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Observe that the graph of a piecewise linear mapping to an infinite dimensional Banach space is
not the union of finitely many convex polyhedra. This and Robinson’s theorem on local metric
subregularity for a polyhedral mapping motivate us to consider the metric subregualrity for a
piecewise linear mapping between two general Banach spaces. We prove that a piecewise linear
mapping G between two Banach spaces is boundedly metrically subregular at any point in its
graph gph(G) if and only if G is metrically subregular at some point in gph(G) if and only if G
has the L-closed range property, which complements Robinson’s theorem. As an complement of
Mordukhovich’s criterion on the metric regularity in the finite dimension case, we also provide a
dual characterization for a piecewise linear mapping to be metrically regular.
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1. Introduction

Continuous linear operators between Banach spaces enjoy many interesting and
beautiful properties. However, the linearity is quite restrictive. The family of all
piecewise linear functions is much larger than that of all linear functions and there
exists a wide class of functions that can be approximated by piecewise linear func-
tions. Moreover, one may use piecewise linear functions generated by finitely many
test data to establish mathematical models for some practical problems. Therefore
it is useful to study piecewise linear problems (cf. [3, 5, 6, 11, 15, 16, 17, 18] and the
references therein).

Let F' be a closed set-valued mapping between two Banach spaces X and Y, that
is, it graph gph(F') := {(x,y) € X xY : y € F(x)} is a closed set in the product
X x Y. Recall that F' is (locally) metrically suregular at (z,y) € gph(F) if there
exists k,0 € (0, +oo) such that d(z, F~'(y)) < kd(y, F(z)) for all x € B(z,4),
where B(Z,d) denotes the open ball with center & and radius §. The above metric
subregularity as a valuable extension of the error bound in optimization theory
has been recognized to be important in variational analysis and studied extensively
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(cf. [2, 4, 9, 10, 13, 17] and the references therein). It is well-known that if the
graph gph(F') of F'is a convex polyhedron in the product X x Y then there exists
k € (0, +00) such that

d(z, F~'(y)) < kd(y, F(z)) Vx € X and Vy € F(X),

that is, F' is uniformly globally metrically subregular on the range F'(X). Without
the convexity assumption, the above global metric subregularity result is not nec-
essarily valid (cf. [2, 13]). However Robinson [11] proved that if F is a (nonconvex)
polyhedral set-valued mapping between two Banach spaces X and Y (i.e. the graph
gph(F) is the union of finitely many convex polyhedra in X X Y') then there exists
k € (0, +00) such that for any y € F(X) there exists ¢, > 0 with the following
property:
d(z, F~'(y)) < kd(y, F(z)) Vz € X with d(y, F(x)) < &,

that is, F' is locally metrically subregular at every point in the range F'(X). Recall
(cf.[3, 15, 16, 18]) that a single-valued mapping G : X — Y is piecewise linear if
there exist convex polyhedra P, in X, T; € L(X,Y)and b; € Y (i =1,--- ,n) such
that

X:UR- and G(z)=Ti(x)+b; Yxe P, i=1,---,n, (1)
i=1

where £(X,Y") denotes the space of all continuous linear operators from X to Y.
Zheng and Yang [18] proved that if G : X — Y is a piecewise linear single-valued
mapping then its graph is the union of finitely many convex polyhedra in the product
X x Y if and only if Y is finite dimensional. Therefore, a piecewise linear single-
valued mapping to a infinite dimensional Banach space must not be a polyhedral
mapping. This motivates us to consider the metric subregualrity of a piecewise
linear single-valued mapping between two general Banach spaces.

For a continuous linear operator 7': X — Y between two Banach spaces X and Y
the closedness of T'(X) implies T'(X) NrBy C T(Bx) for some r > 0 by the famous
open mapping theorem, which means the following global metric subregularity:

d(z, T (y)) < %Ily —T(@)[ V(r,y) € X xT(X).

In this paper, we consider the extension of the above result from a continuous linear
operator to a piecewise linear single-valued mapping. In particular, if G is a piecewise
linear single-valued mapping between two Banach spaces X and Y, we prove the
following properties are equivalent:

(i) G has the L-closed range property (see Section 2 for its definition).

(ii) For any y € G(X) and any r > 0 there exists k € (0, +00) such that
d(z,G7'(y)) < klly = G(z)| Vo € G7H(y) +rBx.

(iii) For any y € G(X) and any r > 0 there exists x € (0, +00) such that
d(z,G7Y(y)) < k|ly — G(x)|| Vz € rBx.

(iv) There exist (xg,yo) € gph(G) and kg, d € (0, +00) such that
d(z, G (y0)) < kllyo — G(x)|| Yz € B(xo, do)-
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We also prove that G is globally metrically subregular at y, € G(X), that is, there
exists k € (0, +00) such that

d(z, G (o)) < Kl — G(@)l| Vre X

if and only if d(x,(;al%ﬁ}))#oo lyo — G(x)]| = +o0.
It is well known that a continuous linear operator 1" between two Banach spaces X
and Y is metrically regular if and only if 7" is surjective if and only if T'(X) is closed
and (T*)~1(0) = {0}. This paper uses the coderivative to establish the corresponding
characterization for a piecewise linear single-valued mapping between two Banach
spaces to be metrically regular. In particular, we prove that a piecewise linear single-
valued mapping GG between two Banach spaces is metrically regular at some point
(z,G(z)) if and only if G has the L-closed range property and (D*G(z))~*(0) = {0},
where D*G(Z) is the coderivative of G at z. This can be also regarded as an
complement of Mordukhovich’s criterion on the metric regularity,

2. Preliminaries

Let X be a normed space with the dual space X*. Recall (cf.[1, 12]) that a subset
P of X is a convex polyhedron if there exist x7,--- ,z;, € X* and #1,--- ,t, € R
such that

P={zxeX: (z/,2)<t;,i=1,--- ,m}. (2)

The following result on polyhedra is known and useful for our analysis (cf. [18,
Proposition 2.6]).

Lemma 2.1. Let P; be convex polyhedra in a normed space Z such that int(P;) # ()
where (i = 1,...,m). Then there exist convex polyhedra Q; in Z with int(Q;) #
(j = 1,...,v) such that we have J, P, = U;_, Q; and int(Q;) N Qy = 0 for al

j.j" € Tv with j # j/, where Tv := {1, ...,v}.

o~

Based on Lemma 2.1, Zheng and Yang [18] provided the following results on a
single-valued piecewise linear mapping.

Lemma 2.2. Let G be a piecewise linear mapping between two normed spaces X
and Y. Then there exist finitely many convex polyhedra Aq,--- , A\, in the product
X XY such that gph(G) = J;_, A; if and only if Y is finite dimensional.

Lemma 2.3. Let G be a piecewise linear mapping between two normed spaces X
and Y. Then there exist closed subspaces Ey and Ey of X, a subspace Y of Y,
T € L(E1,Y) and a piecewise linear mapping § : Es — Y such that

~

X = E1 + EQ, El N E2 = {0}, dlm(EQ) < 00, dlm(Y) < 00 (3)

and G(r1 +x) =T(x1) + §(x2) Y(x1,22) € Ey X Es. (4)

With the help of Lemma 2.3, we can establish the following more elaborate expres-
sion for a piecewise linear mapping.
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Lemma 2.4. Let G be a piecewise linear mapping between two normed spaces X
and Y. Then there exist closed subspaces X1 and Xy of X, a subspace Y of Y,
T € L(X1,Y) and a piecewise linear mapping g : Xo — Y such that

X = X1 4 X5, X1 N X, = {0}, dim(X,) < 0o, dim(Y) < oo, (5)
Te(X1)N Y = {0} and G(z1 + 22) = Te(x1) + g(x2) V(z1,20) € X5 X Xo. (6)

Proof. By Lemma 2.3, there exist closed subspaces F; and E; of X, a subspace
Y of Y, T € L(E;,Y) and a piecewise linear mapping § : E» — Y such that (3)
and (4) hold. Then dim(7(E;) NY) < dim(Y") < oo, and hence there exist linearly
independent vectors eq,--- ,e, in Y such that

T(E)NY = {Ztel. 1,~~~,tneR}. (7)
For any i € 1n:= {1,--- ,n}, let g} : T(El) NY — R such that

n
<@;‘,Ztkek> =t Vi, -, t, €R.
k=1

Then, since T(E,)NY is finite dimensional, §* is a continuous linear functional on
T(E;) NY. By the Hahn-Banach theorem, there exist yi,--- ,y% € Y* such that

U ‘T E1N =y, 7y;’T(E1)ﬂY =y, Hence

(y;,ex) = 1 and (y;,ep) =0 Vkeln and Vk'em\{k‘}. (8)
Let Yi={yeT(E): (yi,y) = (s y) = 0} 9)
We claim ¥; N'Y = {0}. Indeed, for any y € ¥;NY, one has y € Yy N T(E;) NY.
Hence there exist t1,--- ,t, € R such that y = ZZ=1 trer and

0=(yiy) = Y twlypew) =t Vkeln

k=1
(thanks to (8)). This shows y = 0 and so ¥; N'Y = {0}. Let
X, =T7'V) ={z1 € By : T(x1) €Y1} (10)
and take uq, - ,u, € F; such that
T(ug) =ep, k=1,---,n. (11)
Let E:={>,_ tyur: k=1,--- ,n}. Then
dim(E) =n and X; +FE C E). (12)

On the other hand, let z; € Ey. Then, by (7), yo := >, _,(ys, T(21))e,eT(E)NY.
Hence, by (8), one has

n

Wi y2) = > Wi T() (Wi en) = (v, T(x1)) VK € Tn.
k=1

This and (9) imply that vy := T'(z1) — y2 € Y5.
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By (11) we obtain

n n

Yo = Z(y}:,f(xl))f(uk) and hence y; = T(xl - Z(yz,f(x1)>uk> €Y.

k=1 k=1

It follows from (10) that z; — S, (y5, T'(z1))ux € X

Hence x, € X1+ 37, (yt, T(x1))u, € X1 + E (thanks to the definition of £). Since
xy1 is arbitrary in Ej, one has F; C X; + E. This and the inclusion in (12) show
that £y = X; + E. Next let u € X; N E. Then T(u) ceYin T(E) and there exist
ty,- - ,t, € Rsuch that u =", _, tyug. Hence

k=1 k=1

Since eq,--- ,e, are linearly independent, t; = --- = ¢, = 0 and so u = 0. This
implies X; N E' = {0}. Letting X, := E + Ej, it follows from (3) that (5) holds. By
(3), one also has F'N Ey = {0}. Define Tz : X; — Y and g : Xo — Y as follows

~

Tg(l’l) = T(SL'1> Vo, € X3

A

and gu+v)=T(u)+g(v) V(u,v) € E x Es.

Then T € L(X;,Y), g is a piecewise linear mapping between X5 and Y, and
Te(X)NY =T(X))NY =v;NY = {0}.

Let (z1,73) € X7 X Xy, Then it only needs to show G(x1 + x2) = Tg(z1) + g(x9).
To show this, take (u,v) € E x Ey such that x3 = u + v. Note that we have
r1+u€ X+ FE = E;. It follows from (4) that

~

G(x1412) = Glzr+utv) = T(z1+u)+§(v) = T(21)+T(u)+§(v) = Ta(z1)+g(w2).

The proof is complete. O

Lemma 2.5. Let X and Xy be closed subspaces of a normed space X such that
X1 N Xy ={0} and dim(Xs) < oo. Then there exists T € (0, +00) such that

[z1 ]| + [[z2ll < 7llzy + 2ol V@1, 20) € Xo X X

Proof. Suppose to the contrary that there exists a sequence {(u,,v,)} in X; x X3
such that ||u,|| + [|vn|| > 7w, + v, for all n € N.

— Un
[[un | + [lon]]

Un

Let Uy, —_—
" [[un | + [lon]]

and 0, :=
- ~ 1 - ~

Then T, + || < — and lin]] +|On]] =1 VneN.

Moreover, since X5 is finite dimensional, we can assume without loss of generality

that 0, — v € X,. Hence —a,, — v € X; N X, (thanks to the closedness of X;) and
|v]| = 3. This contradicts X; N X, = {0}. O
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For a closed set A in a Banach space X and ¢ € [0, +00), let

~

N:(A,a) = {.7:* € X*: limsup (%0 -a) < 6} Vae A

a_ la—a]
a—a

Let N(A,a) denote the limiting normal cone to A at a, that is, z* € N(A,a) if and
only if there exists a sequence {(a,,x},e,)} in A x X* x Ry such that

an —a, v5 52", e, -0 and z* e N. (A ,a,) VneN

(cf. [9, 13]). For a set-valued mapping F': X =Y, let D*F(z,y) : Y* = X* denote
the coderivative of I at (z,y) € gph(F'), that is,

D*F(x,y)(y") :={z" € X" : (2", —y") € N(gph(F), (z,y))} Yy €Y~

(cf. [7, 9]). For convenience, we use D*F(z) to denote D*F(x,F(x)) when F is
single-valued. It is known and easy to verify that if T" is a continuous linear operator
between two Banach spaces X and Y then

DT (z)(y*) =T"(y*) V(z,y") e X x Y™,
where T™ is the conjugate operator of T'.

In the finite dimensional case, Mordukhovich [8] used the coderivative to establish
the following criterion on the metric regularity of a closed set-valued mapping F' be-
tween two finite dimensional Banach spaces at (Z,y) € gph(F): there exist numbers
k,0 € (0, 400) such that

d(z, F~'(y)) < kd(y, F(z)) V(x,y) € B(z,0) x B(g,0).

Lemma 2.6. Let F' be a closed set-valued mapping between two finite dimensional
Banach spaces. Then F is metrically reqular at (Z,y) € gph(F) if and only if
D*F(z,y)~'(0) = {0}.

Under the piecewise linearity assumption, we will extend Mordukhovich’s criterion
to the infinite dimension case. To do this, we need the following lemma.

Lemma 2.7. Let X and Y be Banach spaces, G : X — Y be a piecewise linear
mapping, and let Xy and Xy be closed subspaces of X, Y be a subspace of Y,
T : X1 — Y be a continuous linear operator and g : Xo — Y be a piecewise linear
mapping such that (5) and (6) hold. Further suppose that T (X,) is closed. Then
there exists a closed subspace Yy of Y with the following properties:
i) Y =Yy4Y,Y,NY ={0} and Te(X;) C Y.
(ii) For any x € X and (z1,x2) € X X Xy with x = x1 + x3,
D*G(x)(ys ®97) = {T(ys) D a3 23 € D*g(22)(§")} V(y5.9") € Y5 x V™,
where T¢ Yy — X is the conjugate operator of T as a continuous linear
operator from Xy to Yy and y5 ® y* € Y™ defined by

W @990 +0) = (Wi, o) + (05 9) Yy, ) € Yo x Y.
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Proof. Since Y is finite dimensional, there exist linearly independent vectors 91, ..., Un
in Y such that

Y = span{gy, - , i} = {Ztkgjk: ty,ee ot eR}.
=1

For any k € 1n, let Y}, := Te(X1) + span ({1, ,9n} \ {Or}). Then Y} does not
contain g (thanks to the first equality in (6)) and is a closed subspace of Y (thanks
to the closedness of T;(X;) and [14, Theorem 1.42]). Hence, by the Hahn-Banach
theorem, there exists y; € Y* such that (y;,9x) = 1 and (y;,y) = 0 for all y € Y;.

Letting Yo:={y €Y : (yf,y) =0, k=1,--- ,n}, it follows that (i) holds.

To prove (ii), let x € X and (x1,22) € X; X Xy be such that x = 1 + x5, and
let (yg,9%) € Yy x Y*. Let z* be an arbitrary element in D*G(x)(yg @ ¢*). Then
(z*, —(ys ® %)) € N(gph(G), (z,G(x))). Noting that the piecewise linear mapping
G is globally Lipschitzian, it follows there exists a sequence {(z,,z},y*,0,)} in the

product X x X* x Y* x (0, +00) such that z, — z, = N z*, yl i Yo @y and
(v = 2) = (3, G(2) = Glwa) < o=zl Vo € Blaa ). (13)

n?

® Lk Lk * Lk * Lk ok Sk k]|
Set T = |X17 Ty =T |X27 Uy = xn|X17 Uy = xn|X2’ Ry = yn|YO and Yp = yn|Y7
and take (u,,v,) € X1 x X5 such that x,, = u,, + v,. Then

w* w* w* e WA
uy —xy, vh = a5, 2= ys, Ur =Yt u, — 1 and v, — o

(thanks to Lemma 2.5). Moreover, by (5), (6) and (13), one has

n’

(U, u—up) = (2, Te(u) — T (un)) < %Hu —Un| Vu € Bx, (un, )
* ~ 1
and (vn, 0 = on) = (G, 9(v) = g(vn)) < —[lo—wnll Vo € Bx, (vn, 0n).

Hence ||uj, — Tz (23)[| < & and (v}, —35) € Ni(gph(g), (vn, 9(va)))- Letting n — oo
and noting that the conjugate operator T is weak*-weak® continuous, it follows
that 23 € D*g(x2)(9*) and x* = 7 & x5 = T4 (y5) @ x5. This shows that

D'Gla) (s © §%) C {Talyy) @3 ah € D glwa)(5)} (14)

To prove the inverse inclusion, let v* € X3 be such that v* € D*g(z2)(9*). Then
there exists a sequence {(v,, v}, %)} in Xo x X5 x Y* such that

U = @9, U)o 0%, gr 5 gt and (v, —35) € Na(gph(g), (vn, g(va))) ¥n € N.
Hence for each n € N there exists r,, > 0 such that
* A% 2
(vn, 0 = 0n) = (U, 9(v) = g(vn)) < ZfJv —wnll Vo € Bx,(vn, ).

Noting that (T5(ys), v — x1) — (y5, Te(u) — Te(xy)) = 0 for all uw € Xy, it follows
that

* () % * * o K 2
<TG(yO> EBUn? U+V—T1 — Un> - <y0 @yn, TG(U) +g(1}) — TG(J‘l) —g('l}n)> < ngU — UnH

for all (u,v) € Xy X Bx,(vn,T0).
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Thus, by (5), (6) and Lemma 2.5, there exists a positive constant 7 such that

(T& () © vy — (45 @ 3)) € Nz (gph(G), (w1 + vn, Gy + 1)) Vn € N,
Letting n — oo, one has

(Ta(ys) & v™, —(y5 @ §")) € N(gph(G), (21 + 22, G201 + 22))),
that is, T (yg) @ v* € D*G(z1 + x2)(yg @ g*). Since v* is arbitrary in D*g(x2)(7*),
we have
D*G(x)(yo @ 97) = D*G1 + 22)(yy © 97) D {Te(yo) © w5+ x5 € D7g(w2)(97)}-

This and (14) show that (ii) hold. The proof is complete. O

3. Main results

To establish the main results in this section, we introduce the following L-closed
range property of a piecewise linear mapping between two Banach spaces: Let G be
a piecewise linear mapping between two Banach spaces X and Y, and let Ey, Es,
Y, T and g be as in Lemma 2.3, We say that G has the L-closed range property if
T(El) is a closed subspace of Y.

The following proposition shows that the L-closed range property of a piecewise
linear mapping between two Banach spaces is well-defined.

Proposition 3.1. Let G be a piecewise linear mapping between two Banach spaces
X and Y. Suppose that E, El, E and Esy are closed subspaces of X, Y and Y are
subspaces of Y, T € L(E,Y), T € L(E\,Y) and that § : By — Y and §: By — Y
are piecewise linear mappings such that

X=FE+F=F+F, EiNE,= EmEQ_ {0},

max {dim(E,), dim(E»), dim(Y), dim(Y)} < oo,

G(z1 + x9) = T(xl) + g(xg) V(z1,72) € E7 X Ey

and Gy + &) = T(21) + §(Z2) V(F1,%2) € Ey x By,

15
16
17

)
)
)
18)

(
(
(
(
Then T(Ey) is closed if and only if T(Ey) is closed.

Proof. From (15) and (16), it is easy to verify that £, N E, is a closed subspace of
X whose codimension is less than or equal to dim(£Ey) + dim(E,). Hence there exist
finite dimensional subspaces Z; and Z; of X such that

El = (El N El) D Zl and El = (E1 N El) D Zl' (19)
It follows that there exist finite dimensional subspaces H; and H 1 of X such that
(EyNE)+ENTH0)=(E\NE)+H, and (E;NE)+E,NT(0)=(E\NE)+ H;.

Hence (Ey N Ey)+ E;NT71(0) and (Ey N Ey) + B, NT71(0) are closed subspaces
of By and Ej, respectively. For any u € Ey N Ey, by (17) and (18), we have

G(u) = T(u) +§(0) = T(u) + §(0) and G(0) = 4(0) = §(0).
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Hence T(E;NE;) =T(E; N E}), and so
T(E) =T(E,NE)+T(Z) and T(Ey) =T(E, N Ey) +T(Zy).

Noting that max{dim(7" (Zl)) dim(T(Z,))} < oo, it follows from [14, Theorem 1.42]
that both T'(E;) and T(E;) are closed subspaces of Y whenever T(E1 ﬂEl) is closed.
Thus, it suffices to show that the closedness of either T'(E;) or T(E}) implies the
closseness of T(E1 N Ey). To do this, suppose without loss of generality that T(Ey)
is closed. Since Ej is a closed subspace of the Banach space X, T can be regarded
as a surjective continuous linear operator between Banach spaces Ey and T(E,). By
the open mapping theorem, since Fy N Ey + E; NT~1(0) is a closed subspace of Ej,
T(El \ (BN E 4+ E N Tﬁl(O))) is an open set in T'(F;). Noting that

T(Bu\ (B0 By + By T71(0)) ) = T(B)\ T (B0 By + B 0 T74(0)),

it follows that T'(Fy N Ey) = T(El NE,+Ei N T*I(O)) is closed in T'(Ey). This and
closedness of T'(E;) show that T(E; N Ey) is closed. The proof is complete. O
Remark 3.2. It is known that if dim(Y") > 2 then there exist an open mapping T
in £(X,Y) and a closed set A in X such that T'(A) is not closed in Y. However,
by the proof of Proposition 3.1, we have the following result: If T' € L(X,Y) is an

open mapping and E is a closed subspace of X with codim(FE) < oo, then T(FE) is
a closed subspace of Y. Il

Theorem 3.3. Let G be a piecewise linear mapping between two Banach spaces X
and Y. Then the following statements are equivalent.

(i) G has the L-closed range property.

(ii) For anyy € G(X) and any r € (0, +00), there ezists k € (0, +00) such that
d(z,G"Hy)) < slly — G(z)| Vo€ G™(y) +rBx,
where Bx denotes the closed unit ball of X.

(i) For anyy € G(X) and any r € (0, +00), there ezists k € (0, +00) such that
d(z,G"Yy)) < klly — G(z)| Vz € rBy.

(iv) There exists xo € X and 6,k € (0, +00) such that
d(z, GG (x0))) < K||G(x0) — G(z)|| Vx € B(xo,9).

Proof. By Lemma 2.4, take closed subspaces X; and X, of X, a subspace Y of Y,

Te € L£(X1,Y) and a piecewise linear mapping g : Xo — Y such that (5) and (6)
hold. Then

G +9)=T5" () + 97 (1) Y(y,9) € Ta(X1) x g(Xa). (20)

First suppose that (i) holds. Then, by Proposition 3.1, T(X;) is a closed subspace
of Y and Tg € L(X;,Te(X1)) is surjective. Then, by the open mapping theorem,
there exists 79 > 0 such that T(Xy) NroBy C Ti(Bx,).

Let 1 € X7 and y; € Te(X1) \ {Tg(x1)}. Then % € T(By,), and so there

exists u; € By, such that Tg(uy) = %, that is,
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y1 = Te(z1) — [Felw) ~ 0] _ylHTG(ul) =1c (ili'l — [Teloy) _y1”u1> :

To To

Hence x, — Telt—mlu ¢ 7=1(y) Noting that |juy|| < 1, it follows that

To

d (%;Tél(yl)) < 1Te(@) =l V(zy, 1) € Xy x Ta(Xy). (21)

To

Since g : Xy — Y s piecewise linear and Y is finite dimensional, gph(g) is the
union of finitely many convex polyhedra in the product X, x ¥ (thanks to Lemma
2.2). Hence, by the Robinson theorem, there exists x; € (0, +00) such that for any
g € g(Xs) there exists §; > 0 such that

d (22,97 '(9)) < rm1llg — gla2)||  Vaz € Xy with ||§ — g(a2)]| < 65 (22)

Let y € G(X). Then, by the second equality in (6), there exist y; € T¢(X;) and
g € g(X3) such that y = y; +y. It follows from (5), (20) and Lemma 2.5 there exists
7 € (0, 400) such that

G 'y)+rBx CTg" (y1) + 7rBx, + g '(§) + 7rBx, Vr € (0, +00)

and d(z1 + 22, G (y)) < 7(d(z1, T (1)) + d(z9,971(9))  V(z1,29) € X1 X Xo.
Take some r € (0, +00) and € G~!(y) + rBx. Then there exist x; € X; and
T9 € g 1(§) + 7rBx, such that © = z; + z5. Letting ky := max {%,71{1, %} and
noting that d(xs, g7*(4)) < 77, it follows from (21) and (22) that

d(z, G (y)) < ralllyr = To()|| + 19 — gla2)]])- (23)

On the other hand, since Tg(X;) is a closed subspace of Y and Y is a finite di-
mensional subspace disjoint with T (X;), Lemma 2.5 implies there exists a positive
constant 3 such that

lyr = Ta ()| + 11§ — g(z2)ll < mallyr — Ta(e1) + 9 — g(@:)]
= kslly — Ta(z1) — g(z2)| = kslly — G(x1 + 22)].
Therefore, by (23), one has d(z, G (y)) < kors|ly — G(x)||. This shows that (i)
implies (ii).
Let y € G(X), and take 2’ € G7'(y). Then rBx C G~'(y) + (||2'|| + r)Bx for any
r € (0, 400). Hence (ii) implies (iii). Since (iii) implies trivially (iv), it remains
to show that (iv) implies (i). Next suppose that (iv) holds. By (5) and (6), take
71 € X7 and Ty € X, such that g = 77 + T and y := G(x9) = Te(Z1) + g(T2).
Then, by (iv) and Lemma 2.5, there exists 79 € (0, +00) such that
To(d(21, T (Ta(21))) + d(z2, 97 (9(22)))) < d(@1 + 22, G (y0))
< kllyo = Gy + o)l = #l|Ta(71) + 9(72) — To (1) — g(a2)]|

for all (zq,22) € X1 x Xy with ||z + x2 — x¢|| < dp. Letting xo = To, then

d (1, T5 ' (Te(71))) < %HTG(@) = Tg(z1)|| Va1 € Bx, (21, 00).
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Since Tg is a linear operator, T, ' (T (71)) = 71 + T, (0) and hence
d(z1,T5'(0)) < %HTG(%)H Vo, € X (24)

Let {v,} be a Cauchy sequence in T¢(X7), and take a subsequence {v,, } of {v,}

such that .
”vnk+1 - UnkH < W vk € N.

For each k € N, take z, € X such that Tg(xy) = vp,,, — ¥
k € N there exists u;, € T;;'(0) such that

By (24), for each

ket

K

2K 2K 2K
Jon = wll < 2N Tt — w)ll = 2 Ta(@i)ll = 2 on,,, = vn,ll < 5

Since X; is a closed subspace of the Banach space X, there exists @, € X; such that
S oro (@ — ug) = 1y. It follows that

D Wny = vny) = Y Ta(we — w) = To(t) € To(Xy),
k= k=1

1

that is, limy_e0 n, = T (U1) + vy, € Te(X1). Hence the Cauchy sequence {v,} in
Te(Xy) converges to T () 4+ vp,. This shows that T (X;) is complete and hence
closed in Y. The proof is complete. ]

Recall that a set-valued mapping F' between two Banach spaces X and Y is globally
metrically subregular at g € F/(X) if there exists x € (0, +00) such that

d(z, F~(y)) < &llg — F(2)| VzeX.

The following theorem provides a characterization for a piecewise linear mapping to
be globally metrically subregular.

Theorem 3.4. Let X and Y be Banach spaces, and let G : X — 'Y be a piecewise
linear mapping. Then G is globally metrically subreqular at y € G(X) if and only if

lim y— G(z2)|| = +o0.
o dm 5= Gl

Proof. Since the necessity part is trivially true, we only need to prove the suffciency
part. To prove this, suppose that

lim g — G(z)|| = +o0. 25
o dm -G (25)

By Lemma 2.4, there exist closed subspaces X; and X5 of X, a closed subspace Y
of Y, a continuous linear operator Tz : X; — Y and a piecewise linear mapping
g : X, = Y such that (5) and (6) hold. It follows that G(X) = Te(X1) + g(X,).
Hence there exist 4, € Te(X7) and o € g(X3) such that § = ; + 2. By (5) and
Lemma 2.5, G=X(y) = T5" (1) + g~ '(%2) and there exists 7 > 0 such that

() + 22, G7H(G)) > 7(d(21, Tg (31)) + d(22, 97 (52))  V(w1,22) € Xy x Xa.
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Thus, taking z; € T,,"(41) and Zy € g~(#2), one has
d(zy + Zo, G7H(Y)) > 7d(x1, T, (1)) Vo, € X3 (26)
and d(Z; + zo, G7(y)) > 7d(x2, g7 (72)) for all o € X,. Noting that
17 = G(@1 + 22) || = (|9 — T (1) — g(@2)]| = 172 — g(z2)l| V2 € X,

it follows from (25) that lim |72 — g(2)|] = +o00. Since g : Xy — Y is
d(w2,97 1 (F2))—>+o00

piecewise linear and Y is finite dimensional, Proposition 2.1 implies that gph(g) is

the union of finitely many convex polyhedra in the product Xy x Y. Hence, by [17,

Theorem 3.2|, there exists x; € (0, +00) such that

d(332a “Hi2)) < Fallgz — g(x2)|| Vaa € Xo
Noting that G=*(7) = T (1) + ¢~ (72) and that there exists 7 > 0 such
19— Gz +x2)|| = [[tn+ 72— Te(z1) — g(z2)|

7191 = Ta(z)|| + 1[92 — g(2)]]

for all (z1,22) € X; x Xy (thanks to (5), (6) and Lemma 2.5), it suffices to show
that there exists ko € (0, +00) such that

d(z1,T5' (51)) < kollin — Ta(x1)]| Vo € X

To show this, suppose to the contrary that there exists a sequence {u, } in X; such

that .
d(un, Tg (1)) > nl|lyn — To(uy)|| Vn €N,

Since d(u,, T, (1)) = d(0, T (71) — u,) = d(0, T (1 — T (uy))), we have

d(O T (M)) >n VneN.

For n € N, take v, € T(;l (Zzl_T—G()”> Then

91 —Tc(

[Te(vn)l| = 1 (27)

and T;! (Ilz; TGE §|> = v, + T3 (0) = v, — 71 + T (1)
1=

(thanks to z; € T;'(41)). Therefore

(@1 — vn, T5 M (7)) = d(() T (lmgzn;”)) >n VneN.

This and (26) imply that d(z; — v, + Z2,G*(y)) — +o0o. Hence, by (25), one
has lir+n |y — G(Z1 — v, + To)|| = +o0o. Noting that 7, € T;' (1) C X, and
n—-—+0o0o

-1 ?jl—TG(Un)
un € Tg (ny-—l—TG(un)n) C X,

G(T) — v, + 22) = Ta(Z1 — va) + 9(T2) = 51 — Te(vn) + 2 = § — Ta(vn)
(thanks to (6)). It follows that lim ||T(v,)|| = +o00, contradicting (27). The proof
n—oo

is complete. O
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The following corollary is immediate from Theorems 3.1 and 3.2.

Corollary 3.5. Let G : X — Y be a piecewise linear mapping between two Banach
spaces X and Y, and let y € G(X) be such that lim |7 — G(x)|| = +o0.
Then G has the L-closed range property. G @) roo

Next we consider the metric regularity, which is stronger than the metric subreg-
ularity. The following proposition provides a dual characterization for a piecewise
linear mapping to be metrically regular.

Proposition 3.6. Let X andY be Banach spaces, and let G : X — Y be a piecewise
linear mapping. Then G is metrically reqular at (z,G(Z)) if and only if G has the
L-closed range property and D*G(z)~'(0) = {0}.

Proof. By Theorem 3.1, the metric regularity of G at (z, G(z)) implies that G has
the L-closed range property. Thus, by Lemmas 2.4 and 2.7 and Proposition 3.1, we
can assume without loss of generality that there exist closed subspaces X; and X5 of
X, closed subspaces Yy and Y of YV, T € L(X1,Y)) and a piecewise linear mapping
g : Xy — Y such that (5) and (6) hold, Ti(X;) is closed,

Y =Y, 4Y, YonY ={0}, Ta(X)) C Yy (28)

and
D*G(x)(ys ® 0°) = {T5(y) ® a5« a3 € D*g(Z) (7)) Vs, §7) € Yy x Y™ (29)
where Zo € X5 such that z; .= — Z, € X;.

First suppose that G is metrically regular at (z, G(Z)). Then, from (5), (6), (28) and
Lemma 2.5, it is easy to verify that Tg and g are metrically regular at (1, Ta(Z1))
and (Zo, g(Z2)), respectively. Hence T(X;) = Yy and D*g(z;)'(0) = {0} (thanks
to Lemma 2.6). By [14, Theorem 4.12], one has (T5)~'(0) = {0}. It follows from
(29) that D*G(z)~*(0) = {0}. This shows the necessity part.

To prove the sufficiency part, suppose that D*G(z)*(0) = {0}. Then, by (29),
D*g(75)7*(0) = {0} and (T%)~'(0) = {0}. Hence, by Lemma 2.6, there exist num-
bers k1,0 € (0, +00) such that

d(r2,97'(9)) < w1ll§ — g(z2)| V(22,9) € Bx,(T2,0) x By (g(22),0).

By the closedness of Ti; (X7 ) and [14, Theorems 4.12 and 4.14], one also has T (X;) =
Yy. Noting that X; and Y[ are respectively closed subspaces of Banach spaces X
and Y, it follows from the open mapping theorem that there exists ky € (0, +00)
such that

d(z1,T5" (%)) < Rallyo — Ta(x)ll - V(z1,90) € X1 % Y.

Thus, from (5), (6), (28) and Lemma 2.5, it is easy to verify that G is metrically
regular at (z, G(z)). This shows the sufficiency part. O
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