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Let E be a 2-uniformly convex and uniformly smooth Banach space, F' be a smooth, strictly
convex and reflexive Banach space and 1 be a real number with € (—co0,1). Let T: E — E be a
relatively nonexpansive mapping and let U: F' — F' be an n-demimetric and demiclosed mapping
with F(U) # 0, where F(U) is the set of all fixed points of U. Let L: E — F be a bounded
linear operator such that L # 0 with Fy = F(T)N L~'F(U) # (. Then, W. Takahashi [4 strong
convergence theorem for solving the split common fixed point problem in two Banach spaces and
applications, Linear and Nonlinear Analysis 6 (2020) 473-495] considered Halpern-type iteration
[see B. Halpern, Fized points of nonexpanding maps, Bull. Amer. Math. Soc. 73 (1967) 957-961]
and proved a strong convergence theorem for the split common fixed point problem for U and T'.
From this, we got several new results for the split convex feasibility problem, the split common
null point problem and the split common fixed point problem.

In this paper, motivated by the paper of Takahashi cited above, for p > 1, when F is a p-uniformly
convex and smooth Banach space and F' is a strictly convex, reflexive and smooth Banach space,
we consider the split common null point problem. We propose another Halpern-type iteration
[see K.Nakajo, Strong convergence for the problem of image recovery by the metric projections
in Banach space, J. Nonlinear Convex Analysis 23 (2022) 357-376] and prove strong convergence
theorems, from which we obtain the results for several split problems under weaker conditions than
those by Takahashi [loc. cit.].

Keywords: Split common null point problem, split convex feasibility problem, split common fixed
point problem, split common equilibrium problem, metric projection.

2020 Mathematics Subject Classification: 47J25, 4TH14.

1. Introduction

Throughout this paper, let N and R be the set of all positive integers and the set of
all real numbers, respectively and let E be a real Banach space with norm || - || and
E* be the dual of E. For x € E and z* € E*, let (z, 2*) be the value of z* at . We
write x, — x to indicate that a sequence {z,} converges weakly to x and similarly,
r, — x will symbolize strong convergence.

Let Hy and Hs be real Hilbert spaces, C' and D be nonempty, closed and convex
subsets of H; and H,, respectively and L : H; — Hy be a bounded linear operator
with L # 0. Then, the split convex feasibility problem [15] (see also [12, 16]) is
formulated as follows: Find z € H, such that z € C N L™'D.

In general, the split problem is considered to find an element z of H; such that z is
a solution of the problem P; in H; and Lz is a solution of the problem P, in H,. If
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P, and P; are the null point problems (for example, monotone inclusion problems),
are the variational inequality problems and are the fixed point problems, the split
problem is called the split common null point one [13, 17], the split variational
inequality one [17, 31] and the split common fixed point one [18, 30], respectively.
Byrne, Censor, Gibali and Reich [13] proposed the split common null point problem
which is formulated as follows:

For given set valued mappings A, : H; — 21 and A, : Hy, — 22 and a bounded
linear operator L : H; — Hy with L # 0, find z € H; such that z € A;'0NL71A;'0,
where A;'0 and A;'0 are the null point sets of A; and Ay, respectively. In fact, let
By C Hy x Hy and By, C Hy x Hy be maximal monotone operators and L : Hy — Hy
be a bounded linear operator such that L # 0 and Fy = B;'0N L™'B;'0 # () and
they [13] considered a sequence {z,} in H; generated by

T, € H;
Tpy1 = JPY(x, — AL*(I — JP?)Lx,)

for every n € N and Halpern-type iteration [23] as follows:

n € H
Yni1 = oty + (1 —an)JP (y, — AL*(I — JP*)Ly,)

for each n € N, where r > 0, JP' and JP? are the resolvents of B; and By, respec-
tively, L* is the adjoint operator of L, M = ||L*L||, A € (0,2/M) and {«,} C [0, 1]
such that lim,, o a;, = 0 and Y | o, = 0o. And they proved that {z,} converges
weakly to an element of Fy and {y,} converges strongly to a point of Fy. Later,
many researchers studied the split problems in a real Hilbert space, see for example,
3, 14, 32, 45], [48]-[51], [53] and the references therein.

In a real Banach space, Reich and Tuyen [35] and Takahashi [39]-[44] and Takahashi
and Yao [46] studied the split convex feasibility problem, the split common null point
problem and the split common fixed point problem. Let D be a nonempty, closed
and convex subset of a Banach space E. A mapping U : D — F is called demiclosed
if for a sequence {z,} in D such that z,, — p and ||z, — Uz,|| — 0, p = Up holds.

Let C' be a nonempty, closed and convex subset of a smooth, strictly convex and

reflexive Banach space E and 1 be a real number with 7 € (—oo, 1). Then, a
mapping U : C — E with F(U) # 0 is called n-demimetric [43] (see also [34]) if

(= 2, Jo(w = U)y > 12|l — Ua?
for every x € C and z € F(U), where F(U) is the set of all fixed points of U and J,
is the normalized duality mapping on F.
Let C be a nonempty, closed and convex subset of a smooth Banach space E.
A mapping T : C — E is called relatively nonexpansive [29] if F(T) # (), the
mapping 7" is demiclosed, ¢(z, Tz) < ¢(z,z) for every z € C, and z € F(T), where
¢ : E x E — R is a mapping such that ¢(z,y) = ||z||* — 2(z, Joy) + ||y||* for
every x,y € FE. Takahashi [44] considered Halpern-type iteration [23] and proved
the following theorem for the split common fixed point problem.
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Theorem 1.1. Let E be a 2-uniformly convex and uniformly smooth Banach space
(these conditions are equivalent to the conditions that E is uniformly convexr and
uniformly smooth and E* is 2-uniformly smooth, see [47, 52]) and F be a smooth,
strictly convex and reflexive Banach space. Let Jg and Jg be the normalized duality
mappings on E and F, respectively and n be a real number with n € (—oo,1).
Let T : E — FE be a relatively nonexpansive mapping and U : F — F be an n-
demimetric and demiclosed mapping with F(U) # 0. Let L : E — F be a bounded
linear operator such that L # 0 and L* be the adjoint operator of L. Suppose that
Fo=FT)NL''FU) #0. Foru,z = x € E, let {x,} C E be a sequence
generated by
Yo = Jg'(Jpxy — 1 L*Jp(Lz, — ULzy,)),

Zn = Jb?l(anJEu + (1 — ) JeTyn),
Tn41 = Jjgl(ﬁnJExn + (1 - Bn)JEZn)
for every n € N, where {r,} C (0,00), {a,} € (0,1) and {B,} C (0,1). If {r,},

{an} and {5,} satisfy the following:

n—o0

o0
lim o, =0, E oy, = 00,
n=1

]_ _
5§’rn§’y<# and a< B, <b<1(¥né€N),
where ¢ is a constant for p = 2 in Theorem 2.1, a, b, §, v > 0 with 6 <y and a < b.
Then, {x,} converges strongly to a point zy € Fy.

We know that the resolvent of a maximal monotone operator A with A=10 # () is
relatively nonexpansive in a strictly convex, reflexive and uniformly smooth Banach
space, the generalized projection is relatively nonexpansive in a strictly convex,
reflexive and smooth Banach space (see [1, 2, 7, 24]) and the metric resolvent of a
maximal monotone operator B such that B~*0 # () and the metric projection are
(—1)-demimetric and demiclosed in a strictly convex, reflexive and smooth Banach
space (see [38, 43]). So, we got several new strong convergence theorems for the
split convex feasibility problem, the split common null point problem and the split
common fixed point problem by Theorem 1.1.

Motivated by [44], in this paper, for p > 1, when E is a p-uniformly convex and
smooth Banach space and F' is the same as Theorem 1.1, we consider the split
common null point problem. We propose another Halpern-type iteration (see [33])
and prove strong convergence theorems, from which we get the results for several
split problems under weaker conditions for a Banach space E than those deduced

by [44].
2. Preliminaries

We define the modulus of convexity dg of E as follows: 0p is a function of [0, 2] into
[0, 1] such that

op(e) =f{l — [z +yll/2: 2,y € E, [lz] = llyll =1, [lx — gyl = €}

for every e € [0,2]. FE is called uniformly convex if dg(e) > 0 for all £ > 0.
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Let p > 1. F is said to be p-uniformly convex if there exists a constant ¢ > 0 such
that d0g(e) > ceP for each € € [0,2]. It is obviuos that a p-uniformly convex Banach
space is uniformly convex. We know that L” space is p-uniformly convex if p > 2
and 2-uniformly convex if 1 < p < 2, see [47]. E is said to be strictly convez if
|1532]| < 1 for every z, y € E with [[z| = |ly|| = 1 and @ # y. It is known that in
a strictly convex Banach space E, for all p > 1, || - ||P is strictly convex function,
that is, || Az + (1 — A)z2||? < Aljz1||P + (1 — A)||z2||? holds for every A € (0,1) and
x1, o € F with 21 # x5. We know that a uniformly convex Banach space is strictly
convex and reflexive. It is known that if E is uniformly convex, F has the Kadec-
Klee property, that is, for every sequence {z,} C E, x, — = and ||z,|| — ||z| imply
x, — z. For every p > 1, the (generalized) duality mapping J, : E — 2F" of E is
defined by

Jor ={f € E" : (x, ) = |l=|P", £l = ="~}

for all x € E. When p = 2, J; is called the normalized duality mapping. We know
that for p,q > 1, ||z||PJ,x = ||z||?Jyz for each x € E.

F is said to be smooth if the limit

lim ||x+tyt|| — =l (1)

exists for every z,y € S(F), where S(E) = {x € E: ||z| = 1}. E is called uniformly
smooth if the limit (1) is attained uniformly for (z,y) in S(E) x S(E). It is known
that the duality mapping J, of E is single valued for all p > 1 if E' is smooth. We
also know that if £ is strictly convex, the duality mapping J, of E is one-to-one (in
the sense that x # y implies J,z N J,y = 0) for each p > 1 and if E is reflexive, for
every p > 1, J,, is surjective and J, 1. B* — 2% is identical to the duality mapping
Ji E* — 2F of E* defined by Ji f* = {x € E : (z, f*) = |[f*|% [zl = [l f*]*""}
for all f* € E*, where ¢ € R with 1/p+1/q = 1. For p > 1, it is known that the
duality mapping J, of a smooth Banach space E is norm to weak™ continuous (see
[19, 20, 37] for details). The following was proved by Xu [47], see also [8].

Theorem 2.1. Let E be a smooth Banach space and p > 1. Then, E is p-uniformly
convez if and only if there exists a constant ¢ > 0 such that for every x,y € E,
[z +ylIP = [|z]|” + ply, Jpx) + clly|[" holds.

Let E be a smooth Banach space and p > 1. The function ¢, : Ex E — R is
defined by

Pp(, y) = |lz|” = plz, Jpy) + (0 = DlylI”

for all x, y € E. We have ¢,(x,y) > 0 for each z,y € E and ¢,(z,x) + ¢,(z,y) =
Op(2,y) + plx — 2, o — Jpy) for every x,y,z € E. We have the following result by
Theorem 2.1, see [25].

Lemma 2.2. Let p > 1 and E be a p-uniformly convexr and smooth Banach space.
Then, for all z,y € E, we have ¢,(x,y) > c||lx — y||? and

(@ =y, Jyx = Jpy) = 2 (6p(@) + 6y, )) = X =y,

where ¢ is the constant in Theorem 2.1.
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And we have the following result.

Lemma 2.3. Let p > 1, C be a nonempty, closed and convexr subset of a strictly
convex, reflexive and smooth Banach space E and x € E. Then, there exists a
unique element xg € C' such that ¢,(xo, x) = inf,ec ¢, (y, ).

Proof. ¢,(-,z) is a proper, lower semicontinuous and convex function of C' into
(—o0,00]. Since E is reflexive and ||z,| — oo implies ¢,(z,, ) — oo, there exists
xo € C such that ¢,(xg, x) = infyec ¢,(y, ). Since ||-||? is a strictly convex function,
®p(+, ) is also strictly convex. Therefore, gy is unique. ]

Let p > 1, C be a nonempty, closed and convex subset of a strictly convex, reflexive
and smooth Banach space F and x € E. From Lemma 2.3, there exists a unique
point xy € C' such that

¢P(I07 JI) = ;IE%, ¢P(y7 ZL’)

We denote xo by IIZz and call I}, the generalized projection of E onto C; see
[1, 2, 24]. Similarly in the result for p = 2 in [1, 2, 24|, we get the following result.

Lemma 2.4. Letp > 1 and C be a nonempty and convex subset of a smooth Banach
space E. For x € E and o € C, ¢,(xo,x) = inf{p,(z,2) : z € C} if and only if
(z — xo, Jpxog — Jpyx) > 0 holds for every z € C.

Proof. Let x € FE and 2y, € C. Suppose that ¢,(xo, ) = inf{¢,(z,2) : z € C}.
Let z € C and 0 < A < 1. We have Axg + (1 — A\)z € C. Using the inequality
[yllP = [zl < ply — @, Jpy) for every z,y € E,
0 < ¢p(Azo + (1 = Nz, x) — ¢p(x0, )
= |[Azo + (1 — N)z||P — ||zo||” — p(Axo + (1 — N)z, Jpx) + p(z0, Jpx)
< p(Azg + (1=N)z — zo, Jy(Azg + (1=X)2)) — p(Azo + (1=N)z, Jyz) + p(z0, Jp)
=p(1 — N)(z — zo, Jy(Azg + (1 — N)z) — Jpx)
which implies (z — zg, J,(Azg + (1 — X)z) — J,x) > 0 for each z € C'and A € (0, 1).

Since J, is norm to weak™ continuous, for A 1 1, we get that (z — o, J,xo — Jpx) > 0
holds for every z € C.

Next, assume that (z — x¢, Jyzo — Jpx) > 0 holds for every z € C. Let z € C. We
obtain

P2, %) = dp(xo,2) = [2]” = [lxol|” — p(z = w0, Jyx)
p(Z — Zo, Jpx()) - p<Z — Zo, Jpl'>
p(z — xo, Jyzo — Jyz) > 0.

v

The proof is complete. [

From Lemmas 2.3 and 2.4, we get the following result.

Lemma 2.5. Let p > 1, C be a nonempty, closed and convexr subset of a strictly
convex, reflexive and smooth Banach space E and x € E. Then we have

op(y, I%x) + ¢, (1L, ) < ¢p(y,x) forally € C.
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Let C' be a nonempty, closed and convex subset of a strictly convex and reflexive
Banach space E and let x € E. Then, there exists a unique element zy € C' such
that ||zg — z|| = infycc ||y — z||. Putting zy = Pox, we call Po the metric projection
of E onto C; see [22]. And we have the following result [25] for the metric projection.

Lemma 2.6. Letp > 1 and C be a nonempty, closed and convex subset of a strictly
convezx, reflexive and smooth Banach space E and let v € E. Then we have:

(i) y = Pex if and only if (y — z, Jy(x —y)) > 0 for each z € C;

(ii) from (i), Pc is (—1)-demimetric.

An operator A C E x E* is called monotone if (x — y, z* — y*) > 0 for every
(x, %), (y, y*) € A. A monotone operator A C E' x E* is said to be mazimal if the
graph of A is not properly contained in the graph of any other monotone operator.
It is known that a monotone operetor A C E x E* is maximal if and only if for
(u, u*) € Ex E*, (v —u, * —u*) > 0 for every (z, 2*) € A implies (u, u*) € A.
And we know the following result [10, 36]: Let E be a smooth, strictly convex and
reflexive Banach space and let A C E x E* be a monotone operator. Then, A is
maximal if and only if R(Jy +rA) = E* for all » > 0, where R(Jy + rA) is the
range of Jy + rA. By this, it is also known that if E is a smooth, strictly convex
and reflexive Banach space and A C E x E* is a maximal monotone operator, for
any € F and r > 0, there exists a unique element x, € D(A) such that

Jo(x, —x) +rAzx,. 30,

where D(A) is the domain of A. We define J, by J.x = z, for every x € E and
r > 0 and such J, is called the metric resolvent of A. In a real Hilbert space, the
metric resolvent is equal to the resolvent. And we can define Yosida approximation
as follows: A,z = %Jg(x — Jyx) for every r > 0 and = € FE, see [7, 38] for more
details. And we have the following result for Yosida approximation (see also [34]).

Lemma 2.7. Let E be a smooth, strictly convexr and reflexive Banach space and
let A C E x E* be a mazimal monotone operator such that A~0 # 0. Then,
F(J,) = A7'0 for all r > 0 and (x — 2, A,x) > r||A.x||* holds for every r > 0,
r € FE and z € A7'0, that is, the metric resolvent J, of A is (—1)-demimetric for
every r > 0.

Let C' be a nonempty subset of a Banach space £ and f a function of £ x E into
R U {—00,00} with f(z,z) = 0 for every x € C. The equilibrium problem with
respect to C' is formulated as follows: find z € C such that f(z,2) > 0 for all z € C.
Such a z € C is said to be a solution of the problem and the solution set of the
problem is defined as EP(f) ={z€ C : f(z,2) >0 for allx € C}.

Remark 2.8. Let C' be a nonempty, closed and convex subset of a smooth, strictly
convex and reflexive Banach space E and f be a function of E X E into RU{—00, 00}
that satisfies the following conditions:

(i) f(z,z)=0forallz e C;

(ii) f is monotone with respect to C, that is, f(z,y) + f(y,z) < 0 for every
x,y € C,
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(iii) f(x,-) is convex and lower semicontinuous for each = € C;

(iv) f is maximal monotone with respect to C, i.e. for all x € C' and z* € E*,
f(z,y) + (y — x, x*) > 0 for every y € C holds whenever (z —z, 2*) > f(z,x)
for each z € C| see [5, 9].

And, let Ay be a set valued mapping of F into E* defined by

{zr e E* : f(z,y) > (y —x,2*) forall y e C} ifzeC;
Afl’: .
0 ifx ¢ C,

Then, Aoyama, Kimura and Takahashi [5] (see also [9]) proved that A; is a maxi-
mal monotone operator with A]TIO = EP(f). So, the monotone inclusion problem
contains the equilibrium problem. O

A function 7 : N — N is said to be eventually increasing if lim,,_,., 7(n) = oo and
7(n) < 7(n+ 1) for every n € N. The following was proved by Aoyama, Kimura
and Kohsaka [4, Lemma 3.4]; see also [27, Lemma 3.1].

Lemma 2.9. Let {&,} be a sequence of nonnegative real numbers which is not
convergent. Then there exist ng € N and an eventually increasing function T such
that &y < &y for alln € N and &, < §-(ny41 for every n > ny.

3. Main results

Let C' be a nonempty, closed and convex subset of a Banach space F and A be a
mapping of C' into E* satisfying the conditions:

(I) A7'0={z€ C : Az =0} # 0 and there exists & > 0 such that
(x — 2, Az) > af|Az||? for every z € C and z € A710;

(IT) for any {u,} C C, u, — u and Au,, — 0 imply u € A~10.

Then, from condition (I), we have that A7'0 is closed and convex. In fact, let
21, 20 € A0, 0 <y < 1land z =z + (1 —7)22. From (z — 21, A2) > «| Az||* and
(z — 29, AZ) > af|Az]?, it follows that

0=(z—(yz1 + (1 —79)22),A2) = y{z — 21, Az) + (1 — y){z — 20, A2) > a||Az]|?

which implies Az = 0, that is, 2 € A7*0. So, A710 is convex. Next, let {z,} € A710
be a sequence with 2, — z. By (z — z,, A2) > a||Az]||* for each n € N, we get
2z € A710. Therefore, A710 is closed. Next, we know several examples satisfying the
conditions (I) and (II).

Example 3.1. Let § > 0, C be a nonempty, closed and convex subset of a Banach
space F and B be a [-inverse strongly monotone operator [6, 21] of C' into E* with
B0 # 0, that is, (z — y, Bx — By) > B||Bx — By||* for every z,y € C. Then,
A = B satisfies the conditions (I) and (II) with a constant o = . O

Example 3.2. Let C be a nonempty, closed and convex subset of a smooth, strictly
convex and reflexive Banach space E, n be a real number with n € (—oo, 1) and
a mapping U : C — E with F(U) # 0 be n-demimetric and demiclosed. Then,
Az = Jy(x — Uzx) (x € C) satisfies the conditions (I) and (II) with A~'0 = F(U)

and a constant a = 15—" O]
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Example 3.3. Let H be a real Hilbert space and C' a nonempty, closed and convex
subset of H.

(i) Let k be a real number with 0 < k < 1land U : C — H a k-strict pseudo-
contraction [11] with F(U) # 0, i.e., we have
Uz — Uy|]® < |lz = y[|* + kll(z = Uz) — (y — Uy)||* for all 2,y € C.
Then, U is k-demimetric and demiclosed [28, 43].
(ii) Let U : C — H be a generalized hybrid [26] with F(U) # 0, that is, there
exist a, f € R such that we have for all x,y € C
a|Uz = Uyl* + (1 — o)z = Uyl < BI|Uz — y[I* + (1 = B)l|l= — yII*
Then, U is 0-demimetric and demiclosed [26, 42].

So, by Example 3.2, for each U of (i) and (ii), Az = x — Uz (x € C) satisfies the
conditions (I) and (II). O

Example 3.4. Let C be a nonempty, closed and convex subset of a strictly convex,
reflexive and smooth Banach space E. Then, by Lemma 2.6 and Example 3.2,
Ax = Jo(x — Pox) (v € E) satisfies the conditions (I) and (IT) with A='0 = C and
a constant a = 1, where Py is the metric projection of £ onto C. 0

Example 3.5. Let E be a smooth, strictly convex and reflexive Banach space,
B C E x E* be a maximal monotone operator such that B0 # () and r > 0.
Then, by Lemma 2.7, maximality of B and Example 3.2, Az = Jy(x — J,x) (z € E)
satisfies the conditions (I) and (II) with A~'0 = B~'0 and a constant a = 1, where
J, is the metric resolvent of B. O

And we have the following result for the mapping satisfying the condition (I).

Lemma 3.6. Let C' be a nonempty, closed and convex subset of a strictly convez,
reflexive and smooth Banach space E and A a mapping of C' into E* satisfying the
condition (I) with a constant o > 0. Forp > 1, (x — z, J,(Jy ' Ax)) > a| Az||P holds
for every x € C and z € A10.

Proof. Let z € C and z € A~'0. By condition (I), we have (z — 2, Az) > o Az|*.
Hence, ( — z, Jo(Jy 1 Ax)) > oAz
From [ly||*Jyy = [ly[|P J2y for all y € E, we get

(@ =2, Jp(Jy Ax)) = ||y A||P2 - o Az[|* = af Az, O

Now, we consider Halpern-type iteration (see [33]) and get the following strong
convergence theorems for the split common null point problem.

Theorem 3.7. Let p > 1, C be a nonempty, closed and convex subset of a p-
uniformly conver and smooth Banach space E with a constant ¢ > 0 in Theorem 2.1,
D be a nonempty, closed and convex subset of a smooth, strictly convex and reflexive
Banach space F and L be a bounded linear operator of E into F' such that L # 0 and
L(C)C D. Let Ay : D — F* and Ay : C — E* satisfy the conditions (1) and (II)
with constants By > 0 and By > 0, respectively and let Fy = A;*0N L7YATT0 # 0.
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Let u € E and {x,} C C be a sequence generated by
r € C
Yp = H%J;E(Jn];azn - rnL*anJz”},Alen — anJp g2, — u))
Tnyr = LT (Jpsyn — Mndp.pds pAsyn)

for every n € N, where 11}, is the generalized projection of E onto C, J, g and J, p
are the generalized duality mappings of E' and F', respectively, Jo g and Jo g are the
normalized duality mappings of E and F, resp., L* is the adjoint operator of L,

ap <rp < by < S < ) VYn e N), ay <\, <b <c<2> Vn €
vemsh<pp( ) (e ashish<e(T7) (el
for some ay,as, by, by > 0 with a; < by and ay < by and {ay,} C (0, 1] with ,, — 0
and Y7 oy, = 00. Then, {z,} converges strongly to Pgyu, where Pg, is the metric
projection of E onto Fy.

Proof. Throughout this proof, let ¢,(-,-) be the function on E x E such that
op(x, y) = ||z||P — plx, Joey) + (p— )|yl for every z,y € E. We have L=1A;'0
is closed and convex. In fact, let u,v € L71A70, v € (0,1) and w = yu + (1 — 7)v.
Since L is linear, Lu, Lv € A;7'0 and A;'0 is convex,

Lw = L(yu+ (1 —y)v) = yLu + (1 — v)Lv € A7'0.

Hence, w € L7'A['0, that is, L7'A;'0 is convex. Let {u,} C L7'A;'0 with
u, — u. Since {Lu,} C A7'0, L is continuous and A;'0 is closed, Lu € A0, i.e.
u € L7YAT'0. So, L7 A0 is closed. Therefore, Fy is nonempty, closed and convex
and hence, Pp, is well defined.

By 0 <a <m <b < HLCHP(%)Z’_1 (Vn € N), there exists 79 > 0 such that

(}%)p—1 > v > I”HTLHP > @rn for all n € N. So, d; = infneN{c — %} > 0

1
=1
and dy = infneN{prn (61 — %)} > (. Further, there exists gy > 0 with

1

d=p—2(p—1e" >0 and by a,, — 0, there exists ny € N such that we get
ds = inf@no{c— o _ %} >0. Andby0<ay <\, <by < c(z%)p’1 (Vn € N),

€0

there exists dy > 0 such that (1[%)1”1 > 6y > 2 > 2 for every n € N. So,

dy = inf,en{c — ’(\;—g} >0 and d5 = infneN{p)\n (52 — —(p71;55771 )} > 0.

Let z € F,. Define z, = Jp_é((]p,Exn — rnL*Jp,FJ;}Alen — apJpp(r, —u)) and
w, = J};é(Jp_Eyn - /\an,EJQj]{JAQyn). From y,, = II%.z, and Lemma 2.5, we obtain
Op(2,Yn) < Gp(2, 2n) = Dp(Yn, 2n) (2)
for every n € N. We get for all n € N
Op(z,2n) = Op(2,20) — Op(2n, Tn) + D(2n — 2, Jp g2n — Jp ETn)
= ¢p(2,2n) — Op(2n, Tn) — Pro(zn — 2, L*Jp’pJQ}Alen) (3)

— oy (2n — 2, Jp p(Tn — ).
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By Lz € A0 and Lemma 3.6,
(2n — 2, L* Jyp pJy p AL L)
= (zn — Zn, L*Jp,FJQf}Alen> + (x, — z, L*anjz”};Alen)

(L(zn — ), JppJy pArLin) + (L(wn — 2), Jppdy p A Lay)

v

—N1L(z0 = za)ll - 15, p Sy p AL L] + Byl ArLan||?
=Ll N2n = @nll - A1 L [P~ + Byl As L, |17 (4)
for every n € N. We have that

v

P 1 (p—1)tFT
st< 2y ppr. 2T
~ bBp & p

forallp>1, 8> 0and s, t > 0. So, by (4),
(20 — 2, L* JppJ5 p A1 Lay,)

1

LIP - ||z, — zn P »—1 (p— 1)||A1 Lz, ||P
> (L b al? 55 0= DALl g0, 1,
Yop p

for every n € N. From this, (2)—(4) and Lemma 2.2, we have

|| L||P
0oz 30) < Gylz.20) = ellyn = 2l = (o= 2L ) 2, — a1

.
—pra (B = PN A L7 = pan(n = 2 Jpplea —w)) - (5)
for all n € N. And we get
(zn — 2, Jpp(xn — )

= (2p — Tp, Jpp(Tn — ) + (x, —u, Jp p(x, — ) + (u— 2, Jp g(x, —u))

> —lzn — aall - Nn — P+ |z =l = flu— 2| - |2 — ulP
1 1 1

By |20 — znl| - Hxn—qu_l < 7||Zn_xn||p+p 56)_1”%1_“”])
PEo p
1 1 1

and lu— 2| - [z — ulP™ < —llu— [P + 2=l o — ulP,
Peo p

we obtain

(2n — 2, Jp.p(Tn — )
1

1 2p—1) »—1
> =Lz =zl + llu = 2lP) + (1= 22T Y —ul” (6)

- DEo

for every n € N. From (5) and (6), we have for each n € N

Qay, rollL||P
¢p(zayn) S ¢p(zal‘n) - CHyn - Zan - (C - ? - H H >||Zn - Ian <7>
0 Yo
- 1

— 1)yt - n
—pr (81 = LN Ay L7 = an(p = 200 = Dl — ull + 22 u — 2|
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From (5) and (7), we get
Po(2Un) < Op(2,20) = cllyn — 2z’ — dall2n — 2all” — dal| A Lan [P (8)
— po(zn — 2, Jpp(x, — u))

for all n € N and

Op(2,9n) < Op(2,2n) = Cllyn = zall” = dsl2n — 2|’ = dof|Ar Ly [P (9)

— do |z — ul|? + 2 |u — 2P
€0
for every n > ny. We also have
Cbp(zv:pn-i-l) < ¢p(zv wn) - ¢p($n+1v wn) < ¢p(zv wn) - CHIn-&-l - wn“p (1())

for each n € N by z,,1 = ngn and Lemmas 2.2 and 2.5. And from Lemmas 2.2
and 3.6 we obtain

Op(2,wn) = Gp(2,Yn) — Gp(Was Yn) + P(Wn — 2, Jp pWn — Jp BYn)
= 0p(2, Yn) = Dp(Wn, Yn) — PAn(wn — 2, Iy S p Asyn)
< Gp(2, Yn) = cllwn = yull” = pAnwn = Yn, Ty 5 S5 pA2yn)
= PM(Yn — 2, Ty 5 J5 pAsYn)
< 0p(2, Yn) = cllwn = P + pAnllwn — yall - [ Aoyl P~ — pAnBa| AzyallP.

1

p—1
(pflfo | Asyn||P, we get

I

By [[wn — gl - [[Agynlfpt < Lzl

1

Splzw0a) < Gyl ) = (=32 leow = gall? = pAn (B2 = L) g7 (1)

for all n € N. By (11),
Op(2,wn) < Gp(2, Yn) — dallwn — yull” — ds|| Aoy |” (12)
for every n € N. From (8)—(10) and (12), we have
Op(2, 1) < Gp(2,20) = cllzns — wall” — cllyn — zall” — dallzn — 20" (13)
— da||ArLay P — dallwn — yull” — ds| Azyn |
— pan(zn — 2, Jp p(T, —w))
for all n € N and

¢p(z>$n+l) < ¢p(2’ Ty) — C”xn-i-l - wan - C”yn - Zan - d?)”zn - xn”p (14)

— da|| Ay Ly || — dyl|wn — yn ||’ — ds|| Aoyl

— dag |z, — ul]” + %:Ilu — 2|

for every n > ny.
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We show that {z,} is bounded. If there exists lim, o ¢,(2, T, ), it is obvious that
{z,,} is bounded from Lemma 2.2. If not so, by Lemma 2.9, there exist ny € N
and an eventually increasing function 7 such that ¢,(z, ) < ¢p(2, Tr(m)41) for all
n € N and ¢,(z, 2,) < ¢p(2, Tr(n)41) for each n > ny. From (14), we obtain

Qr(n)

_ p
20y —

Pp(2, Tr(m) < Op(2, Tr(my11) < Op(2, Trny) = devry [ 2r(n) — ull” +

which implies dl| 27y — ul]P < €i||u —z|P
0

for all n € N with 7(n) > ng. Hence, {4} is bounded.
By gbp(zaxn) S qbp(Zax‘r(n)Jrl) and (14)7 we get

Qr(n 1
Pp(2,%n) < Gp(2, Tr(my1) < Pp(2, Trmy) + %Hu — 2|7 < ¢p(z, 2r () + %Hu —2|?

for each n > ny with 7(n) > ng. So, we obtain {z,} is bounded. Next, we show
that {y,} and {z,} are bounded. The estimation (14) implies

n 1
Cllym = zall” + dllzn — zall” < dp(2, 2n) + T-llu = 2|P < Bp(2,20) + _|u = 2|

for every n > ngy. Hence, {y,} and {z,} are bounded.

(i). If {¢p(Pru,x,)} is not convergent, by Lemma 2.9, there exist ny € N and an
eventually increasing function i such that ¢,(Pru, Tin)) < ¢p(Prt, Tin)+1) for all
n € N and ¢, (Pryu, Tn) < ¢p(Ppyu, Tin)41) for every n > ny. From (14), we have

Op(Prou, Titm)) < dp(Pryu, Titny+1)
< Op(Pru, Tim)) — cllimy+1 — Wi I — cllyimn) — zim 1P
— da|| A1 L) ||” — dsl[2in) — i) 1P — dallwien) — vie) II”
— ds || Azyim |IP + a%:)llu — Prul”
which implies
clzim+1 — wi 1P + ellyim) = zim 1P + dsllzim) — i 17
Fdal|winy = Yiw) |7 + dol| A1 L) [ + ds[| Aoyien) [P < a%o")llu — Pryull?

for every n € N with i(n) > ng. By a,, — 0, we get

| Ziny+1 — Wiy || = 0, [[%in) — Ziemy | = 0, [|2in) — Timy || = 0, (15)

Wiy = Yim) | = 0, [[A1Lxiwm) || = 0 and  [[Asyic)l| — 0.

From condition (II) for A; and A, wy(@im)) C Ay 10 and W (L)) C A7'0, where
ww(Zim)) is the set of all weak cluster points of {z;u}. Since L is bounded and
linear, we obtain wy,(zin)) C L7'A7'0 and hence, wu(Tiy) C Fo. In fact, let
{Zin,;)} be a subsequence of {z;,)} such that z;,,) — 2. We have

<L$i(nj), f*> = <$i(nj), L*f*> — <Z, L*f*> = <LZ,f*>,

for every f* € F*, hence Lxz;(,,) — Lz. So, z € L7*A{ 0.
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Let {x,,} be a subsequence of {z,}. From (13),
Op(Pryt, Tigny41) < Op(PRyU, Tiny)) — PQi(n;)(Ziny) — Protts Jp p(Tiny) — 1))
< (PR, Tiny)41) — D) Zitn,) — Prots Jp,5(Titm,) — 1))
which implies
<Zz(n]) - PFO“? Jp,E('T’i(nj) - U)) <0 (16)
for every j € N. By (6), we have
[Zitny) — ull < zitm;) — Tip | + lu — Pryul]
for all j € N. From ||2i(,) — Ti(n,)|| = 0 in (15), we get
i 0,y — ull < Ju — Pryl (17)
There exists a subsequence {xi(n].k)} of {Zim,)} such that Ti(n;,) — v € Fy and
liminf; o [|Zign;) — ull = limgse0 |Zi(n;, ) — ull. So, from (17) and weak lower semi-
continuity of norm, we have
o= ull < Jim i) —ull < [ Pryu — o
which implies v = Pgu and hence, limy,_c0 [|Zi(n;, ) — u|| = || Pryu — u||. From Kadec

Klee property, Ti(n;,) — Prou. By |Zimy)+1 — Tiwy|| — 0 in (15), Ti(n;, )+1 = Pryu.

Since J, g is norm to weak™ continuous,

¢p(Pryu, wz'(njk)ﬂ) = |[[Prull” — p(Pru, Jp,E(ﬂfi(njk)H)) +(p— 1)H9€i(njk)+1“p
= ||Proull” = p(Pru, Jpp(Pru)) + (p = 1)|[ Prul[” = 0.

By ¢p(Proyu, 2n) < ¢p(Pryt, Timy41) for each n > ny
(bp(PFOu,xnjk) -0
which implies Ty, — Pp,u from Lemma 2.2. Therefore, x,, = Pg,u.
(ii). Assume that lim,_,o ¢,(Pru, z,,) exists. By (14) and «,, — 0, we get
Y — znll = 0, ||20 — @n|| = 0, ||A1L2y|| — 0 and ||Agy,|| — 0. (18)

So, from the condition (II) for A; and As, wy(z,) C Fy. Suppose that for every
g1 > 0 and Ny € N, there exists N € N with N > N; such that ||zxy — u|| < e;. So,
a subsequence {x,,} of {z,} with x,, = u € Fj exists. Since J, g is norm to weak*
continuous,

¢p(PFou7 xm) - (bp(u? $m>
= |Jull” = plu.dppxs;) + (p — 1)[|2n,
= ull” = p{u, Jppu) + (p — D[uf” = 0.

p
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So, we obtain ¢,(Ppg,u,z,) — 0. Hence, z,, = Pg,u. Assume that there exist e, > 0
and Ny € N such that ||z, — u|| > &5 for all n > N,. Then, we have

<PF0'UJ*ZnaJp,E(xn *u» > (. (19)

lim sup T = ufr1 >

n—oo

In fact, suppose that limsup,, . <PF0“[§:’_‘Z’H§E”’“) ) — | < 0. There exists N3 € N
with N3 > N, such that

(Pt = 20, Jpp (w0 — u)) < (1/2)J2n — ulP~
for every n > Nj. Since ||z, — u|| > €5 (Vn > N3), we have
(Ppyu — 2, Jpp (@ —u)) < (1/2)eh
for all n > Nj. So, from (13), we get
—((Ipeh ™M) /2)an < anp(zn — Pryu, Jpp(x, — u))
< Gp(Prtt, n) — Op(PryU, Tny1)
for every n > Nj3. Therefore we obtain
—((lpeg_l)/Q) Z a, < ¢p(Pryu, xn,) < 00.
n=Nj

This is a contradiction by » > \ @, = oc. So, (19) holds. From (6),

(Pryu— 2, Jp B(Tn —

u))
[z — ufP1 < Hzn_an - ||xn_u|| + ||U_PFOU||

for each n > Ny. By ||z, — x,]| — 0 in (18), we get
0 < —liminf |z, —ul|+ ||u — Pgull. (20)
n—oo
There exists a subsequence {z,,} of {z,} such that z,, = w € Fy and

liminf,, e ||2n — || = limye0 |20, — ]|

So, from (20) and weak lower semicontinuity of norm, we obtain

lw = ul] < Tim [lz,, —ul < [[Pru —u]
1—00

which implies w = Pgru and limy o ||z, — u|| = ||Pru — u|l. By Kadec-Klee
property, &,, — Pru. Since J, is norm to weak™ continuous,

p(Pryu, ;) — 0.

Therefore, we obtain ¢,(Pg,u,x,) — 0 which implies z,, = Pgru from Lemma 2.2.
So, the proof is complete. O
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Theorem 3.8. Assume thatp, C, E, ¢, D, F, L, Ay, Ay, b1, B2, Fo, UL, Jp i, Jp.rF,
Jo.g, Jor, L*, {rn}, {\}, {an}, a1, a2, b1, by and Pg, are the same as Theorem
3.7. Let u € E and {x,} C C be a sequence generated by

ry € C
Yp = H%J;E(prExn — TnL*JnFJZ_}Alen)
Tpn+1 = H%J;Ll@‘(t]pEyn - AanEJQ_’éAQyn - aan,E(yn - U))

for everyn € N. Then, {z,} converges strongly to Pg,u.

Proof. Similarly in Theorem 3.7, we have Fj is nonempty, closed and convex and
hence, P, is well defined. And there exist 79 > 0 and Jp > 0 such that

i fo Tl | e
- e 0 g -0
d; = in {c ) }>O dsy T}gN pral b1 ” >0

neN Y
1

=
dy = inf{c—g—;‘}>0, and d5:r'11€11£{p)\n<ﬁ2—(pl;6°>}>0.

neN
_1
Further, there exist g > 0 and mg € N such that d = p — 2(p — 1)ef™"
dy = infpm, {c — 52 — 22} > 0.
Let z € Fy. Define

Zn = J*}J(J%Exn — rnL*Jp,FJQf}Alen)

> 0 and

and w, = J”};(Jp,gyn — )\an,EJ{,}JAgyn — andp B(Yn — u)).
As in the proof of (2)—(5) in Theorem 3.7, we get

rallLI[P

n_np 21
) | AL (R CIY

bo(20n) < o2, 20) — Cl|tn — 2P — <c _

— 1)yr !
—pra (B = E=08 YAy L, P
for all n € N. And similarly in (10) and (11) in Theorem 3.7, we obtain

Pp(2, Tnt1) < dp(2, wn) = cl[Tnia — wnll? (22)

for each n € N and
An
Bp(2,wn) < 6p(2, 1) = (= 32) o = pall (23)
0

1

—1sd!
- p)\n <B2 - (pp)o> ‘|A2yn”p - pan<wn -z, JP,E(yn - U))
for all n € N. As in the proof of (6) in Theorem 3.7, we have

<wn iz Jpﬂ(fyn - u))

> —llwn = yall - Myn = wll” + llyn = wll” = llw = 2| -y — ul/

.1 » Py (- 21 p 24

> ——(wn = ynll” + llu—2[I”) + (1 - &6 )llyn —ul (24)
peo P

for all n € N.
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By (21) and (23), we get,
Op(2,Un) < Op(2,20) — cllyn — 2’ — dil|zn — 20| — do||Ar Lz, [P (25)

for each n € N and

¢p(2!, wn) < gbp(Z) yn) - d4||wn - yan - d5||A2yn||p (26)
— pan{w, — z, JP,E(yn —u))

for every n € N. By (23) and (24), we have

¢p(z7wn)
< Gp(2, yn) — dsllwn — ynl” — ds | Azyn[|” — dan ||y — ul” + %:Hu =" (27)

for each n > my. From (22) and (25)—(27), we obtain

Op(2, Tnt1) < Gp(2, &) = cllnpr = wall” = cllyn = 2nl” = dullzn — za|”

— da||ArLay||P = dallwn — yull” = dsl| Azynl” — pan(wn — 2, Jpp(yn —u))  (28)
for every n € N and

Cbp(Z? Tpg1) < Cbp(za Tp) = cl|Tpp1r — wp||” = cllyn — 2P — dil|zn — 24P

— do|| Ay Ly [P = ds[wn — ynl” — ds || Aoy |” — den|[yn — ull” + %Ilu — 2" (29)

for all n > my.

As in the proof of Theorem 3.7, we can prove that {z,}, {y.}, {2} and {w,} are
bounded and z,, = Prg,u. O

4. Deduced results

By Theorems 3.7 and 3.8, we get several results under weaker conditions for a Banach
space E than those deduced by [44]. At, first, we have the following results for the
split common fixed point problem from Example 3.2.

Theorem 4.1. Let p > 1, C' be a nonempty, closed and convex subset of a p-
uniformly convex and smooth Banach space E with a constant ¢ > 0 in Theorem
2.1, D be a nonempty, closed and convexr subset of a smooth, strictly convex and
reflerive Banach space F' and L be a bounded linear operator of E into F such that
L #0 and L(C) C D. Let qy, 2 € (—o0, 1), Uy : D — F be an n;-demimetric and
demiclosed mapping and Uy : C — E be an ns-demimetric and demiclosed mapping
such that Fy = F(Uy)) N L7'F(Uy) # 0. Let w € E and {z,} C C be a sequence
generated by

xrT € O
Yp = H%J;E(JP,E:U” —roL*J, p(Lx, — Uy Lxy) — 0y g(2, — w))
Tn+1 = H%J;E<JpEyn - AanE<yn - UQyn))
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for every n € N, where II{, is the generalized projection of E onto C, J, g and
Jp.r are the generalized duality mappings of E and F', respectively, L* is the adjoint
operator of L,

—1
< < & (1_771)p p
al_rn_b1<|L|p(2(p_1)) (Vn € N),

(05} S )\n S bg < C<(21(p1721))p>p1 (VTL S M

for some ay,as, by, by > 0 with a; < by and ay < by and {a,} C (0, 1] with a,, — 0
and Y7 oy, = 00. Then, {z,} converges strongly to Pgyu, where Pg, is the metric
projection of E onto Fy.

Theorem 4.2. Assume that p, C, E, ¢, D, F, L, g, n2, Uy, Us, Fo, 117, J, ,
Jp.rs L {rn}, {\}, {an}, a1, ag, by, by and Pg, are the same as Theorem 4.1. Let

u € E and {zx,} C C be a sequence generated by
Ty € C

Yp = H%J;E(Jpﬂa:n —roL*J, p(Lx, — Uy L))
Tpt1 = H%J;}E(JpEyn - Aan.E(yn - UQyn) - an‘]p-E(yn - u))

for everyn € N. Then, {z,} converges strongly to Pg,u.

Remark 4.3. By Example 3.3 and Theorems 4.1 and 4.2, we also have strong
converegnce theorems for the split common fixed point problem in Hilbert spaces.

Next, we get the following results for the split feasibility problem from Example 3.4.

Theorem 4.4. Let p > 1, C be a nonempty, closed and convex subset of a p-
uniformly convex and smooth Banach space E with a constant ¢ > 0 in Theorem
2.1, D be a nonempty, closed and convexr subset of a smooth, strictly convex and
reflexive Banach space F' and L be a bounded linear operator of E into F with L # 0.

Let PE and PE be the metric projections of F' onto D and of E onto C, respectively,
and Fy =CNL™D #0. Let u € E and {x,} C E be a sequence generated by

r1 € F
Yn = J;E(Jvaxn —r,L*J, p (L, — P Lz,) — anJp g2, — )
Tnr1 = 5 (o Yn — Mdps(Wn — PEYn))

for every n € N, where J, g and J, p are the generalized duality mappings of E and
F, respectively, L* is the adjoint operator of L,

< < c b p—1
a1 <rp, <by < TG (p_ 1) (Vn € N),

as < A\, < by < c(p%l)p_l (Vn € N)

for some ay,as, by, by > 0 with a; < by and ay < by and {a,} C (0, 1] with ,, — 0
and Y7 oy, = 00. Then, {z,} converges strongly to Pgyu, where Pg, is the metric
projection of E onto Fy.
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Theorem 4.5. Suppose thatp, C, E, ¢, D, F, L, P, PE, Fy, Jo g, Jpr, L*, {r.},
{\}, {an}, a1, as, by, by and Pg, are the same as Theorem 4.4. Let u € E and
{z,} C E be a sequence generated by

xr, € E
o = J, 5 (Jpptn — rnLl*Jpp(La, — PhLxy,))
Tp+1 = Jp_’é(JpEyn - AanE(yn - PCEyn) - CVan,E(yn - U))

for everyn € N. Then, {z,} converges strongly to Pg,u.

Next, we obtain the following results for the split common null point problem (mono-
tone inclusion problem) from Examples 3.1 and 3.5.

Theorem 4.6. Let p > 1, C be a nonempty, closed and convex subset of a p-
uniformly conver and smooth Banach space E with a constant ¢ > 0 in Theorem
2.1, D be a nonempty, closed and convexr subset of a smooth, strictly convex and
reflexive Banach space F' and L be a bounded linear operator of E into F such that
L#0and L(C) C D. Let 5y >0, B >0, By : D — F* be a p1-inverse strongly
monotone operator and By : C — E* a Ps-inverse strongly monotone operator with
Fo=B'0NL'B'0#0. Letu € E and {x,} C C be a sequence generated by

fL‘1€C

o = N0J, 5 (Jpptn — 1oL Jypdy p BiLxy, — oy g, —u))

Tpy1 = HgJ;LlE‘<JpEyn - /\anEJQ_?LICBZyn)

for every n € N, where IIY, is the generalized projection of E onto C, J, g and J, p
are the generalized duality mappings of ' and F', respectively, Jo g and Jo p are the
normalized duality mappings of E and I, respectively, L* isthe adjoint operator of L,

c ( Bp \P7!
a; <rp, <b < ||L||P<p—1> (Vn € N),

1
as < A\ < by < C(pﬁQpl)p (Vn c M

for some ay,as, by, by > 0 with a; < by and ay < by and {a,} C (0, 1] with «,, — 0
and y " oy, = 00. Then, {z,} converges strongly to Pg u, where Pg, is the metric
projection of E onto Fy.

Theorem 4.7. Suppose that p, C, E, ¢, D, F, L, b1, B2, B1, By, Fy, 117, J, ,
Jp.rs Jog, Jor, L', {rn}, {\}, {an}, a1, as, b1, by and Pg, are the same as Theorem
4.6. Letu € E and {x,} C C be a sequence generated by

T € C
yn = H¢J, 5(Jpptn — 1oLl JypJy pBiLiy)
Tpn+1 = ngp_’é(JpEyn - )\anEJQ_’éBZyn - aan,E<yn - U)>

for everyn € N. Then, {z,} converges strongly to Pg,u.
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Theorem 4.8. Letp > 1, E be a p-uniformly convex and smooth Banach space with
a constant ¢ > 0 in Theorem 2.1, F' be a smooth, strictly convex and reflexive Banach
space and L be a bounded linear operator of E into F' with L # 0. Let By C F X F*
and By C E x E* be mazimal monotone operators with Fy = By '0N L™ B0 # ().
Let uw € E and {x,} C E be a sequence generated by

xr, € FE
Un = I p(Jpptn — oL Ty p(Lay, — J} Lay) — andy gz, — u))

for every n € N, where r > 0, J' and J? are the metric resolvents of By and
Bs, respectively, J, g and J,r are the generalized duality mappings of E and F,
respectively, L* is the adjoint operator of L,

< < c Db p—1
ar <rp, <by < TG (p_ 1) (¥n € N),

as < A\, < by < c(ﬁ)p_l (Vn € N)

for some ay,as, by, by > 0 with a; < by and ay < by and {a,} C (0, 1] with a,, — 0
and Y7 oy, = 00. Then, {z,} converges strongly to Pgyu, where Pg, is the metric
projection of E onto Fy.

Theorem 4.9. Assume that p, E, ¢, F, L, By, By, Fy, r, J}, J?, Jo g, Jyr, L*,

r

{r.}, {\u}, {an}, a1, a2, by, by and Pg, are the same as Theorem 4.8. Let u € E
and {z,} C E be a sequence generated by
r, € F
yn = Jy p(Jpptn — rnl*Jpp(La, — J} Lay))
Tnit =y p(ppYn = Ao s (Un = J7Yn) = anp i (yn — 1)
for everyn € N. Then, {z,} converges strongly to Pg,u.

Remark 4.10. From Remark 2.8 and Theorems 4.8 and 4.9, we have the results for
the split equilibrium problem. The equilibrium problem contains as special cases,
for example, optimization problem, problem of Nash equilibria, complementarity
problem, fixed point problem and variational inequalities problem, see [9] for details.
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