Journal of Convex Analysis
Volume 32 (2025), No. 4, 989-1022

Convex Analysis in Groups and Semigroups and
Applications to Separation and Optimization*

Jun Lif

Key Laboratory of Optimization Theory and Applications at China West Normal
University of Sichuan Province, School of Mathematics and Information,
China West Normal University, Nanchong, P. R. China

Junli@cwnu. edu.cn

Giandomenico Mastroeni

Department of Computer Science, University of Pisa, Italy
gmastroeni@di. unipi.it

Received: November 29, 2022
Accepted: December 1, 2023

The aim of this paper is to investigate some fundamental properties of convex sets, cones, and
functions in groups and semigroups. In particular, we introduce the concept of quasi core of a
convex set, which allows us to provide separation theorems between convex sets in groups where
at least one of them has nonempty quasi core. We also analyze optimization problems defined on
groups and semigroups and provide saddle point necessary or sufficient optimality conditions by
considering suitable Lagrangian functions associated with the given problem.

Keywords: Convex sets, convex functions, groups, semigroups, separation, optimization problems.

2020 Mathematics Subject Classification: 46N10, 90C48.

1. Introduction

In the last decades, the development of discrete optimization has widely increased,
in particular as regards convexity of sets and functions, (see, e.g., [9,13,15-20] and
references therein). In this context, at first Volle investigated convex functions with
values in complete abelian ordered groups, obtaining, in particular, a characteriza-
tion of support functions [21,22]. In 2018 Adivar and Fang developed a new theory
for the analysis of discrete convex sets and functions providing applications to dual-
ity for integer programming [1]. Parallelly, Borwein and Giladi [3] proposed, in the
field of non-divisible groups, a convexity notion for groups and monoids that col-
lapses to the classical one when applied to a vector space, proving that several results
of classic convex analysis also hold for functions defined on groups and semigroups
and providing suitable examples of applications. Moreover, in the particular setting
of locally convex topological groups and monoids, they further proved separation
and minimax theorems [2].
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In [14], Li and Mastroeni proved, in finite dimensional integer spaces, the equiv-
alence of the definitions of convex sets and functions introduced by Adivar and
Fang, Borwein and Giladi. They further introduced the definition of convex cones,
affine sets and analysed the separation between convex sets. By means of the image
space analysis, they obtained necessary or sufficient optimality conditions for an
integer linear programming problem with inequality constraints, providing suitable
computational results.

Following the line of [3, 14], the aim of this paper is to deepen the analysis of
the main properties of convex sets, convex cones, and convex functions in groups
and semigroups. In particular, we introduce the concept of quasi core of a set which
allows us to prove separation theorems between two convex subsets of a commutative
group under the assumption of nonemptiness of the quasi core of at least one of them.
Moreover, we consider optimization problems defined on groups and semigroups and
provide necessary or sufficient optimality conditions under the form of saddle points
of the Lagrangian function associated with the given problem.

The paper is organized as follows. In Section 2, we report the preliminary concepts
and notations used throughout the paper. In Section 3, we investigate convex sets
and cones in groups and semigroups while, in Section 4, we study convex functions in
groups and semigroups and we introduce the concept of quasi core of a set in a group.
In Subsection 5.1, we provide separation theorems between convex sets in groups
where at least one of them has nonempty quasi core. In Subsection 5.2, we obtain
saddle points of Lagrangian functions for optimization problems defined on groups
and semigroups and provide some necessary or sufficient optimality conditions.

2. Basic concepts and notations

We recall in this section the main concepts and notations for groups and semigroups.

Definition 2.1. (Semigroup and group) A set X endowed with a binary operation
- is called a semigroup, if the associative law (a - b) - ¢ = a - (b- ¢) is satisfied for all
a,b,c € X. X is called commutative, if a-b =b-a for all a,b € X. e € X is called
a unit element in X, if it satisfiese-x =z -e =z for all x € X. A set X endowed
with a binary operation - is called a group, if it is a semigroup with the unique unit
element e € X, and the unit inverse of each x € X, say «*, ie., 2*-x =x - 2" =e.

Definition 2.2. (Monoid) A set X endowed with a binary operation - is called a
monoid, if (X, -) is a commutative semigroup with unit element.

Definition 2.3. (Semiring and ring) A set X endowed with two binary operations
+ and - is called a semiring (resp., ring), if (X, +) is a commutative semigroup (resp.,
group) with unit element 0, and (X, ) is a semigroup (not necessarily commutative)
with unit element 1. The two operations are connected by the distributive laws. We
additionally assume for a semigroup X that 70 = 0r =0 for all r € X.

Definition 2.4. (Semimodule and module) A set X endowed with a binary oper-
ation + is called a left semimodule (resp., module) over a semiring (resp., ring) R,
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if (X, +) is a commutative semigroup (resp., group) with unit element 0, and there
isamap R x X — X, (r,z) — rz such that for all r,7,72 € R and x, 21,29 € X,
i) (rire)z = ri(rx).

11

~—

r(zy + x0) = ray + ras.

(
(
(iii) (ry +7ro)x = riz+ rx.
(iv) lx==z.

(v) r0=0=0x.

We observe that a monoid is a semimodule over the non-negative integers Z, and a
commutative group is a module over the ring Z and also a monoid (i.e., a semimodule
over the non-negative integers Z, ).

Let (X, +) be a semigroup and C, D be subsets of X. The general Minkowski sum
of sets in X is given by C' + D :={c+d:ce C,d e D}. If D := {d}, then we set
C+ D :=C+d. If (X,+) is a group, then we denote by C' — D := C + (—=D) :=
{c+(=d):ceC, de D}.

Definition 2.5. (Compatible partial order on a semimodule) Let X be a semimod-
ule over a semiring R. A partial order < is said to be compatible with the module
operations, if rzy < rwxe, x + 21 < x + x5 for all z € X, r € R, whenever x; < x5.

Definition 2.6. (Semidivisible, divisible and uniquely divisible semimodule (resp.,
module)) Let X be a semimodule (resp. module) over a semiring (resp., ring) R.

(i) X is called divisible, if for every y € X and r € R\ {0}, there is x € X such
that rx = y.

(ii) X is called uniquely divisible, if for every y € X and r € R\ {0}, there is a
unique x € X such that rz = y.

(iii) Let X be a commutative group, that is, X is a semimodule over the semiring
Z,. X is called p-semidivisible, if there is p € N prime such that pX = X,
and X is called semidivisible, if it is p-semidivisible for some prime p.

Proposition 2.7. The following statements are true:

(i)  Let X be a semimodule (resp. module) over a semiring (resp., ring) R. If X is
uniquely divisible, then it is divisible and rx = 0 <= x = 0, where r € R\ {0}
and v € X.

(ii) Let X be a commutative group, that is, X is a semimodule over the semiring
Z,. If X is divisible and nx = 0 <=z =0, where n € N and z € X, then X
s uniquely divisible.

Proof. (i) Assume that X is uniquely divisible. Then it is divisible. Let r € R\ {0}
and x € X. Then, we have x = 0 implies that rx = 0. We now show rx = 0 implies
that x = 0. Clearly, 70 = 0. Since X is uniquely divisible and rx = 0, x is unique
such that rx = 0. Thus it follows that z = 0.

(ii) By contradiction, assume that X is not uniquely divisible, i.e., there are n € N
and y, rq, T2 € X with 27 # x5 such that nz; = y = nazs. In consequence we have
n(xy+ (—xg)) = nxy +n(—x2) = nxy + (—nxg) = 0. From the assumption it follows
that x1 + (—x2) = 0 and so x; = x9, which contradicts that x; # xs. O
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Let R™ be the m-dimensional Euclidean space, where m € N, the positive integers.
Let RY = {x := (z1,...,2m) ER™: each x; > 0}, Z™ := {z := (21,...,2,) ER™:
each x; € Z}, and Z7 := {x := (x1,...,%,,) € Z™ : each x; > 0}. We denote by
Q. the non-negative rational numbers and by || - || the Euclidean 2-norm in R™. All
vectors are considered as row vectors.

Recall that R™ endowed with the addition + is a left semimodule over a semiring
R4, where n € N. Clearly, the order < on R" defined by y; < y» <= y2 —y1 € RY,
is a compatible partial order and it satisfies that for every r € R, \ {0}, y1, 92 € R™,
ry1 < ryp = y1 < Y. Define y; < yo <= yo —y1 € intR?. Then, R" endowed with
the addition + is a left semimodule over a semiring Z; and Z" endowed with the
addition + induced from R" is a left semimodule over a semiring Z, , where n € N.
Also, the order < on Z" defined by y; < yp <= y2—y1 € Z, is a compatible partial
order and it satisfies that for every r € Z, \ {0}, y1,y2 € Z", ry; < 1ys = 11 < 1.

Let Y be a semimodule over a semiring R where Y is endowed with a partial order
<. We often adjoint a maximal element in Y, +00, defining on Y U{+o00} the usual
operation given on Y plus the following one: x + (+00) = (+00) + x := +o0 for all
x €Y U{+oo}; 7+ (+00) := 400 for all € R\{0}; 0 (+00) := 0; = < 400 for all
x €Y U{4o0}. We define x < +00 <= & < 400 and = # +00, where x € Y.

Throughout the paper, we always refer to additive groups and semigroups, unless
differently specified.

3. Convex sets in groups and semigroups

In this section, we analyse in details convex sets and cones in groups and semigroups.

3.1. Convex sets

Definition 3.1. (Convex set and convex hull in a semimodule) Let X be a semi-
module over a semiring R. A set A C X is called convex set, if for any choice of
reX,neN rr,...,r, € R\{0} and zy,...,z, € A such that

n n

re = g rix; and r = E T4,

i=1 i=1
one has z € A. The convex hull of A, say convA, is given by

convA :=({B: AC B and B is convex}.

Remark 3.2. In [3, Definitions 7 and 14|, Borwein and Giladi did not use the
assumption r # 0, which is suggested by a referee. In fact, if

n n
re = g riv; and 0=r= g i,
i=1 i=1

then Oz = ", r2;, and, since Oz = 0, Va € X, then the convexity of A would
imply that X C A and so A = X, since A C X. This contradicts the existence of a
convex set A # X.
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The next result shows that convA is a convex set, i.e., the convex hull is well defined.

Proposition 3.3. Let X be a semimodule over a semiring R, and C; C X (i€ 1)
be convex, where I is an index set. Then (\,.; C; is convex. Furthermore, if X is a
uniquely divisible and I :={1,...,m}, where m € N, then ) ", C; is convex.

Proof. We preliminarily prove that (,.,;C; is convex. Let z € X, n € N,

771, € R\{0} and z1,..., 2, € [,¢; C; such that we have rz = Y7 rjz;,
r=>_,rj Since Cj, (i € I), are convex and z € C;, (i € I), we therefore obtain

Assume that X is uniquely divisible and [ := {1,...,m}. We now show that >"." , C;
is convex. To this end, let x € X, n € N, r,ry,... .1, € R\{0},
rri=c G =y A e

and ¢ € Cj, (i=1,...,m, j =1,...,n), such that rz = Do iy, T =D T

Since X is divisible, there are ¢; € X, (i = 1,...,m), such that r¢; = 22:1 rjc;'».
Since C;, (i =1,...,m) are convex, ¢; € Cy, (i =1,...,m), and so

r(Xisc) =25 (i ;) = D i1 Tt =T,

which implies z = Y ", ¢; € >, C; by assumption. This proves that > " C; is
convex. U

Proposition 3.4. Let X be a semimodule over a semiring R. Then A is convex if
and only if A = convA.

Proof. Necessity. It is clear A C convA. Since A is convex and A C A, one has
A D convA and so A = convA.

Sufficiency. This follows immediately from the first assertion of Proposition 3.3. [J

In case X is a monoid the following characterization of the convex hull has been
proved in [3].

Proposition 3.5. [3, Proposition 1] Let X be a monoid and A C X. Then

n

n
convA = {xEX:m:B:Zmixi, x;, €A, n,m; €N, m:Zmi}.

i=1 =1

Proposition 3.6. Let X,Y be semimodules over a semiring R, and C,D C Y.
Then C' and D are convex if and only if C x D 1is convex.

Proof. Let (z,y) € X xY,neN, r,r,...,m, € R\{0}, (z1,11), .., (Tn, yn) € C X D
such that r(z,y) = >0 rj(7,y;), v = >_i_, ), or equivalently, rz = Y77 rjz;,
ry =5 ry; and r =370 ;. If O, D are convex, then » € C'and y € D, i.e,,
(x,y) € Cx D. This yields C'x D is convex. If C'x D is convex, then (z,y) € C'x D,
that is, z € C' and y € D. This implies that C' and D are convex. Il
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Given a subset A of a monoid X and m € N. Let

mA::{xeX:x:in, x; € A}
i=1

:{QZEXZLE:ZWL,'ZBZ', xieA,Zmi:m,mi,nGN}. (1)
i=1 i=1
We denote by 0A := {0}. Note that (1) can be generalized in the following in the

case of convex sets.

Definition 3.7. (Rational dilation of set) Let C' be a subset of a monoid X and
let ¢ € Q, be a reduced fraction. Define

m
qC = {xGX.lx—Zmixi, x; € C, Zmi—m, T =4 l,n,m; € N}.  (2)

i=1 =1

In [2, Definition 2.6], C' is assumed to be a convex subset of a monoid X. Observe
that if ¢ € N, then (2) coincides with (1). It is easy to see that 1C' O C. Moreover,
if C' is not convex, then the equality 1C' = C does not necessarily hold, in fact we
note that 1C' = conv C'. The following Proposition 3.8 states that for a subset C of
a monoid X and a reduced fraction ¢ € Q,, qC is always convex.

Proposition 3.8. Let C' be a subset of a monoid X and q € Qy be a reduced
fraction. Then the following statements hold:

(i)  qC is convex.
(ii) IfO0eC, then 0 € qC.
Proof. Recall that a monoid is a semimodule over the semiring Z, .

(i) Let x € X,n e N;ry,...,1r, € Zy \ {0} =N and z4,...,x, € ¢C such that

n n

re = ani, r= Zri. (3)

1=1 =1

Since z1,...,x, € qC, there are z;; € C, m;j,l;i,k; e N(i=1,....n,7=1,... k)

such that
Zmz]xz]; Zmlj my, 71 =4q. (4)

’L

From (3) and (4) one has

H Hl rT) Hl)(Zrlxl)
7"1Hl Y1) + rnHl lny)

i#£1 i#n

ky o
= (n O majay) + -+ (a [ [ 1O mnjny),

i#1 Jj=1 i#n =1
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n kl kn

hence, (r H l))x = Z(ﬁ H li)ymywy; + -+ Z(Tn H L) (5)

i=1 =1 i#l j=1  i#n

Further, we have

k1 kn
St [[ma+ -+ ([ [ l)mn
j=1  i#l j=1  i#n
k1 kn
= (T1HZi>Zm1j + -+ (THHZZ)Zan
£l j=1 itn  j=1
i#1 i#n
and so
(Tl Hi;ﬁl ll)ml +ot (Tﬂ Hz’;ﬁn ll)mn _rmima T'nMp T Tn
I Ty Tt TRet T LaTe

where the second and third equalities follow from (4) and (3), respectively. This
along with (5) shows that = € ¢C. This proves qC' is convex.

(ii) Setting x = x; = 0(: = 1,...,n) in (2) yields the desired result. O

From Proposition 3.8 (i) we have:
Corollary 3.9. Let X be a monoid, C C X and m € N. Then mC' is convez.
From Propositions 3.3 and 3.8 (i) we have:

Corollary 3.10. et X be a monoid, C; C X and ¢ € Q.(i = 1,...,m) be a
reduced fraction. Then (-, ¢:C; is convex. Furthermore, if X uniquely divisible,
then > ¢:;C; is conver.

The following results will be needed in the sequel.

Proposition 3.11. Let X be a monoid, C; D C X and let q1,q2 € Q be reduced
fractions. Then the following statements hold:

(i)  Assume that 0 € C and C' is convex. If g1 < g, then ¢;C C ¢C.

(i) IfC C D, then C C ¢ D.

(iii) Then ¢(1C) C (¢2q1)C = (q1q2)C, which implies that if qaq1 = 0, then
©(1C) = (q)C; if a1 # 0, then g2(q5 ' ((2q1)C)) € @2(1C). Furthermore,
if 0 € C and C is convex, then (q1q2)C C (@)C.

(iv) If X is divisible, then (g2q1)C C q2(q:1C).

Proof. (i) This follows from [2, Proposition 2.3].

(ii) Follows immediately from Definition 3.7.

(iii) The equality (g2¢1)C = (q1g2)C' is clear. Observe that ¢oq1 < @ and from

(i) it follows that (geq1)C C (@)C’ whenever 0 € C.

We next show ¢2(¢1C) C (¢2¢1)C. To this end, let x € ¢2(q:1C).
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Then there are x; € ¢,C, [,n,m; € N (i = 1,...,n) such that

lr = imixi, imi =m, % = @o. (6)
— —

Since z; € 1C (i = 1,...,n), there are xj; € C, l},n;,m}; € N (j = 1,...,n;) with

Lx; = me T, Zm —{;:ql. (7)

Then from (6) and (7) it follows that

(TI 0w = 0w =TT m

S

=1 =1 =1 =1
= H Umy(ljzy) + -+ H Ly, (Il xy)
i#1 i#n
ny
= 2_(ma [ [ t)miyat + - 25:7nnl]ﬁ My
j=1 1#1 j=1 i#n
and Z;ll(ml H'L;ﬁl l;)mi] +oF Z?ﬁl(mn Hz’;ﬁn l;)m{nj
le 1 1
_ (T B)my + -+ (mn [Lizn i)y,
le 1 z
mym’ My, m Mp
- 111'1+ T = (G T = e,

which yields = € (goq1)C. This proves g2(¢:1C) C (g2¢1)C.

If goq1 = 0, then it is easy to see ¢2(q1C) = (g2q1)C = {0}. Assume that ¢2q; # 0.
Now applying previous conclusion yields that ¢; ' ((¢2¢1)C) C (¢5 ' ¢2¢1)C = ¢ C and
as a consequence, it follows from (ii) that ¢2(¢; ' ((¢2¢1)C)) C q2(q:0).

(iv) If gog1 = 0, then we have (qqu)C’ = ¢2(q1C) = {0}.
Assume goq1 # 0. Set go := 5, where m/, I’ € N. Let 2 € (g2q1)C. Then there are

x; € C,l,n,m; € N (i =1,...,n) such that le =570 myx;, > m; = m and
7= qq. Then

n

WW=§]WW%§%:m- ®)

i=1
Observe that X is divisible. Then there exists y € X such that

n
/

(m'ly =3 (mil)a, 2= (9)

m'l
i=1

which yields y € ¢;C. Now, both (8) and (9) allow that

mil_ m
o T

which along with y € ¢;C yields x € g2(¢;C). This proves (¢2¢g1)C C g2(1C). ]

'z = (m'l)y,
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3.2. Convex cones

In this subsection, we discuss convex cones in groups and semigroups.

Definition 3.12. (Cone in a semimodule) Let X be a semimodule over a semiring
R. A set A C X is called a cone, if for any choice 2’ € X, r;r’ € R\ {0}, z € A
such that 7'z’ = rx, one has 2’ € A. The set

R\{0}A :={a' € X : 7’2’ =rx,x € A,r,7’ € R\{0}}
is called the cone generated by A.

We observe that, it X := 7Z" and R := Z., then the above definition of cones reduces
to [1, Definition 2.11], while in [14, Definition 2.5] a cone is similarly defined but,
additionally, it contains 0.

Definition 3.13. (Convex cone in a semimodule) Let X be a semimodule over a
semiring R. A set A C X is said to be a convex cone, if for any choicen € N, x € X,
r,r1,...,r, € R\{0} and z1,..., 2, € A such that

re = Zn:ri:ci and zn:ri #0, (10)
i=1 i=1

one has x € A. The set of the points = such that (10) holds is called the convez
cone generated by A and is denoted by cone A.

Remark 3.14. In [3, Definition 8], Borwein and Giladi did not use the assumption
> i, m; # 0. In this case, a convex cone A always contains 0. In fact, for z; = 25 =
... =z, we have n

rr = E rix; = 0xy =0,

i=1

which is fulfilled by x = 0, so that 0 € A.

Proposition 3.15. Let X be a semimodule over a semiring R and C C X. Then
the following statements hold:

(i)  C is a convex cone if and only if C' = cone C, which implies that C is both a
cone and convex.

(ii)  Let X be divisible. If C is both a cone and convex, then it is a convex cone.
(iii) C s a cone if and only if C = R\{0}C.
(iv) If either C is a convex cone or C' is conver and X is divisible, then
cone C' = R\{0}C.
(v)  Let X be a monoid. Then coneC' =J,cq,\ (0 9C, which implies that
C =Uyeo,\(0y 4C if C is a convex cone.

Proof. (i) Necessity. It is immediate that C' C cone C. Since C' is a convex cone,
one has C D cone C and so C' = cone C.

Sufficiency. Let z € X,n € N,r,ry,...,r, € R\{0}, and z4,...,2, € C such that
re =Yy rw; and Y . 7 # 0. Then 2 € coneC and so x € C, since C' = cone C.

This shows that C' is a convex cone. Clearly, if C' is a convex cone, then it is both
a cone and convex.
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(ii) Let x € X, n € N, r,rq,...,7, € R\{0} and zy,...,2, € C such that
re =y o rx; and . r; # 0. Since X is divisible, then there is 2’ € X with
Oor )’ = >or  rx;. Since C is convex, one has 2/ € C and thus we have
re = (>, r;)x’. Since C is a cone and 2’ € C, one has x € C. This proves C'is a
convex cone.

(iii) The conclusion follows by using a similar proof to that in (i).

(iv) If C is a convex cone, then (i) gives C' = coneC' = R\{0}C since we have
cone C' O R\{0}C D C'. Assume that C'is convex and X is divisible. It is immediate
that coneC' 2O R\{0}C. Conversely, let z € coneC. Then there are ry,...,r,,
r € R\{0}, and x1,...,2, € C, where n € N, such that ra = " rz; with
Yoo ri # 0. Since X is divisible, there is y € X such that > " rz; = O ri)y
and so y € C since C' is convex. As a consequence, rz = (Y., 7;)y, which yields
x € R\{0}C. This yields coneC' C R\{0}C.

(v) The inclusion D is obvious. Conversely, let © € coneC. Then there are
Ty Ty, € Nand xq,..., 2, € C such that ra = > ra;, with Y7 r; #0.

Setting ¢ := Y ., r;/r yields that « € ¢C. This proves the inclusion C holds. If C
is a convex cone, then from (i) we have C' = J,cq,\ 0 ¢C- O

Proposition 3.16. Let X be a monoid and 0 € C. Then C is a convex cone if and
only if C'is a cone and C + C = C.

Proof. Since 0 € C, we have C4+C 2O C. Then C+C = C'ifand only ift C+C C C.

Necessity. Let x :=y+ 2 € C' + C, where y,z € C. Then lx =2z =1y + 1z € X.
Since C' is a convex cone, from Proposition 3.15(i) one has C' is a cone and moreover,

re€CandsoC+C CC.

Sufficiency. Let x € X, n,r,r,...,7, € Nand z1,...,z, € C such that we have
re =y . 1z, Since C' 4+ C = C, one has ro = 13 rix;) = > o rix; € C.

Since C' is a cone, one has z € C, which implies that C' is a convex cone. O

In part (i) of the next result, we will assume that the semiring R fulfills the following
assumption (S):

Tl,T’QER\{O}:>T1+T27éO,

or equivalently, n € N, r,rq,...,7, € R\ {0} = Y0, #0.
Moreover, when X is a monoid, we assume that R = Z,, recalling that a monoid is
a semimodule over the semiring Z .

Proposition 3.17. Let X be a semimodule over a semiring R and C C X. Then
the following statements hold:

(i)  Assume that either 0 € C or 0 ¢ C and rx = 0 <= x = 0, where r € R\{0}
and x € X (in particular, if X is a commutative group, then this, along with
the assumption that X is divisible, equals the fact that X is uniquely divisible,
in view of Proposition 2.7). If C is a convex cone and assumption (S) holds,
then C'U {0} is also a convez cone.

(ii)  Assume that either 0€ C or 0ZC and Y, r;x; 70 for everyry, ..., r, € R\{0},
x1,..., 2, € C andn € N. If CU{0} is a convez cone, then so is C.
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Proof. (i) If 0 € C, then C' = C'|J{0} and so the conclusion is clear. Assume
that 0 € C and rx = 0 <= x = 0, where r € R\{0} and z € X. Let z € X,
neN,rry,...,r, € R\{0}, and zy,...,z, € CU{0} such that ro =" | rz; and
Yo i #0.

Case 1. If z1,...,x, € C, then z € C, since C is a convex cone.
Case 2. If z; = 0 for every i = 1,...,n, then rz = 0 and so z = 0, in view of the
assumption.

Case 3. Let I := {i=1,...,n:2; # 0} # 0. Then one has rz = )., rx;, with
Y icr i 7 0 by assumption (S), which yields that x € C, since C is a convex cone.

The previous three cases show that z € C'U {0} and thus C'U {0} is a convex cone.

(ii) If 0 € C, then C' = C' U {0} and so the conclusion is clear. Assume that 0 ¢ C
and Y o rx; # 0 for every ri,...,7m, € R\{0}, 1,...,2, € C and n € N. Let
reX,neNrr,. .. e R{0}and zy,...,2, € C such that ro = Y1, rz;
and Y ", 7; # 0. Then z € C'U {0}, since C'U {0} is a convex cone. We declare
that € C, i.e., x # 0. If not, i.e., z =0, then > "  r;z; = rz = 0, a contradiction
with the assumption. This proves C' is a convex cone. [

Proposition 3.18. Let X be a semimodule over a semiring R, and assume C; C X
(t=1,...,m). Then the following statements hold:

(i)  IfCjis a cone for each i € I, where I is an index set, then so are |J,.; C; and
ﬂz‘el Ci.

(ii) If C; is a convex cone for each i € I, where I is an index set, then so is
nie] Ci.

(i) If C; is a convex cone for each i € I := {1,...,m}, where m € N, and X s
uniquely divisible, then ), ; C; is a convex cone.

Proof. (i) Let r,r" € R\{0} = € |J,;Ci and 2’ € X such that r'2’ = rz. Then
r € Cy, for some iy € I. Since Cj, is a cone, one has 2" € C;; and so 2" € |J,;.; Ci,-
This yields | J,.; C; is a cone. Similarly, we can show (1,.; C; is a cone.

(ii) Let z € X,n € N,r,rq,...,r, € R\{0}, and ,...,2, € [);; Ci such that
re = Y0 rjr; and YO0 7y # 0. Since Ci(i € I) are convex cones, one has
r € Ci(i € 1) and so x € (),.; C;, which yields that (,.; C; is a convex cone.

(iii) Let # € X, n € N, r,ry € R\{0}, 25 := > 1" ¢s € 32" Cyand ¢, € C (i € 1,
j=1,...,n)such that ro = Y77 r;z; and Y7 | r; # 0. Since X is divisible, there
are ¢; € X(i € I) such that r¢; = 7" rjch. Since Ci(i € I) are convex cones,
¢ € Ci(i € I)andsor(Q2L, ) = 0 (Do, ) = D05 ;= ra, which yields
that z = 7" ¢; € Y ", C;, since X is uniquely divisible. This proves > ", C; is

convex. ]

Proposition 3.19. Let X,Y be semimodules over a semiring R, and C,D C Y.
Then C' and D are convex cones if and only if C X D is a convex cone.
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Proof. Let (z,y) e X XY, neN, r,ry,....r, € R\{0}, and (z1,y1), ..., (pn,yn) EC X D
such that r(z,y) = > 7 rj(z;,y;) and Y7 7 # 0, or equivalently, rz = 37 | r;;
and ry = >0 rjy; and Y37 1y # 0. If C, D are convex cones, then z € C' and
y € D, ie., (z,y) € C x D, which yields C' x D is a convex cone. If C'x D is a
convex cone, then (z,y) € C'x D, i.e., z € C and y € D, showing that C' and D are

convex cones. L]

Proposition 3.20. Let C' be a convex cone in a divisible monoid X with 0 € C' and
let ¢ € Q4 be a reduced fraction. Then qC' is a convex cone.

Proof. From Proposition 3.8(i) one has ¢C' is convex. From Proposition 3.15(ii),
it suffices to show ¢C' is a cone. To this aim, let 2’ € X,r",r € Z,\{0} = N and
x € qC such that '’ = rz. Then, there are [,n,m; € Nand x; € C (i=1,...,n)

such that n n
m
lxzz;mixi, zl:mi:m, T
1= 1=

Then, it follows that
(Ir"a' =1(r'2") = l(rx) = r(lz) = T‘(Z mix;) = Zmi(rxi),
i=1 i=1

n
m q
lr r
i=1

Since r € N and z; € C(: = 1,...,n), from Proposition 3.16 one has rz; € C
(i =1,...,n). Since C' is a convex cone, (11) allows that 2 € C' and so 2’ € £C.
Since 7" € N, one has % < ¢. Now, Proposition 3.11 (i) implies that ZC C ¢C and

it follows that =’ € ¢C, which yields that ¢C' is a cone. 0

(11)

Proposition 3.21. Let C be a convex cone of a divisible monoid X, 0 € C' and
¢ € Qi (i = 1,...,m) be reduced fractions. Then (), ¢C = (minj<i<p, ¢;)C
and ;" ¢:C = >, ¢:C = (maxi<j<m q;)C, which implies (-, ¢:C, U, ¢:C and
Yo @iC are convex cones.

Proof. Since 0 € C, Proposition 3.8(ii) allows 0 € ¢;C (i = 1,...,m). Proposition

3.20 implies ¢;C' (i = 1,...,m) are convex cones. From Proposition 3.11(i) one has
(minj<j<m ¢;)C C ¢;C C (maxj<i<m ¢;)C for each i = 1,...,m and as a consequence,
m
(aC = (lgyggn :)C
=1
m m
and U ¢:C = (122; 3:)C C Z%‘O
i=1 i=1
m
C A . N — ,
C (max ¢;)C + -+ (max ¢;)C = (max ¢)C,

where the last equality follows from Proposition 3.16. [
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4. Convex functions in groups and semigroups

In this section, we study convex functions in groups and semigroups.

Definition 4.1. (Epigraph, effective domain and lower level set) Suppose that
X, Y are semimodules over a semiring R and that Y is endowed with a partial order
<. Let f: X = Y U{+o0}, where +00 is a maximal element of Y.
(i)  The epigraph of f, say epif, is given by epif := {(z,y) € X x Y : f(x) < y}.
(ii) The effective domain of f, say domf, is given by
domf :={zeX: f(r)<+oo}={re X:Jye X, (2,y) €epif}.
(ii) The lower level set of f, say lev<, f, is given by leve, f := {x € X : f(z) <y},
where y € Y.

Definition 4.2. (Convex function) Suppose that X,Y are semimodules over a
semiring R and that Y is endowed with a compatible partial order < and +o0 is
a maximal element of Y. A function f : X — Y U {400} is said to be convez, if
f:domf — Y is convex, that is, for any choice of n € N, r,ry,...,r, € R\{0} and
x1,...,¢, € domf such that

n n
rx:Zriwi, T:Zﬁ,
i=1 i=1
we have rf(z) < 3", rif(x;). fis said to be concave if —f is convex.

The definition of the convex function f : X — Y was given in [3, Definition 16]
without the assumption r # 0.

Proposition 4.3. Suppose that X,Y are semimodules over a semiring R and that
Y is endowed with a compatible partial order < and 400 is a mazximal element of
Y. Let f: X — Y U{+o0}. Then the following statements hold:

(i)  If f is convex, then domf is convex.

(ii)  Assume that (Y, <) satisfies that for every r € R\ {0}, y1,y2 € Y we have
ry1 <1y = Y1 < Yo. If [ is convex, then epif andlev<,f are convex, where
yey.

(iii) Assume that'Y is divisible. If epif is convez, then f is conver.
Proof. (i) Let z € X,n € N,z; € domf and r,r; € R\ {0} (i =1,...,n) such that

rr= Y Ty, T =y 15 Since x; € domf (i =1,...,n), one has f(z;) # +oo.
Since f is convex, one has

rf(@) < 3 rif (@) # +oo,

which yields that f(z) # 400, i.e., x € domf. If not, that is, f(z) = +o0, then
rf(x) = 400, which is a contradiction with the previous inequality.
(ii) Let (x,y) e X XY, neN, (z;,y;) €epif and r,r; € R\{0} (i = 1,...,n) such that

r(x,y) = > 0 iz, yi), m = . Since (x;,y;) € epif (i =1,...,n), we have
f(z;) <wy; and it follows from the fact that < is a compatible partial order that
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rf(z) < an(wz) < ZTz‘yz‘ =Ty,

where the first inequality follows from the convexity of f. As a consequence, the
assumption yields that f(x) <y, i.e., (x,y) € epif. This proves that epif is convex.
Similarly, we can prove lev<, f is convex.

(iii) Let z € X,n € N,z; € domf and r,r; € R\ {0}(: = 1,...,n) such that
re=y o rixi, =y . 1. Note that (x;, f(z;)) € epif(i =1,...,n). Since Y is
divisible, then there exists y € Y such that ry = > r;f(z;). As a consequence,
r(z,y) = > ri(z;, f(z;)). Since epif is convex, one has (z,y) € epif, that is,
f(z) <y and it follows from the fact that < is a compatible partial order that

rf(z) <ry= th(%)
i=1
This proves f is convex. O

Corollary 4.4. Let f:Z™ — R" or f : R™ — R". Then f is convex if and only if
epif is convex.

Definition 4.5. (Minkowski functional for groups) [2, Definition 2.7] Assume that
X is a monoid and C' C X. The Minkowski functional po : X — Ry U {4+o0} is
given by pc(z) :=inf{q € Q; : z € qC}. If {g € Q; : x € qC} = (), then define
pc(x) := +o0.

Remark 4.6. It is easy to see that if z € C, then po(z) < 1. If we assume 0 € C,
then po(x) > 1, for any x ¢ C. Indeed, ab absurdo, suppose that po(z) < 1. Then
there is a reduced fraction ¢ € Q, with ¢ < 1 such that x € ¢qC C C, where the
inclusion follows from Proposition 3.11(i). This is a contradiction.

Definition 4.7. (N-sublinear function) [3, Definitions 19 and 20] Suppose that
X,Y are semimodules over a semiring R, and suppose that Y is endowed with a
partial order < and +o0 is a maximal element of Y. A function f: X — Y U{+o0}
is said to be N-sublinear, if it is both subadditive, i.e., f(x +y) < f(z) + f(y) for
all z,y € X, and positively homogeneous, that is, f(kx) = kf(x) for all £ € NU{0}
and z € X.

Proposition 4.8. Assume that X is a monoid and f : X — RU {+o0}. Then the
following statements hold:

(i)  If f is N-sublinear, then it is conver and positively homogeneous.

(ii) If X is semidivisible and f is convex and positively homogeneous, then f is
N-sublinear.

Proof. (i) Letz € X, neN, z; € X andr; € Z,\{0} =N (i =1,...,n) such that

re =Y 1%, v =y . 1. Since f is N-sublinear, it is positively homogeneous

and subadditive and it follows that

rf(z) = flra) = OO rw) <3 flriw) = > rif (@),
which implies that f is convex. =1 i=1 i1
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(ii) Let z,y € X. Since X is semidivisible, there are p € N prime and z € X such
p

that pz =7 +y+0---+ 0. Since f is convex and positively homogeneous, one has
f(0) = f(kO) = kf(0) for k = 2 and so f(0) = 0. Then it follows that

p

A

fl@+y) = f(pz) = pf(2) < f(z) + fy) + FO) +---+ F(0)
= f(a) + f(y) + (0 —2)£(0) = f(z) + f(y),

which yields f is subadditive. [

Proposition 4.9. Assume that C, D C X are convex subsets of a monoid X. Then
the following statements hold:

(i)  pc is N-sublinear and so convex and positively homogeneous.
(ii)  Assume C C D. Then pp < pc.

Proof. (i) It follows immediately from [2, Proposition 2.4] and Proposition 4.8(i).

(ii) Since C' C D, one has from Proposition 3.11 (ii) that ¢C C ¢D for ¢ € Q4 and
so pp(x) < po(z) for each z € X, ie., pp < pc. O

Definition 4.10. Assume that X is a monoid. For functions f, g : X — RU{+00},
the infimal convolution (shortly inf-convolution) is the function fOg: X — RU{+o0}

iven b
e (fOg)(x) = inf {f(u)+9(v)}.

Proposition 4.11. [2, Proposition 2.2] Assume that X is a p-semidivisible monoid
and f,g: X — RU{+o0} are convex (resp. N-sublinear). Assume, furthermore,
that X has at most unique divisors as holds in the locally convex case. Then the
function fOg is convex (resp. N-sublinear).

Proposition 4.12. Suppose that X is a monoid, f,g: X — RU{+o0} with f < g
and f(0) < ¢(0) < 0 and f is subadditive. Then the equality fOg = f holds. In
particular, fOf = f.

Proof. Since 0 € X, f(0) < ¢(0) <0 and f < g, one has (fOg)(z) < f(z) < g(z)
for any z € X. We now show (fOg)(z) = f(x) for any x € X. If not, i.e., there is
xo € X such that (fOg)(zo) < f(xg), then there are ug, vy € X with ug + vg = ¢
such that f(ug) + g(ve) < f(xo). Since f is subadditive and f < g, one has

f(xo) < fluo) + f(vo) < f(uo) + g(vo) < f(x0),
a contradiction. Setting g := f yields fOf = f. O
Corollary 4.13. Let C,D be convex sets of a monoid X and C C D. Then
pcUpp = pp. In particular, pcUpc = pe.

Proof. From Proposition 4.9 (i) and (ii) one has pp < pe, pp(0) = pc(0) = 0 and
pp is subadditive. Setting f := pp and g := p¢ in Proposition 4.12 allows us to
complete the proof. O



1004 J. Li, G. Mastroeni / Convexr Analysis in Groups and Semigroups ...

Proposition 4.14. Let XY be monoids and f,g : X — R U {+oc0} be convex
functions. Then f + rog is convex, where ro € Ry. In particular, f 4+ g and rog are
conver.

Proof. The thesis is obvious if dom(f + rqg) = 0. Suppose that dom(f + rqg) # 0.
Let x € X,n € N z; € dom(f + rog) and r; € Z,\{0} = N(: = 1,...,n) such that
re =Yy . 1, r=y - 1. Then z; € domf Ndomg(: =1,...,n). Since f and g

are convex, one has rf(xz) < >"  r;if(z;) and rg(xz) <> rig(z;) and so

r(f +rog)(x) = rf(x) +rrog(e) < Z rif (i) + rorg(x)

< Zﬁf(xz) + 7o Zﬁg(l’z) = Zﬁf(xz) + Zn(rog)(%)
= Zrz‘(er?"og)(%)-

This proves that f + rgg is convex. Letting ro := 1 and f := 0 yields f 4+ ¢ and ryg
are convex, respectively. O

Proposition 4.15. Assume that X is a monoid and g; : X — R U {+o0}(j € I),
where I is an index set. If g;(j € I) are convex, then so is maxjey g;.

Proof. If dom(max;csg;) = 0, then it is clear. Assume that dom(max;cr g;) # 0.
Let z € X,n € N,z; € dom(maxje;¢;) and r; € Z\{0} =N (i = 1,...,n) such
that ro = Y " rx, v =Y ;. Then z; € domg;(i = 1,...,n,5 € I). Since
g;(j € I) are convex, one has rg;(z) < > r;g;(z;) < > ¢ ri(maxjer g;)(z;) and
so r(maxjer g5)(z) < Y1, ri(maxjer g5)(z;). This proves max;es g; is convex. [

Assume that X is a monoid and C C X.
The indicator function of C, ic : X — RU{+o0}, is given by

. 0, xeC,
ic(x) = oo, 2 C

Proposition 4.16. Assume that X is a monoid and C C X. Then i¢ is convex if
and only if C' is convez.

Proof. Note that epi ic = C'x R,. Then it follows immediately from Propositions
3.6 and 4.3 (ii) and (iii) that the desired conclusion holds. O

Let X and Y be two monoids and let L(X,Y) := {a : X — Y : a is additive}.
Recall that a € L(X,Y) is additive, if a(z + y) = a(z) + a(y) for any z,y € X. If
Y := Z and X, Z are groups, then L(X,Z) is the additive dual group of a group
X, denoted by X*, which is an additive group with the addition being point-wise
addition of elements in Z.

Given two monoids X and Y. In [3], the subdifferential of f : X — Y U {400} at
xo € X is given by df(xg) := {a € L(X,Y) : f(xo) + a(h) < f(zo + h), YVh € X},
where +00 is a maximal element with respect to the partial order < on Y. If X is
a group and Y := R, then we can define the subdifferential of f : X — R U {400}
at xg € X as 0f(xg) :={a € L(X,R) : f(xo) + alz + (—x0)) < f(z), Vo € X}.
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Remark 4.17. Suppose that X is a commutative group, f: X — RU {400} and
xo € X. Tt is clear that if xy & domf, then 0f(xy) = (). Moreover, if xy € domf,
then 0f(zo) :== {a € L(X,R) : f(zo) + a(z) — a(xg) < f(z), Vo € domf}. Indeed,
since a € L(X,R) is additive, we have a(0) = a(0 + 0) = a(0) + a(0) and so
0=a(0) = a(zo + (—z0)) = a(zg) + a(—zp) and so a(—zy) = —a(zy).

Proposition 4.18. Let X be a commutative group, xo€ X and f: X — RU{+o0}.
Then O(Af)(xo) = AOf(zo) for any N\ € Zy and Of (xg) is convex in L(X,R).

Proof. Clearly, d(\f)(xg) = AOf(xg) for any X € Z,. If 9f(x¢) = (), then the thesis
is obvious. Suppose that f(zg) # 0. Let a € L(X,R), a; € 0f(x¢) and r; € N
(¢ = 1,...,n) such that ra = > ra; and r = > r;. Since a; € 90f(x)

(t=1,...,n), one has f(zo) + a;(x) — a;(xg) < f(x) for each x € X. Since r; € N
(t=1,...,n), we have for each x € X

r(f(zo) + a(x) — a(zo)) = > rif (o) + Zri(ai(az) — a;(%))

< an(x) = rf(x),

which implies that f(x¢) + a(z) — a(zg) < f(x), i.e., a € f(x). O

Proposition 4.19. Assume that X is a commutative group, C C X and xo € C.
Then Oic(xg) = {a € L(X,R) : a(z) — a(xg) <0, Vo € C} and it is a convex cone.
Proof. It is clear that domic = C' and so

Dic(xg) = {a € L(X,R) : a(z) — a(zo) <0, Yz € domic = C'}.

We next show Jic(xg) is a convex cone. To this end, let a € L(X,R), r,ry,...,ry,,

n €N, and a4,...,a, € ic(xg) such that ra = > | r;a;. Then, for any z € C,
r(a(z) — a(xo)) = 327y ri(ai(w) — ai(w0)) <0,

which implies a(z) — a(zg) < 0 for each xz € C| i.e., a € dic(xo). O

Let No(zg) :={a € L(X,R) : a(z + (—z0)) <0, Vz € C}.

Define o¢(a) := sup,cc a(z), where a € L(X,R). Then Ng(zp) is the normal cone

of C' at z¢ and o is the support function of C' if X is a vector space.

Proposition 4.20. Assume that X s a commutative group, C' C X and zy € C.
Then No(zg) = {a € L(X,R) : 0c(a) = a(xg)}.
Proof. By Remark 4.17 it follows that a € N¢(xo) if and only if
a(x) — a(zg) = a(x) + a(—z9) = a(x + (—xp)) <0 forall z € C,
or equivalently, o¢(a) = a(xg). This completes the proof. O

Let YU{+oo} be a group and 400 be a maximal element with respect to the partial
order < on Y. We say that the order < is inductive, if every countable chain has an
upper bound and the order < is a complete order, if every order bounded set has
both infimum and supremum.
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Definition 4.21. Assume that X, Y are groups, C' C X and f: X — Y U {400},
where 400 is a maximal element of Y.

(i)  (Core) The core of C' is defined by
coreC:={rxre X:Vhe X,IneN,Jg€ X,ng=h,z+g € C}.
(ii) (Core of domain) The core of the domain of f is defined by
coredomf:={xr € X :Vhe X,;IneN,Jg € X,ng=h, f(z + g) < +oo}.
(i) (Quasi core) The quasi core of C' is defined by
qeore C':={z € C : cone (C + (—z)) = X }.

(iv) (Directional derivative) Assume that Y U{+o00} is a group with an inductive
order. For z € core(domf), define

fo(h) = inf{n(f(z + g) = f(2)) : ng = h, f(z + g) < +oc}.

If C C X is convex and f: X — Y U {400} is a convex function, then Definition
4.21 (i), (ii) and (v) reduce to [3, Definitions 26, 25 and 27], respectively. Clearly,
coreC' C C, qecoreC C C' and core(domf) C domf. Moreover, coreC C coreD),
qecoreC' C qeoreD, if C C D C X. See [4-6,8] for quasi (relative) interiors related
to quasi cores in vector spaces.

Lemma 4.22. Let X be a commutative group and C' C X. Then the following
statements hold:

(i)  coreC C qcoreC.

(ii)  Assume that 0 € qcoreC. Then one has pc : X — Ry, that is, pc(z) < +00
for each x € X.

Proof. (i) If core C' = (), then it is clear that (i) holds. Assume that core C' # (). Let
Z € coreC. Then for any h € X,3n € N,3g € X with ng = h such that z + g € C.
It follows that h = n(xz+ (—z)), for some x € C. Therefore, h € N(C'+ (—)) and so
N(C+(—Z)) = X, being h € X arbitrary. Since N(C'+(—Z)) C cone (C'+(—Z)), one
has cone (C' + (—%)) = X and moreover, = € C, since T € core C' and coreC' C C.
This yields z € gcore C.

(ii) Since 0 € qcoreC, one has coneC' = X. By Proposition 3.15 (v), we have
coneC' = [J,cq,\(0y 4¢C = X and thus for every z € X, there exists ¢, € Q4 \ {0}

such that = € ¢,C. This implies po(z) < g, < +00. ]

The assumption that the core of a subset is nonempty in non-divisible groups and
semigroups is hard to be fulfilled. But, it is not the case for the quasi core of a subset
in non-divisible groups and semigroups. The following remark and the subsequent
example show that the nonemptiness of the quasi core of a convex subset is a mild
assumption compared with that of the nonemptiness of the core.

Remark 4.23. If C C Z" is a bounded set, then coreC' = (). This can be seen from
the following facts. Since C' C Z" is bounded, there exists K > 0 such that ||z|| < K
for each z € C'. Take x € C. Let m € Z be such that m? + (m + 1)*> > 4K?. Let
h:= (m,m+1,0,...,0) € Z". Then ||h]| = /m2+ (m + 1)2 > 2K and there are
unique ng :=1 € N and g := h € Z" such that ngg = h.
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By the triangle inequality it follows that
lz+gll = llgll = [lzll > 2K - K = K,

which implies x + g € C. This shows = & coreC'. Since x € C is arbitrary, one has
core C' = ().

Example 4.24. Let e; (i = 1,...,n) be the standard basis of Z" and define
C:={ey,...,en,—€1,...,—€,,0}. Then C is bounded. For any u := (uy, ..., u,) €Z",
let It :={i=1,....n :w; >0}, I" :={i =1,....,n : u; < 0} and finally
I=={i=1,...,n:u; =0} . Then

lu=u= Zieﬁ ui(ei - O) + Zz‘el—(_ui)(_ei - 0) + Ziel: 1(0 - 0)7
which yields u € cone (C'— 0) and so cone (C' — 0) = Z" since u € Z" is arbitrary.
This implies 0 € qcoreC'.

Lemma 4.25. Assume that X is a commutative group, T € X and C C X. Then
the following statements hold:

(i) core(z +C) =1z + coreC.
(ii) qcore(z 4+ C) = + qcoreC.

Proof. (i) Observe that
recore(z+C) < Vhe X, IneNJge X, ng=h,a+gecz+C
< VheX,dneNJge X,ng=h,z+(-2)+geC
< x+ (—x) € coreC
< 1z €T+ coreC.
(ii) Observe that
yeqeore(C+7) < yeC+ax:cone(C+7+(—y) =X
< y+(-7)eC:cone(C+(—(y+ (-
< y+(—Z) € qeoreC
< y €T+ qcoreC.

)) =X

This completes the proof. O

Proposition 4.26. Let X be a commutative group, C C X and ) # D C X. Then

the following statements hold:

(i)  If coreC = C (respectively, qcoreC' = C'), then core(C + D) = coreC + D
(respectively, qcore(C' + D) = qcoreC' + D).

(ii) If C is a conver cone with 0 € C, then we have coreC'+ C' = coreC and
qcore C' 4+ C' = qcore C'.
Proof. (i) Observe that
coreC + D = U (coreC +d) = U core(C +d) C core(C'+ D) C C' + D,
deD deD

where the second equality follows immediately from Lemma 4.25 (i). This yields
core(C' 4+ D) = core C' + D if core C' = C'. Similarly, we can prove the other case.
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(ii) The inclusion core C'+ C' D core C is clear since 0 € C. Observe that

coreC' +C = U (coreC' +¢) = U core(C' + ¢) C core(C + C) = coreC,
ceC ceC

where the second and the third equalities follow immediately from Lemma 4.25 (i)
and Proposition 3.16, respectively. As a consequence, core C'+C' = core C'. Similarly,
we can prove that qcore C' + C' = qeore C' by using Lemma 4.25 (ii). O

Proposition 4.27. Assume that C' is a convex subset of a divisible commutative
group X. Then coreC and qcoreC' are convex. In particular, core(domf) and
qecore(domf) are convex, whereY is a commutative group endowed with a compatible
partial order <, f: X — Y U {400} is convex, +oo is a mazimal element of Y.

Proof. We first show core C' is convex. If coreC' = (), then it is clear. Suppose
that coreC # 0. Let z € X, n,ry,...,7, € N and xy,...,x, € coreC such that
re =Yy rix,r =y r. Given h € X. Since z; € coreC(i = 1,...,n), there
are n; € N and ¢; € X with n;g; = h(i = 1,...,n) such that z; + ¢g; € C. Let
Ny 1= MaXj<ij<, N;. oince X is divisible, there is g € X such that ngg = h. Let
I={i=1,....,n:ng >n;}. If I =0, then ng = n; for every i = 1,...,n and it
follows that

Z niri(Ti + gi) = Z noriT; + Z NoTigi = No Z TiTi + Z ri(nogi)
i=1 i=1 i=1 i=1 i=1

= norx + rh = (ner)x + (rng)g = (nor)(z + g),

which leads to x+g € C, since z,4+¢g; € C (i =1,...,n), > " nr; =Y i Nl = NoT"
and C is convex. If I # (), then

Z n; T’L x’t + gl + Z T’L:L"L Z /n’lrl x'l + gZ + Z rlxl

el

= Z niri(z; + g;) + Z noriTi + Z niri(—r;) = Z noTiT; + Z nirigi
i=1 i=1 i=1 i=1 i=1
=ng z”: iz + z”: rih = norz +rh = (ner)z + (rng)g,

hence, Z niri(z; + g;) + Z no — ni)rix; = (nor)(z + g),
i€l
which implies that x + g € C, since z;,z; + ¢, € C (i=1,...,n),

E nzrz+§ nO_nz i E nzrz+§ nO_nz ri = nor

el

and C is convex. As a consequence, previous two cases show x € coreC' and so
core C' is convex.

We now prove that qcore C' is convex. To this aim, let x € X, n,r; € N, x; € qcoreC
(¢ = 1,...,n) such that r& = > "  rax; with » = Y " 7. Since x; € qcoreC'
(t=1,...,n), ie, x; € C and cone (C + (—x;)) = X, for any h € X, there are
sj,a; € Nand y; € C(j = 1,...,m) such that azh = 3 70 s%(y; + (—21)).
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Then Y 7", sha; = D7 byl + (—auh) and it follows that

~ (n #é;s;))(f;s;m T <rn1;[<§;sz>)<ﬁ;sywn>,
hence
r<ﬁ<is§>>x
1} isz is )+ +<m1}<§s§))<ésyy;+< )
Tn consequence
(1 1;[1(27”; spas 4ty E[(f; shan)h
_ :1(7’1 #(isz)si)y} + +é(rn ! (ji s§)s?)y§’+(—r(ﬁ(§s;)x)

I
(]
—~
3
—~
(]
¥2)
Sk
P
¥
S
~—
&
_|_
n
3
—~
—1=
—~
(]
V2
(S
P
8
~—
—~
—_
[\
~—

Observe that > 77, ZJ (7 H#Z(Z] 1 s?)s;) = T(HL(Z?A 3;)
Since X is divisible, there is ¢ € X such that

n m m

S TS st = ([T e

i=1 j=1  t#i j=1 i=1 j=1

and it follows that c € C since C' is convex and y; eCi=1,...,n, j=1,...,m).
From (12) it follows that

Hng o+ - —I—rnH(Z Yan)h = 1r(

£l j=1 i#n j=1 i

)
=1 j=1
which yields A € cone (C + (—z)) and so cone (C' + (—z)) = X since h € X is
arbitrary. Since C'is convex, z; € C' (i =1,...,n) and (> ., ri)z = > ., riz;, one
has = € C and therefore, x € qcoreC'. This proves qcoreC' is convex.
In particular, previous conclusions and Proposition 4.3 (i) imply that core(domf)
and qcore(domf) are convex. O
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Lemma 4.28. (Sum rule for subdifferentials) [3, Theorem 6] Assume that X, Xo
are commutative groups, (Z,<) is an order complete group, xo € X1 and 400 is a
mazimal element of Z. Suppose f : X1 — Z U {4o00},9 : Xo = Z U {+o0} and
T : X1 — Xy 1s additive. Then we have

O(f +goT)(xo) 2 df(x0) +T"9g(Txo).

Furthermore, if Xy is semidivisible and 0 € core(domg —Tdomf), while f and g are
convex, then equality holds. Here T™: X5 — X denotes the adjoint operator given by

T (x5)xy == x5(Txy), v € Xy, 25 € X5,

Lemma 4.29. (Subdifferentials for maximum of finite functions) [3, Theorem 9]
Assume that X is a semidivisible commutative group, g; : X — RU {4o00}(i € I)
are convex, where I is a finite index set. Assume that g := max;cr g; and that
20 € (Nies(zo) cOre(domg;), where I(z) = {i € I : g(z) = g;(Z)}. Then we have

dg(xp) = conv( U 0gi(x)).

iEI(zg)

Lemma 4.30. (Max formula) [3, Theorem 3] Let X be a p-semidivisible group and
let (Y, <) be an additive and inductive order group and let f : X — Y U{+o0} be a
convex function, where +00 is a mazximal element of Y. Suppose also that there is
some o € core(domf) such that fu,(xo) + fuo(—20) < 0. Then we have

fuo(h) = max{a(h) : a € Of (o)} and Of(xo) # 0.

Lemma 4.31. (Hahn-Banach theorem for groups) [3, Theorem 7] Assume that X
is a group, E C X is a subgroup and (Y, <) is an order complete group. Suppose
that f : X — Y is N-sublinear and g : E — Z is additive such that g < f on F.
Then there is an additive map g : X — Y such that g < f and g =g on E.

5. Applications to separation between convex sets and optimization
problems

In this section, the results obtained in Section 4 will be applied to separation between
two convex subsets of a commutative group and to optimization problems.

5.1. Applications to separation between convex sets

Proposition 5.1. Let X be a group and Q C X be such that qcore) # 0, and let
a: X — R be a nonzero additive function. Then the function a is not a constant
function on Q.

Proof. Suppose to the contrary that a(x) = ¢ for any = € €, where ¢ is a constant.
Observe that we have 0 = a(0) = a(z + (—x)) = a(z) + a(—=x) for any 2 € X and
so a(—x) = —a(x). Let zy € qeore?, i.e., o € Q and cone (2 + (—xz¢p)) = X. In
consequence for any x € X there are r,r;,n € N, x; € Q, ¢ = 1,...,n, such that
re =3 i i@+ (= %0)).
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Since a is additive, one has

n n

a(rx) =ra(x) = Zria(xi + (—x0)) = ri(a(x;) — a;(xg)) =0,

i=1 i=1

which yields, since x is arbitrary, that a = 0, a contradiction. This completes the
proof. O

Let ' and D be two nonempty subsets of a group X. Recall that C' and D are
separable if there is a nonzero additive function a : X — R such that

supa(z) < inf a(x).

zeC xeD
If, in addition, inf a(z) < supa(x),
zeC xeD

i.e. thereis z; € C' and x9 € D such that a(zy) < a(z3), then C' and D are properly
separable.

Proposition 5.2. Let X be a group, C C X such that qcore C' # (), and let xy & C.
Then C' and xq are separable if and only if they are properly separable.

Proof. It is enough to show that if C' and x( are separable, then they are properly
separable. Assume that C' and xg are separable. Then there exists a nonzero additive
function a : X — R such that a(z) < a(zy), Vo € C. We declare that there is z € C
such that a(Z) < a(zg). If not, then a(z) = a(zy) for all x € C, i.e., a is constant
on C. Since qcore C' # (), Proposition 5.1 yields that a = 0, a contradiction. 0

Theorem 5.3. (Proper separation between a point and a convex set 1) Let C' be
a convex subset of a commutative group X with 0 € C and qcoreC # ), and let
xo & C. Then C and xq are properly separable.

Proof. We first assume that 0 € qcoreC'. Define the subgroup Y := {rz¢ : r € Z}
and the function i : Y — R by h(rzg) := r. We now show h is additive. In fact, let
rixo,Toxo € Y, where r1,ry € Z. Then

]’L(T’IIO —|— 7“21‘0) = h((?”l —f- 7"2)1’0) =T —|— To = h(Tleo) —|— h(?"gl’o),

which implies h is additive. From Proposition 4.9 (i) one has pc is N-sublinear.
Since 0 € qeoreC', Lemma 4.22 (ii) yields that po(z) < 400 for every x € X. Let
y :=rxg € Y, where r € Z. If r <0, then h(y) =7 < 0 < pe(y). Assume 7 > 0.
Since 0 € C' and zg ¢ C, from Remark 4.6 we have pc(zg) > 1 and so

h(y) =1 < rpo(xo) = polrre) = po(y).

Now Lemma 4.31 yields that there is an additive function h : X — R such that
h < pc and h = h on Y. Observe that h is nonzero since h(zg) = 1. Therefore,

h(y) < pely) < 1= h(x), Vy € C.

This proves that C' and x( are separable and so properly separable in view of Propo-
sition 5.2.
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In the case 0 & qcoreC, let T € qcoreC' and consider the set C" := C' + (—Z). Then
0 € C’and zg + (—7) & C" since zg € C. Since T € qcore C, Lemma 4.25 (ii) yields

0 € qeore C' + (—) = qeore(C + (—)) = qcore C".

Then by previous argument, we have C’ and xy + (—Z) are properly separable, and
so C' and z( are properly separable. O

Theorem 5.4. (Proper separation between a point and a convex set II) Let C' be
a convex subset of a commutative group X with qcore C' # (), and let xg € C. Then
C and xq are properly separable.

Proof. If 0 € C, then the thesis follows immediately from Theorem 5.3. Suppose
that 0 ¢ C' and let z € C. Then 0 € C + (=), o+ (—%) ¢ C' + (—2) and from
Lemma 4.25 (ii) one has qcore(C + (—Z)) = qcoreC + (—z) # (. It is easy to
check that C' 4+ (—z) is a convex set. By Theorem 5.3, C' + (=) and zg + (—7)
are properly separable, i.e., there is a nonzero additive function a : X — R such
that a(z + (—z)) < a(xzo + (—2)), Vo € C, and, in addition, there is z; € C with
a(zy + (—=7)) < a(xg + (—z)). Since a is additive, for any = € X, we have

0=a(0) =a(z+ (—x)) = a(z) + a(—x)

so that a(—z) = —a(x). It thus follows that a(x) + a(—2z) < a(zo) + a(—z), for all
x € C, ie, a(z) < a(zg) for all z € C, and similarly, a(z;) < a(zg). This proves
that C' and xq are properly separable.. O

Theorem 5.5. (Proper separation between a point and a convex cone) Let C' be
a convex cone of a commutative group X with 0 € qcoreC' # (. Then C and 0 are
properly separable.

Proof. If 0 ¢ C, then the thesis follows immediately from Theorem 5.4. Let 0 € C.
Since 0 ¢ qcoreC, we have C' = coneC' # X, where the equality follows from
Proposition 3.15 (i). Then there is 2y € X such that zo ¢ C. From Theorem 5.4, C
and x( are properly separable, i.e., there is a nonzero additive function a : X — R
such that

a(x) < a(xg), Vo € C, (13)

and a(x;) < a(zg) for some x; € C. Since 0 € C, from Proposition 3.16 we have
mx € C for every x € C' and m € N. As a consequence, the inequality (13) yields
that a(mz) < a(xzg),Vz € C, Vm € N, and so a(z) < +a(x),Vz € C,¥m € N,
since a is additive, which allows a(z) < 0,Vx € C, as m — oo. Since a(0) = 0, this
shows C' and 0 are separable. We next prove that the separation is proper. Since
qecore C' # (), there is T € C such that cone (C'— ) = X, i.e., for every x € X, there
exist r,r;,n € Nyz; € Cyi = 1,...,n, such that ro = """ | r;(z; + (—Z)). Suppose
to the contrary that a(x) = 0 for every x € C. Since a is additive, one has

a(rz) =ra(x ZT’ a(zr; + ZT’Z a(z;) — ai(z)) =0,

which yields that a = 0, since x € X is arbitrary, a contradiction. This proves that
C and xg are properly separable. [
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Theorem 5.6. (Proper separation between sets I) Let C, D be subsets of a com-
mutative group X such that C(\D =0, C — D is convex and either qcore C' # () or
qcore D # (). Then C' and D are properly separable.

Proof. We preliminarly prove that qcore(C' — D) # (). If qcore C' # (), then letting
xo € D yields that

0 # qeore C' + (—xg) = qeore(C + (—xg)) C qeore(C — D),

where the equality follows from Lemma 4.25 (ii). If qcore D # (), then by similar
argument we have qcore(C' — D) # ().

Observe that C' (VD =  if and only if 0 ¢ C — D. Since C' — D is convex and
qeore(C' — D) # (), Theorem 5.4 yields that C'— D and 0 are properly separable, i.e.,
there is a nonzero additive function a : X — R such that sup,.-_p a(r) < a(0) and
in addition, there are x; € C' and x5 € D such that a(z; + (—xz3)) < 0. From similar

proof to that in Theorem 5.4, one has a(—x) = —a(x) for any z € X. Therefore,
sup,cc a(x) < inf,ep a(z) and in addition, a(x;) < a(xs), which yields that the sets
C and D are properly separable. O

Remark 5.7. The corresponding results [7, Theorem 3.3] are extended by Theo-
rems 5.3 and 5.4 from vector spaces to groups. In [2, Theorem 2.1], the separation
between two convex sets is obtained under the assumptions that X is a semidivis-
ible topological group and C' has nonempty interior. In [2, Theorem 2.3], a strict
separation between a point and a convex set is provided under the assumptions that
X is a connected, locally convex topological group, C' C X is closed and convex.
Compared with [2, Thm. 2.1 and 2.3|, we remove the topological structure, i.e., the
non emptiness of the interior and the closedness of C, in Theorems 5.3, 5.4 and 5.6.

Corollary 5.8. Let C' and D be convex subsets of a uniquely divisible commutative
group X such that C(\D = 0. Assume that either qcore C' # () or qcore D # ().
Then C' and D are properly separable.

Proof. Similar to the proof of Theorem 5.6 we can show that qcore(C' — D) # 0.
It suffices to show C' — D is convex. Since D is convex, it is easy to show —D is
convex. Now Proposition 3.3 allows that C' — D is convex.

The desired conclusion follows immediately from Theorem 5.6. ]

As a further development of the analysis we can show the following propositions.

Proposition 5.9. Let X be a commutative group X, let C C X and xqg € X. Then
C and g are properly separable if and only if 0 and cone (C' + (—xq)) are properly
separable.

Proof. It suffices to show that if C' and z are separable, then 0 and cone (C'+(—zy))
are separable. Assume that C and xq are separable. Then we can find a nonzero
additive function a : X — R such that

a(z) < a(xg), Ve € C <= a(x + (—x9)) <0, Vz € C
< a(y) <0, Vy € C+ (—xo).
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Let x € cone (C' + (—xy)). Then there exist z; € C' + (=), r, € N (i=1,...,n)
such that ro = > r;z;. Then ra(z) =Y " ra(x;) <0 and so a(z) <0 = a(O)7
which implies that 0 and cone (C' + (—xy)) are separable.

Proposition 5.10. Let C' be a subset of a commutative group X .
Let coneg(C'+ (—x9)) := cone (C'+ (—x0)) \{0}. Then the following statements hold:

(i) 0 and cone (C' + (—xy)) are properly separable if and only if 0 and
coney(C' + (—xz)) are properly separable.

(i)  Suppose that 0 & qcore (cone (C' + (—x0))) # 0. Then 0 and cone (C' + (—xo))

are properly separable and consequently, C' and xy are properly separable.

Proof. (i) This is clear.

(ii) From Theorem 5.5 we have that 0 and cone (C' + (—x)) are properly separable
and so C' and x( are properly separable, in view of Proposition 5.9. Il

Theorem 5.11. (Proper separation between a point and a convex set III) Let C' be
a convex subset of a commutative group X with qcore C' # 0, and let xo & qcore C.
Then C and xq are properly separable.

Proof. Observe that

zo & qeore C' <= either zy € C or xy € C, cone (C' + (—x¢)) # X

<= ecither 2o € C or zy € C, cone (cone (C + (—z¢)) + (—0)) # X
(by Proposition 3.15 (i))
<= either 2o ¢ C or xy € C, 0 & qcore (cone (C' + (—xp))).

We notice that qcore C' # ) implies qcore (cone (C' + (—x¢))) # 0. In fact, from
Lemma 4.25 (ii) it follows immediately that qcore (C'+ (—x)) # 0 and so we get
qceore (cone (C' + (—xo))) # 0.

If 2y & C', then the conclusion follows from Theorem 5.4. If otherwise xg € C' and
0 & qcore (cone (C + (—xg))) # (), then the conclusion follows from Proposition 5.10
(ii). O
The following remark provides a further illustration of Proposition 5.10 (ii).

Remark 5.12. Note that

C\{zo} + (—z0) = (C' + (—20))\{0} C coney(C + (—x¢)) C cone (C' + (—zp)).
If gcore (C\{zo}) # 0, then similarly to the proof in Theorem 5.6, from Lemma 4.25
(ii) we have gcore (cone (C' + (—xy))) # 0. Moreover, assume that ., r;x; # 0 for

every r1,...,m,n € N and xq,...,z, € coney(C + (—zy)). Since cone (C' + (—zy))
is a convex cone, so is coneg(C + (—xo)), in view of Proposition 3.17 (ii).

Theorem 5.13. (Proper separation between sets 1) Assume that A and B are
subsets of a commutative group X. Suppose that 0 & qcore (cone (A — B)) # 0.
Then A and B are properly separable.

Proof. From Proposition 5.10 (ii) we know that 0 and A— B are properly separable.
Therefore, as in the proof of Theorem 5.6, A and B are properly separable. Il
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The next example clarifies the assumptions of Theorem 5.13.

Example 5.14. Let A := {(1,0),(0,1)} and B := {(0,0), (1,1)} be two subsets in
Z*. Then we have A — B = {(1,0),(0,1),(0,—1),(—=1,0)}. As in Example 4.24,
we can prove that cone (A — B) = Z?, which yields that 0 € qcore (cone (A — B)).
Indeed, it is simple to show that A and B are not (properly) separable.

Remark 5.15. From Lemmas 4.22 (i) and 4.25 (i) it follows that, in the previous
results, we can replace the assumption of nonemptiness of the quasi core of the
involved sets with the one of nonemptiness of the core.

5.2. Applications to constrained optimization problems

Let X be a monoid. Consider the following optimization problem with a set con-
straint (for short, OP):

inf f(z) s.t. x€S,

where S C X and f : X — RU{400}. Denote by Sy the solution set of OP and
by Vop := inf,es f(x) the optimal value of OP. We always assume that Sy # (. It
is easy to see that OP is equivalent to the following optimization problem without
constraints (for short, OPWC):

inf f(z) +ig(z) s.t. zeX,

Proposition 5.16. Let X be a monoid. If f and S are convex, then so is Sy.

Proof. Let v € X, z; € Sy and n,r; € N (i = 1,...,n) such that ro = >  rz;,
r=>y. 1. Sincex; € Sy (i=1,...,n), one has z; € S and f(z;) < f(y) for every
y € S. Since f and S are convex, one has z € S and

rf(z) < me(m) < an(y) =rf(y),Vy € S,

and so f(z) < f(y),Vy € S. This shows that z € 5. O

Proposition 5.17. Let X be a monoid. Let S :={x € X : ¢g;(x) <0, i=1,...,k},
where g; : X - RU{+o0} (1 =1,....k). If g; (i =1,...,k) are convezx, then so is S.

Proof. Observe that S = (N, lev<gg;, R U {400} is endowed with a compatible
partial order < and (RU{+o0}, <) satisfies that for every r € N, y1,y2 € RU{+00},
ry; < rys = y1 < y2. Now Propositions 3.3 and 4.3 (ii) yield S is convex. ]

Proposition 5.18. Assume that X is a semidivisible commutative group, S and
f are convexr and 0 € core(S — domf). Then T € S solves OP if and only if
0 € 0f(z)+ Ng(2).

Proof. Let g := is. Then domg = S. Since OP is equivalent to OPWC, z € S
solves OP if and only if 0 € O(f +is)(Z) = 0f(Z)+ Ng(Z), where the equality follows
from Lemma 4.28, Propositions 4.16 and 4.19. [
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Let I :={1,....,k} and S :={ze€X : gi(x) <0, i€}, where g;: X — RU {+o0}
(1t € I). Let g := maxj<j<rg; . Then S := {z € X : g(z) < 0}. Define the
Lagrangian function L : X x Ry — R U {400} by

L) { f(x) + Ag(x), x€domf, \e€Ry,,

+00, r g domf, AN R,.
fa), zeb
Then sup L(z,\) = = f(z) +is(x),
AER +00, otherwise,
and so Vop = ;rgfgf(x) = ;g}f{ /\seuRli Lz, \) = ;g}f{f(:c) +ig(z).

The optimal value of the dual problem (for short, DP) of OP is defined by
Vpp = sup inf L(z, \) =: sup h(z).

AeR, T€X AeR

Clearly, one always has the weak duality relation Vop > Vpp, but in general, we do
not have the equality Vop = Vpp. But this can be characterized by saddle points.

Theorem 5.19. (Z, \
L(z,\) < L(z,\) < L(z,\),¥(z,\) € X x Ry, (14)

if and only if Vop = L(Z,\) = Vpp with T an optimal solution of OP and X an
optimal solution of DP.

) € X x Ry is a saddle point for L on X x Ry, i.e.,

Theorem 5.20. Assume that X is a semidivisible commutative group and that the
functions f,g9; : X - RU{+o0}(i € I) are convez. Let

T € domf ﬂ( ﬂ core(domg;)),
i€l ()
where 1(z) = {i € I : g(%) = ¢;(z)}. Then (z,\) € X x R, is a saddle point for L
on X x Ry if and only if

0 € 0f(x) + Aconv( | J 0g:(7)) (15)
icI(%)
and Mg (Z) =0, g(z) <0. (16)

Proof. Necessity. We first note that z € dom f (\(();c;(z) core(domg;)) implies
0 € core(dom(\g) — domf) for X € R,.
Indeed, let # € dom f (([;cy(z core(domg;)). Then
T € (Nier(z core(domg;) C core(domyg).
If A >0, then core(domg) = core(dom(\g));
if A =0, then core(domg) C core(dom(\g)). It follows that
0 € core(dom()\g)) — & = core(dom()\g) — #) C core(dom(\g) — domf),

where the equality follows from Lemma 4.25 (i).
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The first inequality in (14) implies Ag(Z) < Ag(Z) for any A € R, which yields
g9(z) <0, ie., z € S. From the second inequality in (14) we have for any x € X
f(@)+Xg(z) < f(x) + Ag(z). From the assumptions, Propositions 4.14 and 4.15 we
get that A\g and f + \g are convex. Then the previous inequality is equivalent to

0 € d(f + \g)(x) = 0f(Z) + 0(\g)(Z) = Of (Z) + Ay (Z)
= 0f (%) + Aconv( U 0g:(x)), (17)

i€l ()

where the first, second and third equality follow from Lemma 4.28, Proposition 4.18
and Lemma 4.29, respectively. This yields (15) holds. Since 7 € S, g(z) < 0. From
the first inequality in (14) we have f(Z)+ Ag(Z) < f(Z) + Ag(z) for any A € R, and

so Ag(z) > 0. Since g(Z) < 0 and A € Ry, one has A\g(Z) < 0. This implies (16) is
true.
Sufficiency. From (17), (15) is equivalent to

L(z,\) = f(z) + Mg(z) < f(z) + Ag(x) = L(x, \) for any = € X.

Also, (16) yields that
L(z,\) = f(Z) + Ag(z) < f(Z) + A\g(Z) = L(z, A) for any A € R
This proves (16) holds. O

Proposition 5.21. The inclusion (15) is equivalent to

0€df()+ Y Nogi(x),
)

icl(

for some N = M, A € Qy, i € I(T) with dicr@ i = 1.

Proof. If A = 0, then the assertion is obviously true. Assume A > 0. Then, for
any a € L(X,R) and A > 0, we have a = A{ and so L(X,R) is a divisible monoid.
From Proposition 3.5 one has

conv( U 0g;(7))

i€l(T)
= {a € L(X,R) :ma= ijaj, a; € U 09;(Z), n,m; € N, m = ij}
j=1 i€l(z) J=1
:{aEL(X,R):a:Z%aj, a; € U 0¢;(z), n,m; € N, m:ZmJ}
j=1 i€l(z) j=1
= {a € L(X,R):a= Z)\jaj, a; € U 09;(z), ne N, \; € @+,Z)\j = 1},
Jj=1 i€l(z) Jj=1

D B, after defining
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B = {a € L(X,R):a= Z Aia;, a; € 0g;(T), 1 € 1(T), N € Q4 Z A = 1},
i€l (z) i€l ()
where the third equality follows from similar proof of [14, Proposition 2.3].
We next show that B is convex. Let a€ L(X,R), a/ € B and n, rjEN (j=1,...,n)
such that ra =377 r/a/, r =370 7. Then o/ = 3°, ))\Z ! where a] € g;(7),
i € 1(z), N € Qu, Yicra ))\ = 1(j = 1,...,n). From Proposition 4.18, dg;(z)
is convex for each ¢ € I(z). Since L(X, ]R) is a divisible monoid, there are some

bi € L(X,R) (i € I(x)) such that >77_ rIXal = (320, rI\)b; and so b; € Dgi(7)

J
since 0g;(Z) is convex. In consequence,

n n

a—zrﬂ Z )\J J Z(er/\gag): Z(er)\g)bi
i€l(z) iel(z) j=1 icl(z) j=1
and therefore a = Z Za 1" >‘

1€1(T)
Since

g Y RNy N
Ea e gict) ma Y Dt EnrTewt
r

?
r

i€l(z)

we have a € B, which proves that B is convex. Moreover, for any i€ I(z), dg;(Z) C B
and so conv (|, Iz 8gl( )) € convB = B, where the equality follows from Propo-

sition 3.4, since B is convex. This proves conv(U;csz 09i()) = B. Therefore,

y € Aconv( U 0gi(Z))

icl(z)
= yeAX Y N0gi(T), N € Qi € I(z), with Z/\_l
i€l(T) i€l(z
= ye D> Nog(®), N = A\ € Qi € I(Z), with ZA_l
icl(z) icl(z
This proves the desired equivalence. ]

Define also the Lagrangian function L' : X x RY — R U {+oo} by

L'z, \) = { fl@)+ 35 Nigi(x), @ € domf, X € RE,

00, x ¢ domf, \ € Ri.
J e S?
Then sup L'(z,\) = { @), a ) = f(z) +is(),
AERE +o00, otherwise,
and so Vop = 1r€1£f(x) = inf sup L'(z,\) = lg)f(f(ﬂv) +ig(z).

reX k
AERY
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Similarly, the optimal value of the dual problem (for short, DP’) of OP is defined

b
Y Vppr := sup inf L'(z,\) =: sup I (z).

r xe€X k
A6R+ A6R+

Also, one always has the weak duality relation Vop > Vppr. Similar to Theorem
5.19, we have:

Theorem 5.22. The point (Z,\) € X x RY s a saddle point for L' on X x R,
i.e., L'(z,\) < L'(z,\) < L'(z,)), ¥(,)) € X xRE,

if and only if Vop = L'(Z,\) = Vppr with T an optimal solution of OP and X an
optimal solution of DP’.

Similar to Theorem 5.20, we have:

Theorem 5.23. Assume that X is a semidivisible commutative group and that the
functions f,g; : X — RU{+o0} (i € I) are convex. Assume

z € domf (ML, core(domg;)).
Then (z,)\) € X x RE is a saddle point for L' on X x R if and only if

k
0€0f(z)+ > Ndgi(®).

and Xigi(Z) =0, g;(2) <0, i=1,... k.

Proof. We first show z € domf (N}, core(domg;)) implies that
0 € core(dom(gr) — dom(f + 57 ige),
0 € core(dom(Ag_1gx-1) — dom(f + 3127 Nigi), - -,
0 € core(dom(\,g;) — domf),
where A := (A1, ..., \x) € RY. Indeed, let Z € domf (N}, core(domg;)). Then
Z € N, core(domg;) C core(domg;) (i =1,..., k)

and z € dom(f + Y25 Nigi). If A; > 0, then core(domg;) = core(dom(X;g;));
if \; = 0, then core(domg;) C core(dom();g;)), where i = 1,..., k. It follows that

0 € core(dom(M\gx)) — T = core(dom(Argr) — 7)
k-1

C core(dom(Agx) — dom(f + Z Aidi)),
i—1

where the equality follows from Lemma 4.25 (i). By using a similar argument, we
can show that

0 € core(dom(\,_1gx_1) — dom(f%—ZiZf Aigi)), - - -, 0 € core(dom(A;g;) — domf).
The desired result can be proved by using similar proof to that in Theorem 5.20. [
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Suppose that X is a divisible commutative group, f,g; : X — RU{+o00}(i € I) are
convex with () # domf C ﬂle domg; and inf,cx f(x) > —oo. The value function
v: R — RU {400} is defined by

v(b) :=inf{f(x):z € X,g(z) < b},
where g := maxj<;< g; and b € R. Clearly, v(0) = P and v(b) > —oo for any b € R.
Proposition 5.24. The value function v : R — RU {400} is convez.

Proof. Let b€ R, b',...,0" € Rand n,r',...,r" € N such that rb =3 "  r/b/,
r=" 4 Leta) € ¢V :={r e X :g(x) <V} (j=1...,n) Since X is
divisible, there is x € X such that rz = " r/a/. Since g;(i = 1,...,k) are
convex, from Proposition 4.15 it follows that ¢ is convex and

rg(x) <> rig(al) <D b =rb
=1 =1
and so g(x) < b. Since f is convex, one gets rf(z) < Z?Zl rd f(27). Consequently,
ru(b) = rinf{f(y) -y € X,g(y) < b} <rf(x) <Y ().
j=1

Taking the infimum inf ;cci(j = 1,...,n) over the right side yields the inequality
ro(b) < 370 r/u(b7), which implies that v is convex. O

Consider the following constraint qualification (Slater) for OP:
There is € domf with g;(z) <0 fori=1,... k. (18)

Theorem 5.25. Assume that X is a divisible commutative group. Let the functions
f,9; : X = RU{+oo} (i € I) be conver with ) # domf C ﬂle domg; and
inf,ex f(z) > —o0 and assume that the Slater constraint qualification (18) holds. If
T € S solves OP, then there is A\ € R, such that (%, ) is a saddle point for L on
X x R, and consequently \ solves DP.

Proof. From Proposition 5.24 one has v is convex. Clearly, for any given b € R
we have ¢g(Z) < b. Since the constraint qualification (18) holds, 0 € core(domv)
and also vy(0) + vo(0) < 0. Now Lemma 4.30 yields there is —\ € dv(0), that is,
f(z) =v(0) < v(b)+Ab < f(Z)+Aband so 0 < Ab. This yields A € R, since b € R,
is arbitrary. For any x € domf we have

f(@) > v(g(x)) = v(0) = Ag(z) = f(7) — Ag(). (19)

Letting r := 7 in (19) allows 5\9@) > 0. Since A > 0 and g(z) < 0, we have
Ag(Z) < 0 and as a consequence, Ag(Z) = 0. This proves (16) is true. Thus, from

(19) we get

Lix, %) = f(2) + Aglx) > f(2) + Ag(&) = L(z, X), ¥z € X,

showing the second inequality in (14) holds. The first inequality in (14) can be
proved as that in Theorem 5.20. From Theorem 5.19, A solves DP. [
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Suppose that X is a divisible commutative group, f,g;: X — RU {400} (i € I)
are convex with () # domf C ﬂle domg; and inf,cx f(z) > —oo. Define the value
function v’ : R¥ — R U {400} by

V'(b) :=1inf{f(z):x € X, ¢ (z) < b},

where ¢’ == (g1,...,9x) and b € R*. Clearly, v/(0) = P and v/(b) > —oco for any
b e R~

Similarly to Proposition 5.24 and Theorem 5.25 we can prove the following results:

Proposition 5.26. The value function v' : R¥ — R U {+o0} is conver.

Theorem 5.27. Let X be a divisible commutative group. Let f: X — R U {+o0}
and ¢': X — R¥U{+oc} be conver with O # domf C dom g’ and inf,cx f(x) > —c0
and assume that there exists & € domf with ¢'(z) < 0. If = € S solves OP,
then there exists X € RY such that (z, ) is a saddle point for L' on X x RX and
consequently X solves DP.
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