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1. Introduction

In the last decades, the development of discrete optimization has widely increased,
in particular as regards convexity of sets and functions, (see, e.g., [9, 13, 15–20] and
references therein). In this context, at first Volle investigated convex functions with
values in complete abelian ordered groups, obtaining, in particular, a characteriza-
tion of support functions [21,22]. In 2018 Adivar and Fang developed a new theory
for the analysis of discrete convex sets and functions providing applications to dual-
ity for integer programming [1]. Parallelly, Borwein and Giladi [3] proposed, in the
field of non-divisible groups, a convexity notion for groups and monoids that col-
lapses to the classical one when applied to a vector space, proving that several results
of classic convex analysis also hold for functions defined on groups and semigroups
and providing suitable examples of applications. Moreover, in the particular setting
of locally convex topological groups and monoids, they further proved separation
and minimax theorems [2].
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11371015), Innovation Team of Department of Education of Sichuan Province (16TD0019) and the
Meritocracy Research Funds of China West Normal University (17YC379).
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In [14], Li and Mastroeni proved, in finite dimensional integer spaces, the equiv-
alence of the definitions of convex sets and functions introduced by Adivar and
Fang, Borwein and Giladi. They further introduced the definition of convex cones,
affine sets and analysed the separation between convex sets. By means of the image
space analysis, they obtained necessary or sufficient optimality conditions for an
integer linear programming problem with inequality constraints, providing suitable
computational results.
Following the line of [3, 14], the aim of this paper is to deepen the analysis of
the main properties of convex sets, convex cones, and convex functions in groups
and semigroups. In particular, we introduce the concept of quasi core of a set which
allows us to prove separation theorems between two convex subsets of a commutative
group under the assumption of nonemptiness of the quasi core of at least one of them.
Moreover, we consider optimization problems defined on groups and semigroups and
provide necessary or sufficient optimality conditions under the form of saddle points
of the Lagrangian function associated with the given problem.
The paper is organized as follows. In Section 2, we report the preliminary concepts
and notations used throughout the paper. In Section 3, we investigate convex sets
and cones in groups and semigroups while, in Section 4, we study convex functions in
groups and semigroups and we introduce the concept of quasi core of a set in a group.
In Subsection 5.1, we provide separation theorems between convex sets in groups
where at least one of them has nonempty quasi core. In Subsection 5.2, we obtain
saddle points of Lagrangian functions for optimization problems defined on groups
and semigroups and provide some necessary or sufficient optimality conditions.

2. Basic concepts and notations

We recall in this section the main concepts and notations for groups and semigroups.

Definition 2.1. (Semigroup and group) A set X endowed with a binary operation
· is called a semigroup, if the associative law (a · b) · c = a · (b · c) is satisfied for all
a, b, c ∈ X. X is called commutative, if a · b = b · a for all a, b ∈ X. e ∈ X is called
a unit element in X, if it satisfies e · x = x · e = x for all x ∈ X. A set X endowed
with a binary operation · is called a group, if it is a semigroup with the unique unit
element e ∈ X, and the unit inverse of each x ∈ X, say x∗, i.e., x∗ · x = x · x∗ = e.

Definition 2.2. (Monoid) A set X endowed with a binary operation · is called a
monoid, if (X, ·) is a commutative semigroup with unit element.

Definition 2.3. (Semiring and ring) A set X endowed with two binary operations
+ and · is called a semiring (resp., ring), if (X,+) is a commutative semigroup (resp.,
group) with unit element 0, and (X, ·) is a semigroup (not necessarily commutative)
with unit element 1. The two operations are connected by the distributive laws. We
additionally assume for a semigroup X that r0 = 0r = 0 for all r ∈ X.

Definition 2.4. (Semimodule and module) A set X endowed with a binary oper-
ation + is called a left semimodule (resp., module) over a semiring (resp., ring) R,
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if (X,+) is a commutative semigroup (resp., group) with unit element 0, and there
is a map R×X → X, (r, x) 7→ rx such that for all r, r1, r2 ∈ R and x, x1, x2 ∈ X,
(i) (r1r2)x = r1(r2x).
(ii) r(x1 + x2) = rx1 + rx2.
(iii) (r1 + r2)x = r1x+ r2x.
(iv) 1x = x.
(v) r0 = 0 = 0x.
We observe that a monoid is a semimodule over the non-negative integers Z+ and a
commutative group is a module over the ring Z and also a monoid (i.e., a semimodule
over the non-negative integers Z+).
Let (X,+) be a semigroup and C,D be subsets of X. The general Minkowski sum
of sets in X is given by C +D := {c + d : c ∈ C, d ∈ D}. If D := {d}, then we set
C +D := C + d. If (X,+) is a group, then we denote by C −D := C + (−D) :=
{c+ (−d) : c ∈ C, d ∈ D}.

Definition 2.5. (Compatible partial order on a semimodule) Let X be a semimod-
ule over a semiring R. A partial order ≤ is said to be compatible with the module
operations, if rx1 ≤ rx2, x+ x1 ≤ x+ x2 for all x ∈ X, r ∈ R, whenever x1 ≤ x2.

Definition 2.6. (Semidivisible, divisible and uniquely divisible semimodule (resp.,
module)) Let X be a semimodule (resp. module) over a semiring (resp., ring) R.
(i) X is called divisible, if for every y ∈ X and r ∈ R \ {0}, there is x ∈ X such

that rx = y.
(ii) X is called uniquely divisible, if for every y ∈ X and r ∈ R \ {0}, there is a

unique x ∈ X such that rx = y.
(iii) Let X be a commutative group, that is, X is a semimodule over the semiring

Z+. X is called p-semidivisible, if there is p ∈ N prime such that pX = X,
and X is called semidivisible, if it is p-semidivisible for some prime p.

Proposition 2.7. The following statements are true:
(i) Let X be a semimodule (resp. module) over a semiring (resp., ring) R. If X is

uniquely divisible, then it is divisible and rx = 0 ⇐⇒ x = 0, where r ∈ R\{0}
and x ∈ X.

(ii) Let X be a commutative group, that is, X is a semimodule over the semiring
Z+. If X is divisible and nx = 0 ⇐⇒ x = 0, where n ∈ N and x ∈ X, then X
is uniquely divisible.

Proof. (i) Assume that X is uniquely divisible. Then it is divisible. Let r ∈ R\{0}
and x ∈ X. Then, we have x = 0 implies that rx = 0. We now show rx = 0 implies
that x = 0. Clearly, r0 = 0. Since X is uniquely divisible and rx = 0, x is unique
such that rx = 0. Thus it follows that x = 0.
(ii) By contradiction, assume that X is not uniquely divisible, i.e., there are n∈N
and y, x1, x2 ∈X with x1 6= x2 such that nx1 = y = nx2. In consequence we have
n(x1+(−x2)) = nx1+n(−x2) = nx1+(−nx2) = 0. From the assumption it follows
that x1 + (−x2) = 0 and so x1 = x2, which contradicts that x1 6= x2.
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Let Rm be the m-dimensional Euclidean space, where m ∈ N, the positive integers.
Let Rm

+ := {x := (x1, . . . , xm)∈Rm : each xi ≥ 0}, Zm := {x := (x1, . . . , xm)∈Rm :
each xi ∈ Z}, and Zm

+ := {x := (x1, . . . , xm) ∈ Zm : each xi ≥ 0}. We denote by
Q+ the non-negative rational numbers and by ‖ · ‖ the Euclidean 2-norm in Rm. All
vectors are considered as row vectors.
Recall that Rn endowed with the addition + is a left semimodule over a semiring
R+, where n ∈ N. Clearly, the order ≤ on Rn defined by y1 ≤ y2 ⇐⇒ y2 − y1 ∈ Rn

+,
is a compatible partial order and it satisfies that for every r ∈ R+ \{0}, y1, y2 ∈ Rn,
ry1 ≤ ry2 =⇒ y1 ≤ y2. Define y1 < y2 ⇐⇒ y2−y1 ∈ intRn

+. Then, Rn endowed with
the addition + is a left semimodule over a semiring Z+ and Zn endowed with the
addition + induced from Rn is a left semimodule over a semiring Z+, where n ∈ N.
Also, the order ≤ on Zn defined by y1 ≤ y2 ⇐⇒ y2−y1 ∈ Zn

+, is a compatible partial
order and it satisfies that for every r ∈ Z+ \ {0}, y1, y2 ∈ Zn, ry1 ≤ ry2 =⇒ y1 ≤ y2.
Let Y be a semimodule over a semiring R where Y is endowed with a partial order
≤. We often adjoint a maximal element in Y , +∞, defining on Y ∪{+∞} the usual
operation given on Y plus the following one: x+ (+∞) = (+∞) + x := +∞ for all
x ∈ Y ∪ {+∞}; r · (+∞) := +∞ for all r ∈ R\{0}; 0 · (+∞) := 0; x ≤ +∞ for all
x ∈ Y ∪ {+∞}. We define x < +∞ ⇐⇒ x ≤ +∞ and x 6= +∞, where x ∈ Y .
Throughout the paper, we always refer to additive groups and semigroups, unless
differently specified.

3. Convex sets in groups and semigroups

In this section, we analyse in details convex sets and cones in groups and semigroups.

3.1. Convex sets

Definition 3.1. (Convex set and convex hull in a semimodule) Let X be a semi-
module over a semiring R. A set A ⊆ X is called convex set, if for any choice of
x ∈ X, n ∈ N, r, r1, . . . , rn ∈ R\{0} and x1, . . . , xn ∈ A such that

rx =
n∑

i=1

rixi and r =
n∑

i=1

ri,

one has x ∈ A. The convex hull of A, say convA, is given by

convA :=
⋂

{B : A ⊆ B and B is convex}.

Remark 3.2. In [3, Definitions 7 and 14], Borwein and Giladi did not use the
assumption r 6= 0, which is suggested by a referee. In fact, if

rx =
n∑

i=1

rixi and 0 = r =
n∑

i=1

ri,

then 0x =
∑n

i=1 rixi, and, since 0x = 0, ∀x ∈ X, then the convexity of A would
imply that X ⊆ A and so A = X, since A ⊆ X. This contradicts the existence of a
convex set A 6= X.
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The next result shows that convA is a convex set, i.e., the convex hull is well defined.

Proposition 3.3. Let X be a semimodule over a semiring R, and Ci ⊆ X (i∈ I)
be convex, where I is an index set. Then

⋂
i∈I Ci is convex. Furthermore, if X is a

uniquely divisible and I := {1, . . . ,m}, where m ∈ N, then
∑m

i=1 Ci is convex.

Proof. We preliminarily prove that
⋂

i∈I Ci is convex. Let x ∈ X, n ∈ N,
r, r1, . . . , rn ∈ R\{0} and x1, . . . , xn ∈

⋂
i∈I Ci such that we have rx =

∑n
j=1 rjxj,

r =
∑n

j=1 rj. Since Ci, (i ∈ I), are convex and x ∈ Ci, (i ∈ I), we therefore obtain
x ∈

⋂
i∈I Ci.

Assume that X is uniquely divisible and I := {1, . . . ,m}. We now show that
∑m

i=1 Ci

is convex. To this end, let x ∈ X, n ∈ N, r, r1, . . . , rn ∈ R\{0},

x1 := c11 + . . .+ cm1 , . . . , xn := c1n + . . .+ cmn ∈
∑m

i=1 Ci

and cij ∈ Ci, (i = 1, . . . ,m, j = 1, . . . , n), such that rx =
∑n

j=1 rjxj, r =
∑n

j=1 rj.
Since X is divisible, there are ci ∈ X, (i = 1, . . . ,m), such that rci =

∑n
j=1 rjc

i
j.

Since Ci, (i = 1, . . . ,m) are convex, ci ∈ Ci, (i = 1, . . . ,m), and so

r(
∑m

i=1 ci) =
∑n

j=1 rj(
∑m

i=1 c
i
j) =

∑n
j=1 rjxj = rx,

which implies x =
∑m

i=1 ci ∈
∑m

i=1Ci by assumption. This proves that
∑m

i=1 Ci is
convex.

Proposition 3.4. Let X be a semimodule over a semiring R. Then A is convex if
and only if A = convA.

Proof. Necessity. It is clear A ⊆ convA. Since A is convex and A ⊆ A, one has
A ⊇ convA and so A = convA.
Sufficiency. This follows immediately from the first assertion of Proposition 3.3.

In case X is a monoid the following characterization of the convex hull has been
proved in [3].

Proposition 3.5. [3, Proposition 1] Let X be a monoid and A ⊆ X. Then

convA =
{
x ∈ X : mx =

n∑
i=1

mixi, xi ∈ A, n,mi ∈ N, m =
n∑

i=1

mi

}
.

Proposition 3.6. Let X,Y be semimodules over a semiring R, and C,D ⊆ Y .
Then C and D are convex if and only if C ×D is convex.

Proof. Let (x, y) ∈ X × Y, n ∈ N, r, r1, ..., rn∈R\{0}, (x1, y1), ..., (xn, yn) ∈ C ×D

such that r(x, y) =
∑n

j=1 rj(xj, yj), r =
∑n

j=1 rj, or equivalently, rx =
∑n

j=1 rjxj,
ry =

∑n
j=1 rjyj and r =

∑n
j=1 rj. If C,D are convex, then x ∈ C and y ∈ D, i.e.,

(x, y) ∈ C×D. This yields C×D is convex. If C×D is convex, then (x, y) ∈ C×D,
that is, x ∈ C and y ∈ D. This implies that C and D are convex.
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Given a subset A of a monoid X and m ∈ N. Let

mA := {x ∈ X : x =
m∑
i=1

xi, xi ∈ A}

= {x ∈ X : x =
n∑

i=1

mixi, xi ∈ A,
n∑

i=1

mi = m, mi, n ∈ N}. (1)

We denote by 0A := {0}. Note that (1) can be generalized in the following in the
case of convex sets.

Definition 3.7. (Rational dilation of set) Let C be a subset of a monoid X and
let q ∈ Q+ be a reduced fraction. Define

qC := {x ∈ X : lx =
n∑

i=1

mixi, xi ∈ C,

n∑
i=1

mi = m,
m

l
= q, l, n,mi ∈ N}. (2)

In [2, Definition 2.6], C is assumed to be a convex subset of a monoid X. Observe
that if q ∈ N, then (2) coincides with (1). It is easy to see that 1C ⊇ C. Moreover,
if C is not convex, then the equality 1C = C does not necessarily hold, in fact we
note that 1C = convC. The following Proposition 3.8 states that for a subset C of
a monoid X and a reduced fraction q ∈ Q+, qC is always convex.

Proposition 3.8. Let C be a subset of a monoid X and q ∈ Q+ be a reduced
fraction. Then the following statements hold:
(i) qC is convex.
(ii) If 0 ∈ C, then 0 ∈ qC.

Proof. Recall that a monoid is a semimodule over the semiring Z+.
(i) Let x ∈ X,n ∈ N, r1, . . . , rn ∈ Z+ \ {0} = N and x1, . . . , xn ∈ qC such that

rx =
n∑

i=1

rixi, r =
n∑

i=1

ri. (3)

Since x1, . . . , xn ∈ qC, there are xij ∈ C, mij, li, ki ∈ N (i = 1, . . . , n, j = 1, . . . , ki)
such that

lixi =

ki∑
j=1

mijxij,

ki∑
j=1

mij = mi,
mi

li
= q. (4)

From (3) and (4) one has

(r
n∏

i=1

li)x = (
n∏

i=1

li)(rx) = (
n∏

i=1

li)(
n∑

i=1

rixi)

= (r1
∏
i ̸=1

li)(l1x1) + · · ·+ (rn
∏
i ̸=n

li)(lnxn)

= (r1
∏
i ̸=1

li)(

k1∑
j=1

m1jx1j) + · · ·+ (rn
∏
i ̸=n

li)(
kn∑
j=1

mnjxnj),
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hence, (r
n∏

i=1

li)x =

k1∑
j=1

(r1
∏
i ̸=1

li)m1jx1j + · · ·+
kn∑
j=1

(rn
∏
i ̸=n

li)mnjxnj. (5)

Further, we have

k1∑
j=1

(r1
∏
i ̸=1

li)m1j + · · ·+
kn∑
j=1

(rn
∏
i ̸=n

li)mnj

= (r1
∏
i ̸=1

li)

k1∑
j=1

m1j + · · ·+ (rn
∏
i ̸=n

li)
kn∑
j=1

mnj

= (r1
∏
i ̸=1

li)m1 + · · ·+ (rn
∏
i ̸=n

li)mn

and so
(r1

∏
i ̸=1 li)m1 + · · ·+ (rn

∏
i ̸=n li)mn

r
∏n

i=1 li
=

r1m1

rl1
+ · · ·+ rnmn

rln
=

r1
r
q + · · ·+ rn

r
q = q,

where the second and third equalities follow from (4) and (3), respectively. This
along with (5) shows that x ∈ qC. This proves qC is convex.
(ii) Setting x = xi = 0(i = 1, . . . , n) in (2) yields the desired result.
From Proposition 3.8 (i) we have:

Corollary 3.9. Let X be a monoid, C ⊆ X and m ∈ N. Then mC is convex.

From Propositions 3.3 and 3.8 (i) we have:

Corollary 3.10. et X be a monoid, Ci ⊆ X and qi ∈ Q+(i = 1, . . . ,m) be a
reduced fraction. Then

⋂m
i=1 qiCi is convex. Furthermore, if X uniquely divisible,

then
∑m

i=1 qiCi is convex.

The following results will be needed in the sequel.

Proposition 3.11. Let X be a monoid, C,D ⊆ X and let q1, q2 ∈ Q+ be reduced
fractions. Then the following statements hold:
(i) Assume that 0 ∈ C and C is convex. If q1 ≤ q2, then q1C ⊆ q2C.
(ii) If C ⊆ D, then q1C ⊆ q1D.
(iii) Then q2(q1C) ⊆ (q2q1)C = (q1q2)C, which implies that if q2q1 = 0, then

q2(q1C) = (q2q1)C; if q2q1 6= 0, then q2(q
−1
2 ((q2q1)C)) ⊆ q2(q1C). Furthermore,

if 0 ∈ C and C is convex, then (q1q2)C ⊆ (
q21+q22

2
)C.

(iv) If X is divisible, then (q2q1)C ⊆ q2(q1C).

Proof. (i) This follows from [2, Proposition 2.3].
(ii) Follows immediately from Definition 3.7.

(iii) The equality (q2q1)C = (q1q2)C is clear. Observe that q2q1 ≤ q21+q22
2

and from
(i) it follows that (q2q1)C ⊆ (

q21+q22
2

)C whenever 0 ∈ C.
We next show q2(q1C) ⊆ (q2q1)C. To this end, let x ∈ q2(q1C).
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Then there are xi ∈ q1C, l, n,mi ∈ N (i = 1, . . . , n) such that

lx =
n∑

i=1

mixi,
n∑

i=1

mi = m,
m

l
= q2. (6)

Since xi ∈ q1C (i = 1, . . . , n), there are x′
ij ∈ C, l′i, n′

i,m
′
ij ∈ N (j = 1, . . . , n′

i) with

l′ixi =

n′
i∑

j=1

m′
ijx

′
ij,

n′
i∑

j=1

m′
ij = m′

i,
m′

i

l′i
= q1. (7)

Then from (6) and (7) it follows that

(l
n∏

i=1

l′i)x = (
n∏

i=1

l′i)lx =
n∏

i=1

l′i

n∑
i=1

mixi

=
∏
i ̸=1

l′im1(l
′
1x1) + · · ·+

∏
i ̸=n

l′imn(l
′
nxn)

=

n′
1∑

j=1

(m1

∏
i ̸=1

l′i)m
′
1jx

′
1j + · · ·+

n′
n∑

j=1

(mn

∏
i ̸=n

l′i)m
′
njx

′
nj

and
∑n′

1
j=1(m1

∏
i ̸=1 l

′
i)m

′
1j + · · ·+

∑n′
n

j=1(mn

∏
i ̸=n l

′
i)m

′
nj

l
∏n

i=1 l
′
i

=
(m1

∏
i ̸=1 l

′
i)m

′
1 + · · ·+ (mn

∏
i ̸=n l

′
i)m

′
n

l
∏n

i=1 l
′
i

=
m1m

′
1

ll′1
+ · · ·+ mnm

′
n

ll′n
= (

m1

l
+ · · ·+ mn

l
)q1 = q2q1,

which yields x ∈ (q2q1)C. This proves q2(q1C) ⊆ (q2q1)C.
If q2q1 = 0, then it is easy to see q2(q1C) = (q2q1)C = {0}. Assume that q2q1 6= 0.
Now applying previous conclusion yields that q−1

2 ((q2q1)C) ⊆ (q−1
2 q2q1)C = q1C and

as a consequence, it follows from (ii) that q2(q
−1
2 ((q2q1)C)) ⊆ q2(q1C).

(iv) If q2q1 = 0, then we have (q2q1)C = q2(q1C) = {0}.
Assume q2q1 6= 0. Set q2 := m′

l′
, where m′, l′ ∈ N. Let x ∈ (q2q1)C. Then there are

xi ∈ C, l, n,mi ∈ N (i = 1, . . . , n) such that lx =
∑n

i=1mixi,
∑n

i=1mi = m and
m
l
= q2q1. Then

(l′l)x =
n∑

i=1

(mil
′)xi,

ml′

lm′ = q1. (8)

Observe that X is divisible. Then there exists y ∈ X such that

(m′l)y =
n∑

i=1

(mil
′)xi,

∑n
i=1(mil

′)

m′l
=

ml′

m′l
= q1, (9)

which yields y ∈ q1C. Now, both (8) and (9) allow that

(l′l)x = (m′l)y,
m′l

l′l
=

m′

l′
= q2,

which along with y ∈ q1C yields x ∈ q2(q1C). This proves (q2q1)C ⊆ q2(q1C).
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3.2. Convex cones

In this subsection, we discuss convex cones in groups and semigroups.

Definition 3.12. (Cone in a semimodule) Let X be a semimodule over a semiring
R. A set A ⊆ X is called a cone, if for any choice x′ ∈ X, r, r′ ∈ R \ {0}, x ∈ A
such that r′x′ = rx, one has x′ ∈ A. The set

R\{0}A := {x′ ∈ X : r′x′ = rx, x ∈ A, r, r′ ∈ R\{0}}
is called the cone generated by A.

We observe that, if X := Zn and R := Z+, then the above definition of cones reduces
to [1, Definition 2.11], while in [14, Definition 2.5] a cone is similarly defined but,
additionally, it contains 0.

Definition 3.13. (Convex cone in a semimodule) Let X be a semimodule over a
semiring R. A set A ⊆ X is said to be a convex cone, if for any choice n ∈ N, x ∈ X,
r, r1, . . . , rn ∈ R\{0} and x1, . . . , xn ∈ A such that

rx =
n∑

i=1

rixi and
n∑

i=1

ri 6= 0, (10)

one has x ∈ A. The set of the points x such that (10) holds is called the convex
cone generated by A and is denoted by coneA.

Remark 3.14. In [3, Definition 8], Borwein and Giladi did not use the assumption∑n
i=1 ri 6= 0. In this case, a convex cone A always contains 0. In fact, for x1 = x2 =

. . . = xn we have
rx =

n∑
i=1

rixi = 0x1 = 0,

which is fulfilled by x = 0, so that 0 ∈ A.

Proposition 3.15. Let X be a semimodule over a semiring R and C ⊆ X. Then
the following statements hold:
(i) C is a convex cone if and only if C = coneC, which implies that C is both a

cone and convex.
(ii) Let X be divisible. If C is both a cone and convex, then it is a convex cone.
(iii) C is a cone if and only if C = R\{0}C.
(iv) If either C is a convex cone or C is convex and X is divisible, then

coneC = R\{0}C.
(v) Let X be a monoid. Then coneC =

⋃
q∈Q+\{0} qC, which implies that

C =
⋃

q∈Q+\{0} qC if C is a convex cone.

Proof. (i) Necessity. It is immediate that C ⊆ coneC. Since C is a convex cone,
one has C ⊇ coneC and so C = coneC.
Sufficiency. Let x ∈ X,n ∈ N, r, r1, . . . , rn ∈ R\{0}, and x1, . . . , xn ∈ C such that
rx =

∑n
i=1 rixi and

∑n
i=1 ri 6= 0. Then x ∈ coneC and so x ∈ C, since C = coneC.

This shows that C is a convex cone. Clearly, if C is a convex cone, then it is both
a cone and convex.
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(ii) Let x ∈ X, n ∈ N, r, r1, . . . , rn ∈ R\{0} and x1, . . . , xn ∈ C such that
rx =

∑n
i=1 rixi and

∑n
i=1 ri 6= 0. Since X is divisible, then there is x′ ∈ X with

(
∑n

i=1 ri)x
′ =

∑n
i=1 rixi. Since C is convex, one has x′ ∈ C and thus we have

rx = (
∑n

i=1 ri)x
′. Since C is a cone and x′ ∈ C, one has x ∈ C. This proves C is a

convex cone.
(iii) The conclusion follows by using a similar proof to that in (i).
(iv) If C is a convex cone, then (i) gives C = coneC = R\{0}C since we have
coneC ⊇ R\{0}C ⊇ C. Assume that C is convex and X is divisible. It is immediate
that coneC ⊇ R\{0}C. Conversely, let x ∈ coneC. Then there are r1, . . . , rn,
r ∈ R\{0}, and x1, . . . , xn ∈ C, where n ∈ N, such that rx =

∑n
i=1 rixi with∑n

i=1 ri 6= 0. Since X is divisible, there is y ∈ X such that
∑n

i=1 rixi = (
∑n

i=1 ri)y
and so y ∈ C since C is convex. As a consequence, rx = (

∑n
i=1 ri)y, which yields

x ∈ R\{0}C. This yields coneC ⊆ R\{0}C.
(v) The inclusion ⊇ is obvious. Conversely, let x ∈ coneC. Then there are
r1, . . . , rn, r, n ∈ N and x1, . . . , xn ∈ C such that rx =

∑n
i=1 rixi, with

∑n
i=1 ri 6= 0.

Setting q :=
∑n

i=1 ri/r yields that x ∈ qC. This proves the inclusion ⊆ holds. If C
is a convex cone, then from (i) we have C =

⋃
q∈Q+\{0} qC.

Proposition 3.16. Let X be a monoid and 0 ∈ C. Then C is a convex cone if and
only if C is a cone and C + C = C.

Proof. Since 0 ∈ C, we have C+C ⊇ C. Then C+C = C if and only if C+C ⊆ C.
Necessity. Let x := y + z ∈ C + C, where y, z ∈ C. Then 1x = x = 1y + 1z ∈ X.
Since C is a convex cone, from Proposition 3.15(i) one has C is a cone and moreover,
x ∈ C and so C + C ⊆ C.
Sufficiency. Let x ∈ X, n, r, r1, . . . , rn ∈ N and x1, . . . , xn ∈ C such that we have
rx =

∑n
i=1 rixi. Since C + C = C, one has rx = 1(

∑n
i=1 rixi) =

∑n
i=1 rixi ∈ C.

Since C is a cone, one has x ∈ C, which implies that C is a convex cone.

In part (i) of the next result, we will assume that the semiring R fulfills the following
assumption (S):

r1, r2 ∈ R \ {0} =⇒ r1 + r2 6= 0,

or equivalently, n ∈ N, r1, r2, . . . , rn ∈ R \ {0} =⇒
∑n

i=1 ri 6= 0.
Moreover, when X is a monoid, we assume that R = Z+, recalling that a monoid is
a semimodule over the semiring Z+.

Proposition 3.17. Let X be a semimodule over a semiring R and C ⊆ X. Then
the following statements hold:
(i) Assume that either 0 ∈ C or 0 6∈ C and rx = 0 ⇐⇒ x = 0, where r ∈ R\{0}

and x ∈ X (in particular, if X is a commutative group, then this, along with
the assumption that X is divisible, equals the fact that X is uniquely divisible,
in view of Proposition 2.7). If C is a convex cone and assumption (S) holds,
then C ∪ {0} is also a convex cone.

(ii) Assume that either 0∈C or 0 6∈C and
∑n

i=1 rixi 6=0 for every r1, ..., rn∈R\{0},
x1, . . . , xn ∈ C and n ∈ N. If C ∪ {0} is a convex cone, then so is C.
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Proof. (i) If 0 ∈ C, then C = C
⋃
{0} and so the conclusion is clear. Assume

that 0 6∈ C and rx = 0 ⇐⇒ x = 0, where r ∈ R\{0} and x ∈ X. Let x ∈ X,
n ∈ N, r, r1, . . . , rn ∈ R\{0}, and x1, . . . , xn ∈ C ∪{0} such that rx =

∑n
i=1 rixi and∑n

i=1 ri 6= 0.
Case 1. If x1, . . . , xn ∈ C, then x ∈ C, since C is a convex cone.
Case 2. If xi = 0 for every i = 1, . . . , n, then rx = 0 and so x = 0, in view of the
assumption.
Case 3. Let I := {i = 1, . . . , n : xi 6= 0} 6= ∅. Then one has rx =

∑
i∈I rixi, with∑

i∈I ri 6= 0 by assumption (S), which yields that x ∈ C, since C is a convex cone.
The previous three cases show that x ∈ C ∪ {0} and thus C ∪ {0} is a convex cone.
(ii) If 0 ∈ C, then C = C ∪ {0} and so the conclusion is clear. Assume that 0 6∈ C
and

∑n
i=1 rixi 6= 0 for every r1, . . . , rn ∈ R\{0}, x1, . . . , xn ∈ C and n ∈ N. Let

x ∈ X,n ∈ N, r, r1, . . . , rn ∈ R\{0} and x1, . . . , xn ∈ C such that rx =
∑n

i=1 rixi

and
∑n

i=1 ri 6= 0. Then x ∈ C ∪ {0}, since C ∪ {0} is a convex cone. We declare
that x ∈ C, i.e., x 6= 0. If not, i.e., x = 0, then

∑n
i=1 rixi = rx = 0, a contradiction

with the assumption. This proves C is a convex cone.

Proposition 3.18. Let X be a semimodule over a semiring R, and assume Ci ⊆ X
(i = 1, . . . ,m). Then the following statements hold:
(i) If Ci is a cone for each i ∈ I, where I is an index set, then so are

⋃
i∈I Ci and⋂

i∈I Ci.
(ii) If Ci is a convex cone for each i ∈ I, where I is an index set, then so is⋂

i∈I Ci.
(iii) If Ci is a convex cone for each i ∈ I := {1, . . . ,m}, where m ∈ N, and X is

uniquely divisible, then
∑

i∈I Ci is a convex cone.

Proof. (i) Let r, r′ ∈ R\{0} x ∈
⋃

i∈I Ci and x′ ∈ X such that r′x′ = rx. Then
x ∈ Ci0 for some i0 ∈ I. Since Ci0 is a cone, one has x′ ∈ Ci0 and so x′ ∈

⋃
i∈I Ci0 .

This yields
⋃

i∈I Ci is a cone. Similarly, we can show
⋂

i∈I Ci is a cone.
(ii) Let x ∈ X,n ∈ N, r, r1, . . . , rn ∈ R\{0}, and x1, . . . , xn ∈

⋂
i∈I Ci such that

rx =
∑n

j=1 rjxj and
∑n

j=1 rj 6= 0. Since Ci(i ∈ I) are convex cones, one has
x ∈ Ci(i ∈ I) and so x ∈

⋂
i∈I Ci, which yields that

⋂
i∈I Ci is a convex cone.

(iii) Let x ∈ X, n ∈ N, r, rj ∈ R\{0}, xj :=
∑m

i=1 c
i
j ∈

∑m
i=1Ci and cij ∈ Ci (i ∈ I,

j = 1, . . . , n) such that rx =
∑n

j=1 rjxj and
∑n

j=1 rj 6= 0. Since X is divisible, there
are ci ∈ X(i ∈ I) such that rci =

∑n
j=1 rjc

i
j. Since Ci(i ∈ I) are convex cones,

ci ∈ Ci(i ∈ I) and so r(
∑m

i=1 ci) =
∑n

j=1 rj(
∑m

i=1 c
i
j) =

∑n
j=1 rjxj = rx, which yields

that x =
∑m

i=1 ci ∈
∑m

i=1Ci, since X is uniquely divisible. This proves
∑m

i=1 Ci is
convex.

Proposition 3.19. Let X,Y be semimodules over a semiring R, and C,D ⊆ Y .
Then C and D are convex cones if and only if C ×D is a convex cone.
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Proof. Let (x, y)∈X×Y , n∈N, r, r1, ..., rn∈R\{0}, and (x1, y1), ..., (xn, yn)∈C×D
such that r(x, y) =

∑n
j=1 rj(xj, yj) and

∑n
j=1 rj 6= 0, or equivalently, rx =

∑n
j=1 rjxj

and ry =
∑n

j=1 rjyj and
∑n

j=1 rj 6= 0. If C,D are convex cones, then x ∈ C and
y ∈ D, i.e., (x, y) ∈ C × D, which yields C × D is a convex cone. If C × D is a
convex cone, then (x, y) ∈ C ×D, i.e., x ∈ C and y ∈ D, showing that C and D are
convex cones.

Proposition 3.20. Let C be a convex cone in a divisible monoid X with 0 ∈ C and
let q ∈ Q+ be a reduced fraction. Then qC is a convex cone.

Proof. From Proposition 3.8(i) one has qC is convex. From Proposition 3.15(ii),
it suffices to show qC is a cone. To this aim, let x′ ∈ X, r′, r ∈ Z+\{0} = N and
x ∈ qC such that r′x′ = rx. Then, there are l, n,mi ∈ N and xi ∈ C (i = 1, . . . , n)
such that

lx =
n∑

i=1

mixi,
n∑

i=1

mi = m,
m

l
= q.

Then, it follows that

(lr′)x′ = l(r′x′) = l(rx) = r(lx) = r(
n∑

i=1

mixi) =
n∑

i=1

mi(rxi),

n∑
i=1

mi = m,
m

lr′
=

q

r′
.

(11)

Since r ∈ N and xi ∈ C(i = 1, . . . , n), from Proposition 3.16 one has rxi ∈ C
(i = 1, . . . , n). Since C is a convex cone, (11) allows that x′ ∈ C and so x′ ∈ q

r′
C.

Since r′ ∈ N, one has q
r′
≤ q. Now, Proposition 3.11 (i) implies that q

r′
C ⊆ qC and

it follows that x′ ∈ qC, which yields that qC is a cone.

Proposition 3.21. Let C be a convex cone of a divisible monoid X, 0 ∈ C and
qi ∈ Q+(i = 1, . . . ,m) be reduced fractions. Then

⋂m
i=1 qiC = (min1≤i≤m qi)C

and
⋃m

i=1 qiC =
∑m

i=1 qiC = (max1≤i≤m qi)C, which implies
⋂m

i=1 qiC,
⋃m

i=1 qiC and∑m
i=1 qiC are convex cones.

Proof. Since 0 ∈ C, Proposition 3.8(ii) allows 0 ∈ qiC (i = 1, . . . ,m). Proposition
3.20 implies qiC (i = 1, . . . ,m) are convex cones. From Proposition 3.11(i) one has
(min1≤i≤m qi)C ⊆ qiC ⊆ (max1≤i≤m qi)C for each i = 1, . . . ,m and as a consequence,

m⋂
i=1

qiC = ( min
1≤i≤m

qi)C

and
m⋃
i=1

qiC = ( max
1≤i≤m

qi)C ⊆
m∑
i=1

qiC

⊆
m︷ ︸︸ ︷

( max
1≤i≤m

qi)C + · · ·+ ( max
1≤i≤m

qi)C = ( max
1≤i≤m

qi)C,

where the last equality follows from Proposition 3.16.
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4. Convex functions in groups and semigroups

In this section, we study convex functions in groups and semigroups.

Definition 4.1. (Epigraph, effective domain and lower level set) Suppose that
X,Y are semimodules over a semiring R and that Y is endowed with a partial order
≤. Let f : X → Y ∪ {+∞}, where +∞ is a maximal element of Y .
(i) The epigraph of f , say epif , is given by epif := {(x, y) ∈ X × Y : f(x) ≤ y}.
(ii) The effective domain of f , say domf , is given by

domf := {x ∈ X : f(x) < +∞} = {x ∈ X : ∃y ∈ X, (x, y) ∈ epif}.
(iii) The lower level set of f , say lev≤yf , is given by lev≤yf := {x ∈ X : f(x) ≤ y},

where y ∈ Y .

Definition 4.2. (Convex function) Suppose that X,Y are semimodules over a
semiring R and that Y is endowed with a compatible partial order ≤ and +∞ is
a maximal element of Y . A function f : X → Y ∪ {+∞} is said to be convex, if
f : domf → Y is convex, that is, for any choice of n ∈ N, r, r1, . . . , rn ∈ R\{0} and
x1, . . . , xn ∈ domf such that

rx =
n∑

i=1

rixi, r =
n∑

i=1

ri,

we have rf(x) ≤
∑n

i=1 rif(xi). f is said to be concave if −f is convex.

The definition of the convex function f : X → Y was given in [3, Definition 16]
without the assumption r 6= 0.

Proposition 4.3. Suppose that X,Y are semimodules over a semiring R and that
Y is endowed with a compatible partial order ≤ and +∞ is a maximal element of
Y . Let f : X → Y ∪ {+∞}. Then the following statements hold:
(i) If f is convex, then domf is convex.
(ii) Assume that (Y,≤) satisfies that for every r ∈ R \ {0}, y1, y2 ∈ Y we have

ry1 ≤ ry2 =⇒ y1 ≤ y2. If f is convex, then epif and lev≤yf are convex, where
y ∈ Y .

(iii) Assume that Y is divisible. If epif is convex, then f is convex.

Proof. (i) Let x ∈ X,n ∈ N, xi ∈ domf and r, ri ∈ R \ {0} (i = 1, . . . , n) such that
rx =

∑n
i=1 rixi, r =

∑n
i=1 ri. Since xi ∈ domf (i = 1, . . . , n), one has f(xi) 6= +∞.

Since f is convex, one has

rf(x) ≤
n∑

i=1

rif(xi) 6= +∞,

which yields that f(x) 6= +∞, i.e., x ∈ domf . If not, that is, f(x) = +∞, then
rf(x) = +∞, which is a contradiction with the previous inequality.
(ii) Let (x, y)∈X×Y , n∈N, (xi, yi)∈epif and r, ri∈R\{0} (i = 1, . . . , n) such that
r(x, y) =

∑n
i=1 ri(xi, yi), r =

∑n
i=1 ri. Since (xi, yi) ∈ epif (i = 1, . . . , n), we have

f(xi) ≤ yi and it follows from the fact that ≤ is a compatible partial order that
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rf(x) ≤
n∑

i=1

rif(xi) ≤
n∑

i=1

riyi = ry,

where the first inequality follows from the convexity of f . As a consequence, the
assumption yields that f(x) ≤ y, i.e., (x, y) ∈ epif . This proves that epif is convex.
Similarly, we can prove lev≤yf is convex.
(iii) Let x ∈ X,n ∈ N, xi ∈ domf and r, ri ∈ R \ {0}(i = 1, . . . , n) such that
rx =

∑n
i=1 rixi, r =

∑n
i=1 ri. Note that (xi, f(xi)) ∈ epif(i = 1, . . . , n). Since Y is

divisible, then there exists y ∈ Y such that ry =
∑n

i=1 rif(xi). As a consequence,
r(x, y) =

∑n
i=1 ri(xi, f(xi)). Since epif is convex, one has (x, y) ∈ epif , that is,

f(x) ≤ y and it follows from the fact that ≤ is a compatible partial order that

rf(x) ≤ ry =
n∑

i=1

rif(xi).

This proves f is convex.

Corollary 4.4. Let f : Zm → Rn or f : Rm → Rn. Then f is convex if and only if
epif is convex.

Definition 4.5. (Minkowski functional for groups) [2, Definition 2.7] Assume that
X is a monoid and C ⊆ X. The Minkowski functional ρC : X → R+ ∪ {+∞} is
given by ρC(x) := inf{q ∈ Q+ : x ∈ qC}. If {q ∈ Q+ : x ∈ qC} = ∅, then define
ρC(x) := +∞.

Remark 4.6. It is easy to see that if x ∈ C, then ρC(x) ≤ 1. If we assume 0 ∈ C,
then ρC(x) ≥ 1, for any x 6∈ C. Indeed, ab absurdo, suppose that ρC(x) < 1. Then
there is a reduced fraction q ∈ Q+ with q < 1 such that x ∈ qC ⊆ C, where the
inclusion follows from Proposition 3.11(i). This is a contradiction.

Definition 4.7. (N-sublinear function) [3, Definitions 19 and 20] Suppose that
X,Y are semimodules over a semiring R, and suppose that Y is endowed with a
partial order ≤ and +∞ is a maximal element of Y . A function f : X → Y ∪{+∞}
is said to be N-sublinear, if it is both subadditive, i.e., f(x + y) ≤ f(x) + f(y) for
all x, y ∈ X, and positively homogeneous, that is, f(kx) = kf(x) for all k ∈ N∪{0}
and x ∈ X.

Proposition 4.8. Assume that X is a monoid and f : X → R ∪ {+∞}. Then the
following statements hold:
(i) If f is N-sublinear, then it is convex and positively homogeneous.
(ii) If X is semidivisible and f is convex and positively homogeneous, then f is

N-sublinear.

Proof. (i) Let x ∈ X, n ∈ N, xi ∈ X and ri ∈ Z+\{0} = N (i = 1, . . . , n) such that
rx =

∑n
i=1 rixi, r =

∑n
i=1 ri. Since f is N-sublinear, it is positively homogeneous

and subadditive and it follows that

rf(x) = f(rx) = f(
n∑

i=1

rixi) ≤
n∑

i=1

f(rixi) =
n∑

i=1

rif(xi),

which implies that f is convex.
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(ii) Let x, y ∈ X. Since X is semidivisible, there are p ∈ N prime and z ∈ X such

that pz =

p︷ ︸︸ ︷
x+ y + 0 · · ·+ 0. Since f is convex and positively homogeneous, one has

f(0) = f(k0) = kf(0) for k = 2 and so f(0) = 0. Then it follows that

f(x+ y) = f(pz) = pf(z) ≤
p︷ ︸︸ ︷

f(x) + f(y) + f(0) + · · ·+ f(0)

= f(x) + f(y) + (p− 2)f(0) = f(x) + f(y),

which yields f is subadditive.

Proposition 4.9. Assume that C,D ⊆ X are convex subsets of a monoid X. Then
the following statements hold:
(i) ρC is N-sublinear and so convex and positively homogeneous.
(ii) Assume C ⊆ D. Then ρD ≤ ρC.

Proof. (i) It follows immediately from [2, Proposition 2.4] and Proposition 4.8(i).
(ii) Since C ⊆ D, one has from Proposition 3.11 (ii) that qC ⊆ qD for q ∈ Q+ and
so ρD(x) ≤ ρC(x) for each x ∈ X, i.e., ρD ≤ ρC .

Definition 4.10. Assume that X is a monoid. For functions f, g : X → R∪{+∞},
the infimal convolution (shortly inf-convolution) is the function f�g :X → R∪{+∞}
given by

(f�g)(x) := inf
u+v=x

{f(u) + g(v)}.

Proposition 4.11. [2, Proposition 2.2] Assume that X is a p-semidivisible monoid
and f, g : X → R ∪ {+∞} are convex (resp. N-sublinear). Assume, furthermore,
that X has at most unique divisors as holds in the locally convex case. Then the
function f�g is convex (resp. N-sublinear).

Proposition 4.12. Suppose that X is a monoid, f, g : X → R∪ {+∞} with f ≤ g
and f(0) ≤ g(0) ≤ 0 and f is subadditive. Then the equality f�g = f holds. In
particular, f�f = f .

Proof. Since 0 ∈ X, f(0) ≤ g(0) ≤ 0 and f ≤ g, one has (f�g)(x) ≤ f(x) ≤ g(x)
for any x ∈ X. We now show (f�g)(x) = f(x) for any x ∈ X. If not, i.e., there is
x0 ∈ X such that (f�g)(x0) < f(x0), then there are u0, v0 ∈ X with u0 + v0 = x0

such that f(u0) + g(v0) < f(x0). Since f is subadditive and f ≤ g, one has

f(x0) ≤ f(u0) + f(v0) ≤ f(u0) + g(v0) < f(x0),

a contradiction. Setting g := f yields f�f = f .

Corollary 4.13. Let C,D be convex sets of a monoid X and C ⊆ D. Then
ρC�ρD = ρD. In particular, ρC�ρC = ρC.

Proof. From Proposition 4.9 (i) and (ii) one has ρD ≤ ρC , ρD(0) = ρC(0) = 0 and
ρD is subadditive. Setting f := ρD and g := ρC in Proposition 4.12 allows us to
complete the proof.
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Proposition 4.14. Let X,Y be monoids and f, g : X → R ∪ {+∞} be convex
functions. Then f + r0g is convex, where r0 ∈ R+. In particular, f + g and r0g are
convex.

Proof. The thesis is obvious if dom(f + r0g) = ∅. Suppose that dom(f + r0g) 6= ∅.
Let x ∈ X,n ∈ N, xi ∈ dom(f + r0g) and ri ∈ Z+\{0} = N(i = 1, . . . , n) such that
rx =

∑n
i=1 rixi, r =

∑n
i=1 ri. Then xi ∈ domf ∩ domg(i = 1, . . . , n). Since f and g

are convex, one has rf(x) ≤
∑n

i=1 rif(xi) and rg(x) ≤
∑n

i=1 rig(xi) and so

r(f + r0g)(x) = rf(x) + rr0g(x) ≤
n∑

i=1

rif(xi) + r0rg(x)

≤
n∑

i=1

rif(xi) + r0

n∑
i=1

rig(xi) =
n∑

i=1

rif(xi) +
n∑

i=1

ri(r0g)(xi)

=
n∑

i=1

ri(f + r0g)(xi).

This proves that f + r0g is convex. Letting r0 := 1 and f :≡ 0 yields f + g and r0g
are convex, respectively.

Proposition 4.15. Assume that X is a monoid and gj : X → R ∪ {+∞}(j ∈ I),
where I is an index set. If gj(j ∈ I) are convex, then so is maxj∈I gj.

Proof. If dom(maxj∈I gj) = ∅, then it is clear. Assume that dom(maxj∈I gj) 6= ∅.
Let x ∈ X,n ∈ N, xi ∈ dom(maxj∈I gi) and ri ∈ Z+\{0} = N (i = 1, . . . , n) such
that rx =

∑n
i=1 rixi, r =

∑n
i=1 ri. Then xi ∈ domgj(i = 1, . . . , n, j ∈ I). Since

gj(j ∈ I) are convex, one has rgj(x) ≤
∑n

i=1 rigj(xi) ≤
∑n

i=1 ri(maxj∈I gj)(xi) and
so r(maxj∈I gj)(x) ≤

∑n
i=1 ri(maxj∈I gj)(xi). This proves maxj∈I gj is convex.

Assume that X is a monoid and C ⊆ X.
The indicator function of C, iC : X → R ∪ {+∞}, is given by

iC(x) :=

{
0, x ∈ C,

+∞, x 6∈ C.

Proposition 4.16. Assume that X is a monoid and C ⊆ X. Then iC is convex if
and only if C is convex.

Proof. Note that epi iC = C ×R+. Then it follows immediately from Propositions
3.6 and 4.3 (ii) and (iii) that the desired conclusion holds.

Let X and Y be two monoids and let L(X,Y ) := {a : X → Y : a is additive}.
Recall that a ∈ L(X,Y ) is additive, if a(x + y) = a(x) + a(y) for any x, y ∈ X. If
Y := Z and X,Z are groups, then L(X,Z) is the additive dual group of a group
X, denoted by X∗, which is an additive group with the addition being point-wise
addition of elements in Z.
Given two monoids X and Y . In [3], the subdifferential of f : X → Y ∪ {+∞} at
x0 ∈ X is given by ∂f(x0) := {a ∈ L(X,Y ) : f(x0) + a(h) ≤ f(x0 + h), ∀h ∈ X},
where +∞ is a maximal element with respect to the partial order ≤ on Y . If X is
a group and Y := R, then we can define the subdifferential of f : X → R ∪ {+∞}
at x0 ∈ X as ∂f(x0) := {a ∈ L(X,R) : f(x0) + a(x+ (−x0)) ≤ f(x), ∀x ∈ X}.
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Remark 4.17. Suppose that X is a commutative group, f : X → R ∪ {+∞} and
x0 ∈ X. It is clear that if x0 6∈ domf , then ∂f(x0) = ∅. Moreover, if x0 ∈ domf ,
then ∂f(x0) := {a ∈ L(X,R) : f(x0) + a(x) − a(x0) ≤ f(x), ∀x ∈ domf}. Indeed,
since a ∈ L(X,R) is additive, we have a(0) = a(0 + 0) = a(0) + a(0) and so
0 = a(0) = a(x0 + (−x0)) = a(x0) + a(−x0) and so a(−x0) = −a(x0).

Proposition 4.18. Let X be a commutative group, x0∈X and f :X → R∪{+∞}.
Then ∂(λf)(x0) = λ∂f(x0) for any λ ∈ Z+ and ∂f(x0) is convex in L(X,R).

Proof. Clearly, ∂(λf)(x0) = λ∂f(x0) for any λ ∈ Z+. If ∂f(x0) = ∅, then the thesis
is obvious. Suppose that ∂f(x0) 6= ∅. Let a ∈ L(X,R), ai ∈ ∂f(x0) and ri ∈ N
(i = 1, . . . , n) such that ra =

∑n
i=1 riai and r =

∑n
i=1 ri. Since ai ∈ ∂f(x0)

(i = 1, . . . , n), one has f(x0) + ai(x) − ai(x0) ≤ f(x) for each x ∈ X. Since ri ∈ N
(i = 1, . . . , n), we have for each x ∈ X,

r(f(x0) + a(x)− a(x0)) =
n∑

i=1

rif(x0) +
n∑

i=1

ri(ai(x)− ai(x0))

≤
n∑

i=1

rif(x) = rf(x),

which implies that f(x0) + a(x)− a(x0) ≤ f(x), i.e., a ∈ ∂f(x0).

Proposition 4.19. Assume that X is a commutative group, C ⊆ X and x0 ∈ C.
Then ∂iC(x0) = {a ∈ L(X,R) : a(x)− a(x0) ≤ 0, ∀x ∈ C} and it is a convex cone.

Proof. It is clear that dom iC = C and so
∂iC(x0) = {a ∈ L(X,R) : a(x)− a(x0) ≤ 0, ∀x ∈ domiC = C}.

We next show ∂iC(x0) is a convex cone. To this end, let a ∈ L(X,R), r, r1, . . . , rn,
n ∈ N, and a1, . . . , an ∈ iC(x0) such that ra =

∑n
i=1 riai. Then, for any x ∈ C,

r(a(x)− a(x0)) =
∑n

i=1 ri(ai(x)− ai(x0)) ≤ 0,
which implies a(x)− a(x0) ≤ 0 for each x ∈ C, i.e., a ∈ ∂iC(x0).

Let NC(x0) := {a ∈ L(X,R) : a(x+ (−x0)) ≤ 0, ∀x ∈ C}.
Define σC(a) := supx∈C a(x), where a ∈ L(X,R). Then NC(x0) is the normal cone
of C at x0 and σC is the support function of C if X is a vector space.

Proposition 4.20. Assume that X is a commutative group, C ⊆ X and x0 ∈ C.
Then NC(x0) = {a ∈ L(X,R) : σC(a) = a(x0)}.

Proof. By Remark 4.17 it follows that a ∈ NC(x0) if and only if
a(x)− a(x0) = a(x) + a(−x0) = a(x+ (−x0)) ≤ 0 for all x ∈ C,

or equivalently, σC(a) = a(x0). This completes the proof.

Let Y ∪{+∞} be a group and +∞ be a maximal element with respect to the partial
order ≤ on Y . We say that the order ≤ is inductive, if every countable chain has an
upper bound and the order ≤ is a complete order, if every order bounded set has
both infimum and supremum.
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Definition 4.21. Assume that X,Y are groups, C ⊆ X and f : X → Y ∪ {+∞},
where +∞ is a maximal element of Y .
(i) (Core) The core of C is defined by

coreC := {x ∈ X : ∀h ∈ X, ∃n ∈ N,∃g ∈ X,ng = h, x+ g ∈ C}.
(ii) (Core of domain) The core of the domain of f is defined by

core domf := {x ∈ X : ∀h ∈ X, ∃n ∈ N,∃g ∈ X,ng = h, f(x+ g) < +∞}.
(iii) (Quasi core) The quasi core of C is defined by

qcoreC := {x ∈ C : cone (C + (−x)) = X}.
(iv) (Directional derivative) Assume that Y ∪{+∞} is a group with an inductive

order. For x ∈ core(domf), define
fx(h) := inf{n(f(x+ g)− f(x)) : ng = h, f(x+ g) < +∞}.

If C ⊆ X is convex and f : X → Y ∪ {+∞} is a convex function, then Definition
4.21 (i), (ii) and (v) reduce to [3, Definitions 26, 25 and 27], respectively. Clearly,
coreC ⊆ C, qcoreC ⊆ C and core(domf) ⊆ domf . Moreover, coreC ⊆ coreD,
qcoreC ⊆ qcoreD, if C ⊆ D ⊆ X. See [4–6, 8] for quasi (relative) interiors related
to quasi cores in vector spaces.

Lemma 4.22. Let X be a commutative group and C ⊆ X. Then the following
statements hold:
(i) coreC ⊆ qcoreC.
(ii) Assume that 0 ∈ qcoreC. Then one has ρC : X → R+, that is, ρC(x) < +∞

for each x ∈ X.

Proof. (i) If coreC = ∅, then it is clear that (i) holds. Assume that coreC 6= ∅. Let
x̄ ∈ coreC. Then for any h ∈ X, ∃n ∈ N,∃g ∈ X with ng = h such that x̄+ g ∈ C.
It follows that h = n(x+(−x̄)), for some x ∈ C. Therefore, h ∈ N(C+(−x̄)) and so
N(C+(−x̄)) = X, being h ∈ X arbitrary. Since N(C+(−x̄)) ⊆ cone (C+(−x̄)), one
has cone (C + (−x̄)) = X and moreover, x̄ ∈ C, since x̄ ∈ coreC and coreC ⊆ C.
This yields x̄ ∈ qcoreC.
(ii) Since 0 ∈ qcoreC, one has coneC = X. By Proposition 3.15 (v), we have
coneC =

⋃
q∈Q+\{0} qC = X and thus for every x ∈ X, there exists qx ∈ Q+ \ {0}

such that x ∈ qxC. This implies ρC(x) ≤ qx < +∞.

The assumption that the core of a subset is nonempty in non-divisible groups and
semigroups is hard to be fulfilled. But, it is not the case for the quasi core of a subset
in non-divisible groups and semigroups. The following remark and the subsequent
example show that the nonemptiness of the quasi core of a convex subset is a mild
assumption compared with that of the nonemptiness of the core.

Remark 4.23. If C ⊆ Zn is a bounded set, then coreC = ∅. This can be seen from
the following facts. Since C ⊆ Zn is bounded, there exists K > 0 such that ‖x‖ ≤ K
for each x ∈ C. Take x ∈ C. Let m ∈ Z be such that m2 + (m + 1)2 > 4K2. Let
h := (m,m + 1, 0, . . . , 0) ∈ Zn. Then ‖h‖ =

√
m2 + (m+ 1)2 > 2K and there are

unique n0 := 1 ∈ N and g := h ∈ Zn such that n0g = h.
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By the triangle inequality it follows that
‖x+ g‖ ≥ ‖g‖ − ‖x‖ > 2K −K = K,

which implies x + g 6∈ C. This shows x 6∈ coreC. Since x ∈ C is arbitrary, one has
coreC = ∅.

Example 4.24. Let ei (i = 1, . . . , n) be the standard basis of Zn and define
C := {e1, ..., en,−e1, . . . ,−en, 0}. Then C is bounded. For any u := (u1, ..., un)∈Zn,
let I+ := {i = 1, . . . , n : ui > 0}, I− := {i = 1, . . . , n : ui < 0} and finally
I= := {i = 1, . . . , n : ui = 0} . Then

1u = u =
∑

i∈I+ ui(ei − 0) +
∑

i∈I−(−ui)(−ei − 0) +
∑

i∈I= 1(0− 0),
which yields u ∈ cone (C − 0) and so cone (C − 0) = Zn since u ∈ Zn is arbitrary.
This implies 0 ∈ qcoreC.

Lemma 4.25. Assume that X is a commutative group, x̄ ∈ X and C ⊆ X. Then
the following statements hold:
(i) core(x̄+ C) = x̄+ coreC.
(ii) qcore(x̄+ C) = x̄+ qcoreC.

Proof. (i) Observe that
x ∈ core(x̄+ C) ⇐⇒ ∀h ∈ X, ∃n ∈ N,∃g ∈ X,ng = h, x+ g ∈ x̄+ C

⇐⇒ ∀h ∈ X, ∃n ∈ N,∃g ∈ X,ng = h, x+ (−x̄) + g ∈ C

⇐⇒ x+ (−x̄) ∈ coreC

⇐⇒ x ∈ x̄+ coreC.

(ii) Observe that
y ∈ qcore(C + x̄) ⇐⇒ y ∈ C + x̄ : cone (C + x̄+ (−y)) = X

⇐⇒ y + (−x̄) ∈ C : cone (C + (−(y + (−x̄)))) = X

⇐⇒ y + (−x̄) ∈ qcoreC

⇐⇒ y ∈ x̄+ qcoreC.

This completes the proof.

Proposition 4.26. Let X be a commutative group, C ⊆ X and ∅ 6= D ⊆ X. Then
the following statements hold:
(i) If coreC = C (respectively, qcoreC = C), then core(C + D) = coreC + D

(respectively, qcore(C +D) = qcoreC +D).
(ii) If C is a convex cone with 0 ∈ C, then we have coreC + C = coreC and

qcoreC + C = qcoreC.

Proof. (i) Observe that

coreC +D =
⋃
d∈D

(coreC + d) =
⋃
d∈D

core(C + d) ⊆ core(C +D) ⊆ C +D,

where the second equality follows immediately from Lemma 4.25 (i). This yields
core(C +D) = coreC +D if coreC = C. Similarly, we can prove the other case.
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(ii) The inclusion coreC + C ⊇ coreC is clear since 0 ∈ C. Observe that

coreC + C =
⋃
c∈C

(coreC + c) =
⋃
c∈C

core(C + c) ⊆ core(C + C) = coreC,

where the second and the third equalities follow immediately from Lemma 4.25 (i)
and Proposition 3.16, respectively. As a consequence, coreC+C = coreC. Similarly,
we can prove that qcoreC + C = qcoreC by using Lemma 4.25 (ii).

Proposition 4.27. Assume that C is a convex subset of a divisible commutative
group X. Then coreC and qcoreC are convex. In particular, core(domf) and
qcore(domf) are convex, where Y is a commutative group endowed with a compatible
partial order ≤, f : X → Y ∪ {+∞} is convex, +∞ is a maximal element of Y .

Proof. We first show coreC is convex. If coreC = ∅, then it is clear. Suppose
that coreC 6= ∅. Let x ∈ X, n, r1, . . . , rn ∈ N and x1, . . . , xn ∈ coreC such that
rx =

∑n
i=1 rixi, r =

∑n
i=1 ri. Given h ∈ X. Since xi ∈ coreC(i = 1, . . . , n), there

are ni ∈ N and gi ∈ X with nigi = h(i = 1, . . . , n) such that xi + gi ∈ C. Let
n0 := max1≤i≤n ni. Since X is divisible, there is g ∈ X such that n0g = h. Let
I := {i = 1, . . . , n : n0 > ni}. If I = ∅, then n0 = ni for every i = 1, . . . , n and it
follows that

n∑
i=1

niri(xi + gi) =
n∑

i=1

n0rixi +
n∑

i=1

n0rigi = n0

n∑
i=1

rixi +
n∑

i=1

ri(n0gi)

= n0rx+ rh = (n0r)x+ (rn0)g = (n0r)(x+ g),

which leads to x+g∈C, since xi+gi ∈ C (i = 1, . . . , n),
∑n

i=1 niri =
∑n

i=1 n0ri = n0r
and C is convex. If I 6= ∅, then

n∑
i=1

niri(xi + gi) +
∑
i∈I

(n0 − ni)rixi =
n∑

i=1

niri(xi + gi) +
n∑

i=1

(n0 − ni)rixi

=
n∑

i=1

niri(xi + gi) +
n∑

i=1

n0rixi +
n∑

i=1

niri(−xi) =
n∑

i=1

n0rixi +
n∑

i=1

nirigi

= n0

n∑
i=1

rixi +
n∑

i=1

rih = n0rx+ rh = (n0r)x+ (rn0)g,

hence,
n∑

i=1

niri(xi + gi) +
∑
i∈I

(n0 − ni)rixi = (n0r)(x+ g),

which implies that x+ g ∈ C, since xi, xi + gi ∈ C (i = 1, . . . , n),
n∑

i=1

niri +
∑
i∈I

(n0 − ni)ri =
n∑

i=1

niri +
n∑

i=1

(n0 − ni)ri = n0r

and C is convex. As a consequence, previous two cases show x ∈ coreC and so
coreC is convex.
We now prove that qcoreC is convex. To this aim, let x ∈ X, n, ri ∈ N, xi ∈ qcoreC
(i = 1, . . . , n) such that rx =

∑n
i=1 rixi with r =

∑n
i=1 ri. Since xi ∈ qcoreC

(i = 1, . . . , n), i.e., xi ∈ C and cone (C + (−xi)) = X, for any h ∈ X, there are
sij, αi ∈ N and yij ∈ C(j = 1, . . . ,m) such that αih =

∑m
j=1 s

i
j(y

i
j + (−xi)).
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Then
∑m

j=1 s
i
jxi =

∑m
j=1 s

i
jy

i
j + (−αih) and it follows that

r(
n∏

i=1

(
m∑
j=1

sij))x = (
n∏

i=1

(
m∑
j=1

sij))rx = (
n∏

i=1

(
m∑
j=1

sij))(
n∑

i=1

rixi)

= (
n∏

i=1

(
m∑
j=1

sij))(r1x1 + · · ·+ rnxn)

= (r1
∏
i ̸=1

(
m∑
j=1

sij))(
m∑
j=1

s1jx1) + · · ·+ (rn
∏
i ̸=n

(
m∑
j=1

sij))(
m∑
j=1

snj xn),

hence,

r(
n∏

i=1

(
m∑
j=1

sij))x

= (r1
∏
i ̸=1

(
m∑
j=1

sij))(
m∑
j=1

s1jy
1
j + (−α1h)) + · · ·+ (rn

∏
i ̸=n

(
m∑
j=1

sij))(
m∑
j=1

snj y
n
j + (−αnh)).

In consequence,

(r1
∏
i ̸=1

(
m∑
j=1

sij)α1 + · · ·+ rn
∏
i ̸=n

(
m∑
j=1

sij)αn)h

=
m∑
j=1

(r1
∏
i ̸=1

(
m∑
j=1

sij)s
1
j)y

1
j + · · ·+

m∑
j=1

(rn
∏
i ̸=n

(
m∑
j=1

sij)s
n
j )y

n
j + (−r(

n∏
i=1

(
m∑
j=1

sij)x)

=
n∑

i=1

m∑
j=1

(ri
∏
t ̸=i

(
m∑
j=1

stj)s
i
j)y

i
j + (−r(

n∏
i=1

(
m∑
j=1

sij)x). (12)

Observe that
∑n

i=1

∑m
j=1(ri

∏
t̸=i(

∑m
j=1 s

t
j)s

i
j) = r(

∏n
i=1(

∑m
j=1 s

i
j).

Since X is divisible, there is c ∈ X such that
n∑

i=1

m∑
j=1

(ri
∏
t ̸=i

(
m∑
j=1

stj)s
i
j)y

i
j = r(

n∏
i=1

(
m∑
j=1

sij)c

and it follows that c∈C since C is convex and yij ∈C (i = 1, . . . , n, j = 1, . . . ,m).
From (12) it follows that

(r1
∏
i ̸=1

(
m∑
j=1

sij)α1 + · · ·+ rn
∏
i ̸=n

(
m∑
j=1

sij)αn)h = r(
n∏

i=1

(
m∑
j=1

sij)(c+ (−x)),

which yields h ∈ cone (C + (−x)) and so cone (C + (−x)) = X since h ∈ X is
arbitrary. Since C is convex, xi ∈ C (i = 1, . . . , n) and (

∑n
i=1 ri)x =

∑n
i=1 rixi, one

has x ∈ C and therefore, x ∈ qcoreC. This proves qcoreC is convex.
In particular, previous conclusions and Proposition 4.3 (i) imply that core(domf)
and qcore(domf) are convex.
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Lemma 4.28. (Sum rule for subdifferentials) [3, Theorem 6] Assume that X1, X2

are commutative groups, (Z,≤) is an order complete group, x0 ∈ X1 and +∞ is a
maximal element of Z. Suppose f : X1 → Z ∪ {+∞}, g : X2 → Z ∪ {+∞} and
T : X1 → X2 is additive. Then we have

∂(f + g ◦ T )(x0) ⊇ ∂f(x0) + T ∗∂g(Tx0).

Furthermore, if X1 is semidivisible and 0 ∈ core(domg−Tdomf), while f and g are
convex, then equality holds. Here T ∗ :X∗

2 → X∗
1 denotes the adjoint operator given by

T ∗(x∗
2)x1 := x∗

2(Tx1), x1 ∈ X1, x
∗
2 ∈ X∗

2 .

Lemma 4.29. (Subdifferentials for maximum of finite functions) [3, Theorem 9]
Assume that X is a semidivisible commutative group, gi : X → R ∪ {+∞}(i ∈ I)
are convex, where I is a finite index set. Assume that g := maxi∈I gi and that
x0 ∈

⋂
i∈I(x0)

core(domgi), where I(x̄) = {i ∈ I : g(x̄) = gi(x̄)}. Then we have

∂g(x0) = conv(
⋃

i∈I(x0)

∂gi(x0)).

Lemma 4.30. (Max formula) [3, Theorem 3] Let X be a p-semidivisible group and
let (Y,≤) be an additive and inductive order group and let f : X → Y ∪ {+∞} be a
convex function, where +∞ is a maximal element of Y . Suppose also that there is
some x0 ∈ core(domf) such that fx0(x0) + fx0(−x0) ≤ 0. Then we have

fx0(h) = max{a(h) : a ∈ ∂f(x0)} and ∂f(x0) 6= ∅.

Lemma 4.31. (Hahn-Banach theorem for groups) [3, Theorem 7] Assume that X
is a group, E ⊆ X is a subgroup and (Y,≤) is an order complete group. Suppose
that f : X → Y is N-sublinear and g : E → Z is additive such that g ≤ f on E.
Then there is an additive map ḡ : X → Y such that ḡ ≤ f and ḡ = g on E.

5. Applications to separation between convex sets and optimization
problems

In this section, the results obtained in Section 4 will be applied to separation between
two convex subsets of a commutative group and to optimization problems.

5.1. Applications to separation between convex sets

Proposition 5.1. Let X be a group and Ω ⊆ X be such that qcoreΩ 6= ∅, and let
a : X → R be a nonzero additive function. Then the function a is not a constant
function on Ω.

Proof. Suppose to the contrary that a(x) = c for any x ∈ Ω, where c is a constant.
Observe that we have 0 = a(0) = a(x + (−x)) = a(x) + a(−x) for any x ∈ X and
so a(−x) = −a(x). Let x0 ∈ qcoreΩ, i.e., x0 ∈ Ω and cone (Ω + (−x0)) = X. In
consequence for any x ∈ X there are r, ri, n ∈ N, xi ∈ Ω, i = 1, . . . , n, such that
rx =

∑n
i=1 ri(xi + (−x0)).
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Since a is additive, one has

a(rx) = ra(x) =
n∑

i=1

ria(xi + (−x0)) =
n∑

i=1

ri(a(xi)− ai(x0)) = 0,

which yields, since x is arbitrary, that a ≡ 0, a contradiction. This completes the
proof.

Let C and D be two nonempty subsets of a group X. Recall that C and D are
separable if there is a nonzero additive function a : X → R such that

sup
x∈C

a(x) ≤ inf
x∈D

a(x).

If, in addition, inf
x∈C

a(x) < sup
x∈D

a(x),

i.e. there is x1 ∈ C and x2 ∈ D such that a(x1) < a(x2), then C and D are properly
separable.

Proposition 5.2. Let X be a group, C ⊆ X such that qcoreC 6= ∅, and let x0 6∈ C.
Then C and x0 are separable if and only if they are properly separable.

Proof. It is enough to show that if C and x0 are separable, then they are properly
separable. Assume that C and x0 are separable. Then there exists a nonzero additive
function a : X → R such that a(x) ≤ a(x0), ∀x ∈ C. We declare that there is x̄ ∈ C
such that a(x̄) < a(x0). If not, then a(x) = a(x0) for all x ∈ C, i.e., a is constant
on C. Since qcoreC 6= ∅, Proposition 5.1 yields that a ≡ 0, a contradiction.

Theorem 5.3. (Proper separation between a point and a convex set I) Let C be
a convex subset of a commutative group X with 0 ∈ C and qcoreC 6= ∅, and let
x0 6∈ C. Then C and x0 are properly separable.

Proof. We first assume that 0 ∈ qcoreC. Define the subgroup Y := {rx0 : r ∈ Z}
and the function h : Y → R by h(rx0) := r. We now show h is additive. In fact, let
r1x0, r2x0 ∈ Y , where r1, r2 ∈ Z. Then

h(r1x0 + r2x0) = h((r1 + r2)x0) = r1 + r2 = h(r1x0) + h(r2x0),

which implies h is additive. From Proposition 4.9 (i) one has ρC is N-sublinear.
Since 0 ∈ qcoreC, Lemma 4.22 (ii) yields that ρC(x) < +∞ for every x ∈ X. Let
y := rx0 ∈ Y , where r ∈ Z. If r ≤ 0, then h(y) = r ≤ 0 ≤ ρC(y). Assume r > 0.
Since 0 ∈ C and x0 6∈ C, from Remark 4.6 we have ρC(x0) ≥ 1 and so

h(y) = r ≤ rρC(x0) = ρC(rx0) = ρC(y).

Now Lemma 4.31 yields that there is an additive function h̄ : X → R such that
h̄ ≤ ρC and h̄ = h on Y . Observe that h̄ is nonzero since h̄(x0) = 1. Therefore,

h̄(y) ≤ ρC(y) ≤ 1 = h̄(x0), ∀y ∈ C.

This proves that C and x0 are separable and so properly separable in view of Propo-
sition 5.2.
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In the case 0 6∈ qcoreC, let x̄ ∈ qcoreC and consider the set C ′ := C + (−x̄). Then
0 ∈ C ′ and x0 + (−x̄) 6∈ C ′ since x0 6∈ C. Since x̄ ∈ qcoreC, Lemma 4.25 (ii) yields

0 ∈ qcoreC + (−x̄) = qcore(C + (−x̄)) = qcoreC ′.

Then by previous argument, we have C ′ and x0 + (−x̄) are properly separable, and
so C and x0 are properly separable.

Theorem 5.4. (Proper separation between a point and a convex set II) Let C be
a convex subset of a commutative group X with qcoreC 6= ∅, and let x0 6∈ C. Then
C and x0 are properly separable.

Proof. If 0 ∈ C, then the thesis follows immediately from Theorem 5.3. Suppose
that 0 6∈ C and let x̄ ∈ C. Then 0 ∈ C + (−x̄), x0 + (−x̄) 6∈ C + (−x̄) and from
Lemma 4.25 (ii) one has qcore(C + (−x̄)) = qcoreC + (−x̄) 6= ∅. It is easy to
check that C + (−x̄) is a convex set. By Theorem 5.3, C + (−x̄) and x0 + (−x̄)
are properly separable, i.e., there is a nonzero additive function a : X → R such
that a(x + (−x̄)) ≤ a(x0 + (−x̄)), ∀x ∈ C, and, in addition, there is x1 ∈ C with
a(x1 + (−x̄)) < a(x0 + (−x̄)). Since a is additive, for any x ∈ X, we have

0 = a(0) = a(x+ (−x)) = a(x) + a(−x)

so that a(−x) = −a(x). It thus follows that a(x) + a(−x̄) ≤ a(x0) + a(−x̄), for all
x ∈ C, i.e., a(x) ≤ a(x0) for all x ∈ C, and similarly, a(x1) < a(x0). This proves
that C and x0 are properly separable..

Theorem 5.5. (Proper separation between a point and a convex cone) Let C be
a convex cone of a commutative group X with 0 6∈ qcoreC 6= ∅. Then C and 0 are
properly separable.

Proof. If 0 6∈ C, then the thesis follows immediately from Theorem 5.4. Let 0 ∈ C.
Since 0 6∈ qcoreC, we have C = coneC 6= X, where the equality follows from
Proposition 3.15 (i). Then there is x0 ∈ X such that x0 6∈ C. From Theorem 5.4, C
and x0 are properly separable, i.e., there is a nonzero additive function a : X → R
such that

a(x) ≤ a(x0),∀x ∈ C, (13)

and a(x1) < a(x0) for some x1 ∈ C. Since 0 ∈ C, from Proposition 3.16 we have
mx ∈ C for every x ∈ C and m ∈ N. As a consequence, the inequality (13) yields
that a(mx) ≤ a(x0),∀x ∈ C, ∀m ∈ N, and so a(x) ≤ 1

m
a(x0),∀x ∈ C, ∀m ∈ N,

since a is additive, which allows a(x) ≤ 0,∀x ∈ C, as m → ∞. Since a(0) = 0, this
shows C and 0 are separable. We next prove that the separation is proper. Since
qcoreC 6= ∅, there is x̄ ∈ C such that cone (C − x̄) = X, i.e., for every x ∈ X, there
exist r, ri, n ∈ N, xi ∈ C, i = 1, . . . , n, such that rx =

∑n
i=1 ri(xi + (−x̄)). Suppose

to the contrary that a(x) = 0 for every x ∈ C. Since a is additive, one has

a(rx) = ra(x) =
n∑

i=1

ria(xi + (−x̄)) =
n∑

i=1

ri(a(xi)− ai(x̄)) = 0,

which yields that a ≡ 0, since x ∈ X is arbitrary, a contradiction. This proves that
C and x0 are properly separable.
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Theorem 5.6. (Proper separation between sets I) Let C,D be subsets of a com-
mutative group X such that C

⋂
D = ∅, C −D is convex and either qcoreC 6= ∅ or

qcoreD 6= ∅. Then C and D are properly separable.

Proof. We preliminarly prove that qcore(C −D) 6= ∅. If qcoreC 6= ∅, then letting
x0 ∈ D yields that

∅ 6= qcoreC + (−x0) = qcore(C + (−x0)) ⊆ qcore(C −D),

where the equality follows from Lemma 4.25 (ii). If qcoreD 6= ∅, then by similar
argument we have qcore(C −D) 6= ∅.
Observe that C

⋂
D = ∅ if and only if 0 6∈ C − D. Since C − D is convex and

qcore(C−D) 6= ∅, Theorem 5.4 yields that C−D and 0 are properly separable, i.e.,
there is a nonzero additive function a : X → R such that supx∈C−D a(x) ≤ a(0) and
in addition, there are x1 ∈ C and x2 ∈ D such that a(x1+(−x2)) < 0. From similar
proof to that in Theorem 5.4, one has a(−x) = −a(x) for any x ∈ X. Therefore,
supx∈C a(x) ≤ infx∈D a(x) and in addition, a(x1) < a(x2), which yields that the sets
C and D are properly separable.

Remark 5.7. The corresponding results [7, Theorem 3.3] are extended by Theo-
rems 5.3 and 5.4 from vector spaces to groups. In [2, Theorem 2.1], the separation
between two convex sets is obtained under the assumptions that X is a semidivis-
ible topological group and C has nonempty interior. In [2, Theorem 2.3], a strict
separation between a point and a convex set is provided under the assumptions that
X is a connected, locally convex topological group, C ⊆ X is closed and convex.
Compared with [2, Thm. 2.1 and 2.3], we remove the topological structure, i.e., the
non emptiness of the interior and the closedness of C, in Theorems 5.3, 5.4 and 5.6.

Corollary 5.8. Let C and D be convex subsets of a uniquely divisible commutative
group X such that C

⋂
D = ∅. Assume that either qcoreC 6= ∅ or qcoreD 6= ∅.

Then C and D are properly separable.

Proof. Similar to the proof of Theorem 5.6 we can show that qcore(C − D) 6= ∅.
It suffices to show C − D is convex. Since D is convex, it is easy to show −D is
convex. Now Proposition 3.3 allows that C −D is convex.
The desired conclusion follows immediately from Theorem 5.6.
As a further development of the analysis we can show the following propositions.

Proposition 5.9. Let X be a commutative group X, let C ⊆ X and x0 ∈ X. Then
C and x0 are properly separable if and only if 0 and cone (C + (−x0)) are properly
separable.

Proof. It suffices to show that if C and x0 are separable, then 0 and cone (C+(−x0))
are separable. Assume that C and x0 are separable. Then we can find a nonzero
additive function a : X → R such that

a(x) ≤ a(x0), ∀x ∈ C ⇐⇒ a(x+ (−x0)) ≤ 0, ∀x ∈ C

⇐⇒ a(y) ≤ 0, ∀y ∈ C + (−x0).
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Let x ∈ cone (C + (−x0)). Then there exist xi ∈ C + (−x0), r, ri ∈ N (i = 1, . . . , n)
such that rx =

∑n
i=1 rixi. Then ra(x) =

∑n
i=1 ria(xi) ≤ 0 and so a(x) ≤ 0 = a(0),

which implies that 0 and cone (C + (−x0)) are separable.

Proposition 5.10. Let C be a subset of a commutative group X.
Let cone0(C+(−x0)) := cone (C+(−x0))\{0}. Then the following statements hold:
(i) 0 and cone (C + (−x0)) are properly separable if and only if 0 and

cone0(C + (−x0)) are properly separable.
(ii) Suppose that 0 6∈ qcore (cone (C + (−x0))) 6= ∅. Then 0 and cone (C + (−x0))

are properly separable and consequently, C and x0 are properly separable.

Proof. (i) This is clear.
(ii) From Theorem 5.5 we have that 0 and cone (C + (−x0)) are properly separable
and so C and x0 are properly separable, in view of Proposition 5.9.

Theorem 5.11. (Proper separation between a point and a convex set III) Let C be
a convex subset of a commutative group X with qcoreC 6= ∅, and let x0 6∈ qcoreC.
Then C and x0 are properly separable.

Proof. Observe that

x0 6∈ qcoreC ⇐⇒ either x0 6∈ C or x0 ∈ C, cone (C + (−x0)) 6= X

⇐⇒ either x0 6∈ C or x0 ∈ C, cone (cone (C + (−x0)) + (−0)) 6= X

(by Proposition 3.15 (i))

⇐⇒ either x0 6∈ C or x0 ∈ C, 0 6∈ qcore (cone (C + (−x0))).

We notice that qcoreC 6= ∅ implies qcore (cone (C + (−x0))) 6= ∅. In fact, from
Lemma 4.25 (ii) it follows immediately that qcore (C + (−x0)) 6= ∅ and so we get
qcore (cone (C + (−x0))) 6= ∅.
If x0 6∈ C , then the conclusion follows from Theorem 5.4. If otherwise x0 ∈ C and
0 6∈ qcore (cone (C + (−x0))) 6= ∅, then the conclusion follows from Proposition 5.10
(ii).
The following remark provides a further illustration of Proposition 5.10 (ii).

Remark 5.12. Note that
C\{x0}+ (−x0) = (C + (−x0))\{0} ⊆ cone0(C + (−x0)) ⊆ cone (C + (−x0)).

If qcore (C\{x0}) 6= ∅, then similarly to the proof in Theorem 5.6, from Lemma 4.25
(ii) we have qcore (cone (C + (−x0))) 6= ∅. Moreover, assume that

∑n
i=1 rixi 6= 0 for

every r1, . . . , rn, n ∈ N and x1, . . . , xn ∈ cone0(C + (−x0)). Since cone (C + (−x0))
is a convex cone, so is cone0(C + (−x0)), in view of Proposition 3.17 (ii).

Theorem 5.13. (Proper separation between sets II) Assume that A and B are
subsets of a commutative group X. Suppose that 0 6∈ qcore (cone (A − B)) 6= ∅.
Then A and B are properly separable.

Proof. From Proposition 5.10 (ii) we know that 0 and A−B are properly separable.
Therefore, as in the proof of Theorem 5.6, A and B are properly separable.
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The next example clarifies the assumptions of Theorem 5.13.

Example 5.14. Let A := {(1, 0), (0, 1)} and B := {(0, 0), (1, 1)} be two subsets in
Z2. Then we have A − B = {(1, 0), (0, 1), (0,−1), (−1, 0)}. As in Example 4.24,
we can prove that cone (A − B) = Z2, which yields that 0 ∈ qcore (cone (A − B)).
Indeed, it is simple to show that A and B are not (properly) separable.

Remark 5.15. From Lemmas 4.22 (i) and 4.25 (i) it follows that, in the previous
results, we can replace the assumption of nonemptiness of the quasi core of the
involved sets with the one of nonemptiness of the core.

5.2. Applications to constrained optimization problems

Let X be a monoid. Consider the following optimization problem with a set con-
straint (for short, OP):

inf f(x) s. t. x ∈ S,

where S ⊆ X and f : X → R ∪ {+∞}. Denote by Sf the solution set of OP and
by VOP := infx∈S f(x) the optimal value of OP. We always assume that Sf 6= ∅. It
is easy to see that OP is equivalent to the following optimization problem without
constraints (for short, OPWC):

inf f(x) + iS(x) s. t. x ∈ X,

Proposition 5.16. Let X be a monoid. If f and S are convex, then so is Sf .

Proof. Let x ∈ X, xi ∈ Sf and n, ri ∈ N (i = 1, ..., n) such that rx =
∑n

i=1 rixi,
r =

∑n
i=1 ri. Since xi ∈ Sf (i = 1, . . . , n), one has xi ∈ S and f(xi) ≤ f(y) for every

y ∈ S. Since f and S are convex, one has x ∈ S and

rf(x) ≤
n∑

i=1

rif(xi) ≤
n∑

i=1

rif(y) = rf(y),∀y ∈ S,

and so f(x) ≤ f(y),∀y ∈ S. This shows that x ∈ Sf .

Proposition 5.17. Let X be a monoid. Let S := {x ∈ X : gi(x) ≤ 0, i = 1, . . . , k},
where gi : X → R∪ {+∞} (i = 1, ..., k). If gi (i = 1, ..., k) are convex, then so is S.

Proof. Observe that S =
⋂k

i=1 lev≤0gi, R ∪ {+∞} is endowed with a compatible
partial order ≤ and (R∪{+∞},≤) satisfies that for every r ∈ N, y1, y2 ∈ R∪{+∞},
ry1 ≤ ry2 =⇒ y1 ≤ y2. Now Propositions 3.3 and 4.3 (ii) yield S is convex.

Proposition 5.18. Assume that X is a semidivisible commutative group, S and
f are convex and 0 ∈ core(S − domf). Then x̄ ∈ S solves OP if and only if
0 ∈ ∂f(x̄) +NS(x̄).

Proof. Let g := iS. Then domg = S. Since OP is equivalent to OPWC, x̄ ∈ S
solves OP if and only if 0 ∈ ∂(f+iS)(x̄) = ∂f(x̄)+NS(x̄), where the equality follows
from Lemma 4.28, Propositions 4.16 and 4.19.
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Let I := {1, ..., k} and S := {x∈X : gi(x) ≤ 0, i∈ I}, where gi :X → R ∪ {+∞}
(i ∈ I). Let g := max1≤i≤k gi . Then S := {x ∈ X : g(x) ≤ 0}. Define the
Lagrangian function L : X × R+ → R ∪ {+∞} by

L(x, λ) :=

{
f(x) + λg(x), x ∈ domf, λ ∈ R+,

+∞, x 6∈ domf, λ 6∈ R+.

Then sup
λ∈R+

L(x, λ) =

{
f(x), x ∈ S,

+∞, otherwise,
= f(x) + iS(x),

and so VOP = inf
x∈S

f(x) = inf
x∈X

sup
λ∈R+

L(x, λ) = inf
x∈X

f(x) + iS(x).

The optimal value of the dual problem (for short, DP) of OP is defined by

VDP := sup
λ∈R+

inf
x∈X

L(x, λ) =: sup
λ∈R+

h(x).

Clearly, one always has the weak duality relation VOP ≥ VDP, but in general, we do
not have the equality VOP = VDP. But this can be characterized by saddle points.

Theorem 5.19. (x̄, λ̄) ∈ X × R+ is a saddle point for L on X × R+, i.e.,

L(x̄, λ) ≤ L(x̄, λ̄) ≤ L(x, λ̄),∀(x, λ) ∈ X × R+, (14)

if and only if VOP = L(x̄, λ̄) = VDP with x̄ an optimal solution of OP and λ̄ an
optimal solution of DP.

Theorem 5.20. Assume that X is a semidivisible commutative group and that the
functions f, gi : X → R ∪ {+∞}(i ∈ I) are convex. Let

x̄ ∈ domf
⋂

(
⋂

i∈I(x̄)

core(domgi)),

where I(x̄) = {i ∈ I : g(x̄) = gi(x̄)}. Then (x̄, λ̄) ∈ X × R+ is a saddle point for L
on X × R+ if and only if

0 ∈ ∂f(x̄) + λ̄conv(
⋃

i∈I(x̄)

∂gi(x̄)) (15)

and λ̄g(x̄) = 0, g(x̄) ≤ 0. (16)

Proof. Necessity. We first note that x̄ ∈ domf
⋂
(
⋂

i∈I(x̄) core(domgi)) implies

0 ∈ core(dom(λ̄g)− domf) for λ̄ ∈ R+.
Indeed, let x̄ ∈ domf

⋂
(
⋂

i∈I(x̄) core(domgi)). Then

x̄ ∈
⋂

i∈I(x̄) core(domgi) ⊆ core(domg).

If λ̄ > 0, then core(domg) = core(dom(λ̄g));
if λ̄ = 0, then core(domg) ⊆ core(dom(λ̄g)). It follows that

0 ∈ core(dom(λ̄g))− x̄ = core(dom(λ̄g)− x̄) ⊆ core(dom(λ̄g)− domf),
where the equality follows from Lemma 4.25 (i).
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The first inequality in (14) implies λg(x̄) ≤ λ̄g(x̄) for any λ ∈ R+, which yields
g(x̄) ≤ 0, i.e., x̄ ∈ S. From the second inequality in (14) we have for any x ∈ X
f(x̄)+ λ̄g(x̄) ≤ f(x)+ λ̄g(x). From the assumptions, Propositions 4.14 and 4.15 we
get that λ̄g and f + λ̄g are convex. Then the previous inequality is equivalent to

0 ∈ ∂(f + λ̄g)(x̄) = ∂f(x̄) + ∂(λ̄g)(x̄) = ∂f(x̄) + λ̄∂g(x̄)

= ∂f(x̄) + λ̄conv(
⋃

i∈I(x̄)

∂gi(x̄)), (17)

where the first, second and third equality follow from Lemma 4.28, Proposition 4.18
and Lemma 4.29, respectively. This yields (15) holds. Since x̄ ∈ S, g(x̄) ≤ 0. From
the first inequality in (14) we have f(x̄)+λg(x̄) ≤ f(x̄)+ λ̄g(x̄) for any λ ∈ R+ and
so λ̄g(x̄) ≥ 0. Since g(x̄) ≤ 0 and λ̄ ∈ R+, one has λ̄g(x̄) ≤ 0. This implies (16) is
true.
Sufficiency. From (17), (15) is equivalent to

L(x̄, λ̄) = f(x̄) + λ̄g(x̄) ≤ f(x) + λ̄g(x) = L(x, λ̄) for any x ∈ X.

Also, (16) yields that

L(x̄, λ) = f(x̄) + λg(x̄) ≤ f(x̄) + λ̄g(x̄) = L(x̄, λ̄) for any λ ∈ R+.

This proves (16) holds.

Proposition 5.21. The inclusion (15) is equivalent to

0 ∈ ∂f(x̄) +
∑
i∈I(x̄)

λ′
i∂gi(x̄),

for some λ′
i = λiλ̄, λi ∈ Q+, i ∈ I(x̄) with

∑
i∈I(x̄) λi = 1.

Proof. If λ̄ = 0, then the assertion is obviously true. Assume λ̄ > 0. Then, for
any a ∈ L(X,R) and λ > 0, we have a = λ a

λ
and so L(X,R) is a divisible monoid.

From Proposition 3.5 one has

conv(
⋃

i∈I(x̄)

∂gi(x̄))

=
{
a ∈ L(X,R) : ma =

n∑
j=1

mjaj, aj ∈
⋃

i∈I(x̄)

∂gi(x̄), n,mj ∈ N, m =
n∑

j=1

mj

}

=
{
a ∈ L(X,R) : a =

n∑
j=1

mj

m
aj, aj ∈

⋃
i∈I(x̄)

∂gi(x̄), n,mj ∈ N, m =
n∑

j=1

mj

}

=
{
a ∈ L(X,R) : a =

n∑
j=1

λjaj, aj ∈
⋃

i∈I(x̄)

∂gi(x̄), n ∈ N, λj ∈ Q+,

n∑
j=1

λj = 1
}
,

⊇ B, after defining
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B :=
{
a ∈ L(X,R) : a =

∑
i∈I(x̄)

λiai, ai ∈ ∂gi(x̄), i ∈ I(x̄), λi ∈ Q+,
∑
i∈I(x̄)

λi = 1
}
,

where the third equality follows from similar proof of [14, Proposition 2.3].
We next show that B is convex. Let a∈L(X,R), aj∈B and n, rj∈N (j = 1, . . . , n)

such that ra =
∑n

j=1 r
jaj, r =

∑n
j=1 r

j. Then aj =
∑

i∈I(x̄) λ
j
ia

j
i , where aji ∈ ∂gi(x̄),

i ∈ I(x̄), λj
i ∈ Q+,

∑
i∈I(x̄) λ

j
i = 1(j = 1, . . . , n). From Proposition 4.18, ∂gi(x̄)

is convex for each i ∈ I(x̄). Since L(X,R) is a divisible monoid, there are some
bi ∈ L(X,R) (i ∈ I(x̄)) such that

∑n
j=1 r

jλj
ia

j
i = (

∑n
j=1 r

jλj
i )bi and so bi ∈ ∂gi(x̄)

since ∂gi(x̄) is convex. In consequence,

ra =
n∑

j=1

rj(
∑
i∈I(x̄)

λj
ia

j
i ) =

∑
i∈I(x̄)

(
n∑

j=1

rjλj
ia

j
i ) =

∑
i∈I(x̄)

(
n∑

j=1

rjλj
i )bi

and therefore a =
∑
i∈I(x̄)

∑n
j=1 r

jλj
i

r
bi.

Since ∑n
j=1 r

jλj
i

r
∈ Q+, i ∈ I(x̄) and

∑
i∈I(x̄)

∑n
j=1 r

jλj
i

r
=

∑n
j=1 r

j
∑

i∈I(x̄) λ
j
i

r
= 1,

we have a∈B, which proves that B is convex. Moreover, for any i∈I(x̄), ∂gi(x̄) ⊆ B

and so conv(
⋃

i∈I(x̄) ∂gi(x̄)) ⊆ convB = B, where the equality follows from Propo-
sition 3.4, since B is convex. This proves conv(

⋃
i∈I(x̄) ∂gi(x̄)) = B. Therefore,

y ∈ λ̄conv(
⋃

i∈I(x̄)

∂gi(x̄))

⇐⇒ y ∈ λ̄
∑
i∈I(x̄)

λi∂gi(x̄), λi ∈ Q+, i ∈ I(x̄), with
∑
i∈I(x̄)

λi = 1

⇐⇒ y ∈
∑
i∈I(x̄)

λ′
i∂gi(x̄), λ

′
i = λiλ̄, λi ∈ Q+, i ∈ I(x̄), with

∑
i∈I(x̄)

λi = 1.

This proves the desired equivalence.

Define also the Lagrangian function L′ : X × Rk
+ → R ∪ {+∞} by

L′(x, λ) :=

{
f(x) +

∑k
i=1 λigi(x), x ∈ domf, λ ∈ Rk

+,

+∞, x 6∈ domf, λ ∈ Rk
+.

Then sup
λ∈Rk

+

L′(x, λ) =

{
f(x), x ∈ S,

+∞, otherwise,
= f(x) + iS(x),

and so VOP = inf
x∈S

f(x) = inf
x∈X

sup
λ∈Rk

+

L′(x, λ) = inf
x∈X

f(x) + iS(x).
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Similarly, the optimal value of the dual problem (for short, DP′) of OP is defined
by

VDP′ := sup
λ∈Rk

+

inf
x∈X

L′(x, λ) =: sup
λ∈Rk

+

h′(x).

Also, one always has the weak duality relation VOP ≥ VDP′ . Similar to Theorem
5.19, we have:

Theorem 5.22. The point (x̄, λ̄) ∈ X × Rk
+ is a saddle point for L′ on X × Rk

+,
i.e., L′(x̄, λ) ≤ L′(x̄, λ̄) ≤ L′(x, λ̄), ∀(x, λ) ∈ X × Rk

+,

if and only if VOP = L′(x̄, λ̄) = VDP′ with x̄ an optimal solution of OP and λ̄ an
optimal solution of DP ′.

Similar to Theorem 5.20, we have:

Theorem 5.23. Assume that X is a semidivisible commutative group and that the
functions f, gi : X → R ∪ {+∞} (i ∈ I) are convex. Assume

x̄ ∈ domf
⋂
(
⋂k

i=1 core(domgi)).

Then (x̄, λ̄) ∈ X × Rk
+ is a saddle point for L′ on X × Rk

+ if and only if

0 ∈ ∂f(x̄) +
k∑

i=1

λ̄i∂gi(x̄).

and λ̄igi(x̄) = 0, gi(x̄) ≤ 0, i = 1, . . . , k.

Proof. We first show x̄ ∈ domf
⋂
(
⋂k

i=1 core(domgi)) implies that

0 ∈ core(dom(λ̄kgk)− dom(f +
∑k−1

i=1 λ̄igi)),

0 ∈ core(dom(λ̄k−1gk−1)− dom(f +
∑k−2

i=1 λ̄igi)), . . . ,

0 ∈ core(dom(λ̄1g1)− domf),

where λ̄ := (λ̄1, . . . , λ̄k) ∈ Rk
+. Indeed, let x̄ ∈ domf

⋂
(
⋂k

i=1 core(domgi)). Then

x̄ ∈
⋂k

i=1 core(domgi) ⊆ core(domgi) (i = 1, . . . , k)

and x̄ ∈ dom(f +
∑k−1

i=1 λ̄igi). If λ̄i > 0, then core(domgi) = core(dom(λ̄igi));
if λ̄i = 0, then core(domgi) ⊆ core(dom(λ̄igi)), where i = 1, . . . , k. It follows that

0 ∈ core(dom(λ̄kgk))− x̄ = core(dom(λ̄kgk)− x̄)

⊆ core(dom(λ̄kgk)− dom(f +
k−1∑
i=1

λ̄igi)),

where the equality follows from Lemma 4.25 (i). By using a similar argument, we
can show that
0 ∈ core(dom(λ̄k−1gk−1)− dom(f+

∑k−2
i=1 λ̄igi)), . . . , 0 ∈ core(dom(λ̄1g1)− domf).

The desired result can be proved by using similar proof to that in Theorem 5.20.
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Suppose that X is a divisible commutative group, f, gi : X → R∪ {+∞}(i ∈ I) are
convex with ∅ 6= domf ⊆

⋂k
i=1 domgi and infx∈X f(x) > −∞. The value function

v : R → R ∪ {+∞} is defined by

v(b) := inf{f(x) : x ∈ X, g(x) ≤ b},

where g := max1≤i≤k gi and b ∈ R. Clearly, v(0) = P and v(b) > −∞ for any b ∈ R.

Proposition 5.24. The value function v : R → R ∪ {+∞} is convex.

Proof. Let b ∈ R, b1, . . . , bn ∈ R and n, r1, . . . , rn ∈ N such that rb =
∑n

i=1 r
jbj,

r =
∑n

j=1 r
j. Let xj ∈ Cj := {x ∈ X : g(x) ≤ bj} (j = 1, . . . , n). Since X is

divisible, there is x ∈ X such that rx =
∑n

j=1 r
jxj. Since gi(i = 1, . . . , k) are

convex, from Proposition 4.15 it follows that g is convex and

rg(x) ≤
n∑

j=1

rjg(xj) ≤
n∑

j=1

rjbj = rb

and so g(x) ≤ b. Since f is convex, one gets rf(x) ≤
∑n

j=1 r
jf(xj). Consequently,

rv(b) = r inf{f(y) : y ∈ X, g(y) ≤ b} ≤ rf(x) ≤
n∑

j=1

rjf(xj).

Taking the infimum infxj∈Cj(j = 1, . . . , n) over the right side yields the inequality
rv(b) ≤

∑n
j=1 r

jv(bj), which implies that v is convex.

Consider the following constraint qualification (Slater) for OP:

There is x̂ ∈ domf with gi(x̂) < 0 for i = 1, . . . , k. (18)

Theorem 5.25. Assume that X is a divisible commutative group. Let the functions
f, gi : X → R ∪ {+∞} (i ∈ I) be convex with ∅ 6= domf ⊆

⋂k
i=1 domgi and

infx∈X f(x) > −∞ and assume that the Slater constraint qualification (18) holds. If
x̄ ∈ S solves OP, then there is λ̄ ∈ R+ such that (x̄, λ̄) is a saddle point for L on
X × R+ and consequently λ̄ solves DP.

Proof. From Proposition 5.24 one has v is convex. Clearly, for any given b ∈ R+

we have g(x̄) ≤ b. Since the constraint qualification (18) holds, 0 ∈ core(domv)
and also v0(0) + v0(0) ≤ 0. Now Lemma 4.30 yields there is −λ̄ ∈ ∂v(0), that is,
f(x̄) = v(0) ≤ v(b)+ λ̄b ≤ f(x̄)+ λ̄b and so 0 ≤ λ̄b. This yields λ̄ ∈ R+ since b ∈ R+

is arbitrary. For any x ∈ domf we have

f(x) ≥ v(g(x)) ≥ v(0)− λ̄g(x) = f(x̄)− λ̄g(x). (19)

Letting x := x̄ in (19) allows λ̄g(x̄) ≥ 0. Since λ̄ ≥ 0 and g(x̄) ≤ 0, we have
λ̄g(x̄) ≤ 0 and as a consequence, λ̄g(x̄) = 0. This proves (16) is true. Thus, from
(19) we get

L(x, λ̄) = f(x) + λ̄g(x) ≥ f(x̄) + λ̄g(x̄) = L(x̄, λ̄), ∀x ∈ X,

showing the second inequality in (14) holds. The first inequality in (14) can be
proved as that in Theorem 5.20. From Theorem 5.19, λ̄ solves DP.
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Suppose that X is a divisible commutative group, f, gi :X → R ∪ {+∞} (i ∈ I)
are convex with ∅ 6= domf ⊆

⋂k
i=1 domgi and infx∈X f(x) > −∞. Define the value

function v′ : Rk → R ∪ {+∞} by

v′(b) := inf{f(x) : x ∈ X, g′(x) ≤ b},

where g′ := (g1, . . . , gk) and b ∈ Rk. Clearly, v′(0) = P and v′(b) > −∞ for any
b ∈ Rk.
Similarly to Proposition 5.24 and Theorem 5.25 we can prove the following results:

Proposition 5.26. The value function v′ : Rk → R ∪ {+∞} is convex.

Theorem 5.27. Let X be a divisible commutative group. Let f : X → R ∪ {+∞}
and g′ :X → Rk ∪{+∞} be convex with ∅ 6= domf ⊆ dom g′ and infx∈X f(x) > −∞
and assume that there exists x̂ ∈ domf with g′(x̂) < 0. If x̄ ∈ S solves OP,
then there exists λ̄ ∈ Rk

+ such that (x̄, λ̄) is a saddle point for L′ on X × Rk
+ and

consequently λ̄ solves DP.
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