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1. Introduction

For more than sixty years, the fixed point theory of nonlinear operators is an impor-
tant area of nonlinear analysis. One of its main topics is the study of the existence
of fixed points of nonexpansive and contractive maps. See [1]-[23] and the references
mentioned therein. Many existence results are collected in [7, 8, 18]. This topic
is well developed for single-valued mappings [1, 3, 5, 9, 10, 13, 17] as well as for
set-valued mappings [4, 15, 16, 18, 19]. In the present paper we study an iterative
process induced by a set-valued quasi-contraction in a complete metric space and
show it generates approximate fixed points under the presence of small computa-
tional errors.

Let (X, p) be a complete metric space. For each x € X and each r > 0, set

Blaz,r) ={y € X : plz,y) <r}, B(z,r)={y € X: plz,y) <r}.
For each x € X and each A C X set

p(z, A) = inf{p(z,y) : y € A}.
Note that we assume that the infimum over empty set is co. For each s € R! set
|s] = max{z: zis an integer and z < s}.
For each pair of nonempty sets A, B C X, set
H(A, B) = max{sup{p(x, B) : € A}, sup{p(y,A) : y € B}}.

Assume that T : X — 2%\ {0}, T(z) is closed for each x € X, ¢ € [0,1) and that

for each z,y € X,
H(T(x), T(y)) < cp(z,y).
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The mapping T is called a set-valued strict contraction. We are interested to solve

the problem )
Find z € X such that z € T'(z).

By Nadler’s classical theorem [14] the solution of this problem exists.

In practice we can obtain only an approximate solution of this problem z € X such
that p(z,7(z)) is small.

More precisely, in order to meet our goal we use the following algorithm
Initialization: select an arbitrary point xq € X and a small positive constant 9.

Iterative step: given a current iteration point z,, calculate the next iteration point
ZTpa1 such that

B(xn-‘rl? 5) N {S € T(xn) : P(f,$n) S o + p(l’n,T(ﬂfn))} 7£ @
Clearly, at each iterative step x, 1 is an approximate solution of the problem
p(E,0) — min, € € T(a).

Since the space X is not compact a solution of the problem above does not exist in
general. It was shown in [4] (see also [18]) that this algorithm generates approximate
fixed points of T'. Note that given current iteration point z,, in order to obtain x,
we should only know the set T'(z,) or even its good approximation. In the present
paper we generalize the results of [4] for a large class of set-valued mappings which
contains strict contractions and also cyclical mappings (see Example 3.4).

2. The first main result

Let T : X — 2%\ {0}, T(z) be closed for each x € X, ¢ € [0,1), Xy C X be a
nonempty closed set and let T'(Xy) C Xy. Assume that the following assumption
holds.

(A) For each x € Xy and each y € X, H(T(x),T(y)) < cp(z,y).
By Nadler’s theorem [14], there exists z, € Xy such that z, € T'(z,).

Theorem 2.1. Let 0 € X, e€ (0,1), M >0,

B(0, M) N X, # 0, (1)
My > (1—c¢) ' (2M +2)(10 + p(0,T(6))), (2)

§ =360""e(1 — c)?, (3)

ng = [4Mo(1 — ) te | + [722M + 1)(1 — )2 ] + 1. (4)

Then for each sequence {x,}>>, C X such that p(xo,0) < M and that for each
integer n > 0,

B(#nt1,6) N{§ € T(wn) © p(& wn) <04 p(an, T(xa))} # 0 (5)

the following relations hold for each integer n > ny,

p(Tn, Tni1) <€ and B(xz,,e) NT(x,) # 0.
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Proof. Set 61 =361 - c)e.
By (3) and (6), d < (1 —¢)d1/10.
Set ny = [202M + 1)6; 41 — )7t + 1,

ng = [4My(1 —c) e .

By (4), (8) and (9), ng = Ny + Na.
Assume that {zn}or, C X,
p(Io, 0) <M

and that (5) holds for each integer n > 0. By (1), there exists
6, € B0, M) N Xo.
In view of (12) and (13),
p(wo,61) < p(xo,0) + p(0,601) < 2M.
Assumption (A) and equations (12), (13) and (14) imply that

p(xo, T'(xo)) < p(wo,61) + p(61, T(01)) + H(T(61), T (20))

< 2p(x0,01) + p(61,T(61))

< AM + p(61,0) + p(0,T(0)) + H(T(0), T(61))

<AM + p(0,T(9)) + 2p(0,0,) < 6M + p(0,T(6)).
By (5), (7) and (15),

p(xo, 1) < p(xo, T(x0)) +20 < 6M + p(0,7(0)) + 1.
In view of (5), for each integer n > 0, there exists
&n € B(xpi1,0) NT(z,)

such that (2, &n) <0+ p(n, T(x,)).

For each integer n > 0 there exists

u, € Xo
such that p(tn, ) < p(xn, Xo) + 0.
Recall that T(Xo) C Xp.

Let n > 0 be an integer. By (A), (17), (20) and (21),

P(Uni1, Tng1) < p(Tni1, Xo) + 0 < p(Tng1,6n) + p(Ens Xo) +0

< 264 p(&ny Tup)) < 26+ H(T (), T(n)) < 20-+cp(n, ).

(22)
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Assumption (A) and equations (17) and (19) imply that

§n € T(xn), p(T(un), T (xn)) < cplan, tn). (23)
In view of (23), there exists vy, € T'(uy) (24)
such that P(Un, &) < cp(Tn, uy) + 0. (25)

It follows from (17), (22) and (25) that

P(Vn; Uns1) < p(Un, §n) + p(Ens Untr)

< Cp($n> Un) +0+ p(fna xn+1) + p(xm-la Un+1)

< 2¢p(xp, up,) + 40. (26)
By (18) and (25),

P(Uns V) < p(Ts un) + p(Xns §n) + p(&ns Vi)

< p(tn, Zn) + p(2n, T(2n)) + 0 + cp(2n, un) +0

= (1 + ¢)p(wn, up) + p(xn, T'(2,)) + 26. (27)
Assumption (A) implies that

p(n, T(xn)) < p(2n, un) + p(un, T(un)) + H(T (un), T(2n))
< p(un, T(up)) + (L + ¢)p(n, un). (28)

In view of (27) and (28),

P(tn; vn) < (1 + )p(tn, v,) + 26 + p(@n, T(2n))
(1 + c)p(zp, uy) + 20 + (1 + ) p(xn, un) + p(un, T'(uy,))

<2(1+¢)p(@n, upn) + 28 + p(un, T(uy)). (29)

<
<

It follows from (24), (26) and (29) that
Un € T'(Un), p(Vn, Uns1) < 2¢p(xp, up,) + 49,
P, v,) < 2(1+ ) p(wn, un) + 20 + p(un, T(uy,)). (30)

Let n > 0 be an integer. Assumption (A) and equations (19) and (30) imply that

P(Uns1, Unt2) < p(Unit, Ung1) + p(Uns1, Unta)

< p(Ung1, Ung1) + 20p(Tpg1, Uny1) + 40

< p(Ung1; T(tUng1)) + 20 + 2(1 + €) p(Unt1, Tngr) + 20p(Tn i1, Upnta) + 46

< p(tps1, T(tns1)) + 20 +2(1 + €)p(Uns1, Tni1) + 2¢p(Tpg1, Unsr) + 40

< p(tns1,0n) + p(vn, T(ung1)) + (2 + 4¢)p(tn1, Tnsa) + 60

< p(vn, T(Unt1)) + 2¢p(@p, uy) + 106 4+ p(tni1, Tngr1)(2 + 4c)

< H(T(up), T(tny1)) + 2¢p(tn, Tn) + (2 + 4¢) p(Tpi1, Unyr) + 100

< ep(tn, Uni1) + 2¢p(tn, ) + (2 + 4¢) p(Tpa1, Uns1) + 100. (31)
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We show that the following claim is true.
(A1) There exists an integer k € {0,...,n;} such that

p(x;,u;) < d; for each integer i > kg
and for each integer i satisfying 0 <17 < kq,

p(Ti,u;) > 6y
and p(Tip1, wivr) < p(i,ui) — (1 —c)o1/2.
Assume that ¢ > 0 is an integer and p(z;, u;) > d;.
By (7) and (22), (i1, uir) < 20 + cp(x;, uy)
and p(@i i) = p(@ir, upr) = (1= c)p(ai, u;) — 26
>(1—0¢)d —26 > (1—c)dy/2.

Thus we have shown that the following property holds:
(i) if @ > 0 is an integer and p(z;,u;) > 1, then

p(wi,ui) — (@i, Uip1) > (1 —¢)d1/2.
Assume that ¢ > 0 is an integer and p(z;, u;) < ;.
By (7) and (22), p(xi1, uir1) < 20 + cp(x;,u;) < 20 + ¢dy < 6.
Thus the following property holds:
(ii) if ¢ > 0 is an integer and p(x;, u;) < 01, then p(z;1, uir1) < 1.
Assume that £ > 0 is an integer and that

p(xg, ug) > 01.

Property (ii) implies that

p(x;,u;) > oy for each i € {0,..., k}.
Property (i) and (36) imply that for each i € {0, ..., k},

p(ws,ui) — p(@ig1, Uip1) > (1 —¢)d1/2.
By (12), (13) and (20),

p(ug, o) < p(xo, Xo) + 1 < p(x0,6) +1 < 2M + 1.

In view of (8), (36) and (38),

2M 41 > p(xg,u0) > p(x0, o) — P(Tht1, Uk+1)
k
Z (@i, u;) — p(Tig1, uiv1)) > (B+1)(1 —¢)d1/2
k<

and 22M +1)(1 —e) to;t —1>ny — 1.

931
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This implies that claim (A1) holds. In view of (19),
{u;}32, C Xo.
Claim (A1), (7) and (30) imply that for each integer i > n,
v; € T'(uy), p(vi,uiv1) < 2ep(a;, u;) + 46 < 2¢d; + 46 < 204, (39)

plug, v;) < plug, T(ug)) 4+ 20 +2(1 + ¢)o1 < p(ug, T(u;)) + 6071. (40)
By (12), (13), (20), (33) and (34), for each i € {0,...,k} \ {k},

P(Tig1, Uis1) < p
and ple,u) <2M +1,1=0,...,k (41)

Claim (A1) and equations (31) and (41) imply that
P(Uns1, Unta) < ep(tn, Upi1) + 8(M + 2). (42)
It follows from assumption (A) and equations (30) and (41) that

+ p(v()’ul)
ug, Vo) + 2¢p(xg, ug) + 49

(0, v0)

(

(o, T'(ug)) + 28 + 2(1 + ¢)p(ug, xo) + 2¢p(xo, ug) + 49
(

< 6(

p(u07 ul) <

ug, T'(up)) + 6(2M + 2)

< 6(2M +2) + 2p(uo, 0) + p(0,7(0))
< 10(2M +2) + p(0,T(9)) < Mp.

We show by induction that for each integer ¢ > 0,
p(ui, 1) < M. (43)

We already showed that for ¢ = 0 (43) holds. Assume that ¢ > 0 is an integer and
(43) is true. By (2), (42) and (43),

p(us, wip1) < eMo+ 8(M +2) < M.

Thus our assumption holds for ¢ + 1 too. Therefore we showed by induction that
(43) holds for each integer i > 0. Claim (A1) and equations (7) and (31) imply that

P(Uiv1, Uira) < cp(ti, uiy1) + 861 4+ 100 < cp(us, wig1) + 901 (44)

Assume that ¢ > k is an integer and that p(u;, ui11) < €/2.
By (6) and (44), p(uip1, uire) < ce/2 4 961 < €/2.
Thus we have shown that the following property holds:
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(iii) if 7 > 0 is an integer and p(u;, uir1) < €/2, then p(uii1, uiy2) < €/2.
We show that there exists j € {k,...,k+no} such that p(u;,uj41) < e€/2.
Assume the contrary. Then for each i € {k,... k+ na},

p(ui, uip1) > €/2. (45)
In view of (6), (44) and (45), for each i € {k,..., k + na},
p(uis Uiv1) = p(Uir1, tiv2) 2 (1= ¢)p(ui, tipr) — 961
> (1—c)e/2 =96 > (1 —c)e/4. (46)

By (43) and (46),

Mo > p(ug, ug41) > p(ug, Uks1) — P(Uktng+2, Trotk+1)
n+nsg

> Z (p(uis ig1) — p(Uig1, Uiga)) = (ng +1)(1 —c)e/4

and ny < [4Mo(1 —c¢)~te ] — 1.
This contradicts (9). The contradiction we have reached proves that there exists
pe{k,....,k+no} such that p(u,, upr1) < €/2.
Together with Claim A1, property (iii) and (10) this implies that
p(ui; uiv1) < €/2

for each integer i > ng > nqy + no.

Combined with Claim A1 and (6) this implies that for each integer i > ny,
(i, xip1) < p(zs,wi) + p(us, Uigr) + p(Uiz1, Tig1) < €/2 425 < e
and &n € B(Tni1,€/2 —261) C Bz, €) NT(xy).

Theorem 2.1 is proved. O

3. The second an third main results

We continue to assume all the assumptions made in Sections 1 and 2. In particular,
we assume that (A) holds.

The following result was obtained in [4].
Proposition 3.1. Let € > 0. Then for each x € Xq satisfying
p(e, T(x)) <671 —c)e

there exists © € Xo such that T € T(z) N B(x,¢).
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Theorem 3.2. Let e € (0,1) and
§=064"1(1—c) % (47)
Then for each x € X satisfying p(x,T(x)) < 6 there exists & € Xo such that
T € T(z)NB(z,e).
Proof. Assume that x € X and
plz, T(z)) < 0. (48)

We show that there exists = € T'(z) N B(x,¢).

In view of Proposition 3.1, we may assume without loss of generality that © & X.
Let v > 0. There exists xo € Xo (49)
such that p(x,x0) < p(z, Xo) + 7. (50)
By (A), the relation T'(X,) C Xy and the relations (48)—(50),
p(, Xo) < p(x, T(x0)) < plz,T(2)) + H(T(2),T(20))
< 0+ cp(x, o) < 0+ cplx, Xo) +7

and (1—c)p(z, Xo) <0 +7.

Since 7y is any positive number we conclude that
p(x, Xo) <6(1—c) . (51)
By (51), there exists xy € Xy such that
p(x, Xo) <20(1 — ). (52)
Assumption (A) and equations (48) and (52) imply that
p(2o, T(20)) < plwo, ) + p(x, T()) + H(T(2),T(x0))

< 2p(xg, )+ < 5(4(1 —¢) P+ 1).
Together with Proposition 3.1 this implies that there exists ¥ € X, such that

Te€T(x), and p(ZT,20) <65(4(1 —c)+1)(1 —¢)t (53)

Theorem 3.2 is proved. 0]

Theorems 2.1 and 3.2 imply the following result.
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Theorem 3.3. Letf € X, e (0,1), M >0,

€0 =064"1¢(1—c)"2 0 =2360"e(l—c)?
B0, M)N X, # 0,
My > (1 —¢) 1 ((2M + 2)10 + p(6,T(9))),
ng = [4Mo(1 — ) te '] +12-36*(2M + 1)(1 —¢) 2 1] + 1.

Assume that {z;}5°, C X, p(xg,0) < M, and that for each integer n > 0,

B(wni1,0) N{§ € T(wn) : p(& xn) <6+ plan, T(wn))} 7 0.

Then for each integer n > ny,

P(Tn, Tni1) < €0, B(@n, €0) NT(xn) # 0
and there exists y, € Xo such that vy, € T(y,) N B(xp,€).

Example 3.4. Let n > 2 be an integer and let X; C X, ¢ =1,...,n be nonempty
closed sets satisfying

Xo = ﬂXi #0 and X, = X.
i=1

Assume T : X — 2%\ {0}, c € [0,1), for each i € {1,...,n} T(X;) C X;41, and let
for each z,y € X;,
H(T(x),T(y)) < cp(x,y).

The set-valued map T is called cyclical [12]. Clearly it belongs to the class of quasi-
contractions studied in the paper. [
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