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The aim of this paper is twofold. On one hand we prove that the Moreau’s sweeping processes
driven by a uniformly prox-regular moving set with local bounded retraction have a unique solution
provided that the coefficient of prox-regularity is larger than the size of any jump of the driving
set. On the other hand we show how the case of local bounded retraction can be easily reduced
to the 1-Lipschitz continuous case: indeed we first solve the Lipschitz continuous case by means
of the so called “catching-up algorithm”, and we reduce the local bounded retraction case to the
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prox-regular sets.
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1. Introduction

A sweeping process is an evolution problem with unilateral constraints which was
originally introduced by J.J. Moreau in [33] and that can be described as follows.
Let H be a real Hilbert space, and for every ¢ € [0,7], T > 0, let C(¢t) be a
given nonempty, closed subset of H, so that C(t) can be considered as a moving set
whose shape can vary during the time evolution. One then has to find a function
y : [0,T] — H such that

y(t) € C(1) vt € (0,77, (1.1)
y'(t) € —Newy(y(t)) for £'-a.e. t € [0,T), (1.2)
y(0) = wo, (1.3)

Yo being a prescribed point in C(0). Here £ is the Lebesgue measure, and N (y(¢))
is the (proximal) exterior normal cone to C(t) at y(¢). In the original setting of
Moreau’s paper [33], the sets C(t) are assumed to be convex, and the mapping
t — C(t) is supposed to be Lipschitz continuous in time, when the family of
closed subsets of H is endowed with the Hausdorff metric. There, the sweeping
process (1.1)-(1.3) is solved by approximating the problem by what is now called
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the Moreau-Yosida regularization. He also solves (1.1)-(1.3) with a more general
absolutely continuous driving set C(t) via an arc-length reparametrization of C(t):

indeed if ¢(t) is the variation of C on [0, ], then one finds a Lipschitz moving set C
such that ~
C(t) = C(o(t))

and the problem can be easily reduced to the Lipschitz continuous case by showing
that if 3y () is the Lipschitz continuous solution of the sweeping processes driven by

C(7), then y(t) = ¥ (¢(¢)) is the solution of the process driven by C(t).

This analysis of sweeping processes in the convex setting continued in [34, 36, 37] and
culminated in [39] where right-continuous driving sets C(t) with bounded variation
are considered, and in this case problem (1.1)—(1.3) has to be reformulated by looking
for a right-continuous solution y with bounded variation such that the distributional
derivative of y can be written as Dy = vu for a suitable positive measure p in [0, 7]
and a density function v € L'(y;H) for which (1.1) and (1.3) hold together with
the inclusion u(t) € —New(y(t))  for pae. t € [0,T], (1.4)
which is the BV counterpart of (1.2). Problem (1.4) was solved in [39] by means of
an implicit time discretization scheme which is usually called catching-up algorithm.
Actually in [39] the moving set C is assumed to be only with bounded right con-
tinuous retraction, rather than with bounded variation, i.e. the Hausdorff distance
is replaced by the asymmetric distance e(A, B) := sup,c 4 d(z, B), called excess of
A over B, with A, B nonempty closed convex sets in H, and it is assumed that
sup > e(C(tj_1),C(t;)) < oo, where the supremum is taken over all subdivisions of
0=ty < - <t, =T (all the precise definitions will be provided in the next
section).

Let us mention that the BV problem can also be solved by an arc-length reparame-
trization technique as done in [42, 45] for the continuous case and in [43, 47, 48] for
the BV discontinuous case. In this last case the arc-length reparametrization must
be completed on the jump intervals by means of a suitable geodesic in the space of
closed convex sets endowed with the Hausdorff metric. Convex sweeping processes
in the BV framework have received a great deal of attention and several results can
be found, e.g., in the monograph [32], in papers [1, 9, 10, 11, 12, 13, 14, 22, 26, 30,
46, 49, 53], and in the references therein.

It is very natural to try to relax the convexity assumption on the driving set C(t),
and the first papers where the non-convex case is addressed are [3, 15, 19, 56]. In
the first years of this century, the analysis of non-convex sweeping processes started
concentrating on the notion of uniformly proz-reqular sets, which can be described as
those closed subsets K for which there exists » > 0 such that on the neighborhood
U (K) = {x € H : d(x,K) < r} the projection on K is a singleton and is
continuous, so that such sets can be regarded as a natural generalization of convex
sets. Uniformly prox-regular sets were introduced by Federer in [25] (as positively
reached sets) in the finite dimensional case. Further properties of these sets were
investigated by Vial in [57] (where the term weak convez set is used). The notion of
prox-regularity was later extended to infinite dimensional spaces by Clarke, Stern
and Wolenski in [18], and finally the local properties where investigated by Poliquin,
Rockafellar and Thibault in [41].
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Existence and uniqueness results for sweeping processes in the prox-regular setting
were achieved by Colombo and Monteiro Marques in [20] and by Thibault in [52],
culminating in the paper [24] by Edmond and Thibault. Since then, prox-regular
sweeping processes has called the attention of many other authors: we mention, for
instance, [2, 4, 5, 7, 16, 27, 28, 29, 51] and the general result [40].

In the above mentioned literature on non-convex sweeping processes, the continuity
assumptions on the moving driving set are always related to the Hausdorff distance
and not to the retraction. To the best of our knowledge, only in [53] it is proved the
uniqueness of solutions to prox-regular sweeping processes with bounded retraction,
but the existence is proved under the assumption that C(t) is convex and with
bounded retraction (and more generally with bounded truncated retraction).

In the present paper we address the case of prox-regular sweeping processes when
the driving moving set has locally bounded retraction. We first solve the Lipschitz
continuous case by means of the so called “catching-up algorithm”, and we reduce
the general case of locally bounded retraction to the Lipschitz one by using the
reparametrization technique of [48] adapted to functions with values in the family
of prox-regular sets.

The plan of the paper is the following. In Section 2 we present the preliminaries
needed to state the problems and the theorems. In Section 3 we solve the prox-
regular sweeping processes with local bounded retraction when C(t) is 1-Lipschitz
continuous with respect to the excess. Finally in Section 4 we solve the general prox-
regular processes with locally bounded retraction by reducing them to the Lipschitz
case thanks to the reparametrizion method cited above.

2. Preliminaries and notations

In this section we recall the main definitions and tools needed in the paper. The set
of integers greater than or equal to 1 will be denoted by N.

2.1. Prox-regular sets

We recall here some notions of non-smooth analysis. We refer the reader to the
monographs [17, 50, 54, 55]. Throughout this paper we assume that

{H is a real Hilbert space with inner product (z,y) — (z,7), @2.1)

lz]| = (=, 2)'/%, @€,

and we endow H with the natural metric defined by (z,y) — ||z —y||, x,y € H. If
p>0and z € H we set

By(z):={yeH:|ly—=z| <p} and B,(z):={yeH:|y—=z| <p}

If Z C H, the closure and the boundary of Z will be respectively denoted by Z
and 0Z. If x € H we also set dz(z) := d(z, Z) = infsez ||z — ||, defining in this
way a function dz : H — R. Let us recall that if U is an open subset of ‘H and if
f:U — R, then we say that f is (Frechét) differentiable at x € U if there exists a
(unique) V f(z) € H such that limy, o(f(x + h) — f(x) = (Vf(x),h))/||h|| = 0.
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Definition 2.1. If Z C H, Z # &, and y € H then we set

Projz(y) = {z € Z : lo—yll = inf Jz—yl}. O (2:2)

Statement (2.3) below can be found, e.g., in [17, Proposition 1.3]. In fact, given
y € Hand z € Z, we see that ||z —y||* < ||z — y||? (vesp. ||z —y||*> < ||z — y|]?) for
all z € Z~{z} if and only if = € Proj;(y) (resp. {x} = Projz(y)), and writing

Iz = ylI* = llz — 2l = 2(y — 2,2 — 2) + ||z — y|
we then have the following
Proposition 2.2. If ZCH, Z# &, and y € H, then
z €Projz(y) < [2€Z, (y—z,z2—1) < %Hz —z||* Vz € Z | (2.3)

and

{2} =Projz(y) < [z€Z, <y—:v,z—:r><%||z—m||2 Vze Z~{z} ] (24)

If I is a nonempty closed subset of H and x € K, then Ni(z) denotes the (exterior
prozimal) normal cone of K at x which is defined by setting

Ni(z) ={ Ny —=xz) : © €Proje(y), y € H, A > 0}. (2.5)
Let us also recall the following proposition (see, e.g., [17, Proposition 1.5]).

Proposition 2.3. Assume that IC is a closed subset of H and that x € IC. We have
that u € Ni(x) if and only if there exists o > 0 such that

(u,z — z) < o]z — z|? Vz e K. (2.6)

Now we recall the notion of uniformly proxz-reqular set, introduced in [18, Section 4,
Theorem 4.1-(d)]) under the name of proxzimal smooth set, and generalized in [41,
Definition 1.1, Definition 2.4, Theorem 4.1].

Definition 2.4. If K is a nonempty closed subset of H and if r € ]0, co[, then we
say that IC is r-proz-regular if for every y € {v € H : 0 < di(v) < r} we have that
Projc(y) # @ and

r € Projc (:U + 7’”z_i”> Vo € Projc(y).
The family of r-prox-regular subsets of H will be denoted by %,(H). We will also
indicate by %o(H) the family of nonempty closed subsets of H. ]

It is useful to take into account the following easy property.

Proposition 2.5. Let K be a closed subset of H. If y € H~\K and x € Proj(y)
then Projic(z+t(y —x)) = {x} for everyt € ]10,1[. Hence if K is also r-proz-reqular
for some r > 0 it follows that Proj(u) is a singleton for every w € H such that
d;c(lb) <r.
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Proof. If t € |0, 1| then, thanks to (2.3), for every z € K~ {x} we have that

@ty —2) 2,2 —a) =tly =22~ ) < gz —al* < g1z — 2|

therefore Proj(x + t(y — z)) = {z} by virtue of (2.4) and the first statement is
proved. If K is also r-prox-regular and di(u) < r, then pick x € Proj(u) and let
y=ux+r(u—=x)/|lu—z||. Then we have x € Projx(y), u = = + t,(y — x) with
ty =71/||u—z| €]0,1[, so that {x} = Proj,(u). O

Definition 2.6. If r € ]0,00[ and if  C H is r-prox-regular, then we can define
the function Px : {y € H : dx(y) < r} — K by setting Px(y) := = where
{z} = Proji(y) for every y € H such that d(y) < r. O

The following characterizations of prox-regularity are very useful. The proofs can
be found in [41, Theorem 4.1} and in [21, Theorem 16].

Theorem 2.7. Let K be a nonempty closed subset of H and let r € ]0,00[. The
following statements are equivalent.
(i) K is r-proz-regular.
(ii) dx s differentiable in {y € H : 0 < dx(y) <r}.
(i) For every x € K and n € Nx(x) we have
(n,z —x) S@Hz—xHQ Vz e K.

2.2. Functions of bounded variation

Let I be an interval of R. The set of H-valued continuous functions defined on [ is
denoted by C(I;H). For a function f : I — H, the continuity set of a function
f I — H is denoted by Cont(f), while Discont(f) := H~Cont(f). For S C I we

write Lip[f, 5] := sup{|[f(t) = f(s)||/|t = s| : s,t €S, s#t}, Lip[f] := Lip[f, ],
the Lipschitz constant of f, and Lip([;H) :={f:1 — H : Lip[f] < oo}, the set
of H-valued Lipschitz continuous functions on I. As usual

Lipyoo(I;H) :={f : I — H : Lip[f, J] < oo ¥J compact in [}.
If f:1— Randif (f(t) — f(s))(t —s) > 0 (respectively (f(t) — f(s))(t —s) > 0)

we say that f is increasing (respectively strictly increasing).

Definition 2.8. Given an interval I C R, a function f : I — H, and a subinterval
J C I, the variation of f on J is defined by

V(f7J) :Sup{ZH(f(tjfl)_f(t])H : meN, t]'EJVj, Z€0<<tm}
j=1
If V(f,I) < oo we say that f is of bounded variation on I and we set

BV(I;H) ={f: 1 —H : V(f,I) <0}
and BVioo(I;H) :=={f: 1 —H : V(f,J) < oo VJ compact in I}. O
It is well known that the completeness of H implies that every f € BV(I;H) ad-

mits one sided limits f(t—), f(t+) at every point ¢t € I, with the convention that
f(inf I—) := f(inf I) if inf I € I, and that f(sup I+) := f(sup!) if sup ! € I.
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Moreover Discont(f) is at most countable. We set

BV'(I;H) :={f € BV(I;H) : f(t) = f(t+) Vte I},
BVL(IH) = {f € BVinoI:H) : £(t) = f(t4) Vi e T},
CBV(I:H):=BV(L;H) N C(I; H), CBVie(I:H):=BVie(I; 1) N C(I: H).

We have Lip,,.(I;H) C BVio.(I; H).

2.3. Differential measures

Given an interval I of the real line R, the family of Borel sets in I is denoted by
PB(I). If p: B(I) — [0,00] is a measure, p € [1,00[, then the space of H-valued
functions which are p-integrable with respect to p will be denoted by LP(1, u;H)
or simply by LP(u;H). By L*(I, u; B), or L*(u; B), we denote the space of maps
f 1 — H such that there exists a p-measurable g : I — H for which f = ¢
p-almost everywhere on /. For the theory of integration of vector valued functions
we refer, e.g., to [31, Chapter VI]. When y = £, where £! is the one dimensional
Lebesgue measure, we write LP(I;H) := LP(I, u; H).

We recall that a H-valued measure on I is a map v : B(I) — H such that
v(U,—, Bn) = > o, ¥(B,) for every sequence (B,,) of mutually disjoint sets in Z(I).
The total variation of v is the positive measure (v 1 : B(I) — [0, 00] defined by

11 (B) := Sup{z |(By)| : B= | Bu, Bu€ B(I), BiN\ By =2 if h # k;}
n=1 n=1

The vector measure v is said to be with bounded variation if 1v1 (I) < oo. In this
case the equality ||v|| := 1v1 (I) defines a complete norm on the space of measures
with bounded variation (see, e.g. [23, Chapter I, Section 3]).

If u: B(I) — [0,00] is a positive bounded Borel measure and if g € L'(I, ju; H),
then gu : B(I) — H denotes the vector measure defined by

gu(B) :Z/Bgdu, B e #(1).

Assume that v : B(I) — H is a vector measure with bounded variation and
f:l — Hand ¢ : [ — R are two step maps with respect to v, i.e. there exist
fiyooisfm €H, b1, 0m € H and Ay, ..., A, € Z(I) mutually disjoint such
that 11 (4;) < oo for every j and f = 377" 14, f;, ¢ = D71, 14,6;. Here 1s is
the characteristic function of a set S, i.e. 1g(x) := 1 if x € S and 1g(z) := 0
if # ¢ S. For such step maps we define [ (f,dv) := 37" (f;,v(4;)) € R and
[, odv = Z;nzl ojv(4;) € H.

If St(1v1;H) (resp. St(1v1)) is the set of H-valued (resp. real valued) step maps
with respect to v, then the maps St(1v1;H) — H : f — [,(f.dv) and St(1v1)

— H : ¢ — [, ¢dv are linear and continuous when St(1v1;H) and St(1v1) are
endowed with the L!-seminorms

Hf”L1(|u|;H) = f[ [flld1v1 and H¢||L1(|u|) = f[ [p[d vl
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Therefore they admit unique continuous extensions I, : L*(1v1;H) — R and
J,: L*(1v1) — H, and we set

/I(f,du> =1,(f), /Igb dv :=J,(¢), feL(1vi;H), ¢eL'(1vr).

The following results (cf., e.g., [23, Section II1.17.2-3, p. 358-362]) provide the con-
nection between functions with bounded variation and vector measures which will
be implicitly used in this paper.

Theorem 2.9. For every f € BV(I;H) there exists a unique vector measure of
bounded variation vy : B(1) — H such that

vi(led]) = fld=) = flet),  ve(le d]) = fld+) = fle—),
vi(le.d]) = fd=) = fle=),  we(Jed]) = fld+) — flet).
whenever inf I < ¢ < d <supl and the left hand side of each equality makes sense.

Conversely, if v : B(I) — H is a vector measure with bounded variation, and if
fo I — H is defined by f,(t) .= v([inf I,¢[N 1), then f, € BV(I;H) and vy, = v.

Proposition 2.10. Let f € BV(I;H), let g : I — H be defined by g(t) := f(t—),
for t € int(I), and by g(t) := f(t), if t € O, and let V, : I — R be defined by
Vy(t) :=V(g, [inf I,t] N 1). Then vy = vy and |v| (I) = wy,(I) = V(g,I).

The measure vy is called the Lebesgue-Stieltjes measure or differential measure of f.
Let us see the connection between the differential measure and the distributional

derivative. If f € BV(I;H) and if f : R — H is defined by

£(t) iftel,
ft):=< fnfI) ifinfl eR, t&1,t<infl, (2.7)
f(supl) ifsupl e Rt &1, t>supl,

then, as in the scalar case, it turns out (cf. [44, Section 2]) that v;(B) = Df(B) for
every B € #B(R), where Df is the distributional derivative of f, i.e.

- / (T () dt = / 2dDF, Ve e CIR:R),
R R

where C}(R;R) is the space of continuously differentiable functions on R with com-
pact support. Observe that Df is concentrated on I: Df(B) = v;(B N I) for every
B € AB(I), hence in the remainder of the paper, if f € BV(I,H) then we will simply

write —
Df :=Df =vy, f e BV(I;H), (2.8)
and from the previous discussion it follows that
IDAI = IDFIT) = llwgll = V(£ D), VfeBV(LH). (2.9)

If I is bounded and p € [1, 00|, then the classical Sobolev space W'?(I;H) consists
of those functions f € C(I;H) for which Df = g£! for some g € LP(I;H) and
Whe(I; H) = Lip(I; H).
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Let us also recall that if f E WhH(T; H) then the derivative f’(t) exists £L'-a.e. in
tel,Df = f'£'and V(f, 1) = [, [|f'(t)|| dt (see e.g. [8, Appendix]).

In [44, Lemma 6.4 and Theorem 6.1] it is proved that

Proposition 2.11. Assume that I,J C R are intervals and that h : [ — J is
nondecreasing.

(i)  Dh(h Y (B)) = LY(B) for every B € #(h(Cont(h))).
(ii) If f € Lip(J;H) and g : I — H is defined by

f'(h(t)) if t € Cont(h)
9() =9 fht) = (=) _ ,
h(i+) — h(i—) if t € Discont(h)

then foh € BV(I;H) and D(f o h) = gDh. This result holds even if [ is

replaced by any of its L'-representatives.

2.4. Set-valued functions with bounded retraction

Let us now recall the asymmetric extendend distance called ezcess. The material in
this subsection is taken from [35, 38].

Definition 2.12. If &(H) denotes the family of all subsets of H, then the ezcess
is the function e : Z(H) x P (H) — [0, 00| defined by

6(21,22) = Sup d(Zl, ZQ) = 1nf{p Z 0 : Zl Q ZQ +§p(0)}, Zl,Zg c 9(7{)

Z1€2,

The extended number e(Z;, Z5) is also called excess of Z, over Z,. O

Observe that we have e(@, Z) = 0 for every Z € Z(H) and e(Z, &) = oo for every
Z e P(H)~{@}. The following facts are easy to prove (see [38, Section 2a):

G(Zl,ZQ):O — Z QZ VZl,ZQEQZ(H),
G(Zl, ZQ) S G(Zl, Zg) -+ e(Zg, ZQ) ‘V’Zl, ZQ, Zg c @(H),
G(Zl, ZQ) = G(Z, ZQ) = 6(21,?2) = e(Z, Z) \V/Zb ZQ S e@(H)

Definition 2.13. Given an interval I C R, .# C #(H), a function C : [ — F,
and a subinterval J C I, the retraction of C on J is defined by

R(C,J) := Sup{ie(C(tj_l)ﬂ(tj)) :meN, t;eJVj, th<--- < tm}. (2.10)

j=1
If R(C,I) < oo we say that C is of bounded retraction on I and we set
BR(I;#):={C:1— Z : R(C,I) < o0}, F C P(H).

If R(C,J) < oo for every interval J compact in I, we say that C has local bounded
retraction (or finite retraction on I) and we set

BRioo(I; F):={C:1 — F : R(C,J) < 0o VJ compact in I}, F C P (H).
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Definition 2.14. Assume that I is an interval of R and that C € BRy,.(I; Z(H)
If t € I we say that C is left-continuous at t if there exists lim,_,; e(C(s),C(t)) =
and we say that C is right-continuous at t if there exists lims_;y e(C(t),C(s))
with the convention that

limg,;— e(C(s),C(t)) =0if t =inf I, and lims ;. e(C(t),C(s)) =0 if t =sup[.
We say that C is continuous at t if it is left-continuous and right-continuous at t.

We set Cont(C):={tel :C is continuous at t}, Discont(C):=I~Cont(C). (2.11)

)-
0,
0,

and Clt+):={x eH: lilgr d(z,C(s)) =0}, telUinfl, (2.12)
s—

Cit—) ={xeH: 111}1 d(z,C(s)) =0}, telUsupl, (2.13)

together with C(t—) :=C(¢t) if t =inf I, and C(t+) :=C(¢t) if t = sup [. O

The following proposition is proved in [38, Prop. 4b, Prop. 4c, Section 4e].

Proposition 2.15. Assume that I is an interval of R such that tq:=inf I € I, and
assume that C € BRyo.(I; P (H)). Let e : I — [0,00] be defined by

le(t) := R(C; [to, t]), tel (2.14)
Then R(C; [a,b]) = R(C; [a, c]) + R(C; [¢, b]) whenever a,b € I with a < c <b, and
e(C(s),C(t)) < Le(t) = Lle(s) Vi sel, s<t,

thus if C(t.) # @ for some t, € I, then C(t) # @ for every t > t..
Ifte I, t#supl, then C(t+) is a closed subset of H and

le(t+) —te(t) = lim e(C(1),C(s)) < e(C(1), C(t+))

and the following four statements (a)-(d) are equivalent:

(a)  C is right-continuous at t,

(b)  lc is right-continuous at t,

() C(t) CC(t+),

(d) e(C(t),C(t+)) = 0.

Instead if t € I, t # inf I, then C(t—) is a closed subset of H and
o(C(t=),C(1)) < Lelt) — felt—) = lim e(C(s),C(1),
e(C(s),C(t—)) < Lle(t—) —Lle(s) Vs, tel, s<t,

thus we have that C(t—) # @ if C(s) # & for some s < t. Therefore the following

four statements (e)—(h) are equivalent:

(e)  C is left-continuous at t,

(f)  Le is left-continuous at t,

(8) C(t—) cC),

(h) e(C(t—),C(t)) = 0.
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Thus we can give the following definitions.

Definition 2.16. Assume that [ is an interval of R such that to := inf I € I, and
that r € [0,00[. If C € BRyoc(I; %, (H)) we set

Cont(C):={t el : e(C(t),C(t+)) = e(C(t—),C(t)) = 0}
and Discont(C) := I~ Cont(C). Moreover we set
BR'(I;%,(H)) :={C € BR(I;%6,.(H)) : e(C(t),C(t+)) =0Vt € I},
BRI, (I %.(H)) = {C € BRuc(1 6,(H)) : e(C(t), C(t+)) =0Vt € I},
CBRoo(I; 6, (H)) := {C € BRL .(I;6,(H)) : Cont(C) = I}.

loc

3. The 1-Lipschitz continuous case

Within this section we solve the prox-regular sweeping process driven by a moving
set which is 1-Lipschitz continuous with respect to the excess.

Theorem 3.1. Assume that r € ]0,00[ and let €.(H) be the family of r-prox-
reqular subsets of H. Assume that C : [0,00] — €,(H) is 1-Lipschitz continuous
with respect to the excess e in the following sense:

e(C(s),C(t)) <t—s Vi, s € [0,00[,s < t. (3.1)
If yo € C(0) + B,(0) then there exists a unique function y : [0,00[ — H such that
y(t) € C(t) Vt € [0,00], (3.2)
y'(t) € —=Newy(y(t))  for L'-a.e. t € [0, 00], (3.3)
y(0) = Peo)(yo)- (3.4)

Moreover y € Lip([0,00[;H) and Liply] < 1. We will denote this unique solution
by S(C, o), so that if

Drip = {(C,90) € BRuoe([0, 00 : €, (H)) x H : (3.1) holds, yo € C(0) + B,(0)},

then we can define S : Dp;, — Lip,.([0,00[ ; H), the solution operator associating
with every pair (C,yo) the only y satisfying (3.2)—(3.4).

Proof. First of all observe that the uniqueness of solutions can be inferred arguing
exactly as in [53, Proposition 3.6], where only the hypomonotonicity is used. The
argument in our situation is actually simpler bacause the functions involved here
are absolutely continuous and the standard Gronwall lemma can be exploited.

Concerning existence, let n, € N be such that

2% <r Vn eN, n>n,, (3.5)

and for every n € N, n > n,, let (¢});en be the sequence defined by

=2 jeN. (3.6)

J T ony

Since yo € C(0)+ B,(0), from the r-prox-regularity of C(0) it follows that there exists
a unique projection Peg)(yo) € C(0).
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So now we fix n > n, and we prove by induction that there is a sequence (yj')32,

such that:
Yo = Pe)(vo), (3.7)
yl € C(t?) Ve N, (3.8)
— Bl e Nen(y)) Vi€ N, (3.9)
t j

which is an implicit time discretization scheme for (3.2)—(3.4) usually called “catching-
up algorithm”. As yy € C(0), by virtue of (3.1) and (3.5) we have that

d(yg, C(t7)) < e(C(0),C(#y)) <ty = 1/2" <,

therefore there exists y' := Pegny(yg), which implies that y — y7' € Negn)(y7), or
equivalently that (3.9) holds with j = 1. Now for any integer j > 1 let us assume
that y , satisfies the inclusions yj' ; € C(t7_;) and

—(Wi — i) /(o — 1] 5) € Nc(t?—1)<y?—l)'
Therefore we have

n n n n n n !
d(y;,,C(t7)) < e(C(t]_,),C(t])) <t} =t} | = o <7

thus there exists yj' := Pen) (yj_1), and yj'_y =y} € Neen) (yj'). Thus we have proved

that there is a sequence (y7)32, such that (3.7)(3.9) hold, or equivalently such that
(3.7) holds together with

yi =Pean(yj1)  VjieN (3.10)

Now for every n > n, we define the step function y, : [0,00[ — H by
yn(0) = yg, (3.11)
ya(t) :=yy  ifte ]t )], jeN, (3.12)

and let x,, : [0, 00[ — H be the piecewise affine interpolant of (y7);, i.e.

t—t7
wat) =Yy + (U —yi)  iftEe [t jEN (3.13)

=t J J=17j
We have by (3.9) that

y7,1 7y7? n n n .
—a,(t) = L= € NC(t;P)(?J;‘) = Nc(t?)(y(t)) vt € ]t];ptj [, VjeN, (3.14)

-t

and by (3.10) that

ly? =y || ||Pc(tz_z)(yn71) =yl
Ja, o)) = D5 =il Wreaptoin) — v
G =i i
d(y?_,,C(t? C(th_q),C(t? n n
— (y]—l ( ])) S 6( ( J 1) ( J )) vt c ]t-fl,t‘ |: 7 (315)
t;? — t?—1 t;,l — t;?_l J J
therefore (3.1) yields
o, ()] <1 Yt #¢7, (3.16)

and x,, is 1-Lipschitz continuous on [0, col.
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Now let 6, : [0, 00] — [0, 00[ be defined by

0,,(0) = 0, On(t) =17 ifte ] T tr], jeN
so that 0<0,(t)—t< 2—”, (3.17)
Ta(0n(t) = 2o (t]) =y} €C(t])  Vte |t 1], VjeN, (3.18)
and, by (3.16) and (3.17),
[0 (0n(£) — 2n(B)]] < [0n(t) —t] < 1/2". (3.19)

Now let us fix n > n, and t > 0 such that ¢t # t% and ¢ #+ t;‘“ for all j € NU{0}.
We have that

(@ (8) = 2, (8), Tara (8) = 2a(t)) = (240 () = 20, (1), a1 (1) = g1 (O (1))
(& (0) = (00106 nH(t)) — 5 (00(8)))
+ (@1 () = 2,(0), 20 (04(1)) — 2a(t))
< [l (8) = 2 (O e (8) = Tnsr (B (1))
b (01 (0) = 0, By Buis (6) — 2O (2)
+ |21 () — 2 (Ol 2 (6n(8)) = za (D],

therefore, since ||2,,,(t) — 2, (¢)|| <2 by (3.16), using (3.19) we infer that

/
n
/
n

1 () = an (] = 2ys(£) = (1), Bnsa(£) — 2a(8))

< 2 (1 ()= (1), T (B () =2 (6a(0))) + 5 (3:20)

In order to estimate properly the right-hand side of (3.20), we first observe that
from (3.19) we obtain

|2n+1(Ons1(8)) — 2 (B (1)1
< 4||wn+1(9n+1(t)) — a1 (I + 4||In+1( ) = 2a (Ol + 2]l za(t) — 20 (Oa ()]

2
< g Al (t) — 2O + 52 = oo+ Al (1) — 2 (1) (3.21)

Then we take j € N such that ¢ € }t;” 1 t;‘[ and observe that

n _ n+1 n+1 n+1 n
=ty <l <t =17,

thus 6,,41(t) € {tg;rll,t”“} and z,(t7_)) = y', € C(t0,) = C(tgjtlz), therefore
thanks to (3.1) and (3.17),

d(@a(t7_1),C(On41(1))) < e(C(t5;75), C(On (1))
< Onpa(t) — toH, < inft —enl, = 1/2" (3.22)
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Therefore by (3.5) there exists Pe(o,,, 1)) (Tn(t}_;)), and as by (3.14) we have —x7,, ()
€ New, 1 (1) (Tns1(0nt1(t))), using the r-prox-regularity of C(6,41(t)), we can write

(@), 1 (1), Tnga (Onga (1) — 20 (0n(2)))
= <¢U;~b+1 (1), Tpy1(Onsa (1)) — PC(9n+1(t))<xn(t?—1))>
+ <$n+1 Pe,w)(@ (t?—1)) - mn(en(t)»

= ||$n+1(9n+1(t))—Pcwnﬂu))(fﬂn(t;il))H2
[P (@n(t21)) ~ 2 (Ba (1)) (3.23)
Now observe that from (3.16), (3.17), (3.22), and (3.21), we infer that
|1 (G (£)) = Pegoyron (@t )|
< 2nxn+1<en+l<t>> < W)
+ 4|20 (0a() — 2a(t )|+ 4]J2n(t21) = Peoney I’
< 2@ (B () - wn< WO+ 416 (8) — 7, +4d<xn< j_1>,c<en+1<t>>>2
< oo 821 () = )2 + g + 5 (3.24)

and that, by (3.16), (3.17) and (3.22),
[Pe@n o) (@alt)-1)) = xn<9n<t>> H
< [Pe@ar oy (@alt)—1))) = @alti_y)|| + Hxn n 1) - xnwn(t))H
< d(zn(t]_1),C(Onsa (1)) + |t§P_1 — () < 5+ o0 (3.25)

therefore, from (3.23), (3.24), and (3.25) we obtain that there exists a constant
K > 0, independent of n, such that

<x:z+1(t)7xn+l(0n+l(t)) - xn(0n<t))> < % Hxn-&-l(t) - In( )“ + 2n . (3'26>

Now observe that 0,,(t) = ¢ = t57" and 2,41 (£57) = y5:t, € C(t577,), thus, thanks
o (3.1) and (3.17),

d(wn41(t575), C(0n(t))) < e(C(t5;75), C(0a(1)))
< On(t) — 57, =5 — et = 1/2" (3.27)

Therefore by (3.5) there exists Peg(r)) (#ns1(t5;5)) and as —a},(t) € Neo, ) (2n(0n(1)))
by (3.14), and using the r-prox-regularity of C(6,(t)), we can write

(=23, (), Tg1 (41 () — 20 (00(2)))

= (—a, (t) l’n+1(9n+1(t)) — Pe, 1) (a1 (15)))
+ (=20, (1), Peo, 1) (Tnr1 (5775)) — 2a(0a(1)))

< Jzn 9n+1(t)) — Peo, ) (T (t57)) |

+ % [Peonwy @na(t575)) = 2a(Ba()|” (3.28)
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Now observe that, by (3.16), (3.17) and (3.27), we have
H517n+1(9n+1(t)) - PC(Gn(t))($n+1(t§;r—12)>H
< Hxn—i-l(en-i-l (t)) - J7n+1(t721;_—12)H + Hxn-i-l (tgj_—lz) - PC(Gn(t))(xn—i-l(t;l;——lz))H

n n 1 1
< s (8) — E57 %]+ drnea (37), COM0)) < & + L (3.29)

and that, from (3.16), (3.17), (3.27), and (3.21), we infer that

[Peo, o) (Tasa (£575)) — 2 (B (1))
< 4P,y (@nr (575)) — zaa (575)]°
+ 401 Ooir (8) = Taa (57 |* 4 2 |2001 (B (1)) = 2 (0 ()
< Ad(2 1 (1575), C0(D))? + 40nir (1) — 1575 + 2 201 (Bria (1)) — (0 (1))
< oa+ m o  8lzna(8) — ()] (3.30)

22n ' 92n
therefore, from (3.28), (3.29), and (3.30) we obtain that there exists a constant
K5 > 0, independent of n, such that
/ 4 2 K2
(=23, (1), Tng1 (O (1)) = 20 (0n (1)) < ~ 2041 () = 2n(B)]” + 57 (3.31)

Collecting together (3.20), (3.26) and (3.31) we infer that there exists a constant
K3 > 0, independent of n (depending only on r), such that

lwn i () = I < 52+ S ania (1) — ()] (3.32)

on

By (3.32) and by the Gronwall lemma we infer that for every T' > 0 there is a
constant K (7, r) > 0 independent of n (depending only on r and T'), such that

Jaa (@) — 2@ < KT wie o, 1], va
so that Z sup ||xn41(t) — z,(t)]] < 00
S— te[0,T

and the sequence z,, is uniformly Cauchy in C([0,T];#) for every T' > 0. It follows
that there exists a continuous function x : [0, co[ — H such that

x, — x uniformly on [0,77], VT > 0. (3.33)
Since we have

n n
Y5 — Y1
n

t—tr

[yn(t) — 2 ()| =

i —t] < |th—t]  Vte |t 1]

we also deduce that

Y, — 2 uniformly on [0,77], VT > 0. (3.34)
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Ift>0andt€}j 1 ]] then we have

d(ya(1),C(1)) = d(y},C(1)) < llyj — yiall + d(yj—1, C(1))
< d(yj_1, C(t7)) + e(C(t71), C(1))
< e(C(t5-1),C(17)) + e(C(t-,),C(t)) < 2/2", (3.35)
therefore by (3.34) and by the closedness of C(t) we infer that
z(t) € C(t) vt > 0. (3.36)

Moreover from (3.16) we also infer that = € Lip([0,T]; H) and, at least for a subse-
quence which we do not relabel,

x! — 2’ weakly in L*([0,7];H) VT > 0. (3.37)

Now we can follow the argument of [21, p.158-159]. By the Mazur’s lemma there
exists a sequence v, € L*([0,T];H) such that

N(n)
= Z AWl with Z AL A >0, (3.38)
and vy — 2’ in L*([0,T];H). (3.39)

At least for a further subsequence which we do not relabel we have that there exists

S C [0,T] such that £1([0,T]\.S) = 0 and
vp(t) = 2'(t) inH, Vtes. (3.40)
Therefore if ¢ € S and if z; € C(t) are fixed arbitrarily, for every & we have that
(=2 (1), 20 — 2(t)) = (=2 (1), 20 — () + (2 (1), e (t) — (1))
< By — )2 + l(®) = 2(0)]

%(Ilzt —a® + llz(t) =y I) + lyx(t) — @),

ence if € = su 14175—1@82 (s) —x(s)|| ),
h p}(TH() ye(s)1* + [lyx(s) ()H)

s€f0,T

we have that ¢, — 0 as kK — oo and
(—2h(t), 5 — 2(t) < Ll — ()P +e VE> e (3.41)
On the other hand

(—2'(t), 2z — x(t)) = lim (—v,(t), 2z — x(t))

n—oo

N(n)
= Tim > A (=} (0), % — (1)),
k=n
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hence we have

N(n)
/ . n) (1
(—2'(t), 2z — x(t)) < limsup Z )\g- ) (;Hzt —z(t)|]* + 5k>
k=n

n—oo
1 N(n)
= ;Hzt - ZU(t)||2 + lim sup Z ,\g.”)gk
n—oo k‘:n

< %Hzt — z(t)|* + lim sup sup &,

n—oo  k>n

but limsup,, ., supys, & = 0, therefore we have that
(@(t), 2 — 2(t) <l —2(®)[F VEES, ¥V €C()

and (3.3) is proved by virtue of Proposition 2.3. O

4. Prox-regular sweeping processes with bounded retraction

Let us start with a technical lemma. Let us remark that parts (ii)—(iv) of this lemma
were proved in [55, Lemmas 15.45, 15.47, 15.55], as explained in the proof, which
we keep here for the sake of completeness.

Lemma 4.1. Assume that_(Z.l) holds, 0 < p < r, and that K is an r-prox-reqular
subset of H. If K, := K + B,(0) then the following statements hold true.

() Ky={reH : |- Pl <p}
(i) 0K, ={zeH : lo—Pe(a)| = p).
(ili) K, is (r — p)-prox-regular.

(iv) Ify € 0K, then N, (y) = {\y — Px(y)) : A >0}.

Proof. Concerning statement (i), if z € K, then = z+wu for some z € K and some
u € B,(0), therefore ||z — Pk (z)| = dx(z) = inf{||lw — 2z —u| : we K} < |lul <p.
Vice versa if x € H and ||[x — Py (x)|| < p then v = Px(x)+ (2 —Px(z)) € £,. Hence
statement (ii) follows from the continuity of the mapping = — ||z—Px ()| = dx(z)
from I+ B,.(0) into R (but it is also equivalent to the second statement in [55, Lemma
15.55]). Statement (iii) is proved in [55, Lemma 15.45-(a)], for the convenience of
the reader we report here the argument: thanks to [6, Lemma 3.1] we have that

d/(p(y) = djc(y) —p Yy € H\K:p. (41)

Therefore from the differentiability of dic on KC,~AC it follows that d, is differentiable
in (K, + B,—,(0))~K,, and this implies statement (iii) by Thereom 2.7. We finally
prove (iv). Let us observe that by [41, Theorem 4.1] we have that d is differentiable
at y and Vdi(y) = (y—Px(y))/|ly — Px(y)]|, therefore thanks to [18, Therem 3.1(2)
and Theorem 3.4] we infer that

Ni,(y) = {AVdk(y) : A =2 0} = {My — Px(y)) : A > 0},
Part (iv) can be also deduced from [55, Lemma 15.47-(b)]. O

Now we define a particular multivalued curve which will be used to fill in the jumps
of a discontinuous moving set with bounded retraction.
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Definition 4.2. Assume that Zy, Z; € %3(#H) and that p := e(2y, Z1) < co. We
define the curve Gz, z,) : [0,1] — €o(H) by

Z, ift =0
G(z0,21)(t) =

- (4.2)
Z + B(l—t)p(o) ifo<t<l1

The curve defined in the previous definition is 1-Lipschitz continuous with respect
to the excess e, indeed we can prove the following result.

Proposition 4.3. If 2y, Z, € 6,(H) and G(z,,z,) : [0,1] — Co(H) is defined as in
Definition 4.2, we have

e(G(s),G(t) = (t — s)e( 2y, Z1) Vs, t € [0,1], s <t, (4.3)

and we can call G a e-geodesic connecting Zy to Z;.

Proof. Let us set Ds := Bs(0). For every § > 0 we have G(0) = 2, C Z,+ D, =
Z1 + D—4)p + Dy, thus e(G(0),G(t)) < tp. If 0 < s <t we have

G(s) = Z14 D), = Z1+ Dia—pyp + Dy—s)p = G(t) + Di—s),. (4.4)
Therefore e(G(s),G(t)) < (t — s)p = (t — s)e(Zo, Z1). On the other hand we have
(20, 21) < e(Z0,G(5)) + e(G(s), G(1)) + e(G (1), Z1)
< se(Zo, 21) + e(G(s),G(1)) + (1 = t)e(20, 21),
hence (t — s)e(Zy, Z1) < e(G(s),G(t)) and (4.3) is proved. O
The next Lemma shows that the trajectory of the solution of the sweeping process

driven by Gz, z,) is always a straight line segment connecting the initial datum g
to its projection to Z;.

Lemma 4.4. Assume that r € 0,00[. Let Zy € 6,.(H) and Z, € €,.(H) be such
that p := e(Z2y, 21) < r, and let Gz, z) =G : [0,1] — €,.(H) be defined by (4.2).
If yo € 2o, then let to € [0, 1] be the unique number such that

190 = Pz (%)l = (1 = to)p (4.5)

(to is well defined because Z, is r-proz-reqular and e( 21, Z5) < r). Ify € Lip([0,1];H)
is defined by

Yo ift € [0, o]
y(t) = yo + =2 (P2, (y0) —w0) ifto# 1, t € [to, 1], (4.6)
Pz, (o) ift=1
then y(t) S Q(ngl)(t) Vit € [0, 1] , (47)
y'(t) € =Ng.z, -, 0 (y(t)) for t-a.e. t €0,1], (4.8)
y(0) = yo, (4.9)

i.e. y is the unique solution of the sweeping process driven by Gz, z,) with initial
condition yy € 2.
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Proof. For simplicity let us write G := Gz, z,). If yo € Z; we have that t, = 1,
y(t) = yo = Pz,(v0) € G(t) and y/'(t) = 0 for every t € [0,1], and we are done.
Therefore we now assume that yo € 24, i.e. to < 1, thus from Lemma 4.1-(ii) and
formula (4.5) we deduce that

Yo € 8(21 +§(17t)p) < t =iy, (410)

(that is o is the first time when 9(Z; + B(1_y),) meets yp). If t € ]tg, 1] we have that

1-1¢
0

J9(8) = P, ()]l = 1 llvo — Pz, ()l = 1= (1 to)p = (1 — t)p,

therefore y(t) € (21 + Bu—-n)) Vit € [to, 1]. (4.11)

Therefore, since

sty {0 if £ € 0, to|
= (Projz, (yo) —yo) if t € Jto, 1] ’

we infer from Lemma 4.1-(iv) that —y/'(t) € Ngw)(y(t)) for every t € 10, 1]\ {to},
and we are done. O

Now we prove the main theorem of the paper.

Theorem 4.5. Assume that r € ]0,00[ and let €,.(H) be the family of r-prox-
regular subsets of H. Assume that C € BR},.([0,00];%,.(H)), i.e. that the map
C : [0,00] — 6.(H) has locally bounded retraction. If yo € C(0) + B.(0) and
e(C(t—),C(t)) < r for every t > 0, then there exists a unique y € BVi,.(]0,00[;H)
such that there exists a Borel measure p : A([0,00[) — [0,00] and a function

v € Ly (i;H) such that

y(t) € C(t) Vt € [0, 00], (4.12)
Dy = vpu, (4.13)
v(t) € —New (y(t)) for p-a.e. t € [0,00], (4.14)
y(0) = PrOjC(o)(Z/o)~ (4.15)
Moreover V(y,[s,t]) < R(C,[s,t]) Vt,s >0, s <t, (4.16)

in particular Cont(C) C Cont(y).
We will denote this unique solution by S(C, o), so that if
Dgr = {(C, %) € BRi,([0,00[;€(H)) x H : yo € C(0) + B,(0)},

r

then we can define S : Dgr — BR[, ([0, 00[;H), the solution operator associating
with every pair (C,yo) the only y satisfying (4.12)(4.15).

Proof. We recall that {¢ : [0,00] — [0, 00| is defined by
[e(t) =RE0.1), 120, (4.17)

and observe that /¢ is right-continuous because of the right-continuity of C.
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The function ¢c is increasing, therefore £;'(7) is always a (possibly degenerate)

interval for every 7 € £¢(]0, 00]) and we can define C : £¢([0, 00[) — %,(#) in the
following way:

Glr) = {C(t) if ;'(7) is a singleton and £, (1) = {t},

C(t) if £;'(7) is not a singleton and min ¢;'(7) = t.

In the occurrence that £c is not constant on any nondegenerate interval, then one

has C(t) = C(lc(t)) for every t > 0 (this fact suggests that C can be considered as a
sort of reparametrization of C by the “arc length” /¢). Let us also observe that C is
set-theoretically increasing in time on the intervals where /¢ is constant (therefore
the solution of the sweeping process driven by C is expected to be constant on these
intervals). If 0,7 € £¢([0,00[) with o < 7, then s = min¢;' (o) < supl;'(c) = s*
and t = min ;' (1) < sup ;' (1) = t* for some s, s*,¢,t* > 0, thus

e(C(0),C(7)) = e(C(s),C(t)) < R(C; [s,1]) = 7 — 0,

and we have proved that C is 1-Lipschitz continuous with respect to e, i.e.

e(Clo),C(r)<T—0 V1,0 € Le(]0,00[), T < 0.

In order to extend the definition of C over the whole 0, co[ we first set
pr = e(C(t—),C(1)), t € Discont(C), (4.18)
and A(t) == C(t) + B,,(0), t € Discont(C). (4.19)

By assumption we have that 0 < p; < r, moreover by virtue of Lemma 4.1-(iii) we
have A(t) is a (r — p)-prox-regular set. Let us also observe that

C(t—) C A(t) Vt € Discont(C). (4.20)

Now for any ¢ € Discont(C) we can define the curve G, : [0,1] — %, (H) by setting
Ge = Gawewn+B,,0p (01 — € (H), 1 € Discont(C),

where G4 o4 +B,, (0) 18 defined in Definition 4.2, so that
Gi(m)=C(1) + §(1_T)pt(0) V1 e [0,1].

We are now in position to define

C(0) = G, (m) it 0 € [le(t—), ()], if Le(t—) # Le(t).  (4.21)

The resulting curve C: [0, 00 — %,(H) is a 1-Lipschitz continuous function with
respect to e because G, is a geodesic connecting respectively A(t) to C(t), C(t—) C

A(t), and C is 1-Lipschitz continuous on £¢([0, oo]).
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Therefore there exists a unique function § € Lip,,.([0, 0o[ ; 1) such that

7(0) € C(o) Vo € [0,00[ (4.22)
y'(0) € =Nz (H (0)) for £'-a.e. o € [0, 00], (4.23)
Y (0) = Pg)(0) = Peo)(%o)- (4.24)
Now let us set Y= 5(5, yo) o le =y ole, (4.25)

and let us prove that y solves (4.12)-(4.15). It is obvious that y(t) € C(t) when
01 (e(t)) = {t}. If instead £, (¢c(t)) is not a singleton, we have that

y(t) =G (Le(t)) € Clle(t) = Clminfg ' (€e(1)) S C(2).

because C is set-theoretically increasing on £;'(¢¢(t)). Thus condition (4.12) is sat-
isfied. The initial condition (4.15) is obviously satisfied. Since ¥ is Lipschitz contin-
uous and £ is right-continuous and increasing, it is clear that y € BV ([0, 00[; H),
so that Discont(y) = Discont(¢¢) = Discont(C). If v : [0,00] — H is defined by

y'(le(t)) if t € Cont({¢)
v(t) = , (4.26)
% if ¢ € Discont(¢c)

then from Proposition 2.11(ii) we infer that Dy = vD/{c, i.e. (4.13) holds with
= Dlc. Let us set

Z={te 0,00 : —7'(t) & Ne TN} (427)

From formula (4.23) we deduce that £'(Z) = 0, therefore, thanks to Proposition
2.11(i), we have that

Dle({t € Cont(fe) : —v(t) & New(y(t)})

—Dec({t € Cont(le) : —7"(Ce(t)) & Naguim) @ (Le()})

=Dle({t € Cont(le) : Le(t) € Z}) = £Y(Z) = 0. (4.28)
Now let us fix ¢ € Discont({¢) and observe that

C(o) = Gw.cw) (M) Vo € Jle(t=), le(t)],

thus by the semigroup property of (4.22)—(4.24), by Lemma 4.4, and thanks to the

fact that ~
e y(t=) =T (be(t-)) € Clle(t—)) = A1), (4.29)
we have
_ _glet=)) =g le(t) _ YLle(t—)) — Pey (Y (Le(t—)))
o=ttt el (4.30)
hence

—v(t) € New (Pew (Y (Le(t—)))) = New (Y (be(t))) = New(y(t)) vt € Discont(C).
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Together with (4.27)-(4.28) this equation implies that

Déc({t € 0,00 : —0(t) & New(u(t)}) = 0,
hence (4.14) also holds with pu = D/c.

Concerning uniqueness, let us observe that since C has local bounded retraction, then
Discont(C) = Discont (), thus Discont(C) is at most denumerable. Let us consider
first the case when the cardinality of Discont(C) is equal to the cardinality of N.
Since e(C(t—),C(t)) = Le(t) — Le(t—) for every t € Discont(C), we infer that there
exist A_ and A, such that Discont(C) = A_UA, A NA, =&, A_={t, : ne N}
with e(C(t,—),C(t,)) < r/2 forall n € N, and A, = {s,, : m =1,...,N} with
r/2 < e(C(sm—),C(8y)) < rforall m = 1,..., N and sp:=0< s1 <89 < ... <Sp.
Arguing iteratively, thanks to the existence part of this proof, and to [53, Propo-
sition 3.6], we have that for every m € {1,...,N} there is only one solution
Ym € BV ([Sm—1, Sm[;H) to the sweeping process

ym(t) € C(t) Yt € [Sm—1,Sm], (4.31)
Dy = U fbm, (4.32)
U (t) € —New (ym(t)) for p-a.e. t € [spm_1, Sml, (4.33)
Ym(8m-1) = Pespr) (Ym-1(8m-1-)), (4.34)

because Yp—1(Sm_1—) € A(Sm_1). Moreover, thanks to the existence part of this
proof, partitioning [sy, 00| into a denumerable union of precompact intervals, and
using [53, Prop. 3.6], we infer that there is only one solution yx 1 € BV, ([sn, 00[ ; H)
to the sweeping process

yn+1(t) € C(t) Vt € [sn,00[, (4.35)
Dyni1 = Uny1finy1, (4.36)
Un41(t) € —New (yn+1(t)) for p-a.e. t € [sn, 00|, (4.37)
yn+1(sn) = Pegsy (yn(sn—)), (4.38)

because yn(sy—) € A(sy). We claim that the function y defined piecing together
all the v,,’s, i.e.

ym(@®)  ift € [smo1,5m[, me {1,..., N},
y(t) = {yml(t) if t € [sy,00[,

is the only solution to (4.12)—(4.15). Indeed setting
N+1

,u(B) = ,UN+1(B N [SNa OO[) + Z ,Um(B N [Smfla 3mD7 B e ‘@([07 OO[),

m=1

o(t) = {vm(t) if t € [sp_1,8m[, m € {1,..., N},

and

t e |0,00],
uns1(t) if t € [sn,00[, | |

then Dy = wu, and for every m € {1,..., N}, by (4.14), we have
Y(5m) = Y(sm—) = Dy({sm}) = vims1(8m) tmi1({5m})
and  y(sm) = Y(sm—) = Pe(s) Um(5m—)) = Y(sm—) € =Ne(s,) (Um(sm))
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so that, since fim41({sm}) >0,
V(8m) € =Nes,) (Y(5m)) Yme{l,...,N}, (4.39)

and we know that on the jumps ¢ of C any solution y satisfies a fortiori the condition
(4.39), because its density with respect to a positive measure must belong to the
—Ne (y(t)). The case when the cardinality of Discont(C) is finite follows the same
argument and is actually simpler.

Finally from the definition of pointwise variation, from (4.25), and from the 1-
Lipschitz continuity of ¥, we infer that

Vi, [s,t]) = V(1 [le(s), e()]) < V(Le, [s,1]) = R(C, [s, 1)), (4.40)

whenever s < t, and the theorem is completely proved. O

Corollary 4.6. Assumer€]0,00[, C€BRJ,.([0,00[;%,.(H)), yo€C(0)+ B,(0), and

loc

let y :==S(C,yo) be the unique solution of the sweeping process (4.12)—(4.15).
(i)  IfC € CBRoc([0,00[;%,.(H)) then S(C,yy) € CBVoc([0, 00[; H).

(ii)  If C is locally absolutely continuous, in the sense that there exists a locally
absolutely continuous function « : [0, 00[ — R such that

e(C(t),C(s)) < /8 d(r)dr  Vt,s>0, t<s,
t

then y is locally absolutely continuous, i.e. y € WHL([0,T];H) for every
T > 0. In this case we have that (4.12) and (4.15) hold together with

y'(t) € =New)(y(t)) for £'-a.e. t € [0, 00]. (4.41)

(iii) If C is Lipschitz continuous in the sense that there exists L > 0 such that
e(C(t),C(s)) < L(s—1t) Vi, s >0, t <s,

then y € Lip([0, 00 ; H) with Lip[y] < L.

Proof. Recalling (4.17) and (4.21), we have

S(C,yo) = 5(57 ?/0) ole,

with Lip[S(C, )] < 1. Therefore statement (i) follows from the continuity of (.
Statement (iii) and the first part of statement (ii) follow from the fact that the local
absolute continuity of C (respectively the L-Lipschitz continuity of C) is equivalent
to the local absolute continuity of /¢ (respectively the L-Lipschitz continuity of C),
see, e.g., [38, Section 3d]. We are left to prove (4.41). We have Dy = y/£!, and if

we set ¥ :=S(C) € Lip([0,T];H) and
Zi= (s € ool + —7'(5) # N (F(5D), (4.02)

then by Theorem 3.1 £Y(Z) =0. (4.43)
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We have y/(t) = €, ()7’ (lc(t)) for L'-a.e. t > 0, therefore

L{te]o.T[ « —y'(t) & New(u(t)})
=L ({t€]0.T[ « —L(t)7 (Le(t)) & Ny (@ (Le(t))}). (4.44)

Using the fact that Ni(z) is a cone, we have

{t€]0,T] + L)y (le(t) & Negoy (¥ (Le(t)))}
={t€]0,T[ + =§"(le(t)) & Ne(po(ny (¥ (e(1))), Le(t) # 0}
—{te]0,T[ : L(t) € 2, f’();&()}. (4.45)

Moreover observe that (cf. [45, Lemma 3.1])
LYt >0 : () #0, le(t) € Z}) =0, (4.46)

therefore we conclude by collecting equations (4.42), (4.43), (4.45) and (4.46). O

Remark 4.7. Part (iii) of the previous Corollary can be proved directly following
the proof of Theorem 3.1. [

Acknowledgments. [ am very grateful to the referee for her/his remarks and
corrections, and for pointing out that many parts of Lemma 4.1 were already proved
in [55].
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