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This article concerns the following class of system

—Au+V(z)u+ l(x)pu = f(u) + Au|?%u  in R3,

—A¢ = l(x)u? in R?,

u, ¢ € DV2(RS), u,¢ > 0 in R?,
where A > 0 and ¢ > 2" = 6 is the critical Sobolev exponent in dimension 3, the nonlinearity
f : R — R is superlinear and has subcritical growth, V,¢ : R?> — R are measurable functions with
¢ € L?(R3), the potential V' can change sign in R® and vanish at infinity, that is, V(z) — 0 as
|z| = co. Our approach is based on variational method combined with Benci-Fortunato’s reduction

argument [Topol. Methods Nonlinear Anal. 11 (1998) 283-293], Del Pino-Felmer’s penalization
technique [Calc. Var. Partial Diff. Equations 4 (1996) 121-137] and L*-estimate.
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1. Introduction

This article concerns the existence of nontrivial solution to the Schrodinger-Poisson
system

—Au+V(z)u+l(x)pu = f(u) + Au|"?u in R?,
—A¢ = {(x)u? in R3, (1)
u, ¢ € DM(R3), u,¢ >0 in R3,

where A > 0 and ¢ > 2* = 6 is the critical Sobolev exponent in dimension 3. We

assume that f : R — R is continuous, superlinear and has subcritical growth and
V, 0 : R® — R are measurable functions. Later, we will specify the assumptions on

V.0 and f.

System (1), also known as the nonlinear Schrodinger-Maxwell problem, was proposed
by Benci and Fortunato in [10] as a model describing solitary waves for the nonlinear
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stationary Schrodinger equations interacting with the electrostatic field. It has a
strong physical meaning because it appears in quantum mechanics models (see e.g.
[14, 18, 27]). The system (1) also appears in semiconductor theory, nonlinear optics
and plasma physics, see [12, 29, 32]. For more details on the physical aspects, we
refer the readers to [10, 12].

In recent years, there has been increasing attention to Schrodinger-Poisson system
(1) or similar problem on obtaining existence of positive solutions, ground state
solutions, multiple solutions and semiclassical states depending on the assumptions
of the potentials V" and ¢. For recent papers, see [22, 23, 24, 41].

The largest part of the literature focusses on the study of problem (1) with V(x) > Vj
in R? for some Vj > 0. See, for instance, Ambrosetti [4], Ambrosetti-Ruiz [5],
Kristaly-Repovs [26], Ruiz [36] and references therein, for the case V = /¢ = 1.

In [7], Azzollini and Pomponio studied (1) with ¢ = 1, f(t) = [¢t['"' and A = 0.
If V is a positive constant, they proved the existence of a ground state solution
(u,¢) for 2 < p < 5 and for V non-constant was considered 3 < p < 5 with V
possibly unbounded below. FExistence and nonexistence results were proved when
the nonlinearity exhibits a critical growth.

In [19], Cerami and Vaira considered a version of (1) with the potential V' constant
and ¢ vanishing at infinity. More precisely, they studied the problem

{ At V(@)u+ (x)du = gr,u) in R, 2)

—A¢ = {(x)u? in R3,

where V = 1, g(z,u) = a(z)|ulf~ u, p € (3,5), a,f : R® — R are nonnegative
functions such that
Il‘im a(r) = ax > 0 and ‘llim ((z) =0 with 0 < /(€ L*RY). (3)
T|—00 Tr|—0o0

Assuming (3) and adequate hypotheses about the functions a and ¢, they proved
the existence of positive solution for (2).

In [8], Azzollini et al. studied (2) for the case V =0, £ = ¢ constant and the non-
linearity g(z,u) = g(u) is of the type Berestycki and Lions [15], see the hypotheses
(91)—(g4) in [8]. The case in which both V and a vanish at infinity, that is, V(z) — 0
and a(z) — 0 as |x| — oo, was studied in [30, 33]. Recently, planar Schrodinger-
Poisson system (that is, R? is replaced by R? in (2)) was considered in [41], where
V =0, ¢=1and a(z) = a(|z1],|zs]) for all z € R? and lim inf},_, a(z) € (0, c0).
For recent works on planar Schrodinger-Poisson system, see [1, 17, 31] and references
therein.

In [9], Batista and Furtado showed the existence of positive and nodal solutions to
(2) with appropriate hypotheses on the functions V) a and ¢, with possible sign-
change in potential V. See also [21, 39, 40] for papers that consider sign-changing
in the potential V.

Motivated by the above papers, in this article we study the problem (1) for a class
of potential V' which can change sign in R?® and vanish at infinity, that is, V(z) — 0
as |x| — oc.
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In what follows, we will denote by S the best Sobolev embedding constant of the
injection D1?(R3) < L%(R3), that is,

0<S:=inf {‘VUl%Q(Rg) U € DLQ(R3) and |U’L6(R3) = 1} (4)
and we also denote Q := {z € R® : V(z) < 0}. To state our result, we need the

following assumptions on V and ¢ :

(Vi) V e L2(Q) and |V <8S.

L3 ()
(V2) V(z) <V, in B1(0), for some constant V,, > 0.
(V3) There exist constants A > 0 and R > 1 such that

1 . A
_ >
- |;|I§fR|ZE’ V(z) > A.

(0) (€ L*(R3),{(z) >0 a.e. in R and ¢ £ 0.
Remark 1.1. It is clear that if (V5) occurs, then 2 C Bg(0). O

Related to the continuous function f : R — R, we will assume the following hy-
potheses:
(fl) f(S) = O, fOI' au S S O and thup Sf(S) < +OO,

s—0+ s
sf(s) _ 0, for some p € (2,6);
sp

(f2) limsup

s——+00

t
(f3) there exists 6 > 4 such that 0 < 0F(¢t) := 9/ f(s)ds < tf(t), for all ¢ > 0.
0

Before introducing the notion of solution for (1), we will introduce adequate func-
tional spaces to find a solution for (1). Note that H'(R?®) is not the right space to
study it because of hypotheses on V.

The natural functional spaces to find the solution of (1) are E and D'?(R?), where
E:={ue DR’ : V(z)u’ € L'(R*)},
for more details on E, see Section 2.

By a solution of (1) we mean a pair (u,$) € E x D"*(R?) such that u,¢ > 0 a.e in
R? and it holds that

/R3 VuVov + /R3 V(z)uv + /R3 l(x)puv = /R3(f(u) + At M, for allv € E,

/ VoV = / {(x)uPp, for all o € D*(R?).
R3 R3

Our main result can be stated as follows:

Theorem 1.2. Suppose that (f1), (f2), (f3), (V1), (Va), (V3) and (¢) hold. Then there
are constants Ao, Ao > 0, such that for each X\ € [0,\g) and A > Ay, the problem
(1) admits a nontrivial solution (u, ). Moreover, u € L®(R*) N CLY(R?), for some
a € (0,1).
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The particular case of (1) with A = 0 and ¢ = 0 (Schrodinger equation) was consid-
ered by Alves and Souto in [3], where the geometry (V3) on V was considered for the
first time in the literature. The authors proved the existence of a positive solution
for the problem, where the nonlinearity f satisfies a subcritical growth condition.
This geometric condition and some of its variations have been considered by several
researchers, see for instance, [2, 16, 20, 34, 35, 37| and references therein.

Our research is based on the variational method. Inspired by [3, 16, 33, 41], we
show the Theorem 1.2 by combining the famous “Reduction argument” of Benci
and Fortunato [10], see also Benci et al. [13], with an adaptation of the celebrated
“Penalization method” of del Pino and Felmer [25].

Below we list what we believe that are the main contributions of our paper.

(i) Regarding systems of the type Schrodinger-Poisson, our work completes [8, 19,
23, 30, 33, 34] where were considered potential vanishing at infinity and [9, 21, 39, 40]
where the potential V' can change sign.

(ii) Our work completes the papers [3, 35, 16, 33, 41] (where (V3) is considered),
because the potential V(z) may be negative in a domain of R?, see (V7). In [3, 16]
the set Q =: {x € Q: V() < 0} is empty. Since in our case we can have 2 # (), in
addition to the presence of two equations in (1), most of our estimates are different
in several ways from those of the scalar problem in [3, 16].

(iiif) We observe that, we do not assume that V' is bounded from below. Thus,
we introduce a more general class of potential V' than the ones considered in [3,
16, 35, 33, 41]. A potential V' that is unbounded below and vanishing at infinity
V :R3\ {0} — R given by

——~_ if|z] <R,
Vi) -
= ﬁ
(@) A, if|z| > R,

where € > 0 is small, 0 < a < 2 and 0 < § < 4. It satisfies V(z) — 0 as |z| — oo,
the hypotheses (V3), (V3) and (V4) with Q = B;(0) because

/ |V (x)]*2de = / V() [*2dx = w363/2/ §2732 s = wsCue®/?,
Q By (0) 0

for some constant C, > 0 with w3 denoting the volume of the unit ball in R3. But
it does not belong to the potential class considered in [3, 35, 16, 33, 41].

A typical example of function f satisfying (f1) — (f3) is given for p € (4,6) by
0, if s <0,
f(s) =1 s, if s € (0,1),
sP=hif s > 1.
The rest of the paper is organized as follows: In Section 2 we present a technical
result about the space E. In Section 3 we show the existence of nontrivial solution
for an auxiliary problem associated to (1). Section 4 is devoted to obtain a suitable

L>-estimate of the solution of a auxiliary problem. Finally, in Section 5 we complete
the proof of Theorem 1.2.
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2. Preliminary results

In this section, we prove some preliminary results on the space E that will be useful
in what follows. As mentioned in the introduction, the natural functional spaces to
find the solution of (1) are F x D?(R?), where

E = {u € DR : /

V@)l < oo}
Q

and D'“?(R3) := {u € L5(R?) : |Vu| € L*(R3)}.

A fundamental tool in our analysis will be the following proposition.

Proposition 2.1. Assume that condition (Vy) holds. Let us define, the function
.l - E— R given by
i = [ (Val?+ V@uP)

then, ||.|| is @ norm on E and E = (E,||.||) is a Hilbert space. Moreover, the
embedding E — DV2(R?) is continuous.

Proof. We consider the bilinear form (.,.) : £ x £ — R defined by
(u,v) = / (VuVu + V(z)uv). (5)
R3

Since by (V1), V(x) > 0 in Q¢ := R?\ Q, we have by Hélder’s inequality and the
embedding DV?(R3) — L5(R?),

/RS V(@)u® = / V(@)[ul* — /Q ~V(z)[ul? > _|V|L%(9)(/R3 |u|6>;’

> —|V| )S’l RJWF’ (6)

L3
where S is given in (4). Then,
—1 2
(1) = (1= V5,57 [ 190 @

Hence, (u,u) > 0 for all u € E and (u,u) = 0 if and only if u = 0, see (V7).
It is clear that £ C D'?(R?®) and the embedding £ — D'?(R?®) is continuous,
because of (7), with

[l Di2g@sy < Cllull?, for all u € E, and C:= (1 — |V|L%(Q)S‘1)‘1. O

3. Auxiliary problems

Since for ¢ > 2* := 6 the functional associated with problem (1) is not well defined
in F x D'?(R?) because we can not guarantee that |u|? € L*(R?) if u € E, then
to overcome this difficulty and apply the variational method to get the existence of
weak of solution for (1), we will introduce a new nonlinearity. To this end, given
m € N (arbitrary), we define the function g, : R — [0, 00) by

07 lf S S O,
Irm(s) = f(s)+ As?1, if 0 <s<m, (8)
f(s) + Ama PP~ if s > m.
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Using (f1) and (f2) we conclude that there exists a constant Cy > 1, independent
of m, such that |f(s)| < CpsP~! and |f(s)| < Cys®, for all s € R. Hence, by (8) we
obtain for all s € R,

|9am(8)] < Co(1+Am?P)|s|P"" and |gam(s)| < Co(1+ Am?7)|s|". (9)

Moreover, for Gy ,(s) := / Grm(t) we have
0

Oa if s é 0,
Grm(s) = F(s)+ As9, if0<s<m, (10)
F(s)—kémq_psp—k)\(E—l) m?,  ifs>m
p q b

and for all s € R, we obtain
|Gam(s)] < (1+Amq PlslPand |Gy m(s)] < (1+Amq ")s®. (1)

Observe that by (11) the functional

Ty, ) = sllul>+ & [ Ca)gu? — [ Gym(u ik
wnl.6)i= gl + 3 [ ot = [ Gunlw)—§ [ Vo,

is well defined on E x D%?*(R?). Moreover, 7y, € C' (E x D"?(R?),R) and critical
points of Z, ,,, are solutions of the modified problem

—Au+ V(z)u+ l(z)pu = grm(u) in R
—A¢ = l(z)u? in R3, (12)
ue E, ¢e DY(R3), u,¢>0 in R3.

It is clear that if (u,¢) € E x DY*(R?) is critical points of Zy,, (i.e. (u,¢,) is a
solution of (12)) with |u|p~®s)y < m, then (u,¢) is solution of (1). However, the
functional 7, ,, is strongly indefinite, which causes some difficulties to find its critical
points.

Another difficulty is the lack of compactness in the embedding £, D'?(R?) — L°(R?)
which produces some technical difficulties to prove the Palais-Smale condition and
use variational methods. To overcome these difficulties and find solution of (1),
inspired by [3, 13, 16], we will combine the “Reduction argument” described by
Benci and Fortunato in [10], see also Benci et al. in [13], with an adaptation of the
“Penalization method ” of del Pino and Felmer [25].

3.1. The reduction argument and the truncated problem

For each uw € F, by Lax-Milgram’s theorem, we deduce that there exists a unique
u € D"?(R?) such that

Vo, Vv = [ U(x)uv, for all v € DV?(R?). (13)
R3 R3
More precisely, the weak solution ¢, can be expressed as, see [6, 36/,

’LL2
oulw) = [ D g (1)

|z — vy
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The next result gives the main properties of the nonlocal term ¢,. The proof follows
standard arguments.

Lemma 3.1. Assume that (V1) and (¢) hold. The following assertions hold true:

(i) There exists a constant C' > 0 such that / U(x)pyu? < Ollu||* for allu € E.
R3
If up, — u in E, then:

@) [ Uit~ [ taoad,
R3 R3

coe v N 2 V /U/Q’

i) [ 1V~ [ |90l

(iv) / U)o, unu — | L(z)puu’.

R3 R3
To overcome the lack of compactness in the embedding E, D'?(R?) — L%(R?)
and for using an adaptation of penalization method combined with the reduction
argument, we finally introduce two auxiliary functions. To this end, with k = %,
consider the following functions gy m, Axm : R® x R — [0, 00), given by

Dum(s), i kgam(s) < V(x)s,

gA,m(xv S) = { V(x) (15)

725, At kgam(s) > V(x)s

and g\ (z,s) =0 for all x € R? and s < 0. Furthermore, we also define

ham(,8) = XBr(0) (£)grm(8) + (1 = XBr0) (2))Irm(, 5), (16)

where () is the characteristic function related to ball Br(0).

Now consider the auxiliary system of Schrédinger-Poisson equations

—Au+ V(x)u + l(x)pu = hym(z,u) in R?,
—A¢ = l(z)u? in R3, (17)
u€E ¢€DR, ud=0 in R,

We recall that the Lax-Milgram theorem implies that for all u € E there exists

a unique ¢, € D"*(R3?), given by the convolution ¢, = $|x| % (x)u?, such that
—A¢, = {(z)u?. Substituting into (17) we find

{ —Au+ V(z)u+ U(z)puu = ham(z,u)  in R’ (18)

ue FE, u>0 in R3.

The Euler-Lagrange functional associated with the system (18) is Jy,, : E — R,
given by

Inl) =5 [ (0P + Vi) + 1 [ @t = [ Hintow.

where Hy ,(x,5) = [ ham(z,t).
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The functional Jy,, is of class C'(E,R) and

J:\’m(u)v = / (VuVo +V(z)uv) —I—/ U(x)pyuv —/ hm(z,u)v, for all u,v € E.
R3 R3 R3

In fact, it is sufficient to note that assuming that (V7),(¢) hold, using Hardy-
Littlewood-Sobolev inequality [28, Theorem 4.3] (i.e., if 0 < 8 < N, f € L4(RY),
g € L"(RY) With%—i-%-F% =2and 1 < ¢,r < o0). Then,

@@l
/RN/RN |z —y[? | flraem) gl @y,

for some contant C' = C(q,r, 5, N )) and standard arguments, we can prove that the
functional J; : E — R given by

i) = [ taou,
R3
is of class J; € C'(E,R) with
Ji(u)v = 4/ {(x)p uv, for all u,v € E.
R3

Remark 3.2. (i) The functional associated with the system (17)

1 1 1
Tun0)i= 31l + 5 [ o~ [ Hunlww -5 [ [9oP, (9)
R3 R3 R3

is of class C' (F x D"*(R?®),R) with

8?,m (o) = [ (Vuve+V(a)us) + / Ux)pué — | ham(a,w)E, for all € € E,
U R3 R3 R3

6\7)\,7”
o

Hence, since Jy ,(u) = Ty m(u, ¢,) from a standard argument we conclude that the
pair (u,¢,) € E x DY*(R3) is a critical point of Jy,, (i.e. (u,¢,) is a solution of
(17) if and only if w is a critical point of J) ,,, and ¢ = ¢,,.

and

(u, o) = ;/ ((z)un — ;/ V¢Vn, for all n € DY(R?).
R3 R3

(ii) From (i) we notice that problem (18) is strongly related to system (1), because
if (u,¢,) € E x DM?(R?) is a solution of (18) verifying kgy . (u) < V(z)u in B(0)
and |u|peomsy < m, then by the definitions of hy, and gy, we directly obtain
ham(z,u) = gam(u) = f(u) + Au?™!; then u will also be a solution for (1). O

Now, note that using (8), (10) and a direct computation, we have
0, if s<0,
-0 .
gam()s = 0Gm(s) = § J(OE = OF (1) + ()N, i 0 <5 <m, (20)

f(t)t —0F(t) + Amq—p%p(l%e) + )\mq(%), if 5> m.

Hence, the following properties can be easily proved:
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Lemma 3.3. The functions hy,, given in (16), and its primitive Hy ,,, satisfy:
(h1) OHxu(z,s) < hym(z,s)s, for all z € Br(0) and s € R,

(ha) 2H)m(x,s) < hym(z,8)s < V](g s*, for all x € R*\ Br(0) and s € R,
(h3) ham(z,8) < Gm(z,8) < gam(s), for all z € R® and s € R,
()

hy) ham(x,s) = gam(s), for all x € Bg(0).

Lemma 3.4. Assume that condition (f1),(f2), (fs), (V1),(£) and Q@ C Bgr(0) hold.
Let (uy,) be a (PS). sequence for Jy,,. Then (u,) is bounded in E.

Proof. From (h;), we have

Tunlt) = g munn > (5= 3) [ (Vw4 vy + (5 -3) [ o

+ 1/ [hA,m(x, Up )Up, — OH )\ (2, un)]
0 JBro)

Using Q C Bg(0), (hg) and 6 > 4, we get

1 29\ 1 9
n h m\+y Un n_Hm y Wn Z — 157 V
i/ T P S R C B / Ve

2-0\ 1 9 2-0\ 1 9 -2\ 1 9

> (229 2 — (229~ ) Pl ,

= < 0 >2k /QCV(‘T)“" ( 0 >2k /RS V(x)“”+< 0 >2k L@
Furthermore, similarly as in (6),

2 -1 2
/QV(:I;)U,L > V], 50 /R Vi 2

Vs

1 5 0—2
Inm(Up) — ng,m(un)un > (1 L l(;l) ) 2 /.. |V, *

+(1- /16>92_92/R V(z)u2 + (94‘04)/IR ()b 2
> (1-3) % [ (vl v + (450 [ @

= (1= 7) Sl + (T)/RBW)%U%’

where we use |V|L%(Q)S_1 < 1and [[tuy]| = (un, un)?, see (5).

hence, we obtain

Hence, it follows that given € > 0 there exists ny € N such that
0—2 9
41+ elfun]| + 0n(1) > (1 - z) lun|l2, for all n > no,

which implies that (u,) is bounded in E. O
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Lemma 3.5. Assume that condition (f1), (f2), (f3),(V1),(€) and Q@ C Bg(0) hold.
Let (uy,) be a (PS). sequence for Jy ,,. Then, for each e > 0, there existsr = r(e) > 0,
such that

limsup/ [[Vun|? + V(2)|un|?] —i—/ 0(2) y, u2 < . (21)
B3\ B,(0)

n—o0 IR:;\BT‘ (0)

Proof. Let n, € C*(R3,[0,1]), such that n,(z) = 0 in B.(0), n,(x) = 1 in Bs,.(0)°
and |Vn,(z)] < C/r in R3, where C > 0 is a constant independent on R.

By Lemma 3.4, the sequence (u,) is bounded in E, so (u,n,) is also bounded in F.
Hence, J} ,, (tn)(unnr) = 0,(1) that is

[ v+ V@) + [ @i
R3

RS

:/ h,\jm(Lun)n,ﬂun—/ U, V1.V, + o,(1).
RS

]RS

Let » > R that will be fixed later. By (V;), we deduce that the set 0 C B,.(0).
Then, by (hs) we get

1
/ h)\,m(xuun)nrun S k/ 77Tv<x>’u71’2
R3 R3

Using this, the definition of 7, and Hoélder’s inequality, we obtain

1
2

C 1\t 2
]nﬂ’ < = <1 — 7> |Vun|Lz(R3) |un| +0n(1)7
r k r<|z|<2r

where we define

L, — / [V + V()] + / (@) b, 1.
R3 R3

By (7), we deduce that

c 1! [ 2\ 2
L, <9(1-1) ( unf?)+on (1),
’ r k 1=V, 3 S )Y2 r<|z|<2r ] S

(R3) and there

Since (u,,) is bounded in E then, up to subsequence, u, — u in L}
exists a constant M > 0 such that

1

. C 1\ ! M 2
lim su Inr§—<1——> (/ u2> ) 22
n—>oop ’ r k 1=Vl 3 571)1/2 r<|z|<2r ’ | ( )

L3 (Q)

Applying Holder’s inequality, we get

1

1 1
([ ey <wym( we) (23)
r<|z|<2r r<lz|<2r

where w3 is the volume of the unit ball in R3.
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Finally, since u € L5(R3) by choosing r > R such that

1N, M 6\
Combining (22), (23) and (24), we obtain (21). O

Proposition 3.6. Assume that condition (f1),(f2), (fs), (V1),(£) and @ C Bg(0)
hold. The functional J) , verifies the (PS). condition in E.

Proof. We claim that

limsup/ h,\m(a:',un)un:/ hom(x, u)u. (25)
R3

n—o0 R3

Indeed, from the Lemma (21), we have

= 0,(1). (26)

n—o0

lim sup‘/ Poyom (2, ) Uy,
57‘(0)

Since, by the Sobolev embedding theorem, u,, — u in LP(B,,(0)) and
|h)\7m(l’, S)| < g)\,m(s) < C[)(l + )\mqip>8p71,

see (9), using the dominated convergence theorem, we have

/ Poyom (2, )y, — hom(x, u)u. (27)
BQT(O) BQT(O)

As consequence of (26) and (27), it follows that the claim (25) is true.

Similarly, we can also prove that

n—o00 R3

limsup/ h,\vm(x,un)u:/ Ry (2, w)u. (28)
R3

Now, since u,, — u in £, by Lemma 3.1,

lim [ 0(2)py,upu= [ (x)pu’. (29)
R3

n—oo R3

By (28), (29), u, — uin E and J; , (un)u = 0,(1), we get

/RSUVu\Q + V() |ul?] + /RS 0(z)pyr® = / T (i, ),

RS

From this equality, J3 ,, (un)u, = 0,(1) and (25), we obtain

/RBHVunF + V(@) |un|’] + /RS U(z) y, u> = /RS B (2, )t + 0n(1)
= [ vVl + [ o+

R3
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Thus, using once more (29) we conclude that
[ 19l + V) [ (190 + V)
R3 R3

then, since E is a Hilbert space, we have u,, — u in FE. Il

We now turn our attention to show that .Jy,, has the geometric conditions of the
mountain pass theorem.

Lemma 3.7. Assume that condition (f1),(f2), (fs), (V1),(¢) and Q@ C Bg(0) hold.
Then, for each R > 1 we have:

(i)  There exist p,a > 0, such that Jy.,(u) > « for allu € E, ||u|| = p.
(ii) There exists e € C§°(B1(0)), independent of R, such that Jy,(e) < 0 and
lefl > p.

Proof. Recall that |H) ,(x,s)| < Gam(s) < %0(1 +Am?7?)s% for all s € R and so
1 Co(1 4+ Am?7?
Ianw) = Yul? = S [ e,
R3

Co(1 + Ama—P§~1
6

hence,  Jym(u) > [Jul*(5 - ) Jull"), for all u € E,

which implies that the assertion (i) holds true for ||u|| = p sufficiently small and

1 Co(1 + Ama—PS—1
a:p2<§— o 76n )p4>.

Note that Jy,,(0) = 0. Let v € C§°(B1(0)) \ {0}, by (10) and (16) we have
Hypm(z,t) = Gym(ty) > F(ty). Hence, from (f3) there exist C,Cy > 0 such
that for all t > 0,

Hy (, t1h) > C1(t))? — Cy in By(0). (30)

This combined with (i) of Lemma 3.1 imply that

Sam )2 U(@) by (t))* = Cut”
wn(t) < G101+ [ @ponstes? — [

|9]° + Co| By (0)]
B1(0)

t2
< lwlP + el - et

B1(0

: W‘e + Cs| B1(0)].

Since 6 > 4, we obtain Jy,,(toy)) < 0 for some t, > 0, which proves (ii). O]

Now note that for every u € Hg(B1(0)) the function @ : R® — R given by @ = u in
B1(0) and @ = 0 in R?\ B;(0) belongs to F, hence the functional J : H}(B;(0)) — R
given by

J(u) = / (|Vul? + Voou?) + 1 duu® — / F(u),
2 JB,(0) 4 JB1(0) B1(0)

is well defined, where V(z) < V, in B;(0) for some V, > 0 (Which is possible
because of (V3)) and ¢z € D**(R?) is a unique solution (via Stampacchia theorem)

of the equation
~A¢p=1u" in R (31)
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Let I'={y€C([0,1],B1(0)) : v(0) = 0 and (1) = e}
and I'={yeC(0,1],X) : v(0) = 0 and (1) = e}.
Since Jy,,(u) < J(u) for all u € HE(B;(0)) and ' C T', we conclude that

cy <¢, forall R>1, (32)
h = inf m(Y(t d ¢=inf J(y(1)).
where cv = Inf max J, (v(t)) and ¢ inf max J(v(t))

Theorem 3.8. Assume that the conditions (f1), (f2), (f3), (V1),(£) and Q C Bg(0)
hold. Then, for each R > 1, problem (18) has a monnegative weak solution
u=u(\, m) such that

|lu||®* < 2ke, forall R > 1, (33)
where € is given in (32).

Proof. By Lemma 3.7, Proposition 3.6 and the Mountain pass theorem, there exists
u = u(\,m) € £ such that Jy,,(u) = c and Jj , (u) = 0. Hence,

/ (VuVov + V(z)uv) +/ ()P uv = / hym(z,u)v, forallve E.  (34)
R3 R3 R3

Moreover, using the same arguments considered in the proof of Lemma 3.4,

ev = Tam() = 5T u(w)u, k=20/(0 - 2)

and (32), it follows that

C _1yo-2 2 (9 - 4) 2 1y 2
o2 (1-¢) 57 P + (5 /Rg Uz)puu” 2 o flull”,
which proves (33).
Noting that ¢(x) and ¢, are nonnegative, testing (34) with v~ := min{u, 0} and

recalling that u = u™ + v~ where ™ := max{u, 0}, we have

P+ [ ot = [ e =0,
{u<0} R3
hence, ||u~||* =0 and so u > 0. O

4. L>-estimate for solution of the auxiliary problem (18)

In the next result we obtain L>(R?®)-estimate for the solution of (18), via Moser
iteration method, which is very important in our arguments to find solution of (1).

Proposition 4.1. Let uy,, € E be the solution of (18) found in Theorem 3.8. Then
there exists a constant My >0 that depends only on 6,p, q,Cy and |V|L%(Q), such that

(| Lo (g3 < Mo(1+ AmOP)55 |uy o o), for all R > 1, (35)

where Cy is the constant in (9).
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Proof. By Theorem 3.8 we know that —Au + V(z)u + (x)p,u = hym(z,u) in R>.
Moreover, ¢,u > 0 in R* and V(z)u > 0 in R?\ Q. Then,

—Au < b(z,u) in R?,

where b(z,u) := hym(x,u) — xoV (z)u and xq denote the characteristic function of
the set 0. Define the function a : R* — R by

|b(, u)|
1+ |ul|

a(x) ==

Note that by Lemma 3.3 and (9), we have |a(z)| < Co(1 + Ama=P)|u|* + x(x)|V (z)|
in R3. Hence,

N

ja(z)]

[ = [l [ )
< oG ([ Vs [ e

In particular, it follows that
—Au < a(z)(1 + |u|) in R* and a(z) € L%(RP’).

So, using the Trudinger-Brezis-Kato iteration argument, found in Struwe’s book
(38, Lemma B3, p.270], we conclude that u € L"(R3) for all » > 1. Moreover,
since [a[ 3 .. does not depend on R > 1 (see (33) and (36)) the norm [u[rr(rs) also
does not depend on R > 1. Finally, fixing r large enough, the bootstrap arguments
implies that there exist My > 0, independent of R > 1, such that

|u|L°°(]R3) < M0(1+/\mq_p)”. ]

5. Proof of Theorem 1.2

In this section, in addition to conditions (V) and (V3) we will assume that (V3)
occurs to show the solution u = u, ,, of the auxiliary problem (18), given in Theorem
3.8, produces a solution (u, ®) to the original problem (1). For this purpose, it is
sufficient to prove that the following inequalities hold, see Remark 3.2,

U mo| Lo sy < Mo and kg (u) < V(z)u in B(0),

for all A € [0, \g), for some Ay > 0 and my € N.

Note that as a consequence of Theorem 3.8 and Proposition 4.1, there exist \g > 0
and mg € N such that

|U)\’m0‘Loo(R3) S myo, fOl” all /\ S [0,)\0) (37)
In fact, by (33) and (35), there exist constants My, o > 0 (depending only on
8,p,q,Co, |V|L%(Q)) such that |wxmg|reomsy < Mo(1 + )\mg_p)ﬁ. Thus by fixing

mo > My and choosing \g > 0 sufficiently small such that My(1+ Amd )7 < mg we
obtain (37).
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Lemma 5.1. Assume the same hypotheses of Theorem 3.8. For each A € (0, o]
let uym, be the solution for the auxiliary problem (18) with m = my, such that
Inmo(Unmg) = Camo- Then,

Rmo, for all |z| > R.

u}\,mo (x) S m

Proof. For each A€ (0, \g] consider the harmonic function v:R3*\{0} — R given by

v(x) = |xR|m0 for = #0,

from (37) the function
(uk,mo - U>+(SL‘), if ‘:IZ" > R,
0, if |z| <R,
belongs to DM?(R3) and as 0 < w < uy,,, we have w € E. Taking w as a test

function in (34) and using that ¢y g, Urmg, w > 0 in R* Av =0 in R*\ Bg(0), it
follows that

/|Vw|2=/ V(urm —v)Vw
R3 R3

— /Ra\B o [h)\,mo (SU7U) - V(x)lb)\,mo — g(l’)(ﬁu%mouk’mo]w
R

< / oo (@ 14) — V(&) ttr o 0
R3\BR(O)

< (l — 1) / V() upmew < 0.
K B9\ Br(0)

hence, w = 0 in R3. Therefore, uy m,(7) < %mo for all |x| > R. O

Finalizing Proof of Theorem 1.2: Let u,,, be the solution of the problem (18)
obtained by Theorem 3.8 and Ay, mg given in (37). Since |[uy | oo msy < mo, by (9)
and Lemma 5.1, we have

w < Cp(1+ )\omg_p)’ukymorl
A,mo

4
S 00(1 + )\omgfp)f—mé in BICDL(O),
then by (V%), it follows that

Formo(tnme) < 1cy(1 4+ Agmd ) md 22 in By (0).

u,\,mo A
Thus, choosing A > Ay = kCo(1 + Agmd P)mg and X € (0, \g), we have

kgamo (Uamo () <V (2)turm, 10 By (0). (38)
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Using once more |ty |1 ®s) < mo combined with (8), (15), (16) and (38), we get

h>\7mo (uk,mo) = gA,mo (x7 UAJHO) = f(uk,mo) + )‘|u>\,mo|q_2u)\,mo in BR(O)C' (39>

Therefore, for all v € E we have

/ (Vitrmo Vo + V(@)tnmo¥ + ()P g trmov) = / (f (o) + (Wrmg)* )0,
R3

R3
which combined with Remark 3.2 concludes the proof.
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