping F = E; defined in (2), which is nearly convex. Take
z € ri(dom f) and A > f(z). We see that

z € ri(dom f) = ri(dom Ey) = ri(dom F').

Obviously, A € (f(Z),00) =r1i(E(Z)) = ri(F(z)). Thus, by Theorem (3.6) we have
(Z,A) € ri(gph F) = ri(gph Ey) = ri(epi f).

The proof is complete. O

Given a function f: R" — R, recall that f is continuous at € R™ if Z € int(dom f)
and for any € > 0 there exists d > 0 such that

|f(z) — f(Z)] < e whenever z € B(Z;0) C dom f. (14)

The next proposition provides representations for the interior of the graph of a nearly
convex set-valued mapping and also the interior of the epigraph of a nearly convex
function.

Proposition 3.8. Let F: R" = R? be a set-valued mapping with int(gph F') # ().
Then we have the inclusion

int(gph F) C {(Z,7) e R" x R? | ¥ € int(dom F'), § € int F(T)}. (15)

The reverse inclusion in (15) holds if we assume in addition that F' is nearly convez.
Consequently, if a function f: R™ — R is nearly convex, and continuous at some
point x € R™, then
int(epi f) = {(x,\) € R" x R| z € int(dom f), f(z) < A} (16)
Proof. Fix any (Z,7) € int(gph F') and find § > 0 such that
B(z;0) x B(y;0) C gph F.

Then it holds that B(Z;0) x {gy} C gph F and {Z} x B(y;d) C gph F', which imply
that Z € int(dom F') and g € int F/(Z). Thus we have the inclusion C in (15). The
reverse inclusion follows from Theorem 3.6 under the assumption that F' is nearly
convex.
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Now, let f: R®™ — R be nearly convex, and continuous at some Z € R™. It follows
from the definition of continuity that z € int(dom f), so ri(dom f) = int(dom f).
Fix € > 0 and choose § > 0 such that (14) is satisfied. Then

B(z;6) x (f(Z) +€,00) Cepif,

so int(epi f) # (). Thus, representation (16) follows directly from (15) using again
the epigraphical mapping F' = Ey. [

A fundamental property of the values of a nearly convex set-valued mapping is given
in the following theorem.

Theorem 3.9. Let F': R" = R? be a nearly convex set-valued mapping.
If z € ri(dom F'), then F(Z) is nearly convex. In particular, vri F(Z) is nonempty.

Proof. Suppose that I is nearly convex and z € ri(dom F'). Then gph F' is nearly
convex. Let C' = co(gph F') and define the set-valued mapping

Gz)={yeRP|(z,y) € C}, ze€R"

Then gph G = C'. Since F is nearly convex and C' = co(gph F'), one has C' =~ gph F'
by Proposition 2.3. Let us consider the mapping P defined in (7). By Proposition 2.4
we get P(gph G) =~ P(gph F') or, equivalently, dom G ~ dom F'. Thus we obtain
ri(dom G) = ri(dom F'). Take any y € riG(z). Then by Theorem 3.6 one has
(%,7y) € ri(gph G) = ri(gph F'), which implies that § € ri F(z) C F(Z). Thus

riG(z) C F(Z). (17)

In addition, the convexity of G implies that G(Z) is convex. Since gph F' C gph G,
h _

one s F(z) ¢ G(@) c C@). (18)

By [13, Proposition 2.23|, one obtains ri G(Z) = G(z). Then the inclusions (17) and
(18) yield that F(Z) is nearly convex. Since F'(Z) is nearly convex and nonempty,
we can deduce from Proposition 2.1 that ri F(z) # 0. O

If F: R" = RP is a nearly convex set-valued mapping, then F'(x) is not necessarily
nearly convex for all x € dom F.

Example 3.10. Let F': R = R be given by

[0, 2] if z € 10,1),
F(x)=<10,1)U(1,2] ifz=1,
0 otherwise.
It is clear to see that F'is nearly convex, but F(1) is not nearly convex. 0]

A natural question arises: Whether under the assumption of Theorem 3.9 can one
assert that F(Z) is convex for every T € ri(dom F)¢? As shown by the example
below, the answer is negative.

Example 3.11. Consider the constant set-valued mapping F': R = R? with
F(z) = ([0,1] x [0,1]) \ {(1/2,1)}, z€R.

Then F is nearly convex, dom F' = R, and F'(x) is not convex for all z € R. ]
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The next theorem shows that the notions of convexity and near convexity are the
same for functions defined on the real line.

Proposition 3.12. If a proper function f: R — R is nearly convex, then it is
convez.

Proof. Suppose that f: R — R is proper and nearly convex. It follows from
Proposition 3.4 that dom f C R is nearly convex. It is easy to see that a nearly
convex subset of R is an interval or a singleton, so dom f is an interval in R or a
singleton. The function f is clearly convex if its domain is a singleton. Next, observe
that for any z € ri(dom f), u € dom f, and 0 < ¢ < 1 we have

fltz+ (1= thu) <tf(z) + (1 —1)f(u). (19)

Indeed, taking € > 0 yields (z, f(z) +¢€) € ri(epi f) by Proposition 3.7. So, applying
Proposition 3.1 to the nearly convex set {2 = epi f and noting that (u, f(u)) € epi f,
we have t(z, f(z) +¢€) + (1 — t)(u, f(u)) € ri(epi f). Using Proposition 3.7 again
gives us
fltx+ (1 —t)u) <tf(z)+ (1 —1)f(u)+te,

which implies (19) by letting e — 07. It suffices to consider the case where dom f =
[, f] with o, 5 € R and o < /8 because the conclusion is obvious for other cases.
By the observation above, we only need to prove that for any ¢ € (0,1) one has

flta+ (1 =1)p) <tf(a)+ (1 —1)f(B).

Take any ¢ € (0,1) and let & = ta + (1 — ¢)B. Since & € ri(dom f), one has
2+2 € ri(dom f) and '8% € ri(dom f). We can deduce from (19) that

f(a—2|—£> < f(a);Lf(:%) and f<ﬁ;ti~> < f(ﬂ);f(:%)'

So, using (19) again gives us

1@ :f<ta;j+(1—t)ﬁ+j> <tf <a+£> L(1—1)f (mi)

2 2 2
< LTI | HOHIE) _ @)+ (=016) , 16)

- 2 T

This yields f(2) < tf(a)+ (1 —t)f(5). Therefore, f is convex as desired. O
A nearly convex function f: R” — R, n > 2, needs not to be convex.

Example 3.13. Consider the function f: R? — R defined by

fz,y) = {0 if (2,) € ([-1,1] x [-1,1]) \ {(1,0)}.

oo otherwise.
Then f is nearly convex but not convex. [

Given a set Q2 C R™ x R, define fqo: R™ — [—o0, 00] by
fa(z) =inf{t e R | (x,t) € Q}, x € R™
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Let f: R" — R be a function. Define co f: R™ — [—00,00] by €0 f = fuo(epi )+ 1-€-,
(co f)(z) =inf{t € R | (x,t) € co(epi f)}, x € R™.
The definition implies that co f is the largest convex function majorized by f, i.e.,
(1) cofis convex, (2)cof < f, and
(3) if g: R™ — [—o00, o0] is a convex function such that g < f, then g < co f.

Recall that two su_bsets & and {25 of R™ are nearly equal and we Writg O ~ Oy if
ri€); = ri{)y and €y = 5. We say that two functions fi, fo: R” — R are nearly
equal and write f; = f, if their epigraphs are nearly equal sets.

Lemma 3.14. Let f: R — R be an arbitrary function. Then we have
co(epi f) C epi(co f) C co(epi f).

Proof. Since epi f C epi(co f), where the latter set is a convex due to the convexity
of co f, we see that co(epi f) C epi(co f).

Next, observe that co(epif) is an epigraphical set in the sense that if we have
(x0,t0) € co(epi f), then (zg,ty + «) € co(epi f) for every a > 0. Indeed, if we have
(x0,t0) € co(epi f), then we can write

m

(ZE(), to) = Z )\Z(ZE“ tz),

i=1

where (z;,t;) €epif, \; >0foralli=1,...,m, and ) ", \; = 1. Tt follows that

(I'Q,to + a) = Z)\Z(l'z,tl + Oé).

i=1
Since (z;,t;) € epi f and o > 0, one has (x;,t; + ) €epif foralli=1,...,m.
It follows that (xg,%o + «) € co(epi f) as desired.
Now, take (Z,t) € epi(co f) and suppose on the contrary that (Z,¢) ¢ co(epi f).
Choose p > 0 and € > 0 such that

[B(Z;p) x [t — €, T+ €]] Nco(epi f) = 0.

In particular, [({Z} x [t — €, + €]] Nco(epi f) = 0.

We have t > (co f)(Z), and by the definition there exists a sequence {t;} C R such
that (z,t;) € co(epif) and t;, — (co f)(Z) as k — oo. Consider the case where
(co f)(z) € R. In this case, for some ky € N we have

(co f)(T) <t < (co f)(T)+ e when k > k.
Case 1: (co f)(Z) >t —e€. In this case t — e <t <+ ¢ forall k > k. Thus

[B(z;p) x [t —€,t+€]] Nco(epi f) # 0

because (Z,tx) € co(epi f) C co(epi f) for all k > kq. This yields a contradiction.
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Case 2: (co f)(Z) < T —e. In this case since t;, — (co f)(), there exists k € N with
ty <f—ec<tforall k> k.

Fix k > k. Since (Z,tx) € co(epi f) and t, < ¢, by the claim above we see that

(Z,t) € co(epi f) C co(epi f). This again yields a contradiction.

For the case where (co f)(Z) = —oo, we have t, — —o0 as k — oo. Then there
exists k € N such that _ A
ty < tforall k > k.

For any k > k, since we have (T,t;) € colepif) and t; < t, we evidently obtain
(z,t) € co(epi f) C co(epif) by the epigraphical property of co(epi f). This is a
contradiction to the choice of (z,1). O

The following proposition can be found in [8, Theorem 4.12] for which we provide
here a self-contained proof for the convenience of the reader.

Proposition 3.15. Let f: R* — R be an arbitrary function. Then f is nearly
convex if and only if f ~ co f.

Proof. Suppose that f & co f. Since co f is a convex function, its epigraph epi(co f)
is a convex set in R” x R. By the definition of near equality we have epi f = epi(co f),
which means that epi f is nearly equal to a convex set. Thus, epi f is nearly convex
by Proposition 2.3, and so f is nearly convex.

For the converse implication, suppose that f is a nearly convex function. Then epi f
is a nearly convex set in R” x R. By the definition, there exists a convex set C' in
R™*! such that C Cepif C C.

Since C is closed and convex, we see that
C Cepif C colepi f) C co(epi f) c C.
By Lemma 3.14 we have co(epi f) C epi(co f) C co(epi f), which yields
C C epi f C co(epi f) C epi(co f)) C co(epi f) c C.
This implies by Proposition 2.1 that epi f ~ epi(co f) and therefore f ~co f. [

4. Preservation of near convexity under basic operations

This section focuses on studying the preservation of near convexity in set-valued
mappings and nonsmooth functions under basic operations on them. Our research
presents significant advancements beyond the recent findings in [8]. Notably, we
offer two distinct proofs demonstrating the preservation of near convexity under
the summation of two nearly convex functions. We also provide a counterexample
to illustrate that this result does not apply unless a relative interior qualification
condition is assumed.

Proposition 4.1. Let f: R™ — R be a nearly convex function. Then the function
o:R"xR =R

defined by setting o(x, ) = f(z) + « for all (z,a) € R" X R is also nearly conver.
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Proof. Define the sets
©;=epip={(z,a,\) ER" xR xR | f(z) + a < A},
Oy ={(z,a,\) e R" x Rx R | (co f)(z) +a <A}
Then O, is a convex set. To verify that ¢ is nearly convex, it suffices to show that

O; = epiy is nearly convex. To accomplish this goal by Proposition 2.3, we will
show that ©; =~ ©,.

Step 1. ©; = O,: Since co f < f, we see that @_1 C O, and thus ©; C ©,. To
verify the reverse inclusion, let us show that ©y C ©;. Fix any (z,, \) € ©5. Then
(co f)(z)+a < A so (cof)(x) <A—a. It follows that

(x, A — ) € epi(co f) C epi(co f) =epi f

due to the fact that f ~ co f from Proposition 3.15 and the near convexity of f.
Thus there exists a sequence {(xx,vx)} C epi f such that

(g, 76) = (v, A — ) as k — oo.
Then f(zg) < v, so f(zx) + @ < 9 + a and thus (a:k,a,lk + a) € 7. Since
(zr, o, + ) converges to (z,a, A), this yields (z,a,)) € ©; and completes the
proof of the equality ©; = O,.
Step 2. 1i©; = 1i0O,: It is easily verified that the equality aff Q = aff Q holds for
any subset Q of a finite-dimensional Euclidean space. So, since ©; = O,, we see

that aff ©; = aff ©5, which yields ri©®; C ri©®y due to the fact that ©; C ©,. It
follows from Proposition 2.6 that

aff ©, = aff(dom f) x R x R.

By Proposition 3.15 and the near convexity of f one has epi(f) = epi(co f). Using
the projection mapping, it follows from Proposition 2.4 that dom f ~ dom(co f).
Thus, dom f = dom(co f) and hence,

aff(dom f) = aff(dom f) = aff(dom(co f)) = aff(dom(co f)).
Then we have aff ©y = aff(dom f) x R x R = aff ©;.

By Proposition 3.7 we have

) | & € rifdom(co())), (co F)() + o < A}
,A) | ¢ € ri(dom(co f)), (co f)(z) < XA — a}
e )\) | (z, A — ) € ri(epi(co f))}
A) [ (2, A — ) eri(epi f)}
,A) |z € ri(dom f), f(z) < XA — a}.
Take any (xg, ag, Ag) € 1105 and get (zg, \g — vg) € ri(epi f). Thus by the definition
of the relative interior and Proposition 2.6 we find v > 0 and € > 0 such that
[B(wo;7) % (Ao — a0 — €, A0 — ag + €)] N [aff(dom f) x R] Cepif.  (20)
Choose 0 > 0 such that if we have (a, A) € (a9 — 0,0 + J) X (Ag — 0, Ao + J), then
A—a € (Ag—ag— € g — ag + ¢€) (use the continuity of g(a, \) = A — «). We have
[B(z0;7) x (ag—0, ap+8) X (Ag—0, Ao+3)] N [aff(dom f) x R x R] € ©1. (21)
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Indeed, if (z,a, ) is in the set on the left-hand side of (21), then by (20) one gets
(2, A — @) € [B(zo;7) X (Ao — g — €, Ao — g + €)] N [aff(dom f) x R] C epi f.

Thus, f(x) < A — «, and so (z,«a, ) is in the set on the right-hand side of (21).
We have thus proved that (21) is valid. Clearly (21) implies (xg, ag, Ag) € 1iO1.
Therefore, 1ri©y C ri©;. So, one has ri©; = ri ©,.

The relations ©; = O, and 11 ©; = 11O, yield ©; ~ O, and complete the proof. [

Theorem 4.2. Let Fi, Fy: R" = RP be nearly convex set-valued mappings. Then
Fy + Fy is also nearly convex under the qualification condition

ri(dom Fy) Nri(dom Fy) # 0. (22)
Proof. Define two sets
O ={(z,y1,y2) € R" xRP X RP | y; € Fi(x)} = (gph F}) x RP,

23
922{($,y1,y2) € R" x RP x RP ’yg EFQ(Z‘)} ( )

Since F; and F; are nearly convex, {2; and {2y are nearly convex. It follows from
Theorem 3.6 that

i ={(z,y1,92) € R" x R? x R? | z € ri(dom F}), y; € ri Fi(x)},
i = {(z,y1,y2) € R" X R? x R? | x € ri(dom F3), ys € 1i Fy(x)}.

We can choose & € ri(dom Fy) Nri(dom F3) due to (22). By Theorem 3.9 we can
choose g € ri F1(2) and gy € 1i F5(Z). Thus, (Z, 71, 92) € iy Nrifs. Since ©; and
)y are nearly convex, it follows from Theorem 2.2(b) that £y N5 is nearly convex.

Define the linear mapping A: R” x RP x RP — R"™ x R? by
Az, y1,y2) = (2,91 +12), (2,91, 92) € R" X RP X RP.

Obviously, gph(Fy + F») = A(2; N y). Therefore, Theorem 2.2(a) assures that
gph(Fy + F») is nearly convex, so F} + F; is a nearly convex set-valued mapping. [

As a consequence, we obtain the corollary below. We not only provide a correct
statement for [8, Theorem 4.18] but also give a simple proof for this result.

Corollary 4.3. Let fi, fo: R* — R be proper nearly convex functions. Suppose that
ri(dom fi) Nri(dom fy) # . (24)

Then f1 + fo is nearly convez.

Proof. According to (2), consider the epigraphical mappings F; = Ey,, i = 1,2.
Then dom F; = dom f;, gph F; = epi f;, and (F} + Fy)(z) = [fi1(z) + f2(z),00) for
all v € R". By (24), we can choose # € ri(dom f;) Nri(dom f;). Then choose a real
number A such that max{fi(z), f2(Z)} < A. It follows from Proposition 3.7 that

(2, \) € ri(epi f1) Nri(epi fo) = ri(gph Fy) Nri(gph F).
By Theorem 4.2, the mapping F; + F5 is nearly convex. Thus
gph(Fy + Fy) = epi(f1 + fo)

is nearly convex. By the definition of nearly convex function, f; + f5 is nearly
convex. [
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Remark 4.4. We can prove Corollary 4.3 by an alternative way as follows. Define
the sets

Q) ={(z,\,a) e R"" x Rx R fi(z) < a},
D ={(z,\,a) eER" xR xR | > fo(x) +a}.

Let us show that epi(f; + f2) = P(Q; N Qs), where P is the projection mapping
onto R” x R (removing the last component). Take any (x, A\, ) € ; N Q. Then
fi(z) <a < A—fo(x) and thus A > fi(z)+ fo(x). It follows that (z, \) € epi(fi+f2).

This implies that P(Q N Q) C epi(fi + f2). Now fix any (z, \) € epi(fi + f2) and
get fi(x)+ fo(x) < A. This implies fi(x) < A— fo(z). Choose a real number « such
that fi(z) < a <X — fo(x). Then (x,\, ) € 21 N Qs and so

(x,\) =Pz, A\, a) € P(Q NQ),

which justifies the inclusion epi(fi + fa) C P (21 N Qo).

Since f1 is nearly convex, €); is nearly convex. The set )y is nearly convex by
Proposition 4.1 and the near convexity of f;. It follows from Proposition 3.7 and
Proposition 4.1 that

i ={(z,\,a) ER" xR xR | x € ri(dom f1), f1(x) < a},
i ={(z,\,a) ER" xR xR |z €ri(dom f3), A > fo(z) + a}.

(We may think about €2, as the epigraph of the function g(x, ) = fa(x) + «.)

Choose zg € ri(dom f;)Nri(dom f3). Then pick ag > fi(zg) and A\g > fa(zo) 4+ ap. It
is obvious that (g, Ao, ap) € 1121 N1i Q. Thus ri Q N1i Ny # 0, so Q1 Ny is nearly
convex. Therefore, the equality epi(fi + f2) = P(£1 N Q2) assures that epi(fi + f2)
is nearly convex; hence f; + f, is nearly convex. [

The example below shows that the result in [8, Theorem 4.18] is incorrect without
assuming that the relative interiors of the domains of the involved functions have a
nonempty intersection.

Example 4.5. Let ; = ([-1,0] x [-1,1])\ {(0,0)} C R? and
Q= ([0,1] x [-1, 1) \ {(0,0)} C R™.

Define f;(z) = §(x; ;) for z € R? and i = 1,2. Then f; + fo = 6(-; Q1 N Q). Tt is
clear that both f; and f; are proper and nearly convex, but their sum is not nearly
convex. O

The next theorem shows that the near convexity is preserved under compositions of
set-valued mappings.

Theorem 4.6. Let F': R® = RP and G: RP = R? be nearly conver set-valued
mappings. Suppose that
ri(rge F') Nri(dom G) # 0. (25)

Then the composition G o F': R" = R?, where (Go F)(x) = G(F(x)) for allxz € X,
is nearly convex.
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Proof. Define the sets
;= (gph F) x R? C R" x R? x R,

26
2 =R" x (gph G) C R™ x RP x RY. (26)

The near convexity of F' and G implies that €2; and )y are nearly convex. By
Theorem 3.6 we have

i ={(z,y,2) e R" x RP x RY | x € ri(dom F),y € ri F(z)},
i€ = {(z,y,2) e R" x R? x R? | y € ri(dom G), z € riG(y)}.
Thanks to (25), we can find a point g € ri(rge F) Nri(dom G). Since ¢ € ri(dom G),
by Theorem 3.9 the set ri G(y) is nonempty, so we can choose Z € ri G(y). Since
§ € ri(rge F) = ri(dom F 1) (27)

and the near convexity of I assures that F'~! is also nearly convex, by Theorem 3.9
we can choose Z € 1i F~!(). Combining the last inclusion with (27) and using
Theorem 3.6, we have (,2) € ri(gph F~!). By considering the linear mapping
T:RP x R" — R™ x RP, where T(y,z) = (z,y) for (y,z) € R x R™, we can infer
that (Z,9) € ri(gph F'). It follows that & € ri(dom F'). Then (Z,7, 2) € riQ; Nri€.
So, by Theorem 2.2(b), the intersection ; N {2y is nearly convex. Define a linear
operator A: R" x R? x R? — R™ x RY by
A(z,y,2) = (x,2), (x,y,2) € R" x R? x RY.

Obviously, A(€2; N €Qs) = gph(G o F). Thus, gph(G o F) is nearly convex. O

Theorem 4.6 allows us to derive a new result on the near convexity of the composition
of a nearly convex function and an affine mapping.

Corollary 4.7. Let B: R™ — RP be the affine mapping defined by
B(z) = Az +b for x € R",
where A € RP*™ and b € RP, and let f: RP — R be a nearly convex function. Then
foB:R"— R is nearly convex under the qualification condition
B(R"™) Nri(dom f) # 0. (28)

Proof. Let F(z) = {B(x)} for x € R", and let G(y) = E(y) for y € R?, where the
epigraphical mapping is defined by (2). Then, gph F' = gph B, gph G = epi f, and

(G o F)(z) = Efop(x) forall zeR"™

Using (28), we can choose & € R™ such that § = B(z&) € ri(dom f). Then fix a
real number A > f(§) (the situation f(§) = —oc is not excluded). Since gph B is an
affine set, one has (Z, y) € ri(gph F') = gph B. In addition, by Proposition 3.7 we can
infer that (4, \) € ri(epi f) = ri(gph G). Therefore, jj € ri(rge F)Nri(dom G). So, by
Theorem 4.6, the composition G'o F' is nearly convex. Thus, epi(foB) = gph(GoF)
is nearly convex, so f o B is nearly convex. [

Given a set-valued mapping G: R" = R? with (2 C R" and © C RP, recall that
G =JGw), G'(0)={recR"|Gx)n6 #1}.

e
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The corollary below shows that the near convexity of sets is preserved under nearly
convex set-valued mappings under direct and inverse images.

Corollary 4.8. Let G: R" = RP be a nearly conver set-valued mapping. The
following assertions hold:

(a) If Q C R™ is a nearly convex set and
ri Q2 Nri(dom G) # 0, (29)

then G(2) is nearly conver.

(b) If © CRP is a nearly convez set and
11O Nri(rge G) # 0, (30)
then G~(0©) is nearly convex.

Proof. To prove the assertion (a), consider the set-valued mapping F': R = R”
with F(x) = Qif x =0 and F(z) = () otherwise. Then gph F' = {0} x €2, and hence
F' is nearly convex. By our assumption, G is nearly convex. In addition, from (29)
it follows that ri(rge F') Nri(dom G) # (). So, Go F is nearly convex by Theorem 4.6.

We see that
G(Q) ifr=0

0 otherwise.

<Gome={

Therefore, gph(F o G) = {0} x G(€2). Define the linear mapping A: R x R? — RP
by A(z,y) =y for (z,y) € R x RP. Since G(Q2) = A(gph(G o F)), it follows from
Theorem 2.2(a) that G(2) is nearly convex.

To justify the assertion (b), define the mapping H: R? = R" by

H(y)=G'(y)={r €R" |y € G(x)}, yeR".

Then observe H is nearly convex, G™1(©) = H(©) and dom H = rge G. Since (30)
implies that ri © Nri(dom H) # 0, the desired near convexity of G71(0) follows from
the assertion (a). O

If F;: R" = RP for i = 1,...,m are set-valued mappings, then one defines

(ﬂE-)(a:) =F(x)Nn...NnF,(z), xeR"

In the next theorem we discuss the near convexity of the intersection mapping.

Theorem 4.9. Let F;: R" = RP for v = 1,...,m be nearly conver set-valued
mappings. Suppose

vi(gph F}) # 0. (31)
i=1
Then (-, F; is nearly conver.

Proof. It is obvious that gph( ﬂ Fz> = ﬂ gph F;.
i=1 i=1

By Theorem 2.2(b), the set (", gph F; is nearly convex under the qualification
condition (31). Therefore, (", F} is nearly convex. O
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To conclude this section, we discuss the near convexity of the maximum function.

Given functions f;: R* — R for i = 1,...,m, define
flx) =max{fi(x)|i=1,...,m}, xe€R" (32)
Corollary 4.10. Let f;: R — R for i = 1,...,m be nearly convex functions.
Suppose that m
ﬂ ri(dom f;) # 0.

i=1
Then the mazimum function f defined in (32) is nearly convex.

Proof. We consider the epigraphical mappings F;(z) = Ej, as given in (2) for
i=1,...,m,and let F =", F;. Then we see that

epi f = (epifi = () gph F; = gph F.
=1 i=1
Choose z¢ € (-, ri(dom f;) and let A = f(zy) + 1. Proposition 3.7 implies

(zo, A) € ﬁ (epi f;) = ﬁrl (gph F}).

i=1 i=1

So, the set-valued mapping F' is nearly convex by Theorem 4.9. Thus, epi f = gph F'
is nearly convex and therefore f is nearly convex. O

5. Nearly convex generalized differentiation

In this section, we explore the topic of generalized differentiation for nearly convex
set-valued mappings and nearly convex functions using a geometric approach that
has proven successful in convex analysis. Previous work on this approach can be
found in [12, 13]. We present new calculus rules for the coderivatives of sums,
compositions, and maxima of nearly convex set-valued mappings, as well as related
refinements for subdifferentials of nearly convex functions.

Given a nearly convex set €2 in R" with Z € €2, define the normal cone to 2 at z by

Nz Q) ={veR"| (v,x—z) <0 forall z € Q}.

Theorem 5.1. Let €}y and )y be nearly convex sets in R™ such that
Then 1 N Qy is nearly convex and

N(z;Q N Q) = N(z; ) + N(7; Q) forall e QyNQ. (34)

Proof. Take any Z € Q; N (2,. The condition (33) implies that riQ; NriQy # . In
addition, €, and Q5 are convex thanks to the near convexity of €2y and €25. Then,
applying [13, Theorem 2.56] we have

N(zZ; 9 N Q) = N(z; Q) + N(z; Q). (35)
From our assumptions and Theorem 2.2(b) it follows that ; N Qs = QN Q.
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Therefore, using (35) we get
N(Z; QN Qy) = N(7; 1 N Q) = N(7; Q1 N Q)
= N(Z; ) + N(7; Q) = N(3; ) + N(7; Q).
Since T € 3 N Qy was taken arbitrarily, we have thus obtained (34). O

Let F: R® = RP be a nearly convex set-valued mapping and let (z,y) € gph F.
The coderivative of F' at (z,y) is the set-valued mapping D*F(z,y): RP = R™ with
the values

D*F(z,7)(v) = {u € R" | (u, —v) € N((Z,9);gph F)}, v € RP.
Given (z,y) € gph(F) + F,), define the set
S(@,9) ={(51,92) ER? xR” | g =41 + 4o, 7; € Fi(7), i = 1,2}, (36)

The theorem below provides a coderivative sum rule for nearly convex set-valued
mappings.

Theorem 5.2. Let I, Fy: R" = RP be nearly convex set-valued mappings. Suppose
that the qualification condition (22) is satisfied. Then the equality

D*(Fy + F2)(2,9)(v) = D*F1(Z,41)(v) + D" F3(Z, 92) (v)
holds for every v € RP and (y1,92) € S(Z,y), where S is defined in (36).

Proof. By Theorem 4.2, the condition (22) implies that the set-valued mapping
F) + F, is nearly convex. Fix any (1,72) € S(Z,y) and v € RP. Take any

u € D*(F + F3)(7,5)(v).
Then we have the inclusion (u, —v) € N((Z,9); gph(Fi + F3)). (37)
)

Consider the sets €;, i = 1,2, defined in (23). By the construction of €; and 2,
from (37) we can deduce that

(u7 -, _U) € N((«f,gl,QQ); Ql N 92)

The proof of Theorem 4.2 tells us that riQ; NriQy # (). Then we can employ
Theorem 5.1 and get

(u, —v, —v) € N((Z, 71, %2); 1 N Q2) = N((Z, 1, %2); 1) + N((Z, 51, §2); Q2).
Therefore, the rest of the proof follows from that of [13, Theorem 3.37]. 0

Let f: R® — R be a nearly convex function. We define the subdifferential of f at
z € R* with f(z) € R by

of(@) ={veR"| (v,z —z) < f(z) — f(z) for all z € R"}.

The next proposition allows us to represent the subdifferential of a nearly convex
function via the coderivative of the epigraphical mapping (2).

Proposition 5.3. Suppose that f: R" — R is a nearly convex function and & € R"
is such that f(z) € R. Then 0f(z) = D*Ef(z, f(z))(1), where Ey is defined in (2).
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Proof. By the definition we have

D*Ey(z, f(2))(1) = {v € R" | (v, =1) € N((z, (%)); epi f)}.
If D*E¢(z, f(Z))(1) is empty, the inclusion D*E¢(Z, f(z))(1) C 9f(z) is valid.
Otherwise pick an arbitrary vector v € D*E¢(z, f(z))(1) and get
(v,x —2) — (A — f(Z)) <0 whenever (z,)) € epi f. (38)

It follows from (38) that —oco < f(z) for all x € R™. Using this inequality with
x € dom f and A = f(z) gives

(v,x —x) < f(x) — f(z) for all z € dom f,
which implies that v € 0f(z) since f(z) = oo if x ¢ dom f.
If 0f (z)=0, then 0f(z) C D*E¢(z, f(z))(1). If Of(z)#0D, take any ve€ df(z) and get
(v,x —7) < f(z) — f(z) forall z € R".
This implies (38) since f(x) < A whenever (z,\) € epif. Therefore we obtain
ve D*E¢(z, f(Z))(1), which justifies the inclusion 0f(zZ) C D*E¢(z, f(z))(1). O

Proposition 5.4. Let f: R* — R be a nearly convex function and T € R™ be such
that f(z) € R. The following assertions hold:
(a) If (v,—a) € N((z, f(Z));epi f), then a > 0.
(b) Ifz €ri(dom f), then Of(T) # 0. In particular, if [ is continuous at T, then

of(z) # 0. i )
(¢) If f is continuous at T, then N((z,\);epi f) = {(0,0)} whenever f(z) < A.
(d) (v,0) € N((z, f(Z));epi f) if and only if v € N(z;dom f).
(e) Ifa >0, then (v,—a) € N((Z, f(Z));epi f) if and only if v € adf(Z).
Proof. (a) It follows from the definition that

(v, —Z) —a(XA— f(z)) <0 whenever (z,)) € epif.

Using the last inequality with x =z and A = f(z) + 1 gives us the conclusion.

(b) It follows from Proposition 3.7 that (Z, f(Z)) ¢ ri(epi f). By the proper sepa-
ration from Theorem 3.2, there exist v € R™ and v € R such that

(v,2) =Y\ < (v,%) — vf(Z) whenever (z,)\) € epi f. (39)
In addition, there exists (29, Ao) € epi f such that
(v,20) = YAo < (v, %) — 1 f(2).

First, we see that v > 0 by using (39) with z = z and A = f(z)+ 1. If v = 0,
then (v, x) < (v,z) for all z € dom f, and (v, z¢) < (v,z) with zq € dom f. Thus,
the set dom f and {Z} can be properly separated, so z ¢ ri(dom f), which is a
contradiction. Therefore, dividing both sides of (39) by ~ yields

<%,a: —Z) < A — f(z) whenever (z,)\) € epif. (40)
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If f(z) = —oo for some x € R™, then the inequality in (40) holds for all A € R. This
is an absurd. Thus, we must have f(x) € R for all € dom f. Using the inequality
in (40) with = € dom f and A = f(z), we see that v/y € 0f(Z).

Now, suppose that f is continuous at zg. Then zy € int(dom f) and in consequence
xo € ri(dom f) = int(dom f). Therefore, df(z) # 0.

(c) Suppose that f is continuous at z and that f(z) < A. By Proposition 3.8, we
see that (z,\) € int(epi f) and thus N((z, A);epi f) = {(0,0)}.

The proofs of the last two assertions are quite obvious, so we left them for the
reader. [

Using Proposition 5.4 and Theorem 5.2 (see also [8, Theorem 4.29]), we can obtain
the following sum rule for subdifferentials of proper nearly convex functions.

Corollary 5.5. Let fi: R* = R fori=1,...,m be proper nearly convez functions.
Suppose that m ri(dom f;) # 0.

i=1
Then f1+ -+ fm is nearly conver and we have the equality

Nfi+- -+ f)@) =0f(T)+ -+ 0fn(T) for every T € ﬂdomfi.
i=1

Proof. We only need to prove the result for the case where m = 2. It suffices to
apply Theorem 5.2 to the epigraphical mappings F; = Ey, for i = 1,2 from (2) with
the use of Proposition 5.3. [

Now we consider the composition of two set-valued mappings F: R" = RP and
G: RP = RY. Given any z € (G o F')(Z), we consider the set

M(z,2) = F(z) NG ().
The coderivative chain rule for nearly convex set-valued mappings can be formulated

as follows.

Theorem 5.6. Let F': R" = RP and G: RP = R? be nearly convex set-valued
mappings. Suppose that the qualification condition (25) is satisfied. Then for any
(z,z) € gph(G o F) we have

D*(G o F)(z,2)(w) = (D*F(%,9) o D*G(y, 7)) (w)
whenever y € M(z,z) and w € RY.
Proof. Picking u € D*(G o F)(z,z)(w) and y € M (Z, Z) gives us the inclusion

Consider the nearly convex sets €2; for ¢ = 1,2 given in (26). We can directly deduce
from the definition of the normal cone that

(u,0,—w) € N((Z,9,2); 21 NQy).

By the condition (25) and the proof of Theorem 4.6 we have 1iQ; N iy # (.
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So, applying Theorem 5.1 gives us
(u,0,—w) € N((z,9,2); 21 N Q) = N((Z,9,2); 1) + N((Z, 9, 2); Qa).
Then the rest of the proof follows that of [13, Theorem 3.38]. O
The next result is a direct consequence of Theorem 5.6.
Corollary 5.7. Let B: R"™ — RP be the affine mapping defined by
B(z) = Az +b for z € R",

where A € RP*™ and b € RP, and let g: RP — R be a proper nearly convex function.
Suppose that B(R") Nri(domg) # 0. Then d(g o B)(z) = ATdg(B(z)) for every
z € dom(g o B).

Proof. This follows from Theorem 5.6 with F(z) = {B(x)} for x € R", and
G(y) = [9(y), o) for y € RP. O

Arguing similarly as in the proof of [13, Corollary 3.39], we can obtain the following
from Theorem 5.6.

Corollary 5.8. Let F': R" = RP be a nearly convex set-valued mapping and let
© C R? be a nearly convex set. Suppose that the qualification condition (30), where
G is replaced by F', holds. Then we have the equality

N(z; F71(©)) = D*F(z,5)(N(¥; ©))
whenever T € F~1(0) and y € F(z) N O.
Next, we discuss coderivatives of the intersection mapping.

Theorem 5.9. Let F;: R" = RP for v = 1,...,m be nearly conver set-valued
mappings, and let F = (-, Fi. Assume that the qualification condition (31) is
satisfied. Then for any (z,y) € gph F' we have

D*F(z,5)(v) = DAz 9)(v1) + -+ D*Fou(Z,9)(vm) | v1+- - -+ 0, = v}, (41)

Proof. By the qualification condition (31) and Theorem 4.9, the set-valued mapping
Ni~, Fi is nearly convex. Take any u € D*F(Z,§)(v), where (Z,7) € gph F. Then
(u, —v) € N((Z,9); gph F'). Since gph F' = (*; gph F}, by (31) and Theorem 5.1 we
have

(u,—v) € N((Z,9);gph F') = N((Z,9); gph F1) +--- + N((Z,9);gph Frp).  (42)
Thus, there exist uq,...,u,, € R" and vy, ..., v, € RP such that

m

U= Zui7 v = Zvia (uia _Ui) S N((E7g)7gphﬂ>
=1

i=1
By the definition, u; € D*F;(Z, y)(v;) and hence
u € D*Fi(z,7)(v1) + -+ D Fu(Z, ) (Um).

This justifies the inclusion C in (41). The reverse inclusion follows directly from the
definition of coderivative and the equality in (42). O
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Corollary 5.10. Let f;: R* = R fori=1,...,m be proper nearly convex functions.
Suppose that all functions f; are continuous at * € R™. Then the mazimum function
f defined in (32) is nearly convexr and we have

ol I ofi(z (43)

1€I(Z)

where I(z)={i=1,....,m| fi(z) = f(2)}.

Proof. Since z € int(dom f;) = ri(dom f;) fori = 1,...,m under the continuity of f;
at T, the near convexity of f follows from Corollary 4.10. Consider the epigraphical
mappings F; = Ey, defined in the proof of Corollary 4.10. Then E; = (%, F;. Fix
any v € 0f(Z) and get by Proposition 5.3 that v € D*E;(Z, A)(1), where A = f(z). It
is easy to verify that the qualification condition (31) is fulfilled. So, by Theorem 5.9
we have

D Ey(@ N)(1) = | D Fi(@ A (M) + -+ D*Fn(@ A () | At + -+ + A = 11,

Hence, there exist v; € R" and \; € R for ¢ = 1,...,m such that

m m

U= Zviv Z)\z - 17 (Uia _>\l) S N((i,j\)7ep1 fl)
=1 =1

In consequence of Proposition 5.4(c), the continuity of f; at T ensures that we have
N((z,\);epi f;) ={(0,0)} if i ¢ I(z), i.e., A > fi(z). Thus,

U—Zvl and Z)\_l

1€I(Z) iel(z

where (v;, —\;) € N((Z, fi(Z));epi f;) for i € I(Z). Then \; > 0 whenever i € I(Z)
by Proposition 5.4(a). In addition, if A\; = 0, then by Proposition 5.4(d) and the
property Z € int(dom f;) we have v; € N(Z;dom f;) = {0}. By Proposition 5.4(b),
we see that Jf;(Z) # () for every i under the continuity of f; at Z. We can also see
from Proposition 5.4(e) that if \; > 0, then v; € \;0f;(z) for i € I(Z). So, we have
v; € \jOf;(z) for all ¢ € I(z). Thus,

i€l (%) iel(z
This justifies the inclusion C in (43). The reverse inclusion follows directly from the
definition of subdifferential. O
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