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We study Z-convergence of sequences of functions. Mainly, we study Vitali type Z-convergence
theorems for sequences of p-Bochner, p-Dunford and p-Pettis integrable functions with values in
a Banach space. With the help of these theorems, we characterize p-Bochner relatively compact
subsets of p-Bochner integrable functions and p-Pettis relatively Z-sequentially compact subsets
of p-Dunford integrable functions. We study uniform Z-convergence of sequences of p-Bochner,
p-Dunford and p-Pettis integrable functions, and weak uniform Z-convergence of sequences of p-
Dunford and p-Pettis integrable functions, and discuss how they are related to the p-Bochner and
p-Pettis Z-convergence. Z-convergence of compact mappings are studied with special emphasis
to compact linear operators on normed linear spaces. We also study Z-exhaustiveness, Z-weak
exhaustiveness and Z-a-convergence of sequences of metric space-valued functions defined on a
metric space, and sequences of p-Dunford integrable functions are discussed in this perspective.
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1. Introduction

Sequences of functions and their convergence play an important role in analysis. It
is a fundamental question whether different properties of the elements of a sequence
of functions are inherited to the limit function. To meet this question, different
modes of convergence emerged.

In 1951, Steinhaus [18] and Fast [11] introduce the concept of statistical convergence
independently. Since then several generalisations and applications of this notion are
made. The idea of statistical convergence first appears, under the name of almost
convergence, in the first edition (Warsaw, 1935) of the monograph of Zygmund [19].
In 2000, Kostyrko et al. introduce the idea of Z-convergence based on the notion
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of the ideal Z of subsets of the set N of positive integers [12]. The concept of Z-
convergence is a generalisation of statistical convergence. There are several kinds
of convergence that generalize the usual convergence for a sequence of points in a
metric space. Among them, the notion of Z-convergence is quite interesting and
useful in several settings.

Convergence theorems for integrals play an important role in integration theory.
Among different types of convergence theorems for integrals, Viatli type convergence
theorems are of great importance; as such, they are paid much attention by several
authors. Even for functions with values in a Banach space, many authors discuss
this type of convergence theorems. Musial obtains such convergence theorems for
Pettis integrable functions with values in a Banach space [16]. Balcerzak and Musial
study Vitali type Z-convergence theorems for Lebesgue and Pettis integrals [4].

The object of the present paper is to study Viatli type Z-convergence theorems for
p-Bochner, p-Dunford and p-Pettis integrable functions with values in a Banach
space for p € [1,00). The work of Balcerzak and Musiat [4] inspires and motivates
us to study in this direction.

In [13], we make an extensive study on nets and sequences of p-Bochner, p-Dunford
and p-Pettis integrable functions. We present in the present paper the sequence
Z-versions of a number of results of the said paper.

At the outset of the paper, we give the definitions of some important terms frequently
used in the paper, such as p-Bochner (resp. p-Dunford) Z-uniformly integrable, Z-
Cauchy, §-Z-Cauchy sequences of p-Bochner (resp. p-Dunford) integrable functions
and obtain the interrelations among them. Then, we first present the Vitali type
Z-convergence theorem for p-Bochner integrable functions. Depending upon this
theorem, we obtain the same for p-Dunford and p-Pettis integrable functions. With
the help of these theorems, we characterise p-Bochner relatively compact subsets of
p-Bochner integrable functions and p-Pettis relatively Z-sequentially compact sub-
sets of p-Dunford integrable functions.

Next, we consider uniform Z-convergence of compact mappings in metric spaces and
show that uniform Z-limit of a sequence of compact mappings is compact. We apply
the result to sequence of compact linear operators in Banach spaces and obtain a well
known fundamental result of functional analysis. We study uniform Z-convergence in
L,(11, X), Dp(p, X) and P, (e, X ), and weakly uniform Z-convergence of sequences in
Dy (1, X) and P,(p, X). It is shown that in L,(p, X), uniform Z-convergence implies
p-Bochner Z-convergence. On the other hand in D,(yx, X), uniform Z-convergence
implies p-Pettis Z-convergence and weak uniform Z-convergence implies p-scalarly
strong Z-convergence.

We study Z-closedness and Z-completeness in different settings and show how the
spaces Ly,(u, X), Dp(p, X) and P,(u, X) behave in this respect.

At last, we study Z-exhaustiveness, Z-weak exhaustiveness and Z-a-convergence of
sequences of metric space-valued functions defined on a metric space. Athanassi-
adou, Boccuto, Dimitriou and Papanastassiou introduce these notions for sequences
of real-valued functions defined on a metric space [1]. We study here the same in
respect of sequences in Dy (u, X).
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2. Notations, definitions and preliminaries

Throughout the paper (€2, X, 1) stands for a finite measure space and X, for a real
Banach space with dual X*, Bx and Bx- denoting the closed unit ball of X and
X* respectively.

For definition and some properties of a p-measurable function defined on a finite
measure space with values in a Banach space, we refer to [10]. The collection of
all equivalence classes of p-measurable functions defined on €2 with values in X is
denoted by M (€, %, u, X), or in short, by M(u, X). If X = R, then it is denoted,
simply, as M(u).

A function f € X% is said to be scalarly p-measurable if z*f € M(u) for each
x* € X*. The collection of all scalar equivalence classes of scalarly p-measurable
functions defined on Q with values in X is denoted by M (€, 3, u, X), or in short,
by M (p, X). Both M(p, X) and Mg(p, X) are real vector spaces and the former
is a subspace of the latter.

For definitions and many important properties of Bochner, Dunford and Pettis in-
tegrable functions, we again refer to [10]. For p € [1, 00], a function f € X* is said
to be p-Bochner (resp. p-Dunford) integrable if it is y-measurable (resp. scalarly p-
measurable) and || f|| € L,(u) (resp. «*f € L,(u) for each 2* € X*, or equivalently,
for each z* € Bx~), L,(1) being the set of all equivalence classes of p-Lebesgue in-
tegrable functions defined on €2; it is said to be p-Pettis integrable if it is p-Dunford
integrable and Pettis integrable. The set of all equivalence classes of p-Bochner
integrable functions in X is denoted by L,(Q, 3, i, X), or in short, by L,(u, X).
If X =R, then it reduces to L,(u). The set of all scalar equivalence classes of p-
Dunford and p-Pettis integrable functions in X** are denoted by D,(Q, X, u, X) and
P,(2, %, 1, X), or in short, by D,(p, X) and P,(u, X) respectively. For a detailed
discussion on p-Dunford and p-Pettis integrable functions with values in a Banach
space, we refer to [7].

The p-Bochner norm of f € L,(u, X), denoted as ||f||,, is defined to be the p-
Lebesgue norm of || f||, under which L,(x, X) becomes a Banach space; the p-Pettis
norm of f € Dy(i, X), denoted as || f||pyp, is defined as || f| pp = sup,eep,. |7 5,
under which D,(u, X) becomes a normed linear space. It should be noted that
Ly(1, X) € Py, X) C Dylps, X) and for any f € Ly(s, X), | fllpp < |If],,- Clearly
p-Bochner norm in L,(p) is the p-Lebesgue norm. In fact, if X = R, then the
term ‘Bochner’ is replaced by ‘Lebesgue’ If p = 1, we shall write simply Bochner,
Dunford and Pettis instead of p-Bochner, p-Dunford and p-Pettis respectively.

It should also be noted that if p € [1,00] and ¢ € [1,p|, then L,(u, X) C L,(p, X),
and || fllg <[]l for all f € L,(p, X), and Dy(p1, X) C Dy, X), Pp(pr, X) CPy(pr, X),
and || f[|pq < |[f]lpp for all f € Dp(p, X).

From now on, we assume, if not stated otherwise, that p € [1, 00).

Let us recall the following definitions:
(a) A sequence of functions {f,,} in M(u, X) is said to be convergent in measure

to f € M(u,X) (resp. Cauchy in measure) if for each number ¢ > 0, the
sequence {u({w € Q : ||fo(w) — f(w)|| > €})} (resp. the double sequence

{p{w e Q1 || fa(w) = fin(w)|| > €})}) is null in R.
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(b) A sequence of functions {f,} in Mg(p, X) is said to be scalarly convergent
in measure to f € M(u, X) (resp. scalarly Cauchy in measure) if for each
x* € X*, {a*f,} is convergent in measure to z*f (resp. {z*f,} is Cauchy in
measure) [4, p.2028].

(c¢) A sequence of functions {f,,} in M(u, X) is said to be scalarly equi-convergent
in measure to f € M(u, X) (resp. scalarly equi-Cauchy in measure) if for each
e > 0, the sequence {sup,..p , p({w € Q : |[2*(fu(w) — f(w))] > €})} (resp.
the double sequence { sup,..p_, p({w € Q1 |[2*(fo(w) = fm(w))| > €})}) is null
in R [4, p.2028].

Let us recall that a collection @, in L,(u), is said to be p-uniformly integrable if for
any € > 0, there exists a > 0 such that [ [¢(w)[Pdu < e for all ¢ € @ and for all
E € ¥ with u(E) <.

The following definitions are sequence versions of [13, p. 52, Definition 3.22 & p. 53,
Definition 3.28]:

A sequence {f,} in L,(u, X) (resp.in D,(p, X)) is said to be

(a) p-Bochner uniformly integrable (resp. p-Pettis uniformly integrable) if {|| fn|}
(resp. {z*f,, : ©* € Bx~}) is p-uniformly integrable in L, (1),
(b) p-Bochner (resp. p-Pettis) §-Cauchy if for each € > 0, there exist an N € N and

a ¢ > 0 such that / lfn — fnllPdp < € (resp. sup / |2*(fr — fou)|Pdpn < 5)
B B

I*GBX*

for all n,m € N with n,m > N and for all £ € ¥ with u(F) < 4,

(c) p-Bochner (resp. p-Pettis) convergent to f € L,(u, X) (resp. to f € Dp(p, X))
if {f,} is convergent to f in p-Bochner (resp. in p-Pettis) norm,

(d) p-Bochner (resp. p-Pettis) Cauchy if {f,} is Cauchy in p-Bochner (resp. in
p-Pettis) norm.

Let us recall that a non-empty family Z C 2% of subsets of N, the set of all natural
numbers, is said to be an ideal in N if (a) for each A, B € Z, we have AU B € I,
and (b) for each A € 7 and for each B C A, we have B € Z. An ideal Z is called
non-trivial if N ¢ Z. A non-trivial ideal Z is called admissible if and only if {n} € Z
for each n € N.

Let Z be a non-trivial ideal of subsets of N and let (Z, p) be a metric space.

A sequence {z,} in Z is said to be Z-convergent to z € Z, denoted as z, —7 z, or,
as Z-lim, z, = z, if for each € > 0, the set A(e) = {n € N: p(z,,2) > ¢} € T [12,
p. 671, Definition 3.1]. It is easy to note that a sequence {z,} in Z is Z-convergent
to z € Z if and only if for each € > 0, there exists an A € Z such that p(z,,2) < ¢
for all n € N\ A [3, p.4, Definition 2]. Also, it is well known that the limit of an
Z-convergent sequence in a metric space is unique [12, p. 673, Proposition 3.1(i)].

It should be noted that usual convergence implies Z-convergence for any admissible
ideal Z, while the converse is not true, in general. The converse is true if Z = Z;,,
the ideal of all finite subsets of N. Thus the usual convergence in a metric space
coincides with Zy;,-convergence. However, it can be easily shown that every Z-
convergent sequence possesses a subsequence which is convergent to the same limit.
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From now on, Z stands for an admissible ideal on N.

A double sequence {z,,,} in a metric space (Z, p) is said to be Z-convergentto z € Z
if for each € > 0, there exists an A € Z such that p(zmn,, z) < € for all m,n € N\ A.

A sequence or a double sequence in a normed linear space is said to be Z-null if it
is Z-convergent to 0.

A sequence {z,} in the metric space Z is said to be Z-Cauchy if for each ¢ > 0,
there exists a k& € N such that the set {n € N : p(z,,2;) > €} € Z. It is Dems
who introduces and studies Z-Cauchy sequences in a metric space [9, p.124]. She
establishes that a sequence {z,} in Z is Z-Cauchy if and only if for each € > 0, there
exists an A € Z such that p(z,, z,) < € for all n,m € N\ A [9, p. 126, Proposition 4

(1) = (2))].
A subset S of Z is said to be Z-complete if every Z-Cauchy sequence in S is Z-

convergent in S. It follows from [9, p.124, Theorem 2| that a metric space is
complete if and only if it is Z-complete.

A subset S of Z is said to be Z-closed in Z if the Z-limit of every Z-convergent
sequence in S, is contained in S.

It is easy to note that a subset in a metric space is closed if and only if it is Z-closed.

3. Main results

We begin with the following definitions of some well-known terms in the context of
ideals:

Definition 3.1. (a) A sequence of functions {f,} in M(u, X) is said to be Z-
convergent in measure to f € M(u,X) (resp. Z-Cauchy in measure) if for
each £ > 0, the sequence {u({w € Q : ||fu(w) — f(w)|| > €})} (vesp. the
double sequence {pu({w € Q : | fo(w) — fm(w)| > €})}) is Z-null in R [2,
p. 723].

(b) A sequence of functions {f,} in My(u, X) is said to be scalarly Z-convergent
in measure to f € Mg(u, X) (resp. scalarly Z-Cauchy in measure) if for each
x* € X*, the sequence {z* f,,} is Z-convergent in measure to z* f (resp. {z* f,.}
is Z-Cauchy in measure).

(c) A sequence of functions { f, } in M,(u, X) is said to be scalarly equi-Z-conver-
gent in measure to f € Mg(u, X) (resp. scalarly equi-Z-Cauchy in measure) if
for each & > 0, the sequence { sup,.cp , p({w € Q: [2*(fu(w) — f(w))| > €})}

(resp. the double sequence {sup,..p , p({weQ : [z*(fu(w) — fm(w))] > })})
is Z-null in R [4, p.2035]. O

It should be noted that the convergence in measure of a sequence in M(u, X) and
the scalar equi-convergence in measure of a sequence in M (i, X) are each a metric
convergence [13, p.51, Lemma 3.20 (e) & Lemma 3.21 (e)]. Consequently, if a
sequence in M(p, X) (resp. in Mg(p, X)) is Z-convergent (resp. scalarly equi-
Z-convergent) in measure, then it is Z-Cauchy (resp. scalarly equi-Z-Cauchy) in
measure [9, p.124, Proposition 1] and it has a subsequence which is convergent
(resp. scalarly equi-convergent) in measure to the same limit.
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Definition 3.2. A sequence {f,} in L,(x, X) (resp. in D,(u, X)) is said to be

(a)  p-Bochner Z-uniformly integrable (resp. p-Pettis T-uniformly integrable) if for
each € > 0, there exist an A € Z and a § > 0 such that [ || f,|Pdp < e (resp.
SUP,cp. . Jp |2 fulPdp < €) for all n € N\ A and for all E' € X with u(E) < 0,

(b)  p-Bochner 6-Z-Cauchy (resp. p-Pettis §-I-Cauchy) if for each e > 0, there exist
an A € T and a number § > 0 such that [, || f, — finl[Pdp < € (respectively
SUP e . Jp 12" (fo = fm)|Pdp < €) forall n,m € N\ A and for all E € ¥ with

u(E) <9,

(c)  p-Bochner (resp. p-Pettis) T-convergent to f € L,(u, X) (resp.to f€D,(u, X))
if {f,} is Z-convergent to f in p-Bochner (resp. in p-Pettis) norm,

(d) p-Bochner (resp. p-Pettis) IT-Cauchy if {f,} is Z-Cauchy in p-Bochner (resp.
in p-Pettis) norm. O

It is easy to note that

(a) a p-Bochner (resp. p-Pettis) uniformly integrable sequence of functions in the
space L,(u, X) (resp. in D,(u, X)) is p-Bochner (resp. p-Pettis) Z-uniformly
integrable,

(b) a p-Bochner (resp. p-Pettis) 6-Cauchy sequence of functions in L,(p, X) (resp.
in D,(u, X)) is p-Bochner §-Z-Cauchy (resp. p-Pettis §-Z-Cauchy),

(c) ap-Bochner (resp. p-Pettis) convergent sequence in Ly, (4, X) (resp. in D, (i, X))
is p-Bochner (resp. p-Pettis) Z-convergent to the same limit,

(d) a p-Bochner (resp. p-Pettis) Cauchy sequence in L, (p, X) (resp. in D,(u, X))
is p-Bochner (resp. p-Pettis) Z-Cauchy.
If 7 = Zy;,, then the converses of the above assertions are true.

From Chebyshev’s lemma [13, p. 50, Corollary 3.18] follows the following lemma:

Lemma 3.3. (a) Let{f.} C L,(pt, X) andlet f € L,(1, X). If {fn} is p-Bochner
Z-convergent to f (resp. p-Bochner Z-Cauchy), then it is Z-convergent in
measure to f (resp. Z-Cauchy in measure).

(b) Let{f.} CD,(u,X) and let f € Dy(p, X). If{fn} is p-Pettis T-convergent to
f (resp. p-Pettis T-Cauchy), then it is scalarly equi-Z-convergent in measure
to f (resp. scalarly equi-Z-Cauchy in measure).

Theorem 3.4. The following statements hold good:

(a) A sequence {fn} in L,(p, X) is p-Bochner Z-uniformly integrable if and only
if it is p-Bochner 0-IZ-Cauchy.

(b) A sequence {f,} in L,(, X) is p-Bochner Z-Cauchy if and only if it is ZL-
Cauchy in measure and is p-Bochner 6-Z-Cauchy.

(c) A sequence {f,} in Dy(p, X) is p-Pettis T-uniformly integrable if and only if
it is p-Pettis §-Z-Cauchy and for each € > 0, there exists an A € T such that
for each n € N\ A, there ezists a § > 0 satisfying

sup [ [a" P < ¢
E

T*EBx*

for all E € ¥ with u(E) < 0.
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(d) A sequence {f,} in D,(u, X) is p-Pettis T-Cauchy if and only if it is scalarly
equi-Z-Cauchy in measure and is p-Pettis 6-L-Cauchy.

Proof. (a) Let {f,} be a sequence in L,(p, X). Let {f,} be p-Bochner Z-uniformly
integrable. Let ¢ > 0. Then there exist an A; € Z and a ] > 0 such that

g
L1l < 55

for all n € N\ A; and for all £ € ¥ with u(E) < 6.
Now, for all n,m € N\ A; and for all £ € ¥ with u(F) < 0}, we have

[t =ttt <2 ([ tpaucs [ 1alpan) <2 (5 + 55) =

This shows that {f,,} is p-Bochner §-Z-Cauchy.

Conversely, let {f,} be p-Bochner §-Z-Cauchy. Let ¢ > 0. Then there exist an
Ay € T and a d7 > 0 such that

g
o=l < 55

for all n,m € N\ Ay and for all E € ¥ with u(E) < 47.
Let m € N\ A, be fixed. Since || f,,,(+)|| € L,(p), there exists a 6" > 0 such that

13
J Nl <

for all E € ¥ with u(E) < 07"

Let 91 = min{07,6{"}. Then §; > 0, and for all n € N\ A, and for all E € 3 with
w(E) < &1, we have

[t <2 ([ 1= guledn+ [ Mraliin) <2 (55 + 55) =

which shows that {f,} is p-Bochner Z-uniformly integrable.

(b) Let {f,} be a sequence in L,(u, X). Let {f,} be p-Bochner Z-Cauchy. That
{fn} is Z-Cauchy in measure follows from Lemma 3.3(a) and that it is p-Bochner
0-Z-Cauchy follows from the inequality

n_mpd_ n_mpd
/Euf ful u</QHf fulPdp

for all £ € ¥ and for all n,m € N.

Conversely, let { f,} be Z-Cauchy in measure and p-Bochner §-Z-Cauchy. Let ¢ > 0.
Then there exist a B; € Z and a d > 0 such that

P
[ U= gl <
E

for all n,m € N\ By and for all F € ¥ with u(E) < ds.
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Since {f,} is Z-Cauchy in measure, there exists, for the above d, > 0, a By €Z such
that for all n,m € N\ B

p({w € Qi) = @)l > ——1}) <.

(2u(Q))P
Let B = By U B,. Then B € Z, and for all n,m € N\ B, we have
JAA
Q
<[ 1= Fulldu+ | fo = Fulldp
| fr=fmll> = I [fn—fml< < 1
(2p@)P (2u(2))P

e’ € b _
AR (wm))é) ulfl) ="

Hence it follows that || f, — full, < e for all n,m € N\ B which implies that {f,}
is p-Bochner Z-Cauchy.

(c) Let {f,} be asequence in D,(u, X). Let {f,} be p-Pettis Z-uniformly integrable.
Let € > 0. Then there exist a C; € 7 and a 05 > 0 such that

sup x* folPdp <
[l < 55

for all n € N\ C} and for all £ € ¥ with u(E) < 65. Now, for all n,m € N\ (1, for
all £ € ¥ with u(E) < d5 and for all 2* € Bx~, we have

/ 2" (fn = fm) Ipdu<2p< sup / 2" fulPdp +  sup / Ifrf*fml”du>
E E

z*EBx* T*EBx*

o € e\ €
<2 (2p+2 + 2p+2> 9
Therefore sup / 2" (fr — fo)[Pdp < <f<e
.Z’*EBX* 2

for all n,m € N\ C and for all £ € ¥ with u(E) < 65. This shows that {f,} is
p-Pettis 6-Z-Cauchy.

The second part follows trivially.

Conversely, let ¢ > 0. Since, by hypothesis, {f,} is p-Pettis J-Z-Cauchy, there exist
a Cy € T and a 0§ > 0 such that

su T )Pdp <
m*EBlz(*/ | fm ’ H 2p+1

for all n,m € N\ Cy and for all £ € ¥ with u(F) < 05. Again, by hypothesis, there
exists a C3 € Z such that for each n € N\ Cj, there exists a §} > 0 satisfying

sup /|x*fn|pdu< %
E

T*EBx*

for all E € ¥ with u(E) < 04"
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Let C = CyUC5. Then C' € Z. We now fix N € N\ C. Then N € N\ C3 and so
there exists a d%" > 0 such that

* 3
sup /|3j fN|pd#<ﬁ
E

T*EBx*

for all E € ¥ with u(E) < 6%. Let d3 = min{d5,d2}. Then d3 > 0 and d3 < 6.
Hence

sup / 2" fnlPdp < 2p+1
E

r*EBxx*

for all £ € ¥ with u(E) < d3. Again, N € N\ Cy and 03 < ;. Hence

sup / |2 (fr — fn)|Pdp < 2p+1

for all n € N\ Cy and for all £ € ¥ with p(E) < d3. Therefore, for all n € N\ C
and for all £ € ¥ with u(E) < J3, we have

sup / 2" falPdp = sup / |2 (fu — fv + ) Pdp
E

r*EBx* z*EBxx*

§2p sup /!x — fn)[Pdp+ sup /|$*fN|pdﬂ)
E

[L’ E€Bx* T*EBx*

P € _
<2 (2p+1 + 2p+1> €.

This shows that {f,} is p-Pettis Z-uniformly integrable.
(d) Let {f.} be a sequence in D,(u, X). Let {f,} be p-Pettis Z-Cauchy.

That {f,} is scalarly equi-Z-Cauchy in measure follows from Lemma 3.3 (b), and
that it is p-Pettis 9-Z-Cauchy follows from the fact that for any 2* € Bx+ and for
any F € ¥ and for all n,m € N we have

(/ (= f) \pdu> < sup (/ (o = f) |de) o= Sl
T*EBx*

Conversely, let { f,,} be scalarly equi-Z-Cauchy in measure and p-Pettis §-Z-Cauchy.
Let € > 0. Then there exist a D; € Z and a d, > 0 such that

sup [ [0 = Sl <
T*EBx*

for all n,m € N\ D; and for all £ € ¥ with u(F) < dy4.

Again, since { f,, } is scalarly equi-Z-Cauchy in measure, there exists, for above é, > 0,
a Dy € T such that, for all n,m € N\ Dy,

sup u({w € Q:a* (fo(w) — frn(w))| > — }) < dy.

By (4(2)

D=
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Let D = Dy UD,. Then D € Z, and for all n,m € N\ D, for all E € ¥ with
w(E) < 6, and for all z* € Byx+, we have

[ 127 fo) P

<[ o = S+ [ (o — Fu)lPdp
|* (fro—fm)|> = T |z* (fro—frm)| < T
(4p(2) P (4p(2) P
eP € p eP
<—+( 1>H(Q):*-
4 (4p(S2))> 2
1
This implies that || f, — fm||lpp = sup (/ |z*(fr — fimn) \pd,u> < % <e
x*eB X * p
for all n,m € N\ D, whence it follows that {f,} is p-Pettis Z-Cauchy. ]

We now present the Vitali type Z-convergence theorem for sequences of p-Bochner
integrable functions.

Theorem 3.5. Let {f,} be a sequence in L,(11, X) and let f € M(u, X). Then the
following statements are equivalent:

(a) f € Ly(p, X) and {f,} is p-Bochner I-convergent to f.
(b)  {f.} is Z-convergent in measure to f and is p-Bochner Z-Cauchy.
(¢) A fu} is Z-convergent in measure to f and is p-Bochner 6-Z-Cauchy.

Proof. (a) = (b): That {f,} is Z-convergent in measure to f follows from Lemma
3.3 (a) and that it is p-Bochner Z-Cauchy follows from the fact that an Z-convergent
sequence in a metric space is Z-Cauchy [9, p. 124, Proposition 1].

(b) = (a): Since L,(u, X) is complete, the sequence { f,,} is p-Bochner Z-convergent
in L,(p, X) [9, p.124, Theorem 2(1)]. So, there exists a g € L,(p, X) such that
{fn} is p-Bochner Z-convergent to g. Hence, by Lemma 3.3 (a), it follows that {f,}
is Z-convergent in measure to g. By uniqueness (up to equal u-almost everywhere)
of Z-limit of an Z-convergent sequence in measure, it follows that f = ¢g py-a.e. which
implies that f € L,(p, X) and {f,} is p-Bochner Z-convergent to f.

(b) <= (c): Follows from Theorem 3.4 (b) and the fact that {f,} is Z-Cauchy in
measure whenever it is Z-convergent in measure. [

If we take 7 = Zy;, in Theorem 3.5, then we have the following Vitali type conver-
gence theorem for p-Bochner integrable functions:

Corollary 3.6. Let {f.} be a sequence in L,(p, X) and let f € M(p, X). Then
the following statements are equivalent:

(a) f € Ly(p, X) and {f,} is p-Bochner convergent to f.
(b)  {fa} is convergent in measure to f and is p-Bochner Cauchy.

(¢)  {fu} is convergent in measure to f and is p-Bochner 6-Cauchy.

A subset § of M(u, X) is said to be relatively Z-sequentially compact in measure if
every sequence in S has a subsequence which is Z-convergent in measure.
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A subset S of L,(i, X) is said to be p-Bochner Z-precompact (resp. p-Bochner §-
TI-precompact) if every sequence in S has a p-Bochner Z-Cauchy (resp. p-Bochner
d-Z-Cauchy) subsequence.

Let us recall that a subset S of L, (u, X) is said to be p-Bochner uniformly integrable
if {||f|l : f € S} is p-uniformly integrable in L,(u).

Corollary 3.7. Let S C L,(u, X) be relatively Z-sequentially compact in measure.
Then the following statements are equivalent:

53
S~—

S is p-Bochner relatively compact.

=

S is p-Bochner uniformly integrable.

(@)
~

FEvery sequence in S is p-Bochner uniformly integrable.

=

S is p-Bochner precompact.

@
~

S is p-Bochner §-precompact.

—
S—

Fvery sequence in S is p-Bochner L-uniformly integrable.

S is p-Bochner L-precompact.

o
~—

o~~~ o~ o~ o~ o~ —~

=

S is p-Bochner §-Z-precompact.

Proof. (a) = (b): Let S be p-Bochner relatively compact. Then it is easy to see
that the set {||f] : f € S} is relatively compact and hence p-uniformly integrable
in L,(u), whence it follows that S is p-Bochner uniformly integrable.

(a) = (d) & (b) = (c) = (f): Trivial.
(d) = (e): Follows from [13, p. 53, Theorem 3.29 (b)].
d) =

( (g): Follows from the fact that every p-Bochner Cauchy sequence in L, (1, X)
is p-Bochner Z-Cauchy.

() = (h): Follows from the fact that every p-Bochner §-Cauchy sequence in
L,(p, X) is p-Bochner ¢-Z-Cauchy.

f) = (h): Follows from Theorem 3.4 (a).
g) = (h): Follows from Theorem 3.4 (b).

(h) = (a): Let {f.} be a sequence in §. Then, by hypothesis, it has a subse-
quence {f,, } which is Z-convergent in measure and hence, there is a subsequence
{ fnk]} of {f,,} which is convergent in measure. Again, by hypothesis, { fnk]} has a

(
(

subsequence {f,, } which is p-Bochner §-Z-Cauchy. Also, {f,, } is convergent in
J1 J1

measure and hence, is Z-convergent in measure. Then by Theorem 3.5 ((¢c) = (a)),
it follows that { fnkj } is p-Bochner Z-convergent and hence, it has a subsequence
1

which is p-Bochner convergent. Hence, it follows that S is p-Bochner relatively
compact and (a) follows. O

Following [5, p. 247, Definition 3.3|, we introduce the following definitions:

Definition 3.8. (a) Let {f,} C D,(1, X) and let f € Dy(p, X). Then {f,} is
said to be p-scalarly strongly Z-convergent to f (resp. p-scalarly strongly Z-Cauchy)
if for each z* € X*, {2*f,} is p-Lebesgue Z-convergent to z*f (resp. p-Lebesgue
Z-Cauchy).
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(b) A sequence {f,} C D,(u, X) is said to be p-scalarly T-uniformly integrable
(resp. p-scalarly 0-Z-Cauchy) if for each x* € X* {z*f,,} is p-Lebesgue Z-uniformly
integrable (resp. p-Lebesgue §-Z-Cauchy). ]

It is easy to verify that if {f,} C D,(u, X) is p-Pettis Z-convergent to f (resp. p-
Pettis Z-Cauchy, resp. p-Pettis Z-uniformly integrable, resp. p-Pettis §-Z-Cauchy),
then it is p-scalarly strongly Z-convergent to f (resp. p-scalarly strongly Z-Cauchy,
resp. p-scalarly Z-uniformly integrable, resp. p-scalarly §-Z-Cauchy).

An application of Theorem 3.4 (a) to the sequence {x*f,} for each x* € X* yields
that a sequence { f,,} is p-scalarly Z-uniformly integrable if and only if it is p-scalarly
0-Z-Cauchy.

An application of Theorem 3.5 to the sequence {x*f,} for each z* € X* yields the
following result:

Theorem 3.9. Let {f,} be a sequence in Dy(p, X) and let f € My(p, X). Then
the following statements are equivalent:

(a)  f €Dy, X) and {fn} is p-scalarly strongly I-convergent to f.

(b)  {f.} is scalarly Z-convergent in measure to f and is p-scalarly strongly Z-
Cauchy.

(¢) A fu} is scalarly Z-convergent in measure to f and is p-scalarly §-Z-Cauchy.

For any f € X%, we define the mapping Ty : X* — R®? as Ty(z*) = 2*f for
x* € X*. Clearly Ty is a weak®-pointwise continuous linear operator.

If f e M(p, X), then Ty € (M(u))*" and Ty is continuous with respect to weak*-
topology of X* and topology of pointwise convergence of M (p).

If feDy(p,X), then Ty € L(X*, L,(p)) with || T¢(z*)||, = ||z* f||, for each z* € X*
and | T¢|| = | fllpp [14, p. 8, Corollary 13].

Let S be a non-empty set and let (Z, p) be a metric space.

A sequence of functions { f,,} in Z° is said to be pointwise Z-convergent to a function
f € Z% (resp. pointwise Z-Cauchy) on a subset T of S if for each t € T, the sequence
{fn(t)} is Z-convergent to f(t) (resp. Z-Cauchy), i.e., if for each ¢ € T and for each
e > 0, there exists an A € Z such that p(f.(t), f(t)) < e for all n € N\ A (resp.
p(fu(t), fm(t)) < e for all n,m € N\ A).

A sequence of functions {f,} in Z* is said to be uniformly I-convergent to a function
f € Z% (resp. uniformly Z-Cauchy) on a subset T" of S if for each & > 0, there exists
an A € T such that p(f,(t), f(t)) < e forallmn € N\ A and for all t € T' [2, p.717]
(resp. p(fu(t), fi(t)) < e for alln,m € N\ A and for all t € T).

It is evident that a uniformly Z-Cauchy sequence of functions in Z° is pointwise
Z-Cauchy.

Balcerzak et al. pointed out that each uniformly Z-convergent sequence of functions
{fn} with values in a metric space contains a subsequence which is uniformly con-
vergent [2, p. 718, Remark 4], obviously to the same limit as the uniform Z-limit of

{fn}-

From these very definitions we derive the following two lemmas:
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Lemma 3.10. Let {f,} C M,(u, X), f € My(p, X) and let M(p) be induced with
the topology of convergence in measure. Then

(a)  {fu} is scalarly Z-convergent in measure to f (resp. scalarly Z-Cauchy in
measure) if and only if {Ty,} is pointwise Z-convergent to Ty (resp. {1, } is
pointwise Z-Cauchy) in (M(p))X" on X*.

(b)  {f.} is scalarly equi-I-convergent in measure to [ (resp. scalarly equi-Z-

Cauchy in measure) if and only if {Ty,} is uniformly I-convergent to Ty
(resp. {1}, } is uniformly Z-Cauchy) in (M(u))*" on Bx-.

Lemma 3.11. Let {f,} be a sequence in D,(u, X) and let f € D,(p, X). Then

(a)  {fu} is p-scalarly strongly Z-convergent to f (resp. p-scalarly strongly Z-
Cauchy) if and only if {T},} is pointwise L-convergent to Ty (resp. pointwise
Z-Cauchy) in (L,(p))*" on X*.

(b)  {fn} is p-Pettis Z-convergent to f (resp. p-Pettis T-Cauchy) if and only if {1y, }
is uniformly Z-convergent to Ty (resp. uniformly Z-Cauchy) in (L,(p))*" on
Bx-«, i.e., if and only if {I},} is I-convergent to Ty (resp. I-Cauchy) in
L(X*,Ly(1)) in operator norm.

The following result is the Z-version of [6, p. 287, Lemma 6.2.6]:

Lemma 3.12. Let S be a non-empty set and let (Z, p) be a metric space. Let {g,}
be a sequence in Z° and let g € Z°. Then {gn} is uniformly Z-convergent to g on a
subset T of S if and only if {g,} is pointwise Z-convergent to g on T and uniformly
Z-Cauchy on T

Proof. The necessity part is trivial.

For the sufficiency part, let € > 0. Then there exists an A € Z such that
P(9n(5), 9m(s)) < 5

for all n,m € N\ A and for all s € T. Let s € T be arbitrarily fixed. Then {g,(s)}
is Z-convergent to ¢(s) and hence, there exists a By € Z such that

| ™

p(gn(s),9(s)) <

for all n € N\ B;. Let m € N\ (AU By) be fixed. Then m € N\ A and m € N\ B;.
Hence for all n € N\ A, we have

+ - =€

2
2

DO ™

p(gn(s),9(5)) < p(gn(s), gm(s)) + p(gm(s), 9(s)) <
Thus, p(gn(s),9(s)) < € for all s € T and for all n € N\ A, whence the result
follows. ]

The following result follows from Lemma 3.10 and Lemma 3.12:

Lemma 3.13. Let {f,} C My(1, X) and let f € My(u, X). Then {f.} is scalarly
equi-Z-convergent in measure to f if and only if {f.} is scalarly T-convergent in
measure to [ and is scalarly equi-Z-Cauchy in measure.
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Now, we are in a position to present the Vitali type Z-convergence theorem for
sequences of p-Dunford integrable functions.

Theorem 3.14. Let {f,} be a sequence in Dy(p, X) and let f € Ms(u, X). Then
the following statements are equivalent:

(a)  f € Dy(p,X) and {f.} is p-Pettis T-convergent to f.

(b)  fe€Dy(, X), {fn} is scalarly equi-I-convergent in measure to f and {f, — f}
is p-Pettis T-uniformly integrable.

c)  {fa} is scalarly equi-Z-convergent in measure to f and is p-Pettis §-I-Cauchy.

d)  {fu} is scalarly equi-Z-convergent in measure to f and is p-Pettis Z-Cauchy.

e) {fu} is scalarly T-convergent in measure to f and is p-Pettis T-Cauchy.

f) f € Dy(u,X), {fn} is p-scalarly strongly I-convergent to f and is p-Pettis
I-Cauchy.

Proof. (a) = (b): Let f € D,(i, X) and let {f,,} be p-Pettis Z-convergent to f.
That { f,} is scalarly equi-Z-convergent in measure to f follows from Lemma 3.3 (b)
and that {f, — f} is is p-Pettis Z-uniformly integrable follows from the inequality

sup / 2 (fo — )Pdp < sup / @ (fu— PP < 1 fa— FIB,
LL’*EBx* xT GBX*
for all £ € X.

(b) = (c): It follows from hypothesis and Theorem 3.4 (c) that {f,, — f} is p-Pettis
d-Z-Cauchy whence it follows easily that {f,} is p-Pettis 6-Z-Cauchy.

¢) = (d): Follows from Lemma 3.13 and Theorem 3.4 (d).
d) = (e): Follows from Lemma 3.13.

(
(
(e) = (f): From hypothesis, it follows that { f,,} is scalarly Z-convergent in measure
to f and is p-scalarly strongly Z-Cauchy. Hence, the result follows from Theorem 3.9
(

(b) = (a)).

(f) = (a): From Lemma 3.11 (a), it follows that {T7%,} is pointwise Z-convergent
to Ty in (L,(p))*" on X* and hence on Bx+. Again, from Lemma 3.11 (b), it follows
that {77, } is uniformly Z-Cauchy on Bx-«. Hence, by Lemma 3.12, {T}, } is uniform-
ly Z-convergent to Ty on Bx-. Hence the result follows from Lemma 3.11(b). O

A subset S of D,(p, X) is said to be p-Pettis Z-precompact (resp. p-Pettis d-I-
precompact) if every sequence in S has a p-Pettis Z-Cauchy (resp. p-Pettis §-Z-
Cauchy) subsequence.

By Z-closure (resp. scalar equi-Z-closure) in measure of a subset of M(u, X) (resp.
of M(u, X)), we mean its Z-closure with respect to the topology of convergence
(resp. the topology of scalar equi-convergence) in measure.

Corollary 3.15. The Z-closure (resp. scalar equi-Z-closure) in measure of a p-
Bochner (resp. p-Pettis) §-I-precompact subset of L,(u, X) (resp. of Dy(p, X))
coincides with its p-Bochner (resp. p-Pettis) Z-closure.

Proof. Let S be a p-Bochner (resp. p-Pettis) §-Z-precompact subset of L,(u, X)
(resp. D,(u, X)) and let {f,} be a sequence in S which is Z-convergent (resp.
scalarly equi-Z-convergent) in measure to f € M(u, X) (resp. to f € Mg(p, X)).
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Then {f,} has a subsequence {f,, }, convergent (resp. scalarly equi-convergent) in
measure to f. By hypothesis, {f,,} has a subsequence { fnk } which is p-Bochner
(resp. p-Pettis) -Z-Cauchy. Since { f,,, } is convergent (resp. scalarly equi-convergent)
in measure to f, { fnk } is so. Hence, it is Z-convergent (resp. scalarly equi-Z-
convergent) in measure to f. An application of Theorem 3.5 ((¢) = (a)) (resp.
Theorem 3.14 ((¢) = (a))) implies that f € L,(u, X) (resp. f € D,(i, X)) and
{ fnk } is p-Bochner (resp. p-Pettis) Z-convergent to f. Hence, it follows that Z-
clostre (resp. scalar equi-Z-closure) in measure of S is contained in its p-Bochner
(resp. p-Pettis) Z-closure. On the other hand, it follows from Lemma 3.3 that the
p-Bochner (resp. p-Pettis) Z-closure of any subset of L,(u, X) (resp. D,(u, X)) is
contained in its Z-closure (resp. scalar equi-Z-closure) in measure. O

Let us recall that a subset S of a metric space (X,d) is said to be relatively Z-
sequentially compact if every sequence in S has an Z-convergent subsequence.

The following lemma follows from the fact that every Z-convergent sequence in a
metric space has a convergent subsequence:

Lemma 3.16. A subset of a metric space is relatively I-sequentially compact if and
only if it is relatively compact.

A subset F of Mg(u, X) is said to be relatively scalarly equi-sequentially (resp.
relatively scalarly equi-Z-sequentially) compact in measure if every sequence in F has
a subsequence which is scalarly equi-convergent (resp. scalarly equi-Z-convergent)
in measure in M(u, X).

Corollary 3.17. Let S C D,(u, X). Then the following statements are equivalent:

(a) S is p-Pettis relatively compact.

(b) S is p-Pettis relatively T-sequentially compact.

(¢) S is relatively scalarly equi-Z-sequentially compact in measure and is p-Pettis
L-precompact.

(d) S is relatively scalarly equi-Z-sequentially compact in measure and is p-Pettis
0-Z-precompact.

Proof. (a) <= (b): Follows from Lemma 3.16.
(b) = (c): Follows from Theorem 3.14 ((a) = (d)).
(¢) = (d): Follows from Theorem 3.4 (d).

(d) = (b): Let {f.} be a sequence in S. Since S is relatively scalarly equi-Z-
sequentially compact in measure and since scalar equi-convergence in measure is a
metric convergence, it follows from Lemma 3.16 that S is relatively scalarly equi-
sequentially compact in measure. Therefore, {f,} has a subsequence { f,,, } which is
scalarly equi-convergent in measure to some f € Mg(u, X). Again, by hypothesis,
there exists a subsequence { o, } of { fn, } which is p-Pettis §-Z-Cauchy. Also, { o, }
is scalarly equi-convergent in measure to f and hence, is scalarly equi- I—convergent
in measure to f. So, it follows from Theorem 3.14 ((¢) = (a)) that f € D,(u, X)
and { fnkj} is p-Pettis Z-convergent to f. Hence, (b) follows. O
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The following result follows by some routine arguments:

Lemma 3.18. Let {f,} be a sequence in Dy(p, X) and let f € D,(p, X). Then any
two of the following statements imply the other:

(a)  {fu} is p-Pettis T-uniformly integrable.

(b)  {f.— [} is p-Pettis T-uniformly integrable.

(¢) A{a*f:z* € Bx«} is p-uniformly integrable.

Theorem 3.19. Let {f,} be a sequence in D,(u, X) and let f € Ms(u, X). Then

the following statements are equivalent:

(a) f e Dy(p,X), {fn} is p-Pettis Z-convergent to f and is p-Pettis T-uniformly
integrable.

(b) f € Dy(u, X), {fn} is p-Pettis I-convergent to f and for each ¢ > 0, there
exists an A € T such that for each n € N\ A, there exists a 6 > 0 satisfying

sup / |z fu|Pdp < e for all E € ¥ with u(E) < 0.

CIZ*EBX* E

(¢)  {fu} is scalarly equi-Z-convergent in measure to f and is p-Pettis Z-uniformly
integrable.

(d) f € Dylu,X), {fn} is p-Pettis I-convergent to f and {x*f : x* € Bx«} is
p-uniformly integrable.

Proof. (a) = (b): Follows from Theorem 3.4 (c).
(b) = (c): Follows from Theorem 3.14 ((a) = (c)) and Theorem 3.4 (c).

(¢c) = (d): First and second part follow from Theorem 3.4 (c) and Theorem 3.14
((c) = (a)), and the third part follows from Theorem 3.14 ((a) = (b)) and
Lemma 3.18 ((a) & (b) = (c)).

(d) = (a): Follows from Theorem 3.14 ((a) = (b)) and Lemma 3.18 ((b) & (c)
= (a)). O
A sequence {y,} in a normed linear space Y is said to be weakly Z-convergent to
an element y € Y if for each y* € Y*, the dual of Y, the sequence {y*(y,)} is
Z-convergent to y*(y) in R. In this case, y is said to be a weak Z-limit of {y,} in Y,
denoted as weak Z-limy,,, and {y,} is said to be weakly Z-convergent in Y.

It can be easily verified that weak Z-limit of a weakly Z-convergent sequence in a
normed linear space is unique.

Also, it is easy to note that a norm Z-convergent sequence in a normed linear space
is weakly Z-convergent to the same limit.

Theorem 3.20. Let {f,} C P(u, X) and let f € D(u, X). Let us consider the
following statements:

(a)  Foreach E € X, {(Pettis) [, fndu} is weakly I-convergent in X, and for each
E € ¥ and for each z* € X*, { [, «* fodp} is I-convergent to [, x* fdu in R.

(b) feP(u,X), and for each E € 3, {(Pettis) [, fudu} is weakly I-convergent
to (Pettis) [, fdu in X.

(c)  Foreach E € X, {(Pettis) [, fodu} is norm I-convergent in X, and for each
E €% and for each x* € X*, { [, «* fadp} is I-convergent to [, x* fdu in R.
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(d) f e P(u,X), and for each E € 3, {(Pettis) [, fodu} is norm I-convergent
to (Pettis) [, fdu in X.

Then (a) <= (b) <= (¢) < (d).

Proof. (a) = (b): Let E € X. Then, by hypothesis, {(Pettis) [, f.du} is weakly
T-convergent in X. Let g € X be the weak Z-limit of {(Pettis) [, fodp}. Then,
for each z* € X*, {[,a*fodu} is T-convergent to x*(xp) in R. So, it follows
from hypothesis and uniqueness of Z-limit in R that [ g2 fdp = x*(xg) for each
x* € X* which implies that f € P(u, X) and xp = (Pettis) [, fdu. Obviously,
{(Pettis) [, fndu} is weakly Z-convergent to (Pettis) [, fdp.

(d) = (b) = (a) & (d) = (c) Trivial.

(¢c) = (d) Follows from (a) = (b) and the fact that a norm Z-convergent sequence
in a normed linear space is weakly Z-convergent to the same limit. [

Corollary 3.21. Let {f,} be a sequence in Py(u, X) and let f € D,y(p, X). If {fn}
is r-Pettis T-convergent to f for some r € [1,p], then f € P,(u, X).

Proof. From hypothesis, it follows that {f,} is Pettis Z-convergent to f and hence,
it is Pettis Z-Cauchy. Therefore, for each E € X, {(Pettis) [, fodu} is norm Z-
Cauchy in X [15, p.325] and hence, it is norm Z-convergent in X. From hypothesis,
it also follows that {f,} is r-scalarly strongly Z-convergent to f and hence, it is
scalarly strongly Z-convergent to f. Therefore, for each F € ¥ and for each z* € X*,
{ [ x* fadp} is T-convergent to [, * fdu. Hence, it follows from Theorem 3.20 ((c)
= (d)) that f € P(p, X) and consequently, f € P,(u, X). O

The following result follows from Corollary 3.21 and the fact that a subset of a
metric space is closed if and only if it is Z-closed:

Corollary 3.22. P,(u, X) isr-Pettis I-closed and hence, r-Pettis closed in Dy, X)
for all r € [1,p)].

A sequence {y,} in a normed linear space Y is said to be weakly Z-Cauchy if for
each y* € Y*, the dual of Y, the sequence {y*(y,)} is Z-Cauchy in R.

A normed linear space is said to be weakly Z-sequentially complete if every weakly
Z-Cauchy sequence in it is weakly Z-convergent in it.

Corollary 3.23. Let {f,} be a sequence in P(u, X) and let f € D(u, X) such that
for each E € ¥ and for each z* € X*, {fE x* fodp} is Z-convergent to fE x* fdu in
R. If X is weakly Z-sequentially complete, then f € P(u, X).

Proof. From the hypothesis, it follows that for each E € ¥, {(Pettis) [, fudu} is
weakly Z-Cauchy in X . Since X is weakly Z-sequentially complete, {(Pettis) [, fndu}
is weakly Z-convergent in X for each £ € Y. Hence, the result follows from Theorem

3.20 ((a) = (b)). O

Corollary 3.24. If X is weakly Z-sequentially complete, then P,(u, X) is r-scalarly
strongly Z-closed in D,(u, X) for all r € [1, p].

Proof. Let {f,} be a sequence in P, (i, X) which is r-scalarly strongly Z-convergent
to some f € D,(u, X). Then it is scalarly strongly Z-convergent to f.
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Therefore, for each E € ¥ and for each 2* € X*, { [, «* f,du} is Z-convergent to
[z @* fdp in R. Now, an application of Corollary 3.23 yields that f € P,(u, X) and
the result follows. O

The following result is the Pettis version of Theorem 3.14:

Theorem 3.25. Let {f,} be a sequence in P,(p, X) and let f € My(u, X). Then
the following statements are equivalent:

(a) fePy(u,X) and {f.} is p-Pettis T-convergent to f.

(b)  fePy(p,X), {fn} is scalarly equi-I-convergent in measure to f and {f, — f}
s p-Pettis T-uniformly integrable.

(¢)  {fu} is scalarly equi-Z-convergent in measure to f and is p-Pettis §-I-Cauchy.

(d)  {fn} is scalarly equi-Z-convergent in measure to f and is p-Pettis T-Cauchy.

(e)  {fu} is scalarly T-convergent in measure to f and is p-Pettis T-Cauchy.

(

f) f € Py, X), {fu} is p-scalarly strongly T-convergent to f and is p-Pettis
Z-Cauchy.

Proof. (a) = (b) = (¢) = (d) = (e) & (f)== (a): Follow from Theorem 3.14
and the fact that P,(u, X) C D,(u, X).

(e) = (f): It follows from Theorem 3.14 ((e) = (f)) that f € Dy(u, X), {fn}
is p-scalarly strongly Z-convergent to f and is p-Pettis Z-Cauchy. Again, by Theo-
rem 3.14 ((f) = (a)), it follows that {f,} is p-Pettis Z-convergent to f. Hence, by
Corollary 3.21, f € P,(p, X). O

Let (S,d) and (Z, p) be two metric spaces. Let us recall that a mapping g € Z° is
said to be compact if for every bounded subset B of S, g(B) C K for some compact
subset K of Z [8, p. 101, Definition].

The following result is the Z-version of [8, p. 102, Theorem 8.2]:

Theorem 3.26. Let (S,d) be a metric space and let (Z,p) be a complete metric
space. Let {g,} C Z° be a sequence of compact mappings and let g € Z°. If {g,} is
uniformly T-convergent to g on S, then g is compact.

Proof. If {g,} is uniformly Z-convergent to g on S, then it has a subsequence which
is uniformly convergent to g on S [2, p. 718, Remark 4]. Hence the result follows
from [8, p. 102, Theorem 8.2]. O

Let Y and Z be two normed linear spaces. Then it is known that a linear operator
T € L(Y, Z) is a compact linear operator if and only if T(By) C K for some compact
subset K of Z. The set of all compact linear operators in L(Y, Z) is denoted by
K(Y,Z). It is evident that a bounded linear operator 7" belongs to K(Y, Z) if and
only if T" is a compact mapping on By into Z.

As a particular case of Theorem 3.26, we have the following result which is the

Z-version of a fundamental result on compact linear operators on a normed linear
space into a Banach space:

Corollary 3.27. Let Y be a normed linear space and let Z be a Banach space. Let
{T,} be a sequence in K(Y,Z) and let T € L(Y,Z). If{T,} is Z-convergent to T in
operator norm, then T € K(Y, Z).
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From Lemma 3.11 (b) and Corollary 3.27 follows the following result:

Corollary 3.28. Let {f,} be a sequence in D,(u, X) and let f € Dy(p, X). Let T},
be compact for each n. If {f,} is p-Pettis I-convergent to f, then Ty is compact.

It is known that each f € P(u, X) defines a countably additive p-continuous vector
measure vy : X — X, called the induced vector measure of f.

A function f € X% is said to be strongly p-Pettis integrable if f € P,(u, X) and if
the range of its induced vector measure vy is relatively compact in X.

Let us denote, by ICp(1, X), the set of all strongly p-Pettis integrable functions in
X9, Evidently, K,(u, X) is a linear subspace of P,(u, X).

Corollary 3.29. IC,(p1, X) is r-Pettis closed in D,(p, X) and hence, in Py(p, X),
for all r € [1,p)].

Proof. Let r € [1,p]. Let f € D,(u, X) and let {f,} be a sequence in IC,(u, X)
which is r-Pettis Z-convergent to f. Then Corollary 3.21 implies that f € P,(u, X).

Since {f,} C KC,(u, X), it follows from [14, p.8, Corollary 10 ((a) <= (b))] that
ip 0T}, is compact for each n, where i, : L,(1) — L1(p) is the inclusion map. Now,
it is easy to note that

lip 0 Ty, —ip o Tyl = |l fu = fllp < [fn = fllpwr

for each n. Hence, {i, o T}, } is Z-convergent to i, o Ty in operator norm as {f,} is
r-Pettis Z-convergent to f. So, it follows from Corollary 3.27 that i, 0 T is compact
which implies by [14, p.8, Corollary 10 ((a) <= (b))] that f € K,(u, X). This
shows that K, (p, X) is r-Pettis Z-closed in D, (i, X) and hence, in P,(u, X). Hence
the result follows from the fact that a subset in a metric space is closed if and only
if it is Z-closed. [

The following lemma follows trivially from the very definition of a uniformly Z-
Cauchy sequence of functions:

Lemma 3.30. Let {f,} C X% be uniformly Z-Cauchy.

(@)  If{fu} C M(u,X), then it is Z-Cauchy in measure.

(b) If{fu} C Ly(p, X), then it is p-Bochner Z-Cauchy.

(¢) If{fn} C Ms(p, X), then it is scalarly equi-Z-Cauchy in measure.
(d)  If{fu} C Dy(u, X), then it is p-Pettis Z-Cauchy.

Theorem 3.31. Let {f,} C X% and let f € X Let {f.} be uniformly I-
convergent to f.

(a) If{fu} CM(u, X), then fe M(u, X) and {f.} is Z-convergentin measureto f.
(b) If{fn}CLy(p,X), then f€L,(p, X) and {f.} is p-Bochner Z-convergent to f.
Proof. (a) It follows from hypothesis that {f,} contains a subsequence which is
uniformly convergent to f [2, p. 718, Remark 4] which implies that f € M(u, X).

That {f,} is Z-convergent in measure to f can be proved in a similar manner as
done in [2, p. 723, Remark 14] for sequences of real-valued functions.

(b) Since Ly (p, X) C M(p, X), it follows from part (a) that f € M(u, X) and {f,}
is Z-convergent in measure to f. It follows from Lemma 3.12 and Lemma 3.30(b)
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that {f,} is p-Bochner Z-Cauchy. Hence, the result follows from Theorem 3.5 ((b)
= (a)). N
Let S be a non-empty set and let (Z, p) be a metric space. A subset U of Z9 is said
to be pointwise (resp. uniformly) Z-sequentially closed if the pointwise (resp. the
uniform) Z-limit of every pointwise (resp. uniformly) Z-convergent sequence in U,
is contained in U.

An immediate consequence of Theorem 3.31 is the following result:

Corollary 3.32. Fach of M(u, X) and L,(u, X) is uniformly Z-sequentially closed
in X, and hence, L,(uu, X) is uniformly Z-sequentially closed in M(p, X).

Let S be a non-empty set. A sequence of functions {f,} in X* is said to be weakly
pointwise (resp. weakly uniformly) Z-convergent to an element f € X on a subset
T of S if for each z* € X*, the sequence {z*f,} is pointwise (resp. uniformly)
Z-convergent to x*f on T.

It is evident that a pointwise (resp. uniformly) Z-convergent sequence of functions
in X¥ is weakly pointwise (resp. weakly uniformly) Z-convergent to the same limit.

Corollary 3.33. Let {f,} € X and let f € X Let {f.} be weakly uniformly
T-convergent to f on Q.
(a)  If{fn} C Ms(p,X), then f € Ms(p, X) and {f,.} is scalarly Z-convergent in

measure to f.

(b) If {fu} C Dy(p,X), then f € D,(u, X) and {f.} is p-scalarly strongly Z-
convergent to f.

(c) If{fu} C Py(u,X) and if X is weakly Z-sequentially complete, then f €
Po(p, X) and {fn} is p-scalarly strongly Z-convergent to f.

Proof. (a) Follows by an application of Theorem 3.31 (a) to the sequence {z*f,,}
in M(p) for each x* € X*.

(b) Follows by an application of Theorem 3.31 (b) to the sequence {z*f, } in L,(u)
for each x* € X*.

(c) Part (b) implies f € D,(u, X) and that {f,} is p-scalarly strongly Z-convergent
to f. Hence, it follows from Corollary 3.24 that f € P,(u, X). O
Let S be a non-empty set. A subset U of X° is said to be weakly uniformly

Z-sequentially closed if the weak uniform Z-limit of every weakly uniformly Z-
convergent sequence in U, is contained in U.

The following result immediately follows from Corollary 3.33:
Corollary 3.34. (a) Each of Ms(u, X) and Dy(p, X) is weakly uniformly I-se-

quentially closed in X** and hence, D,(u, X) is weakly uniformly I-sequentially
closed in My(u, X).

(b) If X is weakly Z-sequentially complete, then P,(u, X) is weakly uniformly
I-sequentially closed in X** and hence, in D,(u, X).

Theorem 3.35. Let {f,} C X% and let f € X®. Let {f.} be uniformly I-
convergent to f.

(a) If{fu} C Ms(p, X), then f € My(p, X) and {f,} is scalarly equi-Z-convergent
in measure to f.
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(b) If {fn} C Dp(p, X), then feD,(p, X) and {f,} is p-Pettis I-convergent to f.
(¢) If{fu} C Py(p,X), then feP,(p,X) and {f.} is p-Pettis T-convergent to f.

Proof. (a) Since a uniformly Z-convergent sequence of functions in X is weakly
uniformly Z-convergent to the same limit, Corollary 3.33(a) implies f € M(u, X)
and that {f,} is scalarly Z-convergent in measure to f. Also, it follows from
Lemma 3.12 and Lemma 3.30 (c) that {f,} is scalarly equi-Z-Cauchy in measure.
Hence, Lemma 3.13 implies that {f,} is scalarly equi-Z-convergent in measure to f.

(b) Follows from part (a) that f € M(u, X) and {f,} is scalarly equi-Z-convergent
in measure to f. Also, it follows from Lemma 3.12 and Lemma 3.30 (d) that {f,}
is p-Pettis Z-Cauchy. Hence, the result follows from Theorem 3.14 ((d) = (a)).

(c) Follows from part (b) and Corollary 3.21. O

The following result immediately follows from Theorem 3.35:

Corollary 3.36. Each of M(u, X), Dp(p, X), Py, X) is uniformly Z-sequentially
closed in X% and hence, each of Dy(u, X), Pp(u, X) is uniformly I-sequentially
closed in My(p, X), and P,(p, X) is uniformly T-sequentially closed in D,(u, X).

Let S be a non-empty set and let (Z, p) be a metric space. A subset U of Z9 is said
to be pointwise (resp. uniformly) Z-sequentially complete if every pointwise (resp.
uniformly) Z-Cauchy sequence in U is pointwise (resp. uniformly) Z-convergent on
S to an element of U.

Lemma 3.37. Let S be a non-empty set and let (Z, p) be a metric space. Then the
following statements are equivalent:

(a) Z is Z-complete.
(b)  Z% is pointwise I-sequentially complete.
(c) 7% is uniformly I-sequentially complete.

Proof. (a) = (b): Let Z be Z-complete. Let {f,} be a pointwise Z-Cauchy
sequence in Z%. Let s € S. Then {f,(s)} is an Z-Cauchy sequence in Z. Hence,
by hypothesis, it is Z-convergent to an element of Z. Let f(s) = Z-lim,, f,(s). This
is done for each s € S. Clearly, f is well-defined as the Z-limit of an Z-convergent
sequence in a metric space is unique. Hence, f € Z° and {f,} is pointwise Z-
convergent to f on S, and the result follows.

(b) = (¢): Let Z° be pointwise Z-sequentially complete. Let {f,} be a uniformly Z-
Cauchy sequence in Z°. Then it is pointwise Z-Cauchy in Z°. Hence, by hypothesis,
it is pointwise Z-convergent to some f € Z°. An application of Lemma 3.12 yields
that {f,} is uniformly Z-convergent to f on S, and the result follows.

(c) = (a): Let Z° be uniformly Z-sequentially complete. Let {z,} be an Z-Cauchy
sequence in Z. Let us define, for each n, the mapping f, € Z° by f.(s) = 2, for
all s € S. Then it follows easily that {f,} is uniformly Z-Cauchy in Z°. Hence,
by hypothesis, {f,} is uniformly Z-convergent to some f € Z°. Then {z,} is Z-
convergent to f(s) € Z for all s € S. From uniqueness of Z-limit in a metric space,
it follows that f is a constant mapping. Let f(s) =z € Z for all s € S. Then {z,}
is Z-convergent to z, and the result follows. [

Let S be a non-empty set. A sequence of functions {f,} in X is said to be weakly
pointwise (resp. weakly uniformly) Z-Cauchy on a subset T of S if for each x* € X*
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{z* f,} is pointwise (resp. uniformly) Z-Cauchy on T. It is evident that a weakly
uniformly Z-Cauchy sequence is weakly pointwise Z-Cauchy.

A subset U of X9 is called weakly pointwise (resp. weakly uniformly) T-sequentially
complete if every weakly pointwise (resp. weakly uniformly) Z-Cauchy sequence in
U is weakly pointwise (resp. weakly uniformly) Z-convergent on S to an element of U.

Lemma 3.38. For a non-empty set S the following statements are equivalent:

(a) X is weakly Z-sequentially complete.

(b)  X* is weakly pointwise I-sequentially complete.

(c)  X* is weakly uniformly T-sequentially complete.

Proof. (a) = (b): Let X be weakly Z-sequentially complete. Let {f,,} be a weakly
pointwise Z-Cauchy sequence in X*. Let s € S. Then {f,(s)} is a weakly Z-Cauchy
sequence in X. Hence, by hypothesis, it is weakly Z-convergent to an element of X.
Let f(s) = weak Z-lim,, f,(s). This is done for each s € S. Clearly, f is well-defined
as the weak Z-limit of a weakly Z-convergent sequence in a normed linear space is
unique. Hence, f € X° and {f,} is weakly pointwise Z-convergent to f on S, and
the result follows.

(b) = (c): Let X® be weakly pointwise Z-sequentially complete. Let {f,} be
a weakly uniformly Z-Cauchy sequence in X°. Then it is weakly pointwise Z-
Cauchy in X*°. Hence, by hypothesis, it is weakly pointwise Z-convergent to some
f € X°. Therefore, for each x* € X*, {z*f,} is uniformly Z-Cauchy and pointwise
Z-convergent to x*f in R®. An application of Lemma 3.12 to {z*f,}, for each
x* € X* yields that {z*f,} is uniformly Z-convergent to x*f on S which implies
that {f,} is weakly uniformly Z-convergent to f on S, and the result follows.

(c) = (a): Let X° be weakly uniformly Z-sequentially complete. Let {z,} be a
weakly Z-Cauchy sequence in X. Let us define, for each n, the mapping f, € X°
by fn(s) = x, for all s € S. Then it follows easily that {f,} is weakly uniformly
Z-Cauchy in X®°. Hence, by hypothesis, {f,} is weakly uniformly Z-convergent to
some f € X% Then {z,} is weakly Z-convergent to f(s) for all s € S. From
uniqueness of weak Z-limit in a normed linear space, it follows that f is a constant
mapping. Let f(s) =z € X for all s € S. Then {x,} is weakly Z-convergent to x,
and the result follows. O
The following result follows by a routine argument along with an application of
Lemma 3.37 ((a) = (b) & (a) = (¢)):

Lemma 3.39. Let S be a non-empty set and let (Z, p) be a complete metric space.
Then the following statements hold good:

(a)  Every I-closed subset of Z is T-complete.

(b)  Every pointwise (resp. uniformly) I-sequentially closed subset of Z° is point-
wise (resp. uniformly) T-sequentially complete.

Lemma 3.40. Let S be a non-empty set. Then

(a)  every pointwise T-sequentially closed subset of X° is pointwise I-sequentially
complete,

(b) if X is weakly T-sequentially complete, then every weakly pointwise (resp.
weakly uniformly) T-sequentially closed subset of X° is weakly pointwise (resp.
weakly uniformly) Z-sequentially complete.
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Proof. (a) Follows from Lemma 3.39 (b), as X is complete.

(b) Follows by a routine argument along with an application of Lemma 3.38 ((a)
— (b)) (resp. Lemma 3.38 ((a) = (c))). O

Theorem 3.41. (a) Each of M(u, X), L,(p, X), Ms(p, X), Dp(pt, X) and Py, X)
is uniformly L-sequentially complete.

(b) If X is weakly T-sequentially complete, then each of Ms(p, X), Dp(p, X) and
Py, X) is weakly uniformly I-sequentially complete.

Proof. (a) Since X is complete, the result follows from Corollary 3.32, Corol-
lary 3.36 and Lemma 3.39 (b).

(b) Follows from Corollary 3.34 and Lemma 3.40 (b). O

Following Athanassiadou, Boccuto, Dimitriou and Papanastassiou [1, p.398-399,
Definition 2.3], we define here Z-exhaustiveness, Z-weak exhaustiveness and Z-a-
convergence for sequences of functions defined on a metric space with values also in
a metric space:

Let (Y,d), (Z, p) be two metric spaces and let {g,} be a sequence in ZY¥.

(a) {gn} is said to be Z-ezhaustive at a point yy € Y if for any € > 0, there exist a
d >0 and an A € 7 such that p(g,(y), gn(v0)) < € for all y € Bs(yo) and for all
n e N\ A.

(b) {gn} is said to be Z-weakly ezhaustive at a point yo € Y if for any € > 0, there
exists a § > 0 such that for any y € B;(yo), there exists an A, € Z such that
(90 (y), gn(yo)) < € for all n € N\ A,.

(c) {gn} is said to be Z-a-convergent to a function ¢ € Z¥ at a point yy € Y
if for each sequence {y,} in Y, Z-converging to yo, the sequence {g,(y,)} is
Z-convergent to g(yo) in Z.

The sequence {g,} is said to be Z-exhaustive (resp. Z-weakly exhaustive) on Y if it
is Z-exhaustive (resp. Z-weakly exhaustive) at each point of Y, and it is said to be
T-a-convergent to g € Z¥ on Y if it is Z-a-convergent to g at each point of Y.

It is evident that if a sequence in ZY is Z-exhaustive at a point, then it is weakly
Z-exhaustive at that point.

Theorem 3.42. Let (Y,d) and (Z,p) be two metric spaces and let yo € Y. Let
{gn} C ZY be uniformly I-convergent to g € Z¥ in some neighbourhood of yo and
let g be continuous at yo. Then {g,} is Z-exhaustive at yo, and is I-a-convergent to

g at Y.
Proof. There exists, by hypothesis, a d; > 0 such that {g,} is uniformly Z-
convergent to g on By, (yo)-

Now, let € > 0. Then there exists an A € Z such that

p(an(y),9(y)) < % for all y € By, (yo) and for all n € N\ A.

Since ¢ is continuous at yg, there exists a 0o > 0 such that

Pl9(y).9(w)) < 5 for all y € By, (o).
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Let 6 = min{d;,d2}. Then & > 0, and for all y € Bs(yo) and for all n € N\ A, we
have

P(9n(Y): 9n(Y0)) < p(9n(¥): 9(y)) + p(9(¥): 9(0)) + p(9(¥0), gn(¥0)) < 5+ 5+5=¢
which implies that {g,} is Z-exhaustive at yp.

Now, for the second part, let {y,} be a sequence in Y, Z-converging to yo. Then,
there exists a B € Z such that y,, € Bs(yo) for all n € N\ B.

Let C' = AU B. Then C € Z and for all n € N\ C, we have

P(9n(Yn): 9(¥0)) < p(9n(Yn) 9(yn)) + P(9(yn), 9(30)) < 5 +5 <&
which implies that {g,(y,)} is Z-convergent to g(yo) in Z.
Hence it follows that {g,} is Z-a-convergent to g at yo and the proof is complete. [

Corollary 3.43. Let (Y,d) and (Z,p) be two metric spaces. Let {g,} C Z¥ be
uniformly I-convergent to g € Z¥ on'Y and let g be continuous on'Y. Then {g,}
is L-exhaustive on Y, and is T-a-convergent to g on 'Y .

Let (Y,d) and (Z, p) be two metric spaces. A sequence of functions {g,} in ZY is
said to be equi-Z-Lipschitz of order k£ > 0 if there exist an M > 0 and an A € 7

such that L
p(gn(w), gn(v)) < M(d(u,v))
for all u,v € Y and for all n € N\ A.

Theorem 3.44. Let (Y,d) and (Z,p) be two metric spaces. If {g.} C ZY is equi-
T-Lipschitz of order k > 0, then it is Z-exhaustive on Y .

Proof. By hypothesis, there exist an M > 0 and an A € Z such that

p(gn(u), ga(v)) < M(d(u,v))"
for all u,v € Y and for all n € N\ A.

Let yo € Y and let ¢ > 0. Let § = (ﬁ)z Then § > 0, and for all y € Bs(yy) and
for all n € N\ A, we have p(¢,,(%), gn(v0)) < M(d(y,y0))* < & which implies that

{gn} is Z-exhaustive at yo and the result follows. O

Let us recall that a sequence {y,} in a normed linear space is said to be Z-bounded
if there exists an M > 0 such that {n € N : ||y,|| > M} € T [17, Definition 4.1].
It is easy to see that the sequence {y,} is Z-bounded if and only if there exist an
M > 0 and an A € Z such that ||y,| < M for all n € N\ A.

It is easy to note that an Z-convergent sequence in a normed linear space is Z-
bounded though an Z-convergent sequence in a metric space is not necessarily
bounded.

Corollary 3.45. LetY and Z be two normed linear spaces and let {T,,} C L(Y, Z).
If{T,} is Z-bounded, then it is equi-Z-Lipschitz of order 1 and hence, is Z-exhaustive
onY.

Proof. That {7,,} is equi-Z-Lipschitz of order 1 can be easily verified. Hence, the
second part follows from Theorem 3.44. Il
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Lemma 3.46. Let Y and Z be two normed linear spaces. Let {T,} C L(Y,Z) and
let T'e L(Y,Z). If{T,,} is pointwise Z-convergent to T on'Y and is Z-a-convergent
to T at a point yo € Y, then {T,} is T-a-convergent to T on'Y .

Proof. Let y € Y and let {y,} be a sequence in Y such that {y,} is Z-convergent
to y. Since {T,} is pointwise Z-convergent to 7" on Y, it follows that {7,(y)}
and {7},(yo)} are Z-convergent to T'(y) and T'(yo) respectively. Now, the sequence
{yn—y+yo} is Z-convergent to yo. Since {T,,} is Z-a-convergent to T at yo, it follows
that {T,,(y, —y + yo)} is Z-convergent to T(yo), i.e., {Tn(yn) — Tn(y) + Tr(yo)} is
Z-convergent to T'(yo). Hence, from above, it follows that {7}, (y,)} is Z-convergent
to T'(y). This shows that {7},} is Z-a-convergent to T" at any point y € Y. Hence,
the result follows. ]

Theorem 3.47. Let {f,} C D,(u,X) and let f € Dy(u, X). Then the following

statements hold good:

(a)  If {fu} is p-Pettis T-bounded, then {Ty,} is T-exhaustive on X*.

(b)  If{fn} is p-scalarly strongly Z-convergent to f, then {Ty,} is T-weakly exhaus-
tive on X*.

(¢) If {fu} is p-Pettis T-bounded and p-scalarly strongly Z-convergent to f, then
{T},} is I-exhaustive on X* and is T-a-convergent to Ty on X*.

(d) If{fn} is p-Pettis T-convergent to f, then {1y, } is I-exhaustive on X* and is
Z-a-convergent to Ty on X*.

Proof. (a) If {f,} is p-Pettis Z-bounded, then {T%, } is Z-bounded in L(X™, L,(u))
as [|[T},]| = || fullpp for each n [14, p.8, Corollary 13 (b)]. Hence the result follows
from Corollary 3.45.

(b) If {f.} is p-scalarly strongly Z-convergent to f, then by Lemma 3.11 (a), {17}, }
is pointwise Z-convergent to Ty in (L,(u))*" on X*. Also, T} is continuous. Now,
following the line of proof of [1, p.400, Proposition 2.7 ((ii) = (i))] for sequences
of real-valued functions defined on a metric space, it can be proved that {77, } is
Z-weakly exhaustive on X™*.

(c) That {Ty,} is Z-exhaustive on X* follows from part (a). Also, it follows from
Lemma 3.11 (a) that {7}, } is pointwise Z-convergent to T} in (L,(x))*" on X*. Then
{T,} can be proved to be Z-a-convergent to Ty on X* as done by Athanassiadou
et al. for sequences of real-valued functions defined on a metric space [1, p.399,
Proposition 2.4 ((iii) = (i))].

(d) If {f.} is p-Pettis Z-convergent to f, then it is p-Pettis Z-bounded as well as
p-scalarly strongly Z-convergent to f. Hence, the result follows from part (c¢). [J

Corollary 3.48. Let {f,} C D,(11, X) and let f € X©.

(@)  If {fu} is uniformly Z-convergent to f on 2, then f € Dy(u, X) and {Ty,} is
Z-ezhaustive on X* and is L-a-convergent to Ty on X*.

(b)  If {fn} is weakly uniformly I-convergent to f on 2, then f € D,(u, X) and
{T},} is T-weakly exhaustive on X*.

Proof. (a) Follows from Theorem 3.35 (b) and Theorem 3.47 (d).

(b) Follows from Corollary 3.33 (b) and Theorem 3.47 (b). O
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