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1. Introduction

Quadratic stochastic operators were first introduced by Bernstein in [1]. They are
useful in solving problems arising in mathematical genetics, namely, in the theory
of heredity (see [2, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 17, 18, 19, 20, 21]).

A quadratic stochastic operator (QSO) works as a population evolution operator
which may arise in population genetics as follows. Consider a biological population,
that is, a community of organisms closed with respect to reproduction. Assume that
each individual in this population belongs precisely to one of the species (genotype)
1,...,m. The scale of species is such that the species of the parents ¢ and 7, un-
ambiguously, determine the probability of every species k for the first generation of
direct descendants. Denote this probability, called the heredity coefficient, by p;; .
It is then obvious that p;;, > 0 for all 4, 7, k and that

Zpij,kzla i7j>k:17"'7m'
k=1

The state of the population can be described by the tuple (z1, xs, . .., x,,) of species
probabilities, that is, xj is the fraction of the species k£ in the total population. In
the case of panmixia (random interbreeding) the parent pairs ¢ and j arise for a
fixed state x = (x1, x9, ..., T,,) with probability z;x;.

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag



976 U. U. Jamilov, R. T. Mukhitdinov / Dynamics of a Convexr Combination ...

Hence, the total probability of the species k in the first generation of direct descen-
dants is defined by

m
/
Ty = g PijkTiT;, k=1,...,m.
5,j=1

The association x +— x’ defines an evolutionary quadratic operator. Thus evolution
of a population can be studied as a dynamical system of a quadratic stochastic
operator[17]. We refer the reader to [7] for a review on quadratic stochastic operators
and to [13] for a review on dynamical systems generated by convex combination of
quadratic stochastic operators. It should be noted that the limit behavior of the
trajectories of QSO on one-dimensional space was fully studied by Yu.I. Lyubich
[16]. However, the problem is still open even in two-dimensional simplex. It is a
motivation to study the trajectory of a QSO which is the main task in the present
paper.

The paper is organised as follows. In Section 2 we recall definitions and well known
results from the theory of Volterra and non-Volterra QSOs. In Section 3 we studied
two concrete non-Volterra QSOs. In Section 4 we consider a class of non-Volterra
QSOs which is generated by convex combination of given non-Volterra QSOs and
show that each QSO from this class might have infinitely many fixed points. More-
over, we prove that such an operator has the regularity property. In Section 5
we investigate a superposition of given non-Volterra QSOs and we prove that any
trajectory of the superposition operator is convergent.

2. Preliminaries

Let S™ = {x = (x1,19,...,7,) € R™: forany i, r; >0, and sz =1}
i=1

be the (m—1)-dimensional simplex. A map V of S™ ! into itself is called a quadratic

stochastic operator (QSO) if

m
(VX)k = Z DPij kTilj
i,j=1

for any x € S™ ! and for all k =1,...,m, where
m
Pijk =0, pijk = pjig forall i, j, k; Zpij,k: =L
k=1

Assume {x(™}™ is the trajectory of the point x € S™~!, where x™" ) = V/(x™)

forallm =0,1,2,..., with x(© = x.

Definition 2.1. A point x € S™ ! is called a fized point of a QSO V if V(x) = x.
Denote the set of all fixed points of a QSO V by Fix (V).

Definition 2.2. A QSO V is called regular if for any initial point x € S™~!, the

limit lim V(x(™) exists.
n—oo

Note that the limit point is a fixed point of a QSO. Thus, the fixed points of a
QSO describe limit or long run behavior of the trajectories for any initial point.
The limit behavior of trajectories and fixed points play an important role in many



U. U. Jamilov, R. T. Mukhitdinov / Dynamics of a Convex Combination ... 977

applied problems (see [4, 6, 7, 17, 18]). The biological treatment of the regularity
of a QSO is rather clear: in the long run the distribution of species in the next
generation coincides with the distribution of species in the previous one, i.e., it is
stable.

The following notations will be used throughout this paper:

the boundary of S™1is 9S™ 1 ={xeS™ :x; =0 for at least one 1 €{1,2,...,m}};
the interior of S™~! is the set int S™ ! = {x € S™ ' : xyz9-- -z, > 0};

D4V (x*) = (0V;/0x;)(x*) denotes the Jacobian of V' at the point x*;

e = (014,024, -+, 0msi) € S™ 1 i €{1,2,..,m}, denote the vertices of the simplex
Sm=1 where 4, ; is the Kronecker delta.

Definition 2.3. [3]A fixed point x* is called hyperbolic if its Jacobian DV (x*) has
no eigenvalues on the unit circle.

Definition 2.4. [3]A hyperbolic fixed point x* is called:
(i) attracting if all the eigenvalues of the Jacobian D,V (x*) are less than 1 in
absolute value;

(ii)  repelling if all the eigenvalues of the Jacobian D,V (x*) are greater than 1 in
absolute value;
(iii) a saddle otherwise.

3. Dynamics of non-Volterra QSOs

Consider the following two non-Volterra QSOs on the two-dimensional simplex

Ty =23, T =2 + 23 + 27129,
. ;2 2 ) 2
Vi oh = a5+ x5 + 20129, (1) Vo Q b =3, (2)
.Z‘g = 2I1I3 + 21321L'3, l’g = 2%1133 + 21’21'3.

First we need the following results.

Proposition 3.1. [3] For the function f(x)=2x(1 — x) we have Fix (f)={0,1/2},
f(1)=f(0) =0 and nlg&f"(x) =1/2, Vze(0,1).

In the following theorem we describe the asymptotical behavior of the quadratic
operators (1) and (2).

Theorem 3.2. For the QSOs (1) and (2) the following assertions hold:

(i)  the face Ty = {x € 5% : x3 = 0} is an invariant set;
( Fix (V1) = {e1, e, (0,1/2,1/2)};

(i) Fix (V2) = {e1,e2,(1/2,0,1/2)};

(iv) ifx@ e Tyan\{ei} then nh_)rrgo Vi (x©) = ey;
(

(

(

11

~—

v) if x© e To\{e2} then nh_r}olo Ve (x©) = ey;
vi) lim V" (x9) = (0,1,1) for any x© € S*\I'p1 5
n—oo

1272

vii) Tim V3! (x©) = (1,0,1) for any x© € SA\I'y 9.
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Proof. (i) Obvious.
(ii) The equation Vj(x) = x has the form

_ 2
3:1 — .’Bl,
Ty = 75 + T2 + 27179, (3)

T3 = 22123 + 22923,

From the first equation of the system (3) one can see that either z; = 0 or z; = 1.
If x1 = 1 then from the x1 + x5 + 3 = 1 we get a fixed point e;.

Let 1 = 0. From the third equation of system (3) one has either x3 = 0 or z3 = 1/2.
If 3 = 0 then from x; + 29 + 23 = 1 we get the fixed point es. If x3 = 1/2 then we
obtain a fixed point (0,1/2,1/2). Thus Fix (V1) = {e1, e, (0,1/2,1/2)}.

(iii) This can be proved similarly.

(iv) Let x© € I';y93\{e:} be an initial point. Since I'{; 9y is an invariant set it
follows x:(gn) =0 for all n = 0,1,2,... Then using z; + o = 1 from the second
equation of (1) one has z, = x5 (2 — x3), that is a trajectory xén) is given by the
dynamical system 6(z) = (2 — x). One has that Fix(0) = {0,1} and z = 0 is a
repelling point and = = 1 is an attracting point. Further, since for any = € [0, 1] it
holds f(x) > = we have lim 0"(x) = 1 for all x # 0. Therefore it follows lim xé") =1

n—oo

n—o0

for any xg)) # 0. Thus we obtain lim V" (x(?) = e, for all x(©) € 'y 5\ {e1}.

n—oo
(v) This can be proved similarly to part (iv).
(vi) Let x(© € S*\I'{; 9y be an initial point. Then from the first equation of the (1)

one has ¥} = 27 < x;. So the sequence x§") is a decreasing and bounded from the

below sequence and we obtain
2”
lim :c§"+” = lim (x@) =0.

n— o0 n—oo
The last equation of (1) can be rewritten in the form z% = 223(1—x3). Due to Propo-
sition 3.1 we obtain lim z{” = 1/2. Thus we have lim V}" (x) =(0,1/2,1/2) for
n—oo

n—oo

any x(0 ¢ S0}
(vii) This can be proved as in part (vi). O

Corollary 3.3. The QSOs (1) and (2) are regular transformations.

4. Convex combination of the operators

Let us consider the convex combination of given QSOs (1) and (2), that is convex
combination of

Vi=AVi+ ({1 =NV, Ael0,1]
It is easy to verify that V) has the form
=2+ (1= N)ad +2(1 — Ny,

Vi ah = a3+ \xd + 20z 29, (4)
xhy = 2x 173 + 20913,
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Since the QSOs (1) and (2) are regular transformations it is natural to expect that
the QSO V), also is a regular transformation. Below we will check this hypothesis.

Setting A= % +71, TE [—%, %]

one can rewrite the QSO (4) in the following form
vy =i+ (3 — 1)+ (1 - 27)7122,
Ve ah=a3+ (3 +7) a5+ (14 27)2120, (5)
rh = 20123 + 22973.
Theorem 4.1. Let 7 =0. Then one has
(i) Fix(Vp) ={(1/4,1/4,1/2)} U1 2y, where L'y 9y = {x € S : 23 = 0};

(ii)  the fized point (1/4,1/4,1/2) is an attracting point and arbitrary fized point
x € I'(19y is a non-hyperbolic point;

(iii)  lim Vi (x) = (1/4,1/4,1/2) for any x© € S*\I'1 9.

Proof. (i) Let 7 =0. Then the equation Vj(x) = x has the form
r1 = .T% + %x% + T1T9,
Ty = 235+ 123 + 129, (6)

I3 = 2I1[L’3 + 2ZEQI3.

From the last equation of system (6) we get

3 =2x3(x1 +22) = w3=2w3(l—123) = x3=0 and x3:%.

Evidently that any point from the set I'f1 0y = {x € 5% : x3 = 0} is a fixed point of
the QSO V.

From the difference of the first and second equations of the system (6) one has
T — Ty =25 — a5 = (11 — 29) (21 +12) = T =10

So in the case x3 = 1/2 we obtain z; = x5 = 1/4.

Thus Fix (Vo) = {(1/4,1/4,1/2)} UT'{1 3.

(ii) To find the type of the fixed point we rewrite the operator V4 in the form

/ 322 2
Ty = 77251 + %2 — T1 — To +2I1ZE2 + %,
/ 2 322
Ty = %1 + 7;32 — 1 — X2 +2$1(132 + %,

where (z1,29) € {(x1,22) : 21 >0, 9 > 0, 21 + 25 € [0,1]}, and 24, xo are the first
two coordinates of a point lying in the simplex S2.

After some algebra one has that p; = 0 and py = 1/2 are eigenvalues of Jacobian
Dy Vy(x) of the the operator V at the point (1/4,1/4,1/2). Similarly we have that
w1 = 1 and py = 2 are eigenvalues of Jacobian Dy Vy(x) for any fixed point x € IS
This implies immediately the statements in the theorem.
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iii) The last equation of system (5) has the form 25, = 2x3(1 — x3). Due to
3
Proposition 3.1 we have

lim 2" = %, val e (0,1).

n—o0
From the first and second equations of the (5) one has

|2} — @3] = |2} — 23] = |y — wol(w1 + 22) < far — 3],
Consequently we have

‘xgn+1) _ xgnﬂ)

< ‘xgn) _ xén)

, n=0,1,2,...

It follows that the sequence {|x§") — xgn) ‘ }n:O Lo 1s decreasing and bounded from
the below. Therefore there is lim ‘xgn) — xé")‘ = ¢. We claim that £ = 0. Indeed, if

n—oo
& > 0 then it follows
i — Y| (), (n)
1= lim =% 2 = lim (27" +23").

n—00 ‘C(Jgn) _ .%'én)‘ n—00

But this contradicts lim :rg") = 1/2. Therefore we have
n—oo

lim |x§n) — a:én)} =0 = lim (x(ln) — x;")) = 0.
n—00 n—o0

Further using lim (xgn) - x§”)> = lim (1 — :L'é")> = 1/2 one has

. . 1
lim xﬁ”) = lim xén) =-.
n—00 n—00 4

Thus lim V' (x9) = (4,11) for any x© € S*\I'y 2}, completing the proof. O

n—0o0

Theorem 4.2. Let 7 # 0. Then one has
(i)  the face I'qy 9y is invariant and Fix (V;) = {e, ez, x*};

saddle, if >0,

(ii))  The vertex ey is _ ,
repelling, if T <O0;

saddle, if 1€ [—%,0) U (0, \/i_l> ,
The vertex e; is { non-hyperbolic, if 7= \/34_ 1,
repelling, if 1€ (\/“5’41, ;} ;
\

(iii) f 7 > 0 then nh_}lrgo x™ =e, for any x© € 'yop\{e1};

(iv) if 7 <0 then lim x™ =e; for any x9 € I'(19y\{e2};

n—oo

(v)  lim V'(x®) =x* for any x© € SA\T(1 .

n—o0
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Proof. (i) Let 7 > 0 (the case 7 < 0 can be considered similarly). Then the
equation V,(x) = x has the form
T =2+ (% — 7') 23+ (1 — 27) 2129,
1
Ty = x5+ (5 + 7') 23+ (14 27)2129,
T3 = 2[L‘1$3 + 2I2!L’3.

Using 1 + 22 + 23 = 1 from the last equation one has the equation x5 = 2z3(1 — x3)
and by Proposition 3.1 we have its solutions z3 = 0 and z3 = 1/2.

From the first and second equations we have
To — w1 = (9 — 1) (T2 + 1) + 2m~§ + 4713179,

If x3 = 0 then from the last equation we get zixo = 0, that is the fixed points
e; = (1,0,0) and e; = (0,1,0).

If 3 = 1/2 then using x; + z2 = 1/2 from the last equation one has
Ty — 21 =T +8Trxy = 16727 —4(1+27)1, +1—-27=0
Consequently we get the solutions

I(l)_1+27+\/1+1272 x(2)_1+277\/1+1272 and

1= 8T et 8T

x(1)_27’—1—\/1—|—1272 $(2)—2T_1+V1+12T2

2 81 ’ 2 81

Some algebra shows that x?),xéz) € (0,1/2). Therefore we get the fixed point

x* = (x3,25,1/2) of the operator V., where x} = x§2) and 2} = x§2).

(ii) To find the type of the fixed point we rewrite the operator V4 in the form

Ty = 5 —227 7 41 Tm% — (1 =27z — (1 = 27)x0 + 2(1 — 27) 2120 + % -
— 1 J;QT 24T 3+27 x5 — (1+27)z; — (1 +27) 29 + 2(1 + 27) 2170 + % + 7,

where (z1,25) € {(x1,22) 1 21 >0, x5 > 0, 21 + 25 € [0,1]}, and 24, 9 are the first
two coordinates of a point lying in the simplex S2.

After some algebra one has that
=2(1+7)+Vv2—472 and v, =2(14+7) — V2 — 472

are eigenvalues of Jacobian D,V (x) of the operator V, at the vertex e;. Similarly we
have that v, = 2 and v, = 1 — 27 are eigenvalues of Jacobian D,V,(x) at the vertex
e;. Consequently from this immediately follow the statements in the theorem.

(iii) Let x© ¢ I't12y\{e1} be an initial point and 7 > 0. Since the face I'r 9y is

invariant it follows xgn) =0,n=0,1,2,... Using 0 < 7 < 1/2 from (5) we have

vy =11 (1= 27m9) <1, 2y=1xo(1+2721) >125>0
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and consequently it follows
xgnﬂ) = xﬁ”)(1—2m§")) < :L‘&n), xgnﬂ) = xgn)(1+27'xgn)) > xén) >0, n=0,1,2,...

Therefore we obtain there are lim 2\ = o and lim z{” =1 — a.

We claim that o = 0. Indeed, if @ > 0 then

= lim L — 1 (1-270f") = lim af” 0.

n—r00 $§n) n—o00 n—00

But the latter contradicts to the relation ménﬂ) > x(zn) >0, n=0,1,2,....

Hence we have lim xém =1 and it follows lim x™ = e, for any x© € I'y; 51\ {e1}.
n—oo n—oo

(iv) This can be proved similarly.
(v) Let x© € S2\I'(1 5y. The last equation of (5) has the form % = 2z5(1 — x3).

Due to Proposition 3.1 we have

: (n) _ 1 (0)
lim 7y =2, Vay© € (0,1). (7)
Consider the function f.(x) = —272% + 1+27r L 1+27

2 8
One can verify that Fix (f;) N [0,1/2] = {z3}}.

Definition 4.3. Let f : A — A and g : B — B be two maps. [ and g are
called topologically conjugate if there exists a homeomorphism h : A — B such that,
hof=goh.

Note that mappings which are topologically conjugate are completely equivalent in
terms of their dynamics. In particular, h gives a one-to-one correspondence between
the set of limit points of f and g.

Taking h(x) = ax + b one can see that the function f.(z) is topologically conjugate
to the well-known logistic map g(x) = px(1 — z) with

V141272

w=1+ 3

Using —1/2 < 7 < 1/2 we have p € (1,3). For the logistic map the following is
known (see [3]):

If u € (1,3) then g has an attracting fixed point £ = (u — 1)/p and repelling fixed
point x = 0. The all trajectories (except when started at the fixed point) will
approach fixed point .

From this fact, by the conjugacy argument, it follows that all trajectories of f.(z)
started at an initial point will approach fixed point z3.

Using the relation 27 = 1 — 25 — x3 from the second equation of (5) we obtain

Th = 25+ (% + 7') 23+ (1427)(1 — 29 — 13) 29 = —2725 — (1 +27) 3075+ (% + 7‘) 3.
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Consequently we have
2 2
q:g"H) =27 (xg")> -1+ 27')1:2 ™) (n) + (% + 7'> (xgn)> ., n=0,1,2,...

From (7) for arbitrarily small £ > 0 it follows that for enough large n it holds

(n)

1 1
- — £ T - E.
sme<ay) <5+

Using the latter we get

2 2
—27 (:L‘én)> — (14 27) ( + 5) () + (% + 7') (% — 5) < xénﬂ),

2 2
e () -0 (- + (o) ()

So for sufficiently large n we have

£, <x§n)> _ w <2xg") +1-— 5) <y < 1 < ) L (A+2m)e (2xé") +14+ 6)

Since € > 0 is arbitrarily small it follows that

Jim = fim £ (057) = 3
Consequently we have
lim g;§”) = lim (1 - x;n) — Ién)> =1—a— o xy.
n—00 n—00 2
Thus lim x™ = x* for any x© € SA\I'f1,23- O

n—o0

5. Superposition of the operators

In section 3 we showed that any trajectory of the QSOs (1) and (2) converges to
its fixed point, respectively. It is a natural question: what about the asymptotic
behaviour of the trajectories of a superposition of the QSOs (1) and (2)? In this
section we will solve this question.

It is easy to check that the operator Vi, = Vj o V5 has the form

o = (22 + 22 4 2zy1,)°
Vis i Q@) = 23 + 4 (w125 + 2ow3)” 4 223 (22 4 22 + 21129) (8)
oy =4 (23 + 75 + 23129) (1123 + Tow3) + 422 (v123 + T273) .

First we need some auxiliary results. Consider the following function

2
s(x):x4_2x3—{—%+g+%, ze0,1/2).
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Proposition 5.1. The point © = 1 — \/3/2 is a unique fived point of the function
s(x) in [0,1/2] and lim s"(z) =1 —/3/2 for any x € [0,1/2].
n—oo

Proof. One has that
et g () ()
s(r) —x=2a" -2z to st =) e 2047 )

Therefore it follows that 2 = 1 — 1/3/2 is a unique fixed point in [0, 1/2].

It is easy to see that
s'(x) :4x3—6x2+x+% and 3’(1—\/5/2) —4-2V3<1.
Using s(z) > « for any 2 € [0,1—+/3/2] and s(x) < z for any = € [1 —+/3/2,1] and

8’(:[):4{E3—6$2+£L‘+%: (m—%) (42 —4x —1) >0, x€0,1/2]

we obtain
lim s"(z) =1—+/3/2 forany z € [0,1/2].
n—oo
The proof is completed. [

Theorem 5.2. For the operator Vis given by (8) the following assertions are hold:

(i)  the face T'y1gy is invariant and Fix (Via) = {e1, eq, X, X}, where

i: (3\/5a1+\/5a0)7 ﬁ: (2\/571+\/§71>;
2 2 2 2 2

(i)  for any x© € T'yy.0\ {e1} we have

\/5)/27
\/5)/27
e, if 2\¥>(3-5)/2

(iii) lim Vi3 (x©@) =% for any x© € $%\ (I'(1.9; U Fix (V).

n—o0

€2, Zf ng) < (
lim x™ ={x if 2V= (
n—oo

3 —
3 —

Proof. (i) One has
vy = dz3(1 — x3) (225 — 205 + 1) = 2 (223(1 — 23)) (1 — 233(1 — 23)) = f*(x3).

Since p = 2 in the logistic function f(z) = 2z(1 — x) by Proposition 3.1 we have
x3 = 0 and x3 = 1/2 are solutions of the equation f?(r3) = 3.

The equation Vj5(x) = x has the form
ry = (22 4 23 + 2212)°

Ty = o3+ 4 (2125 + Tox3)” + 222 (22 + 23 + 20115) 9)

13 =4 (23 + 22 + 22139 (2123 + Tow3) + 423 (2123 + T273) .



U. U. Jamilov, R. T. Mukhitdinov / Dynamics of a Convexr Combination ... 985
If we take x3 = 0 then from the first equation of (9) it follows that

M, 2@ 1, L _3-V5 :r;(4)—3+\/5>1.

2
r=21(2-1) = 1 =g T T

—1+V5
2

Therefore we have a:él) =1, ( =0 and =z )

So we obtain the fixed points

~ 3—V5 —1++5
e, eg, x:< 5 g ,0).

If we take 23 = 1/2 then from the first equation of (9) it follows that
zy = (x1(1 — 1) + 1/4)* = s(xy)
and by Proposition 5.1 we have z; = 1 — v/3/2. Therefore we have

V3-1
T

To =

So we obtain the fixed point X = (2 ~V3 143 1).

2 7 2 2
Thus we have that Fix (Vi) = {e1, ey, X, X}.

(i) Let x(@ € T'y1.91\ {e1} be an initial point. Then we get oviously x:())") = 0 for all
n=0,1,2,... Using x( "y xé”) = 1 from the first equation of (8) one has

2 2
$§n+1) _ <$§n)> (2 B x&n)) ., n=0,1,2,...

Therefore it follows that in this case a trajectory :1:5") is given by the dynamical

system g(r) = 2?(2—x)?. This implies that Fix (g {O, 1,(3— 5)/2} and z = 0,
x = 1 are attracting and £ = (3 — 1/5)/2 is repelhng As ¢ (x) =4x(2—z)(1 —x) it
is easy to check that ¢’(0) = ¢'(1) =0 < 1 and ¢'(¢) = 2(3 — v/5) > 1. Also it hold
that g(z) < z for any = € (0,¢) and g(z) > z for any z € (£,1). Using these facts
together we get

0, if x(o) <&,
lim xl hm g( (0 )) =4q¢, if x(o) £,
n—o0

1, if x(o) > £

From the latter for any x(® € I'r 2\ {e1} we have

ey, if acl <§,

nh~>nolo x™={x if :1050) =¢,

e, if a:l >§

(iii) Due to Proposition 3.1 it follows that

lim 2" = %, Vil e (0,1).

n—oo
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From the latter for arbitrarily small ¢ > 0 we again have that for sufficiently large

n it holds

(n)

1 1
-—e<x - +e.
5 < T3 <2—|—

Using it from the first equation of (8) we get

2
n 1 n 1 )\ n
(20074 (3-2) (a0 4§ =) = (o)) <l

2" < (2x§”) - (% - e) (2x§") +o+ 5) - (xﬁ”))Q)Q
s(x( ) 5h<x1 : > <x§n+1)<s< (r )—i—sh(ml : )
where s(z) = (v — 2>+ 1/4)27
h(z,e) = (1 - — 22) (2@%(1 - 2x))
and E(:E,E) = (1+¢e+22) (2\/@+5(1+6+2$)> :

Since € > 0 is an arbitrary small it follows that

lim x&"“) = lim s (xﬁ”)) =1- @

n—00 n—00 2
Hence we have lim z{” =1 — lim 2" — lim 2{" = va-1
n—00 n—00 n—00 2
Consequently we obtain that
. n (0) _ (0) 2 .
nh_I& Vi (x) =%, for any x'% € $%\ (I'j12) UFix (Vi2)) . O

Similarly the following result can be proved

Theorem 5.3. For the operator Vo1 = V4 0 Vi the following assertions are hold:

~ o~

(i)  the face 'y 9y is invariant and Fix (Vig) = {el, ey, X, )Ac}, where
z_ (—1+\/5 3—%5’0)7 2 _ (—1+¢§ 2 -3 1);

2 0 2 2 72 2
(i)  for any x € 93\ {e2} we have

er, if ) <(3-5)/2,
im x™ =% if 2 =@3-5)/2,

n—oo ( )

e, if ¥ >(3-5)/2.

(iii) lim V3t (x9) = X for any x© € 52\ (Di1,2p UFix (Vay)).

n—oo
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