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We consider a variable radius form of the extended exterior sphere condition recently introduced by
the authors [The extended exterior sphere condition, J. Convex Analysis 31/1 (2024) 39-50], and
then, we prove that the complement of a closed set satisfying this new property is nothing but the
union of closed balls with lower semicontinuous radius function. This generalizes, to the variable
radius case, the main result of the paper cited above, namely, Theorem 1.2. On the other hand, as
it is shown in two further papers of the authors [A new class of sets regularity, ibid. 25/4 (2018)
1059-1074, S-convezity: the variable radius case, ibid. 29/4 (2022) 1167-1192] for prox-regularity,
the exterior sphere condition, and the union of closed balls property, we prove that the constant
and the variable radius forms of the extended exterior sphere condition belong to the S-convezity
regularity class.
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1. Introduction

Let A be a nonempty and closed subset of R", and denote by bdry A and int A the
boundary and the interior of A, respectively. For r: bdry A —]0, 400] a continuous
function, we say that A satisfies the extended exterior r(-)-sphere condition if for
every a € bdry A, the following assertions hold:

o If a € bdry (int A) then there exists a unit vector ¢, € N4 (a) such that
B(a+r(a)C;r(a))NA=0, if r(a) < 400,
B(a+ pla;p) NA=10 forall p >0, ifr(a)=+oo,

o Ifa & bdry (int A) then for all unit vectors ¢, € N¥(a), we have

B(a+r(a)C;r(a)) NA =0, if r(a) < 400,

B(a+ pa;p) NA=10 forall p>0, ifr(a)=+oo,
where N¥(a) denotes the prozimal normal cone to A at a, and B(y; o) is the open
ball centered at y with radius o > 0.

* Corresponding author.
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When r(-) = r > 0 is a constant function, the above property coincides with the
extended exterior r-sphere condition introduced and studied in [16]. In fact, it was
shown in [16, Theorem 1.2] that the complement of a nonempty and closed set
A satisfying the extended exterior r-sphere condition is nothing but the union of
closed balls with common radius 5. This generalized, in finite-dimensional setting,
[7, Theorem 3| where the authors proved a similar result by assuming that A is
r-proz-reqular which is stronger than the extended exterior r-sphere condition, see
[8, Section 2]. The first main result of this paper is Theorem 3.1 in which we
generalize [16, Theorem 1.2] to the variable radius case. More precisely, we prove
in Theorem 3.1 that if A satisfies the extended exterior r(-)-sphere condition, then
A€ the complement of A, is nothing but the union of closed balls with the radius

function p: A° —]0, +00| defined by

p(x) := min {@

0 € projy(a) } (1)
where proj,(z) denotes the projection of x on the boundary of A. By this union,
we mean that for every x € A€, there exists y, € A° such that:

x € B(y.; p(x)) C A, if p(z) < +o0,

x € B(x+6(y, —x);6) C A for all 6 > 0, if p(x) = +o0,
where B(y; o) is the closed ball centered at y with radius o. One can easily see that
our Theorem 3.1 is a generalization of [16, Theorem 1.2]. Indeed, if r(-) =r > 0 is a
constant, then the function p(-) becomes the constant function %, and hence, A° is
the union of closed balls with common radius 5. Although going from fixed radius
to continuous variable radius may be seen as a small generalization, it requires
a significant revision of the technical approach used in [16]. This can be readily
inferred from the proof of Theorem 3.1 given in Section 3. Note that working, as
in [11, Section 3], with fixed radius on a neighborhood of a boundary point, then
taking the limit as the size of the neighborhood goes to zero, is not a successful
attempt to prove Theorem 3.1. Indeed, one of the major obstacles caused by this
technique is that it forces, after taking the limit, the replacement of the open set
A in the final result by its closure cl (A¢), which makes the reachable result weaker
than Theorem 3.1.

On the other hand, when A is regular closed, that is, A equals to the closure of its
interior, the extended exterior r(-)-sphere condition coincides, for 6(-) := 1/(2r(-)),
with the 0-exterior sphere condition introduced in [9], and studied in depth in the
papers [9, 10, 11, 12, 15]. For instance, it is proved in [15] that the S-convezity
property, introduced in [13], covers several known regularity properties including
the p-convexity, the f-exterior sphere condition, and the -union of closed balls
property, see [15, Theorems 3.7, 3.15 & 3.22].1 The extension of these latter results
to encompass the extended exterior r(-)-sphere condition will be done in Theorem
4.5, which is the second main result of this paper.

! For more information about (-convexity and related properties such as positive reach, proxrimal
smoothness, proz-reqularity, and p-convexity, see [1, 2, 4, 5, 18, 20]
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The layout of the paper is as follows. Our notations and some geometric definitions
will be given in the next section. In Section 3, we prove that the complement of
a nonempty and closed set satisfying the extended exterior r(-)-sphere condition
is nothing but the union of closed balls with the radius function p(-) defined in
(1). Section 4 is devoted to the generalization of [15, Theorem 3.15], that is, the
proof that the extended exterior r(-)-sphere condition belongs to the S-convexity
regularity class.

2. Preliminaries

We denote by || - ||, (,), B and B, the Euclidean norm, the usual inner product, the
open unit ball and the closed unit ball, respectively. For » > 0 and x € R", we set
B(w;p) == x + pB and B(x;p) := x + pB. The sphere centered at x € R™ with
radius p > 0 is denoted by S(z;p). For a set A C R", A° int A, bdry A and cl A
are the complement (with respect to R™), the interior, the boundary and the closure
of A, respectively. The closed segment (resp. open segment) joining two points z
and y in R™ is denoted by [z,y] (resp. |z,y[). For A C R" and = € R"™, [A,x]
designates the union of all segments [a, 2| such that a € A. For Q C R™ open and
f: Q —]0,400] an extended real-valued function, we denote by epi f the epigraph
of f. The distance from a point x to a set A is denoted by d4(x). We also denote by
proj 4(z) the set of closest points in A to z, that is, the set of points a in A satisfying
da(z)=|la—z|]. For x€R™ and ( € R™ a unit vector, the directional distance from
x to a closed set A in the direction ¢, denoted by da(x, (), is defined by

da(z,¢) :==min{t > 0: 2+t € A},
where the minimum of an empty set is taken to be +oo.

Now we provide some geometric definitions from proximal analysis. Our general
reference for these constructs is [3]; see also the monographs [6, 17, 19, 21]. Let A
be a nonempty and closed subset of R". For a € A, a vector ( € R" is said to be
proximal normal to A at a provided that there exists o = o(a, () > 0 such that

(¢, —a) <ollr—al? VreA. (2)

The relation (2) is commonly referred to as the prozimal normal inequality. No
nonzero ¢ satisfying (2) exists if a € int A, but this may also occur for a € bdry A.
For such points, the only proximal normal is ( = 0. In view of (2), the set of all
proximal normals to A at a is a convex cone, and we denote it by N%(a). One can
easily prove that the set {a € bdry A : N¥(a) # {0}} is dense in bdry A. Now let
a € bdry A, and suppose that 0 # ¢ € R” and r > 0 are such that

B(a+ré|;r>ﬂA:®. (3)

Then ( is a proximal normal to A at a and we say that ( is realized by an r-sphere.
Note that ¢ is then also realized by an r’-sphere for any 7’ €]0,7]. One can show

that ¢ being realized by an r-sphere is equivalent to the proximal normal inequality
holding with o = %, that is,

Coria) < Lig—al?
<<7ZE CL>< THI' CL||7 Vo € A, <4>

with strict inequality for x € int A.
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In that case, we have

¢
1§

On the other hand, for z € A°, a € proj,(z) and (, := To—ay> We have ¢, € N¥(a),

and (, is realized by a ||z — a||-sphere.

proj4(x) = {a} forallz € [a a+r—r [ and a € projy <a+r”C”)

We proceed to define the extended exterior r(-)-sphere condition. For A C R™ a
nonempty and closed set, and r: bdry A —]0, +o0] a continuous function, we say
that A satisfies the extended exterior r(-)-sphere condition if for every a € bdry A,
the following assertions hold:

o If a € bdry (int A) then there exists a unit vector ¢, € N¥(a) such that

B(a+r(a)C;r(a))NA=0, if r(a) < +o0,
B(a+ pla;p) NA=10 forall p >0, ifr(a)=+oo,

o If a & bdry (int A) then for all unit vectors (, € N¥(a), we have

B(a+r(a)C;r(a))NA=0, if r(a) < +o0,
B(a+ plu;p) NA=10 forall p >0, ifr(a)=+cc.

Since (3) is equivalent to ¢ being realized by an r-sphere, we deduce that A satisfies
the extended exterior r(-)-sphere condition if for every a € bdry A, the following

assertions hold:

o If a € bdry (int A) then there exists a unit vector ¢, € Nt (a) such that

(, is realized by an r(a)-sphere, if r(a) < +o0,
(, is realized by a p-sphere for all p > 0, if r(a) = 400,

o If a & bdry (int A) then for all unit vectors ¢, € N4 (a), we have

(, is realized by an r(a)-sphere, if r(a) < +o0,
(, is realized by a p-sphere for all p > 0, if r(a) = 400.
On the other hand, the equivalence between (3) and (4) yields that A satisfies

the extended exterior r(-)-sphere condition if for every a € bdry A, the following
assertions hold:

o If a € bdry (int A) then there exists a unit vector ¢, € N¥(a) such that

(Cayx —a) < QT @ Hx —al)? forallz € A, ifr(a) < +oo,
(Cayr —a) <0 forall z € A, if r(a) = +o0,

o If a & bdry (int A) then for all unit vectors ¢, € N (a), we have

(Carz —a) < QT @ H:c —al)? forallz € A, ifr(a) < +oo,
(Cayz —a) <0 forall z € A, if r(a) = +oc.
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Note that alternating between the above three equivalent definitions of the extended

exterior 7(+)-sphere condition will be crucial for the proofs of our main results. When

the set A is regular closed, that is, A = cl(int A), then the extended exterior r(-)-
1

sphere condition coincides with the @-exterior sphere condition with 6(-) := 0

(where %O := 0). This latter condition, called here exterior r(:)-sphere condition,
is introduced in [9], and studied in depth in the papers [9, 10, 12, 15].

Remark 2.1. One can easily see that if A satisfies the extended exterior r(-)-sphere
condition, then A satisfies the exterior r(-)-sphere condition. The converse does not
hold in general, see [16, Example 2.5]. On the other hand, using the proximal
normal inequality, one can prove that if A satisfies the extended exterior r(-)-sphere
condition, then cl (int A) satisfies the exterior r(-)-sphere condition. O

Remark 2.2. In this remark we prove that if A satisfies the extended exterior r(-)-
sphere condition, then N¥(a) # {0} for all a € bdry A. Indeed, let a € bdry A.
If a € bdry (int A), then from the definition of the extended exterior r(-)-sphere
condition, we deduce that a unit vector ¢, belongs to N¥(a), and hence we have
N¥(a) # {0}. Now we assume that a & bdry (int A). Since the set {z € bdry A :
NT(x) # {0}} is dense in bdry A, there exists a sequence a,, € bdry A such that
a, — a, and N¥(a,) # {0} for all n. This yields, using the extended exterior
r(-)-sphere condition of A, that r(a,) — r(a), and for each n, there exists a unit
vector (,, € N¥(a,) such that
<Can7 Tr— an) <

_ 2 2
= m”x a,||* for all z € A. (5)

Since ((,, )n is a sequence of unit vectors, it has a subsequence, we do not relabel,
that converges to a unit vector (,. Now taking n — oo in (5), we get that
1 2
—a) < — ]
(Carx —a) < 2r(a)”$ al|* for allz € A
This gives that ¢, € N%(a), and hence, N¥(a) # {0}. Note that in both cases, we

obtained a unit vector ¢, € N¥(a) realized by an r(a)-sphere, if 7(a) < +00, and by
a p-sphere for all p > 0, if r(a) = +o0. O

For 2 C R™ an open set and for p: @ —]0, +o0] a lower semicontinuous function,
we say that € is the union of closed balls with radius function p(-) if for every z € Q,
there exists y, € (2 such that

r € B(y.; p(r)) C Q, if p(x) < 400,
€ B(x+6(y, —x);0) CQ forall § >0, if p(x) = +oo.

We terminate this section with the definition of S-convezity, see [13, 14, 15]. Let A
be a closed and nonempty subset of R" and let S be a set containing A. We say
that A is S-convex if for all s € SN A° and a # o’ € bdry A satisfying

s—a s—a

HS - CLH < dbdryA<a; 7) and ||8 - CLIH < dbdryA<a/7 7>7 (6)

Is — all l[s —a'|
we have (s —a) & N¥(a) or (s —d') & N¥(d).

2 For simplicity, we assume that ﬁ =0.
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Remark 2.3. The two conditions of (6) are equivalent to [a,s] C S and [d¢/,s] C S,
respectively. Hence if for a € bdry A, ¢ € N¥(a) and t > 0, the segment [a, a + (]
is called normal segment to A at a, then the S-convexity of A means that no two
normal segments to A, at two distinct points, contained in S, intersect in S. This
fact is illustrated in Figure 2.1. ]

A is not S-convex A is S-convex
Figure 2.1: S-convexity

The following basic properties of S-convexity are listed in [14].

Proposition 2.4. ([14, Proposition 3.3]) Let A and S be two nonempty sets in R"
such that A is closed and A C S. Then we have the following:

(i) A is convex if and only if A is R"-convex.

(i) If A is S-convexr and A C S; C S then A is S-convez.

(i) If A is S-conver and s € S with [proj,(s),s] C S, then s has a unique
projection on A.

3. Characterization of the complement as union of balls

The main result of this section is the following theorem in which we prove that
the complement of a nonempty and closed set A satisfying the extended exterior
r(+)-sphere condition is nothing but the union of closed balls with the lower semi-
continuous radius function p(-) defined in (1). This generalizes [16, Theorem 1.2] to
the variable radius case, as highlighted in the introduction, see Corollary 3.2.

Theorem 3.1. Let A C R™ be a nonempty and closed set satisfying the extended
exterior r(-)-sphere condition. Then A° is the union of closed balls with radius func-
tion p(-), where p: A —]0,400| is the lower semicontinuous function defined by

p(x) := min {@ ta € projA(:E)} :

When r(-) = r > 0 is a constant, Theorem 3.1 leads to the following corollary that
coincides with [16, Theorem 1.2].

Corollary 3.2. ([16, Theorem 1.2]) Let A C R" be a nonempty and closed set
satisfying the extended exterior r-sphere condition for some r > 0. Then A€ is the
union of closed balls with common radius 3.
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Now we provide the proof of Theorem 3.1.

Proof of Theorem 3.1. We begin by proving the lower semicontinuity of p(-).
First we note that the infimum defining p(z), for each x € A€ is attained since
proj 4(z) is compact and r(+) is continuous on bdry A. Let (x,,r,) € epip such that
(Tp,rn) — (Z,7) as n — +o0. For each n, there exists a,, € proj,(z,) such that

") — plan) < 1. (7)

Having x,, — 7 and a,, € bdry A, we deduce that the sequence a,, is bounded, and
hence, we can assume that a, — a@ € bdry A. Since the projection map proj,(-) is
closed, we deduce that a € proj,(z). Then, using (7), we get that

p(z) < Lj) — lim "% < g T = T.

n—s+oo 2 T n—+oco

Therefore, (Z,7) €epip. This closes the proof of the lower semicontinuity of p(-).

Now we prove that A¢ is the union of closed balls with radius function p(-). Let
x € A°. There are two cases to consider.

Case 1: p(x) < +o0.

Consider a, € bdry A such that p(z) = @ Since a, € proj,(z), we conclude for
pz = || — ag|| > 0 that Bla:p)) A A =0, )
If p(z) < p, then from (8) we get, for y, := z, that x € B(y,; p(z)) C A°.

Now we assume that r(;w) = p(T) > pe. 9)

Case 1.1: a, & bdry (int A).

Since A satisfies the extended exterior r(-)-sphere condition, we conclude that the
unit vector ¢,, := 2=%. € N¥(a,) is realized by an r(a,)-sphere. That is,

= Toal
B(az + r(a2)Ca,; 7(a2)) C A% (10)

On the other hand, one can easily prove using (9) that

B+ 5760 M5 ) € Blaw + (0 rla))

Now, this latter inclusion with the inclusion of (10) yield, for y, := x + p(z)(,,, that

v € Blyai p(a) = B(w+ p(a)o,i p(@)) = B+ "¢, ;10 e

Case 1.2: a, € bdry (int A).

Then for every e €]0, p.[, we have B(a,;e) Nint A # (). Let 2. € B(ay;e) Nint A,
and denote by &, 1= Z===

R

Claim: |z, z.[N(bdry A) N B(a,;e) # 0.
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To prove this claim, we first prove that the line L := {x; := x+t£. : t € R} intersects
the sphere S(a,;¢) at two points z;, and x;,. We consider the function

f@t) = ||x — azH2 —e% teR.

For t. := ||z. — z||, we have, since z. € B(a,,¢), that f(t.) < 0. Replacing x; by
x + t& in the formula of f(t), we obtain, for (,, = =22, that

T lz—aa|”
ft) =+ 2tpu(Cas &) + (07 — %), tER.
Having f(t.) < 0, we deduce that the discriminant A’ of f(t) is positive, that is,

A= (/027<<a,r7£6>)2 - (pi - 52) > 0.

Then, the equation f(t) = 0 has two distinct real roots ¢; < t5, and f(¢) < 0 if and
only if ¢ €]ty, t5[. This yields that

xy, € S(ag;e), xp, € S(ag;e), and 2y € B(ay; e) <=t €]ty, to].

Since f(t.) <0, t. >0, t1ty = p2> — &? > 0, we conclude that 0 < t; < t. < ts.

HGHCG, tl = _px<<az>€5> - \/E and Z52 = Pz <Caz>€s> + \/E

This yields, using that ¢t; > 0 and [((,,,&)] < 1, that —((,,,&) €]0,1]. Then,
t1 < ps. Since ||z, — z|| = t1, we conclude that

|xy, — z|| < pz, which gives, using (8), that z;, € A°.

Having z;. = 2. € int A and z;, € A°, we deduce the existence of t* €]ty,t.[ such
that z;- € bdry A. Taking a. := x4 = x + t°¢. € (x,2.) N bdry A, we get, since
f(t%) <0, that a. € B(a,;e). Hence,

a. €|z, z.[N(bdry A) N B(ay; €). (11)

This terminates the proof of the claim. By Remark 2.2, there exists a unit vector
(. € N{(a.) realized by an r(a.)-sphere. Hence, for y. := a. + r(a.)(., we have

B(ys; r(a)) N A =0. (12
Now, (11) with the continuity of r(-), yield that

lim r(a.) = r(ay). (13)

e—0

Therefore, taking e sufficiently small, we can assume, using (9), that

r(ac) > r(%) = p(z) = pa- (14)

Note that the first inequality of (14) yields that r(a;) — r(a.) < r(a.).
Case 1.2.1: 0 < [jy. — 2| < r(a.) —r(ac) < r(ae).
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r(az)

Then using (14), we get that ||y, — 2| < =5 p(x). Now taking y, := y., and
using (12) and (14), we deduce that

z € B(ya; p(2)) = B(ye; p(x)) C Bys;7(as)) C A

Case 1.2.2: r(a,) —r(a:) < ||ye — z|| < r(a.).
If ||y. — || = 0, then for y, := x = y. we have, using (12) and (14), that

€ Blyai p(@) = B(1::"52) € Blyir(a)) € A%

If ||ly. — | # 0, then we define y, := x + p(z)£==. For v € B(y.; p(z)), we have

Hy ||
[ = 4ell < llv = yall + Iy — vell < p(2) + |p(2) — |y — =[] < r(ac).
This yields, using (12), that
€ B(ys; p(x)) C Blye;r(ac)) C A°.

Case 1.2.3: ||y — z|| > r(a.).

2
- Pallye — x|
We define Pe = B 1 2 r(a)? > 0. (15)

We claim that

B+ pepl=ipipe) € Blwips) UB(yeir(az)).

19

Indeed, let v € B(z + peﬁ; p-) and assume that v & B(z; p,). We have

I I

[0 =4ell® = (v —2) = (4 — 2)
= llv—2* +llge — 2* = 20v — 2,y: — z)

lye — |

— ||, 16
o~ 2l (16)

< o —al* + llye — 2lI* -

where the last inequality follows from v € B(z + p. To—all’ p:).

Now, since v € B(x; pz), ||y. — x| > r(a.), and using (15), we have
Ye — T Ye — T
o =l + llye = 2l = =2 o — 22 = . — )2 + o — )2 (1 - =21

Ta52— yg—Z‘Q
= llge =l + o — | (HLeE eIl

< llye = 2l + r(ae)* = lly — 2 = r(ac)*.

Combining this latter with (16), we deduce that ||[v —y.|| < r(a.). Hence, we obtain
v € B(ye;r(a.)). Therefore

B(o 4 pei=trip:) € Blaips) U Blysir(ac)). (17)

lye —
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On the other hand, using that a. = z +t°¢., (. € N¥(a.) is unit and realized by an
r(a.)-sphere, and having z. € int A, we deduce that

lye = 21 = [[t°€ + r(as)¢l* = (¢9)* + r(a)” + 277 (a) (¢, &)
< () +r(as)® + )|z — ac|| = (t°)° + r(a.)® + t5(t. — °)
= r(a.)? + t°t.. (18)

This latter inequality, with t¢ < t., yields that

lye = 2]|* < r(a)* + 2 = r(a)” + ||z — |”
< r(a)” + ([l — o]l + llag — [])*
<r(ae)” + (e + p2)”
=r(a.)® + p: + &>+ 2ep,. (19)

Furthermore, one can easily prove, using the relations (14), (15), and the inequality
|lye — x|| > r(a.), that

7(ae) 2 _ 2 < _ p37+7 VA
pe > =57 = Vr(ae)? = pi < lye — ol < =
2
Pz + VA
<~ ”ye — LUH < W; (20)

where A’ := pl +r(a.)* —r(a.)?p% = (p2 — r(a.)*)? + pr(a.)* > 0. Now, combining

(19) with the inequality

2 2 4 4 2
px+\/E> _ P pi o 9 200 TR
< r(aa) - 2 + T(ag)Q + T(a€> p;p + T(CLE)Q \/p(E + T(ag) 7’((16) p{E

r(ac)

_ 2 2 _ 2 202 ( 2_12>2 3 4
- r(aE)Q + 7’((1,5) pz + T(a5)2 7’((1,5) ipx + sz

20t 2p2 1
> P4 T(aa)z - p:% + <T(a€)2 - §pi>

r(a5)2 T(a€)2
4
_ 2 2 Pz
- T(CL&) + Pz + T(a5)27
we conclude that
2 2 4
— 2 _ pZE + Al) 2 . pm
lye = al* = (Z5257) " <& + 2600 — 5. (21)

This yields, using (13), that

< 0. (22)

. o2 P§+\/N>2] 0
slino [Hya x” ( r(ae) <

Then, for e sufficiently small, we have

o2 pi+\/y>2
lye =l = (25%) <.

r(ae)
5 -

and hence, using (20), p. >
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We claim that ¢ can be taken sufficiently small so that p. > @ Indeed, if not
then there exists a decreasing and positive sequence (g,), such that €, — 0 and

lim (pEn — r(a;")) = 0.

n—> 400

This yields that
r(aa) |y — =l* = 207117 — 2] + r(az)(p7 — r(az)?) =0, (23)

where ¢ is the limit as n — +o00 of y.,. Note that this latter convergence can be
assumed since a., — a,, r(a.,) — r(a,) and (., is unit. Solving the second order
equation (23) and using (14), we deduce that

2 4 4 252
_ _pi \/pm +r(az)* — r(ag)?p2
Now, taking n — +oo in (21) (after replacing € by &,), and using (24), we find
that

2 4 4 _ 2,2\ 2 4
0:“g_x|‘2_(:0m+\/f)g;+r(@z) r(az) Pg;> < - Pz <0

r(ag) T(ar)2

which gives the desired contradiction. Therefore, € can be taken small enough so
that

r(az)
pe > =55
The latter inequality with (17), (8), and (12), yield that for y, := x + p(x)ﬁ7
we have
x€B<x+ : >:B<x+r(ax) Ye — ;’f‘(ax>>
ol )Hya x| L) 2 fye—z|’ 2

c B(:v ot ”,pa> U{z} C B(x; p.) U B(ye;r(a.)) C A°.

Case 2: p(x) = +00.

Then for all a € proj,(x), we have r(a) = +o00. We fix a, € proj,(z). Then we
have r(a,) = +00. Moreover, for p, := ||z — a,|| > 0, we have B(z;p,) N A = 0.
Case 2.1: a, & bdry (int A).

Since A satisfies the extended exterior r(-)-sphere condition and r(a,) = +oo, we
conclude that the unit vector (o, := =gt € N P (a,) is realized by a d-sphere for
all 6 > 0. That is,

B(a, + 0¢,,;0) C A%, V§ > 0.
Hence, for y, := x + (,,, we have that for all § > 0,
B(x +0(ys — 2);6) = Blaz + (0 + ||z — au]])Ca,:9)
C Blaz + (0 + [ = az[))Ca,; 0 + || — aal]) < A%
Case 2.2: a, € bdry (int A).

As in the Case 1.2 above, we define, for every e €]0, p,[, the points z. and a., and
the vector &.. The continuity of r(-) yields that

6h_r}n07"(a5) = r(a;) = +00.
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Case 2.2.1: Jgy > 0 such that for all € > ¢y we have r(a.) = +o0.

Let n > 1 satisfying n > p,. Using arguments similar to those used in Case 1.2 with
r(a.) and r(a;) both replaced by 2n, we obtain the existence of unit vector w, such
that

r € B(z;n) C A° if y. = x,
r € B(x + nw,;n) C A¢ ify. # x.

In both cases, there exists a unit vector w,, such that
— n n c
x€B<x+§wn;5>CA, Vn > p,. (25)

Since the vector w, is unit, we can assume that the sequence (wn)n converges as
n — 400 to a unit vector wy. For y, := z+wp, we claim that B(x+6(y,—); ) C A
for all § > 0. Indeed, let § > 0 and let v € B(z +6(y, — x);0). If v & B(z + 2wy; %)
for all n > p,, then

n
Hv—:c— —Wn,

n
5 >§, Vn > p,.

Hence, for n sufficiently large, we have

n
—Wh,

o< “v—x—5w0+6wo—5wn+(5wn—2

2

< v =z — dwo|| + 9 |wo — wy|| + (g—5>.

This yields that for n sufficiently large,
0 < ([Jlv—2—dwol|| —9) + 0 ||wo — wn]| -
Taking n — 400 in this latter inequality, we obtain that
0 < lv—2—=dwl = llv—2 =5 — 2|,

which gives the desired contradiction. Hence, there exists ng = n(d,v) > p, such
that
vE B(x - %wno; %) C A,

where the last inclusion follows from (25). Therefore, B(x + §(y, — x);0) C A° for
all 6 > 0. Now to prove that B(x + §(y, — z);9) C A° for all § > 0, it is sufficient
to remark that

Bz + 6y, — x);6) C B(x + 26(y, — 2);26) U {x} C A°, V5 > 0.
Case 2.2.2: J(g,), such that g, > 0 for all n, e, \, €, — 0, and r(a.,) < +00

for all n.

Since r(a.,) — 400, we can assume that along a subsequence, we do not relabel,
we have
r(ae,) > 2p, for all n, r(a.,) /, and r(a.,) — +o0.
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Using arguments similar to those used in Case 1.2 with r(a,) replaced by r(a., ), we
obtain that

xEB( T(QE" ) C A ify., =,

T € B(fc ARG r—E T(agn)) C Ac ify., #x and |ly., — | < r(a,),

B(x + pe, Hyan x“apen) C AS, if [lye, — || > r(ac,),

where p., is defined in (15). This yields the existence of sequence (wy), of unit
vectors satisfying

ve B(o+ Mol M) c At it |y, — af < rlas,),

B(x + panwn;pan) C A°, if ||y, — z|| > r(a.,).

Case 2.2.2.1: There are infinitely many indices n, we do not relabel, for which

We proceed as in Case 2.2.1 where we replace the radius § by * aE" . We obtain the
existence of 1, such that

Bz + 6(y. — x);6) C A, V6> 0.
Case 2.2.2.2: There are infinitely many indices n, we do not relabel, for which
1Ye,, — [l = 7(ac,).
We claim that p., — +oo. Indeed, by (19) and since ||y., — z|| > r(a., ), we have

lim |ly., — 2| =400 and p} < lim (|lye, —2|* + p2 — r(a.,)?) < 202

n—>-+4oo n—>-+4o0o

This yields that lim,_, . p., = +00.3

Hence, we can assume that along a subsequence, we do not relabel, we have
Pen /l and Pe, — +00.

Now, proceeding as Case 2.2.1 where we replace the radius § by p.,, and the closed
ball B(x + pe,,Wn; Pe,,) by the open ball B(x + pe, wp; pe, ), wWe obtaln the existence of
Y. such that

B(z +6(y, — x);8) C A, V6 > 0.

The proof of Theorem 3.1 is terminated. [

Remark 3.3. In Theorem 3.1, the function p(-) is not necessarily continuous. In-
deed, for A := {(z,y) € R? : y > 2 or y < 0}, and r(x) := 1 on the line y = 2 and
r(z) := % on the line y = 0, we have A satisfies the extended exterior r(-)-sphere
condition, with

1 1 1
p(0,1) = §, and p<0, 1+ ﬁ) = foralln>2
This yields that p(-) is not continuous on (0, 1). O]

3 The limit in (22) is now < 0, and hence, we cannot deduce that p., > % for n sufficiently
large.
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4. Characterization using S-convexity

Before stating the main result of this section, we introduce some notations and
definitons. For A C R™ a nonempty and closed set, a € bdry 4, ¢, € N¥(a) unit,
and r: bdry A —]0, +00] a continuous function, we define:

o pla,(,) :=max{p : (, is realized by a p-sphere}.

o pla,ly,r) :=max{p: p <r(a)and (, is realized by a p-sphere}.

o« AVP .= {x € A°:proj,(r) = {a} and ||z — a|| < p(a, ﬁ) }

o Apyppy = {x € A°: projy(z) = {a} and ||z — a| < p(a, Hi:ZII’T> }

o bdry,(int A) := {a € bdry (int A) : 3¢ € N (a) unit with p(a,¢) > r(a)}.

In the following proposition, we present some fundamental properties of the con-
structs introduced above. These properties are extracted from [15, Section 3.

Proposition 4.1. Let A C R" be a nonempty closed set, a € bdry A, (, € N¥(a)
unit, and r: bdry A —]0,400] a continuous function. Then the following asser-
tions hold:

(i)  pla,(,) €]0,+o0], and

0 < pla,Ga,7) = pla, ) < +00, if r(a) = 400,
0 < pla,Co,7) = min{p(a, G), (a)}, if r(a) < +oo.

(ii)  Appey C AYF. Moreover,

AUP = U ]ava_l_p(aa C)C[ and AUP(’I‘) = U ]a7a+p(a7C7T)C[‘
a€bdry A a€bdry A
CENT (a) unit CENZE (a) unit

(iii) A is AU A" -convez.
(iv)  bdry,(int A) is closed.
Remark 4.2. From the definition of p(a, (,), one can easily deduce that a nonempty

and closed set A C R" satisfies the extended exterior r(-)-sphere condition if for every
a € bdry A, the following assertions hold:

o If a € bdry (int A) then there exists a unit vector ¢, € N (a) such that we have
pla;Ca) = r(a).

o If a & bdry (int A) then for all unit vectors ¢, € N¥(a) we have p(a,(,) > r(a).

Remark 4.3. In this remark, we prove that for A C R™ nonempty and closed,

and for p: A° —]0, +00] continuous, if A does not satisfy the extended exterior
7(+)-sphere condition then

Ja € bdry (int A) such that N¥(a) # {0}, and p(a,¢) < r(a), V¢ € NE(a) unit,
or

Ja € (bdry A) N (bdry (int A))¢ and 3¢, € N (a) unit such that p(a, ) < r(a).
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Indeed, if A does not satisfy the extended exterior r(-)-sphere condition, then by
Remark 4.2, we have

Ja € bdry (int A) such that p(a, () < r(a), V¢ € N{(a) unit,
or
Ja € (bdry A) N (bdry (int A))¢ and 3¢, € N% (a) unit such that p(a, () < r(a).

We assume that
Va € (bdry A) N (bdry (int A))¢ and V¢, € N (a), we have p(a,(,) > r(a). (26)

Then, there exists b € bdry (int A) such that p(b,¢) < r(b) for all ¢ € N¥(b) unit.
Since the set of points x € bdry A for which N¥(x) # {0} is dense in bdry A, we
deduce the existence of a sequence b, € bdry A such that b, — band N%(b,) # {0}.
For all n, we fix ¢, € N¥(b,) unit. Since ¢, is unit, we can assume that ¢, — ¢
unit.

Claim 1: 3N € N such that for all n > N, we have b,, € bdry (int A).

Indeed, if not then (b,), has a subsequence, which we do not relabel, such that
b, € (bdry (int A))° for all n. This yields, using (26), that p(b,, ;) > r(b,,) for all n.
Taking n — 400 in the proximal normal inequality of (,,, and using the continuity
of r(+), we deduce that

G € N5 () and p(b,G) > r(b),

which gives the desired contradiction.

Claim 2: 3N > N such that p(b,,() < r(b,) for all n > N and for all ¢ € N¥(b,,)
unit.

If not, then (b,), has a subsequence, we do not relabel, such that for all n, one can
find &, € N (b,) unit and satisfying p(b,,&,) > 7(b,). Proceeding as in the proof
of Claim 1, we obtain the existence of & € N¥(b) unit such that

p(b,&) > r(b), a contradiction.
Now, combining Claim 1 and Claim 2, and taking a := by, we deduce that
a € bdry (int A), N¥(a) # {0}, and p(a,() < r(a) for all ¢ € N¥(a) unit.
Therefore,

Ja € bdry (int A) such that N¥(a) # {0}, and p(a,() < r(a), V¢ € N¥(a) unit,
or
Ja € (bdry A) N (bdry (int A))¢ and 3¢, € N{ (a) unit such that p(a, ) < r(a).

We proceed by introducing the four sets O, P, A, and A", and the hypothesis (UP),..
For A C R™ a nonempty and closed set, and r: bdry A —]0, +00] a continuous
function, we consider:
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o O:={zx € A°:3a € proj(x) N [bdry (int A)]¢ with ||z — a|| < r(a)}.
o P:={x € A°: proj,(x) Nbdry (int A) ¢ bdry,(int A)}.

A, = AU Apyp UO U P.

« AT:=AUA""UOUP.

« (UP), Vo € A, [z €bdry A, = proj,(z) is a singleton].

Remark 4.4. Unlike the case A", see Proposition (4.6)(iv), the hypothesis (UP),
is not always satisfied when A is A,-convex set. Indeed, let

1 ifreRandy =0,

A:={(z,y):y=00ry >4} CR? and r(z,y):=
=) J (z.9) 3 ifr e Rand y = 4.

We have A, = {(z,y):y €] —1,1[ory € [2,+00[} and A" = R2

One can easily verify that A is A,-convex. But, the hypothesis (UP), is not satisfied.
In fact, for any € R, we have

(z,2) € bdry A, = {(x,y) 1y € {—1,1,2}}, and proj,(z,2) = {(,0), (z,4)}.

Note that for this example, O = {(x,y) : y €] — 1,0[ or y €]0, 1]}, and hence, it is
open. Il

The main result of this section is the following theorem in which we prove that the
extended exterior r(-)-sphere condition belongs to the S-convexity regularity class.
This extends the main results of [15], where similar characterizations are obtained
for p-convexity, the #-exterior sphere condition, and the w-union of closed balls

property.

Theorem 4.5. Let A C R™ be a nonempty closed set, and r: bdry A —]0, +0o0] a
continuous function. Then the following assertions are equivalent:

(i) A satisfies the extended exterior r(-)-sphere condition.

(i) A is A"-convex.

(iii) A is A.-convex, (UP), is satisfied, and O is open.

Before giving the proof of Theorem 4.5, we prove the following characterizations of

the sets A, and A" introduced above. These characterizations will play an essential
role in the proof of Theorem 4.5.

Proposition 4.6. Let A C R" be a nonempty closed set, and r: bdry A —]0, +o0]
a continuous function. Then the following assertions hold:

(1) AT C AT, AT = AT U AUP, AT N (AUP(T))C = AT N (AUP)C, and O C Ar - AT.
(ii))  We have

A =Au |J lea+p(a¢r)¢l U U la.a+p(a¢ )
a€bdry, (int A) a€(bdry (int A))N(bdry,(int A))¢
CENE (a) unit CENZE (a) unit
U U lea+padr)gl u U le,a+p(a,¢ )l
a€(bdry A)N(bdry (int A))° a€(bdry A)N(bdry (int A))°
CENT (a) unit CENZE (a) unit

p(a,Q)=>r(a) p(a,()<r(a)
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(iii) We have

A=Aau | leatpa)g U U lea+pa )
a€bdry; (int A) a€(bdry (int A))N(bdry, (int A))¢
CENE (a) unit CENZE (a) unit
U U laea+p(e )¢l U U le.a+pa Q).
a€(bdry A)N(bdry (int A))° a€(bdry A)N(bdry (int A))°
CENE(a)unit CENE(a)unit
pa,Q)2r(a) p(a,()<r(a)

(iv) If A is A"-convex, then each point in A™ has a unique projection on A.

Proof. (i) Follows directly from the definitions of A, and A".
(ii) We begin by proving that A, C RHS(ii) (the right hand side of (ii)). Let z € A,.

Case 1: 7€ AU Ayp()-
Then by Proposition 4.1(ii), we have

r€e AU U la,a+ p(a,,r)¢[C RHS(ii).

a€bdry A
CENZE (a) unit
Case 2: z € P.

Then x € A¢, and there exists a, € proj,(z)Nbdry (int A) such that a, €bdry,(int A).
This yields that a, € bdry (int A)N(bdry,(int A))¢ and ¢, := £=% € N¥{(a,). Since

 lz—aq
a, ¢ bdry,(int A), we deduce that

[r(az) = +00 and p(ay, G) < +od] or [r(a,) < +00 and p(a, &) < r(a)]
In both cases, we have p(ay, (;,7) < +00 and p(ay, ¢, 7) < r(a;). This gives that

Pz, G, 7) = p(aa; Go), and hence, [z — aq| < p(as, G, 7).

Therefore, x € U la,a+ p(a, ¢, r)¢] C RHS(ii).
a€(bdry (int A))N(bdry, (int A))¢
CENE(a) unit
Case 3: z € O.
Then z € A€, and there exists a, € proj,(z) N (bdry (int A))¢ such that we have
|z—a.| < r(a;). This yields a, € (bdry A) N (bdry (int A))¢ with ||z — a,| < r(az)
and (, 1= 2=%- € N¥(a,). Then,

T lz—aal|

4, € (bdry A) N (bdry, (int A))° and plaz, o) > o — aa]]

Therefore, z € U [a,a + p(a, ¢, r)¢] € RHS(ii).
a€(bdry (int A))N(bdry, (int A))°¢
CENYE (a) unit

This terminates the proof of A, C RHS(ii). We proceed to prove that RHS(ii) C A,.



648 C. Nour, J. Takche / The Variable Radius Form ...
Let x € RHS(ii). Since A C A,, we assume that z € A°.

Case 1: z ¢ U la,a+ p(a, ¢, 7).
a€bdry A
CENE (a) unit

Then, by Proposition 4.1(ii), v € Ayp) C A,.
Case 2: x =a+ p(a,(,r)C, where a € (bdry (int A)) N (bdry,(int A))¢ and
¢ € N¥(a) is unit.
Then x € A, a € proj,(z) Nbdry (int A), and a ¢ bdry,(int A). This yields that

proj(x) Nbdry (int A) ¢ bdry, (int A).

Hence, x € P C A,.

Case 3: z = a+ p(a,(,7)¢, where a € (bdry A) N (bdry (int A))¢, ¢ € N (a) is
unit, and p(a, () < r(a).

Then a € proj,(x) N (bdry (int A))¢, and ||z — a|| = p(a,,r) = p(a, () < r(a). This

yields that x € O C A,.

(iii) The inclusion A" C RHS(iii) can directly be obtained from A" = A, U AYF,
AUP < RHS(iii) (by Proposition 4.1(ii)), and A, C RHS(ii) ¢ RHS(iii). For the
inclusion RHS(iii) C A", it is sufficient to follow arguments similar to those used in
the proof of RHS(ii) C A,.

(iv) Let z € A" N A°. We have, using (iii), that

proja@)al = |J  Jaato—al=t]
a€proj4(z)
= 1z U [a,a+ Tr—a u[
o U o= all 22
a€proj 4 (z)
T —a Tr—a Tr
R R e Gl =) I
a€proj 4 (z)
y Proposition 2.4(ii1), we deduce that x has a has a unique projection on A.
By P ition 2.4(iii ded h h h i jecti A 0

Now we are ready to provide the proof of Theorem 4.5.

Proof of Theorem 4.5. (i)=-(ii): Since A satisfies the extended exterior r(:)-
sphere condition, we have bdry, (int A) = bdry (int A), and

p(a,¢) > r(a), Ya € (bdry A) N (bdry (int A))¢ and V¢ € N (a).

This yields, using Proposition 4.1(ii) and Proposition 4.6(iii), that A" = AU AYP.
Therefore, by Proposition 4.1(iii), we deduce that A is A"-convex.
(ii)==(iii) Since A, C A", we deduce that A is A,-convex. The hypothesis (UP),

follows directly from Proposition 4.6(iv) and the inclusion (see Proposition 4.6(i))

bdry A, C A, C A".
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We proceed to prove that O is open. If not, there there exists z,, ¢ O such that
1, — T € 0. Since 7 € O C A", we have from Proposition 4.6(iv) that = has a
unique projection a on A. This yields, using the definition of O, that a ¢ bdry (int A)
and ||z — al|| < r(a). On the other hand, since z,, ¢ O, we have that

|z, — al|| > r(a), Va € proj(x,) N (bdry (int A))®. (27)

Let a,, € proj(x,). Since (a,), is bounded, it has a subsequence, we do not relabel,
such that a,, — a € proj,(z), where the last inclusion follows since the projection
map proj () is closed. Hence, a = a.

Case 1: (a,), has a subsequence, which we do not relabel, with
a, € (bdry A) N (bdry (int A))¢, Vn.

Then, using (27), we have

|z —all = lim_ |z, —a| > r(a),
n—-—+00

which gives the desired contradiction.

Case 2: (a,), has a subsequence, which we do not relabel, with
a, € (bdry A) N (bdry (int A)), Vn.

Then a € bdry (int A), which gives the desired contradiction.

(ili)==(i) We proceed with a proof by contradiction. Assume that A does not
satisfy the extended exterior r(-)-sphere condition. Then by Remark 4.3, we have

Ja € bdry (int A) such that N¥ (a) # {0}, and p(a, () < r(a), V¢ € N (a) unit,
or

Ja € (bdry A) N (bdry (int A))¢ and 3¢, € N¥(a) unit such that p(a,(,) < r(a).

Case 1: Ja € (bdry A) N (bdry (int A))¢ and 3¢, € N¥(a) unit such that
pla,Ca) < 7(a).
Let z, = a + p(a, ()¢ For all x €]a, z,], we have a € proj,(z) N (bdry (int A))°,

and
|z —al < [lza — all = p(a, () < 7(a).

This yields that B
la,z,] C O C A,.

Since O is open and x, € O, there exists ¢ > 0 such that B(z,;¢) C O. We consider
Te =4 +C =a+ (e + pla, (). Clearly we have

(24, 7.] C B(xg;6) C O C A,.
Therefore, la, 2] =ag, va) U 2ze, 2] C O C A,. (28)
Now, since . € O, there exists a. € proj,(z:) N (bdry (int A))¢ such that we have
|z —ac|| < r(a.). Hence, for all x €|a., z.[, we have a. € proj,(z.)N(bdry (int A)),

and
|z — ae|| < [lze — acl| < r(ae).
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Therefore, lac,z.] C O C A,. (29)

We claim that a # a.. Indeed, if not, then (, is realized by a e + p(a, (,)-sphere,
contradiction. Therefore, from (28) and (29), we have that the two normal segments
to A, [a,r.] and [a., z.] are inside A, and intersects at x.. This contradicts the A,-
convexity of A.

Case 2: Ja € bdry (int A) such that N (a) # {0}, and p(a, () < r(a),
V¢ € N¥(a) unit.

Then a € (bdry (int A)) N (bdry,(int A))¢. Since N¥(a) # {0}, we consider a unit
vector ¢, € N¥(a). We have p(a,(,) < r(a). This yields that

p(a, Cas 7’) = p(a, Ca> < T(a)'
Hence, for x, := a + p(a, (4, )., we have by Proposition 4.6(ii) that

la,z,] = [a,a+ p(a, (1)) C A, and a € proj4(x,).

Case 2.1: Je > 0 such that [z, 7, + (] C A,.
Let z. := x, + €(,, where ¢ is taken small enough so that . ¢ A. We have

[a, 2] = [a,x,) U [14, 2] C A,.

Since z. € A, and using Proposition 4.6(ii), there exist a. € bdry A and ¢,. € N¥(a.)
unit, such that B

[aaa xa[c [aa> ac + p(ac, Cazy 7)Ca. [C A,
Since ||z. —a|| = e+ p(a, (. 1) and ||z — a.|| < p(ae, Ca., ), we deduce that a. # a.
Therefore, the two normal segments to A, [a,7.] and [a.,z.] are inside A, and
intersects at z.. This contradicts the A,-convexity of A.

Case 2.2: 3z, := x4 + t,(s, n € N, such that t,, > 0 and z, € A, for all n, and
Ty — Ty

Since x,, € A,, 2, € A,, and z, — x,, we deduce that z, € bdry (4,). Hence, by
(UP),, z, has a unique projection a on A. Let a, € proj,(z,). Since x, — x,,
we have that (a,), is bounded. Hence, it admits a subsequent, we do not relabel,
that converges to a point a. Having that the projection map proj,(+) is closed and
that proj,(z,) = {a}, we deduce that @ = a, and then a,, — a. Add to this that
bdry ,(int A) is closed and a ¢ bdry,(int A), we conclude that, for n sufficiently
large, a,, € (bdry,(int A))°.

Case 2.2.1: (a,), has a subsequence (a,, ) such that a,, € bdry (int A) for all k.

Then, for k sufficiently large, we have proj,(z,,) N (bdry (int A)) ¢ bdry . (int A).
Hence, using that z,, € A¢ (since z,, € A, and A C A,), we obtain that, for k
sufficiently large, z,, € P C A,, a contradiction.

Case 2.2.2: 3N such that for n > N, we have a,, € (bdry (int A))°.
We define (, := £2=%-. So, we have (,, — 2==2% = (.

T lzn—an|l” lza—all

Case 2.2.2.1: p(a,,(,) > r(a,) for all n > N.

Then, taking n — +oo in p(a,,(,) > r(a,), and using the proximal normal in-
equality, we deduce that p(a,(,) > r(a), contradiction.
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Case 2.2.2.2: Jny > N such that p(an,, Cuy) < 7(an,)-

Then, we have a,, € (bdry (int A))¢ with p(an,, Cuy) < 7(an,). Hence, as in Case 1,
where we replace a by a,,, we obtain the desired contradiction.

The proof of Theorem 4.5 is complete. [

Remark 4.7. Theorem 4.5 coincides with [15, Theorem 3.15] when A is regular
closed, that is, A = cl(int A). Indeed, when A is regular closed, the extended

exterior r(-)-sphere condition coincides with the @-exterior sphere condition, for

1

0(-) := 30)- Moreover, we have

A, =4y, A" =A% and O = () is open.
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