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In a separable Hilbert space, we consider a sweeping process with perturbation. The values of the
moving set are prox-regular sets dependent on time and state. The variation of the moving set is
controlled in the state in a Lipschitz way and in time by a positive Radon measure. The pertur-
bation is the sum of two multivalued mappings with different semicontinuity properties in state
variable. The first perturbation with closed, possibly, nonconvex values is lower semicontinuous.
The second perturbation with closed convex values has weakly sequentially closed graph. We prove
the existence of a right continuous solution of bounded variation. Various a priori estimates for
the solution are given. The proof is based on a new method that does not use any version of the
catching-up algorithm. We use classical approaches based on a priori estimates, the compactness
of sets in the space of right continuous regular functions of bounded variation, and a fixed point
theorem for multivalued mappings. Our theorem is new and it comprises known results for this
class of solutions of sweeping processes.
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1. Introduction

Let H be a separable Hilbert space with the norm ‖ · ‖, the inner product 〈·, ·〉, the
null element Θ and the unit closed ball B centered at Θ.
Let us introduce the following notation: T = [0, a], a > 0 is an interval of the
real half-line R+ = [0,+∞) with the Lebesgue measure λ and with σ-algebra Σ
of Lebesgue measurable sets from T , ω-H is the space H endowed with the weak
topology, C : T ×H ⇒ H is a multivalued mapping with r-prox regular values [25]
and the range R(C)

R(C) = {∪C(t, x); t ∈ T, x ∈ H}. (1.1)
Let R(C) be the closure of the range, B(R(C)) be the σ-algebra of Borel sets
from R(C) and Σ ⊗ B(R(C)) be the σ-algebra on T × R(C) generated by sets
Λ× A,Λ ∈ Σ, A ∈ B(R(C)

Let d(x,A) be the distance from a point x to a set A ⊂ H, and
‖A‖ = sup{‖x‖; x ∈ A}.
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If A ⊂ H is a closed convex set, then there exists a unique element A0 ∈ A of
minimal norm, i.e.

‖A0‖ = d(Θ, A).

In what follows, we always assume that the following Hypothesis H(C) is valid:
(1) C : T ×H ⇒ H is a multivalued mapping with r-prox regular values [25];
(2) there exists a constant L ∈ ]0, 1[ and a positive Radon measure µ on T such

that
sup
s∈]0,a]

µ({s}) < (1− L) · r
2
, (1.2)

|d(z, C(t, x))− d(z, C(s, y))| ≤ µ(]s, t]) + L‖x− y‖ a.e., (1.3)

where s ≤ t, s, t ∈ T, x, y ∈ H. Consider the measurable sweeping process

−dx ∈ NC(t,x(t))(x(t)) + U(t, x(t)) + V (t, x(t)),

x(0) = x0 ∈ C(0, x0), (1.4)

where NC(t,y)(z) is the proximal normal cone (see [1]) of the set C(t, y) at a point
z ∈ C(t, y), U, V : T ×R(C) ⇒ H are multivalued mappings.

Definition 1.1. By a solution of the inclusion (1.4) we mean a pair (x(f)(·), f(·))
such that:
(1) x(f)(·) is a right continuous function of bounded variation from T to H,

x(f)(0) = x0, x(f)(t) ∈ C(t, x(f)(t)), t ∈ T,

f(·) = fU(·) + fV (·), fU(·), fV (·) ∈ L1(T,H); (1.5)

(2) there exists a positive Radon measure ν on T absolutely continuously equiva-
lent to the measure µ+λ such that the differential measure (Stieltjes measure)
dx(f) generated by the function x(f)(·) is absolutely continuous with respect
to the measure ν and the density dx(f)

dν
(·) of the measure dx(f) with respect

to the measure ν and the function fV (·), fU(·) satisfy the inclusion

dx

dν
(f)(·) ∈ L1

ν(T,H),

−dx(f)

dν
(t)− f(t)

dλ

dν
(t) ∈ NC(t,x(f)(t))(x(f)(t)) ν a.e., (1.6)

fU(t) ∈ U(t, x(f)(t)) a.e., (1.7)
fV (t) ∈ V (t, x(f)(t)) a.e. (1.8)

Two positive Radon measures are absolutely continuously equivalent, if each of them
is absolutely continuous with respect to the other. In the definition of a solution
of the measurable sweeping process we follow [12]. Note that the definition of a
solution does not depend of the measure ν in the sense that a function is a solution
of inclusion (1.4), if and only if, the inclusion (1.6) takes place for any Radon measure
ν which is absolutely continuously equivalent to the measure µ+ λ.
We make the following assumptions.
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Hypothesis H(U):
(1) the multivalued mapping U : T×R(C) ⇒ H with closed, not necessarily, convex

values is weakly Σ⊗ B(R(C)) measurable;
(2) the mapping x 7→ U(t, x) is lower semicontinuous for almost every t ∈ T ;
(3) there exists lU(·) ∈ L1(T,R+), lU(t) > 0, t ∈ T such that

d(Θ, U(t, x)) < lU(t)(1 + ‖x‖), t ∈ T. (1.9)

Hypothesis H(V ):
(1) the values of multivalued mapping V : T × R(C) ⇒ H are closed convex sets

and the mapping x 7→ V (t, x) has weakly sequentially closed graph;
(2) the mapping t 7→ V 0(t, x) is measurable;
(3) for some lV (·) ∈ L1(T,R+) we have

d(Θ, V (t, x)) ≤ lV (t)(1 + ‖x‖) a.e. (1.10)

Consider the differential equation

ρ̇(t) =
2

1− L
l(t)(1 + ρ(t)), (1.11)

ρ(0) = ‖x0‖+
1

1− L
µ(]0, a]), (1.12)

where l(t) = lU(t) + lV (t), (1.13)

that, as it is known, has the unique solution

ρ(t) = ρ(0) exp γ(t) +
2

1− L

t∫
0

l(s)(exp(γ(t)− γ(s))ds, t ∈ T,

where γ(t) =
2

1− L

t∫
0

l(s)ds.

Hypothesis H(CS): For any t∈T and any bounded set D⊂H, ‖D‖ ≤ ρ(t), the set

C(t,D) ∩ D is relatively compact. (1.14)

Main result
Theorem 1.2. Let the Hypotheses H(C), H(CS), H(U), H(V) hold. Then, the
sweeping process (1.4) has a solution (x(f)(·), f(·)) satisfying the inequalities

‖x(f)(t)‖ ≤ ρ(t), t ∈ T, (1.15)

‖dx
dν

(t)‖ ≤ 1

1− L

dµ

dν
(t) + ρ̇(t)

dλ

dν
(t) ν a.e., (1.16)

‖x(f)(t)− x(f)(t− 0)‖ ≤ 1

1− L
µ({t}), t ∈]0, a], (1.17)

‖fU(t)‖ ≤ lU(t)(1 + ρ(t)) a.e., (1.18)
‖fV (t)‖ ≤ lV (t)(1 + ρ(t)) a.e. (1.19)
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Corollary 1.3. Assume that the Hypotheses H(U), H(V ) hold for a multivalued
mapping C : T ×H ⇒ H with r-prox regular values, that Hypothesis H(CS) is valid,

and |d(z, C(t, x))− d(z, C(s, y))| ≤ |β(t)− β(s)|+ L‖x− y‖, (1.20)

s ≤ t, x, y, z ∈ H, L ∈]0, 1], where β : T → R is an absolutely continuous function.
Then, there exists a pair (x(f)(·), f(·)) such that x(f) : T → H, x(f)(0) = x0 is an
absolutely continuous function,

x(f)(t) ∈ C(t, x(f)(t)), t ∈ T, f(·) ∈ L1(T,H), f(·) = fU(·) + fV (·),

the inclusions (1.7), (1.8) hold,

−dx(f)(t)

dt
∈ NC(t,x(f)(t))(x(f)(t)) + f(t) a.e. (1.21)

and the inequalities (1.15), (1.18), (1.19) are valid. In addition,

‖dx(f)(t)
dt

‖ ≤ 1

1− L
|β̇(t)|+ ρ̇(t) a.e. (1.22)

In Corollary 1.3, ρ(t) is the solution of equation (1.11) with ρ(0) = ‖x0‖ + ‖β̇‖L1 ,
where ‖β̇‖L1 is the norm of β̇(·) in the space L1(T,R).
The existence of absolutely continuous solutions of sweeping processes with state-
dependent r-prox regular sets were considered in the works [2], [7], [24]. The results
of these works follow from Corollary 1.3, because in these works the values of per-
turbations are convex sets, and they have properties which are particular cases of
our properties.
Theorem 1.2 implies Corollary 5.4 [23] in which one assumes that the multivalued
perturbation G : T × H ⇒ H is an analogue of our perturbation V : T × R(C).
This mapping enjoys the same Hypotheses H(V ), (2), (3), and instead of Hypothesis
H(V ) (1) it is supposed that the mapping x 7→ G(t, x) is scalarly upper semicontin-
uous.
Note that from the scalar upper semicontinuity of the mapping x 7→ G(t, x) follows
the weak sequential closedness of its graph. Hence, the mapping V : T ×R(C) ⇒ H
is more general than the mapping G : T ×H ⇒ H in [23].
The main difference between the present work and those cited above is that we
consider a new approach for studying state-dependent prox-regular sweeping process.
In all the cited works, various versions of the catching-up algorithm originated from
[22] are used. Our approach is based on the use of a priori estimates and the Ky
Fan theorem [13] on fixed points of multivalued mappings.
At the end of introduction, we mention the works [3], [15], [18] in which approaches
other than those mentioned above were used to study state-dependent prox-regular
sweeping processes. In [3, 15] theorems of the existence of absolutely continuous
solutions of state-dependent prox-regular sweeping processes were proved in a finite-
dimensional space. The perturbations in these works possess the so-called mixed
semicontinuity property and their values can be nonconvex sets. The approach
is based on an important result of the coincidence between the solution sets of
constrained and unconstrained first order differential inclusions and Kakutani fixed
point theorem for multimappings.
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The existence of absolutely continuous and right-continuous solutions of bounded
variation was proved in [18] for the sweeping process without perturbation in a
Hilbert space. In this work, the family {C(t, x); (t, x) ∈ T ×H} is equi-uniformly
subsmooth and the Moreau-Yosida regularization technique is used in the proof.

2. Main notation and definitions

Let X be a Banach space with the norm ‖ · ‖, the null element Θ and the unit open
B and closed B balls centered at Θ. By d(y, A) we denote the distance from a point
y ∈ X to a set A ⊂ X and

‖A‖ = sup {‖y‖; y ∈ A}.

For a set A ⊂ X the symbols coA and coA denote the convex and closed convex hulls
of the set A, respectively. By ω-X we denote the space X endowed with the weak
topology and ω-A denotes the set A ⊂ X endowed with the topology induced by
that of the space ω-X. The Hausdorff distance between closed sets Ai ⊂ X, i = 1, 2
is denoted by haus(A1, A2),

haus(A1, A2) = max{ sup
x∈A2

d(x,A1), sup
y∈A1

d(y, A2)}.

It is known that
haus(A1, A2) = sup

z∈X
|d(z, A1)− d(z, A2)|. (2.1)

Let Y be a metric space. A multivalued mapping F : Y ⇒ X is a mapping whose
values are nonempty sets from X. Denote by

F−1(U) = {y ∈ Y ;F (y) ∩ U 6= ϕ}, U ⊂ X.

A multivalued mapping F : T ⇒ X is called measurable (weakly measurable), if
F−1(U) ∈ Σ for any closed (open) set U ⊂ X [16].
If F : Y ⇒ X, then in the definition of measurability (weak measurability) we take
the σ-algebra B(Y ) of Borel sets from Y . Similarly, if F : T × Y ⇒ X, then the
definitions of measurability are understood with respect to the σ-algebra Σ⊗B(Y )
on T × Y generated by sets of the form Λ× A, Λ ∈ Σ, A ∈ B(Y ).
The following properties can be found in [16]. If X is separable, then the Σ⊗B(Y )
measurability of a multivalued mapping F : T × Y ⇒ X with closed values implies
its weak Σ⊗ B(Y ) measurability.
If F : T ⇒ X is a mapping with closed values, then the measurability and weak
measurability are equivalent.
A multivalued mapping F : Y ⇒ X is lower semicontinuous at a point y0 ∈ Y , if
for any open set U ⊂ X, F (y0) ∩ U 6= � there exists a neighborhood V (y0) of the
point y0 such that F (y) ∩ U 6= � for any y ∈ V (y0).
It follows directly from the definition that a multivalued mapping F : Y ⇒ X is
lower semicontinuous at a point y0 ∈ Y , if and only if, for any x0 ∈ F (y0) and any
sequence yn ∈ Y , n ≥ 1, convergent to y0, there exists a sequence xn ∈ F (yn), n ≥ 1,
converging to x0.
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A multivalued mapping F : Y ⇒ X is weakly upper semicontinuous at a point
y0 ∈ Y , if for any open set U ⊂ ω-X, F (y0) ⊂ U there exists a neighborhood V (y0)
of the point y0 such that F (y) ⊂ U for any y ∈ V (y0).
Denote by grF the graph of a multivalued mapping F : Y ⇒ X

grF = {(y, x) ∈ Y ×X; x ∈ F (y)}.

In the rest of the paper, F : Y ⇒ ω-X is a multivalued mapping with convex closed
values. It is well known that closed convex sets from X and ω-X coincide.
A multivalued mapping F : Y ⇒ ω-X has a weakly sequentially closed graph at a
point y0 ∈ Y , if for any sequence (yn, xn) ∈ grF, n ≥ 1 converging in the space
Y × ω-X to the point (y0, x0) the inclusion x0 ∈ F (y0) holds.
In the sequel, for convenience, we speak about the weak sequential closedness of a
mapping F at a point y0 instead of the weak sequential closedness of the graph of
the mapping at the point y0.
A multivalued mapping F : Y ⇒ ω-X is called weakly locally compact at a point
y0 ∈ Y , if there exists a neighborhood V (y0) of the point y0 such that the set
F (V (y0)) = {∪F (y); y ∈ V (y0)} is relatively compact in the space ω-X.
If all the properties of a mapping F mentioned above are valid at every point y0 ∈ Y ,
then we speak about the lower semicontinuity, weak upper semicontinuity, weak
sequential closedness and weak local compactness of the mapping F on Y .
If A ⊂ X, then by ω-clA we denote the closure of the set A in the space ω-X.
Similarly, if a sequence xn ∈ X, n ≥ 1 converges to x in the space ω-X, then we
write x = ω-limn→∞ xn.
Take a sequence xn∈X, n ≥ 1. Considering the elements xn, n≥1 as singletons {xn},
n≥1, we can introduce the weak upper limit of the sequence of sets {xn}, n ≥ 1.

Definition 2.1. The weak upper limit of the sequence xn, n ≥ 1 is the set
ω- Ls

n→∞
{xn} = {x ∈ X; x = ω- lim

k→∞
xnk

, n1 < n2 . . . < nk . . .}.

If a sequence xn ∈ X, n ≥ 1 is relatively weakly compact, then from the Eberlein-
Šmulian theorem it follows that the set ω- Ls

n→∞
{xn} is not empty and

ω- Ls
n→∞

{xn} =
∞⋂
n=1

ω- cl
( ∞⋃

k=n

xk

)
(2.2)

A function x : T → X is called regular [10], if at the points t ∈ (0, a) it has the left
x(t − 0) and right limits x(t + 0), at the point t = 0 the right limit x(0+), and at
the point t = a the left limit x(a− 0).
The space of all regular functions x : T → X is denoted by Π(T,X), and by
Π+(T,H) we denote the subset of the space Π(T,H) consisting of right continuous
functions. The space Π(T,X) is endowed with the topology of uniform convergence
on T , and Π+(T,X) with the topology induced from Π(T,X). A function x : T → H
from the space Π+(T,X) is called step right continuous, if there exists a partition
0 = c0 < c1 < ... < ci < ... < cn = a of the interval T such that the function x is
constant on every interval [ci−1 ci[, 1 ≤ i ≤ n.
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Denote by BV+(T,X) the space of all right continuous functions x : T → H of
bounded variation, and by S+(T,X) the space of all right continuous step functions.
Let U ⊂ Π+(T,X). The set U is called right equicontinuous at a point s ∈ [0, a[, if
for any ε > 0 there exists δ > 0 such that ‖x(s) − x(t)‖ ≤ ε for all x(·) ∈ U and
t ∈ [s, s+ δ[.
A set U ⊂ Π+(T,H) is called left equicontinuous at a point s ∈]0, a], if for any ε > 0
there exists δ > 0 such that ‖x(s− 0)− x(t)‖ ≤ ε for all x(·) ∈ U and t ∈]s− δ, s[.

Definition 2.2. A set U ⊂ Π+(T,X) is called unilaterally equicontinuous on T ,
if it is simultaneously right and left equicontinuous at every point s ∈]0, a[, right
equicontinuous at the point 0 and left equicontinuous at the point a.

The variation of a function x(·) ∈ BV+(T,H) is denoted by varx(·).
A set U ⊂ BV+(T,H) is called uniformly bounded in variation, if there exists a
constant M > 0 such that

varx(·) ≤ M ∀x(·) ∈ U.

Let H be a Hilbert space and S ⊂ H be a nonempty subset and

ProjS(x) = {y ∈ S; d(x, S) = ‖x− y‖}.

If ProjS(x) = {y} for some y ∈ S, then in this case ProjS(x) = y.
The proximal normal cone to a closed set S ⊂ H at a point x ∈ S is defined as
follows [26]:

NP (S;x) = {v ∈ H;∃r > 0, x ∈ ProjS(x+ rv)}.
It is a convex cone containing the point Θ. It is supposed that NP (S;x) = ∅, if
x ∈ H\S.

Definition 2.3. [25] A nonempty closed set S ⊂ H is called r-prox regular, if for
any x ∈ S and for all v ∈ NP (S;x)∩B and all t ∈]0, r[ the inclusion x ∈ ProjS(x+tv)
holds.
From Theorem 2.2 in [1] it follows that if S is r-prox regular, then NP (S;x), x ∈ S
is a closed convex cone.
In what follows, similarly to [1] the cone NP (S;x) is denoted by NS(x).

3. Radon measures

In this section, we introduce some notions from the measure theory.
Let B be the σ-algebra of all Borel sets from T = [0, a]. Scalar and vector measures
on B are called Borel or Stieltjes measures [11]. Since every positive scalar Stieltjes
measure is regular [11], it is called a Radon measure [20]. In what follows, a Radon
measure is a scalar positive measure defined on the σ-algebra B. For convenience,
we say that the measure is defined on T . We denote by λ the Lebesgue measure on T.
For a Radon measure ν on T , we denote by L1

ν(T,H) the space of equivalence classes
with respect to ν of mappings from T to H which are ν Bochner integrable. Note
that a function x : T → H is an element of the space L1

ν(T,H), if it is ν Bochner
measurable on T and

∫
T
‖f(τ)‖dν(τ) < ∞ (see, e.g., [9, Ch.2, Definition 1]).
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For more details on the Bochner integral and the space L1
ν(T,H) we refer to [11, 9]

and references therein. Note in particular that the space L1
ν(T,H) with the norm

‖f‖L1 =
∫
T
‖t(τ)‖dν(τ) is Banach. The space of Bochner integrable functions is

denoted by L1(T,H).
A set K ⊂ L1

ν(T,H) is called uniformly integrable [9], if

lim
ν(E)→0

∫
E

‖f(τ)‖dν(τ) = 0, E ∈ B

uniformly in f(·) ∈ K.
The variation of a measure m : B → H on a set A ∈ B is denoted by |m|(A) [11]. If
|m|(T ) < ∞, then we say that the measure m has bounded variation. In this case,
the variation |m| of measure m is a Radon measure.
A Radon measure ν is absolutely continuous with respect to a Radon measure µ, if
from the equality µ(A) = 0, A ∈ B it follows that ν(A) = 0. If the inverse is also
true, then the Radon measures ν and µ are called absolutely continuously equivalent.
A Stieltjes measure m is absolutely continuous with respect to a Radon measure
µ, if its variation |m| is absolutely continuous with respect to the measure µ. If a
Stieltjes measure m : B → H of bounded variation is absolutely continuous with
respect to a measure µ, then according to the Radon-Nikodym theorem [9] there
exists a function m̂(·) ∈ L1

µ(T,H) such that

m(A) =

∫
A

m̂(τ)dµ(τ), A ∈ B (3.1)

The function m̂(·) is called the density of measure m with respect to the Radon
measure µ and is denoted by dm

dµ
(t) = m̂(t), t ∈ T .

Let T (t, τ) = T ∩ [t− τ, t+ τ ], τ > 0, t ∈ T .

Lemma 3.1. [20] For any two Radon measures ν and µ the following statements
are true:
(1) the limit dm

dµ
(t) = lim

τ↓0

ν(T (t, τ))

µ(T (t, τ))
(3.2)

(with the convention that 0
0
= 0) exists for every t ∈ T and is finite for µ

almost every t ∈ T . The function t 7→ dm
dµ
(t) is Borel from T to R

+
= [0,+∞]

and it is called the derivative of measure ν with respect to the measure µ;
(2) the measure ν is absolutely continuous with respect to the measure µ, if and

only if, dν
dµ
(·) is the density of measure ν with respect to the measure µ, i.e., if

and only if, we have
ν(A) =

∫
A

dν

dµ
(τ)dµ(τ), A ∈ B. (3.3)

Theorem 3.2. [11] Let u : T → H be a right continuous function of bounded
variation. Then, there exists a unique Stieltjes measure m : B → H of bounded
variation such that for any 0 ≤ c ≤ d ≤ a it holds

m(]c, d]) = u(d)− u(c), m(]c, d[) = u(d− 0)− u(c), m{0} = Θ. (3.4)
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In an alternative terminology [see, e.g., [12, 21] and others], the measure m(·) is
called the differential measure generated by the function u(·) and is denoted by du.
From (3.4) it follows that

u(t) = u(s) +

∫
]s,t]

du, (3.5)

u(t− 0) = u(s) +

∫
]s,t[

du, s ≤ t, s, t ∈ T. (3.6)

If û(·) ∈ L1
ν(T,H) and

u(t) = u(0) +

∫
]0,t]

û(τ)dν(τ), t ∈ T, (3.7)

then the function t → u(t) is a right continuous function of bounded variation, the
differential measure du generated by u(·) is absolutely continuous with respect to
the measure ν and û(·) is the density of measure du with respect to the measure ν,
i.e.

du

dν
(t) = û(t) ν a.e. (3.8)

and for the variation |du| of measure du we have

|du|(]s, t]) =
∫
]s,t]

‖û(τ)‖dν(τ), s ≤ t, s, t ∈ T, (3.9)

|du|(]s, t[) =
∫
]s,t[

‖û(τ)‖dν(τ), s ≤ t, s, t ∈ T. (3.10)

Let the Lebesgue measure λ is absolutely continuous with respect to a Radon mea-
sure ν and dλ

dν
(·) is the density of measure λ with respect to the measure ν. Then,

a function û(·) ∈ L1(T,H), if and only if, the function t 7→ û(t)dλ
dν
(t) is ν integrable

[20]. In this case, we have∫
T

û(t)dλ(t) =

∫
T

û(t)
dλ

dν
(t)dν(t). (3.11)

Denote by {t} the singleton with the element t. From (3.2) it follows that

dλ

dν
(t) =

λ({t})
ν({t})

= 0 for all t ∈ T with ν({t}) > 0.

From this equality and (3.11) it follows that∫
]0,t]

û(τ)dλ(τ) =

∫
]0,t]

û(τ)
dλ

dν
(τ)dν(τ) for all t ∈ T, t > 0. (3.12)
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Lemma 3.3. Let û(·) ∈ L1(T,H),

u(t) = u(0) +

∫
]0,t]

û(s)dλ(s), t ∈ T (3.13)

and the Lebesgue measure λ is absolutely continuous with respect to a Radon measure
ν. Then, the function t 7→ u(t) is a right continuous function of bounded variation,
the differential measure du generated by u(·) is absolutely continuous with respect to
the measure ν and we have

du

dν
(t) = û(t)

dλ

dν
(t) ν a.e. (3.14)

The lemma follows from the equalities (3.13), (3.12), (3.7), and (3.8).

4. Preliminaries

In this section, Y is a metric space, X is a Banach space, F : Y ⇒ X is a multivalued
mapping with closed convex values.

Proposition 4.1. If a mapping F : Y ⇒ ω-X is weakly upper semicontinuous at a
point y0, then it is weakly sequentially closed at this point.

Proposition 4.2. Let a mapping F : Y ⇒ ω-X be weakly sequentially closed and
locally compact at a point y0 ∈ Y . If X is separable or X is a reflexive Banach
space, then the mapping F is weakly upper semicontinuous at the point y0.

Propositions 4.1 and 4.2 can be found in [17].

Theorem 4.3. Assume that the space Π+(T,X) is Banach. The norm of an element
x(·) ∈ Π+(T,X) is defined by

‖x(·)‖Π+ = sup{‖x(t)‖; t ∈ T}.

The sets S+(T,H) and BV+(T,H) satisfy the inclusions

S+(T,X) ⊂ BV+(T,X) ⊂ Π+(T,X) (4.1)

and are dense in the space Π+(T,X).

The space Π(T, Z) of regular functions from T to Z, where (Z,U) is a Hausdorff
uniformly complete space with the gage of pseudometrics of the uniformity U [19],
with the topology of uniform convergence on T was studied in [27]. Since Π+(T, Z)
is a closed subspace of Π(T, Z), Theorem 4.3 follows from Corollary 1.1 in [27].
In the work [27], regular functions are called proper functions.

Theorem 4.4. Let U ⊂ Π+(T,X). Then, the following conditions are equivalent:
(1) the set U is relatively compact;
(2) the set U is unilaterally equicontinuous and for every t ∈ T the set

U(t) = {∪x(t) : x(·) ∈ U} (4.2)
is relatively compact.



A. Tolstonogov / BV Solutions of State-Dependent ... 861

A criterion of relative compactness of sets in the space Π(T, Z) was given in Theo-
rem 1.2 [27]. Since the space Π+(T,X) is a closed subspace of the space Π(T,X),
Theorem 4.4 follows from Theorem 1.2 [27]. A criterion of relative compactness of
sets in the space Π(T,Rn), where Rn is the n-dimensional space was obtained in the
work [14]. In this work, unilaterally equicontinuous sets are called equiregulated.
Since the criterion of relative compactness in the space Π(T, Z) was obtained earlier
than in the work [14], we follow the terminology of the work [27].

Proposition 4.5. If a set U ⊂ Π+(T,X) is relatively compact, then the set

U(T ) = {∪x(t); t ∈ T, x(·) ∈ U} (4.3)
is relatively compact.

The proposition follows from Corollary 1.2 in [27]. From Theorem 4.3 it follows that
the space Π+(T,X) is the completion of the space BV+(T,X). Hence, following
[5, Chapter 11, §4, Definition 2] a set U ⊂ BV+(T,X) is called precompact, if its
closure U in Π+(T,X) is compact.

Proposition 4.6. If a set U ⊂ BV+(T,X) is uniformly bounded in variation, then
its closed in space Π+(T,X) convex hull is a uniformly bounded in variation set and,
consequently, coU ⊂ BV+(T,X).

Proof. Let var x(·) ≤ M for all x(·) ∈ U for some M > 0. From this inequality it
follows that

var x(·) ≤ M, ∀x(·) ∈ coU. (4.4)

Let y(·) ∈ coU . Then, for any ε > 0 and any partition T of the interval T = [0, a]
by points 0 ≤ t0 < t1 < . . . < ti < . . . < tn = a there exists an element x(·) ∈ coU
such that

n∑
i=1

‖y(ti−1)− y(ti)‖ ≤
n∑

i=1

‖x(ti−1)− x(ti))‖+ ε ≤ var x(·) + ε.

From this inequality, the arbitrariness of partition T of the interval T and (4.4) we
infer that

‖ var y(·)‖ ≤ ε+M.

Since ε > 0 is arbitrary, the proposition is proven.

Theorem 4.7. Let U ⊂ BV+(T,X) be a uniformly bounded in variation precompact
set. Then, the closed in Π+(T,X) convex hull coU is a compact subset of the space
BV+(T,H).

Since the set U ⊂ BV+(T,X) is precompact, the set co U is a compact subset of the
space Π+(T,X). Now the theorem follows from Proposition 4.6.
In the sequel, H is a Hilbert space.

Theorem 4.8. Let M be a metric space, C : M ⇒ H a continuous in the Hausdorff
metric mapping whose values are r-prox regular sets, r ∈]0,∞]. If sequences zn ∈ M ,
xn ∈ C(zn), n ≥ 1 converge to z, x, respectively,and a sequence ξn ∈ NC(zn)(xn),
n ≥ 1 weakly converges to ξ, then x ∈ C(z) and ξ ∈ NC(z)(x).
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The theorem directly follows from Theorem 2.2 in [3] and Proposition 2.3 in [1].

Theorem 4.9. (Dunford theorem [9]) Let µ be a Radon measure on T . A set
V ⊂ L1

µ(T,H) is relatively weakly compact, if:
(i) the set V is bounded in L1

µ(T,H),
(ii) the set U is uniformly integrable.

Proposition 4.10. Let µ be a Radon measure, fn(·) ∈ L1
µ(T,H), n ≥ 1 and fn(·),

n ≥ 1 weakly converge to f(·). If for µ almost all t ∈ T the set {fn(t); n ≥ 1} ⊂ H
is bounded, then

f(t) ∈ co ω- Ls
n→∞

{fn(t)} µ a.e.,

where ω-Ls{fn(t)} is defined in (2.2).

The proposition follows from Proposition 4.7.44 in [8].

5. Selectors of the multivalued Nemytskii operator

In what follows, H is a separable Hilbert space. Let K ⊂ Π+(T,H) be a compact
set and

R(K) = {x(t); t ∈ T, x(·) ∈ K}. (5.1)
According to Proposition 4.5, the set R(K), where the bar stands for the closure in
H, is compact. Assume that

R(K) ⊂ R(C), (5.2)
where R(C) is the set defined in (1.1), R(C) is its closure in H.
Let Hypothesis H(U) hold. From inequality (1.9) it follows that the set

Γ(t, x) = U(t, x) ∩ lU(t)(1 + ‖x‖)B (5.3)

is not empty for any t ∈ T, x ∈ R(K). Denote by Γ(t, x) the closure of the set
Γ(t, x). Then, we can define the multivalued mapping Γ : T × R(K) ⇒ H with
closed values.
Lemma 5.1. Let Hypothesis H(U) hold. Then, there exists a Borel set T ⊂ T ,
µ(T ) = 0 such that the multivalued mapping Γ̂ : T ×R(K) ⇒ H,

Γ̂(t, x) = Γ(t, x), t ∈ T\T , Γ̂(t, x) = Θ, t ∈ T , x ∈ R(K) (5.4)

with closed values is weakly Σ ⊗ B(R(K)) measurable and lower semicontinuous at
x for all t ∈ T .

Since the set R(K) is compact, it is a Suslin space. Therefore, the proof of lemma
repeats verbatim the proof of Lemma 5.2 in [29] replacing the domain T ×H of the
mapping U with T ×R(K).

Theorem 5.2. Let Hypothesis H(U) hold. Then, there exists a continuous mapping
g : K → L1(T,H) such that

g(x)(t) ∈ U(t, x(t)) a.e., x(·) ∈ K, (5.5)
‖g(x)(t)‖ ≤ lU(t)(1 + ‖x(t)‖) a.e., x(·) ∈ K. (5.6)
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Proof. Since functions x(·) ∈ Π+(T,H) are measurable, from Lemma 5.1 we derive
that for any x(·) ∈ K the mapping t 7→ Γ̂(t, x(t)) is weakly measurable with closed
values. Then, according to (5.4) such is also the multivalued mapping t 7→ Γ(t, x(t)).

Denote GU(x) = {u(·) ∈ L1(T,H);u(t) ∈ Γ(t, x(t)) a.e.}. (5.7)

From (5.3) it follows that the set GU(x) is a nonempty closed subset of the space
L1(T,H). Thus, we can define the multivalued mapping GU : K ⇒ L1(T,H) with
closed decomposable values.
Let us prove that the mapping x(·) 7→ GU(x), x(·) ∈ K is lower semicontinuous. For
this, it is enough to show that for any x(·) ∈ K, u(·) ∈ GU(x) and for any sequence
xn(·) ∈ K, n ≤ 1 converging to x(·) there exists a sequence un(·) ∈ G(xn), n ≤ 1,
converging to u(·) in the space L1(T,H).
Let x(·) ∈ K and u(·) ∈ G(x) be fixed and a sequence xn(·) ∈ K, n ≥ 1 converge to
x(·). Since the multivalued mapping t 7→ Γ(t, xn(t)) with closed values is measurable,
the function t 7→ d(u(t)), Γ(t, xn(t)) is measurable. Therefore, the multivalued
mapping Qn : T ⇒ H

Qn(t) = u(t) + (d(u(t)),Γ(t, xn(t)) +
1

n
)B, t ∈ T (5.8)

with closed convex values is measurable. The same property has also the multivalued
mapping t 7→ Qn(t)∩ Γ(t, xn(t)). From Theorem 5.1 [16] it follows that there exists
a measurable selector t 7→ un(t) of this mapping, i.e.

un(t) ∈ Qn(t) ∩ Γ(t, xn(t)) a.e.

From this inclusion, (5.7), (5.8) it follows that un(·) ∈ GU(xn), n ≥ 1 and

‖u(t)− un(t)‖ ≤ d(u(t), Γ(t, xn(t)) +
1

n
a.e. (5.9)

According to Lemma 5.1, the mapping y 7→ Γ(t, y), y ∈ R(K) is lower semicon-
tinuous for almost all t ∈ T . Using Lemma 1.2 [24] we see that the function
y 7→ d(z,Γ(t, y)), z ∈ H is upper semicontinuous for almost all t ∈ T . Passing
to the limit in (5.9) as n → ∞ we obtain the inequality

lim
n→∞

‖u(t)− un(t)‖ ≤ lim
n→∞

d(u(t),Γ(t, xn(t)) ≤ d(u(t), Γ(t, x(t)) a.e.

Since d(u(t), Γ(t, x(t)) = 0 a.e., the sequence un(t), n ≤ 1 converges to u(t) in H
for almost all t ∈ T . From (5.3), (5.7) it follows that

‖un(t)‖ ≤ lU(t)(1 + ‖xn(t)‖) a.e.

From this inequality and Lebesgue’s dominated convergence theorem we infer that
the sequence un(·), n ≥ 1 converges to u(·) in the space L1(T,H). Consequently,
the multivalued mapping GU : K ⇒ L1(T,H) with closed decomposable values
is lower semicontinuous. Using Theorem 3 from [6], we see that there exists a
continuous selector g : K → L1(T,H) of the lower semicontinuous multivalued
mapping Gu : K ⇒ L1(T,H) with closed decomposable values, i.e.

g(x) ∈ GU(x), x(·) ∈ K. (5.10)

Now the statement of the theorem follows from this inclusion and (5.3), (5.7), and
the theorem is proven.
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Let U(x) = {u(·) ∈ L1(T,H); u(t) ∈ U(t, x(t)) a.e.}, x(·) ∈ K. (5.11)
From Theorem 5.2 it follows that the set U(x) is not empty. Hence, we can define
the multivalued operator U : K ⇒ L1(T,H) that is called the multivalued Nemytskii
operator.
As follows from (5.11), (5.5), (5.6), the mapping g : K → L1(T,H) is a continuous
selector of the Nemytskii operator U .
Let Hypothesis H(V ) hold. Then, from the inequality (1.10) it follows that we can
define the multivalued mapping Ṽ : R(K) ⇒ H

Ṽ (t, x) = V (t, x) ∩ lV (t)(1 + ‖x‖)B (5.12)

with nonempty convex closed values.

Lemma 5.3. Let Hypothesis H(V ) hold. Then, for any x(·) ∈ K the mapping
t → Ṽ (t, x(t)) has an integrable selector.

Proof. Let x(·) ∈ K. According to Proposition 4.5, the set R(K) ⊂ H is compact.
Using Theorem 1.5 [27] and considering R(K) as an independent metric space, we
conclude that there exists a sequence of right continuous step functions xk : T →
R(K), k ≥ 1 converging uniformly on T to the function x(·).
From Hypothesis H(V ) (2) and (5.12) it follows that for any k ≥ 1 there exists a
measurable selector t → vk(t) of the multivalued mapping t 7→ Ṽ (t, xk(t)),

vk(t) = V 0(t, xk(t)), k ≥ 1, (5.13)

‖vk(t)‖ ≤ lV (t)(1 + ‖xk(t)‖). (5.14)

Since the set R(K) ⊂ H is compact, from (5.12) it follows that there exists M > 0
such that

Ṽ (t, x) ⊂ lV (t)(1 +M)B a.e., x ∈ R(K). (5.15)
Since vk(t) ∈ Ṽ (t, xk(t)), k ≥ 1, xk(·) ∈ R(K), from (5.15) it follows that the se-
quence vk(·), k ≥ 1 is relatively compact subset of the space ω-L1(T,H). Since any
compact set of the space ω-L1(T,H) is metrizable, without loss of generality, we can
assume that the sequence vk(·), k ≥ 1 converges to some element v(·) ∈ L1(T,H) in
the space ω-L1(T,H).
Since the mapping x 7→ lV (t)(1 + ‖x‖)B, x ∈ R(K) has weakly sequentially closed
graph for almost every t ∈ T , from (5.12) and H(V )1) it follows that the mapping
x → Ṽ (t, x), x ∈ R(K) has weakly sequentially closed graph for almost every t ∈ T .
From (5.15) it follows that for almost every t ∈ T the set ω- Ls

k→∞
{vk(t)} is not empty

and
ω- Ls

k→∞
{vk(t)} ⊂ Ṽ (t, x(t)) a.e.

Since the set Ṽ (t, x(t)), t ∈ T is convex and closed, from the last inclusion we see
that

coω- Ls
k→∞

{vk(t)} ⊂ Ṽ (t, x(t)) a.e. (5.16)

Using this inclusion and Proposition 4.10, we obtain the inclusion

v(t) ∈ Ṽ (t, x(t)) a.e. (5.17)
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From this inclusion it follows that v(·) is an integrable selector of the mapping
t 7→ Ṽ (t, x(t)). The lemma is proven.

Let GṼ (x) = {v(·) ∈ L1(T,H); v(t) ∈ Ṽ (t, x(t)) a.e.}, x(·) ∈ K. (5.18)

From Lemma 5.3 and (5.15), (5.18) it follows that GṼ (x) is a nonempty convex
compact subset of the space ω-L1(T,H).

Theorem 5.4. Let Hypothesis H(V ) hold. Then x 7→ GṼ (x), x(·) ∈ K is a weakly
upper semicontinuous mapping from K to ω-L1(T,H) with convex weakly compact
values and for any v(·) ∈ GṼ (x) we have

v(x)(t) ∈ V (t, x(t)) a.e. (5.19)

Proof. Let x(·) ∈ K and xk(·) ∈ K, vk(·) ∈ GṼ (xk), k ≥ 1 be arbitrary sequences
converging to x(·) in Π+(T,H) and to v(·) in ω-L1(T,H), respectively. Using (5.15),
the weak sequential closedness of mapping y 7→ Ṽ (t, y) at the point x(t) and rea-
soning as in the proof of Lemma 5.1, we see that the inclusion (5.16) holds. From
this inclusion and Proposition 4.2 we infer the inclusion (5.17). Using this inclusion,
the arbitrariness of sequence xk(·), k ≥ 1 and (5.18), we conclude that the mapping
y(·) 7→ GṼ (y), y(·) ∈ K is weakly sequentially closed at the point x(·) ∈ K. Since
x(·) ∈ K is arbitrary, the mapping x(·) → G(x) is weakly sequentially closed in K.
Since the set

{f(·) ∈ L1(T,H); ‖f(t)‖ ≤ lV (t)(1 +M) a.e.}

is a convex metrizable compact subset of the space ω-L1(T,H), from (5.15) it follows
that the mapping x(·) 7→ GṼ (x), x(·) ∈ K is weakly locally compact at every point
x(·) ∈ K. Using Proposition 4.2, we see that the mapping x(·) 7→ GṼ (x), x(·) ∈ K
is weakly upper semicontinuous with convex weakly compact values. The inclusion
(5.19) directly follows from (5.18), (5.12). The theorem is proven.

Let x(·) ∈ K and V(x) = {v(·) ∈ L1(T,H); v(t) ∈ V (t, x(t)) a.e.}.
From Theorem 5.2 and (5.12), (5.18) it follows that the set V(x) is not empty and the
multivalued Nemytskii operator V : K ⇒ L1(T,H) has weakly upper semicontinuous
multivalued selector GṼ (x) ⊂ V(x), x(·) ∈ K with convex weakly compact values.

6. Solutions of the measurable sweeping process

Let Q : T ⇒ H be a multivalued mapping with r-prox regular values. Assume that
there exists a Radon measure α on T such that

|d(y,Q(t))− d(y,Q(s))| ≤ α(]s, t]), s ≤ t, s, t ∈ T, y ∈ H (6.1)

with sup
s∈]0,a]

α({s}) < r

2
. (6.2)

Consider the measurable sweeping process

−dx ∈ NQ(t)(x(t)) + f(t),

x(0) = x0 ∈ Q(0), f(·) ∈ L1(T,H). (6.3)
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Definition 6.1. By a solution to inclusion (6) we mean a right continuous function
x(f) : T → H of bounded variation such that
(a) x(f)(0) = x0, x(f)(t) ∈ Q(t), t ∈ T ; (6.4)
(b) there exists a Radon measure γ absolutely continuously equivalent to the mea-

sure α + λ with respect to which the differential measure dx(f) generated by
the function x(f)(·) is absolutely continuous and the density dx(f)

dγ
(·) is an

element of the space L1
γ(T,H);

(c) the following inclusion holds

−dx(f)

dγ
(t)− f(t)

dλ

dγ
(t) ∈ NQ(t)(x(t)) γ a.e. (6.5)

In the definition of a solution of the measurable sweeping process we follow [1, 12]
and others.

Theorem 6.2. Let r ∈]0,+∞] and Q : T ⇒ H be a multivalued mapping with
r-prox regular values. Assume that the inequalities (6.1), (6.2) hold. Then, for any
x0 ∈ Q(0) and any f(·) ∈ L1(T,H) there exists a unique solution x(f)(·) of the
measurable sweeping process (6) satisfying the inequalities

‖x(f)(t)− x(f)(t− 0)‖ ≤ α({t}), t ∈]0, a], (6.6)

‖dx(f)
dγ

(t) + f(t)
dλ

dγ
(t)‖ ≤ dµ

dγ
(t) + ‖f(t)‖dλ

dγ
(t) ν a.e. (6.7)

for any Radon measure γ absolutely continuously equivalent to the Radon measure
α + λ.

The theorem directly follows from Theorem 5.1 [1].
Let ρ(t), ρ(0) = ‖x0‖ + 1

1−L
µ(]0, a]), t ∈ T be the solution of the differential equa-

tion (1.11). Then, ρ : T → R+ is a continuous function of bounded variation, its
differential measure dρ is a Radon measure and

dρ(A) =

∫
A

ρ̇(t)dt, A ∈ B. (6.8)

From this equality and Lemma 3.1 it follows that
dρ

dλ
(t) = ρ̇(t) a.e. (6.9)

Lemma 6.3. Let a Radon measure ν is absolutely continuously equivalent to the
measure µ + λ. Then, the measure dρ is absolutely continuous with respect to the
measure ν and we have

dρ

dν
(t) = ρ̇(t)

dλ

dν
(t) ν a.e. (6.10)

Since the measure dρ is absolutely continuous with respect to the measure λ+ µ, it
is absolutely continuous with respect to the measure ν. Using the equality (6.9), we
obtain

ρ(t) = ρ(0) +

∫
]0,t]

ρ̇(s)dλ(s), t ∈ T.
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From this equality and Lemma 3.3 we obtain the equality (6.10).
In the sequel, ν is an arbitrary Radon measure absolutely continuously equivalent
to the measure µ+ λ. Then, dµ

dν
(·), dρ

dν
(·) ∈ L1

ν(T,R
+). Let

S(L1
ν) = {f(·) ∈ L1

ν(T,H); ‖f(t)‖ ≤ 1

1− L

dµ

dν
(t) +

dρ

dν
(t) ν a.e.}. (6.11)

Lemma 6.4. The set S(L1
ν) is a convex weakly compact subset of the space L1

ν(T,H).

Proof. The convexity of the set S(L1
ν) is evident. Show that the set S(L1

ν) is
relatively weakly compact. From (6.11) we have∫

A

‖f(t)‖dν ≤ 1

1− L
µ(A) + dρ(A), (6.12)

A ∈ B, f(·) ∈ S(L1
ν). Since the measure 1

1−L
µ + dρ is absolutely continuous with

respect to the measure ν, according to Proposition 13 [11, §10, p. 177] for any ε > 0
there exists δ(ε) > 0 such that for any A ∈ B with ν(A) < δ(ε) the inequal-
ity 1

1−L
µ(A) + dρ(A) < ε holds. Now, from (6.12) it follows that the set S(L1

ν)
is uniformly integrable and bounded in the space L1

ν(T,H). Using Theorem 4.9,
we see that the set S(L1

ν) is convex and relatively weakly compact in the space
L1
ν(T,H). Let us prove that S(L1

ν) is closed in the space L1
ν(T,H). Let a sequence

fn(·) ∈ S(L1
ν), n ≥ 1 converge to f(·) in L1

ν(T,H). Then, there exists a subsequence
fnk

(·), k ≥ 1 such that
fnk

(t) → f(t) ν a.e.
Then, according to (6.11) f(·) ∈ S(L1

ν). Consequently, the set S(L1
ν) is a convex

closed subset of the space L1
ν(T,H) and, consequently, a closed subset of the space

ω-L1
ν(T,H). Hence, the set S(L1

ν) is a convex weakly compact subset of the space
L1
ν(T,H). T he lemma is proven.

Let ACν(T,H) be a subspace of the space BV+(T,H) which consists of the functions
u : T → H whose differential measures du are absolutely continuous with respect to
the measure ν.

Define S = {u(·) ∈ ACν(T,H); u(0) = x0,
du

dν
(·) ∈ S(L1

ν)}. (6.13)

Lemma 6.5. The set S is convex, unilaterally equicontinuous, uniformly bounded
in variation and closed in the space Π+(T,H).
For any u(·) ∈ S we have ‖u(t)‖ ≤ ρ(t), t ∈ T. (6.14)

Proof. The convexity of the set S is evident. From (6.11), (6.13) we derive the
inequalities

‖u(t)− u(s)‖ ≤ 1

1− L
µ(]s, t]) + dρ(]s, t]), s ≤ t, s, t ∈ T, (6.15)

and ‖u(t− 0)− u(s)‖ ≤ 1

1− L
µ(]s, t[) + dρ(]s, t[).

which is valid for any u(·) ∈ S.
From these inequalities we infer that the set S is unilaterally equicontinuous. The
uniform boundedness in variation of the set S follows from (6.15).
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Denote by Λ : Lν(T,H) → Π+(T,H) the operator defined by the rule

Λ(f)(t) =

∫
]0,t]

f(s)dν(s), t ∈ T. (6.16)

The operator Λ is linear and continuous from the Banach space Lν(T,H) to the
Banach space Π+(T,H). Hence, it is continuous from ω-L1

ν(T,H) to ω-Π+(T,H).
Then, according to Lemma 6.4 the set{

Λ
(
du

dν

)
;
du

dν
(·) ∈ S(L1

ν)
}

(6.17)

is convex and compact in the space ω-Π+(T,H) and, thus, it is a closed subset of
the space Π+(T,H). From (6.16), (6.17) we see that

u(t) = u0 + Λ
(
du

dν

)
(t), t ∈ T, u(·) ∈ S.

Consequently, the set S is a convex closed subset of the space Π+(T,H).
From (6.15) we infer that

‖u(t)− u(0)‖ ≤ 1

1− L
µ(]0, t]) + dρ(]0, t]). (6.18)

Since ρ(t)− ρ(0) = dρ]0, t]), t ∈ T,

the inequality (6.14) follows from (6.18), (1.12). The lemma is proven.

Let S(L1) = {f(·) ∈ L1(T,H); ‖f(t)‖ ≤ l(t)(1 + ρ(t)) a.e.}, (6.19)
where l(t) is defined by (1.13). If f(·) ∈ L1(T,H), then the function

g(t) =

∫
]0,t]

f(s)ds, t ∈ T (6.20)

is a function of bounded variation, its differential measure dg is absolutely continuous
with respect to the measure ν and according to Lemma 3.3 we have

dg

dν
= f(t)

dλ

dν
(t) ν a.e. (6.21)

Lemma 6.6. Let a sequence fn(·) ∈ S(L1), n ≥ 1 converge to f(·) in the space
ω-L1(T,H). Then, the sequence dgn

dν
(·), n ≥ 1 converges to dg

dν
(·) in the space ω-

L1
ν(T,H).

Proof. Let fn(·) ∈ S(L1), n ≥ 1 converge to f(·) in ω-L1(T,H). Using (6.21),
(6.10) and (1.11), we obtain∫

A

∥∥∥dgn
dν

(t)
∥∥∥dν(t) ≤ 1− L

2
dρ(A), A ∈ B, n > 1.
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From this inequality and Theorem 4.9 it follows that the sequence dgn
dν

(·), n ≥ 1 is
a relatively compact subset of the space ω-L1

ν(T,H). Since any compact set of the
space ω-L1

ν(T,H) is metrizable, there exists a subsequence dgnk

dν
(·), k ≥ 1 converging

to q(·) in the space ω-L1
ν(T,H). With the help of (6.20), (6.21) for h ∈ H we obtain

〈gnk
(t), h〉 =

∫
]0,t]

〈fnk
(τ), h〉 dτ =

∫
]0,t]

〈dgnk

dν
(τ), h〉 dν(τ) (6.22)

Passing to the limit in this equality as k → ∞, we arrive at the equality

〈g(t), h〉 =
∫
]0,t]

〈f(τ), h〉dτ =

∫
]0,t]

〈q(τ), h〉dν(τ).

From this equality it follows that

g(t) =

∫
]0,t]

f(τ)dτ =

∫
]0,t]

q(τ)dν(τ), t ∈ T.

Then, according to (6.21) we have

dg

dν
(t) = f(t)

dλ

dν
(t) = q(t) ν a.e.

Therefore, we have shown that if a sequence fn(·), n ≥ 1 converges to f(·) in the
space ω-L1(T,H), then there exists a subsequence dgnk

dν
(·), k ≥ 1, converging to dg

dν
(·)

in the space ω-L1(T,H). If we assume that the sequence dgn
dν

(·), n ≥ 1 itself does not
converge to dg

dν
(·), then there would exist a subsequence dgnk

dν
(·), k ≥ 1, such that any

subsequence of this sequence does not converge to dg
dν
(·) in the space ω-L1

ν(T,H).
Repeating the reasoning above, we arrive at a contradiction. Consequently, the
sequence dgn

dν
(·), n ≥ 1 converges to dg

dν
(·) in ω-L1

ν(T,H). The lemma is proven.

Consider the measurable sweeping process

−dx ∈ NC(t,u(t))(x(t)) + f(t), (6.23)

x(0) = x0 ∈ C(0, x0), u(·) ∈ S, f(·) ∈ S(L1). (6.24)

Theorem 6.7. Let the Hypothesis H(C) hold. Then, for any u(·) ∈ S, f(·) ∈ S(L1)
there exists a unique function xu(f) : T → H of bounded variation such that
(1) xu(f)(0) = x0, xu(f)(t) ∈ C(t, u(t)), t ∈ T ; (6.25)
(2) the differential measure dxu(f) generated by the function xu(f)(·) is abso-

lutely continuous with respect to any Radon measure ν absolutely continuously
equivalent to the measure µ+ λ;

(3) dxu(f)

dν
(·) ∈ L1

ν(T,H) and we have

−dxu(f)

dν
(t)− f(t)

dλ

dν
(t) ∈ NC(t,u(t))(xu(f)(t)) ν a.e.; (6.26)



870 A. Tolstonogov / BV Solutions of State-Dependent ...

(4) the following inequalities are valid

‖xu(f)(t− 0)− xu(f)(t)‖ ≤ 1

1− L
µ({t}), t ∈]0, a], (6.27)∥∥∥dxu(f)

dν
(t) + f(t)

dλ

dν
(t)

∥∥∥ ≤ 1

1− L

dµ

dν
(t) + L

dρ

dν
(t) +

dλ

dν
(t)‖f(t)‖ ν a.e. (6.28)

Proof. Let u(·) ∈ S and f(·) ∈ S(L1). From the inequality (1.3) we see that

|d(z, C(t, u(t))− d(z, C(s, u(s))| ≤ µ(]s, t]) + L‖u(t)− u(s)‖, s ≤ t, s, t ∈ T.

From this inequality and (6.15) it follows that

|d(z, C(t, u(t))− d(z, C(s, u(s))| ≤ 1

1− L
µ(]s, t]) + Ldρ(]s, t]) (6.29)

for s ≤ t, s, t ∈ T . Let α be the Radon measure

α =
1

1− L
µ+ Ldρ (6.30)

and Q(t) = C(t, u(t)). (6.31)

Then, from (6.30), (1.2), (6.31) and (6.29) we obtain

sup
s∈]0,a]

α({t}) < r

2
, t ∈ T, (6.32)

and |d(z,Q(t))− d(z,Q(s))| ≤ α(]s, t]), s ≤ t, s, t ∈ T. (6.33)

Since the measures µ + λ and α + λ are absolutely continuously equivalent, the
measures ν and α + λ are absolutely continuously equivalent as well. Now the
theorem follows from (6.32), (6.33), Definition 6.1 and Theorem 6.2. The theorem
is proven.

7. Proof of the main results

In what follows we always assume that Hypotheses H(C) and H(CS) hold. Accord-
ing to Definition 6.1, the function xu(t)(·) whose existence is established in Theorem
6.7 is a solution to the inclusion (6.23). Denote by L : S × S(L1) → BV+(T,H) the
operator which to every u(·) ∈ S and f(·) ∈ S(L1) associates the unique solution of
the inclusion (6.23), i.e.

xu(f)(·) = L(u, f). (7.1)

Let M = {L(u, f); u(·) ∈ S, f(·) ∈ S(L1). (7.2)

Lemma 7.1. The set M is a uniformly bounded in variation, precompact subset of
the space BV+(T,H) and we have

M ⊂ S. (7.3)

Proof. From (1.11), (6.10) and Lemma 3.3 we infer that

dρ

dν
=

2

1− L

dλ

dν
(t)l(t)(1 + ρ(t)) ν a.e.
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From the last equality, (6.28) and (6.19) we obtain∥∥dxu(f)

dν
(t)

∥∥ ≤ 1

1− L

dµ

dν
(t) +

dρ

dν
(t) ν a.e. (7.4)

This inequality, (6.13) and (6.11) imply the inclusion xu(f) ∈ S. Consequently,
according to (7.1) and (7.2) the inclusion (7.3) holds. Let

S(t) = {∪u(t);u(·) ∈ S}, t ∈ T,

M(t) = {L(u, f)(t); u(·) ∈ S, f(·) ∈ S(L1)}, t ∈ T.

From (7.3) and (6.25) we see that

M(t) ⊂ C(t, S(t)) ∩ S(t), t ∈ T.

This inclusion, (6.14) and Hypothesis H(CS), imply that the set M(t) ⊂ H, t ∈ T ,
is relatively compact. Now the statements of the lemma follow from (7.3), Lemma
6.5 and Theorem 4.4. The lemma is proven.

Let coM be the closed convex hull of the set M. Then, from Theorem 4.3 it follows
that the set coM is a convex compact subset of the space BV+(T,H). According
to Lemma 7.1 and (6) we have

M ⊂ coM ⊂ S. (7.5)

Theorem 7.2. The operator L is continuous from coM× ω-S(L1) to M.

Proof. The inclusion

L(u, f) ∈ M, u(·) ∈ coM, f(·) ∈ S(L1) (7.6)

directly follows from (7.2) and (7.3).
Since the set ω-S(L1) is a metrizable compact subset of the space ω-L1(T,H), it is
enough to prove the sequential continuity of the operator L.
Let a sequence un(·) ∈ coM, n ≥ 1 converge to u(·) in the space BV+(T,H) and a
sequence fn(·) ∈ S(L1), n ≥ 1 converge to f(·) in ω-L1(T,H). Then, u(·) ∈ coM
and f(·) ∈ S(L1). According to Theorem 6.7, we can define the solutions xn(·) =
L(un, fn), n ≥ 1 and x(·) = L(u, f) of the sweeping process (6.23). From (7.5), (7.6)
and Lemmas 7.1, 6.4 it follows that the sequence xn(·), n ≥ 1 is a relatively compact
subset of the space BV+(T,H) and the sequence dxn

dν
(·), n ≥ 1 is a relatively compact

subset of the space ω-L1
ν(T,H). Therefore, there exist subsequences xnk

(·) and
xnk

dν
(·), k ≥ 1 converging to y(·) ∈ coM and z(·) ∈ S(L1

ν) in the spaces BV+(T,H)
and ω-L1

ν(T,H), respectively.

From the equality xnk
(t) = x0 +

∫
]0,t]

dxnk

dν
(s)dν(s), t ∈ T

it follows that y(t) = x(0) +

∫
]0,t]

z(s)dν(s), t ∈ T.
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From this equality and (3.7), (3.8) we obtain
dy

dν
(t) = z(t) ν a.e. (7.7)

Let xk(t) = xnk
(t), fk(t) = fnk

(t), uk(t) = unk
(t). (7.8)

Using (7.7), (7.8), (6.25)–(6.28) and Lemma 6.6, we obtain

xk(·) → y(·) in BV+(T,H), (7.9)
dxk

dν
(·) → dy

dν
in ω-L1

ν(T,H), (7.10)

dgk
dν

(·) → dg

dν
(·) in ω-L1

ν(T,H), (7.11)

where dgk
dν

(t) =
dλ

dν
(t)fk(t),

dg

dν
(t) =

dλ

dν
(t)f(t),

uk(·) → u(·) in BV+(T,H), (7.12)

xk(t) ∈ C(t, uk(t)), t ∈ T, (7.13)

−dxk

dν
(t)− dgk

dν
(t) ∈ NC(t,uk(t))(xk(t)) ν a.e., (7.14)∥∥dxk

dν
(t) +

dgk
dν

(t)
∥∥ ≤ 1

1− L

dµ

dν
(t) +

L+ 1

2

dρ

dν
(t) ν a.e. (7.15)

‖xk(t)− xk(t− 0)‖ ≤ 1

1− L
µ({t}), t ∈]0, a]. (7.16)

Let vk(t) = −dxk

dν
(t)− dgk

dν
(t), k ≥ 1, (7.17)

v(t) = −dy

dν
(t)− dg

dν
(t). (7.18)

From (7.10), (7.11), (7.15), (7.17), (7.18) it follows that

vk(·) → v(·) in ω-L1
ν(T,H), (7.19)

‖vk(t)‖ ≤ 1

1− L

dµ

dν
(t) +

L+ 1

2

dρ

dν
(t) ν a.e. (7.20)

Using (7.12), (1.3), (2.1), we obtain

C(t, uk(t)) → C(t, u(t)), t ∈ T (7.21)

in the Hausdorff metric. From (7.9), (7.13), (7.21) and (7.16) we have

y(t) ∈ C(t, u(t)), t ∈ T, (7.22)

‖y(t)− y(t− 0)‖ ≤ 1

1− L
µ({t}), t ∈]0, a]. (7.23)

From (7.20) it follows that for ν almost all t ∈ T the set ω- Ls
k→∞

({vk(t)}) is not empty.
Using Definition 2.2, (7.14), (7.17), (7.9), (7.21), and Theorem 4.8, we obtain the
inclusion

ω- Ls
k→∞

({vk(t)}) ⊂ NC(t,u(t))(y(t)) ν a.e.
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Since the set NC(t,u(t))(y(t)) is convex and closed, we have

coω- Ls
k→∞

({vk(t)}) ⊂ NC(t,u(t))(y(t)) ν a.e. (7.24)

From (7.17), (7.18), (7.24) and Proposition 4.10 we infer that

dy

dν
(t) +

dλ

dν
(t)f(t) ∈ NC(t,u(t))(y(t)) ν a.e. (7.25)

From (6.13), the inclusion y(t) ∈ S, t ∈ T , (7.22), (7.25) and Definition 6.1 it follows
that the function y(·) is a solution of (6.23), i.e. y(·) = L(u, f).
Since for fixed u(·) and f(·) the inclusion (6.23) has a unique solution, we have

y(·) = x(·) = L(u, f).

Therefore, we have proven that if a sequence un(·), n ≥ 1 converges to u(·) in
BV+(T,H) and a sequence fn(·), n ≥ 1 converges to f(·) in ω-L1(T,H), then there
exists a subsequence xnk

(·) = L(ynk
, fnk

), k ≥ 1 converging to x(·) = L(u, f) in
BV+(T,H). If we assume that the sequence xn(·), n ≥ 1 itself does not converge to
x(·), then there would exist a subsequence xnm(·), m ≥ 1 such that any subsequence
of this sequence does not converge to x(·). Repeating the reasoning above to the
subsequence xnm(·), m ≥ 1 and taking into account that for u(·), f(·) the inclusion
(6.23) has a unique solution, we arrive at a contradiction. Hence, we have proven
that if un(·) ∈ coM, n ≥ 1 converges to u(·) in the space BV+(T,H), and a
sequence fn(·) ∈ S(L1), n ≥ 1 converges to f(·) in ω-L1(T,H), then the sequence
xn(·) = L(un, fn) ∈ coM, n ≥ 1 converges to x(·) = L(u, f) in the space BV+(T,H).
The theorem is proven.

Proof of Theorem 1.1
From Theorem 7.1 it follows that the set

K = {L(u, f); u(·) ∈ coM, f(·) ∈ S(L1)} (7.26)

is a compact subset of the space Π+(T,H) for which the inclusion (5.2) holds. Hence,
on the set K we can define the mapping g : K → L1(T,H) and the multivalued map-
ping GṼ : K ⇒ ω-L1(T,H) with the properties established in Theorems 5.2 and 5.4.
Define the multivalued mapping F : K ⇒ ω-L1(T,H)

F(x) = g(x) + GṼ (x), (7.27)

whose values are convex weakly compact sets in the space L1(T,H). From Theorem
7.2, (7.5), (6.14) it follows that for any x(·) ∈ K it holds ‖x(t)‖ ≤ ρ(t), t ∈ T . Using
(5.6), (5.18), (5.12), (1.13), we obtain the inequality

‖f(t)‖ ≤ l(t)(1 + ρ(t)) a.e., f(·) ∈ F(x).

From this inequality and (6.19) we infer that

F(x) ⊂ S(L1), x(·) ∈ K. (7.28)
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From the properties of mappings g,GṼ given in Theorems 5.2, 5.4, it follows that
the mapping F : K ⇒ ω-S(L1) is weakly upper semicontinuous with convex weakly
compact values.
Consider the multivalued mapping

F(L) : coM× ω-S(L1) ⇒ ω-S(L1), (7.29)

F(L)(u, f) = F(L(u, f)), (7.30)

where L : coM× ω-S(L1) → K is the operator defined in (7.1).
From Theorem 7.2 it follows that the multivalued mapping (u(·), f(·)) → F(L)(u, f)
is weakly upper semicontinuous with convex weakly compact values. Define

Y = Π+(T,H)× ω-L1(T,H) and Z = coM× ω-S(L1) ⊂ Y. (7.31)

The set Z is a convex compact subset of the space Y . Let

z(·) = (u(·), f(·)), (7.32)

Φ(z) = L(z)×F(L)(z), z(·) ∈ Z. (7.33)

Considering the mapping L(u, f) as a multivalued mapping with singleton values
and taking into account (7.5), (7.28), (7.6), we see that Φ(z) ⊂ Z for everyz(·) ∈ Z.
Thus, we can define the multivalued mapping Φ : Z ⇒ Z with convex compact
values, which is upper semicontinuous in the topology of the space

Y = Π+(T,H)× ω-L1(T,H).
Using Theorem 1 in [13], we infer that the mapping z 7→ Φ(z) has a fixed point
z∗(·) ∈ Z, i.e. z∗(·) ∈ Φ(z∗), z∗(·) = (u∗(·), f ∗(·)). From this inclusion, (7.33), (7.30)
we have

u∗(·) = L(u∗, f ∗), (7.34)
f ∗(·) ∈ F(L)(u∗, f ∗). (7.35)

From (7.30), (7.34), (7.35) we obtain

f ∗(·) ∈ F(u∗). (7.36)

Then, according to (7.36), (7.27)

f ∗(·) ∈ g(u∗) + GṼ (u
∗).

Consequently, there exists f ∗
V (·) ∈ GṼ (u

∗) (7.37)

such that f ∗(·) = g(u∗) + fṼ (·). (7.38)

From (7.37), (7.38), (5.5), (5.18), (5.12), (5.19) we have the inclusion

f ∗
U(t) = g(u∗)(t) ∈ U(t, u∗(t)) a.e., (7.39)

f ∗
V (t) ∈ V (t, u∗(t)) a.e. (7.40)
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Let x∗(·) = L(u∗, f ∗) (7.41)

be a solution of the inclusion (6.23). Since the inclusion (6.23) has a unique solution,
from (7.34), (7.41) we have

x∗(·) = u∗(·). (7.42)

Consequently, x∗(·) = L(x∗, f ∗). (7.43)

Using (7.42), (7.43), (6.25) and (6.26), we obtain

x∗(0) = x0, x∗(t) ∈ C(t, x∗(t)), t ∈ T, (7.44)

−dx∗

dν
(t)− f ∗(t)

dλ

dν
(t) ∈ NC(t,x∗(t))(x

∗(t)) ν a.e. (7.45)

Then, from (7.38), (7.39), (7.40), (7.44), (7.45) and Definition 1.1 it follows that the
pair (x∗(f)(·), f ∗(·)), x∗(f ∗) = x∗(·) is a solution to inclusion (1.4). The inequalities
(1.15)–(1.19) follow from the inclusion x∗(·) ∈ coM, f ∗(·) ∈ S(L1) and (6.27),
(6.11), (6.10), (6.13), (6.14), (7.5), (1.9), (1.10). The theorem is proven.
Corollary 1.3 follows from Theorem 1.2. To show this, invoking the inequality (1.2),
one needs to take the measure

µ(A) =

∫
A

|β̇(t)|dt

Since the measures µ+λ and λ are absolutely continuously equivalent, as the measure
ν we take the measure λ. Using the equality

dx

dν
(t) =

dx(t)

dt
a.e.,

where we have the usual derivative on the right-hand side, we arrive at the corollary’s
statements, as the inclusion dx(t)

dt
(·) ∈ L1(T,H) means that the function t 7→ x(t) is

absolutely continuous.
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