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1. Introduction

The study of a fixed point problem is an important topic in nonlinear analysis
1, 3, 8, 10, 11, 12, 14, 15, 16, 17, 20, 21, 22, 24, 25, 26, 27, 28]. This problem
finds various applications in mathematical analysis, optimization theory, and in
engineering, medical and the natural sciences. A convex feasibility problem, which
is a particular case of a common fixed problem, is of a great importance too [2, 5,
4, 7,9, 13, 18, 23, 27, 28, 29]. In the study of common fixed point problems the
goal is to find a common fixed point of a family of operators while for the feasibility
problem the goal is to find a point which belongs to the intersection of a given family
of sets. Usually in these studies the families of operators and sets are finite although
there are a few interesting exceptions [19, 29].

Assume that C;, i = 1, ..., m, where m > 2 is a natural number, are closed and con-
vex sets in a real Hilbert space endowed with an inner product (-, -) and a complete
norm || - || which is induced by the inner product. We consider the problem

under the assumption that N, C; is nonempty. It is well-known [27] that for each
i€{l,...,m} and each x € X, there exists a unique element Pg,(z) € C; such that

| = Pe,(2)|| = mf{[lx —y] - y € Ci}.

For solving convex feasibility problem the following iterative method is used.
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Fix an integer N > 1. Denote by R the set of all maps r:{1,2,...,} = {1,...,m}
such that for every positive integer s,

{1,....,m} c{r(s),...,r(s+ N —1)}.

We associate with any map r € R the following iterative algorithm:

Initialization: choose any starting point xq of the space X.

Iterative step: given a current iterate x; € X calculate xp, 1 = P,,(k+1)(mk).

It is known that iterates obtained by this method converge weakly to a solution
of our feasibility problem. The same result is also guaranteed by the well-known
Cimmino algorithm described below:

Initialization: choose any starting point xq of the space X.

Iterative step: given a current iterate zy € X calculate xy1 = Y ;o m ™ Pi(xzy).
More recently, Y. Censor, T.Elfving, and G.T.Herman in [4] introduced string-
averaging methods, which are in some sense a combination of the iterative algorithm
and the Cimmino algorithm. In these dynamic string-averaging methods, which

became very popular in the literature, a family of sets is divided into blocks and the
algorithms operate in such a manner that all the blocks are processed in parallel.

Recently T.Y.Kong , H. Pajoohesh and G. T. Herman [19] studied the convex feasi-
bility problem with a countable family of convex, closed sets in a finite-dimensional
Euclidean space and obtained convergence results. In this paper we apply the string-
averaging algorithm and extend their convergence results for common fixed point
problems with a countable family of quasi-nonexpansive operators in an arbitrary
normed space.

2. Preliminaries

Let (X, || -||) be a normed space. For each x € X and each r > 0 set
Ble,r)={y € X« [z -yl <}

For each z € X and each nonempty set D C X, put
p(z, D) =inf{||z —y[| : y € D}.

Denote by Card(F) the cardinality of a set E. Suppose that the sum over an empty
set is zero. For each mapping S : X — X, let S%(z) =z for all z € X, S = S and
S+l = § o St for each integer i > 0 and define

Fix(S)={z€ X: S(z) = z}.

For each set C' C X denote by cl(C') the closure of C' in the norm topology.
Assume that P, : X — X, 7 =1,2,... are continuous mappings such that for each
i€{1,2,...}, we have Fix(P;) # 0 and that for each i € {1,2,...} each z € Fix(P)
and each z € X,

Iz = Pi(z)|| < |z = =||. (1)
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In this paper we assume the following assumption:

(A) For each M,~ > 0 there exists 06 > 0 such that for each integer ¢ > 1, each
x € B(0, M) satisfying ||x — P;(x)|| > v and each z € Fix(P;) N B(0, M) the
following inequality holds: ||z —z| — ¢ > ||z — Pi(x)||.

Note that (A) holds for many common fixed point problems [27, 28]. In particular, it
holds when P;, 7 = 1,2, ... are projections on convex, closed sets in a Hilbert space.
It is not difficult to see that Assumption (A) holds when there exists a constant
v > 0 such that for each integer i > 1, each x € X and each for z € Fix(P;) we have

Iz = z]* = ||z = Pi(@)|* + 7]l — ()|

Moreover if assumptions (A) holds, I is an identity operator in X, ¢ € (0,27!) and
{7i}2, Cle,1 — €], then (A) also holds for the family of mappings v;P; + (1 — ;)1
i=1,2,....

We assume that F' = N2, Fix(P;) # () (2)

and that there exists a natural number sy such that
cl(Ps, (X)) N B(0,r) is compact for every r > 0. (3)

In view of (3) any closed bounded subset of F' is compact. Our goal is to find an
approximate solution of the inclusion z € F.

In the sequel we use the following auxiliary result.

Lemma 2.1. Let M,e > 0. Then there exist 6 > 0 and a natural number q such
that for each x € B(0, M) satisfying

ple{ye X |[Ply) —y[ <0} <0, i=1,....q
the inequality p(x, F') < € holds.

Proof. Assume the contrary. Then for each integer ¢ > 1 there exists

z, € B(0, M) (4)

and for each i € {1,...,q} there exists
Yai € Blrg.q7") (5)
such that 1yai — Pi(yai)ll < a™ ", (6)
and p(zq, F) > €. (7)

In view of (1), (2), (4) and (5), the sequence { Py, (y4,1)}52, is bounded. By (3) it
has a convergent subsequence. Together with (5) and (6) this implies that {z,}52,
has a convergent subsequence too. We may assume without loss of generality that
{wq}o2, converges. Set

z, = lim z,.
q—)OO

By (5) and (6), for each integer ¢ > 1, we have lim y,; = x, and lim P;(y,;) = ..

q— o0 q—o0

Since P;, i = 1,2, ... are continuous we conclude that

P(x,) =z, i=1,2,... and =z, € F.
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On the other hand by (7), we have p(z., F') > €.

The contradiction we have reached proves Lemma 2.1. [
By an index vector, we a mean a vector t = (t1,...,t,) such that ¢; is a natural
number for all ¢ = 1,...,p. For an index vector t = (t1,...,t,) set

p(t) =g, Plt]= P, - P (8)

It is not difficult to see that for each index vector ¢,
Plt](z) =z forall z € F, 9)

1P[t](z) = Pl](y)]| < llo = PRI < |z -yl (10)
for every x € F' and every x € X.

Denote by €2 the set of all index vectors and by M the collection of all functions
w : Q — [0,00) such that

supp(w) := {t € Q: w(t) > 0} is finite (11)
and > owt) =) w(t)=1. (12)
tesupp(w) teQ)
Let w € M. Define

Py(x)= Y w®)P[t(x)=> w(t)Pl)(z), z € X. (13)

tesupp(w) teQ)
It is easy to see that P,(x) =z for all z € F, (14)
and [1Pw(2) = Pu(y)l| = [l = Pu ()]l < llz =yl (15)

for each x € F and each y € X.

The dynamic string-averaging method with variable strings and variable weights can
now be described by the following algorithm.

Initialization: select an arbitrary point zy € X.
Iterative step: given a current iteration vector x; pick wy € M and calculate the
next iteration vector i1 by g1 € Py, (T).

As a matter of fact in this paper we study an inexact version of this algorithm. In
order to meet this goal we need the following definitions (see [27, 28]).

Let 0 >0, z € X and let ¢ = (t1,...,%p)) be an index vector. Define

there is a sequence {yi}ffg C X such that
Ao(w.t,6) = (1, ) EX X R yo = and for all i = 1,...p(t),
1% = Pr(gi-0)ll < 6, ¥ = vpe)

A=max{|ly; —vi-1| : i=1,...,p(t)}.

(16)

Let 0 >0, z € X and let w € M. Define
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there exist (y;, \¢) € Ao(z,t,0), t Esupp(w)
Az, w,8) = { (y,\) € X xR" : such that [ly — 37,0 W)l <0, (17)
A =max{)\: : t € supp(w)}.

Let D C €2 be nonempty and ¢, s be natural numbers. Set

_there is j€{1,...,min{s, p(t)}} (18)
' for which t; = i '

D(i,s) = {(t = (t1,... ,tp(t))ED

There are only a few results on common fixed point problems with infinitely many
operators. It should be mentioned that the string-averaging algorithm for common
fixed point problems with a countable family of operators was also studied in [6] for
firmly nonexpansive operators which are a subclass of mappings satisfying assump-
tion (A). Our algorithm differs from the algorithm of [6] where for each iterate it
was assumed that the whole family of operators is available and the next iterate was
calculated by using the sum of a countable set of operators. Moreover we take into
account the influence of computational errors. Note that if in our algorithm for each
integer £ > 0 we choose wy € M such that supp(wy) is a singleton, we obtain the
iterative method for solving common fixed point problem while if each ¢ € supp(wy)
has a length 1 we obtain the Cimmino algorithm.

Our paper contains results (Theorems 3.1, 4.1, 5.1 and 6.1)) which are proved in
Section 3-6, respectively. In Theorem 3.1 we show the convergence of iterates to a
common fixed point under the presence of summable computational errors. Theorem
4.1 shows that our iterates converge to a small neighborhood of F' under the presence
of sufficiently small nonsummable computational errors. Theorem 5.1 is proved in
Section 5 while Theorem 6 is proved in Section 6. They are extensions of Theorems
3.1 and 4.1 respectively. Note that in Theorems 3.1 and 4.1 computational errors
occur only at the final stage of the iterative step while in Theorems 5.1 and 6.1 they
are taken into account at all the intermediate calculations.

3. The first result

Theorem 3.1. Assume that M >0, B(0, M) N F # (), (19)
{A;}2, C [0,00) satisfies Z A; < 00, (20)
i=0

there exists a sequence of natural numbers {ds}22, and for each integer s > 1, there
exists {ay,s}72, C [0,00) such that

o0

Zam = 0. (21)

k=1

Let €€ (0,1]. Then there exists a natural number n such that for each {w;}32, C M
satisfying for each integer s > 1, each p € {1,...,s} and each integer i > 0,

Z {wi(t) : t € supp(w;)(p, ds)} > ais, (22)
each xo € B(0, M) (23)
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and each {x;}5°, C X satisfying for each natural number i,
[ 541 = Puy ()| < A (24)

there exists z € F such that ||z — ;|| < € for all integers i > n and that the sequence
{z;}32, converges to a point of F.

Proof. In view of (19), there exists z € B(0, M) N F. (25)

Lemma 2.1 implies that there exist § € (0,¢/2) and an integer ¢ > 1 such that the
following property holds:

(i) for each z € B(0,3M + > 77 A;) satisfying
plafy e X ly=FR)ll <d0}) <6, i=1,....q
the inequality p(x, F') < €/4 holds. Choose
8o € (0,0d"). (26)
Assumption (A) implies that there exists
7 € (0, o) (27)

such that the following property holds:

(ii) for each i > 1, each x € B(0,3M + 372 A;) satisfying ||z — P;(z)|| > dp and
each z € Fix(P;) N B(0, M) the inequality

Iz =l =~ = [z = Fi(x)]]

holds. By (20), there exists an integer ny; > 2 such that

i A; < 6p/4. (28)

i=n1

In view of (20) and (21), there exists an integer n > n; + 2 such that

n—1 00
D iy > AMy T H Ay Y DA (29)
i=n1 =0

Assume that {w;}32, C M, for each integer s > 1, each p € {1,...,s} and each
integer i > 0, (22) holds, {z;}:°, C X satisfies (23) and (24) for each natural number
i. By (23) and (25),

|lzo — 2|| < 2M. (30)

Let 7 > 0 be an integer. It follows from (15), (24), (25) and (30) that

@i — 2[| < |lwivr = P, (@)l + | P, () — 2l| < A + [Ja; — 2],

lzi = 2| < llwo — 2 + ) Ay <2M + ) A, (31)
j=0 j=0
i) < 3M + ) A (32)

J=0
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We show that there exists 7 € {ny,...,n — 1} such that p(z,, F) < ¢/4.

Assume the contrary. Then
p(z;, F) > €/4, i € {ny,...,n— 1}
Property (i), (32) and (33) imply that for every i € {ny,...,n — 1},
max{p(z;, {y € X :[ly = Pu(y)l| <6}): k=1,....¢} > 3.

Let t € {ny,...,n — 1}. In view of (34), there exists

ko €{1,...,q}
such that plxi,{y € X : |ly— Py(y)|| <0}) > 4.
Assume that t € supp(w;)(ko, dy).
Set Yo =i, yj = Py (y;—1) for all j=1,....p(t), ypuy = P[t](z:).

By (18) and (37), there exists jo € {1,..., min{p(¢),d,}}

such that tj, = ko.

We show that there exists j € {1,...,jo} such that |ly; — y;_1]| > do.
Assume the contrary. Then |y; —yj_1] < do, j=1,..., o

By (38)—(41) we have

0 2> 1950 — Yjo—1ll = 1P, (Yjo—1) = Yjo—1ll = [ Pro (Wjo—1) — Yjo—1l-

By (27), (38), (39) and (41) we conclude
12 = Yjo-1ll = lvo = Yjo-1ll < Gojo < dgdyg < 6.
Equation (42) and (43) imply that

| Pro (Wjo—1) — Yjo-1ll < do, |75 — yjo—1 ]| <6.

1071

This contradicts (36). The contradiction we have reached shows that there exists

Jj1 €{1,..., 70} such that

1P, (Wir—1) = yn—all = 15, — yn-all > do.
By (10), (25), (31) and (38), for j = 1,...,p(t),

Iz = yll < 1z = Py (ys-0)ll < N1z = giall < N1z = goll = [l — i
<2M+ Y A,
m=0 ~
and lys | <3M + > A, j=0,... (D).

m=0

(44)
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Property (ii), (25), (38), (44) and (46) imply that
1z =yl < llz = yjall = (47)
In view of (45),
Iz =il =7 2 lz =yjall =y 2z —winll Z |2 = gpyll = [l = P[t)(z) || (48)
Thus for each integer ¢ satisfying (37),
Iz = Plt](z) || < [|z — il — - (49)

By the convexity of the norm, (11)—(13), (15), (22), (25), (35), (37) and (38), we get

lz = Po(z)ll === > Pl < Y wit)lz— Pl

tesupp(w;) tesupp(w;)

< Y {wi®)l|z = PH(w:)]| = t € supp(w)(ko, dy)}

+ > {wi(t)l|z = Plt](wi)]| : ¢ € supp(wi) \ supp(wi)(ko, dy)}
< Y fwi®)(lz = @ill =) : ¢ € supp(w;)(ko, dy)}

+ ) {wit)llz — @] : t € supp(w;) \ supp(w;) (ko, )}

< (lz =il =) Y _{wit) : ¢ € supp(wi)(ko,dy)}
+ ||z — ]| Z{wz(t) . t € supp(w;) \ supp(w;)(ko, dy)}
<z = zill = vaiq- (50)

thus by (24) and (50), for each i € {ny,...,n — 1},
Iz = zinall < [lz = Puy ()| + [P (2:) = 2l < llz = 2l = vaig + A (51)

By (31) and (51),

oo
2M + ) A2 |z =2 | 2 Iz = nyll = ll2 = zal

=0
n—1 n—1 e
=Y (e —aill = llz = ziall) = Y vaig — ) A,
i=nq t=n1 Jj=n1
n—1 e
and d ag <yRM 43 A,
i=ny =0

This contradicts (29). The contradiction we have reached proves that there exists
T € {ny,...,n— 1} such that p(z,, F') < €/4. This implies that there exists

zo € F (52>
such that |z, — 20| < €/4. (53)
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By (15), (24), (28), (52) and (53), for each integer t > 7, we obtain

20 = wiga |l < |20 — Py (@)l + | Puy (i) — Tiga]] < |20 — 24l + Ay

o
and |z = zoll < llzr — 2ol + D Aj <€

j=r

Since € is any number from (0, 1] we conclude that the sequence {z;}°, converges
and its limit belongs to F'. Thus, Theorem 3.1 is proved. [

4. The second result
Theorem 4.1. Assume that
M>1,e€(0,1), FCB(0O,M—-1) (54)

and that for each integer s > 1, dg, by are natural numbers and a, > 0. Then there
exist § € (0,€) and a natural number n such that for each {w;}32, C M satisfying
for each integer p > 1 and each integer i > by,

> {wit): t € supp(wi)(p,dy)} > ay, (55)
each xo € B(0, M) and each {z;}2,; C X satisfying
|wit1 — Pu,(z3)|| <6, i=0,1,... (56)
the inequality p(x;, F) < € holds for all integers i > n.

Proof. Let {A;}:2, C (0,00) satisfy > =y A; < oo.

Theorem 3.1 implies that there exists a natural number n such that the following
property holds:

(i) for each {v;}°, C M satisfying for each integer p > 1 and each integer i > b,,

Z{vi(t) .t € supp(v;)(p,dy)} > a,

and each {y;}3°, C X satisfying yo € B(0,M), and for each integer i > 0 with
|l yi1—Py, (yi) || < A; there exists z € F' such that ||z — ;]| <€/4 for all integers i > n.

Set do =min{A; : i =0,...,n}, (57)
and § = min{e, 0o }(4n)~". (58)

Assume that {z;}°, C X, {w;}2, C M, for each integer p > 1, each integer i > b,
(55) and (56) hold and ||zo|| < M. Equations (56)—(58) and property (i) applied to

vi=w;, t=0,1,..., 4, =x;, 1=0,...,n,

Yir1 = Py, (y;) for each integer ¢ > n
imply that there exists z; € F' such that

[2n = 21l = llyn — 21| < €/4,
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We show by induction that for each integer p > 1 there exists z, € F' such that
[Zpn — 2| < €/4.
Assume that p > 1 is an integer and that for each integer i € {1, ..., p} there exists
zi€F (59)
such that |en: — 2i]| < €/4. (60)
By (54), (59) and (60), we have ||z,,| < M. Set
Vi = Wigpn, + = 0,1,..., ¥i = Tigpn, 1 =10,...,n,
and Vi1 = P, (y;) for each integer i > n.
By our definition and property (i), there exists 2,41 € F' such that
251 — 2piall = llgm = 2piall < /4
Thus for each integer p > 1 there exists
zp € F (61)
and |Zpn — 2l < €/4. (62)

Let p > 1 be an integer. For each i € {pn,...,(p+1)n— 1} by (15), (56)—-(58), (61)
and (62), we conclude

[zipr = 2pll < MJzipr = P (@)l + [ Pu,(2:) = 2pll <0+ 23 = 2|

and |lzi — 2p|| < lwpn — 2p|| + 60 < e
Theorem 4.1 is proved. O
5. The third result
Theorem 5.1. Assume that M > 0,
B(0,M)NF # 1, (63)
{A;}2, € [0,00) satisfies Z A; < o0, (64)
i=0

q is a natural number and for each integer s > 1, there exists {ay}7>, C [0,00)

[e.9]

such that Zakys = 0. (65)
k=1

Let € € (0,1). Then there exist a natural number n such that for each {w;}2, C M
satisfying for each integer i > 1, each t € supp(w;),

p(t) <q (66)

and for each integer s > 1, each p € {1,...,s} and each integer i > 0,

> {wilt) : t € supp(wi)(p, 9} > dis, (67)
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each {x;}2, C X and each {)\;}32, C [0,00) satisfying
xo € B(0, M) (68)
and for each natural number i, (x;,A\;) € A(xi—1, w;i—1, A1) (69)

there exists z € F such that ||z — z;|| < € for all integers i > n and the sequence
{z;}52, converges to a point of F.

Proof. In view of (63), there exists
2 € B(0,M)NF. (70)

Lemma 2.1 implies that there exist § € (0,¢/4) and an integer ¢ > 1 such that the
following property holds:

(i) for each x € B(0,3M + (¢ + 1) >_72( A;) satisfying
plr{ye X ly— Pyl <d}) <, i=1,....¢
the inequality p(z, F') < €/4 holds.

By (A) choose S € (0,6(z+1)7h) (71)
and v € (0,dp) (72)

such that the following property holds:
(ii) for each integer i > 1, each € B(0,3M + (g + 1) 372, A;) satisfying

[ = Pi()[| = 0o /4

and each z € Fix(FP;) N B(0, M) the inequality ||z — z|| — v > ||z — P;(z)|| holds.
By (61), there exists an integer n; > 2 such that

S A< gt (73

i=n1

In view of (65), there exists an integer n > n; 4+ 2 such that

n—1 00
> g >AMy T+ 4y gAY A+ 27+ 2. (74)
i=nq j=0

Assume that {w;}°, C M satisfies (66) and (67), for each integer s > 1, each
p€{l,...,s} and each integer i > 0, {x;}32, C X and each {)\;}$2; C [0, 00) satisfy
(68) and (69) for each natural number 7. By (68) and (70) we obtain

|z — 2|| < 2M. (75)
Let ¢ > 0 be an integer. It follows from (69) that

(Tig1, Nig1) € Az, wi, A;). (76)
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By (17) and (76), there exist

such that |ziz1 — Z wi<t)yt(i)H < A, (78)
tesupp(w;)
Ais1 = max{\\" : ¢ € supp(w;)}. (79)

By (16) and (77), for each ¢ € supp(w;), there is a finite sequence {y](-i’t) }f(:% CcX

such that y(()i’t) = Ty, (80)
and for all j = 1,...,p(t), |ui"” — P, ("Dl < A, (81)
w = v, (82)
A = maxf|lyy =y i =1, e}, (83)

Let t € supp(w;), j € {0,...,p(t) —1}. By (1), (70) and (87),

12 = "l < llz = Py (=Dl + 1P, (520) = ™) < Nz =yl + As (84)
Equations (66), (80) and (88) imply that for each j =1,...,p(?),
Iz =1 < Mz = 58 + 58 < Nl = il + s (85)
By the convexity of the norm, (78), (82) and (85), we obtain

o=zl <= > w@ull+1 Y wilt)y” =zl

tesupp(w;) tesupp(w;)
< (Dz — 3P A, <z — 2 7+ 1A, 86
< wi(t)||z — vy, )|l + A < ||z — 2| + (7 + 1) A (86)
tesupp(w;)
By (70), (75), (82), (85) and (86), for each t € supp(w;), each j € {0,...,p(t)}, each
i=0,1,...,

|z =zl <z —oll + (7+ 1) D> A <2M+(q+1)> Ay, (87)

k=0 k=0
ol < 3M + ( ZAk, (88)
1z =yl < |2 — o] +<q+1>ZAk <OAM AT+ Ak (89)

k=0 k=0
Iyl < 3M + (G +1) Y Ay, (90)

k=0

Iz =y <z — 2ol + @+ 1)) A <2M+(7+1)Y Ap, (91)

k=0 k=0
o™ < 3M + (g + 1) Y A 62

k=0
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We show that there exists 7 € {ny,...,n} such that p(x,, F) < ¢/4.
Assume the contrary. Then p(x;, F) > ¢€/4, i € {nqy,...,n —1}. (93)
Let i € {ny,...,n— 1}. Property (i), (88) and (93) imply that
max{p(z;, {y € X : |ly — Pu(y)| <6}): k=1,...,q} > 6.

This implies that there exists ko€ {1,...,q} (94)
such that plri{y € X |ly — P ()l <0}) >0 (95)
Assume that t € supp(w;)(ko, q). (96)
By (18), (66) and (96), there exists jo € {1,...,p(t)} (97)
(p(t) < q) such that tjo = ko. (98)
We show that there exists j € {1,...,jo} such that ||yj(l - yﬁl t1)|| > dp.

Assume the contrary. Then Hy(Z #) yj N <o, j=1,...,jo (99)

By (81) and (99),

it it (i,t it it
8o > [y — g1 > 1B, () — v = [y — By, (52|

> (| Py (w5 2) = w2l — A (100)
In view of (71), (72), (98) and (100),

1Pey (52 =y = 1By, (5)) — 91 < 60+ A < 6. (101)
By (66), (71), (80) and (99),
i — 50 = NS — o211 < dojo < G0 < 6. (102)

Together with (101) and (102) this contradicts (95). The contradiction we have
reached shows that there exists

J €L o} (103)
such that ||yj(i yji t)1|| > 0. (104)

By (73), (81) and (104),
1B, (80 =y > s =y 80— (1B, () =y > 80— Ay > do/2. (105)
Property (ii) and (70), (92), (105) imply that
Iz = Py, (552D < Nz =y = 7. (106)
By (81), (85) and (106),
Iz = y5ON < Jlz = By, (800 + 1By, (57)) — 6522

<|lz— ?Jg(it)1)|| — 7+ A<z =zl + Ai(G 1) + A — . (107)
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It follows from (73), (82), (84) and (107) that

Iz — o) < ||z — yh N+ qv <z =zl + 200 — 7 < || — 2] — /2

and Iz = o) < ||z — ]| — /2 (108)

for each ¢t € supp(w;)(ko,q). By the convexity of the norm, (11), (12), (78), (85),
(94), (108), we get

lz =zl < lle = > w@ul+1 Y wit)y? -zl

tesupp(w;) tesupp(w;)
<A+ 2( )wmuz — |
= A+ Y {wi®)llz = 5" t € supp(wi)(ko, )}
+ 3 {wi®)]|z =y« € supp(w;) \ supp(w:) (ko, 7)}
<A+ {wit) (|2 = ail = 7/2) : ¢ € supp(wi) (Ko, )}
+ 3 {wi®)(||z = will + )« t € supp(uw;) \ supp(w;) (ko, 7)}

<A+ |z — @il + 30— (v/2) Y {wi(t) : t € supp(w;)(ko, @)}
< e = ill + (7 + 1A — 27 a4,
Thus for each i € {ny,...,n — 1},
12 = @il < llz = zill + (7 + 1)A; = 27 a4, (109)
By (73), (87), (95) and (109),

2M A (G+ 1)+ Y A2z =2l 2 |2 = 2 || = |2 = al

i=0
n—1 n—1 oo
=D (lz =il = llz —zinll) =277 Y vaig = @+1) YA
i=ny i=ny i=n1

> 27 VZan (G+ 1)y

i=ny

n—1

and D ag <2y @M+ (q+ 1)) A +27+2.
7=0

i=n1
This contradicts (74). The contradiction we have reached proves that there exists
Te{n,...,n—1} (110)
such that p(z., F') < ¢/4. This implies that there exists
2 € F (111)
such that |x: — 20| < €/4. (112)
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Let ¢ > 7 be an integer, ¢t € supp(w;), j € {1,...,p(t)}. It follows from (1), (66),
(80), (84) and (111) that

(it it
120 — 571 < 120 — Poy (DN + 12 (5) — 8211 < [l — o891 + A
and 20 — 5571 < 2o — w51 + 58 < |20 — @] + @A

Together with the convexity of the norm and (78) this implies that

20 — zipall < llzo— > wi®u’l+1 DY wilt)y” -z

tesupp(w;) tesupp(w;)
<At Y wi®lzo -yl < llzo — will + a0 + A
tesupp(w;)

Together with (73), (98) and (110) this implies that for each integer i > 7,

20 = @ill < llz0 — 2| + (@+1) D Aj <e

Jj=n1

Since € is any element of (0, 1] we conclude that the sequence {z;}3°, converge and
its limit belongs to F'. Theorem 5.1 is proved. [

6. The fourth result

Theorem 6.1. Assume that M >1, F C B(0,M — 1), (113)

q is a natural number, for each natural number s, a; > 0 and by is a natural
number. Let € € (0,1). Then there are § € (0,€) and a natural n such that for each
{w;}32, C M satisfying for each integer i > 1, each t € supp(w;),

p(t) <4, (114)

for each integer p > 1 and each integer i > by,

> {wi(t) : t € supp(w;)(p,q)} > ap, (115)
each {x;}2, C X, each {\;}32, C [0,00) satisfying

2o € B(0, M) (116)
for each natural number i, (x;, ;) € A(x;—1,w;—1,9) (117)
the inequality p(x;, F') < € holds for all integers i > n.
Proof. Let {A;}2, C (0,00) satisfy ZAi < 00.
i=0

Theorem 5.1 implies that there exists a natural number n such that the following
property holds:
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i) for each {v;}3°, C M satisfying for each integer i > 1 and each ¢ € supp(v;),
p(t) < g, for each integer p > 1, each integer i > b,,

Z{Ui(t) : t € supp(vi)(p, @)} = ap,

for each {y;}7°, C X and each {y;}2, C [0,00) satisfying yo € B(0, M), for each
natural number i, (y;, ;) € A(yi—1,vi—1, Ai—1) the inequality p(y;, F') < €/4 holds
for each integer ¢ > n. Set

do =min{A;: i=0,...,n}, (118)
§ = min{e, do }(4n) Mg+ 1) . (119)

Assume that {w;}3°, C M, (114) holds for each integer i > 1 and each t € supp(w;),
for each integer p > 1 and each integer ¢ > b, (115) holds, the sequences {x;}°, C X,
{\i}2, C [0, 00) satisfy (116), (117) for each integer i > 1. By equations (118), (119)
and property (i) applied to

Vi = W; (z:O,l,), Y; = Iy (i:O,...,n), ,U/l:)\l (izl,...,n),
(Yir1: i) € A(yw;, 6) (1 =n,n+1,...)

the equations p(z,, F') = p(yn, F) < €/4 and ||z,|| < M hold. Assume that p > 1 is
an integer and that for each integer ¢ € {1,...,p}

p(xin, F) < €/4. (120)
By (119) and (120), | zpn]] < M. (121)
Set  vi=Wigpn (1=0,1,..), Yi=Titpn (1=0,...,n), wi=Nispn (1=1,...,n),
(Yiz1, iv1) € A(yi,v;,0) for each integer i > n.
Property (i) and (118), (119) and (121) imply that p(zpi1yn, F) = p(yn, F) < €/4.

Therefore for each integer integer p > 1, we have p(x,,, ') < ¢/4 and there exists
2, € F' such that ||z,, — 2,|| < €/4. (122)

Let p > 1 be an integer, i € {0,...,n — 1}. By (16), (17), for each t € supp(wjpn)
there exist (y¢, At) € Ao(Titpn,t,0) such that

||J7i+pn+1 - Z wi-l—pn(t)yt)” < 57 (123)
tesupp(w;+pn)
Nit1+p = max{\; : t € supp(Witpn)}
and for each t € supp(w; + pn), there is a finite sequence {y§t)}§gg C X such that
()

Y) = Tispn, and for all j = 1, p(t), [ly}” — P, (4"))I| < 6 and g =y, By the

relation above, (1) and (122), for each t € supp(wpiin), j € {1,...,p(t)},
t 7 t t t
Iz — 71 < Nlzo — By (02D + 112 0370 — w71 < N2 — 934 + 6,
t t . _
2o — 4321 < 2o — N + 36 < 2p — Tpnsil| + 9,
Hzp - yt” < Hzp - xanriH +qo, t e SuPp(prrin)- (124)
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By (123) and (124) and convexity of the norm,

2o = Zpnriri S Nzo = D wprinOwell 11 Y wprin(t)ye — i |

tesupp(Wp+in) teEsupp(wp+in)
< > wpn®llz — vl + 6 < N2 — Tpnsil + G+ 0
tesupp(Wp4in)

= ||Zp - mpn+i|| +(g+1)0.

Together with (122) and (123) for i =0,...,n,

120 = Tpnill < N2pn = 2pnll +1(g+1) 0 <e.

Theorem 6.1 is proved. O
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