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Given a topological space X, an interval I C R and five continuous functions ¢, ¢, w : X - R,
a, B : I — R, we are interested in the infimum of the function ® : X —] — 0o, +00] defined by

O(z) = i‘g(“(”@@ + BN () + w(z).

Using a recent minimax theorem of the author [see Minimax theorems in a fully non-convez setting,
J. Nonlinear Var. Analysis 3 (2019) 45-52], we build a general scheme which provides the exact
value of infx @ for a large class of functions ®. When additional compactness conditions are
satisfied, our scheme provides also the existence of (explicitly detected) functions 7,7 : X — R
such that, for some £ € X, one has

V(@) (E) +n(2)Y(7) + w(E) = inf (v(Z)p(r) +n(2)d(r) + w(z)).

inf
zeX
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1. Introduction

Throughout the sequel, X is a topological space, I C R is an interval and
o,,w: X —>R, a,0:1 =R

are five continuous functions.

According to a standard terminology, the upper envelope of the family of functions
{a(N)p(-) + BA)Y(:) + w(-) }aer is the function ® : X —] — 0o, +00| defined by

D(a) = sup(a(Np(z) + B(z) + ()

for all z € X. The function ® can have a quite complicated structure, depending
on the specific choice of o and 3. We are interested in the infimum of ®. In this
connection, we have the obvious estimate

ilélgggﬁ((a(k)w(x) +BNY(z) + w(z)) < inf & (1)

In general, the inequality in (1.1) is strict. A particularly simple example is provided
by taking: X =1[0,2], I =1[0,1], ¢(z) = 1—2% ¢(z) = z,w =0, a(\) = A, B(\) = 1.
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Actually, for each = € [0, 1], we have

sup (A(1 —2?) + ) =

-2 +z ifxel01],
A€[0,1]

x if ze]1,2].
Consequently infp o ® = 1. Now, fix A € [0,1]. We have
ir[%]fm()\(l —2%) +2) = min{\, =3\ + 2} .
xe|0,

Therefore sup inf (A1 —2?) +2) = E ;
Aefo,1] z€[0,2] 2

and so the inequality in (1) is strict.
Of course, it is interesting to know when equality occurs in (1).

Before stating our contributions to this question, let us recall some definitions. Let
Y be a topological space. A function 7 : Y — R is said to be inf-connected (resp.
inf-compact) if, for each r € R, the set n7!(] — oo,7[) (resp. 1~ (] — oo,r]) is
connected (resp. compact). If —n is inf-compact, then 7 is said to be sup-compact.

The aim of this paper is to estabilish the following results whose proofs are based
on the use of a quite recent minimax theorem, that is Theorem 1.2 of [5].
Theorem 1.1. Let I := [a,b] be compact. Assume that:

(11) there exists a set D C I, dense in I, such that, for each A\ € D, the function
a(N)e(-) + BAN)Y(-) +w(-) is inf-connected ;

(i) the functions «, 8 are C in ]a,b[, o/(N\) # 0 for all A€ ]a,b] and the function
g = % is strictly monotone in |a,b| .

Finally, assume that one of the following conditions holds:

(i3) g is increasing in |a,b] and o/ (N (z) < 0 for all (A, z) €]a, b[x (X \ ¥v~(0)) ;

(i4) g is decreasing in ]a,b] and o/ (A\)(x) > 0 for all (\,x) € ]a,b[x (X \ ¥ 71(0)) .

Set v:=infg, and 0:=supg
Ja,b Ja,b]

and let h : R — [a, b] be the function defined by

g~ () if e g(a,b])
h(p) =1 a if p <~ and (i3) holds or > 6 and (iy) holds
b if w < and (i4) holds or > 6 and (i3) holds.

Then, we have

o -0 25))e@) +8(h(~53) Je@) tu@) ifreX\v0)

max{a(a)p(z), a(b)p(x)} + w(z) if x € 47(0)
and i&f@ = sup ig)f((a()\)go(a:) + B(MNY(x) +w(x)) .
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Theorem 1.2. Assume that:

(i9) there ezists a (possibly different) topology 1 on X such, for every \ € I, the
function a(N)e(-) + BAN)Y(+) + w(-) is Ti-lower semicontinuous and, for some
Xo € 1, the function a(Xo)p(-) + LX)y () + w(-) is Ti-inf-compact ;

(11) there exists a set D C I, dense in I, such that, for each A\ € D, the function
a(N)e(-) + BAN)Y(-) + w(-) is inf-connected ;

(7) the functions o, B are derivable in A, where int(I) C A C I, o'(\) # 0 for all
A € A, the function g == % is strictly monotone in A and —553 € g(A) for all
re X\ v 0).

Furthermore, assume that one of the following conditions holds:

(i5) g is increasing in A and o/ (\)(x) < 0 for all (\,x) € Ax (X \ ¥ 1(0));

(i) g is decreasing in A and o/ (A\)(z) > 0 for all (A\,z) € A x (X \ ¢71(0)).

Then, we have

P(x) = Oz(gil( - sD(x)>>(’0($) +5<g_1< N ﬂx)))@/}@) +w(z) ifzeX \ v 1(0)

(x) h(x)
suprer(a(A)p (@) + w(@)) if €v™1(0)
and i&fq) = S,\lé];z) gg)f((a()\)go(m) + B(NY(x) +w(x)) .

Theorem 1.3. Let the assumptions of Theorem 1.2 be satisfied. Moreover, assume
that v=*(0) = 0 and that, for some xo € X, the function a(-)p(xo) + B()1 (o) is
sup-compact in 1.

Then, there exists ¥ € X such that

(57 (= 20))ot0+ 857 (- 22) ot ot

= inf (oo (= 55) Jeto) + 8(7 (- 55 Jpio o).

An extremely important remark is that, even when, for each A € I, the function
a(N)e(+) + B(AN)Y(-) + w(-) is convex, the above theorems cannot covered by the
classical Sion’s result ([6]), since, for some = € X, the function a(-)p(z) + B(-)Y(z)
can be not quasi-concave.

The above results should properly be regarded as a general scheme from which one
can derive, in a unitary way, boundless particular cases depending on the particular
choices of the involved functions. Some samples will be highlighted in the third
section. For instance, we will get the following proposition whose statement is
particularly simple:

Proposition 1.4. Let X be a real Banach space, let ¢ be linear and continuous
and let ¢ be non-negative and Lipschitzian, with Lipschitz constant equal to |||
Then, for each constant ¢ > 1+ /2, one has

. \/— 5 N 1 inf

inf (cp(a) + (¢ = V2)U(o) + VIp@P+ [P) = (¢ = =) inf (elw) + v(a)

2/) zeX

X*-
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2. Proofs of the basic results

As we said, the main tool used to prove the above results is Theorem 1.2 of [5]. For
the reader’s convenience, here is its statement:

Theorem 2.1. Let I be compact and let f : X x I — R be an upper semicontinuous
function such that f(-,\) is continuous for all X € I. Assume also that, for each A
in a dense subset of I, the function f(-,\) is inf-connected and that, for each r€ X,
the set of all global mazima of the function f(x,-) is connected. Then, one has

inf f = inf .
sup iny f=i St}pf

Proof of Theorem 1.1. First, notice that, since g is continuous and strictly
monotone, g(]a, b[) agrees with the open interval |7y, d[. Fix x € X \ ¢ ~1(0). Let us

show that the point h(—i%i;) is the unique global maximum in [a, b] of the function

a()e(x)+ B(-)Y(x). We prove this only for the case (i3). The proof in the case (i4)
is similar. So, assume that (i3) holds.

Assume that —zgg €1y, d[. Let A€]a,b[ be such that

/ . . .
B—, 1S 1Icreasing, we have
«

Since the function

BN _ _elx) 3 CACY I C)) 3
O < e for all A€ ]a, \| and OV > e for all A€ |\, b].

Then, by (i3), we have
o' (No(z) + B/(AN)e(x) >0 for all Xe]a, A

and o' (No(x) + B(NY(x) <0 for all Xe |\, b[.

Hence ) is a global maximum of the function a(-)p(z) + 3(-)¥(x). Finally, since

o/ (A)p(z) + B'(AN)(x) #0

for all A€ ]a, b[\{\}, it follows that X is the unique global maximum of that function
in [a, b] thanks to Rolle’s theorem. From (2) it follows that

T @) _ e
A= ( wm) h( ¢<x>)'

Now, suppose that ) Z1v,0[

()

1 — 2
¥(x)
o/ (Ne(z) + 8/ (MN)(z) <0
for all A €]a,b[. Hence, the point a is the unique global maximum of the function
a()e(x) + B()Y(x) in [a,b]. If —igzg > 0, by (i3) again, we have

' (Np(x) + 8'(Np(x) >0 for all Ae]a,b|.

< v, then, by (i3), we have
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So, b is the unique global maximum of the function a(-)p(z)+ S(-)¥ () in [a, b], and
the claim is proved. Now suppose that z € ¢»~1(0). In this case, the set of all global
maxima of the function «(-)p(z) is either the whole I (if ¢p(z) = 0), or {a}, or {b}
in view of the strict monotonicity of a. Therefore, the function f : X x I — R
defined by

[, A) = aM)e(@) + BA)Y(z) + w(z)
satisfies the hypotheses of Theorem 2.1, and so we have

sup Inf (a(A)e(z) + SN (2) + w(z)) = inf sup(a(A)p(z) + SA)Y (@) +w(@)).

eI Z zeX \egJ

In view of what seen above, the conclusion follows. O

Proof of Theorem 1.2. Let {I,} be a non-decreasing sequence of compact intervals
such that I = U,enI,. Fix n € N. Fix also x € X. Denote by M, the set of all
global maxima of the restriction of the function a(-)p(z)+ B(-)¢(z) to I,. We claim

that M, is connected. First, suppose that ¢ (z) # 0. If —:Zg € g(AN1,), then

reasoning as in the proof of Theorem 1.1, we have

w (- 3)

)

If —523 Z g(ANI,), the function a(-)p(x) + 5(-)1(x) turns out to be strictly
monotone in I, (since its derivative does not vanish in int(/,)) and so we have
either M, = {infI,} or M,, = {supl,}. Now, let ¥»(z) = 0. In this case, we
have M, = I, if p(x) = 0. If p(x) # 0, we still have either M, = {inf[,} or
M,, = {sup I,,}, by strict monotonicity. So, after noticing that DN I, is dense in I,,,
we realize that the function f : X x I, = R defined by

[z, A) = a(N)p(z) + BA)Y(x) + w(z)
satisfies the hypotheses of Theorem 2.1. Consequently, we have

sup inf ((A)e(z) + F(N)¢(2) + w(z)) = inf sup(a(A)e(z) + BN)Y(2) +w(z)).

eI, T€X v€X ¢,

At this point, (ip) allows us to use Proposition 2.1 of [4] to obtain
sup inf (a(N)p(e) + A () + (x) = inf sup(a(N)p(@) + BANA(E) + w(x)).

Ael Ael

Finally, in view of (}), reasoning as in the proof of Theorem 1.1, we have

sup(a(Np() + B () = ag™ (= 52 Jola) +6(a7 (— £5) )vl@)

for all x € X \ ¥1(0), and we are done. O

Proof of Theorem 1.3. Notice that the function sup,;(a(X)e(-)+B8(AN) () +w(+))
turns out to be 7-lower semicontinous and 7i-inf-compact. Consequently, there
exists T € X such that

inf sup(a(\)¢(-) + BOVG() +w(2) = sup(a(Np(@) + BONDE) +w(@).  (3)

r€X NeJ el
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Also, the function inf,cx (a(-)p(z) + B(-)¥(x) + w(x)) turns out to be sup-compact

in I, and hence there exists A € I such that

sup inf (a(A)p(z) + B(A)¢(2) +w(z)) = inf (a(N)p(z) + BN () +w(@)). (4)

Ael T€EX zeX

Thanks to Theorem 1.2, the left-hand sides of (3) and (4) are equal. Therefore, we
have

a(Ne(#) + BN () + w(@) = inf (a(Ng(2) + BN () +w(z))
= sup(a(A)e(z) + F(A)Y(T) + w(T)).

Ael

So, \ is a global maximum of the function a(-)¢(#) + 8(-)4 (&) and hence, in view

of (i), reasoning as in the proof of Theorem 1.1, we have )= gil( — M), and we

e)
are done.

3. Some applications
The following proposition will be used in the subsequent alternative theorem.

Proposition 3.1. Let X be a Hausdorff and let f : X — R be a lower semicontin-
uous function such that, for some r > infx f, the set f~*(] — oo, r]) is compact and
disconnected. Then, f has at least two local minima.

Proof. Let ', C5 be two non-empty, closed and disjoint subsets of X such that
f_l(] — OO,’I"]) = Cl U CQ.

Notice that Cp,Cy are compact. So, since X is Hausdorff, there are two open
and disjoint sets 21,29 C X such that C} C Q, Cy C Q,. Since f is lower
semicontinuous, there are z7 € C4, x5 € Cy such that

fla)=int f and f(5) = inf ]

Without loss of generality, we assume that f(z7) < f(z3). Fix x € 5. We claim that
f(z%) < f(x). Indeed, when f(x) > r, the above inequality holds since f(x3) < r.

So, assume that f(x) <r. This implies that z € C; U Cy. Hence, since Q2 N Cy = 0,
we have z € (5 and so the inequality is satisfied. Therefore, 23 is a local minimum
for f. But, z7] is even a global minimum for f, and the proof is complete. O

The following remarkable alternative theorem is a consequence of Theorem 1.3.

Theorem 3.2. Let (i}) be satisfied jointly with either (i%) or (i}). Moreover, assume
that X is Hausdor(f and that, for every A € I, the function a(N)p(-)+ BN () +w(:)
is inf-compact. Finally, suppose that 1»=1(0) = 0 and that, for some xy € X, the
Junction a(-)p(x0)+L(-)(x0) is sup-compact in I. Then, at least one of the following
assertions holds:
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(a) there exists T € X such that
o(s7 (= £2))e@ +8(s7 (- £5) )u(@) +w(@
= inf (oo™ (= 55) ) + (s (= 55) o) + o)

(b)  there exists an open interval J C I such that, for each A\ € J, the function
a(N)e(-) + BN)Y(:) +w(-) has at least two local minima.

Proof. Assume that (a) does not hold. Notice that (i) is satisfied if 7, is the
topology of X. Therefore, in view of Theorem 1.3, (i1) does not hold. That is,
there exists an open interval J C [ such that, for each A\ € J, some sublevel set
of the function a(N)p(:) + S(A)Y(-) + w(-) is not connected. But, by assumption,
such a sublevel set is also compact and hence the conclusion follows directly from
Proposition 3.1. 0

Remark 3.3. Theorem 3.2 can be usefully applied to get innovative multiplicity
results for the solutions of classical nonlinear difference equations.

Here is a consequence of Theorem 1.1.
Theorem 3.4. Let infx 1 > 0 and let ¢,d € R be such that the set

{)\ €[- g, g} D (sin A + €)p(+) + (cos A + d)Y(+) + w() is inf-connected }

s dense in [— g, g} Then, one has
inf (ep(x) + d(x) +v/[olDF + [P +w(x))
= sup inf ((sin)\ + c)p(z) + (cos A+ d)y(z) + w(x)) .

e[~z v€X

Proof. We apply Theorem 1.1 taking

]:[—g,g]7 a(A) =sinA+c¢, and B(A) =cosA+d.

Therefore g(A\) = —tan A, (i4) holds and h(u) = — arctan p for all p € R.
Hence, if z € X \ ¥71(0), recalling that 1(z) > 0, we have

(g p(x) p(x)
O(x) = <sm arctan o) + c> o(x) + <cos arctan @ + d>¢(x) + w(x)

p(x) b()
<\/Isﬂ B+ @) +C>‘p(x) (WO EERTOE +d>¢(w)+w(x)

cp(x) +di(z) + V(@) + ()2 + w(z).
Now, the conclusion follows directly from Theorem 1.1 once we observe that

cp(a) +di(z) + /]p(2)? + [¢(2)]2 + w(w) = max{(c + 1p(z), (¢ — Dp(2)} +w(z)
for all z € ¥~1(0). O
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In the same spirit as that of Theorem 3.4, we also obtain:
Theorem 3.5. Let ¢(xz) > 0 for all x € X and let J C [—g,%} be a compact

w(; Etan(Jﬂ]—%,gD for all x € X. Let ¢,d € R. Assume

that the set
{Ae J:(sinA+c)p(-) + (cos A+ d)i(-) + w(-) s inf-connected }

is dense in J and that there ezists (a possibly different) topology 1 on X such that,
for every X € J, the function (sin A + ¢)¢(-) + (cos A + d)y(-) + w(-) is T -lower
semicontinuous and, for some \g € J, the function

(sin Ao + ) (-) + (08 Ao + d)i(-) + ()
is Ty -inf-compact. Then, there exists T € X such that

2 (@) ; (@) s
<\/<P 2+ [ (3)]? +c>¢<x) <\/|¢ TR +d>¢($)+w(9f)

=2 (s e )o@+ ( T )Y@ ).

Proof. We apply Theorem 1.3 taking I = J, A =JN ] -5, %[ and proceed as in
the proof of Theorem 3.4. O

Notice the following very particular corollary of Theorem 3.5:

Corollary 3.6. Let X be a closed convex subset of a reflexive real Banach space
and let p, ¥ be convex, with p(x) > 0,¢(x) > 0 for all x € X. If X is unbounded,
suppose also that im0 (x) = +00. Then, there exists © € X such that

[p(@)]° + 9@ = inf (p(2)e(x) + (@)Y (x)).
Proof. Apply Theorem 3.5 taking J = [O, g} and ¢ = d = w = 0. The assumptions
are satisfisfied since, the function (sin \)p(+) + (cos A\)(+) is convex (and hence inf-
connected) for all A € J and also weakly inf-compact if A < 7. So, we can take the
weak topology on X as 7;. Then, by Theorem 3.5, there exists £ € X such that

T 1)

VIe@)]? + (@ VIe@)]? + [0 (@)[2
— inf (L) 2) 4 ¥(Z) .
2 (Frereme “’( )+ e )
and the conclusion follows multiplying both sides by /]o(Z)[? + [¢(Z) 2. O

In turn, from Corollary 3.6 we directly get

Corollary 3.7. Let X be a reflexive real Banach space and let ¢, 1 be conver,
bounded below and Gateaux differentiable, with lim,) o0 () = +00.

Then, for every ¢ < infx ¢ and d < infx 1, there exists © € X such that

(p(&) — ¢) " (Z) + V(&) — d) (%) = 0.
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A further corollary of Theorem 3.5, where ¢ is not assumed to be convex, is as
follows:

Corollary 3.8. Let X be a real Hilbert space and let ¢ be C'. Assume that ¢’
is Lipschitzian, with Lipschitz constant L. Moreover, let n : X —]0,+o0[ be a
continuous, Gateauz differentiable, convexr function such that

O+ " O)[[[z]l < n(z) for all x € X. (5)

Then, there exists & € X such that
. Li-no - -
(@) (&) + (S 1312 + (@) ) (L3 + /() = 0.
Proof. Since ¢ is O, we have
1
p() = 0(0) + [ (¢ (ta).a)a
0
for all z € X. From this, by Lipschtzianity, we get
1 1
o(@)] < [o(0)] + / (g (t2), ) dt < [0(0)] + ] / I (1) |t
! L
< [p(0)] + |l / ('Ol + Lilzt)dt = )] + 2]l (IO + 5 e

for all x € X. Consequently, in view of (5), we have

|o()]
slal? +n(@) ~
for all x € X. Now, noticing that
sup |sinA|= inf cosA,
re[-2,2] re[-5.4

|, in view of a known result ([7], Corollary 42.7) the function
|| -||? is convex. At this point, we can apply Theorem 3.5 taking

for every A 6 [—
(sin A)(-)+ £(co

T T
ol
sA)

J=[=T0] and w(@) = 2 o) + ().

The assumptions are satisfied with ¢ = d = w = 0. Indeed, for what above, the

function (sin A\)p(+) 4+ (cos M) (+) is convex for all \ € [ T ﬂ and

zg; € tan ([ — z ZD = [-1,1]

for all x € X. We then take the weak topology as 71 and Ay = 0, and conclude as
in the proof of Corollary 3.6. [

The next result is a further application of Theorem 1.1.
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Theorem 3.9. Let I := [a,b] be compact and assume that X is a real Banach space,
@ is continuous and linear, 1 is Lipschitzian, with Lipschitz constant L. Moreover,
assume that (iy) is satisfied jointly with either (i3) or (i4). Finally, assume that

Di={Ael:|pIL < laWMllellx-}

is dense in I. Then, if h is defined as in Theorem 1.1, we have

B(x) = o (h <— 9"&;)) o(z)+ 6 <h (—igg)) U(z) ifre X\ @D*l(())

max{a(a)p(z), a(b)p(r)} if v € Y71(0)
and inf ¢ = Sup inf (a(M)p(z) + B(A)$(2))

Proof. Under our assumptions, by Theorem 2 of [3], for each A € D, the function
a(N)e(+) + B(AN)Y(+) is inf-connected and unbounded below. So

sup inf (a(Ae(z) +F(N)d(w)) = sup nf (a(Me(z) +FN)d(2))

Xel T xel\D z€X

and the conclusion follows directly from Theorem 1.1. [

Remark 3.10. Other results in the same spirit as that of Theorem 3.9 can be found
in [1], [2] and [3].

Now, we are in a position to prove Proposition 1.4 stated in the Introduction.

Proof of Proposition 1.4. Fix ¢ > 1+ V2. Observe that the minimum of the

function A — sin A — cos A in [—%, %] is equal to —v/2 and is attained only at -

This clearly implies that, if we take

I= [—g,g} . a(\) =sinA+c¢ and B(N\) =cosA+c— V2,
we have {AeTl:|pN)] < |a(A)|}:I\{—%}.

Thus, since (i) and (i4) hold, the assumptions of Theorem 3.9 are satisfied. So,
proceedings as in the proof of Theorem 3.4, we get

inf (ep(w)+(e=v2)p @)+ [ @ P+ [P@)P) = inf (a (=) e(@)+8(=F o)
(- W (e v+ J)ote) = (e ) gt ot
and the proof is complete. [

The final result is a further consequence of Theorem 1.3.

Theorem 3.11. Let ¢(z) > 0 for all v € X, and assume that infx £ > —oo. Set

1= [mf% sg{pw

and suppose that, for each X in a dense subset of I, the function

Mep() + (1= NY() +w()

?lnr

is inf-connected.
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Finally, assume that there exists (a possibly different) topology T such that, for each
X € I, the function e(¢(+) + (1 = N)(+)) +w(-) is Ty -lower semicontinuous and, for
some \g € I, the function e (p(-) 4+ (1 — Xo)¥(+)) + w(+) is T1-inf-compact.

Then, there exists x € X such that

D(F) + e SO W(F) = inf (@) + (1- zgg)zp(x) + e—igiw(:@)) .

Proof. We are going to apply Theorem 1.3. In this connection, let o, : I — R

be defined by
a(d) =¢e* and B(N) = (1 —N)e

for all A € I. We conclude

Hence, (i%) and (i) are satisfied, with A = I. Notice that, when I is not bounded,

we have
lim (o(x) + (A — 1)h(a)) = —o.

A—+00

So, for each z € X, the function A — e*(¢(z) + (A — 1)¢(x)) + w(x) is sup-compact
in I. Therefore, all assumptions of Theorem 1.3 are satisfied. Consequently, there
exists £ € X such that

eﬁiggp(i) + (1 - ﬁz;) eﬁé;iw(f) + w()
. £(2) _ @) 53
= gg)f{ (ew Yo(x) + (1 w(iﬂ))ew () —i—w(m))
and hence, multiplying by 6*;‘;22’ we get
5 L@ _el@) _e@
U(@) + ¢ 0@ = inf (elo) + (1= E8)vl@) + e Fu)) .
as claimed. n

Corollary 3.12. Let the assumptions of Theorem 3.11 be satisfied. In addition,
assume that X 1is an open set in a real normed space and that p,v are Gateaux
differentiable. Then, there exists © € X such that

@)+ (1- zgg)w(f) 4 e TP (F) = 0.

Remark 3.13. Corollaries 3.7, 3.8 and 3.12 can be usefully applied to get existence
theorems for different classes of nonlocal differential equations.
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