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1. Introduction

For more than sixty years now, there has been a lot of research activity regarding the
fixed point theory of nonexpansive (that is, 1-Lipschitz) and contractive mappings.
See, for example, [7, 8, 9, 13, 14, 16, 22] and references cited therein. This activity
stems from Banach’s classical theorem [2] concerning the existence of a unique fixed
point for a strict contraction. It also concerns the convergence of (inexact) orbits
of a nonexpansive mapping to one of its fixed points. Since that seminal result,
many developments have taken place in this field including, in particular, studies of
feasibility, common fixed points and optimization problems, which find important
applications in engineering, medical and the natural sciences [6, 22]. In particular,
the study of nonexpansive and contractive mappings on complete metric spaces with
graphs has recently become a rapidly growing area of research. See, for instance,
[1, 3, 4, 10, 12, 17, 18, 19, 20, 21]. In [5] D. W. Boyd and J. S. W. Wong introduced
an interesting class of mappings which contains Banach contractions (that is, strict
contractions) and showed the existence of fixed points for these mappings. Boyd-
Wong type contractions were studied in [11, 15, 16]. In the present paper we establish
the existence of fixed points for Boyd-Wong type contractions on complete metric
spaces with graphs (see Section 3 below). We pay special attention to convex metric
spaces (see Section 4 below).
More precisely, assume that (X, ρ) is a complete metric space, T : X → X is a
mapping, and that a function ϕ : [0,∞) → [0,∞) is upper semicontinuous from the
right at any positive t and satisfies

ϕ(t) < t for all t ∈ (0,∞).
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Assume that for each (x, y) ∈ E(G), where E(G) is the set of edges of a graph G,
we have

(T (x), T (y)) ∈ E(G)

and ρ(T (x), T (y)) ≤ ϕ(ρ(x, y)).

Then T is called a Boyd-Wong contraction. In the present paper we consider Boyd-
Wong type contractions on a complete metric space with a graph and show that
the corresponding fixed point problem has a solution. We pay special attention to
metrically convex spaces.

2. Convergence results

Assume that (X, ρ) is a complete metric space endowed with a graph G. We denote
by V (G) the set of its vertices and by E(G) the set of its edges. For each mapping
S : X → X, set S0(x) = x for each x ∈ X and for each integer i ≥ 0, define
Si+1 := S ◦ Si. Assume that ϕ : [0,∞) → [0,∞) is an upper semicontinuous
function,

ϕ(t) < t for all t ∈ (0,∞), (1)

T : X → X is a mapping and that for each (x, y) ∈ E(G), we have

(T (x), T (y)) ∈ E(G) (2)

and ρ(T (x), T (y)) ≤ ϕ(ρ(x, y)). (3)

Proposition 2.1. Let 0 < ϵ < M be given. Then there exists a natural number n0

such that for each (x, y) ∈ E(G) satisfying

ρ(x, y) ≤M (4)

and for each integer n ≥ n0, we have ρ(T n(x), T n(y)) ≤ ϵ.

Proof. Clearly the function t−ϕ(t) is lower semicontinuous. Therefore there exists
a number δ > 0 such that

t− ϕ(t) > δ for each t ∈ [ϵ,M ]. (5)

Choose a natural number n0 such that

δn0 > M. (6)

Assume that (x, y) ∈ E(G) satisfies (4). We claim that for each integer n ≥ n0,

ρ(T n(x), T n(y)) ≤ ϵ.

In view of (1) and (3), it is sufficient to show that

ρ(T n0(x), T n0(y)) ≤ ϵ.

Suppose to the contrary that this does not hold. Then by (1) and (3),

ρ(T n(x), T n(y)) > ϵ, n = 0, . . . , n0. (7)
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Inequalities (1), (3) and (4) imply that

ρ(T i(x), T i(y)) ≤M, i = 0, 1, . . . . (8)

It follows from (3), (5), (7) and (8) that for each integer n ∈ {0, . . . , n0 − 1},

ρ(T n(x), T n(y))− ρ(T n+1(x), T n+1(y))

≥ ρ(T n(x), T n(y))− ϕ(ρ(T n(x), T n(y))) > δ.

By the above relation,

M > ρ(x, y)− ρ(T n0(x), T n0(y))

=

n0−1∑
i=0

(ρ(T i(x), T i(y))− ρ(T i+1(x), T i+1(y))) > δn0

and n0 < Mδ−1.

This contradicts (6). The contradiction we have reached proves our claim and
Proposition 2.1 itself.

Proposition 2.1 implies the following result.

Proposition 2.2. Let ϵ ∈ (0, 1), M > 1 and let q be a natural number. Then there
exists a natural number n0 such that for each (x, z) ∈ E(G) for which there exist

q̃ ∈ {1, . . . , q}, yi ∈ X, i = 0, . . . , q̃,

such that

y0 = x, yq̃ = z, (yi, yi+1) ∈ E(G), ρ(yi, yi+1) ≤M, i = 0, . . . , q̃ − 1,

and for each integer n ≥ n0, ρ(T n(x), T n(y)) ≤ ϵ.

Proposition 2.2 in its turn implies the following theorem.

Theorem 2.3. Assume that x ∈ X, q is a natural number, yi ∈ X, i = 0, . . . , q,

y0 = x, yq = T (xq),

and for each i ∈ {0, . . . , q − 1}, (yi, yi+1) ∈ E(G). Then

lim
i→∞

ρ(T i(x), T i+1(x)) = 0.

3. The main result

Assume that (X, ρ) is a complete metric space endowed with a graph G. We denote
by V (G) the set of its vertices and by E(G) the set of its edges. Assume that
ϕ : [0,∞) → [0,∞) is a function which is upper semicontinuous from the right at
any positive number t,

ϕ(t) < t for all t ∈ (0,∞), (9)
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T : X → X is a mapping and that for each (x, y) ∈ E(G), we have

(T (x), T (y)) ∈ E(G) (10)

and ρ(T (x), T (y)) ≤ ϕ(ρ(x, y)). (11)

Fix ∆ ∈ (0, 1).

In the sequel we use the following property:
(P) For each x, y, z ∈ X satisfying (x, y), (y, z) ∈ E(G) and ρ(x, y), ρ(y, z) ≤ ∆, we

have (x, z) ∈ E(G).

Theorem 3.1. Assume that property (P) holds, x ∈ X, q is a natural number,
yi ∈ X, i = 0, . . . , q, for each i ∈ {0, . . . , q − 1},

(yi, yi+1) ∈ E(G) (12)

and that x = y0, T (x) = yq. (13)

Then the sequence {T i(x)}∞i=0 converges to a point x∗ ∈ X. If the graph of T is
closed, then T (x∗) = x∗ and if E(G) is closed, then (x∗, x∗) ∈ E(G).

Proof. Let i ∈ {0, . . . , q − 1}. In view of (12), for each integer n ≥ 0,

(T n(yi), T
n(yi+1)) ∈ E(G). (14)

We claim that lim
n→∞

ρ((T n(yi), T
n(yi+1)) = 0. (15)

Suppose to the contrary that this is not true. Then in view of (9) and (11), the
sequence

{(T n(yi), T
n(yi+1))}∞n=0

is decreasing and there exists

γ = lim
n→∞

ρ((T n(yi), T
n(yi+1)) > 0. (16)

It follows from (9), (11) and (16) that the sequence {ρ(T n(yi), T
n(yi+1))}∞n=0 is

strictly decreasing. By our assumptions and (16), the function t − ϕ(t) is lower
semicontinuous from the right at γ and there exists an integer n0 ≥ 1 such that for
each integer n ≥ n0,

ρ(T n(yi), T
n(yi+1))− ϕ(ρ((T n(yi), T

n(yi+1))) > 2−1(γ − ϕ(γ)). (17)

Inequalities (11) and (17) imply that for each integer n ≥ n0,

ρ(T n(yi), T
n(yi+1))− ρ(T n+1(yi), T

n+1(yi+1))

≥ ρ(T n(yi), T
n(yi+1))− ϕ(ρ(T n(yi), T

n(yi+1)) ≥ 2−1(γ − ϕ(γ)).

It follows from the above relation that for each integer m > n0, we have

ρ(T n0(yi), T
n0(yi+1)) ≥ ρ(T n0(yi), T

n0(yi+1))− ρ(Tm(yi), T
m(yi+1))

=
m−1∑
j=n0

(ρ(T j(yi), T
j(yi+1))− ρ(T j+1(yi), T

j+1(yi+1))

≥ 2−1(γ − ϕ(γ))(m− n0) → ∞ as m→ ∞.
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The contradiction we have reached proves that (15) does hold after all for each
i ∈ {0, . . . , q − 1}. In view of (12) and (15),

lim
n→∞

ρ(T n(x), T n+1(x)) = 0. (18)

Property (P), (14) and (15) imply that there exists a natural number n1 such that
for each integer n ≥ n1,

(T n(x), T n+1(x)) ∈ E(G). (19)

Let ϵ ∈ (0,∆). Since the function t − ϕ(t) is lower semicontinuous from the right
at ϵ, there exists

δ ∈ (0, 4−1(ϵ− ϕ(ϵ)) (20)

such that for each t ∈ (ϵ, ϵ+ δ],

t− ϕ(t) > 2−1(ϵ− ϕ(ϵ)). (21)

By (18), there exists an integer n2 > n1 such that for each integer n ≥ n2,

ρ(T n(x), T n+1(x)) ≤ δ. (22)

Let j > i ≥ n2 be integers. We claim that

ρ(T j(x), T i(x)) ≤ ϵ. (23)

Suppose to the contrary that this is not true. Then

ρ(T j(x), T i(x)) > ϵ. (24)

In view of (22) and (24), j > i+ 1. (25)

By (22), (24) and (25), we may assume without any loss of generality that

ρ(T s(x), T i(x)) ≤ ϵ, s = i+ 1, . . . , j − 1, (26)

and, in particular,
ρ(T i(x), T j−1(x)) ≤ ϵ. (27)

Property (P), (19), (22) and (26) imply that

(T i(x), T s(x)) ∈ E(G), s = i+ 1, . . . , j. (28)

In view of (22), (24) and (27), we find that

ϵ < ρ(T i(x), T j(x)) ≤ ρ(T i(x), T j−1(x)) + ρ(T j−1(x), T j(x)) ≤ ϵ+ δ. (29)

By (11), (28), (29) and the choice of δ (see (21)), we have

ρ(T i(x), T j(x))− ρ(T i+1(x), T j+1(x))

≥ ρ(T i(x), T j(x))− ϕ(ρ(T i(x), T j(x))) > 2−1(ϵ− ϕ(ϵ)). (30)
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It follows from (20), (22) and (30) that

ρ(T i(x), T j(x))

≤ ρ(T i(x), T i+1(x)) + ρ(T i+1(x), T j+1(x)) + ρ(T j+1(x), T j(x))

≤ 2δ + ρ(T i(x), T j(x))− 2−1(ϵ− ϕ(ϵ)) < ρ(T i(x), T j(x)).

The contradiction we have reached proves that (23) does hold for each pair of integers
j > i ≥ n2, as claimed. Since ϵ is any sufficiently small positive number, we conclude
that {T n(x)}∞n=0 is a Cauchy sequence and there exists

x∗ = lim
n→∞

T n(x).

Property (P), (19) and (23) imply that for each pair of integers j > i > n2,

(T i(x), T j(x)) ∈ E(G).

Clearly, if the graph of T is closed, then x∗ ∈ T (x∗). It is also not difficult to see
that if the set E(G) is closed, then

(T i(x), x∗) ∈ E(G)

for each integer i > n2 and this implies that (x∗, x∗) ∈ E(G). This completes the
proof of Theorem 3.1.

Theorem 3.2. Assume that x, x∗ ∈ X, x∗ ∈ T (x∗), q is a natural number, yi ∈ X,
i = 0, . . . , q,

y0 = x, yq = x∗

and that for each i ∈ {0, . . . , q − 1}, (yi, yi+1) ∈ E(G). Then

lim
i→∞

ρ(T n(x), x∗) = 0.

In order to prove this theorem, it is sufficient to note that arguing as in the proof
of Theorem 3.1, we find that for each i ∈ {0, . . . , q − 1},

lim
n→∞

ρ(T n(yi), T
n(yi+1)) = 0.

Proposition 2.2 implies the following result.

Theorem 3.3. Assume that the function ϕ is upper semicontinuous at any positive
t > 0, x∗ ∈ X, x∗ ∈ T (x∗), M > 1, and q is a natural number, and let

XM,q =

x ∈ X :

there exists p ∈ {0, . . . , q}, yi ∈ X, i = 0, . . . , p, satis-
fying y0 = x, yp = x∗, and for each i ∈ {0, . . . , p− 1},
ρ(yi, yi+1) ≤M, (yi, yi+1) ∈ E(G)

 .

Let ϵ ∈ (0, 1) be given. Then there exists an integer n0 ≥ 1 such that for each integer
n ≥ n0 and each point x ∈ XM,q,

ρ(T n(x), x∗) ≤ ϵ.
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4. Convex metric spaces

Assume that (X, ρ) is a complete metric space endowed with a graph G. We denote
by V (G) the set of its vertices and by E(G) the set of its edges. Assume that

(x, x) ∈ E(G), x ∈ X,

and that for each x, y ∈ X, there exists z ̸∈ {x, y} for which

ρ(x, y) = ρ(x, z) + ρ(z, y).

In other words, (X, ρ) is metrically convex [5].
We now recall the following auxiliary result [5].

Lemma 4.1. For each α ∈ (0, 1) and each x, y ∈ X, there exists a point z ∈ X
such that

ρ(x, z) = αρ(x, y), ρ(z, y) = (1− α)ρ(x, y).

In the sequel we assume the following assumption regarding the connection between
the graph G and the convexity structure:
(A) If (x, y) ∈ E(G) and a point z ∈ X satisfies ρ(x, z) + ρ(z, y) = ρ(x, y), then

(x, z) ∈ E(G) and (z, y) ∈ E(G).

We note here that (A) holds if T is a locally uniformly nonexpansive operator and
(x, y) ∈ E(G) if and only if ρ(x, y) ≤ ∆, where ∆ is the positive constant which
appears in the definition of T . Assumption (A) also holds if X is an ordered normed
space and (x, y) ∈ E(G) if and only if x ≤ y. Set

Q := {ρ(x, y) : (x, y) ∈ E(G)}.

In view of assumption (A), Q is a convex set. Clearly, Q is either [0, b) or [0, b],
where 0 ≤ b ≤ ∞.

Theorem 4.2. Assume that ϕ : [0,∞) → [0,∞), for each t > 0,

ϕ(t) < t (31)

and that for each (z, y) ∈ E(G),

(T (z), T (y)) ∈ E(G) (32)

and ρ(T (z), T (y)) ≤ ϕ(ρ(z, y)). (33)

Then the followings assertions hold.
1. Assume that x ∈ X, q is a natural number, yi ∈ X, i = 0, . . . , q,

(yi, yi+1) ∈ E(G), i = 0, . . . , q − 1, (34)

and y0 = x, yq = T (x). (35)

Then there exists x∗ = lim
n→∞

T n(x).
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If the graph of T is closed, then x∗ = T (x∗).
2. Assume that x, x∗ ∈ X, x∗ ∈ T (x∗), q is a natural number, yi ∈ X, i = 0, . . . , q,

y0 = x, yq = x∗,

and that for each i ∈ {0, . . . , q − 1}, (yi, yi+1) ∈ E(G). Then

lim
i→∞

ρ(T n(x), x∗) = 0.

Proof. Define a function ψ : [0,∞) → [0,∞) as follows. For each t ∈ Q, set

ψ(t) := sup{ρ(T (x), T (y)) : (x, y) ∈ E(G), ρ(x, y) = t}, (36)

if b ∈ Q, then for each t > b, set

ψ(t) := ψ(b)

and if b ̸∈ Q, set ψ(t) := t/2 for each t ≥ b.
By (33) and (36), for each (x, y) ∈ E(G),

ρ(T (x), T (y)) ≤ ψ(ρ(x, y)) ≤ ϕ(ρ(x, y)). (37)

It is clear that for each t ∈ Q,
ψ(t) ≤ ϕ(t) < t (38)

and for each t ∈ R1 \ {0}, ψ(t) < t.
Now we show that ψ is upper semicontinuous from the right at any positive t.
Clearly, this is true if t ≥ b. Therefore we only need to consider the case where
t < b. Assume that 0 < s, t < b and s+ t < b, and that

(x, y) ∈ E(G), ρ(x, y) = s+ t.

Since (X, ρ) is metrically convex, there exists a point z ∈ X such that

ρ(x, z) = s, ρ(z, y) = t.

By assumption (A), we have
(x, z), (z, y) ∈ E(G),

ρ(T (x), T (y)) ≤ ρ(T (x), T (z)) + ρ(T (z), T (y)) ≤ ψ(s) + ψ(t).

Thus ψ(t+ s) ≤ ψ(s) + ψ(t)

for each s, t > 0 satisfying s+ t < b.
Let t0 ∈ (0, b), s > 0, t0 + s < b. Then

ψ(t0 + s) ≤ ψ(t0) + ψ(s) < ψ(t0) + s

and so, lim sup
t→t+0

ψ(t) ≤ ψ(t0)

and ψ is upper semicontinuous from the right at t0 ∈ (a, b). Assertion 1 and our
theorem now follow from Theorems 3.1 and 3.2, respectively.
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