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Observe that the graph of a piecewise linear mapping to an infinite dimensional Banach space is
not the union of finitely many convex polyhedra. This and Robinson’s theorem on local metric
subregularity for a polyhedral mapping motivate us to consider the metric subregualrity for a
piecewise linear mapping between two general Banach spaces. We prove that a piecewise linear
mapping G between two Banach spaces is boundedly metrically subregular at any point in its
graph gph(G) if and only if G is metrically subregular at some point in gph(G) if and only if G
has the L-closed range property, which complements Robinson’s theorem. As an complement of
Mordukhovich’s criterion on the metric regularity in the finite dimension case, we also provide a
dual characterization for a piecewise linear mapping to be metrically regular.
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1. Introduction

Continuous linear operators between Banach spaces enjoy many interesting and
beautiful properties. However, the linearity is quite restrictive. The family of all
piecewise linear functions is much larger than that of all linear functions and there
exists a wide class of functions that can be approximated by piecewise linear func-
tions. Moreover, one may use piecewise linear functions generated by finitely many
test data to establish mathematical models for some practical problems. Therefore
it is useful to study piecewise linear problems (cf. [3, 5, 6, 11, 15, 16, 17, 18] and the
references therein).
Let F be a closed set-valued mapping between two Banach spaces X and Y , that
is, it graph gph(F ) := {(x, y) ∈ X × Y : y ∈ F (x)} is a closed set in the product
X × Y . Recall that F is (locally) metrically suregular at (x̄, ȳ) ∈ gph(F ) if there
exists κ, δ ∈ (0, +∞) such that d(x, F−1(ȳ)) ≤ κd(ȳ, F (x)) for all x ∈ B(x̄, δ),
where B(x̄, δ) denotes the open ball with center x̄ and radius δ. The above metric
subregularity as a valuable extension of the error bound in optimization theory
has been recognized to be important in variational analysis and studied extensively
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(cf. [2, 4, 9, 10, 13, 17] and the references therein). It is well-known that if the
graph gph(F ) of F is a convex polyhedron in the product X × Y then there exists
κ ∈ (0, +∞) such that

d(x, F−1(y)) ≤ κd(y, F (x)) ∀x ∈ X and ∀y ∈ F (X),

that is, F is uniformly globally metrically subregular on the range F (X). Without
the convexity assumption, the above global metric subregularity result is not nec-
essarily valid (cf. [2, 13]). However Robinson [11] proved that if F is a (nonconvex)
polyhedral set-valued mapping between two Banach spaces X and Y (i.e. the graph
gph(F ) is the union of finitely many convex polyhedra in X × Y ) then there exists
κ ∈ (0, +∞) such that for any y ∈ F (X) there exists εy > 0 with the following
property:

d(x, F−1(y)) ≤ κd(y, F (x)) ∀x ∈ X with d(y, F (x)) < εy,

that is, F is locally metrically subregular at every point in the range F (X). Recall
(cf.[3, 15, 16, 18]) that a single-valued mapping G : X → Y is piecewise linear if
there exist convex polyhedra Pi in X, Ti ∈ L(X,Y ) and bi ∈ Y (i = 1, · · · , n) such
that

X =
n∪

i=1

Pi and G(x) = Ti(x) + bi ∀x ∈ Pi, i = 1, · · · , n, (1)

where L(X,Y ) denotes the space of all continuous linear operators from X to Y .
Zheng and Yang [18] proved that if G : X → Y is a piecewise linear single-valued
mapping then its graph is the union of finitely many convex polyhedra in the product
X × Y if and only if Y is finite dimensional. Therefore, a piecewise linear single-
valued mapping to a infinite dimensional Banach space must not be a polyhedral
mapping. This motivates us to consider the metric subregualrity of a piecewise
linear single-valued mapping between two general Banach spaces.
For a continuous linear operator T :X → Y between two Banach spaces X and Y
the closedness of T (X) implies T (X)∩ rBY ⊂ T (BX) for some r > 0 by the famous
open mapping theorem, which means the following global metric subregularity:

d(x, T−1(y)) ≤ 1

r
∥y − T (x)∥ ∀(x, y) ∈ X × T (X).

In this paper, we consider the extension of the above result from a continuous linear
operator to a piecewise linear single-valued mapping. In particular, if G is a piecewise
linear single-valued mapping between two Banach spaces X and Y , we prove the
following properties are equivalent:
(i) G has the L-closed range property (see Section 2 for its definition).
(ii) For any y ∈ G(X) and any r > 0 there exists κ ∈ (0, +∞) such that

d(x,G−1(y)) ≤ κ∥y −G(x)∥ ∀x ∈ G−1(y) + rBX .
(iii) For any y ∈ G(X) and any r > 0 there exists κ ∈ (0, +∞) such that

d(x,G−1(y)) ≤ κ∥y −G(x)∥ ∀x ∈ rBX .
(iv) There exist (x0, y0) ∈ gph(G) and κ0, δ0 ∈ (0, +∞) such that

d(x,G−1(y0)) ≤ κ∥y0 −G(x)∥ ∀x ∈ B(x0, δ0).
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We also prove that G is globally metrically subregular at y0 ∈ G(X), that is, there
exists κ ∈ (0, +∞) such that

d(x,G−1(y0)) ≤ κ∥y0 −G(x)∥ ∀x ∈ X

if and only if lim
d(x,G−1(y0))→+∞

∥y0 −G(x)∥ = +∞.

It is well known that a continuous linear operator T between two Banach spaces X
and Y is metrically regular if and only if T is surjective if and only if T (X) is closed
and (T ∗)−1(0) = {0}. This paper uses the coderivative to establish the corresponding
characterization for a piecewise linear single-valued mapping between two Banach
spaces to be metrically regular. In particular, we prove that a piecewise linear single-
valued mapping G between two Banach spaces is metrically regular at some point
(x̄, G(x̄)) if and only if G has the L-closed range property and (D∗G(x̄))−1(0) = {0},
where D∗G(x̄) is the coderivative of G at x̄. This can be also regarded as an
complement of Mordukhovich’s criterion on the metric regularity,

2. Preliminaries

Let X be a normed space with the dual space X∗. Recall (cf.[1, 12]) that a subset
P of X is a convex polyhedron if there exist x∗

1, · · · , x∗
m ∈ X∗ and t1, · · · , tm ∈ R

such that
P = {x ∈ X : ⟨x∗

i , x⟩ ≤ ti, i = 1, · · · ,m}. (2)

The following result on polyhedra is known and useful for our analysis (cf. [18,
Proposition 2.6]).

Lemma 2.1. Let Pi be convex polyhedra in a normed space Z such that int(Pi) ̸= ∅
where (i = 1, ...,m). Then there exist convex polyhedra Qj in Z with int(Qj) ̸= ∅
(j = 1, ..., ν) such that we have

∪m
i=1 Pi =

∪ν
j=1Qj and int(Qj) ∩ Qj′ = ∅ for all

j, j′ ∈ 1ν with j ̸= j′, where 1ν := {1, ..., ν}.

Based on Lemma 2.1, Zheng and Yang [18] provided the following results on a
single-valued piecewise linear mapping.

Lemma 2.2. Let G be a piecewise linear mapping between two normed spaces X
and Y . Then there exist finitely many convex polyhedra Λ1, · · · ,Λn in the product
X × Y such that gph(G) =

∪n
i=1 Λi if and only if Y is finite dimensional.

Lemma 2.3. Let G be a piecewise linear mapping between two normed spaces X
and Y . Then there exist closed subspaces E1 and E2 of X, a subspace Ŷ of Y ,
T̂ ∈ L(E1, Y ) and a piecewise linear mapping ĝ : E2 → Ŷ such that

X = E1 + E2, E1 ∩ E2 = {0}, dim(E2) < ∞, dim(Ŷ ) < ∞ (3)

and G(x1 + x2) = T̂ (x1) + ĝ(x2) ∀(x1, x2) ∈ E1 × E2. (4)

With the help of Lemma 2.3, we can establish the following more elaborate expres-
sion for a piecewise linear mapping.
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Lemma 2.4. Let G be a piecewise linear mapping between two normed spaces X
and Y . Then there exist closed subspaces X1 and X2 of X, a subspace Ŷ of Y ,
TG ∈ L(X1, Y ) and a piecewise linear mapping g : X2 → Ŷ such that

X = X1 +X2, X1 ∩X2 = {0}, dim(X2) < ∞, dim(Ŷ ) < ∞, (5)

TG(X1) ∩ Ŷ = {0} and G(x1 + x2) = TG(x1) + g(x2) ∀(x1, x2) ∈ X1 ×X2. (6)

Proof. By Lemma 2.3, there exist closed subspaces E1 and E2 of X, a subspace
Ŷ of Y , T̂ ∈ L(E1, Y ) and a piecewise linear mapping ĝ : E2 → Ŷ such that (3)
and (4) hold. Then dim(T̂ (E1) ∩ Ŷ ) ≤ dim(Ŷ ) < ∞, and hence there exist linearly
independent vectors e1, · · · , en in Y such that

T̂ (E1) ∩ Ŷ =
{ n∑

i=1

tiei : t1, · · · , tn ∈ R
}
. (7)

For any i ∈ 1n := {1, · · · , n}, let ŷ∗i : T̂ (E1) ∩ Ŷ → R such that⟨
ŷ∗i ,

n∑
k=1

tkek

⟩
:= ti ∀t1, · · · , tn ∈ R.

Then, since T̂ (E1) ∩ Ŷ is finite dimensional, ŷ∗i is a continuous linear functional on
T̂ (E1) ∩ Ŷ . By the Hahn-Banach theorem, there exist y∗1, · · · , y∗n ∈ Y ∗ such that
y∗1|T̂ (E1)∩Ŷ = ŷ∗1, · · · , y∗n|T̂ (E1)∩Ŷ = ŷ∗n. Hence

⟨y∗k, ek⟩ = 1 and ⟨y∗k, ek′⟩ = 0 ∀k∈1n and ∀k′∈1n\{k}. (8)

Let Y1 :=
{
y ∈ T̂ (E1) : ⟨y∗1, y⟩ = · · · = ⟨y∗n, y⟩ = 0

}
. (9)

We claim Y1 ∩ Ŷ = {0}. Indeed, for any y ∈ Y1 ∩ Ŷ , one has y ∈ Y1 ∩ T̂ (E1) ∩ Ŷ .
Hence there exist t1, · · · , tn ∈ R such that y =

∑n
k=1 tkek and

0 = ⟨y∗k, y⟩ =
n∑

k′=1

tk′⟨y∗k, ek′⟩ = tk ∀k ∈ 1n

(thanks to (8)). This shows y = 0 and so Y1 ∩ Ŷ = {0}. Let

X1 := T̂−1(Y1) = {x1 ∈ E1 : T̂ (x1) ∈ Y1} (10)

and take u1, · · · , un ∈ E1 such that

T̂ (uk) = ek, k = 1, · · · , n. (11)

Let E :=
{∑n

k=1 tkuk : k = 1, · · · , n
}

. Then

dim(E) = n and X1 + E ⊂ E1. (12)

On the other hand, let x1 ∈ E1. Then, by (7), y2 :=
∑n

k=1⟨y∗k, T̂ (x1)⟩ek∈ T̂ (E1)∩ Ŷ .
Hence, by (8), one has

⟨y∗k′ , y2⟩ =
n∑

k=1

⟨y∗k, T̂ (x1)⟩⟨y∗k′ , ek⟩ = ⟨y∗k′ , T̂ (x1)⟩ ∀k′ ∈ 1n.

This and (9) imply that y1 := T̂ (x1)− y2 ∈ Y1.
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By (11) we obtain

y2 =
n∑

k=1

⟨y∗k, T̂ (x1)⟩T̂ (uk) and hence y1 = T̂
(
x1 −

n∑
k=1

⟨y∗k, T̂ (x1)⟩uk

)
∈ Y1.

It follows from (10) that x1 −
∑n

k=1⟨y∗k, T̂ (x1)⟩uk ∈ X1.
Hence x1 ∈ X1+

∑n
k=1⟨y∗k, T̂ (x1)⟩uk ⊂ X1+E (thanks to the definition of E). Since

x1 is arbitrary in E1, one has E1 ⊂ X1 + E. This and the inclusion in (12) show
that E1 = X1 + E. Next let u ∈ X1 ∩ E. Then T̂ (u) ∈ Y1 ∩ T̂ (E) and there exist
t1, · · · , tn ∈ R such that u =

∑n
k=1 tkuk. Hence

T̂ (u) =
n∑

k=1

tkT̂ (uk) =
n∑

k=1

tkek ∈ Y1 ∩ Ŷ = {0}.

Since e1, · · · , en are linearly independent, t1 = · · · = tn = 0 and so u = 0. This
implies X1 ∩E = {0}. Letting X2 := E +E2, it follows from (3) that (5) holds. By
(3), one also has E ∩ E2 = {0}. Define TG : X1 → Y and g : X2 → Ŷ as follows

TG(x1) = T̂ (x1) ∀x1 ∈ X1

and g(u+ v) = T̂ (u) + ĝ(v) ∀(u, v) ∈ E × E2.

Then TG ∈ L(X1, Y ), g is a piecewise linear mapping between X2 and Ŷ , and

TG(X1) ∩ Ŷ = T̂ (X1) ∩ Ŷ = Y1 ∩ Ŷ = {0}.

Let (x1, x2) ∈ X1 ×X2. Then it only needs to show G(x1 + x2) = TG(x1) + g(x2).
To show this, take (u, v) ∈ E × E2 such that x2 = u + v. Note that we have
x1 + u ∈ X1 + E = E1. It follows from (4) that

G(x1+x2) = G(x1+u+v) = T̂ (x1+u)+ĝ(v) = T̂ (x1)+T̂ (u)+ĝ(v) = TG(x1)+g(x2).

The proof is complete.

Lemma 2.5. Let X1 and X2 be closed subspaces of a normed space X such that
X1 ∩X2 = {0} and dim(X2) < ∞. Then there exists τ ∈ (0, +∞) such that

∥x1∥+ ∥x2∥ ≤ τ∥x1 + x2∥ ∀(x1, x2) ∈ X1 ×X2.

Proof. Suppose to the contrary that there exists a sequence {(un, vn)} in X1 ×X2

such that ∥un∥+ ∥vn∥ > n∥un + vn∥ for all n ∈ N.

Let ũn :=
un

∥un∥+ ∥vn∥
and ṽn :=

vn
∥un∥+ ∥vn∥

.

Then ∥ũn + ṽn∥ <
1

n
and ∥ũn∥+ ∥ṽn∥ = 1 ∀n ∈ N.

Moreover, since X2 is finite dimensional, we can assume without loss of generality
that ṽn → v ∈ X2. Hence −ũn → v ∈ X1 ∩X2 (thanks to the closedness of X1) and
∥v∥ = 1

2
. This contradicts X1 ∩X2 = {0}.
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For a closed set A in a Banach space X and ε ∈ [0, +∞), let

N̂ε(A, ā) :=
{
x∗ ∈ X∗ : lim sup

a
A→ā

⟨x∗, a− ā⟩
∥a− ā∥

≤ ε
}

∀ ā ∈ A.

Let N(A, ā) denote the limiting normal cone to A at ā, that is, x∗ ∈ N(A, ā) if and
only if there exists a sequence {(an, x∗

n, εn)} in A×X∗ × R+ such that

an → ā, x∗
n

w∗
→ x∗, εn → 0 and x∗

n ∈ N̂εn(A, an) ∀n ∈ N

(cf. [9, 13]). For a set-valued mapping F : X ⇒ Y , let D∗F (x, y) : Y ∗ ⇒ X∗ denote
the coderivative of F at (x, y) ∈ gph(F ), that is,

D∗F (x, y)(y∗) := {x∗ ∈ X∗ : (x∗,−y∗) ∈ N(gph(F ), (x, y))} ∀y∗ ∈ Y ∗

(cf. [7, 9]). For convenience, we use D∗F (x) to denote D∗F (x, F (x)) when F is
single-valued. It is known and easy to verify that if T is a continuous linear operator
between two Banach spaces X and Y then

D∗T (x)(y∗) = T ∗(y∗) ∀(x, y∗) ∈ X × Y ∗,

where T ∗ is the conjugate operator of T .
In the finite dimensional case, Mordukhovich [8] used the coderivative to establish
the following criterion on the metric regularity of a closed set-valued mapping F be-
tween two finite dimensional Banach spaces at (x̄, ȳ) ∈ gph(F ): there exist numbers
κ, δ ∈ (0, +∞) such that

d(x, F−1(y)) ≤ κd(y, F (x)) ∀(x, y) ∈ B(x̄, δ)×B(ȳ, δ).

Lemma 2.6. Let F be a closed set-valued mapping between two finite dimensional
Banach spaces. Then F is metrically regular at (x̄, ȳ) ∈ gph(F ) if and only if
D∗F (x̄, ȳ)−1(0) = {0}.

Under the piecewise linearity assumption, we will extend Mordukhovich’s criterion
to the infinite dimension case. To do this, we need the following lemma.

Lemma 2.7. Let X and Y be Banach spaces, G : X → Y be a piecewise linear
mapping, and let X1 and X2 be closed subspaces of X, Ŷ be a subspace of Y ,
TG : X1 → Y be a continuous linear operator and g : X2 → Ŷ be a piecewise linear
mapping such that (5) and (6) hold. Further suppose that TG(X1) is closed. Then
there exists a closed subspace Y0 of Y with the following properties:
(i) Y = Y0 + Ŷ , Y0 ∩ Ŷ = {0} and TG(X1) ⊂ Y0.
(ii) For any x ∈ X and (x1, x2) ∈ X1 ×X2 with x = x1 + x2,

D∗G(x)(y∗0 ⊕ ŷ∗) = {T ∗
G(y

∗
0)⊕ x∗

2 : x∗
2 ∈ D∗g(x2)(ŷ

∗)} ∀(y∗0, ŷ∗) ∈ Y ∗
0 × Ŷ ∗,

where T ∗
G : Y ∗

0 → X∗
1 is the conjugate operator of TG as a continuous linear

operator from X1 to Y0 and y∗0 ⊕ ŷ∗ ∈ Y ∗ defined by
⟨y∗0 ⊕ ŷ∗, y0 + ŷ⟩ = ⟨y∗0, y0⟩+ ⟨ŷ∗, ŷ⟩ ∀(y0, ŷ) ∈ Y0 × Ŷ .
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Proof. Since Ŷ is finite dimensional, there exist linearly independent vectors ŷ1, ..., ŷn
in Y such that

Ŷ = span{ŷ1, · · · , ŷn} =
{ n∑

i=1

tkŷk : t1, · · · , tn ∈ R
}
.

For any k ∈ 1n, let Yk := TG(X1) + span ({ŷ1, · · · , ŷn} \ {ŷk}). Then Yk does not
contain ŷk (thanks to the first equality in (6)) and is a closed subspace of Y (thanks
to the closedness of TG(X1) and [14, Theorem 1.42]). Hence, by the Hahn-Banach
theorem, there exists y∗k ∈ Y ∗ such that ⟨y∗k, ŷk⟩ = 1 and ⟨y∗k, y⟩ = 0 for all y ∈ Yk.
Letting Y0 := {y ∈ Y : ⟨y∗k, y⟩ = 0, k = 1, · · · , n}, it follows that (i) holds.
To prove (ii), let x ∈ X and (x1, x2) ∈ X1 × X2 be such that x = x1 + x2, and
let (y∗0, ŷ

∗) ∈ Y ∗
0 × Ŷ ∗. Let x∗ be an arbitrary element in D∗G(x)(y∗0 ⊕ ŷ∗). Then

(x∗,−(y∗0 ⊕ ŷ∗)) ∈ N(gph(G), (x,G(x))). Noting that the piecewise linear mapping
G is globally Lipschitzian, it follows there exists a sequence {(xn, x

∗
n, y

∗
n, δn)} in the

product X ×X∗ × Y ∗ × (0, +∞) such that xn → x, x∗
n

w∗
→ x∗, y∗n

w∗
→ y∗0 ⊕ ŷ∗ and

⟨x∗
n, x− xn⟩ − ⟨y∗n, G(x)−G(xn)⟩ ≤

1

n
∥x− xn∥ ∀x ∈ B(xn, δn). (13)

Set x∗
1 := x∗|X1 , x∗

2 := x∗|X2 , u∗
n := x∗

n|X1 , v∗n := x∗
n|X2 , z∗n := y∗n|Y0 and ŷ∗n := y∗n|Ŷ ,

and take (un, vn) ∈ X1 ×X2 such that xn = un + vn. Then

u∗
n

w∗
→ x∗

1, v∗n
w∗
→ x∗

2, z∗n
w∗
→ y∗0, ŷ∗n

w∗
→ ŷ∗, un → x1 and vn → x2

(thanks to Lemma 2.5). Moreover, by (5), (6) and (13), one has

⟨u∗
n, u− un⟩ − ⟨z∗n, TG(u)− TG(un)⟩ ≤

1

n
∥u− un∥ ∀u ∈ BX1(un, δn)

and ⟨v∗n, v − vn⟩ − ⟨ŷ∗n, g(v)− g(vn)⟩ ≤
1

n
∥v − vn∥ ∀v ∈ BX2(vn, δn).

Hence ∥u∗
n − T ∗

G(z
∗
n)∥ ≤ 1

n
and (v∗n,−ŷ∗n) ∈ N̂ 1

n
(gph(g), (vn, g(vn))). Letting n → ∞

and noting that the conjugate operator T ∗
G is weak∗-weak∗ continuous, it follows

that x∗
2 ∈ D∗g(x2)(ŷ

∗) and x∗ = x∗
1 ⊕ x∗

2 = T ∗
G(y

∗
0)⊕ x∗

2. This shows that

D∗G(x)(y∗0 ⊕ ŷ∗) ⊂ {T ∗
G(y

∗
0)⊕ x∗

2 : x∗
2 ∈ D∗g(x2)(ŷ

∗)} . (14)

To prove the inverse inclusion, let v∗ ∈ X∗
2 be such that v∗ ∈ D∗g(x2)(ŷ

∗). Then
there exists a sequence {(vn, v∗n, ŷ∗n)} in X2 ×X∗

2 × Ŷ ∗ such that

vn → x2, v
∗
n

w∗
−→ v∗, ŷ∗n

w∗
−→ ŷ∗ and (v∗n,−ŷ∗n) ∈ N̂ 1

n
(gph(g), (vn, g(vn))) ∀n ∈ N.

Hence for each n ∈ N there exists rn > 0 such that

⟨v∗n, v − vn⟩ − ⟨ŷ∗n, g(v)− g(vn)⟩ ≤
2

n
∥v − vn∥ ∀v ∈ BX2(vn, rn).

Noting that ⟨T ∗
G(y

∗
0), u − x1⟩ − ⟨y∗0, TG(u) − TG(x1)⟩ = 0 for all u ∈ X1, it follows

that

⟨T ∗
G(y

∗
0)⊕ v∗n, u+ v−x1− vn⟩− ⟨y∗0 ⊕ ŷ∗n, TG(u)+ g(v)−TG(x1)− g(vn)⟩ ≤

2

n
∥v− vn∥

for all (u, v) ∈ X1 ×BX2(vn, rn).
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Thus, by (5), (6) and Lemma 2.5, there exists a positive constant τ such that(
T ∗
G(y

∗
0)⊕ v∗n,−(y∗0 ⊕ ŷ∗n)

)
∈ N̂ τ

n

(
gph(G), (x1 + vn, G(x1 + vn))

)
∀n ∈ N.

Letting n → ∞, one has(
T ∗
G(y

∗
0)⊕ v∗,−(y∗0 ⊕ ŷ∗)

)
∈ N

(
gph(G), (x1 + x2, G(x1 + x2))

)
,

that is, T ∗
G(y

∗
0)⊕ v∗ ∈ D∗G(x1 + x2)(y

∗
0 ⊕ ŷ∗). Since v∗ is arbitrary in D∗g(x2)(ŷ

∗),
we have

D∗G(x)(y∗0 ⊕ ŷ∗) = D∗G(x1 + x2)(y
∗
0 ⊕ ŷ∗) ⊃ {T ∗

G(y
∗
0)⊕ x∗

2 : x∗
2 ∈ D∗g(x2)(ŷ

∗)}.

This and (14) show that (ii) hold. The proof is complete.

3. Main results

To establish the main results in this section, we introduce the following L-closed
range property of a piecewise linear mapping between two Banach spaces: Let G be
a piecewise linear mapping between two Banach spaces X and Y , and let E1, E2,
Ŷ , T̂ and ĝ be as in Lemma 2.3, We say that G has the L-closed range property if
T̂ (E1) is a closed subspace of Y .
The following proposition shows that the L-closed range property of a piecewise
linear mapping between two Banach spaces is well-defined.

Proposition 3.1. Let G be a piecewise linear mapping between two Banach spaces
X and Y . Suppose that E1, Ẽ1, E2 and Ẽ2 are closed subspaces of X, Ŷ and Ỹ are
subspaces of Y , T̂ ∈ L(E1, Y ), T̃ ∈ L(Ẽ1, Y ) and that ĝ : E2 → Ŷ and g̃ : Ẽ2 → Ỹ
are piecewise linear mappings such that

X = E1 + E2 = Ẽ1 + Ẽ2, E1 ∩ E2 = Ẽ1 ∩ Ẽ2 = {0}, (15)

max
{
dim(E2), dim(Ẽ2), dim(Ŷ ), dim(Ỹ )

}
< ∞, (16)

G(x1 + x2) = T̂ (x1) + ĝ(x2) ∀(x1, x2) ∈ E1 × E2 (17)

and G(x̃1 + x̃2) = T̃ (x̃1) + g̃(x̃2) ∀(x̃1, x̃2) ∈ Ẽ1 × Ẽ2. (18)

Then T̂ (E1) is closed if and only if T̃ (Ẽ1) is closed.

Proof. From (15) and (16), it is easy to verify that E1 ∩ Ẽ1 is a closed subspace of
X whose codimension is less than or equal to dim(E2)+dim(Ẽ2). Hence there exist
finite dimensional subspaces Z1 and Z̃1 of X such that

E1 = (E1 ∩ Ẽ1)⊕ Z1 and Ẽ1 = (E1 ∩ Ẽ1)⊕ Z̃1. (19)

It follows that there exist finite dimensional subspaces H1 and H̃1 of X such that

(E1∩Ẽ1)+E1∩T̂−1(0)=(E1∩Ẽ1)+H1 and (E1∩Ẽ1)+Ẽ1∩T̃−1(0)=(E1∩Ẽ1)+H̃1.

Hence (E1 ∩ Ẽ1) + E1 ∩ T̂−1(0) and (E1 ∩ Ẽ1) + Ẽ1 ∩ T̃−1(0) are closed subspaces
of E1 and Ẽ1, respectively. For any u ∈ E1 ∩ Ẽ1, by (17) and (18), we have

G(u) = T̂ (u) + ĝ(0) = T̃ (u) + g̃(0) and G(0) = ĝ(0) = g̃(0).
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Hence T̂ (E1 ∩ Ẽ1) = T̃ (E1 ∩ Ẽ1), and so

T̂ (E1) = T̂ (E1 ∩ Ẽ1) + T̂ (Z1) and T̃ (Ẽ1) = T̂ (E1 ∩ Ẽ1) + T̃ (Z̃1).

Noting that max{dim(T̂ (Z1)), dim(T̃ (Z̃1))} < ∞, it follows from [14, Theorem 1.42]
that both T̂ (E1) and T̃ (Ẽ1) are closed subspaces of Y whenever T̂ (E1∩Ẽ1) is closed.
Thus, it suffices to show that the closedness of either T̂ (E1) or T̃ (Ẽ1) implies the
closseness of T̂ (E1 ∩ Ẽ1). To do this, suppose without loss of generality that T̃ (Ẽ1)
is closed. Since Ẽ1 is a closed subspace of the Banach space X, T̃ can be regarded
as a surjective continuous linear operator between Banach spaces Ẽ1 and T̃ (Ẽ1). By
the open mapping theorem, since E1 ∩ Ẽ1 + Ẽ1 ∩ T̃−1(0) is a closed subspace of Ẽ1,
T̃
(
Ẽ1 \

(
E1 ∩ Ẽ1 + Ẽ1 ∩ T̃−1(0)

))
is an open set in T̃ (Ẽ1). Noting that

T̃
(
Ẽ1 \

(
E1 ∩ Ẽ1 + Ẽ1 ∩ T̃−1(0)

))
= T̃ (Ẽ1) \ T̃

(
E1 ∩ Ẽ1 + Ẽ1 ∩ T̃−1(0)

)
,

it follows that T̃ (E1 ∩ Ẽ1) = T̃
(
E1 ∩ Ẽ1 + Ẽ1 ∩ T̃−1(0)

)
is closed in T̃ (Ẽ1). This and

closedness of T̃ (Ẽ1) show that T̃ (E1 ∩ Ẽ1) is closed. The proof is complete.

Remark 3.2. It is known that if dim(Y ) ≥ 2 then there exist an open mapping T
in L(X,Y ) and a closed set A in X such that T (A) is not closed in Y . However,
by the proof of Proposition 3.1, we have the following result: If T ∈ L(X,Y ) is an
open mapping and E is a closed subspace of X with codim(E) < ∞, then T (E) is
a closed subspace of Y .

Theorem 3.3. Let G be a piecewise linear mapping between two Banach spaces X
and Y . Then the following statements are equivalent.
(i) G has the L-closed range property.
(ii) For any y ∈ G(X) and any r ∈ (0, +∞), there exists κ ∈ (0, +∞) such that

d(x,G−1(y)) ≤ κ∥y −G(x)∥ ∀x ∈ G−1(y) + rBX ,
where BX denotes the closed unit ball of X.

(iii) For any y ∈ G(X) and any r ∈ (0, +∞), there exists κ ∈ (0, +∞) such that
d(x,G−1(y)) ≤ κ∥y −G(x)∥ ∀x ∈ rBX .

(iv) There exists x0 ∈ X and δ, κ ∈ (0, +∞) such that
d(x,G−1(G(x0))) ≤ κ∥G(x0)−G(x)∥ ∀x ∈ B(x0, δ).

Proof. By Lemma 2.4, take closed subspaces X1 and X2 of X, a subspace Ŷ of Y ,
TG ∈ L(X1, Y ) and a piecewise linear mapping g : X2 → Ŷ such that (5) and (6)
hold. Then

G−1(y1 + ŷ) = T−1
G (y1) + g−1(ŷ) ∀(y1, ŷ) ∈ TG(X1)× g(X2). (20)

First suppose that (i) holds. Then, by Proposition 3.1, TG(X1) is a closed subspace
of Y and TG ∈ L(X1, TG(X1)) is surjective. Then, by the open mapping theorem,
there exists r0 > 0 such that TG(X1) ∩ r0BY ⊂ TG(BX1).
Let x1 ∈ X1 and y1 ∈ TG(X1) \ {TG(x1)}. Then r0(TG(x1)−y1)

∥TG(x1)−y1∥ ∈ T (BX1), and so there
exists u1 ∈ BX1 such that TG(u1) =

r0(TG(x1)−y1)
∥TG(x1)−y1∥ , that is,
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y1 = TG(x1)−
∥TG(x1)− y1∥

r0
TG(u1) = TG

(
x1 −

∥TG(x1)− y1∥u1

r0

)
.

Hence x1 − ∥TG(x1)−y1∥u1

r0
∈ T−1

G (y1). Noting that ∥u1∥ ≤ 1, it follows that

d
(
x1, T

−1
G (y1)

)
≤ ∥TG(x1)− y1∥

r0
∀(x1, y1) ∈ X1 × TG(X1). (21)

Since g : X2 → Ŷ is piecewise linear and Ŷ is finite dimensional, gph(g) is the
union of finitely many convex polyhedra in the product X2 × Ŷ (thanks to Lemma
2.2). Hence, by the Robinson theorem, there exists κ1 ∈ (0, +∞) such that for any
ŷ ∈ g(X2) there exists δŷ > 0 such that

d
(
x2, g

−1(ŷ)
)
≤ κ1∥ŷ − g(x2)∥ ∀x2 ∈ X2 with ∥ŷ − g(x2)∥ ≤ δŷ. (22)

Let y ∈ G(X). Then, by the second equality in (6), there exist y1 ∈ TG(X1) and
ŷ ∈ g(X2) such that y = y1+ ŷ. It follows from (5), (20) and Lemma 2.5 there exists
τ ∈ (0, +∞) such that

G−1(y) + rBX ⊂ T−1
G (y1) + τrBX1 + g−1(ŷ) + τrBX2 ∀r ∈ (0, +∞)

and d(x1 + x2, G
−1(y)) ≤ τ(d(x1, T

−1
G (y1)) + d(x2, g

−1(ŷ)) ∀(x1, x2) ∈ X1 ×X2.
Take some r ∈ (0, +∞) and x ∈ G−1(y) + rBX . Then there exist x1 ∈ X1 and
x2 ∈ g−1(ŷ) + τrBX2 such that x = x1 + x2. Letting κ2 := max

{
τ
r0
, τκ1,

δŷ
τr

}
and

noting that d(x2, g
−1(ŷ)) ≤ τr, it follows from (21) and (22) that

d(x,G−1(y)) ≤ κ2(∥y1 − TG(x1)∥+ ∥ŷ − g(x2)∥). (23)

On the other hand, since TG(X1) is a closed subspace of Y and Ŷ is a finite di-
mensional subspace disjoint with TG(X1), Lemma 2.5 implies there exists a positive
constant κ3 such that

∥y1 − TG(x1)∥+ ∥ŷ − g(x2)∥ ≤ κ3∥y1 − TG(x1) + ŷ − g(x2)∥
= κ3∥y − TG(x1)− g(x2)∥ = κ3∥y −G(x1 + x2)∥.

Therefore, by (23), one has d(x,G−1(y)) ≤ κ2κ3∥y − G(x)∥. This shows that (i)
implies (ii).
Let y ∈ G(X), and take x′ ∈ G−1(y). Then rBX ⊂ G−1(y) + (∥x′∥ + r)BX for any
r ∈ (0, +∞). Hence (ii) implies (iii). Since (iii) implies trivially (iv), it remains
to show that (iv) implies (i). Next suppose that (iv) holds. By (5) and (6), take
x̄1 ∈ X1 and x̄2 ∈ X2 such that x0 = x̄1 + x̄2 and y0 := G(x0) = TG(x̄1) + g(x̄2).
Then, by (iv) and Lemma 2.5, there exists τ0 ∈ (0, +∞) such that

τ0(d(x1, T
−1
G (TG(x̄1))) + d(x2, g

−1(g(x̄2)))) ≤ d(x1 + x2, G
−1(y0))

≤ κ∥y0 −G(x1 + x2)∥ = κ∥TG(x̄1) + g(x̄2)− TG(x1)− g(x2)∥

for all (x1, x2) ∈ X1 ×X2 with ∥x1 + x2 − x0∥ ≤ δ0. Letting x2 = x̄2, then

d
(
x1, T

−1
G (TG(x̄1))

)
≤ κ

τ0
∥TG(x̄1)− TG(x1)∥ ∀x1 ∈ BX1(x̄1, δ0).
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Since TG is a linear operator, T−1
G (TG(x̄1)) = x̄1 + T−1

G (0) and hence

d(x1, T
−1
G (0)) ≤ κ

τ0
∥TG(x1)∥ ∀x1 ∈ X1. (24)

Let {vn} be a Cauchy sequence in TG(X1), and take a subsequence {vnk
} of {vn}

such that
∥vnk+1

− vnk
∥ <

1

2k+1
∀k ∈ N.

For each k ∈ N, take xk ∈ X1 such that TG(xk) = vnk+1
− vnk

. By (24), for each
k ∈ N there exists uk ∈ T−1

G (0) such that

∥xk − uk∥ ≤ 2κ

τ0
∥TG(xk − uk)∥ =

2κ

τ0
∥TG(xk)∥ =

2κ

τ0
∥vnk+1

− vnk
∥ <

κ

τ02k
.

Since X1 is a closed subspace of the Banach space X, there exists ū1 ∈ X1 such that∑∞
k=1(xk − uk) = ū1. It follows that

∞∑
k=1

(vnk+1
− vnk

) =
∞∑
k=1

TG(xk − uk) = TG(ū1) ∈ TG(X1),

that is, limk→∞ vnk
= TG(ū1) + vn1 ∈ TG(X1). Hence the Cauchy sequence {vn} in

TG(X1) converges to TG(ū1) + vn1 . This shows that TG(X1) is complete and hence
closed in Y . The proof is complete.

Recall that a set-valued mapping F between two Banach spaces X and Y is globally
metrically subregular at ȳ ∈ F (X) if there exists κ ∈ (0, +∞) such that

d(x, F−1(ȳ)) ≤ κ∥ȳ − F (x)∥ ∀x ∈ X.

The following theorem provides a characterization for a piecewise linear mapping to
be globally metrically subregular.

Theorem 3.4. Let X and Y be Banach spaces, and let G : X → Y be a piecewise
linear mapping. Then G is globally metrically subregular at ȳ ∈ G(X) if and only if

lim
d(x,G−1(ȳ))→+∞

∥ȳ −G(x)∥ = +∞.

Proof. Since the necessity part is trivially true, we only need to prove the suffciency
part. To prove this, suppose that

lim
d(x,G−1(ȳ))→+∞

∥ȳ −G(x)∥ = +∞. (25)

By Lemma 2.4, there exist closed subspaces X1 and X2 of X, a closed subspace Ŷ
of Y , a continuous linear operator TG : X1 → Y and a piecewise linear mapping
g : X2 → Ŷ such that (5) and (6) hold. It follows that G(X) = TG(X1) + g(X2).
Hence there exist ȳ1 ∈ TG(X1) and ȳ2 ∈ g(X2) such that ȳ = ȳ1 + ȳ2. By (5) and
Lemma 2.5, G−1(ȳ) = T−1

G (ȳ1) + g−1(ȳ2) and there exists τ > 0 such that

d(x1 + x2, G
−1(ȳ)) ≥ τ(d(x1, T

−1
G (ȳ1)) + d(x2, g

−1(ȳ2))) ∀(x1, x2) ∈ X1 ×X2.
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Thus, taking x̄1 ∈ T−1
G (ȳ1) and x̄2 ∈ g−1(ȳ2), one has

d(x1 + x̄2, G
−1(ȳ)) ≥ τd(x1, T

−1
G (ȳ1)) ∀x1 ∈ X1 (26)

and d(x̄1 + x2, G
−1(ȳ)) ≥ τd(x2, g

−1(ȳ2)) for all x2 ∈ X2. Noting that

∥ȳ −G(x̄1 + x2)∥ = ∥ȳ − TG(x̄1)− g(x2)∥ = ∥ȳ2 − g(x2)∥ ∀x2 ∈ X2,

it follows from (25) that lim
d(x2,g−1(ȳ2))→+∞

∥ȳ2 − g(x2)∥ = +∞. Since g : X2 → Ŷ is

piecewise linear and Ŷ is finite dimensional, Proposition 2.1 implies that gph(g) is
the union of finitely many convex polyhedra in the product X2 × Ŷ . Hence, by [17,
Theorem 3.2], there exists κ1 ∈ (0, +∞) such that

d(x2, g
−1(ȳ2)) ≤ κ1∥ȳ2 − g(x2)∥ ∀x2 ∈ X2.

Noting that G−1(ȳ) = T−1
G (ȳ1) + g−1(ȳ2) and that there exists τ > 0 such

∥ȳ −G(x1 + x2)∥ = ∥ȳ1 + ȳ2 − TG(x1)− g(x2)∥
≥ τ(∥ȳ1 − TG(x1)∥+ ∥ȳ2 − g(x2)∥

for all (x1, x2) ∈ X1 × X2 (thanks to (5), (6) and Lemma 2.5), it suffices to show
that there exists κ2 ∈ (0, +∞) such that

d(x1, T
−1
G (ȳ1)) ≤ κ2∥ȳ1 − TG(x1)∥ ∀x1 ∈ X1.

To show this, suppose to the contrary that there exists a sequence {un} in X1 such
that

d(un, T
−1
G (ȳ1)) > n∥ȳ1 − TG(un)∥ ∀n ∈ N.

Since d(un, T
−1
G (ȳ1)) = d(0, T−1

G (ȳ1)− un) = d(0, T−1
G (ȳ1 − TG(un))), we have

d
(
0, T−1

G

(
ȳ1 − TG(un)

∥ȳ1 − TG(un)∥

))
> n ∀n ∈ N.

For n ∈ N, take vn ∈ T−1
G

(
ȳ1−TG(un)

∥ȳ1−TG(un)∥

)
. Then

∥TG(vn)∥ = 1 (27)

and T−1
G

(
ȳ1 − TG(un)

∥ȳ1 − TG(un)∥

)
= vn + T−1

G (0) = vn − x̄1 + T−1
G (ȳ1)

(thanks to x̄1 ∈ T−1
G (ȳ1)). Therefore

d(x̄1 − vn, T
−1
G (ȳ1)) = d

(
0, T−1

G

(
ȳ1 − TG(un)

∥ȳ1 − TG(un)∥

))
> n ∀n ∈ N.

This and (26) imply that d(x̄1 − vn + x̄2, G
−1(ȳ)) → +∞. Hence, by (25), one

has lim
n→+∞

∥ȳ − G(x̄1 − vn + x̄2)∥ = +∞. Noting that x̄1 ∈ T−1
G (ȳ1) ⊂ X1 and

vn ∈ T−1
G

(
ȳ1−TG(un)

∥ȳ1−TG(un)∥

)
⊂ X1,

G(x̄1 − vn + x̄2) = TG(x̄1 − vn) + g(x̄2) = ȳ1 − TG(vn) + ȳ2 = ȳ − TG(vn)

(thanks to (6)). It follows that lim
n→∞

∥TG(vn)∥ = +∞, contradicting (27). The proof
is complete.
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The following corollary is immediate from Theorems 3.1 and 3.2.

Corollary 3.5. Let G : X → Y be a piecewise linear mapping between two Banach
spaces X and Y , and let ȳ ∈ G(X) be such that lim

d(x,G−1(ȳ))→+∞
∥ȳ −G(x)∥ = +∞.

Then G has the L-closed range property.

Next we consider the metric regularity, which is stronger than the metric subreg-
ularity. The following proposition provides a dual characterization for a piecewise
linear mapping to be metrically regular.

Proposition 3.6. Let X and Y be Banach spaces, and let G : X → Y be a piecewise
linear mapping. Then G is metrically regular at (x̄, G(x̄)) if and only if G has the
L-closed range property and D∗G(x̄)−1(0) = {0}.
Proof. By Theorem 3.1, the metric regularity of G at (x̄, G(x̄)) implies that G has
the L-closed range property. Thus, by Lemmas 2.4 and 2.7 and Proposition 3.1, we
can assume without loss of generality that there exist closed subspaces X1 and X2 of
X, closed subspaces Y0 and Ŷ of Y , TG ∈ L(X1, Y0) and a piecewise linear mapping
g : X2 → Ŷ such that (5) and (6) hold, TG(X1) is closed,

Y = Y0 + Ŷ , Y0 ∩ Ŷ = {0}, TG(X1) ⊂ Y0 (28)
and

D∗G(x̄)(y∗0 ⊕ ŷ∗) = {T ∗
G(y

∗
0)⊕ x∗

2 : x∗
2 ∈ D∗g(x̄2)(ŷ

∗)} ∀(y∗0, ŷ∗) ∈ Y ∗
0 × Ŷ ∗ (29)

where x̄2 ∈ X2 such that x̄1 := x̄− x̄2 ∈ X1.
First suppose that G is metrically regular at (x̄, G(x̄)). Then, from (5), (6), (28) and
Lemma 2.5, it is easy to verify that TG and g are metrically regular at (x̄1, TG(x̄1))
and (x̄2, g(x̄2)), respectively. Hence TG(X1) = Y0 and D∗g(x̄1)

−1(0) = {0} (thanks
to Lemma 2.6). By [14, Theorem 4.12], one has (T ∗

G)
−1(0) = {0}. It follows from

(29) that D∗G(x̄)−1(0) = {0}. This shows the necessity part.
To prove the sufficiency part, suppose that D∗G(x̄)−1(0) = {0}. Then, by (29),
D∗g(x̄2)

−1(0) = {0} and (T ∗
G)

−1(0) = {0}. Hence, by Lemma 2.6, there exist num-
bers κ1, δ ∈ (0, +∞) such that

d(x2, g
−1(ŷ)) ≤ κ1∥ŷ − g(x2)∥ ∀(x2, ŷ) ∈ BX2(x̄2, δ)×BŶ (g(x̄2), δ).

By the closedness of TG(X1) and [14, Theorems 4.12 and 4.14], one also has TG(X1) =
Y0. Noting that X1 and Y0 are respectively closed subspaces of Banach spaces X
and Y , it follows from the open mapping theorem that there exists κ2 ∈ (0, +∞)
such that

d(x1, T
−1
G (y0)) ≤ κ2∥y0 − TG(x1)∥ ∀(x1, y0) ∈ X1 × Y0.

Thus, from (5), (6), (28) and Lemma 2.5, it is easy to verify that G is metrically
regular at (x̄, G(x̄)). This shows the sufficiency part.
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