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We prove that, in any separable uniformly smooth Banach space, the boundary of every a-convex
set (in the Efimov-Stechkin sense) is -null (in the Lindenstrauss-Preiss sense). Using well-known
results, we obtain that the same is true for proximally smooth sets (in the sense of Clarke, Stern and
Wolenski) and for uniformly prox-regular sets (in the sense of Poliquin, Rockafellar and Thibault)
in any separable Banach space which is both uniformly convex and uniformly smooth.
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1. Introduction

The aim of the present note is to give, in an interesting special case, the positive
answer to the following (very unprecise) question.

Question. Let X be a Banach space. Is it true that the boundary of each closed
generalized convex (in some sense) set A C X is null (in a sense which generalizes
Lebesgue nullness in R™) 7

This question is well-motivated since for conver sets A the answer is positive not
only in the case of a finite-dimensional X but also for some infinite-dimensional
spaces X and some kinds of “nullness”.

Namely, if we consider in X Haar nullness (in Christensen’s sense), then the answer
for convex sets A is positive if X is a separable reflexive Banach space. This rather
deep interesting result was proved in [11] in the case when A is nowhere dense and
the case int A # () is easy, see e.g. the argument using the Minkowski functional of
K on p.1794 of [10]. (For a counterexample in any separable non-reflexive space X
see [12, Theorem 6], cf. [2, Theorem 6.12] and the note after it.)

Further, if we consider in X I'-nullness (in Lindenstrauss-Preiss [8] sense), then the
answer is positive for convex sets if X is separable, see [16, Proposition 5.1].

On the other hand, if X = ¢y and we consider in X Gaussian nullness (or, equiv-
alently, Aronszajn nullness), which is stronger than Haar nullness (cf. [2, pp. 141,
142]), then the answer for convex sets is negative. It follows e.g. from [2, Prop. 6.24].
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(Note that I'-nullness is uncomparable both with Haar nullness and with Gaussian
nullness in any infinite-dimensional separable Banach space; this follows e.g. from
9, Example 5.4.11].)

We are interested in “generalized convex sets” which are, in X = R", more general
than Federer’s sets of positive reach. Using the method of [16], we prove rather
easily Theorem 3.3 which gives a positive answer to the question above in the case
when X is a separable uniformly smooth Banach space, “nullness” is I'-nullness
and A C X is an a-convex set (in the sense of Efimov-Stechkin). Using well-known
results, we obtain (see Corollary 3.4) that the same is true for uniformly prox-regular
(or, equivalently, proximally smooth) sets in any separable Banach space which is
both uniformly convex and uniformly smooth. For definitions of above mentioned
types of generalized convex sets see the Preliminaries.

I do not know the answer to the question above in the interesting case when X = /5,
“nullness” is Haar nullness and A C X is a uniformly prox-regular (or, equivalently,
proximally smooth) set.

2. Preliminaries
2.1. Basic notation

The norm in any considered (always real) Banach space X is denoted by |- |. If
A C X, the closure, the interior and the boundary of A are denoted by A, int A
and 0A, respectively. For A C X, we consider also the distance function da(x) =
dist(xz, A) := inf{|z —a| : a € A}, x € X, and the metric projection

Py(x)={a€ A: |z —a|=ds(z)}, xe€X.

We say that P, is continuous on a set S C X if P, is single-valued on S and the
corresponding mapping p : S — A (Pa(z) = {p(z)}, = € 9) is continuous. The
open ball centered at ¢ € X with radius » > 0 and the open r-neigbourhood of
A C X are defined as

B(e,r)={rx e X :|lzv—c <r} and B(A,r)={r e X :da(z) <r}.

2.2. Sets of positive reach and related sets in Banach spaces

H. Federer in his deep paper [6] defined, studied and applied sets of positive reach
in R™ which generalize convex sets. A closed set A C R™ has positive reach if:

(PR) The metric projection P4 is single-valued on B(A,r) for some r > 0.

Note that property (PR) is in R™ equivalent (cf. e.g. [6, Theorem 4.8, (4)]) with
the following “formally stronger” condition:

(PR)" The metric projection Py is continuous on B(A,r) for some r > 0.

Both (PR) and (PR)* can be considered in each Banach space, but it seems that it
is not known whether (PR) implies (PR)* in 5 (this question is closely related to
the well-known open “Chebyshev set problem”, cf. [14, p.524]).

F.H. Clarke, R. J. Stern and P. R. Wolenski in [4] defined prozimally smooth subsets
of a Hilbert space X as closed sets A C X with the following property:
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(PS) The distance function d4 is continuously differentiable on B(A,r)\ A for some
r > 0.

Among other things, they proved that (PS) implies (PR).

R. A. Poliquin, R. T. Rockafellar and L. Thibault in [14] defined (via normal vectors)
the notions of proz-regular and uniformly proz-regular subsets of a Hilbert space.
These two types of sets were subsequently defined in [3] in Banach spaces which
are both uniformly convex with modulus of convexity of power type and uniformly
smooth with modulus of smoothness of power type and in [15] in Banach spaces
which are both uniformly convex and uniformly smooth.

For definitions of Banach spaces X which are uniformly convex (resp. uniformly
convex with modulus of convexity of power type, resp. uniformly smooth, resp.
uniformly smooth with modulus of smoothness of power type) see e.g. [3]. We recall
here only the definition of uniformly smooth spaces which is needed in the proof of
Theorem 3.3.

Definition 2.1. A Banach space is called uniformly smooth if its modulus of smooth-

ness px(7) :=sup { \x;y| + |x;y| —1: |z[ =1,y < T} satisfies Tli%1+p%(7) = 0.

We will use the following fact.

Fact 2.2. Let X be a Banach space which is both uniformly convex and uniformly
smooth. Then, for a closed subset A C X, the uniform prox-reqularity, the proximal
smoothness and property (PR)* are pairwise equivalent properties.

This fact immediately follows from [15, Theorem 18.102]. Its versions for less general
Banach spaces are contained in [14] and in [3]. The equivalence (PS)<(PR)* follows
easily from [1, Theorem 2.4].

Finally recall that a subset A of a Banach space is called a-convez (a > 0), see [5]
or [17, Definition 1.1], if X \ A is a union of open balls with radius a.

Remark 2.3. (1) a-convex sets are called weakly convez sets in the sense of Efimov
and Stechkin with constant a in [7] and [1]. Note also that the notion of a-convex
sets appears already in [13].

(2) Obviously, each a-convex set is closed. Further, it is easy to show (see [7, Lemma
3.2]) that each a-convex set is a-convex for each 0 < a < a. O

Using [1, Theorem 2.4, (2) = (1)] and [1, Theorem 2.5, we immediately obtain the
following;:

Fact 2.4. Let X be both uniformly convex and uniformly smooth and let A C X be
a closed prozimally smooth set. Then A is a-convex for some a > 0.

3. New results

In the following, we will work, for m € N and a fixed Banach space X, with the
m-~dimensional Hausdorff measure H™ on X. We will use only the facts that H™ is a
Borel meeasure on X invariant with respect to isometries and that 0 < H™(B) < oo
for each open ball B in every m-dimensinal subspace V' of X.
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The following definition is a slight reformulation of the basic part of [16, Def. 3.2].

Definition 3.1. Let S C X be a subset of the Banach space X, let s € S and
A € [0,1). We say that S is Py-small at the point s € S if the following property
holds: For every finite dimensional subspace V' C X there are sequences (z)gen
and (ry)gen of points of X and positive reals, respectively, such that

(1) 7% \0;

(2) |z —s| = o(rg), k — oo, and

(3) for every k, H™(B(zk,ri) N (2 + V)N S) <X H™(Blzw,rx) N (21 + V),
where m =dimV > 1.

Our results are based on the following fact which is an immediate consequence of
[16, Proposition 3.6].

Fact 3.2. Let X be a separable Banach space, S C X a closed set and 0 < \ < 1.
If S is Pyx-small at every point s € S, then S is I'-null.

Theorem 3.3. Let X be a separable uniformly smooth Banach space, a > 0 and let
A C X be an a-convex set. Then the boundary of A is I'-null.

Proof. By Remark 2.3(2), we can suppose that 0 < a < 1. The set A is closed by
Remark 2.3(2) and so S := 0A C A. Since S is closed, by Fact 3.2 it is sufficient to

prove that
S is Pijy —small at every s € S. (1)

So fix an arbitrary s € S and an arbitrary finite dimensional subspace V' C X with
dimV =:m > 1. We define sequences (zx)ren and (7 )gen (from Definition 3.1) as
follows: By Definition 2.1, we can easily define inductively a sequence

g>71>72>....>0 (2)

such that 7 — 0 and px(7%) < %, k e N. (3)
Now consider an arbitrary £ € N. As s € S = JA, we can choose w € X \ A

with |s — w| < 7/k. Since A is an a-convex set, we can choose ¢ € X such that
w € B(c,a) C X \ A. By the definitions of w and ¢ we obtain

a§]s—c]§]c—w[+]s—w|<a+%. (4)

S—cC
Set T= (5)
and zp i =c+ (a— %)m, T = a%. (6)

Then 7 N\ 0 and thus condition (1) of Definition 3.1 holds. By (4) we have

|S—zk|:\s—c|—|zk—c|:|s—c]—(a—%) <2T—]::0(rk), k — oo, (7)

and so also condition (2) of Definition 3.1 holds.
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Thus, to finish the proof of theorem, it is sufficient to show that condition (3) of
Definition 3.1 holds with A = 1/2, i.e. that

Hm(B(Zk,Tk> N <2k+V)ﬂS) S Hm(B<Zk,7’k) ﬂ(Zk—FV)) (8)

1
2
Set M := B(zk,rr)N(zx+V) and let 0 : M — M be the restriction of the symmetry
map with respect to the point zg, i.e.
o(t)=2z,—t, te M.

Observe that, to prove (8), it is sufficient to show that

M=(M\S)Uac(M\S). (9)
Indeed, since o is the restriction of an isometry on X, we have

H™(a(M\ 5)) = H™(M\ 5)

and so (9) implies H™(M) < 2H™(M \ S). Consequently H™(M \ S) > sH™(M)
and since M \ S is clearly H™-measurable, (8) follows.

To prove (9), suppose to the contrary that a point m € M\ (M \ S)Uao(M \ S))
exists. Then m = z + g, where § € W, |g| < ry and both m = 2z, + ¢ € S and
o(m) =z, — g €S. Since B(c,a) NS =0, we have

lzr+7—c>a and |z—7—c|>a. (10)

Set Y L

Using (6) and (2) we obtain

and consequently ly| < 7. (11)

Further, using the definitions of  and z; we obtain |z| = 1 and = = (2, —¢)/|zx — ¢|.

Using also (10) and a < 1 we obtain

2k —C Yy
|2k — ¢ |z — ¢

a _a >14 7

T lo—c a-—7 k’

lv £y| =

lz + 9l n |z —yl 1>

and consequently B B L

So, using also |z| =1 and (11), we obtain px(7;) > 7/k which contradicts (3). O

Using Theorem 3.3, Fact 2.4 and Fact 2.2, we immediately obtain the following
result.

Corollary 3.4. Let X be a separable Banach space which is both uniformly con-
vex and uniformly smooth. Let A C X be a closed uniformly prox-reqular (or,
equivalently, prozimally smooth) set. Then the boundary of A is I'-null.
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