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1. Introduction
Optimal control problems for fluid flows have been a topic of interest for experi-
menters and designers for many decades. Mathematicians and computational sci-
entists have lately shown a strong interest in them as well because of the beautiful
mathematics behind them. It is well known that the Navier-Stokes equations de-
scribe the motion of a fluid. When we consider the evolution of an incompressible
isothermal mixture of two immiscible fluids, then phase separation will occur. This
phenomenon is described by a diffuse interface model, which is also known as Cahn-
Hilliard Navier-Stokes system (see [19], [33], [34] for more details). Optimal control
problems for the stochastic Navier-Stokes equations have been studied extensively
for both the case of distributed control. Motivated by the study of the stochastic
optimal control problems for single fluid flows and its application in various engi-
neering fields, atmospheric sciences, hydrodynamics etc, we are interested to study
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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the stochastic control problem for the binary mixture described by the stochastic
Cahn-Hilliard Navier-Stokes system. Optimal control problems associated with the
stochastic Cahn-Hilliard Navier-Stokes system have many applications where one is
interested in influencing the phase separation process, such as in the separation of
binary alloys, the formation of polymeric membranes, etc.
In this paper, we consider the evolutionary system for Cahn-Hilliard Navier-Stokes
perturbed by a multiplicative noise. Let (Ω,F ,P, {Ft}t≥0) be a filtered probability
space satisfying the usual hypotheses i.e., {Ft}t≥0 is a right-continuous filtration
such that F0 contains all the P-null subsets of (Ω,F). We assume that the domain
D of the fluid is a bounded domain in R2. We have the system

du + (−ν∆u + (u · ∇)u +∇p −Kµ∇φ− Φ(t, u))dt = g2(t, u) dW,
div u = 0,
∂ϕ
∂t

+ u · ∇φ = β∆µ,

µ = −δ∆φ+ αf(φ),

(1.1)

in Ω×D × (0, T ), subject to the following boundary and initial conditions
∂nφ = ∂n∆φ = 0, on ∂D × (0, T ),

u = 0, on ∂D × (0, T ),

(u, φ)(0) = (u0, φ0) in D,

(1.2)

where n is the outward normal to ∂D.
Note that (1.2)1 implies that ∂nµ = 0 on ∂D × (0, T ), and ensure the following
mass conservation law:∫

D
φ(t, x)dx =

∫
D

φ0(x)dx,∀t ∈ [0, T ]. (1.3)

In (1.1) and (1.2), T > 0 fixed, the unknown functions are the velocity u = (u1, u2)
of the fluid, its pressure p and the order (phase) parameter φ, ∇ and ∆ denote the
gradient and Laplacian operators. The function Φ depends on the velocity field and
acts as a feedback control of the system. The term g2(t, u)dW represents random
external forces depending eventually on u, where W is a real-valued Wiener process
defined on a probability space (Ω,F ,P). The quantity µ is the chemical potential
of the binary mixture which is given by the variational derivative of the following
free energy functional

F(φ) =

∫
D
(
δ

2
|∇φ|2 + αF(φ))dx,

where F(r) =
∫ r

0
f(ζ)dζ is the suitable double-well potential. The constants ν,β and

K are positive and correspond to the kinematic viscosity of the fluid, mobility con-
stant and capillarity (stress) coefficient, respectively. Here, δ and α are two positive
parameters describing the interactions between the two phases. In particular, δ is
related to the thickness of the interface separating the two fluids.
A typical example of potential F is that of logarithmic type. However, this potential
is often replaced by a polynomial approximation of the type F(r) = y1r

4−y2r2, y1, y2
being positive constants.



R. D. Ayissi et al. / Existence of Optimal ... 1161

As noted in [34], (1.1)1 can be replaced by

du + (ν∆u + (u.∇)u +∇p̃ +Kdiv(∇φ⊗∇φ))dt = Φ(t, u)dt+ g2(t, u) dW, (1.4)

where p̃ = p −K( δ
2
|∇φ|2 + αF(φ)), since

Kµ∇φ = ∇( δ
2
|∇φ|2 + αF(φ))−Kdiv(∇φ⊗∇φ).

The stress tensor ∇φ⊗∇φ is considered the main contribution modeling capillary
forces due to surface tension at the interface between the two phases of the fluid.
There are a few notable works available on the stochastic Cahn-Hilliard Navier-
Stokes driven by Gaussian noise or by jump noise of Lévy type (for instance [17],
[12], [13], [11], [34]). In [13] and [34], the authors studied the existence of a unique
strong solution for the stochastic 2D local Cahn–Hilliard Navier–Stokes system.
The proof is based on the Galerkin approximation, the stopping time techniques
and the principle of weak convergence in functional analysis. In [10], the authors
considered the stochastic 3D globally modified Cahn-Hilliard Navier-Stokes system
with multiplicative Gaussian noise. They proved the existence and uniqueness of
strong solution (in the sense of partial differential equations and stochastic analy-
sis). Moreover, they studied the asymptotic behaviour of the unique solution and
obtained the existence of a probabilistic weak solution for the stochastic 3D Cahn-
Hilliard Navier-Stokes system. In [12], they also studied the asymptotic stability of
the unique strong solution for the 3D globally modified Cahn-Hilliard Navier-Stokes
system.
In this work, our main task consists of studying optimal feedback control problem for
the stochastic Cahn-Hilliard Navier-Stokes system (1.1)–(1.2). Let us now briefly
mention some related literature on optimal control problems when g2(t, u) = 0.
Optimal control problems for the Cahn-Hilliard Navier-Stokes system are studied
by several mathematicians and some of these results can be found in ([6], [7], [20]
and the references therein). In [6], the authors have studied a distributed optimal
control problem for nonlocal Cahn-Hilliard Navier-Stokes system and established
the Pontryagin’s maximum principle. They have characterized the optimal control
using the adjoint variable. An optimal initialization problem, a type of data as-
similation problem is examined in [7]. A distributed optimal control problem for
the two-dimensional nonlocal Cahn-Hilliard Navier-Stokes system with degenerate
mobility and singular potential is described in [20]. Optimal control problems with
state constraint and robust control for local Cahn-Hilliard Navier-Stokes system are
investigated in [32], [33] respectively.
Optimal control problems for the stochastic Navier-Stokes equations have been stud-
ied by several mathematicians and some of the results can be found in ([2], [3], [4],
[26], [29]). In [2], the authors proved the well-posedness of local mild solution to
the stochastic Navier-Stokes equations with multiplicative Lévy noise. Then, they
proved the existence and uniqueness of optimal control, by analysing some cost
functional depending on stopping time. Recently, they studied in [3], the optimal-
ity system and established the necessary and sufficient optimality conditions with
a multiplicative noise driven by a Wiener process. It is worth mentioning that the
approach in ([2], [3]) was based on the theory of semigroups. There is not much work
written about the control problem of the stochastic Cahn-Hilliard system. In [36], a
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distributed optimal control problem associated to the stochastic pure Cahn-Hilliard
equation was investigated. The control is represented by a source-term in the defi-
nition of the chemical potential. The existence of an optimal control is established
thanks to probability and analytical compactness arguments. Moreover, the first
order necessary conditions of optimality have also been established by means of the
monotonicity and compactness arguments.
Our main interest consists in the study of the optimal feedback control for the
stochastic Cahn-Hilliard Navier-Stokes system. The proof of our main result follows
closely the approach used in [29], [26], where the author showed the existence of
optimal and ε-optimal controls for the stochastic Navier-Stokes equations in two
dimensional bounded domain, controlled by different external forces and assuming
that the set of admissible controls is weak sequentially compact. Let us note that
the coupling between the stochastic Navier–Stokes equations and the Cahn–Hilliard
system introduces in the coupled model a highly non linear term that makes the
analysis more involved compared to the references cited above. Since the considered
system is non linear, we are dealing with a non-convex optimization problem. The
problem of the existence of an optimal control for SPDEs is an important question
in optimal control theory and often resolved by assuming that the set of admissible
control is compact and by using the main theorem for minimum Problem (see [42],
Theorem 38.B). We use a weaker condition to the set of admissible controls which is
weak sequentially compact and we assume that the functional cost is weak sequen-
tially lower semi continuous. The main idea in solving the control problem is the
following: First, we prove that the set of admissible controls is weak sequentially
compact (see Lemma 3.2) and then we prove that weak convergence of the feedback
controls implies strong convergence of the corresponding solutions (see Theorems
3.10 and 3.12). Now, with the required well-posedness result of (1.1)–(1.2) in hand
(see [34] for more details), the road is paved for studying optimal control problems
associated with the system (1.1)–(1.2). We restrict ourselves to dimension two as
the regularity of the solution required to study optimal control problems is avail-
able in dimension two only. However, in dimension three, similar to the case of
the stochastic Navier-Stokes equations, the uniqueness of a weak solution for the
stochastic Cahn-Hilliard Navier-Stokes system remains open. The control problem
under investigation in this paper reads as follows:
Let us consider the cost functional:

J (Φ) = E
∫ T

0

(L[s, uΦ(s), φΦ(s)] +K1[Φ(s, uΦ(s))])ds+ EK2[uΦ(T ), φΦ(T )] (1.5)

for Φ ∈ U . So the optimal control problem is formulated as follows: Our control
problem is to minimize (1.5) over U , where U is the set of all admissible controls.
Any Φ∗ ∈ U satisfying

J (Φ∗) = inf{J (Φ) : Φ ∈ U} (1.6)

is called an optimal control, (uΦ∗ , φΦ∗) is called state variable (see Section 3 for more
details).
The structure of this paper is as follows: In Section 2, we present the mathematical
setting of the stochastic Cahn-Hilliard Navier–Stokes system. We also state the
existence and uniqueness of strong solution (in the sense of stochastic analysis) of
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the system (see Theorem 2.4). This result is crucial in proving the existence of
optimal control which is tackled in the following section. In Section 3, we formulate
the control problem, which is the goal of this work and we prove the existence of an
optimal control. Section 4 contains the proof for the existence of ε-optimal controls.

2. Mathematical setting

In this section, we introduce the necessary function space needed through out the
paper. We define some operators to write (1.1)–(1.2). We also state the existence
and uniqueness of a strong solution result for the system (1.1)–(1.2).
Hereafter, we assume that f ∈ C2(R) satisfies lim

|r|→∞
f ′(r) > 0,

|f ′′(r)| ≤ cf (1 + |r|m−1), ∀ r ∈ R,
(2.1)

where cf is some positive constant and m ∈ [1,∞) is fixed. It follows from (2.1)
that

|f ′(r)| ≤ cf (1 + |r|m), |f(r)| ≤ cf (1 + |r|m+1), ∀ r ∈ R. (2.2)
Note that the derivation of the typical double-well potential f satisfies conditions
similar to (2.1).
We introduce some notations and functional set up for the system (1.1) – (1.2).
If X is a real Hilbert space with inner product (.; .) we will denote the induced
norm by |.|X while X∗ will indicate its dual. We denote by (.; .) and |.|L2 , d = 2,
respectively, the scalar product and associated norm in (L2(D))d and by (∇u,∇v)
the scalar product in (L2(D))d of the gradient of u and v. We set

V1 = {u ∈ (C∞
0 (D))d : div u = 0 in D}.

We denote by H1 and V1 the closure of V1 in (L2(D))d and (H1
0 (D))d respectively.

The scalar product in H1 is denoted by (.; .) and the associated norm by |.|L2 .
Moreover, the space V1 is endowed with the scalar product

((u, v)) =
2∑

i=1

(∂xi
u, ∂xi

v)L2 , ||u|| = ((u, u))1/2.

We now define the operator A0 by

A0u = −P1∆u, ∀u ∈ D(A0) = (H2(D))d ∩ V1,

where P1 is the Leray-Helmotz projector in (L2(D))d onto H1. Then, A0 is a self-
adjoint positive unbounded operator in H1 which the scalar product defined above.
Furthermore, A−1

0 is a compact linear operator on H1 and |A0 . |L2 is norm on D(A0)
that is equivalent to the H2-norm.
Now, we define the linear positive unbounded operator on Hilbert space L2

0(D) of
L2-function with null mean by:

A1φ = −∆φ, ∀φ ∈ D(A1) = {φ ∈ H2(D), ∂nφ = 0, on ∂D} ∩ L2
0(D). (2.3)
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Note that A1 is a self-adjoint, positive definite, unbounded linear operator on
L2
0(D) with compact inverse. More generally, we can define As

1, for any s ∈ R,
noting that |As/2

1 .|L2 , s > 0, is an equivalent norm to the canonical Hs-norm on
D(As/2

1 ) ⊂ Hs(D) ∩ L2
0(D). Moreover, we set H−s(D) = (Hs(D))∗, wherever s < 0.

Hereafter, we set H2 = L2
0(D), V2 = D(A1/2

1 ), and H = H1 × H2. (2.4)
The norms in H2 and V2 are denoted respectively by |.|L2 and ||.||, where we have
||ψ|| = |A1/2

1 ψ|L2 . In addition, we need to introduce the bilinear operators B0, B1

(and their associated trilinear form b0, b1) as well as the coupling mapping R0,
which are defined from D(A0) × D(A0) into H1, D(A0) × D(A1) into L2(D), and
L2(D)× D(A1) ∩ H3(D) into H1, respectively. More precisely, we set

〈B0(u, v),w〉 =
∫

D
[(u · ∇)v]wdx = b0(u, v,w), u, v,w ∈ D(A0),

〈B1(u, φ), ψ〉 =
∫

D
[(u · ∇)φ]ψdx = b1(u, φ, ψ), u ∈ D(A0), φ, ψ ∈ D(A1),

〈R0(µ, φ),w〉 =
∫
D

µ[∇φ.w]dx = b2(w, φ, µ), w∈D(A0), µ∈L2(D), φ∈D(A1)∩H3(D).

Note as in [34] (see also [33], [13]) that R0(µ, φ) = Pµ∇φ. We derive that b0 and b1

satisfying the following estimates (see [34] or [15])

|b0(u, v,w)| ≤ C |u|1/2L2 ‖u‖1/2 ‖v‖ |w|1/2L2 ‖w‖1/2 , for all u, v,w ∈ V1.

|b1(u, φ, ψ)| ≤ C |u|1/2L2 ‖u‖1/2 |A1φ|1/2L2 ‖φ‖1/2 |ψ|L2 , for all u∈V1, φ∈D(A1), ψ∈H2.

‖B0(u, v)‖V∗
1
≤ C |u|1/2L2 ‖u‖1/2 |v|1/2L2 ‖v‖1/2 for all u, v ∈ V1.

‖R0(A1φ, ϕ)‖V∗
1
≤ C ‖ϕ‖1/2 |A1ϕ|1/2L2 |A1φ|L2 , for all φ, ϕ ∈ D(A1).

‖B1(u, φ)‖V∗
2
≤ C |u|1/2L2 ‖u‖1/2 ‖φ‖ for all u∈V1, φ∈D(A1).

We recall that (due to the mass conservation) we have:
〈φ(t)〉 = 〈φ(0)〉 =M0, ∀t > 0 (2.5)

Thus, up to a shift of the order parameter field, we can always assume that the
mean of φ is zero at the initial time and, therefore it will remain zero for all positive
times. Hereafter, we assume that:

〈φ(t)〉 = 〈φ(0)〉 = 0, ∀t > 0. (2.6)
Now, we set Y = H1 × V2. (2.7)
The space Y is a complete metric space with respect to the norm:

|(u, φ)|2Y = K−1|u|2L2 + ε|∇φ|2L2 . (2.8)
Also, we define another Hilbert space V by:

V = V1 × D(A1) (2.9)
endowed with the scalar product whose associated norm is given by:

||(u, φ)||2V = ||u||2 + |A1φ|2L2 . (2.10)
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Let us consider the following energy functional E : Y → R+ defined by:

E(θ, ψ) = |(u, φ)|2Y + 2α(F(ψ), 1) + c1, (2.11)

where c1 > 0 is a constant large enough and independent on (θ, ψ) such that E(θ, ψ)
is non-negative (note that F is bounded from below).
We can check that (see [34]) there exists a monotone non-decreasing function (inde-
pendent on time and the initial condition) such that:

|(θ, ψ)|2Y ≤ E(θ, ψ) ≤ Q0(|(θ, ψ)|2Y), ∀ (θ, ψ) ∈ Y. (2.12)

We will also denote by C a generic positve constant that depend on the domain D.
To simplify the notation, we set (without loss of generality) ν = K = α = ε = 1.
Using the above defined operators and assuming that the external forcing term acts
as a control we write the controlled system (1.1)–(1.2) as follows:

du + (A0u +B0(u, u)−R0(A1φ, φ)− Φ(t, u))dt = g2(t, u)dW in V∗
1,

∂ϕ
∂t

+ A1µ+B1(u, φ) = 0, in V∗
2,

µ = A1φ+ f(φ), (u, φ)(0) = (u0, φ0),

(2.13)

P-a-s., and for all t∈ [0, T ].

Remark 2.1. For the sake of convenience, as in [34], we will replaced µ in (2.13)2
by µ = µ− < µ >, that is µ = A1φ+f(φ)− < f(φ) >, a.e., in D× (0, T ). Obviously
we have < µ(t) >= 0, ∀ t > 0.

For a separable Banach spaceX and p ∈ [1,∞], we denote by Mp
Ft
(0, T ;X) the space

of all process ρ ∈ Lp(Ω × (0, T ), dP × dt;X) that are Ft-progressively measurable.
The space Mp

Ft
(0, T ;X) is Banach subspace of Lp(Ω× (0, T ), dP× dt;X). We will

also denote by Lp(Ω; C([0, T ];X)), for 1 ≤ p < ∞, the space of all continuous and
Ft-progressively measurable X−valued processes {ρt; 0 ≤ t ≤ T}, satisfying

E
(

sup
t∈[0,T ]

‖ρt‖pX
)
<∞,

and Mp(0, T ;X) space of all B([0, T ])-measurable function h : [0, T ] → X with∫ T

0

‖h(t)‖pX dt <∞.

2.1. Assumptions

First, we state the conditions imposed on the stochastic evolution equation that will
be considered:
(I) (V,Y,V∗) is an evolution triple (see [29], p. 97) and the embedding operator

V ↪→ Y and V ↪→ H are assumed to be compact i.e., the embedding operator
V1 ↪→ H1 and V2 ↪→ H2 are assumed to be compact.
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(II) g2 : [0, T ]× H1 → H1 is a mapping such that:
(a) |g2(t, u)− g2(t, v)|

2
L2 ≤ λ |u − v|2L2 for all t∈ [0, T ], u, v∈H1, where λ is a

positive constant;
(b) g2(t, 0) = 0, for all t ∈ [0, T ];
(c) g2(., u) ∈ M2(0, T ;H1), u ∈ H1.

(III) Φ : [0, T ]× H1 → H1 is a mapping such that:
(a) |Φ(t, u)− Φ(t, v)|2L2 ≤ κ |u − v|2L2 for all t∈ [0, T ], u, v∈H1, where κ is a

positive constant;
(b) Φ(t, 0) = 0, for all t ∈ [0, T ];
(c) Φ(., u) ∈ M2(0, T ;H1), u ∈ H1.

(IV) (u0, φ0) ∈ L2(Ω,F0,P,Y) and satisfy E[E(u0, φ0)]
2 <∞.

In this work, we understand that the stochastic process (u, φ) is a solution to problem
(2.13) in the following sense.

Definition 2.2. Let T > 0 be fixed. We call a process (uΦ(t), φΦ(t))t∈[0,T ] from the
space M2

Ft
(0, T ;V) with E [E(uΦ, φΦ)(t)] < ∞ for all t ∈ [0, T ] a solution of the

stochastic Cahn-Hilliard Navier-Stokes system if it satisfies the system:

(uΦ(t), v) = (u0, v)−
∫ t

0
〈A0uΦ(s) +B0(uΦ(s), uΦ(s)), v〉 ds

+
∫ t

0
〈R0(A1φΦ(s), φΦ(s)), v〉 ds+

∫ t

0
(Φ(s, uΦ(s)), v)ds

+
∫ t

0
(g2(s, uΦ(s)), v)dW (s),

(φΦ(t), ψ) = (φ0, ψ)−
∫ t

0
〈A1µΦ(s) +B1(uΦ(s), φΦ(s)), ψ〉 ds,

µΦ = A1φΦ + f(φΦ),

(2.14)

for all t ∈ [0, T ], v ∈ V1, ψ ∈ V2 and P-a.s., where the stochastic integral is
understood in the Itô sense.

Remark 2.3. As in [29], the condition g2(t, 0) = 0, is given only to simplify the
calculations. It can be omitted, in which case one can use the estimate |g2(s, u)|

2
L2 ≤

2λ |u|2L2 + 2 |g2(s, 0)|
2
L2 that follows from the Lipschitz condition. The same remark

also holds for Φ.

We need the following existence of solutions theorem.

Theorem 2.4. Suppose that the hypotheses (I)–(IV) hold. Then, problem (2.14) has
a solution (uΦ, φΦ) ∈ M2

Ft
(0, T ;V), which is almost surely unique and has almost

surely continuous trajectories in Y. Moreover, there exists a positive constant C
(depending on λ, κ,T, u0, φ0) such that:

E
[
sup

t∈[0,T ]

|(uΦ, φΦ)(t)|2Y +

∫ T

0

||(uΦ, φΦ)(s)||2Vds
]
≤ C, (2.15)

and E
[
sup

t∈[0,T ]

|(uΦ, φΦ)(t)|4Y
]
+ E

[ ∫ T

0

||(uΦ, φΦ)(s)||2Vds
]2

≤ C, (2.16)

where C is a positive constant (depending on κ, λ, T, u0, φ0).
Proof. The proof of the result can be found in [34] (see Propositions 3.2 and 3.3).
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Let {(wi, ψi), i = 1, 2, 3, ...} ⊂ V be an orthonormal basis of the space Y, where
{wi, i = 1, 2, 3, ...}, {ψi, i = 1, 2, 3, ...} are eigenvectors of A0 and A1 respectively.
For each n ∈ N, we set Vn = Yn = span{(w1, ψ1), ..., (wn, ψn)}. Hereafter, we denote
by P1

n (respectively P2
n) the L2-orthogonal projection from H1 (respectively H2) onto

Vn
1 = H1,n = span{w1, ..., wn} (respectively Vn

2 = H2,n = span{ψ1, ..., ψn}), i.e.,

P1
nw =

n∑
i=1

(w,wi)wi, P2
nψ =

n∑
i=1

(ψ, ψi)ψi.

For each n = 1, 2, 3, ..., we consider the sequence of finite dimensional evolution
systems:

(un,P1
nΦ
(t), v) = (u0n, v)−

∫ t

0

〈
A0nun,P1

nΦ
(s) +B0n(un,P1

nΦ
(s), un,P1

nΦ
(s)), v

〉
ds

+

∫ t

0

〈
R0n(φn,P1

nΦ
(s), φn,P1

nΦ
(s)), v

〉
ds+

∫ t

0

P1
n(Φ(s, un,P1

nΦ
(s)), v)ds

+

∫ t

0

(g2n(s, un,P1
nΦ
(s)), v)dW (s), (2.17)

(φn,P1
nΦ
(t), ψ) = (φ0n, ψ)−

∫ t

0

〈
A1nµn,P1

nΦ
(s) +B1n(un,P1

nΦ
(s), φn,P1

nΦ
(s)), ψ

〉
ds,

µn,P1
nΦ

= A1nφn,P1
nΦ

+ f(φn,P1
nΦ
),

for all (w, ψ) ∈ Vn, t ∈ [0, T ] and P-a.s. where Πn = (P1
n,P2

n) is the orthogonal
projection of Y onto Yn

Theorem 2.5. Suppose that the hypotheses (I)–(IV) hold. Then for each n ∈ N,
system (2.17) has a solution (un,P1

nΦ
, φn,P1

nΦ
) ∈ M2

Ft
(0, T ;V), which is unique almost

surely and has almost surely continuous trajectories in Y. Moreover, we have:

E
[
sup

t∈[0,T ]

|(un,P1
nΦ
, φn,P1

nΦ
)(t)|2Y +

∫ T

0

||(un,P1
nΦ
, φn,P1

nΦ
)(s)||2Vds

]
≤ C,

and E
[
sup

t∈[0,T ]

∣∣(un,P1
nΦ
, φn,P1

nΦ
)(t)

∣∣4
Y

]
+ E

[ ∫ T

0

∥∥(un,P1
nΦ
, φn,P1

nΦ
)(s)

∥∥2

V ds
]2

≤ C,

where C is a positive constant (depending on κ, λ, T, u0, φ0).

Proof. See the proof of Proposition 3.3 in [34], p. 1040.

Remark 2.6. Let (Q(t))t∈[0,T ] be a process in the space M2
Ft
(0, T ;V) and we define

Qn = ΠnQ. Using the properties of A0 and A1, we have (see [34], p. 1044)

‖Qn(t)‖2V ≤ C ‖Q(t)‖2V , |Qn(t)|2Y ≤ |Q(t)|2Y ,

‖Q(t)−Qn(t)‖2V ≤ C ‖Q(t)‖2V , |Q(t)−Qn(t)|2Y ≤ |Q(t)|2Y .
(2.18)

Hence, for P× [0, T ] a.e (ω, t) ∈ Ω× [0, T ] we have

lim
n→∞

‖Q(ω, t)−Qn(ω, t)‖2V = 0.
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By the Lebesgue Dominated convergence Theorem it follows that

lim
n→∞

∫ T

0

‖Q(t)−Qn(t)‖2V = 0 (2.19)

and lim
n→∞

E
∫ T

0

‖Q(t)−Qn(t)‖2V = 0. (2.20)

If the process (Q(t))t∈[0,T ] has almost surely continuous trajectories in Y, then we
have

lim
n→∞

|Q(T )−Qn(T )|2Y = 0, for a.e.,ω ∈ Ω. (2.21)

3. Formulation of the control problem and existence of optimal controls

3.1. Formulation of the control problem

We consider the stochastic Cahn-Hilliard Navier-Stokes system controlled by con-
tinuous feedback controls. We denote by U the set of all admissible controls, which
we assume to be the set of all functions Φ : [0;T ]×H1 → H1 satisfying the following
conditions:

|Φ(0, 0)|2L2 ≤ η, (3.1)

and for all s, t ∈ [0, T ], x, y ∈ H1

|Φ(s, x)− Φ(t, y)|2L2 ≤ α|s− t|2 + κ|x− y|2L2 , (3.2)

where α, κ, η are given constants. We consider the following cost functional:

J (Φ) = E
∫ T

0

(L[s, uΦ(s), φΦ(s)] +K1[Φ(s, uΦ(s))])ds+ EK2[uΦ(T ), φΦ(T )], (3.3)

Φ ∈ U , L : [0, T ] × V → R+, K1 : H1 → R+, K2 : H → R+. We assume that the
mappings K1,K2 and (u, φ) ∈ M2(0, T ;V) 7→

∫ T

0
(L[s, u(s), φ(s)]ds ∈ R+ are weak

and sequentially lower semicontinuous and the integral in (3.3) exists and is finite.
Our control problem is to minimize (3.3) over U , we denote by (P) the problem
of minimizing J among the admissible controls. Any Φ∗ ∈ U satisfying J (Φ∗) =
inf{J (Φ) : Φ ∈ U} is called an optimal control and (uΦ∗ , φΦ∗) is called state variable.

Remark 3.1. For each Φ ∈ U and u ∈ M2(0, T ;H1), we have (see [26] or [29])∫ T

0

|Φ(s, u(s))|2L2 ds ≤ C3

(
1 +

∫ T

0

|u(s)|2L2 ds
)
,

where C3 > 0 depends on α, κ, η, T and is independent of the choice of Φ and u.
The assumption (III)(b) on Φ (see Section 2) is replaced by (3.1), but the Theorems
2.5 and 2.4 still hold with the only modification that the constants appearing there
depend also on η.
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3.2. Existence of optimal controls

In this subsection, we prove the existence of optimal feedback controls for the opti-
mization problem (P).
Let (Φn) be a minimizing sequence for problem (P). The following Lemma 3.2 proves
that given a minimising sequence for the problem (P), we can obtain a subsequence
and a mapping Φ ∈ U , such that the subsequence converges weakly to Φ.

Lemma 3.2. Let (Φn) be a minimising sequence for the problem (P). There exists
a subsequence (n′) of (n) and a mapping Φ ∈ U such that for all t ∈ [0, T ], x; y ∈ H1

we have lim
n′→∞

(Φn′(t, x), y) = (Φ(t, x), y) (3.4)

Proof. See Lemma 4.1 in [26]
For convenience, in the following we will denote the subsequence of indices (n′)
obtained in Lemma 3.2 by (n).
For n = 1, 2, ..., we consider the evolution system:

(ũΦn(t), v) = (u0, v)−
∫ t

0
< A0ũΦn(s) +B0(uΦ(s), ũΦn(s)), v > ds

+
∫ t

0
< R0(A1φ̃Φn(s), φΦ(s)), v > ds

+
∫ t

0
(Φn(s, uΦ(s)), v)ds+

∫ t

0
(g2(s, uΦ(s)), v)dW (s),

(φ̃Φn(t), ψ) = (φ0, ψ)−
∫ t

0
< A1µ̃Φn(s) +B1(ũΦn(s), φΦ(s)), ψ > ds,

µ̃Φn = A1φ̃Φn + f(φ̃Φn),

(3.5)

for all t ∈ [0, T ], v ∈ V1, ψ ∈ V2 and a.e. ω ∈ Ω.
The following result proves the unique solvability of the scheme (3.5).

Theorem 3.3. For each n ≥ 1, problem (3.5) has with probability one a unique
solution (ũΦn , φ̃Φn) ∈ L2(Ω× [0, T ];V) and (ũΦn , φ̃Φn) has almost surely continuous
trajectories in H.

3.3. Proof of Theorem 3.3
In this subsection, we prove the existence and uniqueness of problem (3.5). We prove
Theorem 3.3 by induction. Indeed, we apply successively (ũΦn , φ̃Φn , µ̃Φn) = (U,Ψ, µ)
and Φn = X. The results of Lemma 3.5 and Lemma 3.7 are given below.
Now, let (uΦ, φΦ)∈L2(Ω× [0, T ];V) be an arbitrary process fulfilling the condition
(uΦ, φΦ)∈L4(Ω, C([0, T ];Y)), i.e., uΦ and φΦ are Y-valued continuous functions and
E sup

s∈[0,T ]

|(uΦ, φΦ)(s)|4Y <∞. We consider the following evolution system:

(U(t), v) +
∫ t

0
〈A0U(s), v〉 ds+

∫ t

0
〈B0(uΦ(s),U(s)), v〉 ds = (u0, v)

+
∫ t

0
〈R0(A1Ψ(s), φΦ(s)), v〉 ds+

∫ t

0
(X(s, uΦ(s)), v)ds+

∫ t

0
(g2(s, uΦ(s)), v) dW (s),

(Ψ(t), ψ) +
∫ t

0
〈A1µ(s), ψ〉 ds+

∫ t

0
〈B1(U(s), φΦ(s)), ψ〉 ds = (φ0, ψ),

µ = A1Ψ+ f(Ψ), (3.6)

for all t∈ [0, T ], v∈V1, ψ ∈V2, and (U0(t),Ψ0(t)) = (0, 0) for all t∈ [0, T ] and a.e.
ω∈Ω.
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We now give the definition of solution of problem (3.6).

Definition 3.4.For any fixed process (uΦ, φΦ)∈L2(Ω×[0, T ];V) such that (uΦ, φΦ)(t)
is Ft-adapted for all t ∈ [0, T ], (uΦ, φΦ) ∈ L4(Ω, C([0, T ];Y)), a solution of problem
(3.6) is an adapted process (U,Ψ) ∈ L2(Ω× [0, T ];V) satisfying (3.6).

Lemma 3.5. If (U,Ψ) ∈ L2(Ω× [0, T ];V) is a solution of problem (3.6), then it is
almost surely unique.

Proof. We assume that (U1,Ψ1) and (U2,Ψ2) are two solutions of (3.6). We set
(U,Ψ, µ) = (U1,Ψ1, µ1)− (U2,Ψ2, µ2). Then, (U,Ψ) satisfies evolution system:

(U(t), v) +
∫ t

0
〈A0U(s), v〉 ds+

∫ t

0
〈B0(uΦ(s),U(s)), v〉 ds

=
∫ t

0
〈R0(A1Ψ(s), φΦ(s)), v〉 ds

(Ψ(t), ψ) +
∫ t

0
〈A1µ(s), ψ〉 ds+

∫ t

0
〈B1(U(s), φΦ(s)), ψ〉 ds = 0,

µ = A1Ψ+ f(Ψ1)− f(Ψ2), (U,Ψ)(0) = (0, 0)

(3.7)

for all t ∈ [0, T ], (v, ψ) ∈ V1 × V2 and a.e. ω ∈ Ω. Let us take test function U as v
in (3.7)1 to obtain

|U(t)|2L2 + 2

∫ t

0

‖U(s)‖2 ds = 2

∫ t

0

〈R0(A1Ψ(s), φΦ(s)),U〉 ds (3.8)

for all t ∈ [0, T ] and a.e. ω ∈ Ω, where we used the fact that b0(uΦ,U,U) = 0.
Let us choose ψ = Ψ in (3.7)2, we obtain

|Ψ(t)|2L2 + 2

∫ t

0

(A1µ(s),Ψ) ds+ 2

∫ t

0

(B1(U(s), φΦ(s)),Ψ) ds = 0 (3.9)

for all t ∈ [0, T ] and a.e. ω ∈ Ω.
Adding the corresponding relation (3.9) and (3.8) together yields the following evo-
lution equations for |U(t)|2 and |Ψ(t)|2L2 , we obtain for all t ∈ [0, T ] and a.e. ω ∈ Ω

|U(t)|2L2 + |Ψ(t)|2L2 + 2

∫ t

0

‖U(s)‖2 ds+ 2

∫ t

0

(A1µ(s),Ψ) ds

+ 2

∫ t

0

(B1(U(s), φΦ(s)),Ψ) ds = 2

∫ t

0

〈R0(A1Ψ(s), φΦ(s)),U〉 ds.
(3.10)

We estimate the terms in (3.10) as follows. Observe that

− (A1µ(s),Ψ) = − (A1(A1Ψ+ f(Ψ1)− f(Ψ2)),Ψ)

= − |A1Ψ|2L2 − (A1(f(Ψ1)− f(Ψ2)),Ψ) (3.11)
and

|(A1(f(Ψ1)− f(Ψ2)),Ψ)| ≤ |f(Ψ1)− f(Ψ2)| |A1Ψ| ≤ 1

4
|A1Ψ|2L2 + cf |Ψ|2L2 . (3.12)
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Note that |〈R0(A1Ψ(s), φΦ(s)),U〉| = |〈B1(U(s), φΦ(s)),A1Ψ〉|

≤ C |U(s)|1/2 ‖U(s)‖1/2 ‖φΦ(s)‖1/2 |A1φΦ(s)|1/2L2 |A1Ψ(s)|L2 (3.13)

≤ 1

4
|A1Ψ|2L2 +

1

4
‖U(s)‖2 + C ‖φΦ(s)‖2 |A1φΦ(s)|2L2 |U(s)|2 .

Using Hölder’s inequality and Agmon’s inequality, we get

|(B1(U(s), φΦ(s)),Ψ)| ≤ C ‖U(s)‖ |∇φΦ(s)|L∞ |Ψ(s)|L2

≤ 1

4
‖U(s)‖2 + C |Ψ(s)|2L2 (‖φΦ(s)‖2 + |φΦ(s)|2H3).

(3.14)

Substituting (3.11)–(3.14) in (3.10), we get

|U(t)|2L2 + |Ψ(t)|2L2 +

∫ t

0

‖U(s)‖2 ds+
∫ t

0

|A1Ψ(s)|2L2 ds

≤ C

∫ t

0

K1(s) |U(s)|2L2 ds+ C

∫ t

0

K2(s) |Ψ(s)|2L2 ds,

(3.15)

for all t ∈ [0, T ] and a.e. ω ∈ Ω, where

K1 = ‖φΦ(s)‖2 |A1φΦ(s)|2L2 and K2 = (‖φΦ(s)‖2 + |φΦ(s)|2H3) + cf .

Now, thanks to the Theorem 2.4 and applying the Gronwall lemma to (3.15), we
derive that for all t ∈ [0, T ] and a.e. ω ∈ Ω.

|U(t)|2L2 + |Ψ(t)|2L2 = 0. (3.16)

Hence P
[
sup

t∈[0,T ]

(
|U(t)|2L2 + |Ψ(t)|2L2

)
= 0

]
= 1.

We then conclude that problem (3.6) has at most one solution.

To prove the existence of a solution of problem (3.6), we will consider a sequence of
more simple equations, whose solutions converge a.s. to the solution of problem (3.6).
We approximate the solution (U,Ψ) of equation (3.6) by the sequence (Un,Ψn)n≥1,
where (Un,Ψn)n≥1 is the solution of the evolution system

(Un(t), v) +
∫ t

0
〈A0Un(s), v〉 ds+

∫ t

0
〈B0(uΦ(s),Un−1(s)), v〉 ds = (u0, v)

+
∫ t

0
〈R0(A1Ψn−1(s), φΦ(s)), v〉 ds+

∫ t

0
(X(s, uΦ(s)), v)ds

+
∫ t

0
(g2(s, uΦ(s)), v)dW (s),

(Ψn(t), ψ)+
∫ t

0
〈A1µn(s), ψ〉 ds+

∫ t

0
〈B1(Un−1(s), φΦ(s)),Ψ〉 ds=(φ0, ψ),

µn = A1Ψn + f(Ψn),

(3.17)

for all t ∈ [0, T ], (v, ψ) ∈ V1 × V2 and a.e. ω ∈ Ω, where (U0(t),Ψ0(t)) = (0, 0) for
all t ∈ [0, T ] and a.e. ω ∈ Ω.
The following result gives the existence and uniqueness of problem (3.17).

Lemma 3.6. For each n ≥ 1, there exist a unique H-valued adapted process (Un,Ψn)
which is a solution of (3.17) such that (Un,Ψn) ∈ L2(0, T ;V) for a.e. ω ∈ Ω.
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Proof. Let (v, y) be the solution of the following evolution system:
(ξ, v) +

∫ t

0
〈A0ξ, v〉 = (u0, v) +

∫ t

0
(X(s, uΦ(s)), v)ds+

∫ t

0
(g2(s, uΦ(s)), v) dW (s),

(y, ψ) +
∫ t

0
〈A1µ1(s), ψ〉 = (φ0, ψ),

µ1 = A1y + f(y), (3.18)

for all (v, ψ)∈V1 × V2, t ∈ [0, T ] and a.e. ω ∈ Ω. Then, the existence of the solution
(ξ, y) ∈ L2(Ω × [0, T ];V) can be achieved similary as in [28] or [34], and it is not
difficult to prove that these solution are in fact unique. We can also check that has
almost surely continuous trajectories in H and that E supt∈[0,T ] |(ξ, y)(t)|

2
H <∞.

Now, for the proof Lemma 3.6 we use the method of induction. For n = 1, we have
(ξ, y) = (U1,Ψ1) and the conlusion of our Lemma follows from the properties of
(ξ, y).
Let n be such (Un−1,Ψn−1) ∈ L2(0, T ;V) a.e. ω ∈ Ω. (Un−1,Ψn−1) is the solution
of (3.17) and it has almost surely trajectories in Y.
Let (Ũn, Ψ̃n)(t) = (Un,Ψn)(t) − (ξ, y)(t), for all t ∈ [0, T ] and a.e ω ∈ Ω. (Ũn, Ψ̃n)
satisfies

(Ũn(t), v) + ν
∫ t

0
〈A0Ũn(s), v〉ds+

∫ t

0
〈B0(uΦ(s),Un−1(s)), v〉 ds

=
∫ t

0
〈R0(A1Ψn−1(s), φΦ(s)), v〉 ds,

(Ψ̃n(t), ψ) +
∫ t

0
〈A1µ̃n(s), ψ〉 ds+

∫ t

0
〈B1(Un−1(s), φΦ(s)),Ψ〉 ds = 0,

µ̃n = A1Ψ̃n + f(Ψn)− f(y),

(3.19)

for all t ∈ [0, T ], (v, ψ) ∈ V1×V2 and a.e. ω ∈ Ω. Since (uΦ, φΦ) ∈ L2(Ω× [0, T ];V),
E supt∈[0,T ] |(uΦ, φΦ)(t)|4Y <∞ and (Un−1,Ψn−1) has the properties mentioned above,
we have for a.e. ω ∈ Ω∫ T

0

‖B0(uΦ(t),Un−1(t))‖2V∗
1
dt ≤ C

∫ T

0

|uΦ(t)|L2 ‖uΦ(t)‖ |Un−1(t)|L2 ‖Un−1(t)‖ dt

≤ C
(

sup
t∈[0,T ]

|uΦ(t)|2L2

∫ T

0

‖uΦ(t)‖2 dt
)1/2(

sup
t∈[0,T ]

|Un−1(t)|2L2

∫ T

0

‖Un−1(t)‖2 dt
)1/2

<∞

for a.e. ω ∈ Ω, where we have also used the properties of B0.
Thus, we have B0(uΦ(s),Un−1(s)) ∈ L2(0, T ;V∗

1) for a.e. ω ∈ Ω.
Thanks to the properties of R0 we have∫ T

0

‖R0(A1Ψn−1(t), φΦ(t))‖2V∗
1
dt ≤ C

∫ T

0

|A1φΦ(t)|L2 ‖φΦ(t)‖ |A1Ψn−1(t)|2L2 dt

≤ C
(

sup
t∈[0,T ]

‖φΦ(t)‖2
∫ T

0

|A1φΦ(t)|2L2 dt
)1/2[( ∫ T

0

|A1Ψn−1(t)|2L2 dt
)2 ]1/2

<∞

for a.e. ω∈Ω. (3.20)

Thus, it follows that R0(A1Ψn−1(s), φΦ(s)) ∈ L2(0, T ;V∗
1) for a.e. ω ∈ Ω.
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Similarly, as in (3.20), we also have∫ T

0

‖B1(Un−1(t), φΦ(t))‖2V∗
2
dt ≤ C

∫ T

0

‖φΦ(t)‖2 |Un−1(t)| ‖Un−1(t)‖ dt

≤ C
(

sup
t∈[0,T ]

‖φΦ(t)‖4
)1/2(

sup
t∈[0,T ]

|Un−1(t)|2L2

∫ T

0

‖Un−1(t)‖2 dt
)1/2

<∞

for a.e. ω ∈ Ω. Therefore B1(Un−1(t), φΦ(t)) ∈ L2(0, T ;V∗
2). In consequence of

X∈L2(Ω×[0, T ];H1), we get X∈L2(0, T ;H1) for a.e. ω∈Ω. We consider (3.19) over

Ω̃n =

{
ω ∈ Ω :

B0(uΦ,Un−1),R0(A1Ψn−1(s), φΦ(s))∈L2(0, T ;V∗
1),

B1(Un−1(t), φΦ(t)) ∈ L2(0, T ;V∗
2) and X∈L2(0, T ;H1)},

}

for which P(Ω̃n) = 1.
For each ω ∈ Ω̃n the existence and uniqueness of (Ũn(., ω), Ψ̃n(., ω)) follows from the
deterministic theory [41], where (Ũn(., ω), Ψ̃n(., ω)) is approximate by the solution
of the Galerkin equations. Since the solutions of the Galerkin approximation are
adapted and F × B[0,T ]-measurable (because (uΦ, φΦ) and (Un−1,Ψn−1) have the
same properties), we infer that (Ũn, Ψ̃n) is adapted, F × B[0,T ]-measurable and we
have (Ũn, Ψ̃n) ∈ L2(0, T ;V), P-a.e. It also follows that (Ũn, Ψ̃n) has almost surely
continuous trajectories in H.
The processes (Ũn, Ψ̃n) + (ξ, y) = (Un,Ψn) is adapted, F × B[0,T ]-measurable and
we have almost surely continuous in H and satisfy (3.19). This completes the proof
of Lemma 3.6.

Now, all the necessary tools are collected to give the proof the existence of solutions
problem (3.6.

Lemma 3.7. There exists a process (U,Ψ) ∈ L2(Ω × [0, T ];V) satisfying problem
(3.6), which has almost surely continuous trajectories in H and we have:

E
[
sup

t∈[0,T ]

|(U,Ψ)(t)|4H

]
+ E

[∫ T

0

||(U,Ψ)(s)||2Vds
]2

≤ C, (3.21)

where C is a positive constant.

Proof. Let n ≥ 2 arbitraty fixed and

θ̃n−i = Un−i − Un−i−1, Ψ̃n−i = Ψn−i −Ψn−i−1, µ̃n−i = µn−i − µn−i−1.

Then for all (v, ψ) ∈ V1 × V2, t ∈ [0, T ] and a.e. ω ∈ Ω, we have

(θ̃n(t), v) +
∫ t

0

〈
A0θ̃n(s), v

〉
ds+

∫ t

0

〈
B0(uΦ(s), θ̃n−1(s)), v

〉
ds

=
∫ t

0

〈
R0(A1Ψ̃n−1(s), φΦ(s)), v

〉
ds,

(Ψ̃n(t), ψ) +
∫ t

0
〈A1µ̃n(s), ψ〉 ds+

∫ t

0

〈
B1(θ̃n−1(s), φΦ(s)), ψ

〉
ds = 0,

µ̃n = A1Ψ̃n + f(Ψn)− f(Ψn−1),

(3.22)
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Let us choose the function θ̃n as v in (3.22)1 to obtain∣∣∣θ̃n(t)∣∣∣2
L2

+ 2

∫ t

0

∥∥∥θ̃n(s)∥∥∥2

ds+ 2

∫ t

0

〈
B0(uΦ(s), θ̃n−1(s)), θ̃n

〉
ds

= 2

∫ t

0

〈
R0(A1Ψ̃n−1(s), φΦ(s)), θ̃n

〉
ds.

(3.23)

Now, we estimate each term of the above equality. To estimate b0(uΦ, θ̃n−1(s), θ̃n(s)),
we use Hölder’s, Ladyzhenskaya’s and Young’s inequalities to find

2
∣∣∣b0(uΦ(s), θ̃n−1(s), θ̃n(s))

∣∣∣
≤ 2C ‖uΦ(s)‖1/2 |uΦ(s)|1/2

∥∥∥θ̃n−1(s)
∥∥∥∥∥∥θ̃n(s)∥∥∥1/2 ∣∣∣θ̃n(s)∣∣∣1/2

≤ 1

8

∥∥∥θ̃n−1(s)
∥∥∥2

+
1

2

∥∥∥θ̃n(s)∥∥∥2

+ C ‖uΦ(s)‖2 |uΦ(s)|2
∣∣∣θ̃n(s)∣∣∣2

L2
.

(3.24)

Once again using Hölder’s, Ladyzhenskaya’s and Young’s inequalities, we obtain

2
∣∣∣〈R0(A1Ψ̃n−1(s), φΦ(s)), θ̃n

〉∣∣∣ = ∣∣∣〈B1(θ̃n, φΦ(s)),A1Ψ̃n−1(s)
〉∣∣∣

≤ 2C
∥∥∥θ̃n(s)∥∥∥1/2 ∣∣∣θ̃n(s)∣∣∣1/2 ‖φΦ(s)‖1/2 |A1φΦ(s)|1/2L2

∣∣∣A1Ψ̃n−1(s)
∣∣∣
L2

≤ 1

4

∣∣∣A1Ψ̃n−1(s)
∣∣∣2
L2

+
1

2

∥∥∥θ̃n(s)∥∥∥2

+ C ‖φΦ(s)‖2 |A1φΦ(s)|2L2

∣∣∣θ̃n(s)∣∣∣2
L2
.

(3.25)

Let us now choose ψ as Ψ̃n in (3.22)2 and reasoning as in the proof of Lemma 3.5,
we derive that∣∣∣Ψ̃n(t)

∣∣∣2
L2

+ 2

∫ t

0

∣∣∣A1Ψ̃n(s)
∣∣∣2
L2
ds = −2

∫ t

0

(
B1(θ̃n−1(s), φΦ(s)), Ψ̃n

)
ds

− 2

∫ t

0

(
A1(f(Ψn)− f(Ψn−1)), Ψ̃n

)
ds.

(3.26)

Note that∣∣∣(A1(f(Ψn)− f(Ψn−1)), Ψ̃n

)∣∣∣ ≤ |f(Ψn)− f(Ψn−1)|
∣∣∣A1Ψ̃n

∣∣∣
L2

≤ 1

2

∣∣∣A1Ψ̃n

∣∣∣2
L2

+ cf

∣∣∣Ψ̃n

∣∣∣2
L2
.

(3.27)

Using Hölder’s inequality and Agmon’s inequality, we get

2
∣∣∣(B1(θ̃n−1(s), φΦ(s)), Ψ̃n(s)

)∣∣∣ ≤ 2C
∥∥∥θ̃n−1(s)

∥∥∥ |∇φΦ(s)|L∞

∣∣∣Ψ̃n(s)
∣∣∣
L2

≤ 1

8

∥∥∥θ̃n−1(s)
∥∥∥2

+ C
∣∣∣Ψ̃n(s)

∣∣∣2
L2

(‖φΦ(s)‖2 + |φΦ(s)|2H3).
(3.28)

We define Z(t) = exp
(
−

∫ t

0

Z1(s)ds
)

, where

Z1(s) = C
(
(‖φΦ(s)‖2 + |φΦ(s)|2H3) + cf + ‖φΦ(s)‖2 |A1φΦ(s)|2L2 + ‖uΦ(s)‖2 |uΦ(s)|2

)
for all t ∈ [0, T ] and a.e. ω ∈ Ω.
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It is easy to see that Z(T ) < Z(t) ≤ 1, for all t ∈ [0, T ] and a.e. ω ∈ Ω.

We also set Zn(t) =
∣∣∣θ̃n(t)∣∣∣2

L2
+
∣∣∣Ψ̃n(t)

∣∣∣2
L2
.

From (3.23)–(3.28), we deduce that

Z(t)Zn(t) +

∫ t

0

Z(s)

[∥∥∥θ̃n(s)∥∥∥2

+
∣∣∣A1Ψ̃n

∣∣∣2
L2

]
ds

≤
∫ t

0

Z(s)

[
1

4

∥∥∥θ̃n−1(s)
∥∥∥2

+
1

4

∣∣∣A1Ψ̃n−1

∣∣∣2
L2

]
ds,

(3.29)

for all t ∈ [0, T ] and a.e. ω ∈ Ω. Hence∫ T

0

Z(s)

[∥∥∥θ̃n(s)∥∥∥2

+
∣∣∣A1Ψ̃n

∣∣∣2
L2

]
ds ≤

∫ T

0

Z(s)

[
1

4

∥∥∥θ̃n−1(s)
∥∥∥2

+
1

4

∣∣∣A1Ψ̃n−1

∣∣∣2
L2

]
ds, (3.30)

for all t ∈ [0, T ] and a.e. ω ∈ Ω. After successive application of (3.30), we obtain∫ T

0

Z(s)

[∥∥∥θ̃n(s)∥∥∥2

+
∣∣∣A1Ψ̃n

∣∣∣2
L2

]
ds ≤ 1

4n−1

∫ T

0

Z(s)

[∥∥∥(θ̃1, Ψ̃1)(s)
∥∥∥2

V

]
ds. (3.31)

Since (U0(t),Ψ0(t)) = (0, 0) for all t ∈ [0, T ] and a.e. ω ∈ Ω. For k, n ∈ N we infer[
E
∫ T

0

Z(s)(‖Un+k(s)− Un(s)‖2 + |A1Ψn+k(s)− A1Ψn(s)|2L2)ds
]1/2

≤ 1

2n−2

(
1− 1

2k

)1/2 (
E
∫ T

0

∥∥∥(θ̃1, Ψ̃1)(s)
∥∥∥2

V
ds
)1/2

.

(3.32)

From the previous inequality, we deduce that {
√
Z(θ̃n, Ψ̃n)}n≥1 is a Cauchy sequence

in the space L2(Ω× [0, T ];V). Therefore there exists (X,Y )∈L2(Ω× [0, T ];V) with

E
∫ T

0

∥∥∥√Z(s)(s)(θ̃n, Ψ̃n)(s)− (X,Y )(s)
∥∥∥2

V
ds→ 0, for n→ ∞.

Hence, there exists a subsequence (nk) of n such that for a.e. ω ∈ Ω, we have∫ T

0

∥∥∥√Z(s)(θ̃nk
, Ψ̃nk

)(s)− (X,Y )(s)
∥∥∥2

V
ds→ 0, for nk → ∞.

This implies that

(θ̃nk
, Ψ̃nk

)(t) → Z(t)−1/2(X,Y )(t) = (U,Ψ)(t) in L2(0, T ;V), P− a.e..

Therefore (U,Ψ) is an F ×B[0,T ]- measurable adapted process and there exists also
a set Ω′ ⊂ Ω with P(Ω′) = 1 such that for all ω ∈ Ω′∫ T

0

∥∥∥(θ̃nk
, Ψ̃nk

)(s)− (U,Ψ)(s)
∥∥∥2

V
ds→ 0, for nk → ∞, (3.33)

and for each k ∈ N (θ̃nk
(., ω), Ψ̃nk

(., ω)) verifies problem (3.6) for all t ∈ [0, T ].
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For an arbitrary fixed ω ∈ Ω′ we take nk → ∞ in problem (3.6) and use the strong
convergence (3.33) in L2(0, T ;V). Therefore for this fixed ω ∈ Ω′ we have
(U(t), v) +

∫ t

0
〈A0U(s), v〉 ds+

∫ t

0
〈B0(uΦ(s),U(s)), v〉 ds = (u0, v)

+
∫ t

0
〈R0(A1Ψ(s), φΦ(s)), v〉 ds+

∫ t

0
(X(s, uΦ(s)), v)ds+

∫ t

0
(g2(s, uΦ(s)), v) dW (s),

(Ψ(t), ψ) +
∫ t

0
〈A1µ(s), ψ〉 ds+

∫ t

0
〈B1(U(s), φΦ(s)), ψ〉 ds = (φ0, ψ),

µ = A1Ψ+ f(Ψ), (3.34)

for all t ∈ [0, T ], (v, ψ) ∈ V1 × V2 and a.e. ω ∈ Ω. We then conclude that (U,Ψ)
is an adapted F × B[0,T ]- measurable V-valued process which satisfies (3.6) for all
t ∈ [0, T ] (v, ψ) ∈ V1 × V2 and a.e. ω ∈ Ω and has almost trajectories in H. The
proof of the existence of solutions of problem (3.6) is now complete.
To prove (3.21), we apply the Itô formula to the process |U(t)|2L2 to obtain

|U(t)|2L2 + 2

∫ t

0

‖U(s)‖2 ds = |u0|2L2 + 2

∫ t

0

〈R0(A1Ψ(s), φΦ(s)),U〉 ds (3.35)

+ 2

∫ t

0

(X(s, uΦ(s)),U)ds+

∫ t

0

|g2(s, uΦ(s))|2 ds+ 2

∫ t

0

(g2(s, uΦ(s)),U(s))dW (s),

for all t ∈ [0, T ], where we used the fact that b0(uΦ(s),U(s),U(s)) = 0.
Let us now, take the test function ψ as Ψ in (3.6)2 and after some elementary
calculations we obtain

|Ψ(t)|2L2 + 2

∫ t

0

|A1Ψ(s)|2L2 ds+ 2

∫ t

0

(A1f(Ψ(s)),Ψ(s)) ds

= −2

∫ t

0

(B1(U(s), φΦ(s)),Ψ) ds+ 2(φ0,Ψ)ds. (3.36)

Define the stopping time τ k by, for each k > 0

τ k := inf{t ≥ 0; |U(t)|2L2 + |Ψ(t)|2L2 ≥ k2} ∧ T. (3.37)

If the set is empty, taking τ k = T . Note that τ k is increasing with lim
k−→∞

τ k = T .
Now, adding (3.36) and (3.35), we obtain

∣∣U(t ∧ τ k)
∣∣2
L2 +

∣∣Ψ(t ∧ τ k)
∣∣2
L2 + 2

∫ t∧τk

0

‖U(s)‖2 ds+ 2

∫ t∧τk

0

|A1Ψ(s)|2L2 ds

= |u0|2L2 + 2(φ0,Ψ) + 2

∫ t

0

〈R0(A1Ψ(s), φΦ(s)),U〉 ds− 2

∫ t

0

(A1f(Ψ(s)),Ψ(s)) ds

+ 2

∫ t∧τk

0

(X(s, uΦ(s)),U(s)ds+

∫ t

0

|g2(s, uΦ(s))|2 ds

− 2

∫ t

0

(B1(U(s), φΦ(s)),Ψ) ds+ 2

∫ t∧τk

0

(g2(s, uΦ),U)dW (s). (3.38)

Now, we are going to estimate each term of the right hand-side of (3.38) as follows:
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Using the Cauchy–Schwarz inequality, Young’s inequality and Assumption (III), we
obtain

2 |(X(s, uΦ(s)),U(s)| ≤ 1

3
‖U(s)‖2 + C1 |uΦ(s)|2L2 , (3.39)

where C1 is a positive constant depending on κ. Using the Cauchy–Schwarz inequal-
ity and the Young inequality and from the hypothesis (II) in Assumption 2.1 we
deduce that

2 |(φ0,Ψ)| ≤ 1

3
|A1Ψ|2L2 + C |φ0|2L2 , |(g2(s, uΦ(s))|2 ≤ λ |uΦ(s)|2L2 . (3.40)

Note that 2 |(A1(f(Ψ(s)),Ψ(s))| ≤ 2 |f(Ψ(s))| |A1Ψ(s)|

≤ 1

3
|A1Ψ(s)|2L2 + C

(
1 + |Ψ(s)|2m+2

L2

)
. (3.41)

Thanks to the properties of the operator b1, we have

2 |〈R0(A1Ψ(s), φΦ(s)),U〉| = 2 |〈B1(U(s), φΦ(s)),A1Ψ〉|

≤ 2C |U(s)|1/2 ‖U(s)‖1/2 ‖φΦ(s)‖1/2 |A1φΦ(s)|1/2L2 |A1Ψ(s)|L2

≤ 1

3
|A1Ψ(s)|2L2 +

1

3
‖U(s)‖2 + C ‖φΦ(s)‖2 |A1φΦ(s)|2L2 |U(s)|2L2 .

(3.42)

Using Hölder’s inequality and Agmon’s inequality, we get

2 |(B1(U(s), φΦ(s)),Ψ)| ≤ 2C ‖U(s)‖ |∇φΦ(s)|L∞ |Ψ(s)|L2

≤ 1

3
‖U(s)‖2 + C |Ψ(s)|2L2 (‖φΦ(s)‖2 + |φΦ(s)|2H3).

(3.43)

We use (3.39)–(3.43) in (3.38) to obtain∣∣U(t ∧ τ k)
∣∣2
L2 +

∣∣Ψ(t ∧ τ k)
∣∣2
L2 +

∫ t∧τk

0

(‖U(s)‖2 + |A1Ψ(s)|2L2)ds

≤ C

∫ t∧τk

0

K1(s) |U(s)|2L2 ds+

∫ t∧τk

0

K2(s) |Ψ(s)|2L2 ds

+ (C1 + λ)

∫ T

0

|uΦ(s)|2L2 ds+ CE [E(u(0), φ(0))]

+ 2

∫ t∧τk

0

(g2(s, uΦ(s)),U(s))dW (s) + C

∫ t∧τk

0

(
1 + |Ψ(s)|2m+2

L2

)
ds

(3.44)

Now, raising both side to the power 2, taking supremum over s ∈ [0, t ∧ τ kn ] and
taking mathematical expectation, we infer that

E sup
s∈[0,t∧τk]

(
|U(s)|2L2 + |Ψ(s)|2L2

)2
+ E

(∫ t∧τk

0

(‖U(s)‖2 + |A1Ψ(s)|2L2)ds
)2

≤ CE [E(u(0), φ(0))]2 + E
(∫ t∧τk

0

K1(s) |U(s)|2L2 ds
)2

+ CE
(∫ T

0

|uΦ(s)|2L2 ds
)2

+ CE
(∫ t∧τk

0

(1 + |Ψ(s)|2m+2
L2 )ds

)2

+ 2CE sup
s∈[0,t∧τk]

∣∣∣ ∫ s

0

(g2(r, uΦ(r)),U(r)dW (r)
∣∣∣2, (3.45)

where K1 = ‖φΦ(s)‖2 |A1φΦ(s)|2L2 and K2 = (‖φΦ(s)‖2 + |φΦ(s)|2H3).
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Using Burkhölder-Davis-Gundy’s inequality, we derive that

2E sup
s∈[0,t∧τk]

∣∣∣∣∫ s

0

(g2(r, uΦ(r)),U(r)dW (r)

∣∣∣∣2 ≤ CE
(∫ t∧τk

0

|g2(r, uΦ(r))|2L2 |U(r)|2L2 dr
)

≤ CE
[

sup
s∈[0,t∧τk]

|U(s)|2L2

∫ t∧τk

0

|g2(r, uΦ(r))|2L2 dr
]

≤ 1

2
E sup

s∈[0,t∧τk]
|U(s)|2L2 + CE

∫ T

0

|uΦ(t)|2L2 dt

≤ 1

2
E sup

s∈[0,t∧τk]

(
|U(s)|2L2 + |Ψ(s)|2L2

)2
+ CE

∫ T

0

|uΦ(t)|4L2 dt. (3.46)

Thanks to the Hölder inequality and the Theorem 2.4, we get

E
(∫ t∧τk

0

K1(s) |U(s)|2L2 ds
)2

≤ CE
∫ t∧τk

0

|U(s)|4L2 ds,

E
(∫ t∧τk

0

K2(s) |Ψ(s)|2L2 ds
)2

≤ CE
∫ t∧τk

0

|Ψ(s)|4L2 ds.

(3.47)

From (3.46) we obtain

E sup
s∈[0,t∧τk]

[Z(s)]2 + 2E
(∫ t∧τk

0

(‖U(s)‖2 + |A1Ψ(s)|2)ds
)2

≤ CE [E(u(0), φ(0))]2

+ C

∫ T

0

|uΦ(t)|4L2 dt+ CE
∫ t∧τk

0

(
1 + |Ψ(s)|4L2 + |U(s)|4L2 + |Ψ(s)|4m+4

L2

)
ds, (3.48)

where Z(s) = |U(s)|2L2 + |Ψ(s)|2L2 .
Ignoring the last two nonnegatives terms on left-hand side of (3.48) and applying
Gronwall’s inequality (see [30], Lemma 2, p. 7340) yields

E sup
s∈[0,t∧τk]

(
|U(s)|2L2 + |Ψ(s)|2L2

)2 ≤ C. (3.49)

Using the fact τ k is increasing to T as k → ∞, we derive that

E
[
sup

t∈[0,T ]

|(U(t),Ψ(t))|4H
]
≤ C. (3.50)

Substituting (3.50) in (3.48) and using the fact τ k is increasing to T as k → ∞, we
derive that

E
(∫ T

0

‖(U(t),Ψ(t))‖2V dt
)2

≤ C. (3.51)

Combining (3.51) and (3.50), we find (3.21). This complete the proof of Lemma 3.7
and ends the proof of Theorem 3.3
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For n = 1, 2, ..., we consider the n-dimensional evolution system:

(ũn,Φn(t), v) = (u0n, v)−
∫ t

0
< A0ũn,Φn(s) + B0n(P1

nuΦ(s), ũn,Φn(s)), v > ds

+
∫ t

0
< R0n(A1φ̃n,Φn ,P2

nφ(s)), v > ds+
∫ t

0
(P1

nΦn(s, uΦ(s)), v) ds
+
∫ t

0
(P1

ng2(s, uΦ(s)), v) dW (s),

(φ̃n,Φn(t), ψ) = (φ0n, ψ)−
∫ t

0
<A1µ̃n,Φn(s)+B1n(P1

nu(s),P2
nφ(s)), ψ>ds,

µ̃n,Φn = A1φ̃n,Φn + f(φ̃n,Φn),

(3.52)

for all t ∈ [0, T ], (v, ψ) ∈ Yn and and a.e. ω ∈ Ω. System (3.52) is a system of
stochastic differential equations is a finite dimensional Banach spaces with locally
and globally Lipschitz coefficients. Hence by a well known result about existence
and uniqueness of solution to stochastic differential equations (see [31], Theorem
5.5, p. 45), there exists a solution (ũn,Φn , φ̃n,Φn) ∈ M2

Ft
(0, T ;Vn) of (3.52) and almost

surely continuous trajectories in H; this solution is almost surely unique. Using the
same idea as in the estimates (3.21) we obtain the following estimation

E
[
sup

t∈[0,T ]

|(ũn,Φn , φ̃n,Φn)(t)|4H
]
+ E

[ ∫ T

0

||(ũn,Φn , φ̃n,Φn)(s)||2Vds
]2

≤ C, (3.53)

where C is a constant independent of n.
We need the following results in the sequel.

Theorem 3.8. [40] (see Theorem 4.1, p. 132) Let B0,B,B1 be reflexive Banach
space such that the embeddings B0 ⊂ B ⊂ B1 are continuous and the embedding
B0 ⊂ B is compact. Let 1 ≤ q ≤ ∞ and M be a bounded set in Lq(0, T ;B0)
consisting of functions u(t) equi-continuous in C(0, T ;B1). Then, M is relatively
compact in Lq(0, T ;B) and C(0, T ;B1).

Lemma 3.9. [29] Let {Qm;m ≥ 1} ⊂ M2
Ft
(0, T ;R) be a sequence of continuous

real processes, and let {τn;n ≥ 1} be a sequence of Ft-stopping times such that
τn ↑ T , sup

m≥1
E|Qm(T )|2 <∞, and limm→∞ E|Qm(τn)| = 0 for n ≥ 1. Then

limm→∞ E|Qm(T )| = 0.

Theorem 3.10. The following convergences hold:

lim
n→∞

E
∫ T

0

||(uΦ, φΦ)(s)− (ũΦn , φ̃Φn)(s)||2Vds = 0,

lim
n→∞

E|(uΦ, φΦ)(T )− (ũΦn , φ̃Φn)(T )|2H = 0,

lim
n→∞

E
∫ T

0

||(uΦ, φΦ)(s)− (ũn,Φn , φ̃n,Φn)(s)||2Vds = 0,

lim
n→∞

E|(uΦ, φΦ)(T )− (ũn,Φn , φ̃n,Φn)(T )|2H = 0.

Proof. We consider the evolution system{
(z(t), v) +

∫ t

0
〈A0z(s), v〉 = (u0, v) +

∫ t

0
(g2(s, uΦ(s), v)dW (s),

(y(t), ψ) +
∫ t

0
〈A1µ(s), ψ〉 = (φ0, ψ), µ1 = A1y + f(y),

(3.54)

for all t ∈ [0, T ], (v, ψ) ∈ V1 × V2 and a.e., ω ∈ Ω.
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By a similar argument as in the case of system (3.18), there exists a unique solution
(z, y) ∈ M2

Ft
(0, T ;V) of (3.54) which has a.e continuous trajectories in H. By using

Gronwall’s lemma, we get the estimate

E
[
sup

t∈[0,T ]

|(z, y)(t)|2H
]
+ E

∫ T

0

||(z, y)(t)||2Vdt ≤ C, (3.55)

where C is a positive constant. From Theorem 2.4, we have

E sup
t∈[0,T ]

|(uΦ(t), φΦ(t))|2H <∞, E
∫ T

0

||(uΦ(t), φΦ(t))||2Vdt <∞.

Hence, there exists k2(ω)>0 independent of n, such that for all n∈N and a.e. ω∈Ω

sup
t∈[0,T ]

|Pn(z(t), y(t))|2H ≤ sup
t∈[0,T ]

|(z(s), y(t))|2H < k2(ω),∫ T

0

||Pn(z(t), y(t))||2Vdt ≤
∫ T

0

||(z(t), y(t))||2Vdt < k2(ω),

(3.56)

sup
t∈[0,T ]

|Pn(uΦ(t), φΦ(t))|2H ≤ sup
t∈[0,T ]

|(uΦ(t), φΦ(t))|2H < k2(ω),∫ T

0

||Pn(uΦ(t), φΦ(t))||2Vdt ≤
∫ T

0

||(uΦ(t), φΦ(t))||2Vdt < k2(ω).

(3.57)

Using stochastic integral properties and (2.16), we obtain for all s, t∈ [0, T ], t > s

E
∥∥∥∫ t

s

g2(r, uϕ(r))dW (r)
∥∥∥4

V∗
div

≤ k3E
(∫ t

s

|g2(r, uΦ(r))|2L2dr
)2

≤ k4(t− s)2E sup
r∈[0,T ]

|uΦ(r)|4L2 ≤ k4(t− s)2E sup
r∈[0,T ]

|(uΦ(r), φΦ(r))|4H <∞

and E
∥∥∥∫ t

s

P1
ng2(r, uΦ(r))dW (r)

∥∥∥4

V∗
div

≤ k3E
(∫ t

s

|P1
ng2(r, uΦ(r))|2L2dr

)2

≤ k4(t− s)2E sup
r∈[0,T ]

|uΦ(r)|4L2 ≤ k4(t− s)2E sup
r∈[0,T ]

|(uΦ(r), φΦ(r))|4H <∞

where k3, k4 are positive constants.
By Kolmogorov’s continuity criterion (see [25], Theorem 1.4.1, p. 31) it follows that
there exists a random variable χ(ω) such that∥∥∥∥∫ t

s

||g2(r, uΦ(r))dW (r)

∥∥∥∥2

V ∗
1

≤ χ(ω)|t− s|2γ, (3.58)

∥∥∥∥∫ t

s

P1
ng2(r, uΦ(r))dW (r)

∥∥∥∥2

V ∗
1

≤ χ(ω)|t− s|2γ, (3.59)

for γ ∈ (0, 1
4
) and for every t, s ∈ [0, T ], a.e. ω ∈ Ω.

Let Ω̃ ⊂ Ω with P(Ω̃) = 1 be such that for all ω ∈ Ω̃ we have:
1. The equations (2.14) and (3.54) hold for all t ∈ [0, T ], (v, ψ) ∈ V1 × V2;
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2. For each n = 1, 2, ... the equations (3.5) and (3.52) hold for all
t ∈ [0, T ], (v, ψ) ∈ V1 × V2, respectively, (v, ψ) ∈ Yn;

3. The inequalities in (3.56), (3.57), (3.58) and (3.59) hold.

From (3.5), (3.54), (3.56), (3.57), it follows that for all ω ∈ Ω̃ we have:
(ũΦn(t)− z(t), v) +

∫ t

0
〈(A0ũΦn(s)− A0z(s)) + B0(uΦ(s), ũΦn(s)), v〉 ds

+
∫ t

0

〈
R0(A1φ̃Φn(s), φ(s)),w

〉
ds−

∫ t

0
(Φn(s, uΦ(s)), v)ds = 0,

(φ̃Φn(t)−y, ψ)+
∫ t

0
〈(A1µ̃Φn(s)− A1µ1(s))+B1(ũΦn(s), φ(s)), ψ〉 ds = 0,

µ̃Φn − µ1 = A1φ̃Φn − A1y + f(φ̃Φn)− f(y).

(3.60)

Let θn(t) = ũΦn(t)− z(t) and Ψn(t) = φ̃Φn(t)−y(t) for all t ∈ [0, T ]. Hence we have:
(θn(t), v) +

∫ t

0
〈(A0θn(s)) + B0(uΦ(s), ũΦn(s)), v〉 ds

−
∫ t

0

〈
R0(A1φ̃Φn(s), φ(s)), v

〉
ds =

∫ t

0
(Φn(s, uΦ(s)), v)ds,

(Ψn, ψ) +
∫ t

0
〈A1µn + B1(ũΦn(s), φ(s)), ψ〉 ds = 0,

µn = A1Ψn + f(φ̃Φn)− f(y).

(3.61)

Taking v = θn in (3.61)1, ψ = Ψn in (3.61)2 and proceeding as in the proof of Lemma
3.5, we get for all ω ∈ Ω̃

|θn(t)|2L2 + |Ψn(t)|2L2 + 2

∫ t

0

‖θn(s)‖2 ds+ 2

∫ t

0

|A1Ψn(s)|2L2 ds

+ 2

∫ t

0

〈B0(uΦ(s), ũΦn(s)), θn(s)〉 ds = 2

∫ t

0

〈
R0(A1φ̃Φn(s), φΦ(s)), θn(s)

〉
ds

+ 2

∫ t

0

(Φn(s, uΦ(s)), θn(s))ds− 2

∫ t

0

(B1(ũΦn(s), φ(s)),Ψn) ds

− 2

∫ t

0

(
A1(f(φ̃Φn)− f(y)),Ψn

)
ds.

(3.62)

Using the fact that V ↪→ Y, we estimate some terms of the above equality.
Thanks to the properties of B0, we derive that

2 |〈B0(uΦ(s), ũΦn(s)), θn(s)〉| = 2 |〈B0(uΦ(s), θn(s), z)〉|

≤ 2C ‖uΦ(s)‖1/2 |uΦ(s)|1/2L2 ‖θn(s)‖ ‖z(s)‖1/2 |z(s)|1/2L2

≤ 1

3
‖θn(s)‖2 + C ‖uΦ(s)‖ |uΦ(s)|L2 ‖z(s)‖ |z(s)|L2 .

(3.63)

Owing to the assumptions on Φ and Young’s inequality, we have

2 |(Φn(s, uΦ), θn(s))| ≤ 2κ |uΦ|L2 ‖θn(s)‖ ≤ 1

3
‖θn(s)‖2 + Cκ ‖uΦ(s)‖2 . (3.64)

Note that

2
∣∣∣(A1(f(φ̃Φn)− f(y)),Ψn

)∣∣∣ ≤ 1

2
|A1Ψn(s)|2L2 + cf |Ψn(s)|2L2 . (3.65)
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Thanks to the properties of B1 and the Young inequality, the following estimates
holds:
2 |(B1(ũΦn(s), φ(s)),Ψn)| = 2 |(B1(ũΦn(s),Ψn(s), φ(s)))|

≤ C |ũΦn(s)|
1/2

L2 ‖ũΦn(s)‖
1/2 ‖Ψn(s)‖1/2 |A1Ψn(s)|1/2L2 |φ(s)|L2

≤ 2C ‖ũΦn(s)‖ |A1Ψn(s)|L2 |φ(s)|L2 ≤ 1

2
|A1Ψn(s)|2L2 + C ‖ũΦn(s)‖

2 |φ(s)|2L2

(3.66)

and
2
∣∣∣〈R0(A1φ̃Φn(s), φΦ(s)), θn(s)

〉∣∣∣ = 2
∣∣∣b1(θn(s), φΦ(s),A1φ̃Φn(s))

∣∣∣
≤ 1

3
‖θn(s)‖2 + C |φΦ(s)| |A1φΦ(s)|L2

∣∣∣A1φ̃Φn(s)
∣∣∣2
L2
.

(3.67)

Let K(t) = exp (−cf t) . We substitute (3.63)–(3.67) in (3.62) to obtain

K(t)
[
|θn(t)|2L2 + |Ψn(t)|2L2

]
+ ν

∫ t

0

K(s) ‖θn(s)‖2 ds+
∫ t

0

K(s) |A1Ψn(s)|2L2 ds

≤ C

∫ t

0

K(s)
[
κ ‖uΦ(s)‖2 + ‖uΦ(s)‖ |uΦ(s)| ‖z(s)‖ |z(s)|

]
ds (3.68)

+ C

∫ t

0

K(s) |φΦ(s)| |A1φΦ(s)|L2

∣∣∣A1φ̃Φn(s)
∣∣∣2
L2
ds+ C

∫ t

0

K(s) ‖ũΦn(s)‖
2 |φ(s)|2L2 ds.

Thanks to the Hölder inequality, Theorem 2.4, (3.21) and the fact que 0 < K(t) ≤ 1

we can prove that each term of the right hand-sides of (3.68) is finite for all ω ∈ Ω̃.
Hence, using the fact que 0 < K(t) ≤ 1, it follows that for all ω ∈ Ω̃, we have

sup
t∈[0,T ]

[
|θn(t)|2L2 + |Ψn(t)|2L2

]
+

∫ t

0

‖θn(s)‖2 ds+
∫ t

0

|A1Ψn(s)|2L2 ds ≤ k3(k2(ω)),

(3.69)
where k3 is a positive constant (independant of n and ω).
Thus, we conclude that for all ω ∈ Ω̃, we have

sup
t∈[0,T ]

[∣∣∣(ũΦn , φ̃Φn)(t)− (z, y)(t)
∣∣∣2
H

]
+

∫ T

0

∥∥∥(ũΦn , φ̃Φn)(t)− (z, y)(t)
∥∥∥2

V
dt

≤ k3(k2(ω)). (3.70)
Analogously, using (3.52) and (3.54) we have

sup
t∈[0,T ]

|(ũn,Φn , φ̃n,Φn)(t)−Πn(z, y)(t)|2H +

∫ T

0

∥∥∥(ũn,Φn , φ̃n,Φn)(t)−Πn(z, y)(t))
∥∥∥2

V
dt

≤ k3(k2(ω)). (3.71)
Hence, for all n ∈ N, we have

sup
t∈[0,T ]

∣∣∣(ũn,Φn , φ̃n,Φn)(t)
∣∣∣2
H
+

∫ T

0

∥∥∥(ũn,Φn , φ̃n,Φn)(t)
∥∥∥2

V
dt ≤ k4(ω), ω∈ Ω̃, (3.72)

and sup
t∈[0,T ]

∣∣∣(ũΦn , φ̃Φn)(t)
∣∣∣2
H
+

∫ T

0

∥∥∥(ũΦn , φ̃Φn)(t)
∥∥∥2

V
dt ≤ k4(ω), ω ∈ Ω̃, (3.73)

where k4 is positive and independent of n.
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Let ω ∈ Ω̃. For this ω we consider the sets

S = {(ũΦn , φ̃Φn)(ω, .)|, n = 1, 2, 3, ...}, S̃ = {(ũn,Φn , φ̃n,Φn)(ω, .)|, n = 1, 2, 3, ...}.

For each of these sets we want to apply the Dubinsky Theorem (Theorem 3.8). By
(3.73) and (3.72) we get that S ⊂ M2(0, T ;V) and S̃ ⊂ M2(0, T ;V) are bounded.
We have to verify that S, respectively, S̃, are equi-continuous in C([0;T ];V∗). From
(3.5) and the Schwarz inequality, we have

‖ũΦn(t)− ũΦn(s)‖
2
V∗

1
+
∥∥∥φ̃Φn(t)− φ̃Φn(s)

∥∥∥2

V∗
2

≤ (t− s)

∫ t

s

(||A0ũΦn||2V∗
1
+ ||A1µ̃Φn||2V∗

2
+ ||B0(uΦ(r), ũΦn(r))||2V∗

2

+ ||R0(A1φ̃Φn(r), φ(r))||2V∗
1
)dr + (t− s)

∫ t

s

(||B1(ũΦn(r), φ(r))||2V∗
2
)dr

+ ||Φn(r, uΦ(r))||2V∗
1
dr +

∥∥∥∫ t

s

g2(r, uΦ(r))dW (r)
∥∥∥2

V∗
1

,

for each t, s ∈ [0, T ], t > s. By (3.58), (3.73), and the properties of A0, B0, R0, A1,
B1, Φn we obtain

‖ũΦn(t)− ũΦn(s)‖
2
V∗

1
+
∥∥∥φ̃Φn(t)− φ̃Φn(s)

∥∥∥2

V∗
2

≤ k7(ω)(t− s) + χ(ω)(t− s)2γ,

for γ ∈ (0, 1
4
) and for every t, s ∈ [0, T ], t > s, where k5(ω) > 0 is independent of n.

Consequently, S is equi-continuous in C([0, T ];V∗). Analogously, we can prove that
S̃ is equi-continuous in C([0, T ];V∗). Now, using the Dubinsky Theorem (Theorem
3.8), it follows that S and S̃ are relatively compact in M2(0, T ;H) and hence there
exists a subsequence (n′) of (n) and (ũ, φ̃), (u∗, φ∗) ∈ M2(0, T ;H) such that

lim
n′→∞

∫ T

0

||(ũΦn′ , φ̃Φn′ )(s)− (ũ, φ̃)(s)||2Vds = 0 (3.74)

and lim
n′→∞

∫ T

0

||(ũn′,Φn′ , φ̃n′,Φn′ )− (u∗, φ∗)(s)||2Vds = 0. (3.75)

Let θn′(t)= ũΦn′ (t)−uΦ(t), Ψn′(t)= φ̃Φn′ (t)−φΦ(t) and µn′ =A1Ψn′+f(φ̃Φn′ )−f(φΦ)
for all t ∈ [0, T ]. We use (3.5) with (n′) and (2.14), the genaralized chain rule, and
the properties of A0,A1,B0 and B1 (see Lemma 3.5) to obtain

|θn′(t)|2L2 + |Ψn′(t)|2L2 +

∫ t

0

‖θn′(s)‖2 ds+
∫ t

0

|A1Ψn′(s)|2L2 ds

≤ C

∫ t

0

K1(s)
(
|θn′(s)|2L2 + |Ψn′(s)|2L2

)
+ 2

∫ t

0

(Φn′(s, uΦ(s))− Φ(s, uΦ(s)), ũΦn′ (s)− ũ(s))ds

+ 2

∫ t

0

(Φn′(s, uΦ(s))− Φ(s, uΦ(s)), ũ(s)− uΦ(s))ds,

(3.76)

where K1(s) = C
(
‖φΦ(s)‖2 |A1φΦ(s)|2L2 + ‖φΦ(s)‖2 + |φΦ(s)|2H3

)
.
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Let us define

Z(t) = |θn′(t)|2L2 + |Ψn′(t)|2L2 , y(t) = exp
(
− cf t−

∫ t

0

K1(s)ds
)
,

for all t ∈ [0, T ] and a.e., ω ∈ Ω̃. Note that 0 < y(T ) ≤ y(t) ≤ 1 for all t ∈ [0, T ]

and a.e., ω ∈ Ω̃. From (3.76), we derive that

y(T )Z(T ) +

∫ T

0

y(s) ‖θn′(s)‖2 ds+
∫ T

0

y(s) |A1Ψn′(s)|2L2 ds

≤ 2

∫ T

0

y(s)(Φn′(s, uΦ(s))− Φ(s, uΦ(s)), ũΦn′ (s)− ũ(s))ds

+ 2

∫ T

0

y(s)(Φn′(s, uΦ(s))− Φ(s, uΦ(s)), ũ(s)− uΦ(s))ds.

(3.77)

Thanks to the Lemma 3.2, (3.74), the properties of Φn,Φ ∈ U , the dominated
convergence theorem and the fact that 0 < y(T ) ≤ y(t) ≤ 1, we obtain that the
right side of the inequality in (3.77) tends to zero. Hence, we obtain

lim
n′→∞

∣∣∣(ũΦn′ , φ̃Φn′ )(T )− (uΦ, φΦ)(T )
∣∣∣2
H
= 0,

lim
n′→∞

∫ T

0

∥∥∥(ũΦn′ , φ̃Φn′ )(s)− (uΦ, φΦ)(s)
∥∥∥2

V
d = 0.

(3.78)

Every subsequence of (ũΦn(ω, .), φ̃Φn(ω, .)) has a further subsequence, which con-
verges in the space M2(0;T,V) to the same limit (uΦ(ω, .), φΦ(ω, .)) (because we can
repeat all the arguments above). Applying a convergence result (see [41], Proposi-
tion 10.13, p. 480), it follows that the whole sequence (ũΦn(ω, .), φ̃Φn(ω, .)) converges
to (uΦ(ω, .), φΦ(ω, .)) in the space M2(0, T ;V).
Analogously, we conclude that the whole sequence (ũΦn(ω, T ), φ̃Φn(ω, T )) converges
to (uΦ(ω, T ), φΦ(ω, T )) in H.
Our arguments above work for an arbitrary fixed ω ∈ Ω̃. Hence, (3.78) holds for a.e.
ω ∈ Ω and for the whole sequence (n). Taking into consideration that the processes
(ũΦn(t), φ̃Φn(t))t∈[0,T ] and (uΦ(t), φΦ(t))t∈[0,T ] are uniformly integrable (see Theorem
2.4 and (3.55)), it follows that

lim
n→∞

E|(uΦ, φΦ)(T )− (ũΦn , φ̃Φn)(T )|2H = 0,

lim
n→∞

E
∫ T

0

||(uΦ, φΦ)(s)− (ũΦn , φ̃Φn)(s)||2Vds = 0.

Now, we prove the convergence for the sequence (ũn,Φn , φ̃n,Φn).

Let θn(t) = ũn,Φn(t)− P1
nuΦ(t) and Ψn(t) = φ̃n,Φn(t)− P2

nφΦ(t) for all t ∈ [0, T ].
We use (3.52) and (2.14), the generalized chain rule, and the properties of A0,A1

and B0 to obtain

|θn(t)|2L2 + |Ψn(t)|2L2 + 2

∫ t

0

‖θn(s)‖2 ds+ 2

∫ t

0

|A1Ψn(s)|2L2 ds
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= −2

∫ t

0

〈
B0(P1

nuΦ(s),P1
nuΦ(s))− B0(uΦ(s), uΦ(s)), θn

〉
ds

+ 2

∫ t

0

〈
R0(A1φ̃n,Φn(s),P2

nφΦ(s))− R0(A1φΦ(s), φΦ(s)), θn

〉
ds (3.79)

− 2

∫ t

0

(
B1(ũn,Φn(s),P2

nφΦ(s))− B1(uΦ(s), φΦ(s)),Ψn

)
ds

− 2

∫ t

0

(
A1(f(φ̃n,Φn)− f(φΦ)),Ψn

)
ds

+ 2

∫ t

0

(P1
nΦn(s, uΦ(s))− Φ(s, uΦ(s)), θn(s))ds.

Note that 2
∣∣∣(A1(f(φ̃n,Φn)− f(φΦ)),Ψn

)∣∣∣
≤ 1

3
|A1Ψn(s)|2L2 + C |Ψn(s)|2L2 + C

∣∣P2
nφΦ(s)− φΦ(s)

∣∣2
L2 .

(3.80)

Using the properties of the operator B0 and the Young inequality, we get

2
∣∣〈B0(P1

nuΦ(s),P1
nuΦ(s))−B0(uΦ(s), uΦ(s)), θn

〉∣∣
≤ 1

4
‖θn(s)‖2 + C

∥∥B0(P1
nuΦ(s),P1

nuΦ(s))−B0(uΦ(s), uΦ(s))
∥∥2

V∗
1
.

(3.81)

Observe that
2
〈

R0(A1φ̃n,Φn(s),P2
nφΦ(s))− R0(A1φΦ(s), φΦ(s)), θn

〉
= 2

〈
R0(A1Ψn(s),P2

nφΦ(s)), θn
〉

+ 2
〈
R0(A1P2

nφΦ(s),P2
nφΦ(s))− R0(A1φΦ(s), φΦ(s)), θn

〉 (3.82)

and
2
∣∣〈R0(A1Ψn(s),P2

nφΦ(s)), θn
〉∣∣

≤ 1

4
‖θn(s)‖2 +

1

3
|A1Ψn(s)|2L2 +

∥∥P2
nφΦ(s)

∥∥2 ∣∣A1P2
nφΦ(s)

∣∣2
L2 |θn|

2
L2 ,

(3.83)

and
2
∣∣〈R0(A1P2

nφΦ(s),P2
nφΦ(s))− R0(A1φΦ(s), φΦ(s)), θn

〉∣∣
≤ 1

4
‖θn(s)‖2 + C

∥∥R0(A1P2
nφΦ(s),P2

nφΦ(s))− R0(A1φΦ(s), φΦ(s))
∥∥2

V∗
1
.

(3.84)

Similarly, using Hölder’s inequality and Agmon’s inequality, we obtain(
B1(ũn,Φn(s),P2

nφΦ(s))− B1(uΦ(s), φΦ(s)),Ψn

)
≤ 1

4
‖θn(s)‖2 +

1

3
|A1Ψn(s)|2L2 + (

∥∥P2
nφΦ(s)

∥∥2
+
∣∣P2

nφΦ(s)
∣∣2
H3) |Ψn|2L2

+ C|B1(P1
nuΦ(s),P2

nφΦ(s))− B1(uΦ(s), φΦ(s))|2L2 .

(3.85)

Now, we define

Z(t) = |θn(t)|2L2 + |Ψn(t)|2L2 , y(t) = exp
(
− Ct−

∫ t

0

K1(s)ds
)
,

K1(t) = C
(∥∥P2

nφΦ

∥∥2 ∣∣A1P2
nφΦ

∣∣2
L2 + (

∥∥P2
nφΦ(s)

∥∥2
+
∣∣P2

nφΦ(s)
∣∣2
H3)

)
for all t ∈ [0, T ] and a.e., ω ∈ Ω̃.
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Note that 0 < y(T ) ≤ y(t) ≤ 1 for all t ∈ [0, T ] and a.e., ω ∈ Ω̃. From (3.79)–(3.85),
we derive that

y(T )Z(T ) +

∫ t

0

‖θn(s)‖2 ds+
∫ t

0

|A1Ψn(s)|2L2 ds

≤ C

∫ T

0

y(s)
∥∥B0(P1

nuΦ(s),P1
nuΦ(s))−B0(uΦ(s), uΦ(s))

∥∥2

V∗
1
ds

+ C

∫ T

0

y(s)
∥∥R0(A1P2

nφΦ(s),P2
nφΦ(s))−R0(A1φΦ(s), φΦ(s))

∥∥2

V∗
1
ds

+ C

∫ T

0

y(s)|B1(P1
nuΦ(s),P2

nφΦ(s))−B1(uΦ(s), φΦ(s))|2L2ds

+ 2

∫ T

0

y(s)(P1
nΦn(s, uΦ(s))− Φ(s, uΦ(s)), ũn,Φn − P1

nuΦ(s))ds

+ 2C

∫ T

0

y(s)
∣∣P2

nφΦ(s)− φΦ(s)
∣∣2
L2 ds.

(3.86)

By the properties of B0, we have:∫ T

0

||B0(P1
nuΦ(s),P1

nuΦ(s))−B0(uΦ(s), uΦ(s))||2V∗
1

≤ 2C
(

sup
t∈[0,T ]

|uΦ(t)− P1
nuΦ(t)|2

∫ T

0

||uΦ(s)||2ds
)1/2

(
sup

t∈[0,T ]

|uΦ(t)|2
∫ T

0

||uΦ(s)− P1
nuΦ(s)||2ds

)1/2

.

Thanks to (2.19) it follows that

lim
n→∞

∫ T

0

y(s)||B0(P1
nuΦ(s),P1

nuΦ(s))−B0(uΦ(s), uΦ(s))||2V∗
1
= 0. (3.87)

Similarly, using the proprities of R0 we have∥∥R0(A1P2
nφΦ(s),P2

nφΦ(s))−R0(A1φΦ(s), φΦ(s))
∥∥2

V∗
1

≤
∥∥R0((A1P2

nφΦ(s)− A1φ(s)), φΦ(s))
∥∥2

V∗
1

+
∥∥R0(A1P2

nφΦ(s),P2
nφΦ(s)− φΦ(s))

∥∥2

V∗
1

≤ C ‖φΦ(s)‖ |A1φΦ(s)|L2

∣∣A1(P2
nφΦ(s)− φ(s))

∣∣2
L2

+ C
∣∣A1(P2

nφΦ(s)− φ(s))
∣∣
L2

∥∥P2
nφΦ(s)− φ(s)

∥∥ ∣∣A1P2
nφΦ(s)

∣∣2
L2 .

(3.88)

Hence by Hölder’s inequality and (2.19) we conclude that

lim
n→∞

∫ T

0

y(s)
∥∥R0(A1P2

nφΦ(s),P2
nφΦ(s))−R0(A1φ(s), φ(s))

∥∥2

V∗
1
ds = 0. (3.89)
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By using the properties of B1 and (2.19) we can also prove that

lim
n→∞

∫ T

0

y(s)|B1(P1
nuΦ(s),P2

nφΦ(s))−B1(u(s), φ(s))|2L2ds = 0. (3.90)

Note that
∫ T

0

y(s)(P1
nΦn(s, uΦ(s))− Φ(s, uΦ(s)), ũn,Φn − P1

nuΦ(s))ds

=

∫ T

0

y(s)(Φn(s, uΦ(s))− Φ(s, uΦ(s)), ũn,Φn − uΦ(s))ds

+

∫ T

0

y(s)(Φn(s, uΦ(s))− Φ(s, uΦ(s)), uΦ(s)− P1
nuΦ(s))ds.

By using this equality for (n′), (2.19), (3.57), (3.72), (3.75), the properties of Φn, Φ,
Lemma 3.2 and the dominated convergence theorem we get

lim
n′→∞

∫ T

0

y(s)(P1
n′Φn′(s, uΦ(s))− Φ(s, uΦ(s)), ũn′,Φn′ − P1

n′uΦ(s))ds = 0. (3.91)

From (3.87), (3.89), (3.90) and (3.91) we obtain that the right side of the inequality
in (3.86) tends to zero. Therefore,

lim
n′→∞

|(ũn,Φn , φ̃n,Φn)(T )− Πn(uΦ, φΦ)(T )|2H = 0,

lim
n′→∞

∫ T

0

||(ũn′,Φn′ , φ̃n′,Φn′)(s)− Πn′(uΦ, φΦ)(s)||2Vds = 0.
(3.92)

Hence, by (2.19) and (2.21) we have

lim
n′→∞

∣∣∣(ũn′,Φn′ , φ̃n′,Φn′ )(T )− (uΦ, φΦ)(T )
∣∣∣2
H
= 0,

lim
n′→∞

∫ T

0

∥∥∥(ũn′,Φn′ , φ̃n′,Φn′ )(s)− (uΦ, φΦ)(s)
∥∥∥2

V
ds = 0.

(3.93)

Every sub-sequence of (ũn,Φn(ω, .), φ̃n,Φn(ω, .)) has a further subsequence, which con-
verges in the space M2(0;T,V) to the same limit (uΦ(ω, .), φΦ(ω, .)) (because we can
repeat all the arguments above). Applying a convergence result (see [41], Proposition
10.13, p. 480), it follows that the whole sequence (ũn,Φn(ω, .), φ̃n,Φn(ω, .)) converges
to (uΦ(ω, .), φΦ(ω, .)) in the space M2(0, T ;V). Analogously, we conclude that the
whole sequence (ũn,Φn(ω, T ), φ̃n,Φn(ω, T )) converges to (uΦ(ω, T ), φΦ(ω, T )) in H.

Our arguments above work for an arbitrary fixed ω ∈ Ω̃. Hence, (3.93) holds for
a.e. ω ∈ Ω and for the whole sequence (n). Taking into consideration that the
processes (ũn,Φn(t), φ̃n,Φn(t))t∈[0,T ] and (uΦ(t), φΦ(t))t∈[0,T ] are uniformly integrable
(see Theorem 2.5 and (3.53)) it follows that the conclusions of this theorem hold.

Notation 3.11. For more simplified writing, we use the notation (un,Φn , φn,Φn) in-
stead of (un,P1

nΦn
, φn,P1

nΦn
), where (un,P1

nΦn
, φn,P1

nΦn
) is the solution of (2.17) using

the feedback P1
nΦn (see Section 2).
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Theorem 3.12. The following convergences hold:

lim
n→∞

E
∫ T

0

‖(uΦ, φΦ)(s)− (uΦn , φΦn)(s)‖
2
V ds = 0,

lim
n→∞

E |(uΦ, φΦ)(T )− (uΦn , φΦn)(T )|
2
H = 0,

lim
n→∞

E
∫ T

0

‖(uΦ, φΦ)(s)− (un,Φn , φn,Φn)(s)‖
2
V ds = 0,

lim
n→∞

E |(uΦ, φΦ)(T )− (un,Φn , φn,Φn)(T )|
2
H = 0.

(3.94)

Proof. For the sake of convenience, we use the abbreviations (u, φ, µ) := (uΦ, φΦ, µΦ)
to have

(ũΦn(t)− uΦn(t), v) +
∫ t

0
〈A0(ũΦn(s)− uΦn(s)), v〉 ds

+
∫ t

0
〈B0(u(s), ũΦn(s))− B0(uΦn(s), uΦn(s)), v〉 ds

+
∫ t

0

〈
R0(A1φ̃Φn(s), φ(s))− R0(A1φΦn(s), φΦn(s)), v

〉
ds

=
∫ t

0
(Φn(s, u(s))− Φn(s, uΦn(s)), v)ds+

∫ t

0
(g2(s, u(s))− g2(s, uΦn(s)), v)dW (s),

(φ̃Φn(t)− φΦn(t), ψ) +
∫ t

0
〈A1(µ̃Φn(s)− µΦn(s)), ψ〉 ds

+
∫ t

0
〈B1(ũΦn(s), φ(s))− B1(uΦn(s), φΦn(s)), ψ〉 ds = 0,

µ̃Φn − µΦn = A1(φ̃Φn − φΦn) + f(φ̃Φn)− f(φΦn). (3.95)

Let θn(t) = ũΦn(t)− uΦn(t) and Ψn(t) = φ̃Φn(t)− φΦn(t).
Now, using Itô’s formula in |θn(t)|2L2 we obtain for all t ∈ [0, T ]

|θn(t)|2L2 + 2

∫ t

0

‖θn(s)‖2 ds+ 2

∫ t

0

〈B0(u(s), ũΦn(s))−B0(uΦn(s), uΦn(s)), θn〉 ds

− 2

∫ t

0

〈
R0(A1φ̃Φn(s), φ(s))−R0(A1φΦn(s), φΦn(s)), θn

〉
ds (3.96)

= 2

∫ t

0

(Φn(s, u(s))−Φn(s, uΦn(s)), θn)ds+ 2

∫ t

0

(g2(s, u(s))−g2(s, uΦn(s)), θn)dW (s),

+

∫ t

0

|g2(s, u(s))− g2(s, uΦn(s))|
2
L2 ds.

Taking ψ = Ψn in (3.95)2 and by the same arguments as the proof of uniqueness
(see Lemma 3.5), we have

|Ψn(t)|2L2 + 2

∫ t

0

|A1Ψn(s)|2L2 ds = −2

∫ t

0

(
A1(f(φ̃Φn)− f(φΦn)),Ψn

)
ds

= −2

∫ t

0

(B1(ũΦn(s), φ(s))−B1(uΦn(s), φΦn(s)),Ψn) ds.

(3.97)

Adding (3.97) and (3.96) we derive that for all t ∈ [0, T ]

|θn(t)|2L2 + |Ψn(t)|2L2 + 2

∫ t

0

‖θn(s)‖2 ds+ 2

∫ t

0

|A1Ψn(s)|2L2 ds
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= −2

∫ t

0

〈B0(u(s), ũΦn(s))−B0(uΦn(s), uΦn(s)), θn〉 ds

+ 2

∫ t

0

〈
R0(A1φ̃Φn(s), φ(s))−R0(A1φΦn(s), φΦn(s)), θn

〉
ds

+ 2

∫ t

0

(Φn(s, u(s))− Φn(s, uΦn(s)), θn)ds (3.98)

+ 2

∫ t

0

(g2(s, u(s))− g2(s, uΦn(s)), θn)dW (s)

+

∫ t

0

|g2(s, u(s))− g2(s, uΦn(s))|
2
L2 ds

− 2

∫ t

0

(B1(ũΦn(s), φ(s))−B1(uΦn(s), φΦn(s)),Ψn) ds

− 2

∫ t

0

(
A1(f(φ̃Φn)− f(φΦn)),Ψn

)
ds.

Now, we estimate the right hand side by one by one using Hölder’s, Young’s, Agmon’s
and Gagliardo-Nirenberg inequalities. Note that

2 〈B0(u(s), ũΦn(s))−B0(uΦn(s), uΦn(s)), θn(s)〉
= 2 〈B0(u(s)− uΦn(s)), ũΦn − u(s)), θn(s)〉
+ 2 〈B0(u(s)− ũΦn(s, u)), θn(s)〉+ 2 〈B0(θn(s), u(s)), θn(s)〉 .

(3.99)

Thanks to the properties of B0 and the Young inequality we obtain

2 〈B0(u(s)− uΦn(s), ũΦn − u(s)), θn(s)〉

≤ 1

8
‖θn(s)‖2 + C ‖u(s)− uΦn(s)‖

2 ‖ũΦn(s)− u(s)‖2 ,
(3.100)

2 〈B0(u(s)−ũΦn(s), u(s)), θn(s)〉 ≤
1

8
‖θn(s)‖2+C ‖u(s)‖2 ‖u(s)−ũΦn(s)‖

2 (3.101)

and 2 〈B0(θn(s), u(s)), θn(s)〉 ≤
1

8
‖θn(s)‖2 + C ‖u(s)‖2 |θn(s)|2L2 . (3.102)

Due to the assumptions (II) and (III) we have

|g2(s, u(s))− g2(s, uΦn(s))|
2
L2 ≤ |g2(s, u(s))− g2(s, ũΦn(s))|

2
L2

+ |g2(s, ũΦn(s))− g2(s, uΦn(s))|
2
L2 ≤ λ |u(s)− ũΦn(s)|

2
L2 + λ |θn(s)|2L2

≤ λ ‖u(s)− ũΦn(s)‖
2 + λ |θn(s)|2L2 ,

(3.103)

2 |(Φn(s, u(s))− Φn(s, uΦn(s)), θn(s))| ≤
√
κ |u(s)− ũΦn(s)|L2 ‖θn(s)‖ (3.104)

+ C
√
κ |θn(s)|L2 ‖θn(s)‖ ≤ 1

8
‖θn(s)‖2 + Cκ |θn(s)|2L2 + Cκ ‖u(s)− ũΦn(s)‖

2 .

Note also that

2
∣∣∣(A1(f(φ̃Φn)− f(φΦn)),Ψn

)∣∣∣ ≤ 1

2
|A1Ψn(s)|2L2 + C |Ψn(t)|2L2 . (3.105)
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Now it is not difficult to see that:〈
R0(A1φ̃Φn(s), φ(s))−R0(A1φΦn(s), φΦn(s)), θn

〉
=

〈
R0(A1(φ̃Φn(s)− φ(s)), φ(s)), θn(s)

〉
+
〈
R0(A1φ(s), φ(s)−R0(A1φ̃Φn(s), φ̃Φn(s)), θn(s)

〉
+
〈
R0(φ̃Φn(s), φ̃Φn(s)−R0(A1φΦn(s), φΦn(s), θn(s)

〉
(3.106)

and

(B1(ũΦn(s), φ(s))−B1(uΦn(s), φΦn(s)),Ψn)

= (B1((ũΦn(s)− u(s)), φ(s)),Ψn) + (B1(u(s), φ(s))−B1(ũΦn(s), φ̃Φn(s)),Ψn)

+ (B1(ũΦn(s), φ̃Φn(s))−B1(uΦn(s), φΦn(s)),Ψn). (3.107)

Thanks to the Hölder inequality and Agmon’s inequality, we get,

2 |(B1((ũΦn(s)− u(s)), φ(s)),Ψn)|

≤ 2C ‖(ũΦn(s)− u(s))‖ |∇φ(s)|L∞ |Ψn|L2

≤ 1

6
‖(ũΦn(s)− u(s))‖2 + C |Ψn|2L2 (|∇φ(s)|2L2 + |φ(s)|2H3)

(3.108)

and

2(B1(u(s), φ(s))−B1(ũΦn(s), φ̃Φn(s)),Ψn)

= 2(B1(u(s)− ũΦn(s), φ̃Φn(s)),Ψn) + 2(B1(u(s), φ(s)− φ̃Φn(s)),Ψn)

≤ 1

6
‖u(s)− ũΦn(s)‖

2 +
1

6

∣∣∣A1(φ(s)− φ̃Φn(s))
∣∣∣2
L2

+ C ‖u(s)‖2 |Ψn|2L2

+ C |Ψn|2L2 (
∣∣∣∇φ̃Φn(s)

∣∣∣2
L2

+
∣∣∣φ̃Φn(s)

∣∣∣2
H3

).

(3.109)

Similarly, 2
(
B1(ũΦn(s), φ̃Φn(s))−B1(uΦn(s), φΦn(s)),Ψn

)
= 2 (B1(θn(s), φΦn(s)),Ψn) + 2 (B1(ũΦn(s),Ψn(s)),Ψn)

≤ 1

8
‖θn(s)‖2 + C |Ψn|2L2 (|∇φΦn(s)|

2
L2 + |φΦn(s)|

2
H3).

(3.110)

Similarly, we have

2
〈
R0(A1(φ̃Φn(s)− φ(s)), φ(s)), θn(s)

〉
(3.111)

≤ 1

8
‖θn(s)‖2 +

1

6

∣∣∣A1(φ̃Φn(s)− φ(s))
∣∣∣2
L2

+ C ‖φ(s)‖2 |A1φ(s)|2L2 |θn(s)|2L2 ,

2
〈
R0(A1φ(s), φ(s)−R0(A1φ̃Φn(s), φ̃Φn(s)), θn(s)

〉
≤ 1

8
‖θn(s)‖2 +

1

6

∣∣∣A1(φ(s)− φ̃Φn(s))
∣∣∣2
L2

+ C |A1φ(s)|2L2

∣∣∣A1(φ(s)− φ̃Φn(s))
∣∣∣2
L2

+ C
∥∥∥φ̃Φn(s)

∥∥∥2 ∣∣∣A1φ̃Φn(s)
∣∣∣2
L2

|θn(s)|2L2 (3.112)
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and 2
〈
R0(φ̃Φn(s), φ̃Φn(s))−R0(A1φΦn(s), φΦn(s)), θn(s)

〉
≤ 1

8
‖θn(s)‖2 +

1

2
|A1Ψn(s)|2L2 + C |θn|2L2 |A1φΦn|

2
L2 ‖φΦn‖

2

+ C
∣∣∣A1φ̃Φn(s)

∣∣∣2
L2

(|θn|2L2 + |Ψn|2L2).

(3.113)

Let
Z(t) = |θ(t)|2L2 + |Ψn(t)|2L2 , Y2 = λ+ Cκ+ C, K(t) = ‖θ(t)‖2 + |A1Ψn(t)|2L2

Y1 = C
(
2 ‖u(s)‖2 + (|∇φΦn(s)|

2
L2 + |φΦn(s)|

2
H3) + (

∣∣∣∇φ̃Φn(s)
∣∣∣2
L2

+
∣∣∣φ̃Φn(s)

∣∣∣2
H3

)
)

+ C
(
(|∇φ(s)|2L2 + |φ(s)|2H3) + |A1φΦn|

2
L2 ‖φΦn‖

2 +
∣∣∣A1φ̃Φn(s)

∣∣∣2
L2

∥∥∥φ̃Φn(s)
∥∥∥2)

+ C |A1φ(s)|2L2 ‖φ(s)‖2 , σ(t) = exp
(
− Y2t−

∫ t

0

Y1(s)ds
)
.

Note that 0 < y(T ) ≤ y(t) ≤ 1 for all t ∈ [0, T ]. Using (3.96)–(3.113), it follows
from Itô’s formula that

σ(t)Z(t) +

∫ t

0

σ(s)K(s)ds

≤ C

∫ t

0

σ(s)
[
‖u(s)− uΦn(s)‖

2 + ‖u(s)‖2 + 1

3

]
‖u(s)− ũΦn(s)‖

2 ds

+ C(λ+ κ)

∫ t

0

σ(s) ‖u(s)− ũΦn(s)‖
2 ds

+ C

∫ t

0

σ(s)
(
|A1φ(s)|2L2 +

1

2

) ∣∣∣A1(φ(s)− φ̃Φn(s))
∣∣∣2
L2
ds

+ 2

∫ t

0

σ(s)(g2(s, u(s))− g2(s, uΦn(s)), θn(s))dW (s).

(3.114)

Let n ≥ 1 be fixed. For each m ≥ 1, we consider the Ft-stopping time τm defined
by:

τm = min(τ 1m, τ
2
m), (3.115)

where τ 1m = inf{t ∈ [0, T ], |(u, φ)|2H +

∫ t

0

‖(u, φ)‖2V ≥ m2} ∧ T,

τ 2m = inf{t ∈ [0, T ],
∣∣∣(ũΦn , φ̃Φn)

∣∣∣2
H
+

∫ t

0

∥∥∥(ũΦn , φ̃Φn)
∥∥∥2

V
≥ m2} ∧ T.

Now, taking the expectation (3.114) and after some elementary calculation, we get

Eσ(τm)Z(τm) + E
∫ τm

0

σ(s)K(s)ds

≤ CE
∫ T

0

σ(s)
[
‖u(s)− uΦn(s)‖

2 + ‖u(s)‖2 + 1

3

]
‖u(s)− ũΦn(s)‖

2 ds

+ C(λ+ κ)E
∫ T

0

σ(s) ‖u(s)− ũΦn(s)‖
2 ds (3.116)

+ CE
∫ T

0

σ(s)
(
|A1φ(s)|2L2 +

1

2

) ∣∣∣A1(φ(s)− φ̃Φn(s))
∣∣∣2
L2
ds.
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Thanks to the Theorem 3.10, 2.4 and (2.19) we can prove that, the right side of
(3.116) goes to 0 as n→ ∞. Since 0 < y(T ) ≤ y(t) ≤ 1, we derive that

lim
n→∞

EZ(τm) = lim
n→∞

E
( ∣∣∣(ũΦn , φ̃Φn)(τm)− (uΦn , φΦn)(τm)

∣∣∣2
H

)
= 0,

lim
n→∞

E
∫ τm

0

σ(s)K(s)ds

= lim
n→∞

E
∫ τm

0

σ(s)
∥∥∥(ũΦn , φ̃Φn)(s)− (uΦn , φΦn)(s)

∥∥∥2

V
ds = 0.

(3.117)

Thanks to the Theorem 3.10 and the triangle inequality, we obtain

lim
n→∞

E |(u, φ)(τm)− (uΦn , φΦn)(τm)|
2
H = 0,

lim
n→∞

E
∫ τm

0

‖(u, φ)(s)− (uΦn , φΦn)(s)‖
2
V ds = 0.

(3.118)

By Lemma 3.9, applied to τm := T ,

Qn(τm); = |(u, φ)(τm)− (uΦn , φΦn)(τm)|
2
H

respectively, Qn(τm) :=

∫ τm

0

‖(u, φ)(s)− (uΦn , φΦn)(s)‖
2
V ds,

we get lim
n→∞

E |(u, φ)(T )− (uΦn , φΦn)(T )|
2
H = 0,

lim
n→∞

E
∫ T

0

‖(u, φ)(s)− (uΦn , φΦn)(s)‖
2
V ds = 0.

(3.119)

Similary, we prove that

lim
n→∞

E
∫ T

0

||(uΦ, φΦ)(s)− (un,Φn , φn,Φn)(s)||2Vds = 0,

lim
n→∞

E|(uΦ, φΦ)(T )− (un,Φn , φn,Φn)(T )|2H = 0.

(3.120)

This ends the proof of Theorem 3.12.

Finally, we are in a position to formulate the main result of the present work

Theorem 3.13. There exists an optimal feedback control for problem (P).
Proof. Let (Φn) be a minimizing sequence for problem (P) to which we apply
Lemma 3.2 and Theorem 3.12. Therefore, there exists a subsequence (n′) of (n) and
Φ ∈ U such that for all t ∈ [0, T ], y ∈ H1 and a.e., ω ∈ Ω the following hold:

(Φ(t, uΦ(t)), y) = lim
n′→∞

(Φn′(t, uΦn′ (t)), y),

and lim
n′→∞

E
∫ T

0

||(uΦ, φΦ)(s)− (uΦn′ , φΦn′ )(s)||2Vds = 0,

lim
n′→∞

E|(uΦ, φΦ)(T )− (uΦn′ , φΦn′ )(T )|2H = 0.
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From Theorem 3.12, Fatou’s Lemma and the weak sequentially semi-continuity prop-
erties of L,K1,K2 (see Subsection 3.1) we have

J (Φ) ≤ lim inf
n′→∞

J (Φn′).

But (Φn) is a minimizing sequence for problem (P). Hence

J (Φ) = min
Ψ∈U

J (Ψ),

and, therefore, Φ ∈ U is an optimal feedback control for problem (P).

4. Existence of ε-optimal feedback controls

For (P) we formulate the corresponding n-dimensional control problem{
Jn(Φn) → min,

Φn ∈ Un,
(4.1)

where Jn(Φn) = E
∫ T

0

(L[s, un,Φn(s), φn,Φn(s)] +K1[Φn(s, un,Φn(s))])ds

+ EK2[un,Φn(T ), φn,Φn(T )], Φn ∈ Un

and Un := {Φn : [0, T ]× Hn → Hn|Φn = P1
nΦ, Φ ∈ U}.

Here (un,Φn , φn,Φn) is the solution of (2.17) using the feedback control Φn ∈ Un and
L,K1,K2 are mappings satisfying the assumptions given in subsection 3.1. Further,
we will assume that these mappings also satisfy the following properties:

|L(t, (u, φ))− L(t, (v, ψ))| ≤ CL||(u, φ)− (v, ψ)||V(||(u, φ)||V + ||(v, ψ)||V),
for all (v, ψ), (u, φ) ∈ V, t ∈ [0, T ],

|K1(u)−K1(v)| ≤ CK1|u − v|L2(|u|L2 + |v|L2), for all u, v ∈ H1,

|K2(u, φ)−K2(v, ψ)| ≤ CK2|(u, φ)− (v, ψ)|H(|(u, φ)|H + |(v, ψ)|H),
for all (u, φ), (v, ψ) ∈ H.

Theorem 4.1. Let (Φn) be a sequence in U such that Φn ∈ Un for each n ∈ N.
There exists a subsequence (nk) of (n) such that

lim
k→∞

E
∫ T

0

||(uΦnk
, φΦnk

)(s)− (unk,Φnk
, φnk,Φnk

)(s)||2Vds = 0,

lim
k→∞

E|(uΦnk
, φΦnk

)(T )− (unk,Φnk
, φnk,Φnk

)(T )|2H = 0.

where (uΦnk
, φΦnk

) and (unk,Φnk
, φnk,Φnk

) are the solutions of (2.14) and (2.17), re-
spectively, using the feedback control Φnk

.
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Proof. Lemma 3.2 applied to the sequence (Φn) implies the existence of a subse-
quence (nk) of (n) and Φ ∈ U such that for all t ∈ [0, T ], x, y ∈ H1,

(Φ(t, x), y) = lim
k→∞

(Φnk
(t, x), y).

By Theorem 3.12, we deduce that

lim
k→∞

E
∫ T

0

||(uΦ, φΦ)(s)− (uΦnk
, φΦnk

)(s)||2Vds = 0,

lim
k→∞

E|(uΦ, φΦ)(T )− (uΦnk
, φΦnk

)(T )|2H = 0,

(4.2)

and lim
k→∞

E
∫ T

0

||(uΦ, φΦ)(s)− (unk,Φnk
, φnk,Φnk

)(s)||2Vds = 0,

lim
k→∞

E|(uΦ, φΦ)(T )− (unk,Φnk
, φnk,Φnk

)(T )|2H = 0.

(4.3)

From (4.2) and (4.3), we have

lim
k→∞

E
∫ T

0

||(uΦnk
, φΦnk

)(s)− (unk,Φnk
, φnk,Φnk

)(s)||2Vds = 0,

lim
k→∞

E|(uΦnk
, φΦnk

)(T )− (unk,Φnk
, φnk,Φnk

)(T )|2H = 0.

(4.4)

Theorem 4.2. Let Φ ∈ U be an optimal control for problem (P). Then there exists
a sequence (nk) such that for arbitrary ε > 0 we find nϵ ∈ N with the property: for
all nk ≥ nϵ

|Jnk
(Φnk

)− J (Φ)| < ε, J (Φnk
)− J (Φ) < ε,

where Φnk
∈ Unk

is an optimal control for the nk-dimensional control problem (2.17),
hence Φnk

is an ε-optimal control for problem (P).

Proof. Let n ∈ N, Ψn ∈ Un, Ψ ∈ U be arbitrary. Taking into consideration the
assumptions on L, K1, K2 given at the beginning of this section, Theorems 2.4, 2.5,
Remark 3.1 and the Schwarz inequality for integrals, we have

E
∫ T

0

|L[s, (un,Ψn(s), φn,Ψn(s))]− L[s, (uΨ(s), φΨ(s))]|ds

≤ CCL

(
E
∫ T

0

||(un,Ψn(s), φn,Ψn(s))− (uΨ(s), φΨ(s))||2Vds
)1/2

,

(4.5)

E
∫ T

0

|K1[Ψ(s, un,Ψn(s))]−K1[Ψ(s, uΨ(s))]|ds

≤ CCK1

[(
κE

∫ T

0

|un,Ψn(s)− uΨ(s)|2L2ds
)1/2 ]

+ CCK1

(∫ T

0

|Ψ(s, un,Ψn(s))−Ψ(s, uΨ(s))|2L2ds

)1/2

,

(4.6)
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and E
∫ T

0

|K2[(un,Ψn(T ), φn,Ψn(T ))]−K2[(uΨ(T ), φΨ(T ))]|

≤ CCK2

(
E
∫ T

0

||(un,Ψn(T ), φn,Ψn(T ))− (uΨ(T ), φΨ(T ))||2H
)1/2

.

(4.7)

Let ε > 0 and take ε∗ :=
ϵ2

2C(CL + CK1
(
√
κ+ 1) + CK2

)
.

The properties of P1
n (see Remark 2.6) imply

Φ(t, x) = lim
n→∞

P1
nΦ(t, x) and (Φ(t, x), y) = lim

n→∞
(P1

nΦ(t, x), y),

for all t ∈ [0, T ], x, y ∈ H1. Using the ideas from Theorems 3.10 and 3.12, it follows
that there exists an mϵ > 0 such that for all m ≥ mϵ the following hold:

E
∫ T

0

||(uΦ, φΦ)(s)− (um,P1
mΦ, φm,P1

mΦ)(s)||2Vds+ E
∫ T

0

|uΦ(s)− um,P1
mΦ(s)|2L2ds

+ E|(uΦ, φΦ)(T )− (um,P1
mΦ, φm,P1

mΦ)(T )|2H ≤ ε∗, (4.8)

and E
∫ T

0

|P1
nΦ(s, um,P1

mΦ(s))− Φ(s, uΦ(s))|2L2ds ≤ ε∗. (4.9)

Let (Φn) be an optimal control for the n-dimensional control problem (4.1). By
Theorem 4.1 applied on (Φn), there exists a subsequence (nk) of (n) and nϵ ≤ mϵ

such that for all nk ≥ nϵ we have

E
∫ T

0

||(uΦnk
, φΦnk

)(s)− (unk,Φnk
, φnk,Φnk

)(s)||2Vds+ E
∫ T

0

|uΦnk
(s)− unk,Φnk

(s)|2L2ds

+ E|(uΦnk
, φΦnk

)(T )− (unk,Φnk
, φnk,Φnk

)(T )|2H ≤ ε∗, (4.10)

First case: Jnk
(Φnk

)− J (Φ) ≥ 0.
Then, by using the properties (4.5)–(4.7) for Ψnk

= P1
nk
Φ, Ψ = Φ and (4.10) we

have for all nk ≥ nϵ

0 ≤ Jnk
(Φnk

)− J (Φ) ≤ Jnk
(P1

nk
Φnk

)− J (Φ)

≤ C(CL + CK1(
√
κ+ 1) + CK2)

√
ε∗ =

ϵ

2
.

Second case: Jnk
(Φnk

)− J (Φ) < 0.
Then, by using the properties (4.5)–(4.7) for Ψnk

= Φnk
, Ψ = Φnk

and (4.10) we
have for all nk ≥ nϵ

0 < −Jnk
(Φnk

) + J (Φ)

≤ J (Φnk
)− Jnk

(Φnk
) ≤ C(CL + CK1

√
κ+ CK2)

√
ε∗ <

ϵ

2
. (4.11)

Hence, for all nk ≥ nϵ, we have:

|Jnk
(Φnk

)− J (Φ)| < ϵ

2
< ε.
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Using this inequality and (4.11) we get

0 ≤ J (Φnk
)− J (Φ) ≤ |J (Φnk

)− Jnk
(Φnk

)|+ |Jnk
(Φnk

− J (Φ))|

< C(CL + CK1

√
κ++CK2)

√
ε∗ +

ϵ

2
< ε.

The sequence (nk), nk ≥ nϵ and Φnk
obtained above satisfy the conclusion of theo-

rem.

Remark 4.3. In [29] and [26] the author investigate the stochatic Navier-Stokes
equations controlled by different external forces. They gives a cost functional. For
our problem this would be

L[t, (uΦ(t), φΦ(t))] := ||uΦ(t)||2 + |A1φΦ(t)|2L2 , K1[Φ(t)] := |Φ(t)|2L2 , K2 := 0

and U := L2(0, T ;H1).
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