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This paper focuses on the stability of both local and global error bounds for a proper lower
semicontinuous convex function defined on a Banach space. We first provide precise estimates
of error bound moduli using directional derivatives. For a given proper lower semicontinuous
convex function on a Banach space, we prove that the stability of local error bounds under small
perturbations is equivalent to the directional derivative at a reference point having a non-zero
minimum over the unit sphere. Additionally, the stability of global error bounds is shown to
be equivalent to the infimum of the directional derivatives, at all points on the boundary of the
solution set, being bounded away from zero over some neighborhood of the unit sphere.
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1. Introduction

We dedicate this work to Terry Rockafellar in recognition of all his contributions
representing cutting-edge ideas in the field of convex and variational analysis.
This paper focuses on studying the stability of error bounds for lower semicontinu-
ous convex functions defined on a Banach space under data perturbations. Given an
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extended-real-valued function f : X → R ∪ {+∞} on a Banach space X, the error
bound property of f is characterized by the following inequality:

cd(x,Sf ) ≤ f+(x), (1)

where Sf := {x ∈ X : f(x) ≤ 0} denotes the lower level set of f , c > 0, and
f+(x) := max{f(x), 0}.
If inequality (1) holds for some c > 0 and for all x ∈ X, then f is said to have a
global error bound. For a point x̄ ∈ X with f(x̄) = 0, f is said to have a local error
bound at x̄ if inequality (1) holds for some c > 0 and for all x sufficiently close to x̄.
The purpose of this work is to investigate the behavior of error bounds for a given
proper lower semicontinuous convex function under perturbations of its data.
It is well-known that Hoffman [22] was one of the pioneers in the study of error
bounds. Specifically, for a given m × n matrix A and an m-vector b, he showed
that the Euclidean distance from a point x to its nearest point in the polyhedral set
{u : Au ≤ b} can be bounded above by a constant (dependent only on A) times the
Euclidean norm of the residual error ‖(Ax− b)+‖, where
(Ax−b)+ := ([a1x−b1]+, · · · , [amx−bm]+), A = (a1, · · · , am)T , b = (b1, · · · , bm)T

and [zi]+ := max{zi, 0}. Hoffman’s work has been widely recognized and further
developed by many authors, including Robinson [47], Mangasarian [37], Auslender
and Crouzeix [3], Pang [43], Lewis and Pang [33], Klatte and Li [29], Jourani [28],
Abassi and Théra [1, 2], Ioffe [25], Mordukhovich [38, 39], Thibault[51, Theorem
7.65 and Corollary 7.66] and others.
Error bounds have significant applications in various areas, including sensitivity
analysis of linear and integer programs (see [46, 48]) and the convergence analysis of
descent methods for linearly constrained minimization problems (see [20, 21, 27, 35,
52]). They are also crucial in addressing the feasibility problem of finding a point in
the intersection of finitely many closed convex sets (see [8, 9, 10, 11]) and are used
in the field of image reconstruction (see [14]).
This property is closely related to the concepts of weak sharp minima, metric reg-
ularity/subregularity of multifunctions, and subtransversality of closed subsets (see
[7, 12, 23, 24, 30, 44, 47, 49, 51]). For more comprehensive information on the the-
oretical aspects and practical applications of error bounds, readers can refer to the
extensive bibliographies [4, 5, 10, 13, 15, 17, 19, 30, 34, 40, 42, 44, 54, 56, 57] and
the references cited therein.
This paper focuses on the behavior of error bounds for convex functions when the
data of the functions is perturbed, with the goal of exploring the stability of these er-
ror bounds under such perturbations. In 1994, Luo and Tseng [36] conducted a study
on the perturbation analysis of a condition number for linear systems. Building on
this, Deng [16] explored the perturbation analysis of condition numbers for convex
inequality systems. Further research by Azé and Corvellec [6] investigated the sen-
sitivity analysis of Hoffman’s constants for semi-infinite linear constraint systems.
In 2010, Ngai, Kruger, and Théra [41] established subdifferential characterizations
for the stability of error bounds for semi-infinite convex constraint systems in a
Euclidean space. Following this, Kruger, Ngai, and Théra [32] studied the stabil-
ity of error bounds for semi-infinite convex constraint systems in a Banach space,
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providing dual characterizations related to function perturbations in the system.
Kruger, López, and Théra [31] later advanced the subdifferential characterizations
of stability presented in [32, 41]. In 2022, Wei, Théra, and Yao [53] characterized
the stability of error bounds for convex inequality systems in a Euclidean space
using directional derivatives of convex functions. Subsequently, they [55] extended
these results to provide primal characterizations of the stability of error bounds for
semi-infinite convex constraint systems in a Banach space.
In this paper, we continue the investigation initiated in [55] on the stability of error
bounds for convex functions in a Banach space, with a particular focus on primal
characterizations of stability when the functions under consideration are perturbed.
We demonstrate that the stability of error bounds for a proper lower semicontinuous
convex function is, to some extent, equivalent to solving a class of minimization
problems determined by directional derivatives over the unit sphere. Compared to
the work presented in [55], the main contributions of this paper are twofold:
– We provide explicit formulae for error bound moduli of a proper lower semi-

continuous convex function in terms of directional derivatives (see Theorem 3.1
below). This result is an improvement over [55, Proposition 3.3] as it relaxes
the continuity assumption made therein.

– Our stability results lead to primal necessary and sufficient conditions for Hoff-
man’s constants to remain uniformly bounded under perturbations of the prob-
lem data (see Theorem 4.1 below). This result improves upon [55, Theorem
4.2].

The paper is organized as follows. In Section 2, we present definitions and prelim-
inary results used throughout the paper. Section 3 is devoted to the main results
on the stability of local and global error bounds for proper lower semicontinuous
convex functions defined on a Banach space. We provide primal characterizations of
the stability of error bounds under small perturbations using directional derivatives
of component functions (see Theorems 3.5, 3.7 and 3.9). We then apply these sta-
bility results to the sensitivity analysis of Hoffman’s constant for semi-infinite linear
systems and offer a primal equivalent condition for Hoffman’s constants to remain
uniformly bounded under perturbations (see Theorem 4.1) in Section 4.

2. Preliminaries

Let X be a Banach space with topological dual X∗. We denote by BX the closed unit
ball in X, and for any x ∈ X and δ > 0, by B(x, δ) the open ball centered at x with
radius δ.
Let D be a subset of X. We denote by int(D) and bdry(D) the interior and boundary
of D, respectively. The distance from a point x ∈ X to the set D is given by

d(x,D) := inf
u∈D

‖x− u‖,

with the convention that d(x,D) = +∞ whenever D = ∅.
In the following, we use the notation Γ0(X) to denote the set of extended-real-valued
lower semicontinuous convex functions φ : X → R ∪ {+∞}, which are assumed to
be proper, meaning that dom(φ) := {x ∈ X : φ(x) < +∞} is nonempty.
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Let φ ∈ Γ0(X) and x̄ ∈ dom(φ). For any h ∈ X, we denote by d+φ(x̄, h) the
directional derivative of φ at x̄ along the direction h, defined by

d+φ(x̄, h) := lim
t→0+

φ(x̄+ th)− φ(x̄)

t
. (2)

According to [45], we know that

t 7→ φ(x̄+ th)− φ(x̄)

t

is nonincreasing as t → 0+, and thus

d+φ(x̄, h) = inf
t>0

φ(x̄+ th)− φ(x̄)

t
. (3)

We denote by ∂φ(x̄) the subdifferential of φ at x̄, defined by

∂φ(x̄) := {x∗ ∈ X∗ : 〈x∗, x− x̄〉 ≤ φ(x)− φ(x̄) for all x ∈ X}.

It is known from [45, Proposition 2.24] that if φ is continuous at x̄, then ∂φ(x̄) 6= ∅,

∂φ(x̄) = {x∗ ∈ X∗ : 〈x∗, h〉 ≤ d+φ(x̄, h) for all h ∈ X}, (4)

and d+φ(x̄, h) = sup{〈x∗, h〉 : x∗ ∈ ∂φ(x̄)}. (5)

Given a mapping φ : X → Y from X to a normed linear space Y, we denote by

Lip(φ) := sup
u,v∈X,u̸=v

‖φ(u)− φ(v)‖Y
‖u− v‖X

the Lipschitz constant of φ.

3. Stability of error bounds for convex functions on a Banach space

This section is devoted to the stability of local and global error bounds for a given
proper lower semicontinuous convex function defined on a Banach space and aims
to establish primal characterizations in terms of directional derivatives. We begin
with some notations and definitions of error bounds for convex functions.
Let f ∈ Γ0(X). We denote by

Sf := {x ∈ X : f(x) ≤ 0} (6)

the lower level set of f . Recall that f is said to have a global error bound, if there
exists c ∈ (0,+∞) such that

cd(x,Sf ) ≤ f+(x) ∀x ∈ X,

where f+(x) := max{f(x), 0}. We denote by

Er(f) := inf
f(x)>0

f(x)

d(x,Sf )
(7)

the global error bound modulus of f . Thus, f has a global error bound if and only
if Er(f) > 0.
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Let x̄ ∈ bdry(Sf ). Recall that f is said to have a local error bound at x̄, if there
exist c, δ ∈ (0,+∞) such that

cd(x,Sf ) ≤ f+(x) ∀x ∈ B(x̄, δ).

We denote by Er(f, x̄) := lim inf
x→x̄,f(x)>0

f(x)

d(x,Sf )
(8)

the local error bound modulus of f at x̄. Thus, f has a local error bound at x̄ if and
only if Er(f, x̄) > 0.
The following theorem, as a key result of this paper, is to give precise estimate on
error bound moduli of proper lower semicontinuous convex functions on the Banach
space. The proof only relies on the Ekeland variational principle.

Theorem 3.1. Let f ∈ Γ0(X) be such that Sf is nonempty.
(i) The following equality on the global error bound modulus holds:

Er(f) = inf
f(x)>0

(
− inf

∥h∥=1
d+f(x, h)

)
. (9)

(ii) Let x̄ ∈ bdry(Sf ). Then the following equality on the local error bound modulus
holds:

Er(f, x̄) = lim inf
x→x̄, f(x)>0

(
− inf

∥h∥=1
d+f(x, h)

)
. (10)

Proof. (i) Let us define β(f) := inf
f(x)>0

(
− inf

∥h∥=1
d+f(x, h)

)
.

We first prove that (9) holds. Let x ∈ X be such that f(x) > 0. Take a sequence
{un} in Sf such that ‖x− un‖ → d(x,Sf ). By virtue of (3), one has

f(x)

‖x− un‖
≤ f(x)− f(un)

‖x− un‖
= −f(un)− f(x)

‖x− un‖
≤ −d+f

(
x,

un − x

‖x− un‖
)
≤ − inf

∥h∥=1
d+f(x, h).

Letting n → ∞, one has f(x)

d(x,Sf )
≤ − inf

∥h=1∥
d+f(x, h).

This means that Er(f) ≤ β(f).
Without loss of generality, we can assume that Er(f) < +∞. Suppose on the
contrary that Er(f) < β(f). Then there is τ0 ∈ R such that Er(f) < τ0 < β(f).
By the definition of Er(f), there exists x0 ∈ X such that

f(x0) > 0 and f(x0) < τ0d(x0,Sf ).

This implies that f+(x0) < inf
x∈X

f+(x) + τ0d(x0,Sf ).

By applying Ekeland’s variational principle (cf. [18]), there exists y0 ∈ X such that

‖y0 − x0‖ < d(x0,Sf ) and f+(y0) < f+(x) + τ0‖x− y0‖, ∀x ∈ X\{y0}.
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On the one hand, since ‖y0 − x0‖ < d(x0,Sf ), this implies that y0 6∈ Sf , that is
f(y0) = f+(y0) > 0. On the other hand, for any h ∈ X with ‖h‖ = 1 and t > 0
sufficiently small, one has

f(y0 + th)− f(y0)

t
=

f+(y0 + th)− f+(y0)

t
> −τ0.

Letting t → 0+, one obtains that d+f(y0, h) ≥ −τ0 and consequently

inf
∥h∥=1

d+f(y0, h) ≥ −τ0.

Therefore, − inf
∥h∥=1

d+f(y0, h) ≤ τ0 < β(f) ≤ − inf
∥h∥=1

d+f(y0, h),

which is a contradiction. This means that Er(f) = β(f) and so (i) holds.
The same method can be applied to prove (10) and thus we omit the proof of (ii).
The proof is complete.

The following corollary gives a lower bound of the local error bound modulus
Er(f, x̄).

Corollary 3.2. Assume that f ∈ Γ0(X) and x̄ ∈ X such that we have f(x̄) = 0 and
inf∥h∥=1 d

+f(x̄, h) 6= 0. Then
Er(f, x̄) ≥

∣∣∣ inf
∥h∥=1

d+f(x̄, h)
∣∣∣. (11)

Proof. If inf∥h∥=1 d
+f(x̄, h) > 0, then for any x ∈ X\{x̄}, one has

f(x)− f(x̄) = f
(
x̄+ ‖x− x̄‖ x− x̄

‖x− x̄‖

)
− f(x̄)

≥ d+f
(
x̄,

x− x̄

‖x− x̄‖

)
‖x− x̄‖ > 0.

This implies that Sf = {x̄} and Er(f, x̄) ≥ inf∥h∥=1 d
+f(x̄, h).

If inf∥h∥=1 d
+f(x̄, h) < 0, then there exist t > 0 and h0 ∈ X with ‖h0‖ = 1 such that

f(x̄+ th0) < 0

and thus 0 6∈ ∂f(x̄) thanks to f(x̄) = 0. By virtue of [32, Theorem 1], one has that
f admits a local error bound and

Er(f, x̄) ≥ d(0, ∂f(x̄)).

Note that for any x∗ ∈ ∂f(x̄), h ∈ X with ‖h‖ = 1 and t > 0, one has

〈x∗, th〉 ≤ f(x̄+ th)− f(x̄)

and thus d+f(x̄, h) ≥ 〈x∗, h〉 ≥ −‖x∗‖.

This means that d(0, ∂f(x̄)) ≥ − inf
∥h∥=1

d+f(x̄, h)

and consequently Er(f, x̄) ≥ − inf
∥h∥=1

d+f(x̄, h).

Hence the conclusion holds. The proof is complete. �
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Remark 3.3. It should be noted that inequality in (11) may hold strictly. For
example, let X := R and f(x) ≡ 0 for all x ∈ X. Then one can verify that

Er(f, x̄) = +∞ and inf
∥h∥=1

d+f(x̄, h) = 0.

This means that Er(f, x̄) > inf∥h∥=1 d
+f(x̄, h).

The following theorem shows that given a proper lower semicontinuous convex func-
tion f , the condition inf∥h∥=1 d

+f(x̄, h) 6= 0 is essentially equivalent to the stability of
local error bounds. For this result, we need the following definition of ε-perturbation
of f near x̄ given in [32, Definition 5].

Definition 3.4. Let f : X → R ∪ {+∞}, x̄ ∈ dom(f) and ε ≥ 0. We say that
g : X → R ∪ {+∞} is an ε-perturbation of f near x̄, if

lim sup
x→x̄

|(f(x)− g(x))− (f(x̄)− g(x̄))|
‖x− x̄‖

≤ ε; (12)

here (+∞)− (+∞) is understood as 0 if f(x) = g(x) = +∞. In this case, we write
g ∈ Ptb(f, x̄, ε).

Clearly, if g ∈ Ptb(f, x̄, ε), then f ∈ Ptb(g, x̄, ε).

Theorem 3.5. Let f ∈ Γ0(X) and x̄ ∈ X with f(x̄) = 0. Then the following
statements are equivalent:
(i) inf∥h∥=1 d

+f(x̄, h) 6= 0.
(ii) There exist c, ε > 0 such that Er(g, x̄) ≥ c for all g ∈ Γ0(X) ∩ Ptb(f, x̄, ε)

with x̄ ∈ Sg.
(iii) There exist c, ε > 0 such that Er(g, x̄) ≥ c for all g ∈ Γ0(X) ∩ Ptb(f, x̄, ε)

defined by g(·) := f(·) + ε〈u∗, · − x̄〉, ∀u∗ ∈ BX∗.

Proof. We denote γ := inf∥h∥=1 d
+f(x̄, h).

(i) ⇒ (ii): Let ε, c > 0 be such that ε+ c < |γ|. Take any g ∈ Γ0(X) ∩Ptb(f, x̄, ε)
with x̄ ∈ Sg.
• If γ > 0, then for any h ∈ X with ‖h‖ = 1, one has d+g(x̄, h) ≥ d+f(x̄, h) − ε,
and consequently

inf
∥h∥=1

d+g(x̄, h) ≥ inf
∥h∥=1

d+f(x̄, h)− ε = γ − ε.

This and (11) imply that Er(g, x̄) ≥ γ − ε.
• If γ < 0, then for any h ∈ X, one has d+g(x̄, h) ≤ d+f(x̄, h) + ε, and thus

inf
∥h∥=1

d+g(x̄, h) ≤ inf
∥h∥=1

d+f(x̄, h) + ε = γ + ε.

Using (11), one has Er(g, x̄) ≥ −γ − ε > c. Hence (ii) holds.
Note that (ii) ⇒ (iii) follows immediately and we next prove (iii) ⇒ (i).
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Let ε > 0. Suppose on the contrary that γ = 0. Then there is a sequence {hk} ⊆ X
such that ‖hk‖ = 1 and

αk := d+f(x̄, hk) → γ = 0 as k → ∞.

For sufficiently large k, one has |αk| < ε and for each k, one can take h∗
k ∈ X∗ such

that ‖h∗
k‖ = 1 and 〈h∗

k, hk〉 = ‖hk‖.
Let g(x) := f(x) + ε〈h∗

k, x− x̄〉 for all x ∈ X. Then g ∈ Γ0(X) ∩Ptb(f, x̄, ε). Note
that γ = 0 and thus for any x 6= x̄, one has f(x) ≥ f(x̄). By (2), there exists
δk → 0+ such that

f(x̄+ δkhk) < f(x̄) + (ε+ αk)δk = inf
x∈X

f(x) + (ε+ αk)δk. (13)

By virtue of Ekeland’s variational principle (cf. [18]), there is zk ∈ X such that

‖zk − (x̄+ δkhk)‖ <
δk
2
, f(zk) ≤ f(x̄+ δkhk)

and f(x) + 2(ε+ αk)‖x− zk‖ > f(zk), ∀x : x 6= zk. (14)

This implies that zk → x̄, g(x̄) = f(x̄) = 0 and

g(zk) = f(zk) + ε〈h∗
k, zk − x̄〉 ≥ f(x̄) + ε〈h∗

k, zk − x̄〉

= ε〈h∗
k, zk − x̄− δkhk〉+ εδk > εδk −

1

2
εδk =

1

2
εδk > 0.

We claim that inf
∥h∥=1

d+g(zk, h) < 0. (15)

Indeed, by reductio ad absurdum, if inf∥h∥=1 d
+g(zk, h) ≥ 0, thus g(zk) = infx∈X g(x),

which contradicts g(x̄) = 0.
For any h ∈ X, ‖h‖ = 1 and any t > 0, by (14), one can get

g(zk + th)− g(zk)

t
=

f(zk + th)− f(zk)

t
+ ε〈h∗

k, h〉 ≥ −2(ε+ αk)‖h‖ − ε = −5ε.

Thus, inf
∥h∥=1

d+g(zk, h) ≥ −5ε.

By (15) and Theorem 3.1, one has Er(g, x̄) ≤ 5ε → 0+, which contradicts (iii), as ε
is arbitrary. The proof is complete. �

The following corollary holds from Theorem 3.5 immediately.

Corollary 3.6. Let f ∈ Γ0(X) and x̄ ∈ X with f(x̄) = 0. Then
(i) inf∥h∥=1 d

+f(x̄, h) 6= 0 holds if and only if there exists ε > 0 such that

inf
{
Er(g, x̄) : g ∈ Γ0(X) ∩Ptb(f, x̄, ε) with x̄ ∈ Sg

}
> 0.

(ii) inf∥h∥=1 d
+f(x̄, h) = 0 holds if and only if for any ε > 0, one has

inf
{
Er(g, x̄) : g ∈ Γ0(X) ∩Ptb(f, x̄, ε) with x̄ ∈ Sg

}
= 0.
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Next, we study the stability of global error bounds for lower semicontinuous convex
functions. The following theorem gives a primal criterion for the stability of global
error bounds.
Theorem 3.7. Let f ∈ Γ0(X) be such that bdry(Sf ) ⊆ f−1(0). Consider the
following statements:
(i) there exist c, ε ∈ (0,+∞) such that Er(g) ≥ c holds for all g ∈ Γ0(X) satisfying

Sf ⊆ Sg and Lip(f − g) < ε, (16)
where Lip(f−g) denotes the Lipschitz constant of f−g over dom(f)∩dom(g);

(ii) there exist c, ε ∈ (0,+∞) such that Er(g) ≥ c holds for all g ∈ Γ0(X) satisfying

bdry(Sf ) ∩ g−1(0) 6= ∅ and Lip(f − g) < ε. (17)
Then (i) (resp. (ii)) holds if (resp. only if) there is τ ∈ (0,+∞) such that

inf
{∣∣∣ inf

∥h∥=1
d+f(x̄, h)

∣∣∣ : x̄ ∈ bdry(Sf )
}
≥ τ. (18)

Proof. If part: Suppose that there is τ ∈ (0,+∞) such that (18) holds. First if
there is some x̄ ∈ bdry(Sf ) such that inf∥h∥=1 d

+f(x̄, h) > 0, using the proof of
Corollary 3.2, the lower level set Sf is a singleton and thus Sf = {x̄}. This means
that the conclusion in (ii) follows by using Theorem 3.5 as well as its proof.
Next, we assume that inf∥h∥=1 d

+f(x̄, h) ≤ 0 for all x̄ ∈ bdry(Sf ). We claim that

τd(x,Sf ) ≤ f+(x), ∀x ∈ X. (19)

Let x ∈ X\Sf and ν > 0 sufficiently small. Take xν ∈ bdry(Sf ) such that

‖x− xν‖ < (1 + ν)d(x,Sf ). (20)

By virtue of Theorem 3.1, one has

Er(f, xν) = lim inf
u→xν ,u̸∈Sf

(
− inf

∥h∥=1
d+f(u, h)

)
≥ − inf

∥h∥=1
d+f(xν , h) ≥ τ.

Using the definition of Er(f, xν), for ν > 0, there is r > 0 such that for any
u ∈ B(xν , r)\Sf , one has

f(u)

d(u,Sf )
> Er(f, xν)− ν ≥ τ − ν.

Note that x 6∈ Sf and xν ∈ bdry(Sf ), and thus

{λxν + (1− λ)x : λ ∈ (0, 1)} ∩ Sf = ∅.

Then there is λ ∈ (0, 1) such that λxν + (1− λ)x ∈ B(xν , r)\Sf

and therefore

τ ≤ f(λxν + (1− λ)x)

d(λxν + (1− λ)x,Sf )
+ ν ≤ λf(xν) + (1− λ)f(x)

d(x,Sf )− ‖λxν + (1− λ)x− x‖
+ ν,
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and it follows from (20) that

τ ≤ (1− λ)f(x)

(1− λ(1 + ν))d(x,Sf )
→ f(x)

d(x,Sf )
as ν → 0+.

This means that (19) holds.
Let ε ∈ (0, τ) and g ∈ Γ0(X) satisfying (16). Take any x ∈ X such that g(x) > 0.
Then f(x) > 0 (thanks to Sf ⊆ Sg).

We claim that inf
∥h∥=1

d+f(x, h) ≤ −τ. (21)

Granting this, it follows from Lip(f − g) < ε in (16) that

inf
∥h∥=1

d+g(x, h) ≤ inf
∥h∥=1

d+f(x, h) + ε ≤ −(τ − ε).

This and Theorem 3.1 imply that Er(g) ≥ τ − ε.
It remains to prove (21). For any n ∈ N, we can take zn ∈ bdry(Sf ) such that

‖x− zn‖ < (1 +
1

n
)d(x,Sf ).

Then (19) implies that f(x) ≥ τd(x,Sf ) >
n

n+ 1
τ‖x− zn‖.

For any t ∈ (0, 1), one has f(x+ t(zn − x)) ≤ tf(zn) + (1− t)f(x), and thus

f(x+ t(zn − x))− f(x)

t
≤ −f(x) ≤ − n

n+ 1
τ‖x− zn‖.

This implies that inf
∥h∥=1

d+f(x, h) ≤ d+f
(
x,

zn − x

‖x− zn‖

)
≤ − n

n+ 1
τ . Hence

inf
∥h∥=1

d+f(x, h) ≤ − n

n+ 1
τ.

Letting n → ∞, one has that (21) holds.
Only if part: we assume that (ii) holds. Suppose on the contrary that there is a
sequence {xk} ⊆ bdry(Sf ) such that

αk := inf
∥h∥=1

d+f(xk, h) → 0− as k → ∞.

Let ε > 0 and take a sufficiently large k such that

3

2
αk +

ε

2
> 0. (22)

Note that for any x 6= xk, one has

f(x)− f(xk)

‖x− xk‖
=

f
(
xk + ‖x− xk‖ ·

x− xk

‖x− xk‖
)
− f(xk)

‖x− xk‖
≥ d+f

(
xk,

x− xk

‖x− xk‖

)
≥ αk,

and consequently f(x)− αk‖x− xk‖ ≥ f(xk), ∀x ∈ X. (23)
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By the definition of αk, there exists hk ∈ X such that

‖hk‖ = 1 and d+f(xk, hk) < αk +
ε

2
. (24)

Then one can choose rk → 0+ (as k → ∞) such that

f(xk + rkhk) < f(xk) + (αk + ε)rk. (25)

This and (23) imply that

f(xk + rkhk)− αk‖xk + rkhk − xk‖ < inf
x∈X

(f(x)− αk‖x− xk‖) + εrk.

Applying Ekeland’s variational principle (cf. [18]), there exists yk ∈ X such that

‖yk − (xk + rkhk)‖ <
rk
2
, f(yk)− αk‖yk − xk‖ ≤ f(xk + rkhk)− αkrk, (26)

and f(x)− αk‖x− xk‖+ 2ε‖x− yk‖ > f(yk)− αk‖yk − xk‖, ∀x : x 6= yk. (27)

Then ‖yk − xk‖ > rk −
rk
2
=

rk
2

and ‖yk − xk‖ < rk + rk
2 = 3

2rk,

and thus yk 6= xk. For any hk, one can take h∗
k ∈ X∗ such that

‖h∗
k‖ = 1 and 〈h∗

k, hk〉 = ‖hk‖.

We consider the following function g:

g(x) := f(x) + ε〈h∗
k, x− xk〉 ∀x ∈ X.

Then g ∈ Γ0(X). By virtue of (22), (23), (24) and (27), one has

g(yk) = f(yk) + ε〈h∗
k, yk − xk〉 = f(yk) + ε〈h∗

k, yk − (xk + rkhk)〉+ εrk

≥ αk‖yk − xk‖ − ε‖yk − (xk + rkhk)‖+ εrk ≥ αk ·
3

2
rk +

ε

2
rk > 0.

We consider two cases:
• If inf∥h∥=1 d

+g(yk, h) ≥ 0, then for any x 6= yk, one has

g(x)− g(yk) ≥ d+g
(
yk,

x− yk
‖x− yk‖

)
‖x− yk‖ ≥ inf

∥h∥=1
d+g(yk, h)‖x− yk‖ ≥ 0.

This together with g(yk) > 0 implies that Sg = ∅ and thus Er(g) = 0, which
contradicts (ii).
• If inf∥h∥=1 d

+g(yk, h) < 0. For any h ∈ X with ‖h‖ = 1 and any t > 0, by (27),
one has

g(yk + th)− g(yk)

t
=

f(yk + th)− f(yk)

t
+ ε〈h∗

k, h〉

≥ 1

t

(
αk‖yk + th− xk‖ − αk‖yk − xk‖ − 2ε‖yk + th− yk‖

)
+ ε〈h∗

k, h〉

≥ αk − 2ε− ε,

and consequently 0 > inf
∥h∥=1

d+g(yk, h) ≥ αk − 2ε− ε ≥ −4ε.

Then Theoerem 3.1 gives that Er(g) ≤ 4ε, which contradicts (ii), as ε is arbitrary.
The proof is complete. �
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Remark 3.8. It is noted that the validity of condition (18) (for some τ > 0) may
not be sufficient for the stability of the global error bound for f as in (ii). For
example, let f(x) := ex − 1 for all x ∈ R. Then f(x) = ex − 1, Sf = (−∞, 0],
bdry(Sf ) = {0} and | inf |h|=1 d

+f(0, h)| = 1 > 0. Let ε ∈ (0,+∞), and consider
gε(x) := f(x)− εx,∀x ∈ R. Then for any x < x̄, one has

gε(x)

d(x, Sgε)
=

ex − 1− εx

x̄− x
→ ε as x → −∞.

This implies that Er(gε) ≤ 2ε, and consequently the stability of global error bound
for f as said in (ii) does not hold (as ε > 0 is arbitrary). This gives rise to the
question: whether there is some type of stability of global error bounds that can be
characterized by condition (18)? We have no answer to this question.

The following theorem shows that when adding to (18) a mild qualification assump-
tion makes it possible to characterize the stability of the global error bound for f
as said in (ii) of Theorem 3.7.

Theorem 3.9. Let f ∈ Γ0(X) be such that bdry(Sf ) ⊆ f−1(0). Then the following
statements are equivalent:
(i) There exists τ ∈ (0,+∞) such that (18) holds and

lim inf
k→∞

∣∣∣ inf
∥h∥=1

d+f(zk, h)
∣∣∣ ≥ τ, ∀{(zk, xk)} ⊆ int(Sf )× bdry(Sf ) with

lim
k→∞

f(zk)− f(xk)

‖zk − xk‖
= 0; (28)

(ii) there exist c, ε∈(0,+∞) such that Er(g)≥c holds for all g∈Γ0(X) satisfying (17);

(iii) there exist c, ε>0 such that Er(gu∗,ε) ≥ c holds for all g ∈ Γ0(X) defined by

gu∗,ε(·) := f(·) + ε〈u∗, · − x̄〉,∀(x̄, u∗) ∈ bdry(Sf )× BX∗ .

Proof. (i)⇒(ii): If there is x̄ ∈ bdry(Sf ) such that inf∥h∥=1 d
+f(x̄, h) > 0, the

conclusion follows by Theorem 3.1 as well as the proof of Theorem 3.5.
Next, we consider inf∥h∥=1 d

+f(x̄, h) ≤ 0 for all x̄ ∈ bdry(Sf ). We first prove the
following claim:

Claim 3.10. There exists ε0 > 0 such that for any x0 ∈ bdry(Sf ), one has

inf
{∣∣∣ inf

∥h∥=1
d+f(z0, h)

∣∣∣ : z0 ∈ X, f(z0) ≥ −ε0‖z0 − x0‖
}
≥ τ. (29)

Proof of the claim
Suppose on the contrary that there exist εk → 0+, xk ∈ bdry(Sf ) and zk ∈ X with

f(zk) ≥ −εk‖zk − xk‖ and
∣∣∣ inf
∥h∥=1

d+f(zk, h)
∣∣∣ < τ, ∀k. (30)

Then f(zk) ≤ 0 for all k, since otherwise, using the proof of (21), one gets∣∣ inf
∥h∥=1

d+f(zk, h)
∣∣ > τ,

which contradicts (30).



Z. Wei, M. Théra, J.-C. Yao / Perturbation Analysis ... 895

By virtue of (18), one has zk ∈ Sf\bdry(Sf ) and then (30) implies

0 ≥ f(zk)− f(xk)

‖zk − xk‖
=

f(zk)

‖zk − xk‖
≥ −εk.

By (28), one gets lim inf
k→∞

∣∣ inf
∥h∥=1

d+f(zk, h)
∣∣ > τ ,

which contradicts (30). Hence the claim holds.

Let ε > 0 be such that ε < min{ε0, τ} and g ∈ Γ0(X) be such that (17) holds. Take
any x̄ ∈ bdry(Sf ) ∩ g−1(0). Then for any x ∈ X with g(x) > 0, one has

f(x) ≥ g(x) + (f(x̄)− g(x̄))− ε‖x− x̄‖ > −ε‖x− x̄‖.
By (29), one has inf∥h∥=1 d

+f(x, h) < −τ , and consequently
inf

∥h∥=1
d+g(x, h) < inf

∥h∥=1
d+f(x, h) + ε < −(τ − ε).

This and Theorem 3.1 imply that Er(g) ≥ τ − ε.
Note that (ii) ⇒ (iii) follows immediately and it remains to prove (iii) ⇒ (i).
Suppose on the contrary that the conclusions in (i) does not hold. Based on Theorem
3.9 and its proof, it suffices to assume that (28) does not hold for any τ > 0. Then,
there exists (zk, xk) ∈ int(Sf )× bdry(Sf ) such that

lim
k→∞

f(zk)− f(xk)

‖zk − xk‖
= 0 and αk := inf

∥h∥=1
d+f(zk, h) → 0− as k → ∞. (31)

Let ε > 0. For any k, by the Hahn-Banach theorem, there is h∗
k ∈ X∗ such that

‖h∗
k‖ = 1 and 〈h∗

k, zk − xk〉 = ‖zk − xk‖.
Then when k is sufficiently large, one has

αk + ε > 0 and
f(zk)− f(xk)

‖zk − xk‖
+ ε

〈
h∗
k,

zk − xk

‖zk − xk‖

〉
> 0. (32)

Consider the function gk,ε defined as follows:
gk,ε(x) := f(x) + ε〈h∗

k, x− xk〉 ∀x ∈ X.
Then gk,ε ∈ Γ0(X) and it follows from (32) that

gk,ε(zk) = f(zk) + ε〈h∗
k, zk − xk〉 > 0.

Thus 0 > inf
∥h∥=1

d+gk,ε(zk, h) ≥ inf
∥h∥=1

d+f(zk, h)− ε = αk − ε > −2ε.

Then Theorem 3.1 gives Er(gk,ε) ≤ 2ε, which contradicts (iii), as ε > 0 is arbitrary.
The proof is complete.

Remark 3.11. It should be noted that the stability of the global error bound may
not hold if condition (28) is violated. Consider again the example given in Reamrk
3.8. Then f(x) = ex − 1, Sf = (−∞, 0], bdry(Sf ) = {0} and the stability of the
global error bound in Theorem 3.9 is not satisfied. Further, for any zk → −∞, one
can verify that ∣∣ inf

|h|=1
d+f(zk, h)

∣∣ = ezk → 0 as k → ∞,

which implies that (28) does not hold.
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4. Application to the sensibility analysis of Hoffman’s constants for
semi-infinite linear systems

As an application of Theorem 3.9, we study sensitivity analysis of Hoffman’s con-
stants for semi-infinite linear systems in a Banach space and aim to establish a
primal characterization for the Hoffman’s constants to be uniformly bounded under
perturbations on the problem data.
Let T be a compact, possibly infinite metric space and a∗ : T → X∗, b : T → R
be continuous functions on T . We consider now semi-infinite linear systems in X
defined by

〈a∗(t), x〉 ≤ b(t), for all t ∈ T. (33)
We denote by Sa∗,b the set of solutions to system (33). We use the following nota-
tions:

fa∗,b(x) := max
t∈T

(〈a∗(t), x〉 − b(t)),

Ja∗,b(x) := {t ∈ T : 〈a∗(t), x〉 − b(t) = fa∗,b(x)} for each x ∈ X.

It is easy to verify that Ja∗,b(x) is a compact subset of T for each x ∈ X.
Recall that Sa∗,b admits a global error bound, if there exists σ > 0 such that

σd(x,Sa∗,b) ≤ [fa∗,b(x)]+, for all x ∈ X. (34)

The Hoffman’s constant of the semi-infinite linear system (33), denoted by σ(a∗, b),
is given by

σ(a∗, b) := sup{σ > 0 : such that (34) holds}. (35)

One can verify that σ(a∗, b) = inf
x ̸∈Sa∗,b

fa∗,b(x)

d(x,Sa∗,b)
.

Note that fa∗,b(·) is continuous and thus one can verify that

bdry(Sa∗,b) = f−1
a∗,b(0). (36)

The following theorem gives a primal equivalent criteria on the Hoffman’s constant
for system (33) under perturbations on the problem data.

Theorem 4.1. Let J := {Ja∗,b(x) : fa∗,b(x) = 0}. Then there exists τ > 0 such
that

inf
{∣∣∣ inf

∥h∥=1
sup
t∈J

〈a∗(t), h〉
∣∣∣ : J ∈ J

}
≥ τ (37)

if and only if there exist c, ε > 0 such that σ(ã∗, b̃) ≥ c holds for all (ã∗, b̃) defined by

ã∗(t) := a∗(t)+εũ∗ and b̃(t) := b(t)+ε〈ũ∗, x̃〉, ∀(x̃, ũ∗) ∈ bdry(Sa∗,b)×BX∗ . (38)

Moreover, the following inequality on Hoffman’s constant σ(a∗, b) holds:

σ(a∗, b) ≥ inf
{∣∣∣ inf

∥h∥=1
sup
t∈J

〈a∗(t), h〉
∣∣∣ : J ∈ J

}
. (39)

Proof. By virtue of Theorem 3.9, we only need to show that fa∗,b and τ satisfy
assumption (28) in Theorem 3.9.
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Indeed, for each x ∈ bdry(Sa∗,b), one has that Ja∗,b(x) ∈ J and it follows from [26,
Theorem 4.2.3] (or [50, Proposition 4.5.2]) that

inf
∥h∥=1

d+fa∗,b(x, h) = inf
∥h∥=1

sup
t∈Ja∗,b(x)

〈a∗(t), h〉.

This and (37) imply that inf
∥h∥=1

d+fa∗,b(x, h) ≥ τ and thus f and τ satisfy (28) as

said in Theorem 3.9. The proof is complete.

As an application of Theorem 4.1, we give one example to verify the uniform bound
of the Hoffman constant for the given linear system.

Example 4.2. Consider the following linear system (33), where we denote X := R2,
T := {1, 2, 3}, and a∗ : T → R2, b : T → R are defined as follows:

a∗(1) := (1, 1), a∗(2) := (−2, 1), a∗(3) := (1,−2), b(1) := 1, b(2) := 2, b(3) := 2.

Then one can verify that J = {{1}, {2}, {3}, {1, 2}, {2, 3}, {1, 3}}.
Solve the following six min-max optimization problems:

OP(J) min
∥h∥=1

max
t∈Jk

〈a∗(t), h〉, J ∈ J . (40)

Then one has min
{∣∣∣ min

∥h∥=1
max
t∈J

〈a∗(t), h〉
∣∣∣ : J ∈ J

}
=

√
2

2
> 0,

and then Theorem 4.1 implies that the Hoffman’s constant (σ(·)) for system (33) is
uniformly bounded under perturbations on the problem data (a∗, b).

Finally, we show that the uniform bound of the Hoffman’s constant may not be
satisfied if the condition (37) is violated in Theorem 4.1.

Example 4.3. Consider the following linear system (33), where we denote X := R2,
T := {1, 2}, and a∗ : T → R2, b : T → R are defined as follows:

a∗(1) := (1, 1), a∗(2) := (−1,−1), b(1) = b(2) := 0.

Then S(a∗, b) = {x = (x1, x2) ∈ R2 : x1 + x2 = 0}. Note that

Ja∗,b(0) = T, min
∥h∥=1

max
t∈T

〈a∗(t), h〉 = 0

and thus condition (37) is violated.
We next show that the Hoffman’s constant for system (33) is not uniformly bounded
under perturbations on the problem data (a∗, b).
Indeed, for any ε > 0, select u∗

ε := (0, ε), xε := (0, 0) and define

a∗ε(t) := a∗(t) + u∗
ε, bε(t) := b(t) for t = 1, 2.

Then fa∗ε ,bε(x) := max{x1 + x2 + εx2,−x1 − x2 + εx2} for all x = (x1, x2) ∈ R2 and

S(a∗ε, bε) = {x = (x1, x2) ∈ R2 : x1 + (1 + ε)x2 ≤ 0, x1 + (1− ε)x2 ≥ 0}.
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Take uε := (−ε, ε) and thus
fa∗

ε ,bε
(uε)

d(uε,S(a∗ε, bε))
=

ε2√
2ε

=
ε√
2
,

which implies that σ(a∗ε, bε) < ε.
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