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Nonlinear variational inequalities in Banach spaces are considered with fixed right-hand side and
constraint set. Condition number and distance between inequalities are defined taking into account
perturbations of the operators defining the inequalities. It is shown that the distance of suitably
restricted inequalities to those which are ill-conditioned is bounded below and above by multiples
of the reciprocal of the condition number. This extends known results for variational inequalities
when the right-hand side is perturbed, and for optimisation problems.
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1. Introduction

We consider variational inequalities on Banach spaces, defined by nonlinear opera-
tors acting on a fixed constraint set, and with a fixed right-hand side. Aim of this
paper is to find a proper setting in order to obtain a version of the condition number
theorem under perturbations of the operator which defines the inequality.

The condition number theorem of linear algebra (see [3, Theorem 1.7 and Corollary
1.8] ) shows that the distance of a matrix to the set of singular matrices equals the
reciprocal of its condition number. Generalisations of this basic result have been
obtained in [ 6, 7, 8, 9] for scalar optimisation problems, and in [10, 11] for variational
inequalities with a fixed operator, with respect to the right-hand side, in the form of
a pair of inequalities linking from above and below the distance to ill-conditioning
with the reciprocal of the condition number. We call condition number theorem any
such pair of inequalities.

In analogy with such properties, the main results of this paper show that the dis-
tance of a given (suitably restricted) variational inequality from ill-conditioning is
bounded, below and above, by multiples of the reciprocal of its condition number.
It is appropriate to quote [2, p.232]: ” A very general theme in numerical analysis
is a relationship between the condition number of a problem and the reciprocal of
the distance to the set of ill-conditioned problems.”

The distance, we consider here, between two variational inequalities is given by any
fixed norm of the difference between the corresponding operators. The (absolute)
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condition number with respect to the operator is defined as the upper limit, as the
perturbations vanish, of the ratio between the output in the solution set and the
input errors, due to small perturbations acting on the operators. Then we identify
suitable classes of variational inequalities within which lower and upper estimates
hold, as discussed above.

Such new results are of interest in the analysis of computational complexity (see [2]
and [3]), of stability and sensitivity issues for variational inequalities, moreover in
the evaluation of the performance of numerical methods of solution.

After the preliminaries in Section 2, we obtain in Section 3 the lower bound, and in
Section 4 the upper one. The proof of the lower bound is direct, while Preiss’ mean
value theorem for Lipschitz functions (see [5]) is used to get the upper bound. The
proofs are collected in Section 5.

2. Notations and basic definitions

We consider a real Banach space X with topological dual X*, a fixed nonempty set
K C X, afixed point f € X*, two further real Banach spaces W7, W5 of single-valued
continuous operators,

W of functions A K — X7, (1)
Wy of functions A X = X7, (2)
and a nonempty subset Q of W; or of W5. We denote by || - || the norm and by

< -,- > the duality pairing for any Banach space we consider. We assume that if
any sequence ¢, — c¢ strongly in X* and A, A,, € Q with

A (x) = ¢, A(z) = cfor every z € K

so that A, and A are constant operators, then A, — A strongly in Wy or W,
moreover there exists a fixed constant ¢ > 0 such that for every constant operator
A, say A(z) = c for every z, then ||A|| = ¢l|c||.
For each A € Q we consider the variational inequality @ = Q(A), to find u € K
such that

< Au),z —u>>< f,x —u> forevery x € K. (3)
For each A € 2 we denote by S(A) the (possibly empty) set of all solutions u to (3),
so that §': 2 — K is the set-valued solution mapping of the variational inequalities
we consider. We need firstly a notion of distance among variational inequalities.
Given Aq, Ay, € Q with corresponding variational inequalities ()1, (02, the distance
between ()1 and ()5 is given by

dist (Q1,Q2) = [|A1 — Asf|. (4)

Next we need a notion of condition number of any variational inequality Q(A) as
far as small changes of A within (2 are considered. Define the (absolute) condition
number of Q(A) (relative to Q) as

hausd [S(A"), S(A")]
HA// _ A/” (5)

hausd [S(A”),S(4")] . A — A "
: — <0, ||A" = Al <ds,
||A” _ A/H H H H H }

cond Q(A) = lim suply 4n 4

= lim 5,0 sup {
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where A’; A” belong to €2, lim sup* means that (in contrast with the standard defi-
nition of lim sup) A’; A” are possibly equal to A, moreover the convergence of A’; A”
towards A is the strong one, and hausd denotes the Pompeiu-Hausdorff distance
(see [4, p.138] for the definition). Thus cond Q(A) is the Lipschitz modulus at A of
the solution mapping S.

Given A € (), the variational inequality Q(A) will be called well-conditioned iff cond
Q(A) < 400, and the set of well-conditioned variational inequalities (corresponding
to operators from €2) will be denoted by WC. The variational inequality Q(A) will
be called ill-conditioned iff cond Q(A) = 400, and the corresponding set will be
denoted by IC. Thus Q(A) € WC' if Q(B) has solutions for each B sufficiently close
to A, and the solution mapping is Lipschitz near A, according to the standard notion
of Lipschitz continuity of set-valued mappings based on the Pompeiu-Hausdorff dis-
tance, see [4, p. 148] (the definition in the infinite-dimensional setting is identical to
the one in finite dimensions, see [4, p.275]). We have Q(A) € IC either if S(A4,) =0
for some sequence A, €  with A, — A, or if S(B) is nonempty for each B € )
sufficiently close to A and S is not Lipschitz near A.

Example 2.1. Let X be areal Hilbert space. Let K be bounded, closed and convex,
and let P > 0 such that ||z|] < P for every € K. Let W, be the space of all linear
bounded operators as in (2) equipped with the operator norm. Let o > 0 and let
Q C W5 be the class of all operators A which are strongly monotone of constant «,

namely )
< Alx) — Aly),x —y > > allz — y||* for every z,y € K.

As well known (see [1, Teorema 3.2]), Q(A) has exactly one solution u = S(A) for
every A € €. Moreover Q(A) € WC for every A € €. Indeed, given any pair
A'VA" € Q write v = S(A"),u”" = S(A”). Then for every x € K
<AW)r—u>><fixr—u > <A'W)rx—u">><fix—u" >
hence 0 << A'(W)—-A"W")u" —u >=<AW)—- AW v —u >+
4 < A’(u”) . A"(u"),u" > < _a”u// . U/HQ + HA/ . A//HHU// . u/”Hu//H

It follows directly that ||u' —u"|] < gHA' — A”||, and hence well-conditioning with
cond Q(A) < P/a.
Example 2.2. Let X = R, K =[0,1], f =1, A(z) = a €0, 1] for every x and let

2 be the set of all constant operators B(xz) = b € [0,1]. Then, if 0 < a < 1 the
variational inequality

a(z —u) > x — u for every x € [0, 1]

has the unique solution S(a) = 1. If a = 1 then S(1) = [0, 1]. We get cond Q(a) =0
for every a € (0,1). Moreover

hausd [S(a”), S(a’)]
|a// _ a/|
hausd [S(a), S(1)]

1—a

hence cond (1) = +o0 and Q(1) € IC.

= cond Q(1) >

lim sup® ./ ,vy1-

> lim sup,_,;_ = lim sup,_,;_

1
- = o0
1—a t
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3. Lower bound

Aim of this section is to obtain a lower bound of the distance to ill-conditioning in
terms of the reciprocal of the condition number. We consider a given nonempty set

rCc{AeQ:Q(A) e WC} (6)
and the condition that
Q" is strongly compact in Wy or in Ws. (7)

Denote by B(A, €) the open ball in € of center A and radius e. We need the following
lemma.

Lemma 3.1. If (7) is fulfilled, then there exist positive constants € and L such that,

for every A € QF, the solution mapping S is Lipschitz of constant L in the ball
B(A,€).

Example 3.2. Let X = RY and K be compact and convex. Let W, be the space of
all linear continuous operators on RV equipped with the operator norm, and, given
positive constants o and M, let Q2* C W5 be the set of all linear operators A which
are strongly monotone of constant o and such that ||A|| < M. Then, by Example
2.1 and Ascoli-Arzeld’ s theorem, Q* fulfills (7) within W5.

We remark that (7) cannot be fulfilled by taking equality in the inclusion (6), since
the set of all operators in {2 whose corresponding variational inequalities are well-
conditioned is open. This fact is a consequence of the following lemma.

Lemma 3.3. ]fA,/E € Q,e> 0,8 is Lipschitz on B(A,¢) and ||A— A|| < €/2, then
S is Lipschitz near A.

The following lower estimate is the main result of this section.
Theorem 3.4. Let Q* fulfill (6) and (7). Assume that there exists T > 0 such that
cond Q(A) > T for every A € Q. (8)
Then for every A € Q* we have
Te€

dist (Q(A).1C) 2 {5, (9)

where € is given by Lemma 3.1.

Remark 3.5. Within Theorem 3.4, a sufficient condition for (8) is that

hausd [S(A"), S(A")]
A" — A

(9(14) = lim inf A AT A >0

for every A € Q*. Indeed, 6 is lower semicontinuous (as well known) on WC, hence
0 attains its minimum value on the compact set 2* at A say, whence

0 < T =0(A) < 0(A) < cond Q(A)

for every A € Q*.
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4. Upper bound

We start with an upper bound of the distance between a given well-conditioned
variational inequality and ill-conditioning defined by the set IC. We make use of the
following condition (A1) (where ¢ is as in Section 2).

(A1) There exists M > 0 such that |A|| < ¢M for every A € Q, Q contains all
constant operators whose norm is < ¢M, and || f|| < M.

Then the first bound we obtain is the following.

Theorem 4.1. Let X be a real separable Hilbert space, and assume (Al). Then for
every A € Q) we have

dist (Q(A), 1C) < q(M + [|f]})- (10)

The last step is to find an upper bound of the condition number. We need the
following assumptions (A2), (A3).

(A2) The norms of W, and of W, are Géateaux differentiable off the origin.

(A3) For every bounded set Z C € there exists C* > 0 such that if B € Z, u € X,

€ S(B) with

w e 5(B) wi lu — w|| < dist [u, S(B)] + 1,

and H € W, or Wy with ||H|| < 1, then there exists a single-valued selection
zoft — S(B+tH),t > 0 sufficiently small, such that

|2(t) — w|| < C*t for every t.

Example 4.2. For an example fulfilling (A1) and (A2) consider X = RV K a
compact set, Wi = L?(K), ¢ =(meas K)¥/2, M > 0 and € the set of all continuous
functions A : K — RY such that ||A| < ¢M.

Example 4.3. Let X = W, = R so that every A € W, is a constant operator. Let
f=0and K =0,1]. Consider A > 0, then A(z —u) > 0 for every z € K and some
ue Kiff u=0=S5(A). For any H € R with |H| <1 we have (A+tH)(x —u) >0
for every z iff u = 0 provided ¢ > 0 is sufficiently small. Then z(t) = S(A+tH) =0
works in (A3) with any C* > 0.

Example 4.4. Suppose that X is Hilbert, and let W5 be the Banach space of all
operators acting from X in itself which are linear and continuous, equipped with the
operator norm. Let K be closed, bounded and convex, and suppose that B € W5 is
strongly monotone on K with constant a > 0, namely

< B(x) — B(y),z —y > > allx — yl||* for every x,y € K.

Let H € Wy be with ||H|| < 1and ¢ € (0,«). Then B+tH is still strongly monotone
with constant o —t, hence S(B +tH) is a unique point if 0 <t < a.. Let w = S(B)
and consider z(t) = S(B + tH). Then for every z € K

< (B+tH)[z(t)],z —2(t) > > < f,o — 2(t) >, < Bw),z —w>>< fo —w >
hence < B(z(t) —w),w —z(t) > > t < H|[z(t)], 2(t) —w >
whence allz(t) — wi* < P H]|||2(t) — w]
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where P is a constant such that ||u|| < P for each u € K, so that ||2(t) —w| < Pt/«,
and (A3) is fulfilled with C* < P/a.

Remark 4.5. As noticed in [11, Remark 5], assumption (A3) is related to differen-
tiability properties of the solution mapping.
The required upper bound is the following.

Theorem 4.6. Assume (A2) and (A3). Then for every A interior to Q such that
A) e WC h
Q) e nave cond Q(A) < C*. (11)

Example 4.7. Let W, be the Banach space of all linear bounded operators acting
from X to X*, equipped with the operator norm. Let €2 C W, be the set of all
strongly monotone operators. If A € (2 is strongly monotone of constant o > 0, and
B € Wy, ||B—A| < ewith 0 < € < a, then B is still strongly monotone (of constant
a — €). Thus every A € ) is interior, as required by Theorem 4.6.

Remark 4.8. An upper estimate of the so called Lipschitz modulus of S related to
its Aubin property at given points, under different assumptions, is obtained in [4,
Theorem 5E.3].

By (10) and (11) we get

Corollary 4.9. Assume (A1), (A2) and (A3), and let X be a real separable Hilbert
space. Then for every A interior to Q with Q(A) € WC' and cond Q(A) > 0 we

have
. q C*(M + [|£1)

Summarizing, the condition number theorem for variational inequalities which has
been proved is the following.

Theorem 4.10. Let A € Q satisfy the assumptions of Theorem 3.4 and Corollary

4.9. Then Té g C*(M + £

4 cond Q(A) < dist (Q(A),1C) < cond Q(A)

5. Proofs
Proof of Lemma 3.1. For each A € Q* there exist positive constants €, L such
that

hausd [S(A"), S(A)] < L||A" — A'||

provided A’, A” € Q and ||A'— Al <€, ||]A” — A|| < e. From the open covering of Q*
by the balls B(A,€/2), A € Q* we can find, by (7), a finite subcovering by the balls

B(A1,€1/2), ceey B(AN7€N/2),
and there exist positive numbers L4, ..., Ly such that
hausd [S(A"), S(A")] < L;||A” — A'| (12)

provided A’, A” € Q and ||A' — Aj|| <€, [|[A" —Aj|| <¢€,5=1,...,N. Given A € Q*
there exists an integer n < N such that

||A_A7’l|| < 671/2' (13>
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Consider the positive numbers
L=max{L;:j=1,..,N} e = min{e:j=1,..,N}.
Let C',C" € Q be such that ||C" — A|| < €*/2, ||C" — A| < €*/2.
Then ||C"— Al <e€,/2, [|C" — Al < €,/2 and by (13)
|C" — A, || < ||C" = Al + ||A — A,l| < €, similarly [|C" — A, < €,

hence by (12) hausd [S(C"), S(C")] < L,||C" — C'|| < L||C" — C']|.

Thus S is Lipschitz on the ball B(A, ¢*/2) with constant L, and both € = ¢*/2, L
are independent of the choice of A € Q*.

Proof of Lemma 3.3. There exists a positive constant L such that
hausd [S(A"),S(A")] < L|JA" — A|| (14)

provided A’, A” € Q and [|A" — A[| <, ||A" — A < e. Let C',C" € Q be such that
|C" — Al < €/2,||C" — Al| < €/2, then

IC"— Al < |C" = Al + [[A— Al <
and similarly for C”. Then by (14)

hausd [S(C"), S(C")] < L||C" = ||
showing that S is Lipschitz near A.

Proof of Theorem 3.4. We argue by contradiction. Suppose that some A € Q*
fulfill
S dist (Q(A), IC) cond Q(A) < T &/4. (15)

Consider positive constants ¢, ¢’ such that, by (15)
d > dist (Q(A),IC), " > cond Q(A),d" < T €/4. (16)
Then there exists A € 2 such that Q(A) € IC and ||A — A|| < ¢, hence by (16)
|A— Al cond Q(A) < " < T é/4.

Moreover there exists > 0 such that, by (16) and (5)

e > sup { hausiif(f/;i;'f(fl/)] ZA/,AH c Q’ ”A/ . AH < 57 HA// . AH < 5}
hence by (16) 1A — Al hausijj@_“'z;f@‘"” < < Te/d
1 Te||A" — A
whence |A— Al < Thausd [S(A7), 5(A7] (17)

provided A’, A” € Q with ||A’ — A|| < 4,]|A” — A|| < 6. By (8), for every ¢ > 0:

T { hausd [S(A"), S(A")]

5 <T < sup AT AL ATEQ A A <8 A A <) (18)



958 T. Zolezzi / A Condition Number Theorem. ...

With § =9 we get the existence of A’, A” € such that |4’ — Al < 6, [|[A” — A|| <6

and by (18) vy g

2
hausd [S(A”),S(A)] — T

hence by (17) |A— Al <e/2. (19)
By (6) and Lemma 3.1 we obtain
hausd [S(A”), S(A)] < L|A” — A'||

provided A’, A” € Q and [|A" — A < & [|A” — A|| < & By (19) and Lemma 3.3, S is
Lipschitz near A, which is a contradiction. This proves (9).

If X is a real separable Hilbert space, we identify X with X*, and write
xr = (.rl,...7xj7xj+17...> GX,fI(fl,...,fj,fj+1,...,) GX*

having fixed some orthonormal basis of X and of X*. The proof of Theorem 4.1
requires the following example.

Example 5.1. Assume (Al). Given A € Q and f = (f1,...,f;,...) € X* we
consider

A (x) = f,Ap(x) = (fi+1/n, fo,..., f;,...) forevery x; n=1,2,... .

Thus, by (A1), A* and A, are constant operators in Q if n is sufficiently large.
Indeed, by (A1),

14 = (1 + 2 ) < g [+ (B 1)) < qm
provided n is sufficiently large. Moreover A,, — A* as n — +o00. We have
< A*(u) — f,x —u >= 0 for every z and wu,
so that S(A*) = K. Moreover
uwe K with < A,(u) — f,x —u>= (1/n)(z1 —uy) >0 for every z € K
iff up = inf {zq : (z1,29,...,25,...) € K for some (z2,...,2j,...)} (20)

Denote by C' the set in brackets of (20). If C' is not bounded from below, then by

(20) S(A,) is empty for every n and cond Q(A*) = +o0, hence Q(A*) € IC. If C'is

bounded from below and K does not contain any point of the form
(U,l,xg,...,l‘j,...>, (21)

uy as in (20), then again cond Q(A*) = +o00, hence Q(A*) € IC. If C is bounded
from below and K contains points of the form (21), the set of such points is S(4,,)
which is independent of n. Thus hausd [S(A,), S(A*)] is a (possibly infinite) con-
stant, hence cond Q(A*) = 400, and again Q(A*) € IC.

Proof of Theorem 4.1. Given A € ) we consider A* € ) given by Example 5.1.
Then, as shown there, Q(A*) € IC and, by (4) and (A1),

dist (Q(A), IC) < dist [Q(A), Q(A")] = [|A = A < [JA[| + |4 < ¢ (M +[[£]])

as required.
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Proof of Theorem 4.6. Since Q(A) € WC, the solution mapping S is Lip-
schitz near A. Then there exists a constant L > 0 such that, for every A", A” € Q
sufficiently close to A,

S(A")y c S(A")+ L||A" — A"||U, (22)
where U is the closed unit ball of X. Write
ply, B) = dist [y, S(B)].

Let u € S(A). By [11, Theorem 16], p(y, B) is Lipschitz with respect to B near A,
uniformly with respect to y near u. Then there exist positive numbers dy, oo, with
9y sufficiently small, such that if A", A” € Q and ||A" — A|| < 61, ||A”" — A|| < 01,
|y — ul|| < &9, for some constant L we have

ply, A") = p(y, A') < LI|A" — A"||.

Then by [5, Theorem 2.4], p(y,-) is (by (A2)) Gateaux differentiable in some set
D dense in the ball B(A,d;), and the mean value theorem holds. Then, if we have
A'VA” € B(A,01) and |ly — ul| < d2 we obtain

p(y, A") = ply, A') < |A” = A’ sup {|[Vp(y, B)|| : B € D} (23)

where V denotes the Gateaux gradient with respect to B. Given Be D, 0 <t < 1,
0 < € < 1, there exists w € S(B) such that

ly —wl| < py, B) + et. (24)

We have S(B +tH) # 0 if H € Wy or Wa, ||H|| < 1 and ¢; and ¢ are sufficiently
small, since Q(A) € WC'. Moreover

Hlo(y. B+ tH) = ply. B)] = < Vply. B).H > ast =0+, (25)

If ¢ is sufficiently small, by (A3) and (24) we get

ply, B+1H) = ply, B) < [lw =y + dist [w, S(B +tH)] = p(y, B)
<et+ dist [w,S(B+tH)| <et+ [Jw—z(t)] < (e+ C)L.

It follows that, by (25),
< Vp(y,B),H > < e+ C* provided || H| <1,
hence IVp(y, B)|| < C* for every B € D. (26)
Then by (23) and (26)
ply, A") = p(y, A') < C7[| A" = A'| (27)
provided |A"— Al < 01, || A" = A|| < b1, ||y — ul| < da. (28)
Now let A’, A” be as in (28) and let y € S(A’). By (22)

S(A) € S(A) + LA — AU
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hence there exists u € S(A) such that
ly - ull < LA~ A] < 16, < 6,
provided ¢ is sufficiently small. Then by (27)
ply, A”) < C*[[ A" — A'| for every y € S(4)
hence the excess e[S(A), S(A")] < C||lA" = A”||
and similarly for e[S(A”), S(A")]. It follows that

hausd [S(A"), S(A")] < C*||A" — A”|| near A

proving (11).
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