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The aim of this paper is twofold. On one hand we prove that the Moreau’s sweeping processes
driven by a uniformly prox-regular moving set with local bounded retraction have a unique solution
provided that the coefficient of prox-regularity is larger than the size of any jump of the driving
set. On the other hand we show how the case of local bounded retraction can be easily reduced
to the 1-Lipschitz continuous case: indeed we first solve the Lipschitz continuous case by means
of the so called “catching-up algorithm”, and we reduce the local bounded retraction case to the
Lipschitz one by using a reparametrization technique for functions with values in the family of
prox-regular sets.
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1. Introduction

A sweeping process is an evolution problem with unilateral constraints which was
originally introduced by J. J. Moreau in [33] and that can be described as follows.
Let H be a real Hilbert space, and for every t ∈ [0, T ], T > 0, let C(t) be a
given nonempty, closed subset of H, so that C(t) can be considered as a moving set
whose shape can vary during the time evolution. One then has to find a function
y : [0, T ] −→ H such that

y(t) ∈ C(t) ∀t ∈ [0, T ] , (1.1)
y′(t) ∈ −NC(t)(y(t)) for L1-a.e. t ∈ [0, T ], (1.2)
y(0) = y0, (1.3)

y0 being a prescribed point in C(0). Here L1 is the Lebesgue measure, and NC(t)(y(t))
is the (proximal) exterior normal cone to C(t) at y(t). In the original setting of
Moreau’s paper [33], the sets C(t) are assumed to be convex, and the mapping
t 7−→ C(t) is supposed to be Lipschitz continuous in time, when the family of
closed subsets of H is endowed with the Hausdorff metric. There, the sweeping
process (1.1)–(1.3) is solved by approximating the problem by what is now called
∗ The author is a member of GNAMPA-INdAM.
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the Moreau-Yosida regularization. He also solves (1.1)–(1.3) with a more general
absolutely continuous driving set C(t) via an arc-length reparametrization of C(t):
indeed if ϕ(t) is the variation of C on [0, t], then one finds a Lipschitz moving set C̃
such that

C(t) = C̃(ϕ(t))
and the problem can be easily reduced to the Lipschitz continuous case by showing
that if ŷ (τ) is the Lipschitz continuous solution of the sweeping processes driven by
C̃(τ), then y(t) = ŷ (ϕ(t)) is the solution of the process driven by C(t).
This analysis of sweeping processes in the convex setting continued in [34, 36, 37] and
culminated in [39] where right-continuous driving sets C(t) with bounded variation
are considered, and in this case problem (1.1)–(1.3) has to be reformulated by looking
for a right-continuous solution y with bounded variation such that the distributional
derivative of y can be written as Dy = vµ for a suitable positive measure µ in [0, T ]
and a density function v ∈ L1(µ;H) for which (1.1) and (1.3) hold together with
the inclusion

v(t) ∈ −NC(t)(y(t)) for µ-a.e. t ∈ [0, T ], (1.4)
which is the BV counterpart of (1.2). Problem (1.4) was solved in [39] by means of
an implicit time discretization scheme which is usually called catching-up algorithm.
Actually in [39] the moving set C is assumed to be only with bounded right con-
tinuous retraction, rather than with bounded variation, i.e. the Hausdorff distance
is replaced by the asymmetric distance e(A,B) := supx∈A d(x,B), called excess of
A over B, with A, B nonempty closed convex sets in H, and it is assumed that
sup

∑
e(C(tj−1), C(tj)) < ∞, where the supremum is taken over all subdivisions of

0 = t0 < · · · < tm = T (all the precise definitions will be provided in the next
section).
Let us mention that the BV problem can also be solved by an arc-length reparame-
trization technique as done in [42, 45] for the continuous case and in [43, 47, 48] for
the BV discontinuous case. In this last case the arc-length reparametrization must
be completed on the jump intervals by means of a suitable geodesic in the space of
closed convex sets endowed with the Hausdorff metric. Convex sweeping processes
in the BV framework have received a great deal of attention and several results can
be found, e.g., in the monograph [32], in papers [1, 9, 10, 11, 12, 13, 14, 22, 26, 30,
46, 49, 53], and in the references therein.
It is very natural to try to relax the convexity assumption on the driving set C(t),
and the first papers where the non-convex case is addressed are [3, 15, 19, 56]. In
the first years of this century, the analysis of non-convex sweeping processes started
concentrating on the notion of uniformly prox-regular sets, which can be described as
those closed subsets K for which there exists r > 0 such that on the neighborhood
Ur(K) := {x ∈ H : d(x,K) < r} the projection on K is a singleton and is
continuous, so that such sets can be regarded as a natural generalization of convex
sets. Uniformly prox-regular sets were introduced by Federer in [25] (as positively
reached sets) in the finite dimensional case. Further properties of these sets were
investigated by Vial in [57] (where the term weak convex set is used). The notion of
prox-regularity was later extended to infinite dimensional spaces by Clarke, Stern
and Wolenski in [18], and finally the local properties where investigated by Poliquin,
Rockafellar and Thibault in [41].
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Existence and uniqueness results for sweeping processes in the prox-regular setting
were achieved by Colombo and Monteiro Marques in [20] and by Thibault in [52],
culminating in the paper [24] by Edmond and Thibault. Since then, prox-regular
sweeping processes has called the attention of many other authors: we mention, for
instance, [2, 4, 5, 7, 16, 27, 28, 29, 51] and the general result [40].
In the above mentioned literature on non-convex sweeping processes, the continuity
assumptions on the moving driving set are always related to the Hausdorff distance
and not to the retraction. To the best of our knowledge, only in [53] it is proved the
uniqueness of solutions to prox-regular sweeping processes with bounded retraction,
but the existence is proved under the assumption that C(t) is convex and with
bounded retraction (and more generally with bounded truncated retraction).
In the present paper we address the case of prox-regular sweeping processes when
the driving moving set has locally bounded retraction. We first solve the Lipschitz
continuous case by means of the so called “catching-up algorithm”, and we reduce
the general case of locally bounded retraction to the Lipschitz one by using the
reparametrization technique of [48] adapted to functions with values in the family
of prox-regular sets.
The plan of the paper is the following. In Section 2 we present the preliminaries
needed to state the problems and the theorems. In Section 3 we solve the prox-
regular sweeping processes with local bounded retraction when C(t) is 1-Lipschitz
continuous with respect to the excess. Finally in Section 4 we solve the general prox-
regular processes with locally bounded retraction by reducing them to the Lipschitz
case thanks to the reparametrizion method cited above.

2. Preliminaries and notations

In this section we recall the main definitions and tools needed in the paper. The set
of integers greater than or equal to 1 will be denoted by N.

2.1. Prox-regular sets

We recall here some notions of non-smooth analysis. We refer the reader to the
monographs [17, 50, 54, 55]. Throughout this paper we assume that{

H is a real Hilbert space with inner product (x, y) 7−→ 〈x, y〉,
‖x‖ := 〈x, x〉1/2, x ∈ H,

(2.1)

and we endow H with the natural metric defined by (x, y) 7−→ ‖x− y‖, x, y ∈ H. If
ρ > 0 and x ∈ H we set

Bρ(x) := {y ∈ H : ‖y − x‖ < ρ} and Bρ(x) := {y ∈ H : ‖y − x‖ ≤ ρ}.

If Z ⊆ H, the closure and the boundary of Z will be respectively denoted by Z
and ∂Z. If x ∈ H we also set dZ(x) := d(x,Z) := infs∈Z ‖x − s‖, defining in this
way a function dZ : H −→ R. Let us recall that if U is an open subset of H and if
f : U −→ R, then we say that f is (Frechét) differentiable at x ∈ U if there exists a
(unique) ∇f(x) ∈ H such that limh→0(f(x+ h)− f(x)− 〈∇f(x), h〉)/‖h‖ = 0.
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Definition 2.1. If Z ⊆ H, Z 6= ∅, and y ∈ H then we set

ProjZ(y) :=
{
x ∈ Z : ‖x− y‖ = inf

z∈Z
‖z − y‖

}
. (2.2)

Statement (2.3) below can be found, e.g., in [17, Proposition 1.3]. In fact, given
y ∈ H and x ∈ Z, we see that ‖x− y‖2 ≤ ‖z − y‖2 (resp. ‖x− y‖2 < ‖z − y‖2) for
all z ∈ Zr{x} if and only if x ∈ ProjZ(y) (resp. {x} = ProjZ(y)), and writing

‖z − y‖2 = ‖z − x‖2 − 2〈y − x, z − x〉+ ‖x− y‖2

we then have the following

Proposition 2.2. If Z ⊆ H, Z 6= ∅, and y ∈ H, then

x ∈ ProjZ(y) ⇐⇒
[
x ∈ Z, 〈y − x, z − x〉 ≤ 1

2
‖z − x‖2 ∀z ∈ Z

]
(2.3)

and

{x} = ProjZ(y) ⇐⇒
[
x ∈ Z, 〈y− x, z − x〉 < 1

2
‖z− x‖2 ∀z ∈ Zr{x}

]
(2.4)

If K is a nonempty closed subset of H and x ∈ K, then NK(x) denotes the (exterior
proximal) normal cone of K at x which is defined by setting

NK(x) := {λ(y − x) : x ∈ ProjK(y), y ∈ H, λ ≥ 0}. (2.5)

Let us also recall the following proposition (see, e.g., [17, Proposition 1.5]).

Proposition 2.3. Assume that K is a closed subset of H and that x ∈ K. We have
that u ∈ NK(x) if and only if there exists σ ≥ 0 such that

〈u, z − x〉 ≤ σ‖z − x‖2 ∀z ∈ K. (2.6)

Now we recall the notion of uniformly prox-regular set, introduced in [18, Section 4,
Theorem 4.1-(d)]) under the name of proximal smooth set, and generalized in [41,
Definition 1.1, Definition 2.4, Theorem 4.1].

Definition 2.4. If K is a nonempty closed subset of H and if r ∈ ]0,∞[, then we
say that K is r-prox-regular if for every y ∈ {v ∈ H : 0 < dK(v) < r} we have that
ProjK(y) 6= ∅ and

x ∈ ProjK

(
x+ r

y − x

‖y − x‖

)
∀x ∈ ProjK(y).

The family of r-prox-regular subsets of H will be denoted by Cr(H). We will also
indicate by C0(H) the family of nonempty closed subsets of H.

It is useful to take into account the following easy property.

Proposition 2.5. Let K be a closed subset of H. If y ∈ HrK and x ∈ ProjK(y)
then ProjK(x+ t(y−x)) = {x} for every t ∈ ]0, 1[. Hence if K is also r-prox-regular
for some r > 0 it follows that ProjK(u) is a singleton for every u ∈ H such that
dK(u) < r.
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Proof. If t ∈ ]0, 1[ then, thanks to (2.3), for every z ∈ Kr{x} we have that

〈x+ t(y − x)− x, z − x〉 = t〈y − x, z − x〉 ≤ t

2
‖z − x‖2 < 1

2
‖z − x‖2,

therefore ProjK(x + t(y − x)) = {x} by virtue of (2.4) and the first statement is
proved. If K is also r-prox-regular and dK(u) < r, then pick x ∈ ProjK(u) and let
y = x + r(u − x)/‖u − x‖. Then we have x ∈ ProjK(y), u = x + tu(y − x) with
tu = r/‖u− x‖ ∈ ]0, 1[, so that {x} = ProjK(u).

Definition 2.6. If r ∈ ]0,∞[ and if K ⊆ H is r-prox-regular, then we can define
the function PK : {y ∈ H : dK(y) < r} −→ K by setting PK(y) := x where
{x} = ProjK(y) for every y ∈ H such that dK(y) < r.

The following characterizations of prox-regularity are very useful. The proofs can
be found in [41, Theorem 4.1] and in [21, Theorem 16].

Theorem 2.7. Let K be a nonempty closed subset of H and let r ∈ ]0,∞[. The
following statements are equivalent.
(i) K is r-prox-regular.
(ii) dK is differentiable in {y ∈ H : 0 < dK(y) < r}.
(iii) For every x ∈ K and n ∈ NK(x) we have

〈n, z − x〉 ≤ ‖n‖
2r

‖z − x‖2 ∀z ∈ K.

2.2. Functions of bounded variation

Let I be an interval of R. The set of H-valued continuous functions defined on I is
denoted by C(I;H). For a function f : I −→ H, the continuity set of a function
f : I −→ H is denoted by Cont(f), while Discont(f) := HrCont(f). For S ⊆ I we
write Lip[f, S] := sup{‖f(t) − f(s)‖/|t − s| : s, t ∈ S, s 6= t}, Lip[f ] := Lip[f, I],
the Lipschitz constant of f , and Lip(I;H) := {f : I −→ H : Lip[f ] < ∞}, the set
of H-valued Lipschitz continuous functions on I. As usual

Lip loc(I;H) := {f : I −→ H : Lip[f, J ] < ∞ ∀J compact in I}.
If f : I −→ R and if (f(t)− f(s))(t− s) ≥ 0 (respectively (f(t)− f(s))(t− s) > 0)
we say that f is increasing (respectively strictly increasing).

Definition 2.8. Given an interval I ⊆ R, a function f : I −→ H, and a subinterval
J ⊆ I, the variation of f on J is defined by

V(f, J) := sup
{ m∑

j=1

‖(f(tj−1)− f(tj)‖ : m ∈ N, tj ∈ J ∀j, t0 < · · · < tm

}
.

If V(f, I) < ∞ we say that f is of bounded variation on I and we set
BV(I;H) := {f : I −→ H : V(f, I) < ∞}

and BV loc(I;H) := {f : I −→ H : V(f, J) < ∞ ∀J compact in I}.

It is well known that the completeness of H implies that every f ∈ BV(I;H) ad-
mits one sided limits f(t−), f(t+) at every point t ∈ I, with the convention that
f(inf I−) := f(inf I) if inf I ∈ I, and that f(sup I+) := f(sup I) if sup I ∈ I.
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Moreover Discont(f) is at most countable. We set

BVr(I;H) := {f ∈ BV(I;H) : f(t) = f(t+) ∀t ∈ I},
BVr

loc(I;H) := {f ∈ BV loc(I;H) : f(t) = f(t+) ∀t ∈ I},
CBV(I;H) :=BV(I;H) ∩ C(I;H), CBV loc(I;H) :=BV loc(I;H) ∩ C(I;H).

We have Lip loc(I;H) ⊆ BV loc(I;H).

2.3. Differential measures

Given an interval I of the real line R, the family of Borel sets in I is denoted by
B(I). If µ : B(I) −→ [0,∞] is a measure, p ∈ [1,∞[, then the space of H-valued
functions which are p-integrable with respect to µ will be denoted by Lp(I, µ;H)
or simply by Lp(µ;H). By L∞(I, µ;B), or L∞(µ;B), we denote the space of maps
f : I −→ H such that there exists a µ-measurable g : I −→ H for which f = g
µ-almost everywhere on I. For the theory of integration of vector valued functions
we refer, e.g., to [31, Chapter VI]. When µ = L1, where L1 is the one dimensional
Lebesgue measure, we write Lp(I;H) := Lp(I, µ;H).
We recall that a H-valued measure on I is a map ν : B(I) −→ H such that
ν(
⋃∞

n=1 Bn) =
∑∞

n=1 ν(Bn) for every sequence (Bn) of mutually disjoint sets in B(I).
The total variation of ν is the positive measureν : B(I) −→ [0,∞] defined by

ν(B) := sup
{ ∞∑

n=1

‖ν(Bn)‖ : B =
∞⋃
n=1

Bn, Bn ∈ B(I), Bh ∩Bk = ∅ if h 6= k
}
.

The vector measure ν is said to be with bounded variation ifν(I) < ∞. In this
case the equality ‖ν‖ :=

ν(I) defines a complete norm on the space of measures
with bounded variation (see, e.g. [23, Chapter I, Section 3]).
If µ : B(I) −→ [0,∞] is a positive bounded Borel measure and if g ∈ L1(I, µ;H),
then gµ : B(I) −→ H denotes the vector measure defined by

gµ(B) :=

∫
B

g dµ, B ∈ B(I).

Assume that ν : B(I) −→ H is a vector measure with bounded variation and
f : I −→ H and ϕ : I −→ R are two step maps with respect to ν, i.e. there exist
f1, . . . , fm ∈ H, ϕ1, . . . , ϕm ∈ H and A1, . . . , Am ∈ B(I) mutually disjoint such
that ν(Aj) < ∞ for every j and f =

∑m
j=1 1Aj

fj, ϕ =
∑m

j=1 1Aj
ϕj. Here 1S is

the characteristic function of a set S, i.e. 1S(x) := 1 if x ∈ S and 1S(x) := 0
if x 6∈ S. For such step maps we define

∫
I
〈f, dν〉 :=

∑m
j=1〈fj, ν(Aj)〉 ∈ R and∫

I
ϕ dν :=

∑m
j=1 ϕjν(Aj) ∈ H.

If St(ν;H) (resp. St(ν)) is the set of H-valued (resp. real valued) step maps
with respect to ν, then the maps St(ν;H) −→ H : f 7−→

∫
I
〈f, dν〉 and St(ν)

−→ H : ϕ 7−→
∫
I
ϕ dν are linear and continuous when St(ν;H) and St(ν) are

endowed with the L1-seminorms

‖f‖L1(
ν

;H) :=
∫
I
‖f‖ dν and ‖ϕ‖L1(

ν
) :=

∫
I
|ϕ| dν.
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Therefore they admit unique continuous extensions Iν : L1(
ν;H) −→ R and

Jν : L1(
ν) −→ H, and we set∫

I

〈f, dν〉 := Iν(f),

∫
I

ϕ dν := Jν(ϕ), f ∈ L1(
ν;H), ϕ ∈ L1(

ν).
The following results (cf., e.g., [23, Section III.17.2-3, p. 358-362]) provide the con-
nection between functions with bounded variation and vector measures which will
be implicitly used in this paper.

Theorem 2.9. For every f ∈ BV(I;H) there exists a unique vector measure of
bounded variation νf : B(I) −→ H such that

νf (]c, d[) = f(d−)− f(c+), νf ([c, d]) = f(d+)− f(c−),

νf ([c, d[) = f(d−)− f(c−), νf (]c, d]) = f(d+)− f(c+).

whenever inf I ≤ c < d ≤ sup I and the left hand side of each equality makes sense.
Conversely, if ν : B(I) −→ H is a vector measure with bounded variation, and if
fν : I −→ H is defined by fν(t) := ν([inf I, t[ ∩ I), then fν ∈ BV(I;H) and νfν = ν.

Proposition 2.10. Let f ∈ BV(I;H), let g : I −→ H be defined by g(t) := f(t−),
for t ∈ int(I), and by g(t) := f(t), if t ∈ ∂I, and let Vg : I −→ R be defined by
Vg(t) := V(g, [inf I, t] ∩ I). Then νg = νf and

νf(I) = νVg(I) = V(g, I).

The measure νf is called the Lebesgue-Stieltjes measure or differential measure of f .
Let us see the connection between the differential measure and the distributional
derivative. If f ∈ BV(I;H) and if f : R −→ H is defined by

f(t) :=


f(t) if t ∈ I,

f(inf I) if inf I ∈ R, t 6∈ I, t ≤ inf I,

f(sup I) if sup I ∈ R, t 6∈ I, t ≥ sup I,

(2.7)

then, as in the scalar case, it turns out (cf. [44, Section 2]) that νf (B) = Df(B) for
every B ∈ B(R), where Df is the distributional derivative of f , i.e.

−
∫
R
φ′(t)f(t) dt =

∫
R
φ dDf, ∀φ ∈ C1

c(R;R),

where C1
c(R;R) is the space of continuously differentiable functions on R with com-

pact support. Observe that Df is concentrated on I: Df(B) = νf (B ∩ I) for every
B ∈ B(I), hence in the remainder of the paper, if f ∈ BV(I,H) then we will simply
write

Df := Df = νf , f ∈ BV(I;H), (2.8)
and from the previous discussion it follows that

‖Df‖ =
Df(I) = ‖νf‖ = V(f, I), ∀f ∈ BV(I;H). (2.9)

If I is bounded and p ∈ [1,∞], then the classical Sobolev space W1,p(I;H) consists
of those functions f ∈ C(I;H) for which Df = gL1 for some g ∈ Lp(I;H) and
W1,∞(I;H) = Lip(I;H).
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Let us also recall that if f ∈ W1,1(I;H) then the derivative f ′(t) exists L1-a.e. in
t ∈ I, Df = f ′L1, and V(f, I) =

∫
I
‖f ′(t)‖ dt (see e.g. [8, Appendix]).

In [44, Lemma 6.4 and Theorem 6.1] it is proved that

Proposition 2.11. Assume that I, J ⊆ R are intervals and that h : I −→ J is
nondecreasing.
(i) Dh(h−1(B)) = L1(B) for every B ∈ B(h(Cont(h))).
(ii) If f ∈ Lip(J ;H) and g : I −→ H is defined by

g(t) :=

f ′(h(t)) if t ∈ Cont(h)

f(h(t+))− f(h(t−))

h(t+)− h(t−)
if t ∈ Discont(h)

,

then f ◦ h ∈ BV(I;H) and D(f ◦ h) = gDh. This result holds even if f ′ is
replaced by any of its L1-representatives.

2.4. Set-valued functions with bounded retraction

Let us now recall the asymmetric extendend distance called excess. The material in
this subsection is taken from [35, 38].

Definition 2.12. If P(H) denotes the family of all subsets of H, then the excess
is the function e : P(H)× P(H) −→ [0,∞] defined by

e(Z1,Z2) := sup
z1∈Z1

d(z1,Z2) = inf{ρ ≥ 0 : Z1 ⊆ Z2 +Bρ(0)}, Z1,Z2 ∈ P(H).

The extended number e(Z1,Z2) is also called excess of Z1 over Z2.

Observe that we have e(∅,Z) = 0 for every Z ∈ P(H) and e(Z,∅) = ∞ for every
Z ∈ P(H)r{∅}. The following facts are easy to prove (see [38, Section 2a]):

e(Z1,Z2) = 0 ⇐⇒ Z1 ⊆ Z2 ∀Z1,Z2 ∈ P(H),

e(Z1,Z2) ≤ e(Z1,Z3) + e(Z3,Z2) ∀Z1,Z2,Z3 ∈ P(H),

e(Z1,Z2) = e(Z1,Z2) = e(Z1,Z2) = e(Z1,Z2) ∀Z1,Z2 ∈ P(H).

Definition 2.13. Given an interval I ⊆ R, F ⊆ P(H), a function C : I −→ F ,
and a subinterval J ⊆ I, the retraction of C on J is defined by

R(C, J) := sup
{ m∑

j=1

e(C(tj−1), C(tj)) : m ∈ N, tj ∈ J ∀j, t0 < · · · < tm

}
. (2.10)

If R(C, I) < ∞ we say that C is of bounded retraction on I and we set

BR(I;F ) :=
{
C : I −→ F : R(C, I) < ∞

}
, F ⊆ P(H).

If R(C, J) < ∞ for every interval J compact in I, we say that C has local bounded
retraction (or finite retraction on I) and we set

BR loc(I;F ) :=
{
C : I −→ F : R(C, J) < ∞ ∀J compact in I

}
, F ⊆ P(H).
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Definition 2.14. Assume that I is an interval of R and that C ∈ BR loc(I;P(H)).
If t ∈ I we say that C is left-continuous at t if there exists lims→t− e(C(s), C(t)) = 0,
and we say that C is right-continuous at t if there exists lims→t+ e(C(t), C(s)) = 0,
with the convention that
lims→t− e(C(s), C(t)) = 0 if t = inf I, and lims→t+ e(C(t), C(s)) = 0 if t = sup I.

We say that C is continuous at t if it is left-continuous and right-continuous at t.
We set Cont(C) :={t∈I : C is continuous at t}, Discont(C) :=IrCont(C). (2.11)

and C(t+) := {x ∈ H : lim
s→t+

d(x, C(s)) = 0}, t ∈ I ∪ inf I, (2.12)

C(t−) := {x ∈ H : lim
s→t−

d(x, C(s)) = 0}, t ∈ I ∪ sup I, (2.13)

together with C(t−) := C(t) if t = inf I, and C(t+) := C(t) if t = sup I.

The following proposition is proved in [38, Prop. 4b, Prop. 4c, Section 4e].

Proposition 2.15. Assume that I is an interval of R such that t0 := inf I ∈ I, and
assume that C ∈ BR loc(I;P(H)). Let ℓC : I −→ [0,∞[ be defined by

ℓC(t) := R(C; [t0, t]), t ∈ I. (2.14)

Then R(C; [a, b]) = R(C; [a, c]) + R(C; [c, b]) whenever a, b ∈ I with a < c < b, and

e(C(s), C(t)) ≤ ℓC(t)− ℓC(s) ∀t, s ∈ I, s ≤ t,

thus if C(t∗) 6= ∅ for some t∗ ∈ I, then C(t) 6= ∅ for every t ≥ t∗.
If t ∈ I, t 6= sup I, then C(t+) is a closed subset of H and

ℓC(t+)− ℓC(t) = lim
s→t+

e(C(t), C(s)) ≤ e(C(t), C(t+))

and the following four statements (a)-(d) are equivalent:
(a) C is right-continuous at t,
(b) ℓC is right-continuous at t,
(c) C(t) ⊆ C(t+),
(d) e(C(t), C(t+)) = 0.
Instead if t ∈ I, t 6= inf I, then C(t−) is a closed subset of H and

e(C(t−), C(t)) ≤ ℓC(t)− ℓC(t−) = lim
s→t−

e(C(s), C(t)),

e(C(s), C(t−)) ≤ ℓC(t−)− ℓC(s) ∀s, t ∈ I, s < t,

thus we have that C(t−) 6= ∅ if C(s) 6= ∅ for some s < t. Therefore the following
four statements (e)–(h) are equivalent:
(e) C is left-continuous at t,
(f) ℓC is left-continuous at t,
(g) C(t−) ⊆ C(t),
(h) e(C(t−), C(t)) = 0.
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Thus we can give the following definitions.

Definition 2.16. Assume that I is an interval of R such that t0 := inf I ∈ I, and
that r ∈ [0,∞[. If C ∈ BR loc(I;Cr(H)) we set

Cont(C) := {t ∈ I : e(C(t), C(t+)) = e(C(t−), C(t)) = 0}
and Discont(C) := IrCont(C). Moreover we set

BRr(I;Cr(H)) := {C ∈ BR(I;Cr(H)) : e(C(t), C(t+)) = 0 ∀t ∈ I},
BRr

loc(I;Cr(H)) := {C ∈ BR loc(I;Cr(H)) : e(C(t), C(t+)) = 0 ∀t ∈ I},

CBR loc(I;Cr(H)) := {C ∈ BRr
loc(I;Cr(H)) : Cont(C) = I}.

.

3. The 1-Lipschitz continuous case

Within this section we solve the prox-regular sweeping process driven by a moving
set which is 1-Lipschitz continuous with respect to the excess.

Theorem 3.1. Assume that r ∈ ]0,∞[ and let Cr(H) be the family of r-prox-
regular subsets of H. Assume that C : [0,∞[ −→ Cr(H) is 1-Lipschitz continuous
with respect to the excess e in the following sense:

e(C(s), C(t)) ≤ t− s ∀t, s ∈ [0,∞[ , s < t. (3.1)
If y0 ∈ C(0) +Br(0) then there exists a unique function y : [0,∞[ −→ H such that

y(t) ∈ C(t) ∀t ∈ [0,∞[ , (3.2)
y′(t) ∈ −NC(t)(y(t)) for L1-a.e. t ∈ [0,∞[, (3.3)
y(0) = PC(0)(y0). (3.4)

Moreover y ∈ Lip([0,∞[ ;H) and Lip[y] ≤ 1. We will denote this unique solution
by S(C, y0), so that if

DLip := {(C, y0) ∈ BR loc([0,∞[ ;Cr(H))×H : (3.1) holds, y0 ∈ C(0) +Br(0)},
then we can define S : DLip −→ Lip loc([0,∞[ ;H), the solution operator associating
with every pair (C, y0) the only y satisfying (3.2)–(3.4).

Proof. First of all observe that the uniqueness of solutions can be inferred arguing
exactly as in [53, Proposition 3.6], where only the hypomonotonicity is used. The
argument in our situation is actually simpler bacause the functions involved here
are absolutely continuous and the standard Gronwall lemma can be exploited.
Concerning existence, let nr ∈ N be such that

1

2n
< r ∀n ∈ N, n ≥ nr, (3.5)

and for every n ∈ N, n ≥ nr, let (tnj )j∈N be the sequence defined by

tnj :=
j

2n
, j ∈ N. (3.6)

Since y0 ∈ C(0)+Br(0), from the r-prox-regularity of C(0) it follows that there exists
a unique projection PC(0)(y0) ∈ C(0).
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So now we fix n ≥ nr and we prove by induction that there is a sequence (ynj )
∞
j=1

such that:
yn0 := PC(0)(y0), (3.7)

ynj ∈ C(tnj ) ∀j ∈ N, (3.8)

− ynj − ynj−1

tnj − tnj−1

∈ NC(tnj )(y
n
j ) ∀j ∈ N, (3.9)

which is an implicit time discretization scheme for (3.2)–(3.4) usually called “catching-
up algorithm”. As yn0 ∈ C(0), by virtue of (3.1) and (3.5) we have that

d(yn0 , C(tn1 )) ≤ e (C(0), C(tn1 )) ≤ tn1 = 1/2n < r,

therefore there exists yn1 := PC(tn1 )(y
n
0 ), which implies that yn0 − yn1 ∈ NC(tn1 )(y

n
1 ), or

equivalently that (3.9) holds with j = 1. Now for any integer j > 1 let us assume
that ynj−1 satisfies the inclusions ynj−1 ∈ C(tnj−1) and

−(ynj−1 − ynj−2)/(t
n
j−1 − tnj−2) ∈ NC(tnj−1)

(ynj−1).

Therefore we have
d(ynj−1, C(tnj )) ≤ e(C(tnj−1), C(tnj )) ≤ tnj − tnj−1 =

1

2n
< r,

thus there exists ynj := PC(tnj )(y
n
j−1), and ynj−1−ynj ∈ NC(tnj )(y

n
j ). Thus we have proved

that there is a sequence (ynj )
∞
j=1 such that (3.7)–(3.9) hold, or equivalently such that

(3.7) holds together with
ynj = PC(tnj )(y

n
j−1) ∀j ∈ N. (3.10)

Now for every n ≥ nr we define the step function yn : [0,∞[ −→ H by
yn(0) := yn0 , (3.11)
yn(t) := ynj if t ∈

]
tnj−1, t

n
j

]
, j ∈ N, (3.12)

and let xn : [0,∞[ −→ H be the piecewise affine interpolant of (ynj )j, i.e.

xn(t) := ynj−1 +
t− tnj−1

tnj − tnj−1

(ynj − ynj−1) if t ∈
[
tnj−1, t

n
j

[
, j ∈ N. (3.13)

We have by (3.9) that

−x′
n(t) =

ynj−1 − ynj
tnj − tnj−1

∈ NC(tnj )
(ynj ) = NC(tnj )

(y(t)) ∀t ∈
]
tnj−1, t

n
j

[
, ∀j ∈ N, (3.14)

and by (3.10) that

‖x′
n(t)‖ =

‖ynj − ynj−1‖
tnj − tnj−1

=
‖PC(tnj )(y

n
j−1)− ynj−1‖

tnj − tnj−1

=
d(ynj−1, C(tnj ))

tnj − tnj−1

≤ e(C(tnj−1), C(tnj ))
tnj − tnj−1

∀t ∈
]
tnj−1, t

n
j

[
, (3.15)

therefore (3.1) yields
‖x′

n(t)‖ ≤ 1 ∀t 6= tnj , (3.16)
and xn is 1-Lipschitz continuous on [0,∞[.



742 V. Recupero / Prox-Regular Sweeping Processes ...

Now let θn : [0,∞[ −→ [0,∞[ be defined by

θn(0) = 0, θn(t) := tnj if t ∈
]
tnj−1, t

n
j

]
, j ∈ N.

so that 0 ≤ θn(t)− t ≤ 1

2n
, (3.17)

xn(θn(t)) = xn(t
n
j ) = ynj ∈ C(tnj ) ∀t ∈

]
tnj−1, t

n
j

]
, ∀j ∈ N, (3.18)

and, by (3.16) and (3.17),

‖xn(θn(t))− xn(t)‖ ≤ |θn(t)− t| ≤ 1/2n. (3.19)

Now let us fix n ≥ nr and t ≥ 0 such that t 6= tnj and t 6= tn+1
j for all j ∈ N ∪ {0}.

We have that〈
x′
n+1(t)− x′

n(t), xn+1(t)− xn(t)
〉
=

〈
x′
n+1(t)− x′

n(t), xn+1(t)− xn+1(θn+1(t))
〉

+
〈
x′
n+1(t)− x′

n(t), xn+1(θn+1(t))− xn(θn(t))
〉

+
〈
x′
n+1(t)− x′

n(t), xn(θn(t))− xn(t)
〉

≤ ‖x′
n+1(t)− x′

n(t)‖‖xn+1(t)− xn+1(θn+1(t))‖

+
〈
x′
n+1(t)− x′

n(t), xn+1(θn+1(t))− xn(θn(t))
〉

+ ‖x′
n+1(t)− x′

n(t)‖‖xn(θn(t))− xn(t)‖,

therefore, since ‖x′
n+1(t)− x′

n(t)‖ ≤ 2 by (3.16), using (3.19) we infer that

d

dt
‖xn+1(t)−xn(t)‖2 = 2〈x′

n+1(t)− x′
n(t), xn+1(t)− xn(t)〉

≤ 2
〈
x′
n+1(t)−x′

n(t), xn+1(θn+1(t))−xn(θn(t))
〉
+

6

2n
. (3.20)

In order to estimate properly the right-hand side of (3.20), we first observe that
from (3.19) we obtain

‖xn+1(θn+1(t))− xn(θn(t))‖2

≤ 4‖xn+1(θn+1(t))− xn+1(t)‖2 + 4‖xn+1(t)− xn(t)‖2 + 2‖xn(t)− xn(θn(t))‖2

≤ 4

22n+2
+ 4‖xn+1(t)− xn(t)‖2 +

2

22n
=

4

22n
+ 4‖xn+1(t)− xn(t)‖2. (3.21)

Then we take j ∈ N such that t ∈
]
tnj−1, t

n
j

[
and observe that

tnj−1 = tn+1
2j−2 < tn+1

2j−1 < tn+1
2j = tnj ,

thus θn+1(t) ∈ {tn+1
2j−1, t

n+1
2j } and xn(t

n
j−1) = ynj−1 ∈ C(tnj−1) = C(tn+1

2j−2), therefore
thanks to (3.1) and (3.17),

d(xn(t
n
j−1), C(θn+1(t))) ≤ e(C(tn+1

2j−2), C(θn+1(t)))

≤ θn+1(t)− tn+1
2j−2 ≤ tn+1

2j − tn+1
2j−2 = 1/2n. (3.22)



V. Recupero / Prox-Regular Sweeping Processes ... 743

Therefore by (3.5) there exists PC(θn+1(t))(xn(t
n
j−1)), and as by (3.14) we have −x′

n+1(t)
∈ NC(θn+1(t))(xn+1(θn+1(t))), using the r-prox-regularity of C(θn+1(t)), we can write〈

x′
n+1(t), xn+1(θn+1(t))− xn(θn(t))

〉
=

〈
x′
n+1(t), xn+1(θn+1(t))− PC(θn+1(t))(xn(t

n
j−1))

〉
+
〈
x′
n+1(t),PC(θn+1(t))(xn(t

n
j−1))− xn(θn(t))

〉
≤ 1

2r

∥∥xn+1(θn+1(t))−PC(θn+1(t))(xn(t
n
j−1))

∥∥2

+
∥∥PC(θn+1(t))(xn(t

n
j−1)))−xn(θn(t))

∥∥ . (3.23)

Now observe that from (3.16), (3.17), (3.22), and (3.21), we infer that∥∥xn+1(θn+1(t))− PC(θn+1(t))(xn(t
n
j−1))

∥∥2

≤ 2 ‖xn+1(θn+1(t))− xn(θn(t))‖2

+ 4
∥∥xn(θn(t))− xn(t

n
j−1)

∥∥2
+ 4

∥∥xn(t
n
j−1)− PC(θn+1(t))(xn(t

n
j−1))

∥∥2

≤ 2 ‖xn+1(θn+1(t))− xn(θn(t))‖2 + 4|θn(t)− tnj−1|2 + 4d(xn(t
n
j−1), C(θn+1(t)))

2

≤ 8

22n
+ 8‖xn+1(t)− xn(t)‖2 +

4

22n
+

4

22n
, (3.24)

and that, by (3.16), (3.17) and (3.22),∥∥PC(θn+1(t))(xn(t
n
j−1)))− xn(θn(t))

∥∥
≤

∥∥PC(θn+1(t))(xn(t
n
j−1)))− xn(t

n
j−1)

∥∥ +
∥∥xn(t

n
j−1)− xn(θn(t))

∥∥
≤ d(xn(t

n
j−1), C(θn+1(t))) + |tnj−1 − θn(t)| ≤

1

2n
+

1

2n
, (3.25)

therefore, from (3.23), (3.24), and (3.25) we obtain that there exists a constant
K1 > 0, independent of n, such that〈

x′
n+1(t), xn+1(θn+1(t))− xn(θn(t))

〉
≤ 4

r
‖xn+1(t)− xn(t)‖2 +

K1

2n
. (3.26)

Now observe that θn(t) = tnj = tn+1
2j and xn+1(t

n+1
2j−2) = yn+1

2j−2 ∈ C(tn+1
2j−2), thus, thanks

to (3.1) and (3.17),

d(xn+1(t
n+1
2j−2), C(θn(t))) ≤ e(C(tn+1

2j−2), C(θn(t)))

≤ θn(t)− tn+1
2j−2 = tn+1

2j − tn+1
2j−2 = 1/2n. (3.27)

Therefore by (3.5) there exists PC(θ(t))(xn+1(t
n+1
2j−2)) and as −x′

n(t) ∈ NC(θn(t))(xn(θn(t)))
by (3.14), and using the r-prox-regularity of C(θn(t)), we can write

〈−x′
n(t), xn+1(θn+1(t))− xn(θn(t))〉

=
〈
−x′

n(t), xn+1(θn+1(t))− PC(θn(t))(xn+1(t
n+1
2j−2))

〉
+
〈
−x′

n(t),PC(θn(t))(xn+1(t
n+1
2j−2))− xn(θn(t))

〉
≤

∥∥xn+1(θn+1(t))− PC(θn(t))(xn+1(t
n+1
2j−2))

∥∥
+

1

2r

∥∥PC(θn(t))(xn+1(t
n+1
2j−2))− xn(θn(t))

∥∥2
. (3.28)
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Now observe that, by (3.16), (3.17) and (3.27), we have∥∥xn+1(θn+1(t))− PC(θn(t))(xn+1(t
n+1
2j−2))

∥∥
≤

∥∥xn+1(θn+1(t))− xn+1(t
n+1
2j−2)

∥∥ +
∥∥xn+1(t

n+1
2j−2)− PC(θn(t))(xn+1(t

n+1
2j−2))

∥∥
≤ |θn+1(t)− tn+1

2j−2|+ d(xn+1(t
n+1
2j−2), C(θn(t))) ≤

1

2n
+

1

2n
(3.29)

and that, from (3.16), (3.17), (3.27), and (3.21), we infer that∥∥PC(θn(t))(xn+1(t
n+1
2j−2))− xn(θn(t))

∥∥2

≤ 4
∥∥PC(θn(t))(xn+1(t

n+1
2j−2))− xn+1(t

n+1
2j−2)

∥∥2

+ 4
∥∥xn+1(θn+1(t))− xn+1(t

n+1
2j−2)

∥∥2
+ 2 ‖xn+1(θn+1(t))− xn(θn(t))‖2

≤ 4d(xn+1(t
n+1
2j−2), C(θn(t)))2 + 4|θn+1(t)− tn+1

2j−2|2 + 2 ‖xn+1(θn+1(t))− xn(θn(t))‖2

≤ 4

22n
+

4

22n
+

8

22n
+ 8‖xn+1(t)− xn(t)‖2 (3.30)

therefore, from (3.28), (3.29), and (3.30) we obtain that there exists a constant
K2 > 0, independent of n, such that

〈−x′
n(t), xn+1(θn+1(t))− xn(θn(t))〉 ≤

4

r
‖xn+1(t)− xn(t)‖2 +

K2

2n
. (3.31)

Collecting together (3.20), (3.26) and (3.31) we infer that there exists a constant
K3 > 0, independent of n (depending only on r), such that

d

dt
‖xn+1(t)− xn(t)‖2 ≤

K3

2n
+

8

r
‖xn+1(t)− xn(t)‖2. (3.32)

By (3.32) and by the Gronwall lemma we infer that for every T > 0 there is a
constant K(T, r) > 0 independent of n (depending only on r and T ), such that

‖xn+1(t)− xn(t)‖2 ≤
K(T, r)

2n
∀t ∈ [0, T ] , ∀n ≥ nr,

so that
∞∑

n=nr

sup
t∈[0,T ]

‖xn+1(t)− xn(t)‖ < ∞

and the sequence xn is uniformly Cauchy in C([0, T ] ;H) for every T > 0. It follows
that there exists a continuous function x : [0,∞[ −→ H such that

xn → x uniformly on [0, T ] , ∀T > 0. (3.33)

Since we have

‖yn(t)− xn(t)‖ =

∥∥∥∥ynj − ynj−1

tnj − tnj−1

∥∥∥∥|tnj − t| ≤ |tnj − t| ∀t ∈
]
tnj−1, t

n
j

]
we also deduce that

yn → x uniformly on [0, T ] , ∀T > 0. (3.34)
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If t > 0 and t ∈
]
tnj−1, t

n
j

]
, then we have

d(yn(t), C(t)) = d(ynj , C(t)) ≤ ‖ynj − ynj−1‖ + d(ynj−1, C(t))

≤ d(ynj−1, C(tnj )) + e(C(tnj−1), C(t))

≤ e(C(tnj−1), C(tnj )) + e(C(tnj−1), C(t)) ≤ 2/2n, (3.35)

therefore by (3.34) and by the closedness of C(t) we infer that

x(t) ∈ C(t) ∀t ≥ 0. (3.36)

Moreover from (3.16) we also infer that x ∈ Lip([0, T ] ;H) and, at least for a subse-
quence which we do not relabel,

x′
n → x′ weakly in L2([0, T ] ;H) ∀T > 0. (3.37)

Now we can follow the argument of [21, p. 158-159]. By the Mazur’s lemma there
exists a sequence vn ∈ L2([0, T ] ;H) such that

vn =

N(n)∑
k=n

λ
(n)
j x′

j, with
N(n)∑
k=n

λ
(n)
j = 1, λ

(n)
j ≥ 0, (3.38)

and vn → x′ in L2([0, T ] ;H). (3.39)

At least for a further subsequence which we do not relabel we have that there exists
S ⊆ [0, T ] such that L1([0, T ]rS) = 0 and

vn(t) → x′(t) in H, ∀t ∈ S. (3.40)

Therefore if t ∈ S and if zt ∈ C(t) are fixed arbitrarily, for every k we have that

〈−x′
k(t), zt − x(t)〉 = 〈−x′

k(t), zt − yk(t)〉+ 〈x′
k(t), yk(t)− x(t)〉

≤ ‖x′
k(t)‖
2r

‖zt − yk(t)‖2 + ‖yk(t)− x(t)‖

≤ 1

r
(‖zt − x(t)‖2 + ‖x(t)− yk(t)‖2) + ‖yk(t)− x(t)‖,

hence if εk := sup
s∈[0,T ]

(
1

r
‖x(s)− yk(s)‖2 + ‖yk(s)− x(s)‖

)
,

we have that εk → 0 as k → ∞ and

〈−x′
k(t), zt − x(t)〉 ≤ 1

r
‖zt − x(t)‖2 + εk ∀k ≥ nr. (3.41)

On the other hand

〈−x′(t), zt − x(t)〉 = lim
n→∞

〈−vn(t), zt − x(t)〉

= lim
n→∞

N(n)∑
k=n

λ
(n)
j 〈−x′

k(t), zt − x(t)〉,
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hence we have

〈−x′(t), zt − x(t)〉 ≤ lim sup
n→∞

N(n)∑
k=n

λ
(n)
j

(
1

r
‖zt − x(t)‖2 + εk

)
=

1

r
‖zt − x(t)‖2 + lim sup

n→∞

N(n)∑
k=n

λ
(n)
j εk

≤ 1

r
‖zt − x(t)‖2 + lim sup

n→∞
sup
k≥n

εk,

but lim supn→∞ supk≥n εk = 0, therefore we have that

〈x′(t), zt − x(t)〉 ≤ 1

r
‖zt − x(t)‖2 ∀t ∈ S, ∀zt ∈ C(t)

and (3.3) is proved by virtue of Proposition 2.3.

4. Prox-regular sweeping processes with bounded retraction

Let us start with a technical lemma. Let us remark that parts (ii)–(iv) of this lemma
were proved in [55, Lemmas 15.45, 15.47, 15.55], as explained in the proof, which
we keep here for the sake of completeness.

Lemma 4.1. Assume that (2.1) holds, 0 < ρ < r, and that K is an r-prox-regular
subset of H. If Kρ := K +Bρ(0) then the following statements hold true.
(i) Kρ = {x ∈ H : ‖x− PK(x)‖ ≤ ρ}.
(ii) ∂Kρ = {x ∈ H : ‖x− PK(x)‖ = ρ}.
(iii) Kρ is (r − ρ)-prox-regular.
(iv) If y ∈ ∂Kρ then NKρ(y) = {λ(y − PK(y)) : λ ≥ 0}.

Proof. Concerning statement (i), if x ∈ Kρ then x = z+u for some z ∈ K and some
u ∈ Bρ(0), therefore ‖x−PK(x)‖ = dK(x) = inf{‖w− z−u‖ : w ∈ K} ≤ ‖u‖ ≤ ρ.
Vice versa if x ∈ H and ‖x−PK(x)‖ ≤ ρ then x = PK(x)+(x−PK(x)) ∈ Kρ. Hence
statement (ii) follows from the continuity of the mapping x 7−→ ‖x−PK(x)‖ = dK(x)
from K+Br(0) into R (but it is also equivalent to the second statement in [55, Lemma
15.55]). Statement (iii) is proved in [55, Lemma 15.45-(a)], for the convenience of
the reader we report here the argument: thanks to [6, Lemma 3.1] we have that

dKρ(y) = dK(y)− ρ ∀y ∈ HrKρ. (4.1)

Therefore from the differentiability of dK on KrrK it follows that dKρ is differentiable
in (Kρ +Br−ρ(0))rKρ, and this implies statement (iii) by Thereom 2.7. We finally
prove (iv). Let us observe that by [41, Theorem 4.1] we have that dK is differentiable
at y and ∇dK(y) = (y−PK(y))/‖y−PK(y)‖, therefore thanks to [18, Therem 3.1(2)
and Theorem 3.4] we infer that

NKρ(y) = {λ∇dK(y) : λ ≥ 0} = {λ(y − PK(y)) : λ ≥ 0}.

Part (iv) can be also deduced from [55, Lemma 15.47-(b)].

Now we define a particular multivalued curve which will be used to fill in the jumps
of a discontinuous moving set with bounded retraction.
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Definition 4.2. Assume that Z0,Z1 ∈ C0(H) and that ρ := e(Z0,Z1) < ∞. We
define the curve G(Z0,Z1) : [0, 1] −→ C0(H) by

G(Z0,Z1)(t) :=

{
Z0 if t = 0

Z1 +B(1−t)ρ(0) if 0 < t ≤ 1
(4.2)

The curve defined in the previous definition is 1-Lipschitz continuous with respect
to the excess e, indeed we can prove the following result.

Proposition 4.3. If Z0,Z1 ∈ C0(H) and G(Z0,Z1) : [0, 1] −→ C0(H) is defined as in
Definition 4.2, we have

e(G(s),G(t)) = (t− s)e(Z0,Z1) ∀s, t ∈ [0, 1] , s < t, (4.3)

and we can call G a e -geodesic connecting Z0 to Z1.

Proof. Let us set Dδ := Bδ(0). For every δ > 0 we have G(0) = Z0 ⊆ Z1 +Dρ =
Z1 +D(1−t)ρ +Dtρ thus e(G(0),G(t)) ≤ tρ. If 0 < s ≤ t we have

G(s) = Z1 +D(1−s)ρ = Z1 +D(1−t)ρ +D(t−s)ρ = G(t) +D(t−s)ρ. (4.4)

Therefore e(G(s),G(t)) ≤ (t− s)ρ = (t− s)e(Z0,Z1). On the other hand we have

e(Z0,Z1) ≤ e(Z0,G(s)) + e(G(s),G(t)) + e(G(t),Z1)

≤ se(Z0,Z1) + e(G(s),G(t)) + (1− t)e(Z0,Z1),

hence (t− s)e(Z0,Z1) ≤ e(G(s),G(t)) and (4.3) is proved.

The next Lemma shows that the trajectory of the solution of the sweeping process
driven by G(Z0,Z1) is always a straight line segment connecting the initial datum y0
to its projection to Z1.

Lemma 4.4. Assume that r ∈ ]0,∞[. Let Z0 ∈ Cr(H) and Z1 ∈ Cr(H) be such
that ρ := e(Z0,Z1) < r, and let G(Z0,Z1) = G : [0, 1] −→ Cr(H) be defined by (4.2).
If y0 ∈ Z0, then let t0 ∈ [0, 1] be the unique number such that

‖y0 − PZ1(y0)‖ = (1− t0)ρ (4.5)

(t0 is well defined because Z1 is r-prox-regular and e(Z1,Z2) < r). If y ∈ Lip([0, 1] ;H)
is defined by

y(t) :=


y0 if t ∈ [0, t0[

y0 + t−t0
1−t0

(PZ1(y0)− y0) if t0 6= 1, t ∈ [t0, 1[

PZ1(y0) if t = 1

, (4.6)

then y(t) ∈ G(Z0,Z1)(t) ∀t ∈ [0, 1] , (4.7)
y′(t) ∈ −NG(Z0,Z1)

(t)(y(t)) for L1-a.e. t ∈ [0, 1], (4.8)

y(0) = y0, (4.9)

i.e. y is the unique solution of the sweeping process driven by G(Z0,Z1) with initial
condition y0 ∈ Z0.
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Proof. For simplicity let us write G := G(Z0,Z1). If y0 ∈ Z1 we have that t0 = 1,
y(t) = y0 = PZ1(y0) ∈ G(t) and y′(t) = 0 for every t ∈ [0, 1], and we are done.
Therefore we now assume that y0 6∈ Z1, i.e. t0 < 1, thus from Lemma 4.1-(ii) and
formula (4.5) we deduce that

y0 ∈ ∂(Z1 +B(1−t)ρ) ⇐⇒ t = t0, (4.10)

(that is t0 is the first time when ∂(Z1+B(1−t)ρ) meets y0). If t ∈ ]t0, 1] we have that

‖y(t)− PZ1(y0)‖ =
1− t

1− t0
‖y0 − PZ1(y0)‖ =

1− t

1− t0
(1− t0)ρ = (1− t)ρ,

therefore y(t) ∈ ∂(Z1 +B(1−t)ρ) ∀t ∈ [t0, 1] . (4.11)

Therefore, since

y′(t) =

{
0 if t ∈ ]0, t0[

1
1−t0

(ProjZ2
(y0)− y0) if t ∈ ]t0, 1[

,

we infer from Lemma 4.1-(iv) that −y′(t) ∈ NG(t)(y(t)) for every t ∈ ]0, 1[r{t0},
and we are done.

Now we prove the main theorem of the paper.

Theorem 4.5. Assume that r ∈ ]0,∞[ and let Cr(H) be the family of r-prox-
regular subsets of H. Assume that C ∈ BRr

loc([0,∞[ ;Cr(H)), i.e. that the map
C : [0,∞[ −→ Cr(H) has locally bounded retraction. If y0 ∈ C(0) + Br(0) and
e(C(t−), C(t)) < r for every t ≥ 0, then there exists a unique y ∈ BVr

loc([0,∞[ ;H)
such that there exists a Borel measure µ : B([0,∞[) −→ [0,∞] and a function
v ∈ L1

loc(µ;H) such that

y(t) ∈ C(t) ∀t ∈ [0,∞[ , (4.12)
Dy = vµ, (4.13)
v(t) ∈ −NC(t)(y(t)) for µ-a.e. t ∈ [0,∞[, (4.14)
y(0) = ProjC(0)(y0). (4.15)

Moreover V(y, [s, t]) ≤ R(C, [s, t]) ∀t, s ≥ 0, s < t, (4.16)

in particular Cont(C) ⊆ Cont(y).

We will denote this unique solution by S(C, y0), so that if

DBR := {(C, y0) ∈ BRr
loc([0,∞[ ;Cr(H))×H : y0 ∈ C(0) +Br(0)},

then we can define S : DBR −→ BR r
loc([0,∞[ ;H), the solution operator associating

with every pair (C, y0) the only y satisfying (4.12)–(4.15).

Proof. We recall that ℓC : [0,∞[ −→ [0,∞[ is defined by

ℓC(t) := R(C; [0, t]), t ≥ 0, (4.17)

and observe that ℓC is right-continuous because of the right-continuity of C.
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The function ℓC is increasing, therefore ℓ−1
C (τ) is always a (possibly degenerate)

interval for every τ ∈ ℓC([0,∞[) and we can define C̃ : ℓC([0,∞[) −→ Cr(H) in the
following way:

C̃(τ) :=

{
C(t) if ℓ−1

C (τ) is a singleton and ℓ−1
C (τ) = {t},

C(t) if ℓ−1
C (τ) is not a singleton and min ℓ−1

C (τ) = t.

In the occurrence that ℓC is not constant on any nondegenerate interval, then one
has C(t) = C̃(ℓC(t)) for every t ≥ 0 (this fact suggests that C̃ can be considered as a
sort of reparametrization of C by the “arc length” ℓC). Let us also observe that C is
set-theoretically increasing in time on the intervals where ℓC is constant (therefore
the solution of the sweeping process driven by C is expected to be constant on these
intervals). If σ, τ ∈ ℓC([0,∞[) with σ < τ , then s = min ℓ−1

C (σ) ≤ sup ℓ−1
C (σ) = s∗

and t = min ℓ−1
C (τ) ≤ sup ℓ−1

C (τ) = t∗ for some s, s∗, t, t∗ ≥ 0, thus

e(C̃(σ), C̃(τ)) = e(C(s), C(t)) ≤ R(C; [s, t]) = τ − σ,

and we have proved that C̃ is 1-Lipschitz continuous with respect to e, i.e.

e(C̃(σ), C̃(τ)) ≤ τ − σ ∀τ, σ ∈ ℓC([0,∞[), τ ≤ σ.

In order to extend the definition of C̃ over the whole [0,∞[ we first set

ρt := e(C(t−), C(t)), t ∈ Discont(C), (4.18)

and A(t) := C(t) +Bρt(0), t ∈ Discont(C). (4.19)

By assumption we have that 0 < ρt < r, moreover by virtue of Lemma 4.1-(iii) we
have A(t) is a (r − ρt)-prox-regular set. Let us also observe that

C(t−) ⊆ A(t) ∀t ∈ Discont(C). (4.20)

Now for any t ∈ Discont(C) we can define the curve Gt : [0, 1] −→ Cr(H) by setting
Gt := G(A(t),C(t+)+Bρt (0))

: [0, 1] −→ Cr(H), t ∈ Discont(C),

where G(A(t),C(t+)+Bρt (0))
is defined in Definition 4.2, so that

Gt(τ) = C(τ) +B(1−τ)ρt(0) ∀τ ∈ [0, 1] .

We are now in position to define

C̃(σ) := Gt

(
σ − ℓC(t−)

ℓC(t)− ℓC(t−)

)
if σ ∈ [ℓC(t−), ℓC(t)[, if ℓC(t−) 6= ℓC(t). (4.21)

The resulting curve C̃ : [0,∞[ −→ Cr(H) is a 1-Lipschitz continuous function with
respect to e because Gt is a geodesic connecting respectively A(t) to C(t), C(t−) ⊆
A(t), and C̃ is 1-Lipschitz continuous on ℓC([0,∞[).
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Therefore there exists a unique function ŷ ∈ Lip loc([0,∞[ ;H) such that

ŷ (σ) ∈ C̃(σ) ∀σ ∈ [0,∞[ , (4.22)
ŷ ′(σ) ∈ −NC̃(σ)(ŷ (σ)) for L1-a.e. σ ∈ [0,∞[, (4.23)

ŷ (0) = PC̃(0)(y0) = PC(0)(y0). (4.24)

Now let us set y := S(C̃, y0) ◦ ℓC = ŷ ◦ ℓC, (4.25)
and let us prove that y solves (4.12)-(4.15). It is obvious that y(t) ∈ C(t) when
ℓ−1
C (ℓC(t)) = {t}. If instead ℓ−1

C (ℓC(t)) is not a singleton, we have that

y(t) = ŷ (ℓC(t)) ∈ C̃(ℓC(t)) = C(min ℓ−1
C (ℓC(t))) ⊆ C(t),

because C is set-theoretically increasing on ℓ−1
C (ℓC(t)). Thus condition (4.12) is sat-

isfied. The initial condition (4.15) is obviously satisfied. Since ŷ is Lipschitz contin-
uous and ℓC is right-continuous and increasing, it is clear that y ∈ BVr

loc([0,∞[ ;H),
so that Discont(y) = Discont(ℓC) = Discont(C). If v : [0,∞[ −→ H is defined by

v(t) :=

ŷ ′(ℓC(t)) if t ∈ Cont(ℓC)

ŷ (ℓC(t))−ŷ (ℓC(t−))
ℓC(t)−ℓC(t−) if t ∈ Discont(ℓC)

, (4.26)

then from Proposition 2.11(ii) we infer that Dy = vDℓC, i.e. (4.13) holds with
µ = DℓC. Let us set

Z := {t ∈ [0,∞[ : −ŷ ′(t) 6∈ NC̃(t)(ŷ (t))}. (4.27)

From formula (4.23) we deduce that L1(Z) = 0, therefore, thanks to Proposition
2.11(i), we have that

DℓC({t ∈ Cont(ℓC) : −v(t) 6∈ NC(t)(y(t))})
=DℓC({t ∈ Cont(ℓC) : −ŷ ′(ℓC(t)) 6∈ NC̃(ℓC(t))(ŷ (ℓC(t))})

=DℓC({t ∈ Cont(ℓC) : ℓC(t) ∈ Z}) = L1(Z) = 0. (4.28)

Now let us fix t ∈ Discont(ℓC) and observe that

C̃(σ) = G(A(t),C(t))

(
σ − ℓC(t−)

ℓC(t)− ℓC(t−)

)
∀σ ∈ ]ℓC(t−), ℓC(t)[ ,

thus by the semigroup property of (4.22)–(4.24), by Lemma 4.4, and thanks to the
fact that

y(t−) = ŷ (ℓC(t−)) ∈ C̃(ℓC(t−)) = A(t), (4.29)
we have

−v(t) =
ŷ (ℓC(t−))− ŷ (ℓC(t))

ℓC(t)− ℓC(t−)
=

ŷ (ℓC(t−))− PC(t)(ŷ (ℓC(t−)))

ℓC(t)− ℓC(t−)
, (4.30)

hence

−v(t) ∈ NC(t)(PC(t)(ŷ (ℓC(t−)))) = NC(t)(ŷ (ℓC(t))) = NC(t)(y(t)) ∀t ∈ Discont(C).
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Together with (4.27)–(4.28) this equation implies that

DℓC({t ∈ [0,∞[ : −v(t) 6∈ NC(t)(y(t))}) = 0,

hence (4.14) also holds with µ = DℓC.
Concerning uniqueness, let us observe that since C has local bounded retraction, then
Discont(C) = Discont(ℓC), thus Discont(C) is at most denumerable. Let us consider
first the case when the cardinality of Discont(C) is equal to the cardinality of N.
Since e(C(t−), C(t)) = ℓC(t) − ℓC(t−) for every t ∈ Discont(C), we infer that there
exist A− and A+ such that Discont(C) = A−∪A+, A−∩A+ = ∅, A− = {tn : n ∈ N}
with e(C(tn−), C(tn)) < r/2 for all n ∈ N, and A+ = {sm : m = 1, . . . , N} with
r/2 ≤ e(C(sm−), C(sm)) < r for all m = 1, ..., N and s0 := 0 < s1 < s2 < ... < sN .
Arguing iteratively, thanks to the existence part of this proof, and to [53, Propo-
sition 3.6], we have that for every m ∈ {1, . . . , N} there is only one solution
ym ∈ BVr([sm−1, sm[ ;H) to the sweeping process

ym(t) ∈ C(t) ∀t ∈ [sm−1, sm[ , (4.31)
Dym = vmµm, (4.32)
vm(t) ∈ −NC(t)(ym(t)) for µ-a.e. t ∈ [sm−1, sm[, (4.33)
ym(sm−1) = PC(sm−1)(ym−1(sm−1−)), (4.34)

because ym−1(sm−1−) ∈ A(sm−1). Moreover, thanks to the existence part of this
proof, partitioning [sN ,∞[ into a denumerable union of precompact intervals, and
using [53, Prop. 3.6], we infer that there is only one solution yN+1∈BVr

loc([sN ,∞[ ;H)
to the sweeping process

yN+1(t) ∈ C(t) ∀t ∈ [sN ,∞[ , (4.35)
DyN+1 = vN+1µN+1, (4.36)
vN+1(t) ∈ −NC(t)(yN+1(t)) for µ-a.e. t ∈ [sN ,∞[, (4.37)
yN+1(sN) = PC(sN )(yN(sN−)), (4.38)

because yN(sN−) ∈ A(sN). We claim that the function y defined piecing together
all the ym’s, i.e.

y(t) :=

{
ym(t) if t ∈ [sm−1, sm[, m ∈ {1, . . . , N},
yN+1(t) if t ∈ [sN ,∞[,

is the only solution to (4.12)–(4.15). Indeed setting

µ(B) := µN+1(B ∩ [sN ,∞[) +
N+1∑
m=1

µm(B ∩ [sm−1, sm[), B ∈ B([0,∞[),

and
v(t) :=

{
vm(t) if t ∈ [sm−1, sm[, m ∈ {1, . . . , N},
vN+1(t) if t ∈ [sN ,∞[,

t ∈ [0,∞[ ,

then Dy = wµ, and for every m ∈ {1, . . . , N}, by (4.14), we have

y(sm)− y(sm−) = Dy({sm}) = vm+1(sm)µm+1({sm})

and y(sm)− y(sm−) = PC(sm)(ym(sm−))− y(sm−) ∈ −NC(sm)(ym(sm))
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so that, since µm+1({sm}) > 0,

v(sm) ∈ −NC(sm)(y(sm)) ∀m ∈ {1, . . . , N}, (4.39)

and we know that on the jumps t of C any solution y satisfies a fortiori the condition
(4.39), because its density with respect to a positive measure must belong to the
−NC(t)(y(t)). The case when the cardinality of Discont(C) is finite follows the same
argument and is actually simpler.
Finally from the definition of pointwise variation, from (4.25), and from the 1-
Lipschitz continuity of ŷ , we infer that

V(y, [s, t]) = V(ŷ , [ℓC(s), ℓC(t)]) ≤ V(ℓC, [s, t]) = R(C, [s, t]), (4.40)

whenever s < t, and the theorem is completely proved.

Corollary 4.6. Assume r∈ ]0,∞[, C∈BRr
loc([0,∞[ ;Cr(H)), y0∈C(0)+Br(0), and

let y := S(C, y0) be the unique solution of the sweeping process (4.12)–(4.15).
(i) If C ∈ CBR loc([0,∞[ ;Cr(H)) then S(C, y0) ∈ CBV loc([0,∞[ ;H).
(ii) If C is locally absolutely continuous, in the sense that there exists a locally

absolutely continuous function α : [0,∞[ −→ R such that

e(C(t), C(s)) ≤
∫ s

t

α′(τ) dτ ∀t, s ≥ 0, t < s,

then y is locally absolutely continuous, i.e. y ∈ W 1,1([0, T ] ;H) for every
T > 0. In this case we have that (4.12) and (4.15) hold together with

y′(t) ∈ −NC(t)(y(t)) for L1-a.e. t ∈ [0,∞[. (4.41)

(iii) If C is Lipschitz continuous in the sense that there exists L ≥ 0 such that

e(C(t), C(s)) ≤ L(s− t) ∀t, s ≥ 0, t < s,

then y ∈ Lip([0,∞[ ;H) with Lip[y] ≤ L.

Proof. Recalling (4.17) and (4.21), we have

S(C, y0) = S(C̃, y0) ◦ ℓC,

with Lip[S(C̃, y0)] ≤ 1. Therefore statement (i) follows from the continuity of ℓC.
Statement (iii) and the first part of statement (ii) follow from the fact that the local
absolute continuity of C (respectively the L-Lipschitz continuity of C) is equivalent
to the local absolute continuity of ℓC (respectively the L-Lipschitz continuity of C),
see, e.g., [38, Section 3d]. We are left to prove (4.41). We have Dy = y′L1, and if
we set ŷ := S(C̃) ∈ Lip([0, T ] ;H) and

Z := {s ∈ [0,∞[ : −ŷ ′(s) 6∈ NC̃(s)(ŷ (s))}, (4.42)

then by Theorem 3.1 L1(Z) = 0. (4.43)
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We have y′(t) = ℓ′C(t)ŷ
′(ℓC(t)) for L1-a.e. t ≥ 0, therefore

L1({t ∈ ]0, T [ : −y′(t) 6∈ NC(t)(y(t))})
= L1({t ∈ ]0, T [ : −ℓ′C(t)ŷ

′(ℓC(t)) 6∈ NC̃(ℓC(t))(ŷ (ℓC(t)))}). (4.44)

Using the fact that NK(x) is a cone, we have

{t ∈ ]0, T [ : −ℓ′C(t)ŷ
′(ℓC(t)) 6∈ NC̃(ℓC(t))(ŷ (ℓC(t)))}

= {t ∈ ]0, T [ : −ŷ ′(ℓC(t)) 6∈ NC̃(ℓC(t))(ŷ (ℓC(t))), ℓ′C(t) 6= 0}

= {t ∈ ]0, T [ : ℓC(t) ∈ Z, ℓ′C(t) 6= 0}. (4.45)

Moreover observe that (cf. [45, Lemma 3.1])

L1({t ≥ 0 : ∃ℓ′C(t) 6= 0, ℓC(t) ∈ Z}) = 0, (4.46)

therefore we conclude by collecting equations (4.42), (4.43), (4.45) and (4.46).

Remark 4.7. Part (iii) of the previous Corollary can be proved directly following
the proof of Theorem 3.1.

Acknowledgments. I am very grateful to the referee for her/his remarks and
corrections, and for pointing out that many parts of Lemma 4.1 were already proved
in [55].
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