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We consider a variable radius form of the extended exterior sphere condition recently introduced by
the authors [The extended exterior sphere condition, J. Convex Analysis 31/1 (2024) 39–50], and
then, we prove that the complement of a closed set satisfying this new property is nothing but the
union of closed balls with lower semicontinuous radius function. This generalizes, to the variable
radius case, the main result of the paper cited above, namely, Theorem 1.2. On the other hand, as
it is shown in two further papers of the authors [A new class of sets regularity, ibid. 25/4 (2018)
1059–1074, S-convexity: the variable radius case, ibid. 29/4 (2022) 1167–1192] for prox-regularity,
the exterior sphere condition, and the union of closed balls property, we prove that the constant
and the variable radius forms of the extended exterior sphere condition belong to the S-convexity
regularity class.
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1. Introduction
Let A be a nonempty and closed subset of Rn, and denote by bdryA and intA the
boundary and the interior of A, respectively. For r : bdryA −→]0,+∞] a continuous
function, we say that A satisfies the extended exterior r(·)-sphere condition if for
every a ∈ bdryA, the following assertions hold:
• If a ∈ bdry (intA) then there exists a unit vector ζa ∈ NP

A (a) such that{
B(a+ r(a)ζa; r(a)) ∩ A = ∅, if r(a) < +∞,

B(a+ ρζa; ρ) ∩ A = ∅ for all ρ > 0, if r(a) = +∞,

• If a ̸∈ bdry (intA) then for all unit vectors ζa ∈ NP
A (a), we have{

B(a+ r(a)ζa; r(a)) ∩ A = ∅, if r(a) < +∞,

B(a+ ρζa; ρ) ∩ A = ∅ for all ρ > 0, if r(a) = +∞,

where NP
A (a) denotes the proximal normal cone to A at a, and B(y;σ) is the open

ball centered at y with radius σ > 0.
∗ Corresponding author.

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag



632 C. Nour, J. Takche / The Variable Radius Form ...

When r(·) = r > 0 is a constant function, the above property coincides with the
extended exterior r-sphere condition introduced and studied in [16]. In fact, it was
shown in [16, Theorem 1.2] that the complement of a nonempty and closed set
A satisfying the extended exterior r-sphere condition is nothing but the union of
closed balls with common radius r

2
. This generalized, in finite-dimensional setting,

[7, Theorem 3] where the authors proved a similar result by assuming that A is
r-prox-regular which is stronger than the extended exterior r-sphere condition, see
[8, Section 2]. The first main result of this paper is Theorem 3.1 in which we
generalize [16, Theorem 1.2] to the variable radius case. More precisely, we prove
in Theorem 3.1 that if A satisfies the extended exterior r(·)-sphere condition, then
Ac, the complement of A, is nothing but the union of closed balls with the radius
function ρ : Ac −→]0,+∞] defined by

ρ(x) := min
{
r(a)

2
: a ∈ projA(x)

}
, (1)

where projA(x) denotes the projection of x on the boundary of A. By this union,
we mean that for every x ∈ Ac, there exists yx ∈ Ac such that:{

x ∈ B̄(yx; ρ(x)) ⊂ Ac, if ρ(x) < +∞,

x ∈ B̄(x+ δ(yx − x); δ) ⊂ Ac for all δ > 0, if ρ(x) = +∞,

where B̄(y;σ) is the closed ball centered at y with radius σ. One can easily see that
our Theorem 3.1 is a generalization of [16, Theorem 1.2]. Indeed, if r(·) = r > 0 is a
constant, then the function ρ(·) becomes the constant function r

2
, and hence, Ac is

the union of closed balls with common radius r
2
. Although going from fixed radius

to continuous variable radius may be seen as a small generalization, it requires
a significant revision of the technical approach used in [16]. This can be readily
inferred from the proof of Theorem 3.1 given in Section 3. Note that working, as
in [11, Section 3], with fixed radius on a neighborhood of a boundary point, then
taking the limit as the size of the neighborhood goes to zero, is not a successful
attempt to prove Theorem 3.1. Indeed, one of the major obstacles caused by this
technique is that it forces, after taking the limit, the replacement of the open set
Ac in the final result by its closure cl (Ac), which makes the reachable result weaker
than Theorem 3.1.
On the other hand, when A is regular closed, that is, A equals to the closure of its
interior, the extended exterior r(·)-sphere condition coincides, for θ(·) := 1/(2r(·)),
with the θ-exterior sphere condition introduced in [9], and studied in depth in the
papers [9, 10, 11, 12, 15]. For instance, it is proved in [15] that the S-convexity
property, introduced in [13], covers several known regularity properties including
the φ-convexity, the θ-exterior sphere condition, and the ψ-union of closed balls
property, see [15, Theorems 3.7, 3.15 & 3.22].1 The extension of these latter results
to encompass the extended exterior r(·)-sphere condition will be done in Theorem
4.5, which is the second main result of this paper.
1 For more information about φ-convexity and related properties such as positive reach, proximal
smoothness, prox-regularity, and p-convexity, see [1, 2, 4, 5, 18, 20]
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The layout of the paper is as follows. Our notations and some geometric definitions
will be given in the next section. In Section 3, we prove that the complement of
a nonempty and closed set satisfying the extended exterior r(·)-sphere condition
is nothing but the union of closed balls with the radius function ρ(·) defined in
(1). Section 4 is devoted to the generalization of [15, Theorem 3.15], that is, the
proof that the extended exterior r(·)-sphere condition belongs to the S-convexity
regularity class.

2. Preliminaries

We denote by ∥ · ∥, ⟨, ⟩, B and B̄, the Euclidean norm, the usual inner product, the
open unit ball and the closed unit ball, respectively. For r > 0 and x ∈ Rn, we set
B(x; ρ) := x + ρB and B̄(x; ρ) := x + ρB̄. The sphere centered at x ∈ Rn with
radius ρ > 0 is denoted by S(x; ρ). For a set A ⊂ Rn, Ac, intA, bdryA and clA
are the complement (with respect to Rn), the interior, the boundary and the closure
of A, respectively. The closed segment (resp. open segment) joining two points x
and y in Rn is denoted by [x, y] (resp. ]x, y[). For A ⊂ Rn and x ∈ Rn, [A, x]
designates the union of all segments [a, x] such that a ∈ A. For Ω ⊂ Rn open and
f : Ω −→]0,+∞] an extended real-valued function, we denote by epi f the epigraph
of f . The distance from a point x to a set A is denoted by dA(x). We also denote by
proj A(x) the set of closest points in A to x, that is, the set of points a in A satisfying
dA(x)= ∥a−x∥. For x∈Rn and ζ ∈Rn a unit vector, the directional distance from
x to a closed set A in the direction ζ, denoted by dA(x, ζ), is defined by

dA(x, ζ) := min{t ≥ 0 : x+ tζ ∈ A},
where the minimum of an empty set is taken to be +∞.
Now we provide some geometric definitions from proximal analysis. Our general
reference for these constructs is [3]; see also the monographs [6, 17, 19, 21]. Let A
be a nonempty and closed subset of Rn. For a ∈ A, a vector ζ ∈ Rn is said to be
proximal normal to A at a provided that there exists σ = σ(a, ζ) ≥ 0 such that

⟨ζ, x− a⟩ ≤ σ∥x− a∥2, ∀x ∈ A. (2)
The relation (2) is commonly referred to as the proximal normal inequality. No
nonzero ζ satisfying (2) exists if a ∈ intA, but this may also occur for a ∈ bdryA.
For such points, the only proximal normal is ζ = 0. In view of (2), the set of all
proximal normals to A at a is a convex cone, and we denote it by NP

A (a). One can
easily prove that the set {a ∈ bdryA : NP

A (a) ̸= {0}} is dense in bdryA. Now let
a ∈ bdryA, and suppose that 0 ̸= ζ ∈ Rn and r > 0 are such that

B
(
a+ r

ζ

∥ζ∥
; r
)
∩ A = ∅. (3)

Then ζ is a proximal normal to A at a and we say that ζ is realized by an r-sphere.
Note that ζ is then also realized by an r′-sphere for any r′ ∈]0, r]. One can show
that ζ being realized by an r-sphere is equivalent to the proximal normal inequality
holding with σ = 1

2r
, that is,〈

ζ

∥ζ∥
, x− a

〉
≤ 1

2r
∥x− a∥2, ∀x ∈ A, (4)

with strict inequality for x ∈ intA.
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In that case, we have

projA(x) = {a} for all x ∈
[
a, a+ r

ζ

∥ζ∥

[
, and a ∈ projA

(
a+ r

ζ

∥ζ∥

)
.

On the other hand, for x ∈ Ac, a ∈ projA(x) and ζa := x−a
∥x−a∥ , we have ζa ∈ NP

A (a),
and ζa is realized by a ∥x− a∥-sphere.
We proceed to define the extended exterior r(·)-sphere condition. For A ⊂ Rn a
nonempty and closed set, and r : bdryA −→]0,+∞] a continuous function, we say
that A satisfies the extended exterior r(·)-sphere condition if for every a ∈ bdryA,
the following assertions hold:
• If a ∈ bdry (intA) then there exists a unit vector ζa ∈ NP

A (a) such that{
B(a+ r(a)ζa; r(a)) ∩ A = ∅, if r(a) < +∞,

B(a+ ρζa; ρ) ∩ A = ∅ for all ρ > 0, if r(a) = +∞,

• If a ̸∈ bdry (intA) then for all unit vectors ζa ∈ NP
A (a), we have{

B(a+ r(a)ζa; r(a)) ∩ A = ∅, if r(a) < +∞,

B(a+ ρζa; ρ) ∩ A = ∅ for all ρ > 0, if r(a) = +∞.

Since (3) is equivalent to ζ being realized by an r-sphere, we deduce that A satisfies
the extended exterior r(·)-sphere condition if for every a ∈ bdryA, the following
assertions hold:
• If a ∈ bdry (intA) then there exists a unit vector ζa ∈ NP

A (a) such that{
ζa is realized by an r(a)-sphere, if r(a) < +∞,

ζa is realized by a ρ-sphere for all ρ > 0, if r(a) = +∞,

• If a ̸∈ bdry (intA) then for all unit vectors ζa ∈ NP
A (a), we have{

ζa is realized by an r(a)-sphere, if r(a) < +∞,

ζa is realized by a ρ-sphere for all ρ > 0, if r(a) = +∞.

On the other hand, the equivalence between (3) and (4) yields that A satisfies
the extended exterior r(·)-sphere condition if for every a ∈ bdryA, the following
assertions hold:
• If a ∈ bdry (intA) then there exists a unit vector ζa ∈ NP

A (a) such that{
⟨ζa, x− a⟩ ≤ 1

2r(a)
∥x− a∥2 for all x ∈ A, if r(a) < +∞,

⟨ζa, x− a⟩ ≤ 0 for all x ∈ A, if r(a) = +∞,

• If a ̸∈ bdry (intA) then for all unit vectors ζa ∈ NP
A (a), we have{

⟨ζa, x− a⟩ ≤ 1
2r(a)

∥x− a∥2 for all x ∈ A, if r(a) < +∞,

⟨ζa, x− a⟩ ≤ 0 for all x ∈ A, if r(a) = +∞.
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Note that alternating between the above three equivalent definitions of the extended
exterior r(·)-sphere condition will be crucial for the proofs of our main results. When
the set A is regular closed, that is, A = cl (intA), then the extended exterior r(·)-
sphere condition coincides with the θ-exterior sphere condition with θ(·) := 1

2r(·)

(where 1
+∞ := 0). This latter condition, called here exterior r(·)-sphere condition,

is introduced in [9], and studied in depth in the papers [9, 10, 12, 15].

Remark 2.1. One can easily see that if A satisfies the extended exterior r(·)-sphere
condition, then A satisfies the exterior r(·)-sphere condition. The converse does not
hold in general, see [16, Example 2.5]. On the other hand, using the proximal
normal inequality, one can prove that if A satisfies the extended exterior r(·)-sphere
condition, then cl (intA) satisfies the exterior r(·)-sphere condition.

Remark 2.2. In this remark we prove that if A satisfies the extended exterior r(·)-
sphere condition, then NP

A (a) ̸= {0} for all a ∈ bdryA. Indeed, let a ∈ bdryA.
If a ∈ bdry (intA), then from the definition of the extended exterior r(·)-sphere
condition, we deduce that a unit vector ζa belongs to NP

A (a), and hence we have
NP

A (a) ̸= {0}. Now we assume that a ̸∈ bdry (intA). Since the set {x ∈ bdryA :
NP

A (x) ̸= {0}} is dense in bdryA, there exists a sequence an ∈ bdryA such that
an −→ a, and NP

A (an) ̸= {0} for all n. This yields, using the extended exterior
r(·)-sphere condition of A, that r(an) −→ r(a), and for each n, there exists a unit
vector ζan ∈ NP

A (an) such that

⟨ζan , x− an⟩ ≤
1

2r(an)
∥x− an∥2 for all x ∈ A.2 (5)

Since (ζan)n is a sequence of unit vectors, it has a subsequence, we do not relabel,
that converges to a unit vector ζa. Now taking n −→ ∞ in (5), we get that

⟨ζa, x− a⟩ ≤ 1

2r(a)
∥x− a∥2 for all x ∈ A.

This gives that ζa ∈ NP
A (a), and hence, NP

A (a) ̸= {0}. Note that in both cases, we
obtained a unit vector ζa ∈ NP

A (a) realized by an r(a)-sphere, if r(a) < +∞, and by
a ρ-sphere for all ρ > 0, if r(a) = +∞.

For Ω ⊂ Rn an open set and for ρ : Ω −→]0,+∞] a lower semicontinuous function,
we say that Ω is the union of closed balls with radius function ρ(·) if for every x ∈ Ω,
there exists yx ∈ Ω such that{

x ∈ B̄(yx; ρ(x)) ⊂ Ω, if ρ(x) < +∞,

x ∈ B̄(x+ δ(yx − x); δ) ⊂ Ω for all δ > 0, if ρ(x) = +∞.

We terminate this section with the definition of S-convexity, see [13, 14, 15]. Let A
be a closed and nonempty subset of Rn and let S be a set containing A. We say
that A is S-convex if for all s ∈ S ∩ Ac and a ̸= a′ ∈ bdryA satisfying

∥s− a∥ ≤ dbdryA

(
a,

s− a

∥s− a∥

)
and ∥s− a′∥ ≤ dbdryA

(
a′,

s− a′

∥s− a′∥

)
, (6)

we have (s− a) ̸∈ NP
A (a) or (s− a′) ̸∈ NP

A (a
′).

2 For simplicity, we assume that 1
+∞ = 0.
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Remark 2.3. The two conditions of (6) are equivalent to [a, s] ⊂ S and [a′, s] ⊂ S,
respectively. Hence if for a ∈ bdryA, ζ ∈ NP

A (a) and t ≥ 0, the segment [a, a + tζ]
is called normal segment to A at a, then the S-convexity of A means that no two
normal segments to A, at two distinct points, contained in S, intersect in S. This
fact is illustrated in Figure 2.1.
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Figure 2.1: S-convexity

The following basic properties of S-convexity are listed in [14].

Proposition 2.4. ([14, Proposition 3.3]) Let A and S be two nonempty sets in Rn

such that A is closed and A ⊂ S. Then we have the following:
(i) A is convex if and only if A is Rn-convex.
(ii) If A is S-convex and A ⊂ S1 ⊂ S then A is S1-convex.
(iii) If A is S-convex and s ∈ S with [projA(s), s] ⊂ S, then s has a unique

projection on A.

3. Characterization of the complement as union of balls
The main result of this section is the following theorem in which we prove that
the complement of a nonempty and closed set A satisfying the extended exterior
r(·)-sphere condition is nothing but the union of closed balls with the lower semi-
continuous radius function ρ(·) defined in (1). This generalizes [16, Theorem 1.2] to
the variable radius case, as highlighted in the introduction, see Corollary 3.2.

Theorem 3.1. Let A ⊂ Rn be a nonempty and closed set satisfying the extended
exterior r(·)-sphere condition. Then Ac is the union of closed balls with radius func-
tion ρ(·), where ρ : Ac −→]0,+∞] is the lower semicontinuous function defined by

ρ(x) := min
{
r(a)

2
: a ∈ projA(x)

}
.

When r(·) = r > 0 is a constant, Theorem 3.1 leads to the following corollary that
coincides with [16, Theorem 1.2].

Corollary 3.2. ([16, Theorem 1.2]) Let A ⊂ Rn be a nonempty and closed set
satisfying the extended exterior r-sphere condition for some r > 0. Then Ac is the
union of closed balls with common radius r

2
.
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Now we provide the proof of Theorem 3.1.
Proof of Theorem 3.1. We begin by proving the lower semicontinuity of ρ(·).
First we note that the infimum defining ρ(x), for each x ∈ Ac, is attained since
projA(x) is compact and r(·) is continuous on bdryA. Let (xn, rn) ∈ epi ρ such that
(xn, rn) −→ (x̄, r̄) as n −→ +∞. For each n, there exists an ∈ projA(xn) such that

r(an)

2
= ρ(xn) ≤ rn. (7)

Having xn −→ x̄ and an ∈ bdryA, we deduce that the sequence an is bounded, and
hence, we can assume that an −→ ā ∈ bdryA. Since the projection map projA(·) is
closed, we deduce that ā ∈ projA(x̄). Then, using (7), we get that

ρ(x̄) ≤ r(ā)

2
= lim

n−→+∞

r(an)

2
≤ lim

n−→+∞
rn = r̄.

Therefore, (x̄, r̄)∈epi ρ. This closes the proof of the lower semicontinuity of ρ(·).
Now we prove that Ac is the union of closed balls with radius function ρ(·). Let
x ∈ Ac. There are two cases to consider.
Case 1: ρ(x) < +∞.
Consider ax ∈ bdryA such that ρ(x) = r(ax)

2
. Since ax ∈ projA(x), we conclude for

ρx := ∥x− ax∥ > 0 that
B(x; ρx) ∩ A = ∅. (8)

If ρ(x) < ρx then from (8) we get, for yx := x, that x ∈ B̄(yx; ρ(x)) ⊂ Ac.

Now we assume that r(ax)

2
= ρ(x) ≥ ρx. (9)

Case 1.1: ax ̸∈ bdry (intA).
Since A satisfies the extended exterior r(·)-sphere condition, we conclude that the
unit vector ζax := x−ax

∥x−ax∥ ∈ NP
A (ax) is realized by an r(ax)-sphere. That is,

B(ax + r(ax)ζax ; r(ax)) ⊂ Ac. (10)

On the other hand, one can easily prove using (9) that

B̄
(
x+

r(ax)

2
ζax ;

r(ax)

2

)
⊂ B(ax + r(ax)ζax ; r(ax)).

Now, this latter inclusion with the inclusion of (10) yield, for yx := x+ρ(x)ζax , that

x ∈ B̄(yx; ρ(x)) = B̄
(
x+ ρ(x)ζax ; ρ(x)

)
= B̄

(
x+

r(ax)

2
ζax ;

r(ax)

2

)
⊂ Ac.

Case 1.2: ax ∈ bdry (intA).
Then for every ε ∈]0, ρx[, we have B(ax; ε) ∩ intA ̸= ∅. Let zε ∈ B(ax; ε) ∩ intA,
and denote by ξε := zε−x

∥zε−x∥ .

Claim: ]x, zε[∩(bdryA) ∩B(ax; ε) ̸= ∅.
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To prove this claim, we first prove that the line L := {xt := x+tξε : t ∈ R} intersects
the sphere S(ax; ε) at two points xt1 and xt2 . We consider the function

f(t) := ∥xt − ax∥2 − ε2, t ∈ R.

For tε := ∥zε − x∥, we have, since zε ∈ B(ax, ε), that f(tε) < 0. Replacing xt by
x+ tξε in the formula of f(t), we obtain, for ζax := x−ax

∥x−ax∥ , that

f(t) = t2 + 2tρx⟨ζax , ξε⟩+ (ρ2x − ε2), t ∈ R.

Having f(tε) < 0, we deduce that the discriminant ∆′ of f(t) is positive, that is,

∆′ = (ρx⟨ζax , ξε⟩)2 − (ρ2x − ε2) > 0.

Then, the equation f(t) = 0 has two distinct real roots t1 < t2, and f(t) < 0 if and
only if t ∈]t1, t2[. This yields that

xt1 ∈ S(ax; ε), xt2 ∈ S(ax; ε), and xt ∈ B(ax; ε) ⇐⇒ t ∈]t1, t2[.

Since f(tε) < 0, tε > 0, t1t2 = ρ2x − ε2 > 0, we conclude that 0 < t1 < tε < t2.

Hence, t1 = −ρx⟨ζax , ξε⟩ −
√
∆′ and t2 = −ρx⟨ζax , ξε⟩+

√
∆′.

This yields, using that t1 > 0 and |⟨ζax , ξε⟩| ≤ 1, that −⟨ζax , ξε⟩ ∈]0, 1]. Then,
t1 < ρx. Since ∥xt1 − x∥ = t1, we conclude that

∥xt1 − x∥ < ρx, which gives, using (8), that xt1 ∈ Ac.

Having xtε = zε ∈ intA and xt1 ∈ Ac, we deduce the existence of tε ∈]t1, tε[ such
that xtε ∈ bdryA. Taking aε := xtε = x + tεξε ∈ (x, zε) ∩ bdryA, we get, since
f(tε) < 0, that aε ∈ B(ax; ε). Hence,

aε ∈]x, zε[∩(bdryA) ∩B(ax; ε). (11)

This terminates the proof of the claim. By Remark 2.2, there exists a unit vector
ζε ∈ NP

A (aε) realized by an r(aε)-sphere. Hence, for yε := aε + r(aε)ζε, we have

B(yε; r(aε)) ∩ A = ∅. (12)

Now, (11) with the continuity of r(·), yield that

lim
ε−→0

r(aε) = r(ax). (13)

Therefore, taking ε sufficiently small, we can assume, using (9), that

r(aε) >
r(ax)

2
= ρ(x) ≥ ρx. (14)

Note that the first inequality of (14) yields that r(ax)− r(aε) < r(aε).
Case 1.2.1: 0 ≤ ∥yε − x∥ ≤ r(ax)− r(aε) < r(aε).
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Then using (14), we get that ∥yε − x∥ < r(ax)
2

= ρ(x). Now taking yx := yε, and
using (12) and (14), we deduce that

x ∈ B̄(yx; ρ(x)) = B̄(yε; ρ(x)) ⊂ B(yε; r(aε)) ⊂ Ac.

Case 1.2.2: r(ax)− r(aε) < ∥yε − x∥ < r(aε).
If ∥yε − x∥ = 0, then for yx := x = yε we have, using (12) and (14), that

x ∈ B̄(yx; ρ(x)) = B̄
(
yε;

r(ax)

2

)
⊂ B(yε; r(aε)) ⊂ Ac.

If ∥yε − x∥ ̸= 0, then we define yx := x+ ρ(x) yε−x
∥yε−x∥ . For v ∈ B̄(yx; ρ(x)), we have

∥v − yε∥ ≤ ∥v − yx∥+ ∥yx − yε∥ ≤ ρ(x) + |ρ(x)− ∥yε − x∥| < r(aε).

This yields, using (12), that

x ∈ B̄(yx; ρ(x)) ⊂ B(yε; r(aε)) ⊂ Ac.

Case 1.2.3: ∥yε − x∥ ≥ r(aε).

We define ρε :=
ρ2x∥yε − x∥

∥yε − x∥2 + ρ2x − r(aε)2
> 0. (15)

We claim that

B
(
x+ ρε

yε − x

∥yε − x∥
; ρε

)
⊂ B(x; ρx) ∪B(yε; r(aε)).

Indeed, let v ∈ B
(
x+ ρε

yε−x
∥yε−x∥ ; ρε

)
and assume that v ̸∈ B(x; ρx). We have

∥v − yε∥2 = ∥(v − x)− (yε − x)∥2

= ∥v − x∥2 + ∥yε − x∥2 − 2⟨v − x, yε − x⟩

< ∥v − x∥2 + ∥yε − x∥2 − ∥yε − x∥
ρε

∥v − x∥2, (16)

where the last inequality follows from v ∈ B
(
x+ ρε

yε−x
∥yε−x∥ ; ρε

)
.

Now, since v ̸∈ B(x; ρx), ∥yε − x∥ ≥ r(aε), and using (15), we have

∥v − x∥2 + ∥yε − x∥2 − ∥yε − x∥
ρε

∥v − x∥2 = ∥yε − x∥2 + ∥v − x∥2
(
1− ∥yε − x∥

ρε

)
= ∥yε − x∥2 + ∥v − x∥2

(
r(aε)

2 − ∥yε − x∥2

ρ2x

)
≤ ∥yε − x∥2 + r(aε)

2 − ∥yε − x∥2 = r(aε)
2.

Combining this latter with (16), we deduce that ∥v− yε∥ < r(aε). Hence, we obtain
v ∈ B(yε; r(aε)). Therefore

B
(
x+ ρε

yε − x

∥yε − x∥
; ρε

)
⊂ B(x; ρx) ∪B(yε; r(aε)). (17)
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On the other hand, using that aε = x+ tεξε, ζε ∈ NP
A (aε) is unit and realized by an

r(aε)-sphere, and having zε ∈ intA, we deduce that

∥yε − x∥2 = ∥tεξε + r(aε)ζε∥2 = (tε)2 + r(aε)
2 + 2tεr(aε)⟨ζε, ξε⟩

< (tε)2 + r(aε)
2 + tε∥zε − aε∥ = (tε)2 + r(aε)

2 + tε(tε − tε)

= r(aε)
2 + tεtε. (18)

This latter inequality, with tε < tε, yields that

∥yε − x∥2 < r(aε)
2 + t2ε = r(aε)

2 + ∥zε − x∥2

≤ r(aε)
2 + (∥zε − ax∥+ ∥ax − x∥)2

≤ r(aε)
2 + (ε+ ρx)

2

= r(aε)
2 + ρ2x + ε2 + 2ερx. (19)

Furthermore, one can easily prove, using the relations (14), (15), and the inequality
∥yε − x∥ ≥ r(aε), that

ρε >
r(aε)

2
⇐⇒

√
r(aε)2 − ρ2x ≤ ∥yε − x∥ < ρ2x +

√
∆′

r(aε)

⇐⇒ ∥yε − x∥ < ρ2x +
√
∆′

r(aε)
, (20)

where ∆′ := ρ4x + r(aε)
4 − r(aε)

2ρ2x = (ρ2x − r(aε)
2)2 + ρ2xr(aε)

2 > 0. Now, combining
(19) with the inequality(

ρ2x +
√
∆′

r(aε)

)2

=
ρ4x

r(aε)2
+

ρ4x
r(aε)2

+ r(aε)
2 − ρ2x +

2ρ2x
r(aε)2

√
ρ4x + r(aε)4 − r(aε)2ρ2x

=
2ρ4x

r(aε)2
+ r(aε)

2 − ρ2x +
2ρ2x

r(aε)2

√(
r(aε)2 −

1

2
ρ2x

)2

+
3

4
ρ4x

>
2ρ4x

r(aε)2
+ r(aε)

2 − ρ2x +
2ρ2x

r(aε)2

(
r(aε)

2 − 1

2
ρ2x

)
= r(aε)

2 + ρ2x +
ρ4x

r(aε)2
,

we conclude that

∥yε − x∥2 −
(
ρ2x +

√
∆′

r(aε)

)2

< ε2 + 2ερx −
ρ4x

r(aε)2
. (21)

This yields, using (13), that

lim
ε−→0

[
∥yε − x∥2 −

(
ρ2x +

√
∆′

r(aε)

)2 ]
≤ − ρ4x

r(ax)2
< 0. (22)

Then, for ε sufficiently small, we have

∥yε − x∥2 −
(
ρ2x +

√
∆′

r(aε)

)2

< 0,

and hence, using (20), ρε > r(aε)
2

.
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We claim that ε can be taken sufficiently small so that ρε > r(ax)
2

. Indeed, if not
then there exists a decreasing and positive sequence (εn)n such that εn −→ 0 and

lim
n−→+∞

(
ρεn − r(aεn)

2

)
= 0.

This yields that

r(ax)∥ȳ − x∥2 − 2ρ2x∥ȳ − x∥+ r(ax)(ρ
2
x − r(ax)

2) = 0, (23)

where ȳ is the limit as n −→ +∞ of yεn . Note that this latter convergence can be
assumed since aεn −→ ax, r(aεn) −→ r(ax) and ζεn is unit. Solving the second order
equation (23) and using (14), we deduce that

∥ȳ − x∥ =
ρ2x +

√
ρ4x + r(ax)4 − r(ax)2ρ2x

r(ax)
. (24)

Now, taking n −→ +∞ in (21) (after replacing ε by εn), and using (24), we find
that

0 = ∥ȳ − x∥2 −
(
ρ2x +

√
ρ4x + r(ax)4 − r(ax)2ρ2x

r(ax)

)2

≤ − ρ4x
r(ax)2

< 0,

which gives the desired contradiction. Therefore, ε can be taken small enough so
that

ρε >
r(ax)

2
.

The latter inequality with (17), (8), and (12), yield that for yx := x + ρ(x) yε−x
∥yε−x∥ ,

we have
x ∈ B̄

(
x+ ρ(x)

yε − x

∥yε − x∥
; ρ(x)

)
= B̄

(
x+

r(ax)

2

yε − x

∥yε − x∥
;
r(ax)

2

)
⊂ B

(
x+ ρε

yε − x

∥yε − x∥
; ρε

)
∪ {x} ⊂ B(x; ρx) ∪B(yε; r(aε)) ⊂ Ac.

Case 2: ρ(x) = +∞.
Then for all a ∈ projA(x), we have r(a) = +∞. We fix ax ∈ projA(x). Then we
have r(ax) = +∞. Moreover, for ρx := ∥x− ax∥ > 0, we have B(x; ρx) ∩ A = ∅.
Case 2.1: ax ̸∈ bdry (intA).
Since A satisfies the extended exterior r(·)-sphere condition and r(ax) = +∞, we
conclude that the unit vector ζax := x−ax

∥x−ax∥ ∈ NP
A (ax) is realized by a δ-sphere for

all δ > 0. That is,
B(ax + δζax ; δ) ⊂ Ac, ∀δ > 0.

Hence, for yx := x+ ζax , we have that for all δ > 0,

B̄(x+ δ(yx − x); δ) = B̄(ax + (δ + ∥x− ax∥)ζax ; δ)
⊂ B(ax + (δ + ∥x− ax∥)ζax ; δ + ∥x− ax∥) ⊂ Ac.

Case 2.2: ax ∈ bdry (intA).
As in the Case 1.2 above, we define, for every ε ∈]0, ρx[, the points zε and aε, and
the vector ξε. The continuity of r(·) yields that

lim
ε−→0

r(aε) = r(ax) = +∞.
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Case 2.2.1: ∃ε0 > 0 such that for all ε ≥ ε0 we have r(aε) = +∞.
Let n ≥ 1 satisfying n ≥ ρx. Using arguments similar to those used in Case 1.2 with
r(aε) and r(ax) both replaced by 2n, we obtain the existence of unit vector ωn such
that {

x ∈ B̄(x;n) ⊂ Ac if yε = x,

x ∈ B̄(x+ nωn;n) ⊂ Ac if yε ̸= x.

In both cases, there exists a unit vector ωn such that

x ∈ B̄
(
x+

n

2
ωn;

n

2

)
⊂ Ac, ∀n ≥ ρx. (25)

Since the vector ωn is unit, we can assume that the sequence (ωn)n converges as
n −→ +∞ to a unit vector ω0. For yx := x+ω0, we claim that B̄(x+δ(yx−x); δ) ⊂ Ac

for all δ > 0. Indeed, let δ > 0 and let v ∈ B(x+ δ(yx−x); δ). If v ̸∈ B̄
(
x+ n

2
ωn;

n
2

)
for all n ≥ ρx, then ∥∥∥v − x− n

2
ωn

∥∥∥ > n

2
, ∀n ≥ ρx.

Hence, for n sufficiently large, we have

n

2
<

∥∥∥v − x− δω0 + δω0 − δωn + δωn −
n

2
ωn

∥∥∥
≤ ∥v − x− δω0∥+ δ ∥ω0 − ωn∥+

(
n

2
− δ

)
.

This yields that for n sufficiently large,

0 < (∥v − x− δω0∥ − δ) + δ ∥ω0 − ωn∥ .

Taking n −→ +∞ in this latter inequality, we obtain that

δ ≤ ∥v − x− δω0∥ = ∥v − x− δ(yx − x)∥ ,

which gives the desired contradiction. Hence, there exists n0 = n(δ, v) ≥ ρx such
that

v ∈ B̄
(
x+

n0

2
ωn0 ;

n0

2

)
⊂ Ac,

where the last inclusion follows from (25). Therefore, B(x + δ(yx − x); δ) ⊂ Ac for
all δ > 0. Now to prove that B̄(x + δ(yx − x); δ) ⊂ Ac for all δ > 0, it is sufficient
to remark that

B̄(x+ δ(yx − x); δ) ⊂ B(x+ 2δ(yx − x); 2δ) ∪ {x} ⊂ Ac, ∀δ > 0.

Case 2.2.2: ∃(εn)n such that εn > 0 for all n, εn↘, εn −→ 0, and r(aεn) < +∞
for all n.

Since r(aεn) −→ +∞, we can assume that along a subsequence, we do not relabel,
we have

r(aεn) ≥ 2ρx for all n, r(aεn) ↗, and r(aεn) −→ +∞.
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Using arguments similar to those used in Case 1.2 with r(ax) replaced by r(aεn), we
obtain that

x ∈ B̄
(
x; r(aεn )

2

)
⊂ Ac if yεn = x,

x ∈ B̄
(
x+ r(aεn )

2
yεn−x

∥yεn−x∥ ;
r(aεn )

2

)
⊂ Ac if yεn ̸= x and ∥yεn − x∥ < r(aεn),

B
(
x+ ρεn

yεn−x
∥yεn−x∥ ; ρεn

)
⊂ Ac, if ∥yεn − x∥ ≥ r(aεn),

where ρεn is defined in (15). This yields the existence of sequence (ωn)n of unit
vectors satisfyingx ∈ B̄

(
x+

r(aεn)

4
ωn;

r(aεn)

4

)
⊂ Ac if ∥yεn − x∥ < r(aεn),

B
(
x+ ρεnωn; ρεn

)
⊂ Ac, if ∥yεn − x∥ ≥ r(aεn).

Case 2.2.2.1: There are infinitely many indices n, we do not relabel, for which
∥yεn − x∥ < r(aεn).

We proceed as in Case 2.2.1 where we replace the radius n
2

by r(aεn )
4

. We obtain the
existence of yx such that

B̄(x+ δ(yx − x); δ) ⊂ Ac, ∀δ > 0.

Case 2.2.2.2: There are infinitely many indices n, we do not relabel, for which
∥yεn − x∥ ≥ r(aεn).

We claim that ρεn −→ +∞. Indeed, by (19) and since ∥yεn − x∥ ≥ r(aεn), we have

lim
n−→+∞

∥yεn − x∥ = +∞ and ρ2x ≤ lim
n−→+∞

(
∥yεn − x∥2 + ρ2x − r(aεn)

2
)
≤ 2ρ2x.

This yields that limn−→+∞ ρεn = +∞.3

Hence, we can assume that along a subsequence, we do not relabel, we have

ρεn ↗ and ρεn −→ +∞.

Now, proceeding as Case 2.2.1 where we replace the radius n
2

by ρεn , and the closed
ball B̄(x+ ρεnωn; ρεn) by the open ball B(x+ ρεnωn; ρεn), we obtain the existence of
yx such that

B̄(x+ δ(yx − x); δ) ⊂ Ac, ∀δ > 0.

The proof of Theorem 3.1 is terminated.

Remark 3.3. In Theorem 3.1, the function ρ(·) is not necessarily continuous. In-
deed, for A := {(x, y) ∈ R2 : y ≥ 2 or y ≤ 0}, and r(x) := 1 on the line y = 2 and
r(x) := 1

2
on the line y = 0, we have A satisfies the extended exterior r(·)-sphere

condition, with

ρ(0, 1) =
1

4
, and ρ

(
0, 1 +

1

n

)
=

1

2
for all n ≥ 2.

This yields that ρ(·) is not continuous on (0, 1).
3 The limit in (22) is now ≤ 0, and hence, we cannot deduce that ρεn >

r(aεn )
2 for n sufficiently

large.
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4. Characterization using S-convexity

Before stating the main result of this section, we introduce some notations and
definitons. For A ⊂ Rn a nonempty and closed set, a ∈ bdryA, ζa ∈ NP

A (a) unit,
and r : bdryA −→]0,+∞] a continuous function, we define:
• ρ(a, ζa) := max{ρ : ζa is realized by a ρ-sphere}.

• ρ(a, ζa, r) := max{ρ : ρ ≤ r(a) and ζa is realized by a ρ-sphere}.
• AUP :=

{
x ∈ Ac : projA(x) = {a} and ∥x− a∥ < ρ

(
a, x−a

∥x−a∥

)}
.

• AUP (r) :=
{
x ∈ Ac : projA(x) = {a} and ∥x− a∥ < ρ

(
a, x−a

∥x−a∥ , r
)}
.

• bdryr(intA) := {a ∈ bdry (intA) : ∃ζ ∈ NP
A (a) unit with ρ(a, ζ) ≥ r(a)}.

In the following proposition, we present some fundamental properties of the con-
structs introduced above. These properties are extracted from [15, Section 3].

Proposition 4.1. Let A ⊂ Rn be a nonempty closed set, a ∈ bdryA, ζa ∈NP
A (a)

unit, and r : bdryA −→]0,+∞] a continuous function. Then the following asser-
tions hold:
(i) ρ(a, ζa) ∈]0,+∞], and{

0 < ρ(a, ζa, r) = ρ(a, ζa) ≤ +∞, if r(a) = +∞,

0 < ρ(a, ζa, r) = min{ρ(a, ζa), r(a)}, if r(a) < +∞.

(ii) AUP (r) ⊂ AUP . Moreover,

AUP =
⋃

a∈bdryA
ζ∈NP

A (a) unit

]a, a+ ρ(a, ζ)ζ[ and AUP (r) =
⋃

a∈bdryA
ζ∈NP

A (a) unit

]a, a+ ρ(a, ζ, r)ζ[.

(iii) A is A ∪ AUP -convex.
(iv) bdryr(intA) is closed.

Remark 4.2. From the definition of ρ(a, ζa), one can easily deduce that a nonempty
and closed set A ⊂ Rn satisfies the extended exterior r(·)-sphere condition if for every
a ∈ bdryA, the following assertions hold:
• If a ∈ bdry (intA) then there exists a unit vector ζa ∈ NP

A (a) such that we have
ρ(a, ζa) ≥ r(a).

• If a ̸∈ bdry (intA) then for all unit vectors ζa ∈ NP
A (a) we have ρ(a, ζa) ≥ r(a).

Remark 4.3. In this remark, we prove that for A ⊂ Rn nonempty and closed,
and for ρ : Ac −→]0,+∞] continuous, if A does not satisfy the extended exterior
r(·)-sphere condition then
∃a ∈ bdry (intA) such that NP

A (a) ̸= {0}, and ρ(a, ζ) < r(a), ∀ζ ∈ NP
A (a) unit,

or
∃a ∈ (bdryA) ∩ (bdry (intA))c and ∃ζa ∈ NP

A (a) unit such that ρ(a, ζa) < r(a).
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Indeed, if A does not satisfy the extended exterior r(·)-sphere condition, then by
Remark 4.2, we have
∃a ∈ bdry (intA) such that ρ(a, ζ) < r(a), ∀ζ ∈ NP

A (a) unit,
or
∃a ∈ (bdryA) ∩ (bdry (intA))c and ∃ζa ∈ NP

A (a) unit such that ρ(a, ζa) < r(a).

We assume that

∀a ∈ (bdryA) ∩ (bdry (intA))c and ∀ζa ∈ NP
A (a), we have ρ(a, ζa) ≥ r(a). (26)

Then, there exists b ∈ bdry (intA) such that ρ(b, ζ) < r(b) for all ζ ∈ NP
A (b) unit.

Since the set of points x ∈ bdryA for which NP
A (x) ̸= {0} is dense in bdryA, we

deduce the existence of a sequence bn ∈ bdryA such that bn −→ b andNP
A (bn) ̸= {0}.

For all n, we fix ζn ∈ NP
A (bn) unit. Since ζn is unit, we can assume that ζn −→ ζb

unit.
Claim 1: ∃N ∈ N such that for all n ≥ N , we have bn ∈ bdry (intA).
Indeed, if not then (bn)n has a subsequence, which we do not relabel, such that
bn ∈ (bdry (intA))c for all n. This yields, using (26), that ρ(bn, ζn) ≥ r(bn) for all n.
Taking n −→ +∞ in the proximal normal inequality of ζn, and using the continuity
of r(·), we deduce that

ζb ∈ NP
A (b) and ρ(b, ζb) ≥ r(b),

which gives the desired contradiction.
Claim 2: ∃ N̄ ≥ N such that ρ(bn, ζ) < r(bn) for all n ≥ N̄ and for all ζ ∈ NP

A (bn)
unit.

If not, then (bn)n has a subsequence, we do not relabel, such that for all n, one can
find ξn ∈ NP

A (bn) unit and satisfying ρ(bn, ξn) ≥ r(bn). Proceeding as in the proof
of Claim 1, we obtain the existence of ξb ∈ NP

A (b) unit such that

ρ(b, ξb) ≥ r(b), a contradiction.

Now, combining Claim 1 and Claim 2, and taking a := bN̄ , we deduce that

a ∈ bdry (intA), NP
A (a) ̸= {0}, and ρ(a, ζ) < r(a) for all ζ ∈ NP

A (a) unit.

Therefore,
∃a ∈ bdry (intA) such that NP

A (a) ̸= {0}, and ρ(a, ζ) < r(a), ∀ζ ∈ NP
A (a) unit,

or
∃a ∈ (bdryA) ∩ (bdry (intA))c and ∃ζa ∈ NP

A (a) unit such that ρ(a, ζa) < r(a).

We proceed by introducing the four sets O, P , Ār and Ār, and the hypothesis (UP)r.
For A ⊂ Rn a nonempty and closed set, and r : bdryA −→]0,+∞] a continuous
function, we consider:
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• O := {x ∈ Ac : ∃a ∈ projA(x) ∩ [bdry (intA)]c with ∥x− a∥ < r(a)}.
• P := {x ∈ Ac : projA(x) ∩ bdry (intA) ̸⊂ bdryr(intA)}.
• Ār := A ∪ AUP (r) ∪ O ∪ P .
• Ār := A ∪ AUP ∪ O ∪ P .
• (UP)r ∀x ∈ Ār

[
x ∈ bdry Ār =⇒ projA(x) is a singleton

]
.

Remark 4.4. Unlike the case Ār, see Proposition (4.6)(iv), the hypothesis (UP)r
is not always satisfied when A is Ār-convex set. Indeed, let

A := {(x, y) : y = 0 or y ≥ 4} ⊂ R2, and r(x, y) :=

{
1 if x ∈ R and y = 0,

3 if x ∈ R and y = 4.

We have Ār = {(x, y) : y ∈]− 1, 1[ or y ∈ [2,+∞[} and Ār = R2.
One can easily verify that A is Ār-convex. But, the hypothesis (UP)r is not satisfied.
In fact, for any x ∈ R, we have

(x, 2) ∈ bdry Ār = {(x, y) : y ∈ {−1, 1, 2}}, and projA(x, 2) = {(x, 0), (x, 4)}.
Note that for this example, O = {(x, y) : y ∈] − 1, 0[ or y ∈]0, 1[}, and hence, it is
open.

The main result of this section is the following theorem in which we prove that the
extended exterior r(·)-sphere condition belongs to the S-convexity regularity class.
This extends the main results of [15], where similar characterizations are obtained
for φ-convexity, the θ-exterior sphere condition, and the ψ-union of closed balls
property.
Theorem 4.5. Let A ⊂ Rn be a nonempty closed set, and r : bdryA −→]0,+∞] a
continuous function. Then the following assertions are equivalent:
(i) A satisfies the extended exterior r(·)-sphere condition.
(ii) A is Ār-convex.
(iii) A is Ār-convex, (UP)r is satisfied, and O is open.

Before giving the proof of Theorem 4.5, we prove the following characterizations of
the sets Ār and Ār introduced above. These characterizations will play an essential
role in the proof of Theorem 4.5.

Proposition 4.6. Let A ⊂ Rn be a nonempty closed set, and r : bdryA −→]0,+∞]
a continuous function. Then the following assertions hold:
(i) Ār ⊂ Ār, Ār = Ār ∪ AUP , Ār ∩ (AUP (r))

c = Ār ∩ (AUP )
c, and O ⊂ Ār ⊂ Ār.

(ii) We have
Ār = A ∪

⋃
a∈bdryr(intA)

ζ∈NP
A (a) unit

[a, a+ ρ(a, ζ, r)ζ[ ∪
⋃

a∈(bdry (intA))∩(bdryr(intA))c

ζ∈NP
A (a) unit

[a, a+ ρ(a, ζ, r)ζ]

∪
⋃

a∈(bdryA)∩(bdry (intA))c

ζ∈NP
A (a) unit

ρ(a,ζ)≥r(a)

[a, a+ ρ(a, ζ, r)ζ[ ∪
⋃

a∈(bdryA)∩(bdry (intA))c

ζ∈NP
A (a) unit

ρ(a,ζ)<r(a)

[a, a+ ρ(a, ζ, r)ζ].
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(iii) We have

Ār = A ∪
⋃

a∈bdryr(intA)

ζ∈NP
A (a) unit

[a, a+ ρ(a, ζ)ζ[ ∪
⋃

a∈(bdry (intA))∩(bdryr(intA))c

ζ∈NP
A (a) unit

[a, a+ ρ(a, ζ)ζ]

∪
⋃

a∈(bdryA)∩(bdry (intA))c

ζ∈NP
A (a) unit

ρ(a,ζ)≥r(a)

[a, a+ ρ(a, ζ)ζ[ ∪
⋃

a∈(bdryA)∩(bdry (intA))c

ζ∈NP
A (a) unit

ρ(a,ζ)<r(a)

[a, a+ ρ(a, ζ)ζ].

(iv) If A is Ār-convex, then each point in Ār has a unique projection on A.

Proof. (i) Follows directly from the definitions of Ār and Ār.
(ii) We begin by proving that Ār ⊂ RHS(ii) (the right hand side of (ii)). Let x∈ Ār.
Case 1: x ∈ A ∪ AUP (r).
Then by Proposition 4.1(ii), we have

x ∈ A ∪
⋃

a∈bdryA
ζ∈NP

A (a) unit

]a, a+ ρ(a, ζ, r)ζ[⊂ RHS(ii).

Case 2: x ∈ P .
Then x∈Ac, and there exists ax∈projA(x)∩bdry (intA) such that ax ̸∈bdryr(intA).
This yields that ax ∈ bdry (intA)∩(bdryr(intA))c and ζx := x−ax

∥x−ax∥ ∈ NP
A (ax). Since

ax ̸∈ bdryr(intA), we deduce that

[r(ax) = +∞ and ρ(ax, ζx) < +∞] or [r(ax) < +∞ and ρ(ax, ζx) < r(ax)].

In both cases, we have ρ(ax, ζx, r) < +∞ and ρ(ax, ζx, r) < r(ax). This gives that

ρ(ax, ζx, r) = ρ(ax, ζx), and hence, ∥x− ax∥ ≤ ρ(ax, ζx, r).

Therefore, x ∈
⋃

a∈(bdry (intA))∩(bdryr(intA))c

ζ∈NP
A (a) unit

[a, a+ ρ(a, ζ, r)ζ] ⊂ RHS(ii).

Case 3: x ∈ O.
Then x ∈ Ac, and there exists ax ∈ projA(x) ∩ (bdry (intA))c such that we have
∥x−ax∥ < r(ax). This yields ax ∈ (bdryA) ∩ (bdry (intA))c with ∥x− ax∥ < r(ax)
and ζx := x−ax

∥x−ax∥ ∈ NP
A (ax). Then,

ax ∈ (bdryA) ∩ (bdryr(intA))c and ρ(ax, ζx, r) ≥ ∥x− ax∥.

Therefore, x ∈
⋃

a∈(bdry (intA))∩(bdryr(intA))c

ζ∈NP
A (a) unit

[a, a+ ρ(a, ζ, r)ζ] ⊂ RHS(ii).

This terminates the proof of Ār ⊂ RHS(ii). We proceed to prove that RHS(ii) ⊂ Ār.
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Let x ∈ RHS(ii). Since A ⊂ Ār, we assume that x ∈ Ac.

Case 1: x ∈
⋃

a∈bdryA
ζ∈NP

A (a) unit

]a, a+ ρ(a, ζ, r)ζ[.

Then, by Proposition 4.1(ii), x ∈ AUP (r) ⊂ Ār.
Case 2: x = a+ ρ(a, ζ, r)ζ, where a ∈ (bdry (intA)) ∩ (bdryr(intA))c and

ζ ∈ NP
A (a) is unit.

Then x ∈ Ac, a ∈ projA(x) ∩ bdry (intA), and a ̸∈ bdryr(intA). This yields that

projA(x) ∩ bdry (intA) ̸⊂ bdryr(intA).

Hence, x ∈ P ⊂ Ār.
Case 3: x = a + ρ(a, ζ, r)ζ, where a ∈ (bdryA) ∩ (bdry (intA))c, ζ ∈ NP

A (a) is
unit, and ρ(a, ζ) < r(a).

Then a ∈ projA(x) ∩ (bdry (intA))c, and ∥x− a∥ = ρ(a, ζ, r) = ρ(a, ζ) < r(a). This
yields that x ∈ O ⊂ Ār.
(iii) The inclusion Ār ⊂ RHS(iii) can directly be obtained from Ār = Ār ∪ AUP ,
AUP ⊂ RHS(iii) (by Proposition 4.1(ii)), and Ār ⊂ RHS(ii) ⊂ RHS(iii). For the
inclusion RHS(iii) ⊂ Ār, it is sufficient to follow arguments similar to those used in
the proof of RHS(ii) ⊂ Ār.
(iv) Let x ∈ Ār ∩ Ac. We have, using (iii), that

[projA(x), x] =
⋃

a∈projA(x)

[
a, a+ ∥x− a∥ x− a

∥x− a∥

]
= {x} ∪

⋃
a∈projA(x)

[
a, a+ ∥x− a∥ x− a

∥x− a∥

[
⊂ {x} ∪

⋃
a∈projA(x)

[
a, a+ r

(
a,

x− a

∥x− a∥

)
x− a

∥x− a∥

[
⊂ Ār.

By Proposition 2.4(iii), we deduce that x has a has a unique projection on A.

Now we are ready to provide the proof of Theorem 4.5.

Proof of Theorem 4.5. (i)=⇒(ii): Since A satisfies the extended exterior r(·)-
sphere condition, we have bdryr(intA) = bdry (intA), and

ρ(a, ζ) ≥ r(a), ∀a ∈ (bdryA) ∩ (bdry (intA))c and ∀ζ ∈ NP
A (a).

This yields, using Proposition 4.1(ii) and Proposition 4.6(iii), that Ār = A ∪ AUP .
Therefore, by Proposition 4.1(iii), we deduce that A is Ār-convex.
(ii)=⇒(iii) Since Ār ⊂ Ār, we deduce that A is Ār-convex. The hypothesis (UP)r
follows directly from Proposition 4.6(iv) and the inclusion (see Proposition 4.6(i))

bdry Ār ⊂ Ār ⊂ Ār.
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We proceed to prove that O is open. If not, there there exists xn ̸∈ O such that
xn −→ x̄ ∈ O. Since x̄ ∈ O ⊂ Ār, we have from Proposition 4.6(iv) that x̄ has a
unique projection ā on A. This yields, using the definition of O, that ā ̸∈ bdry (intA)
and ∥x̄− ā∥ < r(ā). On the other hand, since xn ̸∈ O, we have that

∥xn − a∥ ≥ r(a), ∀a ∈ projA(xn) ∩ (bdry (intA))c. (27)

Let an ∈ projA(xn). Since (an)n is bounded, it has a subsequence, we do not relabel,
such that an −→ ã ∈ projA(x̄), where the last inclusion follows since the projection
map projA(·) is closed. Hence, ã = ā.
Case 1: (an)n has a subsequence, which we do not relabel, with

an ∈ (bdryA) ∩ (bdry (intA))c, ∀n.
Then, using (27), we have

∥x̄− ā∥ = lim
n−→+∞

∥xn − an∥ ≥ r(ā),

which gives the desired contradiction.
Case 2: (an)n has a subsequence, which we do not relabel, with

an ∈ (bdryA) ∩ (bdry (intA)), ∀n.
Then ā ∈ bdry (intA), which gives the desired contradiction.
(iii)=⇒(i) We proceed with a proof by contradiction. Assume that A does not
satisfy the extended exterior r(·)-sphere condition. Then by Remark 4.3, we have
∃ a ∈ bdry (intA) such that NP

A (a) ̸= {0}, and ρ(a, ζ) < r(a), ∀ζ ∈ NP
A (a) unit,

or
∃ a ∈ (bdryA) ∩ (bdry (intA))c and ∃ζa ∈ NP

A (a) unit such that ρ(a, ζa) < r(a).

Case 1: ∃ a ∈ (bdryA) ∩ (bdry (intA))c and ∃ ζa ∈ NP
A (a) unit such that

ρ(a, ζa) < r(a).

Let xa = a + ρ(a, ζa)ζa. For all x ∈]a, xa], we have a ∈ projA(x) ∩ (bdry (intA))c,
and

∥x− a∥ ≤ ∥xa − a∥ = ρ(a, ζa) < r(a).

This yields that
]a, xa] ⊂ O ⊂ Ār.

Since O is open and xa ∈ O, there exists ε > 0 such that B̄(xa; ε) ⊂ O. We consider
xε := xa + εζa = a+ (ε+ ρ(a, ζa))ζa. Clearly we have

[xa, xε] ⊂ B̄(xa; ε) ⊂ O ⊂ Ār.

Therefore, ]a, xε] =]ax, xa] ∪ [xa, xε] ⊂ O ⊂ Ār. (28)

Now, since xε ∈ O, there exists aε ∈ projA(xε) ∩ (bdry (intA))c such that we have
∥xε−aε∥ < r(aε). Hence, for all x ∈]aε, xε[, we have aε ∈ projA(xε)∩(bdry (intA))c,
and

∥x− aε∥ ≤ ∥xε − aε∥ < r(aε).
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]Therefore, aε, xε] ⊂ O ⊂ Ār. (29)
We claim that a ̸= aε. Indeed, if not, then ζa is realized by a ε + ρ(a, ζa)-sphere,
contradiction. Therefore, from (28) and (29), we have that the two normal segments
to A, [a, xε] and [aε, xε] are inside Ār and intersects at xε. This contradicts the Ār-
convexity of A.
Case 2: ∃ a ∈ bdry (intA) such that NP

A (a) ̸= {0}, and ρ(a, ζ) < r(a),
∀ζ ∈ NP

A (a) unit.
Then a ∈ (bdry (intA)) ∩ (bdryr(intA))c. Since NP

A (a) ̸= {0}, we consider a unit
vector ζa ∈ NP

A (a). We have ρ(a, ζa) < r(a). This yields that
ρ(a, ζa, r) = ρ(a, ζa) < r(a).

Hence, for xa := a+ ρ(a, ζa, r)ζa, we have by Proposition 4.6(ii) that

[a, xa] = [a, a+ ρ(a, ζa, r)ζa] ⊂ Ār and a ∈ projA(xa).

Case 2.1: ∃ ε > 0 such that [xa, xa + εζa] ⊂ Ār.
Let xε := xa + εζa, where ε is taken small enough so that xε ̸∈ A. We have

[a, xε] = [a, xa] ∪ [xa, xε] ⊂ Ār.

Since xε∈ Ār and using Proposition 4.6(ii), there exist aε∈bdryA and ζaε ∈NP
A (aε)

unit, such that
[aε, xε[⊂ [aε, aε + ρ(aε, ζaε , r)ζaε [⊂ Ār.

Since ∥xε − a∥ = ε+ ρ(a, ζa, r) and ∥xε − aε∥ ≤ ρ(aε, ζaε , r), we deduce that aε ̸= a.
Therefore, the two normal segments to A, [a, xε] and [aε, xε] are inside Ār and
intersects at xε. This contradicts the Ār-convexity of A.
Case 2.2: ∃xn := xa + tnζa, n ∈ N, such that tn > 0 and xn ̸∈ Ār for all n, and

xn −→ xa.
Since xn ̸∈ Ār, xa ∈ Ār, and xn −→ xa, we deduce that xa ∈ bdry (Ār). Hence, by
(UP)r, xa has a unique projection a on A. Let an ∈ projA(xn). Since xn −→ xa,
we have that (an)n is bounded. Hence, it admits a subsequent, we do not relabel,
that converges to a point ã. Having that the projection map projA(·) is closed and
that projA(xa) = {a}, we deduce that ã = a, and then an −→ a. Add to this that
bdry r(intA) is closed and a ̸∈ bdry r(intA), we conclude that, for n sufficiently
large, an ∈ (bdry r(intA))c.
Case 2.2.1: (an)n has a subsequence (ank

)k such that ank
∈ bdry (intA) for all k.

Then, for k sufficiently large, we have projA(xnk
) ∩ (bdry (intA)) ̸⊂ bdry r(intA).

Hence, using that xnk
∈ Ac (since xnk

̸∈ Ār and A ⊂ Ār), we obtain that, for k
sufficiently large, xnk

∈ P ⊂ Ār, a contradiction.
Case 2.2.2: ∃N such that for n ≥ N , we have an ∈ (bdry (intA))c.
We define ζn := xn−an

∥xn−an∥ . So, we have ζn −→ xa−a
∥xa−a∥ = ζa.

Case 2.2.2.1: ρ(an, ζn) ≥ r(an) for all n ≥ N .
Then, taking n −→ +∞ in ρ(an, ζn) ≥ r(an), and using the proximal normal in-
equality, we deduce that ρ(a, ζa) ≥ r(a), contradiction.
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Case 2.2.2.2: ∃n0 ≥ N such that ρ(an0 , ζn0) < r(an0).
Then, we have an0 ∈ (bdry (intA))c with ρ(an0 , ζn0) < r(an0). Hence, as in Case 1,
where we replace a by an0 , we obtain the desired contradiction.
The proof of Theorem 4.5 is complete.

Remark 4.7. Theorem 4.5 coincides with [15, Theorem 3.15] when A is regular
closed, that is, A = cl (intA). Indeed, when A is regular closed, the extended
exterior r(·)-sphere condition coincides with the θ-exterior sphere condition, for
θ(·) := 1

2r(·) . Moreover, we have

Ār = Āθ, Ā
r = Āθ, and O = ∅ is open.
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