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1. Introduction

Consider the multi-term composite monotone inclusion problem

0> Gi(Ai+Bi+Ci+D;)Gi(z), (1)
i=1 T
where, for each ¢ = 1,...,n, G; is bounded linear, A; is (set-valued) maximal mono-

tone, B; is (point-to-point) monotone and Lipschitz, C; is (point-to-point) coco-
ercive and D; is (point-to-point) monotone and continuously differentiable (more
details later in Section 3). Problem (1) appears in different fields of applied math-
ematics and optimization, including inverse problems and machine learning (see,
e.g., [2, 40, 50]).

In this paper, we present and study a new version of the projective splitting (PS)
algorithm (see, e.g., [2, 30, 31, 39]) for solving (1). Our main algorithm (Algorithm
2 below) splits (1) into its n pieces, by evaluating each linear operator G, as well as
the Lipschitz and cocoercive operators B; and C}, respectively, and by computing
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the resolvent of A; plus a linearization of the continuously differentiable operator D;,
which we refer to as a proximal-Newton step. Since PS algorithms are of high interest
nowadays, it follows that special instances of (1) have been previously considered
by other authors (more details later in this section), but up to our knowledge none
of them considered proximal-Newton steps with respect to the smooth differentiable
mappings D; in (1).

The extended-solution set. PS algorithms can be derived by noting that (under
the additional assumption that G,, = I), a vector z is a solution of problem (1) if
and only if there exist wy, ..., w,_; such that the n-tuple (z,w, ..., w,_1) belongs
to the extended-solution set [2, 31]:

n—1
S {(z,wl, o wn) | ws € Ty(Gz), i=1,...,m, wy = _; G;fwi}. (2)

Since S is a closed and convex subset of a product space (more details in Section 3),
one can approximate points in S by successive projections onto separating hyper-
planes. The basic idea consists in giving a current point p¥ = (2% w¥,... wk_,), find
an affine functional /separator, say ¢y (+), such that ¢ (p*) > 0 and ¢ (p) < 0 for all
p=(z,wi,...,w,_1) €S, and then define the next iterate p**! as the projection of
p* (which can be explicitly computed) onto the semi-space {p | ¢x(p) < 0} contain-
ing §. For example, at a current iterate k > 0, a separator ¢ () can be constructed
by choosing in an appropriate way (z¥, ) in the graph of T; (1 < i < n) and letting
n
pr(p) = Y (Giz — o} |y} — wi), (3)
i=1

where p = (z,wy, ..., w,_1) and w, is as in (2).

Sufficient conditions for separation. One may ask under what conditions the
affine functional ¢ (+) as in (3) produces good separators, i.e., under what conditions
we have @i (p*) > 0 and ¢i(p) < 0 for all p € S, while ensuring the resulting
projective algorithm has good convergence properties. Since the definition of ¢y(+)
depends on the points (z¥,y¥) (1 <14 < n), all we need to do is to provide rules for
picking these points in an appropriate way. Some of the strategies from the current
literature on the subject are as follows:

1. Assume that the resolvent (T; + I)~! of each T} (1 < i < n) is computable and
let, fort=1,...,n,

GzF — ak k
7

— Ty,
1

where p¥ > 0 is a proximal parameter. This appears, for instance, in the
works [2, 30, 31].

2. Set, for all i = 1,...,n, B; and D; as zero in (1), and then compute single-
forward steps for the cocoercive operators C; (1 < i < n) and backward steps
for the maximal monotone operators A;, i.e.,

xf = (PfTi—FI)_l(Gizk"‘waf) and yf =

G2k — ok

wp = (pi A+ 17 (Gi2® + pwf — prCi(Gi2¥)) and g = o Ly

This appears in the works [20, 38].



M. M. Alves / Projective Splitting with Backward ... 1201

3. Set, foralli =1,...,n, C; and D; as zero in (1), and then compute forward
steps for the Lipschitz operators B; (1 < i < n), in the spirit of the seminal
work of P. Tseng [59], and backward steps for A;, i.e.,

2 = (A + D)7 (Giz" + piwf — pEBi(Gi"))

ok ok
and Yy = Gzzpk o wh + [Bz(xf) - Bz’(Gizk>] :

Note that, when compared to y¥ as in item 2 above, y¥ as in the latter displayed
equation requires two more evaluations of the Lipschitz operator B;. This
approach appeared, e.g., in the works [20, 39].

Main contributions of this work. As was already mentioned, the main contribu-
tion of this work is the incorporation of proximal-Newton steps in the PS framework
with respect to the smooth differentiable mappings D; (1 < i < n) in (1). More
precisely, to define the separator o (+), we will compute pairs (2%, y¥) (1 < i < n)
as described in lines 7 and 12-14 of Algorithm 2, where, in particular, we use a
linearization D; ¢, .x) of D; at a (current) point Giz* (1 < i < n); this is exactly
what we refer to as a proximal-Newton step. We also mention that a line-search pro-
cedure (see line 7 of Algorithm 2) may be needed to choose the proximal parameter
pF¥ >0 (1 <i<n),as described in Algorithm 3. The weak convergence of our main
algorithm, namely Algorithm 2, will be presented in Theorem 4.7. For more details,
we also refer the reader to the various comments/remarks following Algorithm 2.

Next we review some related works on projective- and operator-splitting algorithms.
As we already mentioned, none of the variants of PS algorithm mentioned below
considered differentiable operators D; in T; - as in (1) - and, consequently, none of
them performed proximal-Newton steps as in the present work.

Projective- and operator-splitting algorithms. To the best of our knowledge,
the basic idea of PS algorithms originates in [30], with n = 2 in (1), G; = I and
T; general maximal monotone operators (i = 1,2), i.e., for solving the two-operator
monotone inclusion 0 € Ti(z) + T5(z). Subsequently, the method was extended
in [31] for n > 2, but still under the above mentioned assumptions on G; and
T; (i = 1,...,n). Compositions with linear operators G; (i = 1,...,n) as in (1)
appeared for the first time in [2] (see also [3, 19, 20, 24]). Asynchronous and block-
iterative versions of the PS framework were developed and studied for the first time
in [23]. Forward and single-forward steps for Lipschitz and cocoercive operators,
respectively, were introduced and studied in [38, 39] (see also [37]). Stochastic and
inertial versions of the PS algorithm were also studied in [40] and [5], respectively.

The literature on operator-splitting algorithms for monotone inclusions is huge. The
modern treatise [13] is quite helpful in presenting, among other results on convex
analysis and monotone operator theory, the basic theory of some of the most impor-
tant operator-splitting algorithms like the celebrated Douglas-Rachford [29, 45] and
Forward-Backward [45, 53] splitting algorithms. In the last decades, with a growing
interest in applications in inverse problems and machine learning, many other vari-
ants of operator splitting algorithms have emerged. We mention the Davis—Yin split-
ting [27], new variants of the alternating direction method of multipliers (ADMM) al-
gorithm (see, e.g., [17, 35, 51]) and the hybrid proximal-extragradient (HPE) method
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and its many variants (see, e.g., [4, 6, 7, 12, 42, 49, 50] and references there in). Many
other researchers and research groups have contributed to the subject in different
directions, as for instance [8, 9, 10, 14, 15, 16, 22, 26, 32, 33, 34, 41, 46, 47, 57, 58].
The monographs [17, 56] can also be quite useful to many of the above mentioned
algorithms and results.

Organization of the paper. The material is organized as follows. In Section
2, we present some basic results. In Section 3, we present our main algorithm,
namely Algorithm 2. In Section 4, Theorem 4.7, we study the weak convergence
of Algorithm 2. Section 5 is devoted to present and study the bracketing/bisection
procedure called during the execution of Algorithm 2; see Algorithm 3.

General notation. Let H be a real Hilbert space. The weak convergence of
a sequence (2%) in H to z € H will be denoted by 2¥ — 2. A set-valued map
T :H = H is said to be a monotone operator if (z — 2’ |[v—1") > 0 for all v € T'(z)
and v € T(2'). On the other hand, T : H = H is mazimal monotone if T is
monotone and its graph Gr(T) := {(z,v) € H x H|v € T(z)} is not properly
contained in the graph of any other monotone operator on H. The domain of
T:H = HisDom(T) :={z € H | T(z) # 0} The inverse of T : H = H is
T7':H = H, defined at any z € H by v € T-!(z) if and only if z € T(v). The
resolvent of a maximal monotone operator T : H = H is Jr := (T'+ I)~!; note that
z=(T+1) 'z if and only if z — 2z € T(2). The operator YT : H = H, where v > 0,
is defined by (v1)z :=~T(z) :={yv|v e T(z)}.
The sum of T': ' H = H and S : H = H is defined via the usual Minkowski sum
T(z)+S(z) :={u+v|ueT(z) and v € S(2)}.
The adjoint of a bounded linear operator G' : H — H is denoted by G*. A (point-
to-point) operator C': ' H — H is said to be f-coercive if § > 0 and for all z, 2’ € H,
(z—2"|C(2) = C(2)) = B|IC(2) — C(2)]|*>. On the other hand, a (point-to-point)
operator B : ‘H — H is said to be ¢-Lipschitz continuous if we have ¢ > 0 and
|B(z) — B(2')|| < {]|]z — Z| for all z, 2" € H. The subdifferential of a convex function
f+H — (—oo,00] is denoted Of : H == H and is defined at any z € H as
Of(z) :={ueH| f(Z)> f(z)+ (u]z —=z) Ve H}. For additional details on
standard notation on convex analysis and monotone operators we refer the reader
to the books [13, 54].
The derivative of a continuously differentiable mapping D : H — H will be de-
noted by D'(-). The norm of D'(2) is [|D'(2)| := supy, <1 [|D'(2)x|. We will also
frequently use the notation

Dy (2) := D(u) + D'(u)(z — u) Vz,u € H. (4)
Now let Ho, H1,...,Hn1 be real Hilbert spaces, let H, := Ho and let (-|-) and
|-l = /(- |-) denote the inner product and norm (respectively) in H; (i = 0,...,n).
Let H := HoxHqx---xXH,_1 be endowed with the inner product and norm defined,
respectively, as follows (for some v > 0):

019 =113+ S, ol = /1, 5)

where p = (z,w), p = (2,w), with z, Z€ H,, using the notation w := (wy, ..., w,_1),

w = (12}1, ...,”lI}nfl) € Hl X ... X anl-
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Elements in # will be denoted either by p = (z,wy,...,w,_1) or simply p = (z,w),
where w = (wy, ..., w,_1), and we will use the notation

n—1
Wy, = — Z Giw; (6)
i=1

whenever p € H and G; is bounded linear (i =1,...,n — 1).
We will also adopt the following conventions:
0-00=0, 1/oo=0, 1/0=00 and r-o00 =00 forall r € (0,00).

By R, we denote the set of strictly positive real numbers.

2. Basic results

In this section, we present a general separator-projection framework (Algorithm 1)
for finding a point in a nonempty closed and convex subset of a Hilbert space, along
with other basic results we will need in this paper. The main reason to consider
Algorithm 1 here comes from the fact (as previously discussed in Section 1) that
the monotone inclusion problem (1) can be reformulated as the problem of finding
a point in the extended solution set S as in (2). Algorithm 1 will be used in Section
4 to analyze the convergence of the main algorithm proposed in this paper, namely
Algorithm 2 below.

Throughout this section, H and K denote real Hilbert spaces with inner product (- | -)
and norm || - || = /(- |-). We denote the gradient of an affine function ¢ : H — R
by the standard notation V¢ and we also write p(2) = (V| 2) +¢(0) for all z € H.

Algorithm 1: Generic linear separation-projection method for finding a point in a
nonempty closed and convex set S C H

Initialization: p° € H, 0 <7 <7 < 2

1 for k=0,1,2,... do

2 Find an affine function ¢ in H such that S C {p € H | px(p) < 0}
3 if ©p(p*) >0 then
4

Choose 7 € [, 7]
or(p®)
5 —
W T T2
6 P =" — Ve
7 else
8 P — ph
9 end
10 end

The next lemma is about the weak convergence of Algorithm 1.
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Lemma 2.1. [2] The following holds for any sequence (p*) generated by Algorithm 1.
(a)  (p*) is bounded.

(b)  If all weak cluster points of (p*) are in S, then (p*) converges weakly to some
point in S.

(c)  If there exists € > 0 such that | V|| < &, for all k > 0, then lim ¢, (p*) < 0.
The next lemma will be useful in the convergence analysis of Algorithm 2.

Lemma 2.2. [1, Lemma 3.1] Let G : H — K be a bounded linear operator let
V' be the graph of G, i.e., V := {(2,Gz) € HxK | 2 € H}. Let P and P+
denote the orthogonal projections onto V. and V* (the orthogonal complement of
V'), respectively. Then, for all (z,w) € H x K, we have

P(z,w) = (I + G*G) Mz + G*w), G + G*G) (= + G™w)),

Pr(z,w) = (G*(I + GGGz —w), —(I + GG*) Gz — w)).
A proof of the lemma below in finite-dimensional spaces can be found in [28, Lemma

4.1.12]. A proof in general Hilbert spaces follows the same outline as in the finite-
dimensional case.

Lemma 2.3. Let D : H — H be a continuously differentiable mapping with an
m-Lipschitz continuous derivative D'(+), i.e., let D be such that there exits m >0

satisfying ID'(z) = D@l < mlle —yll Vg € H. 7)
Then, ID(z) = Dy ()| < Fllz —ul®  VzueH,
where D,y (2) is as in (4).

Lemma 2.4. Let T : H = H be a maximal monotone operator. Let (s*) and (u®)
be bounded sequences in H, let (p*) be a bounded sequence in Ry, and let Dmy ()
be as in (4) with u = u*. Then the following sequence (x*) is bounded:

ok = Jow(r +D(uk))<3k) vk > 0. (8)

Proof. Take some w € Dom(T) and, for each k > 0, choose r* € H such that
"€ (T + D) (w), ie., take a € T(w) and let, for each k > 0, r* = a 4+ Du (w).
Since (u*) is bounded, it follows from Lemma 2.3 that (r*) is also bounded. Note
now that the inclusion r* € (T'+ D(,u)(w) is clearly equivalent to

w= ‘]pk(TJrD(uk))(pkrk + w),
which combined with (8) and the nonexpansiveness of Jx i p ,(-) yields
2% = wl| < [[s* = p*r* —wl| < [[s* = wl| + p*Ir*]].

The desired result now follows from the boundedness of (s*), (p*) and (r*). O

3. The problem and the main algorithm

In this section, we present our main algorithm, namely Algorithm 2, for solving the
multi-term monotone inclusion problem (1). In some cases, Algorithm 2 may need
a bracketing/bisection procedure, which we discuss in Section 5 (see Algorithm 3).
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The main result on the weak convergence of Algorithm 2 will be presented in Section
4 (Theorem 4.7). We also refer the reader to the comments and remarks following
Algorithms 2 and 3.

Consider the monotone inclusion problem (1), i.e., the problem of finding z € H,
such that

0€> Gi(Ai+Bi+Ci+D;)Gi2), (9)
i=1 e

T;

where the following assumptions are assumed to hold for all : = 1,..., n:

(A1) G;:Ho — H;isabounded linear operator and G,, = I (the identity operator).

(A2) A;:H; = H,;is a (set-valued) maximal monotone operator.

(A3) B; : H; — H; is a (point-to-point) monotone and ¢;-Lipschitz continuous
operator, i.e., there exists ¢; € [0,00) such that

1Bi(x) = Bi()ll < lillz =yl Va,y € Hi. (10)

(Ad) C; : H; — H; is a (point-to-point) [;-cocoercive operator, i.e., there exists
Bi € (0, 00] such that

(x —y|Ciz) = Ciy)) = BillCilx) = Ciy)II* Yo,y eHio (1)

(A5) D; : H; — H; is a (point-to-point) continuously differentiable monotone
operator with an m;-Lipschitz continuous derivative D.(-), i.e., there exists
m; € [0, 00) such that

1Di(z) = Di(w)ll < mallz =yl Vo,y € Hi (12)

(A6) The solution set of (9) is nonempty.
We also assume the following regarding the family of operators D;(-) (i = 1,...,n):

(A7) There exists a subset of indexes Zp C {1,...,n} such that m; > 0 whenever
i € Ip, and m; = 0 and D; = 0 for all i € {1,...,n}\Zp (m; = 0 in (12)
implies that D; is affine and, as a consequence, it can be incorporated to either
B; or C; and so ignored in (9), i.e., set to be zero).

An important instance (under appropriate qualification conditions) of (9) is the

minimization problem
n

min { £(Gi2) + g:(Gyz) + hi(Giz)}, (13)
z&€Ho

i=1
where, for i = 1,....n, f; : H; = (—00, 00| is proper, convex and lower semicontin-

uous, ¢; : H; — R is convex differentiable with a ;" L_Lipschitz continuous gradient
Vg; and h; : H — R is convex and twice-continuously differentiable with an m;-
Lipschitz continuous second derivative V2h;, in which case we have, in the general
setting of (9):

We mention that several problems of interest in Machine Learning, including logistic
regression problems, are special instances of (13) — see, e.g., [11, 48].
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Our main Algorithm (see Algorithm 2 below) for solving (9) will, in particular, be
conformed to the following set of rules (for i =1,...n):

1. Evaluation of each linear operator G;.

2. Explicit evaluation of the Lipschitz and cocoercive components B; and Cj, re-
spectively.

3.  Computation and evaluation of the first-order approximation of D;:
D; wy(2) = Di(u) + Di(u)(z —u)  (z,u € H,). (15)

4. Implicit computation of the resolvent J,(a,1p, ) = (p(AZ- + D; (w)) + I)_l of
the operator A; + D; (), where p > 0 (see the third remark following Algorithm
2 for additional details).

Recall that we assumed the solution set of (9) to be nonempty, i.e., we assumed that
there exists at least one z € H, satisfying the inclusion in (9). We also note that,
under assumptions (A2)—(A5) above, T; as defined in (9) is maximal monotone for
alli=1,...,n.

Before presenting our algorithm, recall the extended-solution set as previously pre-
sented in (2):
S=<peH T, : (16)

T
. n—1
i=1,...,n, w, = —y | Glw;

where by p we denote (z,wy,...,w,_1). One can prove that S is closed and convex
(see, e.g., [2]).

Next comes our main algorithm.

Algorithm 2 : Projective splitting with backward, half-forward and proximal-Newton
steps for solving problem (9)

Input: (20w, ... u’ ) eH,0<1<7<2,0<0<0<2 p>0,6>0,
v >0 and w® = — 37! Gru?
1 for k=0,1,2,... do
2 for 1 =20,1,2,...,n do

3 if w¥ € (A; + B; + C; + D;)(G;2*) then

1 pE = p, o = GizF and yF = w}

5 else

6 if ¢ € Ip then

7 Let (p¥, z¥, y¥) < BrackBisecProc (A;, B;, C;, D;, Gy, 25, w¥ £;, B;,m;),

8 ie., zF = in_c (44D, g0 (Giz" + phwk — pf(B; + C;)(G;2%))

9 yr = G'Z;k_xk +wi + [Bi(xy) — Bi(Giz")] + [Di(a7) — Di(g,24)(27)]
10 0 < A4L(ph)?+ (B +0)pk + (mipf|lak — GizMl)" <8
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11 else

12 Choose pf > 0

13 k=7 A, (Giz" + prwk — pf(B; + C;)(G;2%))
14 yk = Gzpl +wf + [Bi(xF) — Bi(Giz")]

15 end l

16 end

17 uf = ok — Gk

18 end

19 | oF =300 Gk 4ok
20 | = (|0 + 0wl [uh) = SO, (Gt o) +

21 M+ ST

it — G|

4P

22 if ¢ > 0 then

23 Choose 7, € [1,7]
24 a = Tkﬁ

Uy
25 Pl = ok Al gk
26 fori=1,...,n—1do
27 wf“ = w,’f — aku,’f
28 end
29 else
30 Skl Lk
31 fori=1,...,n—1do
32 wf“ = wf
33 end
34 end
3| wht = -2 G
36 end

Next we make some remarks regarding Algorithm 2:

(i) If one is lucky enough to find (G;2*,wk) in the graph of Tj, as in line 4, then
one simply set z¥ and y¥ as G;2* and wf, respectively, and keep pf equal to the

constant p > 0.
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(ii) Note that if i € Zp we may need a bracketing/bisection procedure to find a
triple (p¥, z¥, y¥) satisfying the conditions in lines 8-10. As we will prove in Section
5, the bracketing/bisection procedure (Algorithm 3) terminates after a finite number
of steps — see Proposition 5.8. On the other hand, if i ¢ Zp, in which case D; = 0,
no bracketing/bisection procedure is required, and the computation of (pf,z%, y¥)
will depend only on the evaluation of Ja,, G;, B; and C; (see lines 12-14). We
also mention that the problem of removing this bracketing /bisection (in the context
of monotone inclusions for a single operator) has been posed as a challenging and
difficult open problem (see, e.g., [21, 36, 42, 44, 43, 52]).

(iii) Now we discuss the computation in line 8 of the resolvent
-1
Toaien, ) = (P(Ai + Diw) +1)

Note that computing ™ = Jya,4p, (u))(y) is equivalent to solving the regularized
inclusion problem

0 € p(Ai(x) + Diw(x)) + = -y,
which, in the setting of the optimization problem (13) (see also (14)), gives z as
the solution of the following (second-order in h;) regularized model
fi(z) + hi(u) + (Vhi(u) | 2 — u)
min

1 1 (17)

Hence, in the optimization setting (13), the execution of Algorithm 2 will be, in
particular, supported on the assumption that one knows how to solve (17) efficiently,
for any given y,u € H; and p > 0.

More precisely, still in the optimization setting, 2% in line 8 is given as
fi(z) + hi(Gi2") + (Vhi(Gi2F) |2 — Gi2")
1
2% = arg min + §<V2hi(Gizk)(x — G|z = Gizh) ) (18)

xE€H,;
+ ﬁ Hl" - [Gizk + plwf — pf(B; + Cz)(Gszﬂ H2

which, if Zp # 0, represents the computational burden of Algorithm 2. In this case,
y¥ in line 9 is given explicitly as (recall that B; = 0; see (14)):

ok ok
Y= G Ik [Why(ah) — Vhi(G2®) — V2hi(Gizb) (o — Gi2h)]

i

Note that problem (18) can be solved by first-order methods, for example, under the
standard assumption that the proximal operator (A f; +I)~! of each f; (1 <i < n)
can be efficiently computed (see, e.g., [25, 52]).

(iv) The condition in line 10, namely

0 <A+ (87 +6) pf + (muph||2f — Giz*||)* <4,

will be important in the proof of Proposition 4.5 below (see Eq. (39)).



M. M. Alves / Projective Splitting with Backward ... 1209

(v) If Zp = (), that is, if there is no differentiable components D; (1 < i < n)
in (9), then it follows that Algorithm 2 is closely related to the main algorithms
in [20, 38, 39]. On the other hand, as we have already discussed, none of these
works have considered the framework given by problem (9), under the Assumptions

(A1)—(A7) above (see also Assumption (A8) below).

4. Convergence analysis of Algorithm 2

The main result in this section is Theorem 4.7 on the weak convergence of Algorithm
2. The main result in Proposition 4.2 is given in item (e), which says that Algorithm
2 is a special instance of the separator-projection framework given in Algorithm 1.
Next, under the additional Assumption (A8) - see (26) below- on the proximal pa-
rameters p¥ (1 < i < n) we prove, in Lemma 4.3, several results on the boundedness
of some of the sequences evolved by Algorithm 2. Lemma 4.4 is an auxiliary result
and Proposition 4.5 will be useful while proving our main theorem in this section,
namely Theorem 4.7. Lemma 4.6 yields a boundedness result on the gradients of
the sequence of separators @i (+) — see (21) — and some asymptotic results involving
the sequences (zF¥), (y¥) and (wF) (1 <i<n).

We begin with the following technical lemma, which will be useful in the proofs of
Proposition 4.2 and Theorem 4.7.

Lemma 4.1. Let (zF), (y¥) (i = 1,...,n) and (z*) be generated by Algorithm 2.
For any (r;,a;) € Gr(4;), i =1,...,n, we have

(r; — xf | yf — (B + C; + D;)(r;) — a;) ||xf — Gi2k|l2 (t=1,...,n). (19)

< L
T AR
Proof. First note that if (2%, y¥) is as in line 4 of Algorithm 2, then we obtain
that the right-hand side of (19) is equal to zero and that consequently the inclusion
y¥ € (Ai+B;+Ci+D;)(xF) holds. The latter combined with the inclusion a; € A;(r;)
and the monotonicity of A; + B; + C; + D; yields the desired inequality in (19) (since
the right-hand side of (19), in this case, is zero).

Assume now that (pf, z¥, y¥) is as in lines 8-10 (resp. 12-14) of Algorithm 2. From

lines 8 and 9 (resp. lines 13 and 14, the definition of Jp’?(AﬁD»(G, o) (resp. J,r4,) and

some simple algebra we find y¥ — (B; + D;)(x¥) — C;(G;2*) € A;(x¥) (by Assumption
(A7) in Section 3, we have D; = 0 whenever i ¢ Zp.), i.e.,

(=, yf — (B; + Dy)(x}) — Ci(Gy2")) € Gr(4y),

which, in turn, when combined with the assumption that (r;,a;) € Gr(4;) and the
monotonicity of A; yields

(ri — 27 |y = (B + Di)(af) = Ci(Giz") — a;) <0,
The latter inequality combined with the monotonicity of B; + D; gives
(ri = 2 |y — (B + Ci 4 D) (r:) — az)
= (rs — i |yf — (Bi + D) (a7) — Ci(Giz") — ;)
+ (ri = af | (B + Di)(af) = (Bi + Di)(r2)) + (ri — 27 | Ci(Giz®) = Cy(ry))
< ry — 2% | Ci(Gi2F) — Ci(ry)). (20)
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If 5; < oo, using Assumption (A4), the Cauchy-Schwarz inequality and some alge-
braic manipulations, we obtain

(ri — a} | Ci(Gi2") = Ci(ry))

= <Ti — Gzzk | Cz(GZZk> — 01(7’1» + (Gzzk — l’f | CZ(Gsz) — Oz<7"z)>

< —Bil|Ci(Giz*) = Ci(ri)|I? + [|2f — GiZ"|l|Ci(Giz") — Cilra) |,
which combined with (20) and the fact that the maximum of the quadratic real
function ¢ — —Bit? + ||Gi2% — aF|| t is ||2F — Gi2F||?/(453;) yields exactly (19).

On the other hand, if 8; = oo, then using the conventions r - co = oo if r > 0 and
1/0o = 0 (see “General notation” in Section 1) and (11) with z = G;2* and y = r;,
we obtain C;(G;z*) = Ci(r;). Hence, from (20),

(ri—al |yf — (Bi+ Ci+ Dy)(r;) —a;) <0 = Hx—GﬁW

- 4P

which finishes the proof of the lemma. O

Consider now the sequences evolved by Algorithm 2 and define ¢, : H — R by

n—1
iz Wiy Wy ) = (z] v +Z(wz|uf>
> i=1
- Z () + o llet - Gf?]. e
Define also (p*) by PP = (Rl ), Yk > 0. (22)

Next we prove, in particular, that Algorithm 2 is a special instance of Algorithm 1.

) and (22), respectively, and let the

Proposition 4.2. Let ¢i(-) and p* be as (21
16). The following holds for all k > 0 :

nonempty closed and convex set S be as in (
(a) We have Vp = (y""0" uf,ub, ... ul_)) and [Vl =m (23)

where V iy, is taken with respect to the inner product (-|-). as in (5).

(b) For allp € H and w,, as in (6) we have

n

1
on(p) = Y [(Giz — bk = w)) = g llat = Gib?), (24)

=1

(¢) ¢x(+) is an affine function in H and S C {p € H | vr(p) < 0}.

(d) We have  p"t = pF — |(pv’“; ”)2 Vi if er(p™) > 0 else p"™ = p. (25)

(e) Algorithm 2 is a special instance of Algorithm 1 for finding a pointin S asin (16).
(f) The sequences (z*) and (wF) (i =1,...,n) are bounded.
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Proof. (a) This follows directly from (21), lines 17-21 of Algorithm 2 and the
definitions of (-|-), and || - ||, in (5).

(b) This follows from (21), lines 17 and 19 of Algorithm 2, (6) and some simple
algebraic manipulations.

(c¢) The fact that ¢y(-) is affine also follows directly from (21). To finish the proof of
(c), take any p = (z,wy,...,w,—1) € S and let w,, be as in (6). From the inclusions
in the definition of & we obtain w; — (B; + C; + D;)(G;2) € A;(Giz) (i =1,...,n).
Hence, using Lemma 4.1 with (r;, a;) = (Giz,w; — (B; +C; + D;)(G;2)) (i=1,...,n)
we find

(Giz —af ly; —wi) — Zllaf =GP <0 (i=1,...,n).

1
4B;
The fact that ¢ (p) < 0 for all p € S now follows by adding the above inequalities

from ¢ = 1 to i = n and using (24).

(d) Using (21), (22), (23) and lines 20, 24, 25, 27, 30 and 32 of Algorithm 2 we
obtain (25).

(e) This follows from items (c), (d) and Algorithm 1’s definition.
(f) This is a consequence of item (e), Lemma 2.1(a), (22) and (6). O

From now on we also assume the following regarding the parameter p¥ > 0 as in line
12 of Algorithm 2:

1

(A8) Forie{l,....,n}\Ip, 0<p, <pf <p; < Vk >0, (26)
+
4B
where ¢; € [0,00) and ; € (0, 00] are as in Assumptions (A3) and (A4),

respectively.

Lemma 4.3. Let (2¥), (y¥) and (pF) (1 <i < n) be generated by Algorithm 2. The
following holds fori=1,...,n:

(a) The sequence (p¥) is bounded.

(b) The sequence (z¥) is bounded.

b)
(c) There exist puin, Pmax > 0 such that 0 < puin < pF < pmax <00 Vk > 0.
d)

(

Proof. (a) If (p¥, ¥ yF) is as in line 4 of Algorithm 2, then p¥ = p. On the other
hand, if (pf,xf,yf_) is as in lines 8-10, then using the second inequality in line 10

we obtain, pf < 6/5. Now, if i € {1,...,n}\Zp, then it follows from (26) that
pF¥ <P :=max p,. Altogether, we proved that, for i =1,...,n,

The sequence (yF) is bounded.

|

0 < pF < pmax := max {,6, p} vk > 0. (27)

ga

(b) Takei€{l,...,n}and let u* := G;zF and s* := G2+ pFwF — pF(B;+Ci) (G2%).
From Proposition 4.2(f), the (Lipschitz) continuity of B;, C; and G;, and (27) we
obtain that (u*) and (s*) are bounded sequences. Using item (a), Lemma 2.4 with
(T,H,D,m) := (A;, Hi, D;;m;) and (u¥) and (s*) as above, we conclude that (z¥)

as in line 8 of Algorithm 2 is bounded.
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On the other hand, using item (a) and Lemma 2.4 with (T, H, D, m) := (4;, H;,0,0),
we find that (zF) as in line 13 of Algorithm 2 is bounded as well. Moreover, (z¥) as in
line 4 of Algorithm 2 is trivially bounded by Proposition 4.2(f) and the boundedness
of (;p

(¢) By (27), it remains to prove that there exists py,i,, > 0 such that pf > piy > 0
(t=1,...,n) forall k > 0. If i € {1,...,n}\Zp, then it follows from (26) that
pf > p = min p, > 0foral k>0.If (pF, 2% yF) is as in line 4 of Algorithm 2, then

¥ = p. For (pf, ¥, yF) is as in lines 8-10, let ¢? := m? sup,, ||zF — G;z¥||* and note
that from the first inequality in line 10 we obtain

(4 + )Pk + (87 +0) ol =0 >0,

which gives P> 20/ (6{1 +o+ \/(5{1 +6)2+4(462 + )0 )

Altogether, we proved that, for £ > 0,

pE > pryip = min{ p, p, = >0, (28)

max {ﬁ{l +0+ \/(ﬂfl +0)2 4 4(42 + cf)e}

1€Lp
which yields the desired lower bound on the sequence (pf) (i =1,--- ,n).

(d) The boundedness of (y¥) (see lines 4, 9 and 14 of Algorithm 2) follows from
Proposition 4.2(f), items (b) and (c) above, the (Lipschitz) continuity of G;, B; and
Lemma 2.3. [l

Lemma 4.4. Consider the sequences evolved by Algorithm 2. For ¢ € {1,...,n}\Zp,

(L= pit)llas — Gi2"ll < o (i —wi)ll < (L+ pita)llof — Giz®]l. - (29)

()

Proof. First note that if (p¥, 2%, y¥) is as in line 4 of Algorithm 2, then (29) holds
trivially. On the other hand, using line 14 of Algorithm 2 and Assumption (A3),
we get

i = Giz® + pi (i — wi)ll = llpf (Bili) — Bi(Giz"))|| < pitillai — Giz™, (30)

which after using the triangle inequality and some algebraic manipulations gives the
desired result. [

Next proposition will be important in the convergence proof of Algorithm 2.

Proposition 4.5. Consider the sequences evolved by Algorithm 2, let oi(-) and p*
be as in (21) and (22), respectively, let pmin, Pmax > 0 be as in Lemma 4.3(c) and let
p:=min p_and p:=max p;, where p ,p; >0 (1 <i<n) are as in (26).

Define, fori=1,...,n,

)

1
Al = (Gt =i [y —wf) = gzl = Gt (31)

The following holds:
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(a) Forie{l,...,n}\Zp we have for all k >0

Atz L ()] (I = Gt + (1) ok - wll?)  32)
(b) ForieIp,

2_9 min
Az E=Dek - G+ 2yt — P VR 20 (33)

where 0 < 0 < 2 is as in the input of Algorithm 2.

(¢) There exist ¢1,co > 0 such that, fori=1,...,n,
AY > ellaf = G| + eollyf —wf|? VR >0, (34)

(d) There exists ¢ > 0 such that

n

or(P") 2 ey [laf = G P + llyf —wfP] Wk 0. (35)

i=1
Proof. Note that from the identity (a|b) = (1/2)(|la + b||*> — ||a||* — ||0]|*) we find

vt —wi)) + 1= llef - Gizt? (36)

<§§—Gz’2’i | gf(

a

_lwk o~k ke kB2 Pi—"_1> koo k2 Ly ke ko k2
_2Hxi Giz" + p;i (y; wi)H+<4ﬁi 5 |7 — Gi2"|] 2Hpi(yi w;)||”.

(a) If (pF,zF o) is as in line 4 of Algorithm 2, then the result is trivial. Take
i€{l,...,n}\Zp. From line 14 of Algorithm 2, (31), (36), Assumption (A3) and
the first inequality in (29), we obtain

K 1 1
—EAY = DA Bat) = BGMIP + (4 = Dk = Gitk|? = Lokt — wh)IP

[(pFt:)? <P?_1>} koo k2 Ly kb kg2
< T2 + 18 2 |27 — Giz"|| *||Pi(yi w; )|
[(pFe;)? (Pi:€ _ 1)} ko ooky2 (1= pie k2
< [W 1 (- Y]t - ooty - O ok —

_ (4@ +£> —1}\I$§—Gizk”2>

where we used Assumption (A3) to obtain the first inequality and (26) and (29) for
the second. This in turn (after division by —p¥) yields

Ak > [plk - (i n z)} | — G,2* |2 > [5 (47}1 ) )] 2% — Gi2*|2. (37)

On the other hand, using Assumption (A8), (37) combined with the second inequal-

ity in (29) gives
o - ()

Note now that (32) follows by adding the inequalities in (37) and (38).
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(b) Note first that if (p¥, z¥ y¥) is as in line 4, then, in particular, ¥ = G;z* and
y¥ = w¥, which gives that (33) follows trivially from (31) (in this case, both sides of
(33) are equal to zero). In what follows in this proof we assume that (p¥, z¥, y¥) is
as in lines 8-10 of Algorithm 2.

Note that using line 9 of Algorithm 2, the inequality 3[la+b[* < |la]|* + ||b]|%,
Assumptions (A3) and (A5), and Lemma 2.3 we obtain

Sllef = Giz® + pf(yf — wi)|?
1

= 5 (PVII[Bi(x7) — Bi(Giz")] + [Dia7) — Digyomy (@)1
(o) (I1Bi(a7) = Bi(Giz")|* + 1 Di(a) — Digoomy (7))

2
< (R (Bl = G2+ |k — Gis|)

20 k\2
= (@02 + T 1k — G ?) |k - Gt (39)

From (36), (39), line 10 of Algorithm 2 (discarding the term § > 0) and (31),

2( k)2 k
- bt < [+ M ok - Gt + (£ = 5)[llat - G
1
- 3lkwl = wh)I?

1 _ 1
= 5 (4G (p0)? +B7 i +mi (o7 llof — G2 = 2] [l = Ga2*|I* = Sk (i —wi)|)®

]

2-6 1
< _THJJf - GizkHQ - §||P§(?/k - wf)||2

— )

The desired result follows by dividing the latter inequality by —pF and using Lemma
4.3(c).

(c¢) This follows trivially from items (a) and (b).

(d) This follows from (c), (31) and Proposition 4.2(b). O

Lemma 4.6. Consider the sequences evolved by Algorithm 2 and let pi(-) and p*
be as in (21) and (22), respectively. The following holds:

(a) There exists & > 0 such that |Vg|l, < & for all k> 0.
(b) Giz" —aF =0 and wF —yf -0 (i=1,...,n).

c TG =0 and 2F -Gk -0 3Gi=1,...,n—1).
( ) Zz_l i Yi 4 n

Proof. (a) From (23), (5) and lines 17-21 of Algorithm 2,

n 9 n—1
DGyt ) et - Gl ?
=1 =1

1=

n—1
Vel =Mo" 1P+ D > =+
i=1

n n—1
<oy DY NGHIPIEIP +2) (511 + G P15 ]?)
i=1 =1

which combined with Lemma 4.3(items (b) and (d)) yields the desired result.
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(b) Using Proposition 4.2(e), item (a) and Lemma 2.1(c) we obtain limey(p*) < 0,
which, in turn, combined with Proposition 4.5(d) yields the desired result.

(c) Using the fact that > | GiwF = 0 (see line 35 in Algorithm 2) we obtain

| | = || Grwt =) < 3 Gk = o). (40)
i=1 i=1 i=1
Moreover, |2F — Gia®|| = ||2F — Gi2" + Gi(2" — )|
< laf = Giz®l| + IGillll=" — 3] (41)

The desired result now follows from (40), (41), item (b) and the fact that G,, =
(see Assumption (Al)).

[~

Theorem 4.7. (Weak convergence of Algorithm 2) Consider the sequences evolved
by Algorithm 2, let S be as in (16) and assume that the Assumptions (Al)—-(AS8)
hold. Let p* := (2%, wk, ... wk_|) and let, for all k >0,

) Pn—1
n—1
wh = — Z Grwk. (42)
i=1

Then (p*) converges weakly to some element p = (Z,wy, . . .

&=z and wF—~w; (i=1,...,n), (43)
where W, = — S~ G¥w;, and W; € Ty(G,Z) (it=1,...,n). (44)
Moreover, ¥ — Gz and yF — w; (i=1,...,n). (45)
Proof. We will apply Proposition 4.2(e) and Lemma 2.1(b). Hence, we have to
show that every weak cluster point of p* = (2% wf ... wk_|) belongs to S. Let
p® = (2w, ..., we ) be a weak cluster point of (p*) and define
n—1
w™ = (w,...,w,° ;) and wj'f:—z Giw. (46)
=1

Our goal is to show that p>* € S, i.e.,
w® € T;(G;2™) (i=1,...,n). (47)

(recall that G,, = I). To this end, first consider R : H,, = Ho = H, = Ho and
S:Hi X XHp_1 = Hi1 X+ X H,_1 the maximal monotone operators defined as

R:Tn and S:T1X"'XTn_1. (48)

Consider also the (bounded) linear operator G : H,, = Ho — Hi X -+ X Hyq
defined by
Gz = (Giz,...,Gp_12) (z € Hp = Ho) (49)

andletG*:7—[1><"‘><7‘[n71—>7‘ln:7‘[0a

n—1
G*<w17...,’wn,1) = Z wal ((U}l,...,wn,1> EHl X XHn71> (50)
i=1

be its adjoint operator.
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In view of (48), (46), (50) and the fact that G,, = I, we have that our goal (47) is
clearly equivalent to

—G'w* e R(z®) and w>*e€S(Gz™) ie. (—Gw™,w>*)e(RxS)(z*,Gz*). (51)

Since R x S is maximal monotone [13], to prove (51) (and hence our goal (47)) it
suffices to show that

((r,s) — (2,Gz™) | (u,v) — (—=G*w™,w™>)) >0 V(u,v) € (R x S)(r,s). (52)

Hence, in what follows in this proof, we will focus on proving that (52) holds. Let
us start by proving that

((r,s) = (%, %) [ (u,0) — (u*,0%)) + Z fﬁinﬂf —GZM|* 20 (53)

for all (u,v) € (R x S)(r,s), where, for all £ > 0,

rho=al ub=gF SF =k 2h ) and oF = (F, . 08 ). (54)

To this end, take
(u,v) € (R x S)(r,s), i.e. u€ R(r) and v € S(s), (55)
where r,u € Hp and s = (S1,...,80-1), ¥ := (V1,...,Up—1) € Hi X -+ X Hp_1.

Using the latter definitions and (54) we obtain, for all £ > 0,

((r,s) — (r*, s") | (u,v) — (u",0%)) = (r — ¥ |u — uP) + (s — 5" | v — 0F)
= {r—ak =)+ Y (o o). (56

In view of (55), (48) and the fact that 7; = A;+ B; + C;+ D; (i = 1,...,n) we have
u— By(r) — Cp(r) — Dy(r) € Ap(r) and v; — Bi(s;) — Ci(s;) — Di(s;) € Ai(si)

fori =1,...,n—1. Using Lemma 4.1 with (r;, a;) := (s;,v; — B;(s;) — Ci(s:) — Di(s;))
(t=1,...,n—1) and (rn,a,) := (r,u — B,(r) — C,(r) — D,(r)) and some simple
algebra we find

1
(r—ay|u—yp) > —EHJI’Z — G2 |I?
n—1 n—1 1
and Z(Si—xﬂvi—yﬂ > —Z 4B‘||xf—Gizk||2a

i=1 i=1
which, in turn, when combined with (56) yields exactly (53).

Next we will take limit in (53) (up to a subsequence) to prove (52) (and hence our
goal (47)). To this end, let (p*') be a subsequence of p* = (2%, wf,... wk ;) such

» Pn—1
that p% — p® = (2w, ..., w> ;). (Recall that p> is a weak cluster point of

(p¥).) Using (42) and (46) combined with the assumption that p* — p> we obtain

2F 2% and wfj — w;® (i=1,...,n). (57)
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From Lemma 4.6(b) and the first limit in (57) we obtain xfj — Gz — 0 and
G2 — G;2>, respectively, and so

(I;I?j = ((L’f] — Gizkj> + Gizkﬂ' — GZ‘ZOO (Z == 1, e ,n). (58)

2

Analogously, using now the second limit in (57) and Lemma 4.6(b) again we also
find

= — ) ey e (i=1,.,m). (59)
Using the definitions of 7* and s* in (54) combined with (58) for i = n and for
i=1,...,n—1 (respectively), the fact that G,, = I and (49) we also find

Pk 2% and s% — G2 de. (rF)sM) — (2%, G2™). (60)
Likewise, using now the definitions of u* and v* in (54) combined with (59) for i = n
and for i = 1,...,n — 1 (respectively), (46) and (50) we obtain

ubi —~ —G*w™ and v = w™ e (UM, 0M) = (=GFw™, w™). (61)
Note now that, from the definitions of u* and v* in (54), (50) and the fact that
G, = I we have u* + G*o* = yF + 3" GryF = 327, Gk and so, from Lemma
4.6(c),

ub + G — 0. (62)
Analogously, from the definitions of r* and s* in (54) and the definition of G in (49)
we also find Gr¥ — s% = (Gyak — 2k, ... G, 12k — 2% ) and so, from Lemma 4.6(c),
Grk —s% = 0. (63)

Now consider V' the closed linear subspace of H defined as V' = {(z,Gz) |z € Ho},
i.e, V is the graph of the linear operator G, and let P = Py and P+ = P,. denote
the projection operators onto V and V=, respectively. From Lemma 2.2 we know
that, for all (z,w) € H, with z € H,,

P(z,w) = (I +G*G) (2 + G*w), G(I + G*G)~Y(= + G*w)),

(64)
Pt(z,w) = (G*(I + GG*) Gz —w), —(I + GG*) Gz — w)).

Hence, using (62), (63) as well as the continuity of (I + G*G)™', (I + GG*)~! and
G* we find

P(uf v%) =0 and PH(r* s*) — 0. (65)

On the other hand, using the fact that P and P+ are weakly continuous combined
with (60) and (61) we also find

P(rkf, skj) — P(2%,Gz%) = (2,Gz™),

66
PL(ukj, Ukj) N PJ'(—G*’U]OO,U)OO) — (_G*woo’ woo)7 ( )

where the latter identities follow from (2>, G2*°) € V and (—G*w™, w™>) € V*.
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Now, using the fact that V is orthogonal to V+ and some algebraic manipulations
we find that the first term in the right-hand side of (53) can be decomposed as

((r,s) = (r*,s") | (w,v) = (u*,0")) = (P(r,s) = P(r",s") | P(u,v) = P(u",0"))

~
+ <PL(Ta S) - PL(Tka Sk) | PL(ua U) - PL(ukv Uk)> : (67)
—k
Direct use of (65) with £ = k; and (66) yields
Mkj — <P(’I"7 5) - P(Zoov GZOO) | P(U’7 ’U))
and Vb — (P(r, s) | PH(u,v) — PH(—G*w™, w™))
and so pki vk (68)

(P(r,s) — P(2®,Gz>)| P(u,v)) + (P*(r,s) | P*(u,v) — PH(=G*w™, w™)) =: n.

On the other hand, using the facts that V is orthogonal to V* and P + P+ = I we
find that the right-hand side of (68) can be written as

(P(r,s) — P(2®,Gz®) + P(r,s) | P(u,v) + P*(u,v) — PH(=G*w™,w™))
(( P(z*,Gz>) | (u,v) — PL(—G*w"o, w™))
= <( (zoov GZOO) ‘ (u> U) - (_G*wooa woo)>7

where in the last identity we used that (2, G2*°) € V and (—G*w>®, w>®) € V*.
Hence, from (68),

n

r,s) —

T, S)

pki R () s) — (2°°,G2™) | (u,v) — (—G*w™, w™)). (69)

Note now that we obtain (52) as a direct consequence of (53), (4) with k& = k;, (69)
and Lemma 4.6(b). O

5. Bracketing/bisection procedure

In this section, we present and justify the bracketing/bisection routine (Algorithm
3) called in line 7 of Algorithm 2.

Motivation. The main motivation for introducing a bracketing/bisection procedure
in Algorithm 2 is as follows: for each i € Zp, at an iteration £ > 0, we may need to
find pf > 0 and ¥ (see lines 8 and 10 of Algorithm 2) satisfying

zy = S (AtD, (6,0 (Gi2" + pfw) — pf(B; + Ci)(Gi2")) (70)

7,(Gizk)
0 <4082+ (87 + ) pl + (miphl|at — Gi2M))” < 8. (71)

While the computation of z¥ as in (70) follows essentially from the assumption that

the resolvent Jp,_c ( 44D, k)) is computable, the requirement of pf and z¥ satisfying

k3

the coupled system (70)—(71) makes the task much more challenging,.
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To begin with, let’s put (70)—(71) in a more general framework. The task then is
(cf. (70)—(71)):

Problem A. Let H be a real Hilbert space, A : H = H be maximal monotone,
B : H — H be monotone and (-Lipschitz continuous, C' : H — H be B-cocoercive,
D : H — H be monotone and continuously differentiable with an m-Lipschitz con-
tinuous derivative D'(-), and G : H — H be a bounded linear operator.

Given z,w € ‘H, find p > 0 and x € H satisfying
x = Jp(A+D<cz>) (Gz+ pw — p(B+ C)(Gz)), (72)

0 <400+ (871 +06)p+ (mplle — G2|)* <9, (73)
where 6 > 0,0 < 0 < 8 and D2 (x) = D(Gz) + D'(Gz)(x — Gz), for all x € H.

The next lemma and corollary will be helpful.

Lemma 5.1. Let A(-), B(-), C(-), D(:) and G(-), and z,w € H and p > 0, be as
described in Problem A above and define T:H=H as

T(x) = A(z) + Digsy () + (B+C)(Gz) —w, Vo e (74)
The following holds:
(a) T is mazimal monotone.
(b) 0 € T(Gz2) if and only if w € (A+ B+ C + D)(Gz).
(©) T 5(G2) = Jyasnion) (G2 + pw — p(B + O)(G2)).

Proof. (a) The result follows from the definition of 7' as in (74) and the maximality
of the sum of maximal monotone operators [55] (see also [13]).

(b) This follows trivially from (74) and (4).

(¢) This is a direct consequence of (74) and the definition of resolvents of 7' and
A+ D(Gz). ]

Corollary 5.2. Let the maximal monotone operator T be as in (74). For z,w € H,
we have that p > 0 and © € H solve Problem A, i.e., they satisfy (72)—(73) if and

only if R 3
0 <40p" + (B~ +0)p+ (mpl| ] 5(Gz) — G=))* < (75)

and x = pr(Gz). Consequently, Problem A is equivalent to find p > 0 satisfying
condition (75).
Proof. The proof follows from Lemma 5.1(c) and (72)—(73). O

As a direct consequence of Corollary 5.2, we have that Problem A can be posed in
a more general framework as described next .

Problem B. Given a maximal monotone operator T in a real Hilbert space H,
scalars a,b> 0,0 < 0_ <0, <oo and z € H, find p > 0 such that

0- S w(pa Z) S 9+7 (76)
where b(p, 2) = ap® +bp+ (p|| Jor(2) — z2[])*. (77)
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Proposition 5.3. Problem A is a special case of Problem B. In consequence, any
solution method designed to solve Problem B can also be applied to solve Problem A.

Proof. Indeed, by Corollary 5.2 we know that Problem A is equivalent to the
problem of finding p > 0 satisfying (75). Now, note that by simply dividing (75) by
m?, we see that it is clearly equivalent to (76)—(77) with "= T and

0_ < 0/m?, a < A2 /m? b+ (671 +0)/m?, z < Gz and 0, « 0/m?. O

Based on the discussion in the first paragraph of this section (see “Motiva-
tion”) and Proposition 5.3, we conclude that it is sufficient for our purposes
to consider Problem B.

In order to achieve (76), we need to study the function (-,-) as in (77) in more
details. The following lemma of Monteiro and Svaiter will be helpful to us.

Lemma 5.4. ([50, Lemma 4.3]) Let H be a real Hilbert space and T : H = H be
mazimal monotone. The following holds for ¢(p,z) = p||J,r(z) — z||, where p > 0
and z € H.

(a) 0<p— p(p,2) is a continuous function.

2
(b) For every 0 < pu < p, ﬁw(u, z) < p(p,2) < (5) p(p, 2). (78)

Next we prove a similar result for the function (-, ).

Lemma 5.5. Let ¢(-,-) be as in (77), i.e., let ¥(p, z) == ap* +bp+ [o(p, 2)]?, where
p>0,z€H,a,b>0 and p(p,2) is as in Lemma 5.4. If 0 < u < p, then

P (n,2) < wlp.2) < (2) lu2). (79)

Proof. Note first that because of u < p and the first inequality in (78) we have

b (2) <o (452 <o (2]

P

which clearly gives the first inequality in (79). Note now that it is trivial to check
the inequality

2 AN
ap” +bp < (*) (ap” + bu). (80)
1
Hence, by (80) and by the second inequality in (78) we obtain
2 2 P\ (2 2
b(p,2) = ap” + bp + [p(p, 2)]” < (;) (an” +bp) + [ (p, 2)]

< <Z>4 (ap® + b+ [, 2))%) = (Z>4w(u72)- O
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Lemma 5.6. Let ¢(-,-) be as in (77) and let z € H be such that 0 ¢ T(z). The
following holds:
(a)  Y(p,z) >0 for every p > 0.
(b) 0 < pr Y(p,z) is a strictly increasing and continuous function, which goes
to 0 or 0o, as p tends to 0 or oo, respectively.
(¢c)  Forany0<0_ <0y < oo, the set of all p > 0 satisfying
0 S ¢(p7 Z) S 9+
is a closed interval [p—, p+], where

0= w(pfv Z) and 04 = ¢(P+’ Z)a (81)

such that Pt > 4 ai
p— 0_

Proof. The proof follows the same outline of [50, Lemma 4.4]’s proof, using Lemma
5.5 instead of [50, Lemma 4.3]. O

The next lemma, which is motivated by [50, Lemma 4.6], justifies the bracket-
ing/bisection procedure as presented in Algorithm 3 in the light of Problem B — see
(76) and (77).

Lemma 5.7. Let ¢(-,-) be as in (77) and let p_, p4+ > 0 be as in (81). Let z € H
be such that 0 ¢ T'(z) and let 0 < 0_ < 0, < 0o. The following holds:
0
I <0_, th <p_ and p, < P+
(&)  If¥(p,2) en p < p- and pp <SP

0_
(b)  Ifv(p,z) > 0, then wfp 2 < p_ and py < p.

Figure 5.1: See Problem B, Lemma 5.7 and the remarks following it.
1/}('7 Z)

N

Proof. (a) If ¢(p,z) < 6_, using the fact that _ = ¢(p_,2) — see (81) — and
Lemma 5.6(b) we obtain p < p_. Moreover, since we now know that p < p_ < py,
one can use Lemma 5.5 with (u, p) <— (p, p1) to conclude that

0
P(p,2) S (p.2) and that py < P

since 0, = ¥ (py, 2).
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(b) The proof follows the same outline of the proof of item (a). O
We now make a few remarks about Lemma 5.7 (see also Figure 5.1).

(i) Lemma 5.7(a) says that if (76) fails, for some p > 0, because ¥(p,z) < 0_,

then it follows that t_ := p and t, := wferZ) define a closed interval [t_, ¢, ]

which contains the interval [p_, py] of all possible p > 0 satisfying (76). A
similar observation also applies to Lemma 5.7(b). This is what we refer to in
Algorithm 3 as Bracketing.

(ii) Since, as we pointed out in item (i) above, [t_,t,] D [p_, pi], a simple bisection
procedure on the interval [t_,¢,] will finish with some p > 0 in [p_, py], i.e.,
some p > 0 satisfying Problem B. This is what we refer to in Algorithm 3 as
Bisection.

Algorithm 3: Bracketing/Bisection procedure for solving Problem A

Global Variables for Function: 0 < § < 0 < 2, p > 0 and 5> 0
1 Function BrackBisecProc (A4, B,C,D,G,z,w,{,3,m):

2 Choose p' > 0 and compute z° = J ( ) (Gz + p’w — p°(B + C)(G2))

P2 (A+Daz)

3 | if 0<42(0°)2+ (8714 0)p° + (mp°||2° — Gz||)2 < @ then

4 return p < p°, x < 2% and
5 y < (Gz— 1% /p° +w + [B(2") — B(G2)] + [D(2°) — D(c)(2)]
6 end

7 | A 4202+ (B + )0 + (mpP||2° — Gz||)2 < 6 then
p°0
462(p0)2 + (B4 + 0)p° + (mp°[[a® — G=|))?

t_ <+ p° and t, <

9 end

10 | i 42"+ (B +6)p° + (mpP||2° — Gz||)2 > 6 then
09

t_ —
A (%)% + (671 +0)p% + (mp°|[2° — G=]))?

11 and t, « p°

12 end
13 Set p = /t_ty and compute T = Jﬁ(AJrD(Gz)) (Gz+ pw — p(B+ C)(G=z))

14 | if 0 <42(p)2+ (871 +0)p+ (mp||F — Gz||)> < 6 then

15 return p < p, r < T and
16 y« (Gz—2)/p+w+[B(x) — B(Gz)| + [D(QZ) — Dz (i’)}
17 end

18 | if 42(p)2 + (871 4 0)p + (mp||Z — Gz||)® > 6 then
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19 Iy < p

20 end
21 | if 42(5)2 + (87" +0)p+ (mp|| — Gz||)? < 0 then

22

23 end

24 Go to line 13

25 return (p, z, y)

Note that Algorithm 3 is nothing but a bracketing/bisection procedure specialized
to Problem A (see Proposition 5.3, Lemma 5.7 and Figure 5.1).

Next we show that Algorithm 3 finishes with p > 0 and x € H solving Problem A.

Proposition 5.8. Consider the setting of Problem A above and assume that we
have w ¢ (A+ B+ C + D)(Gz). Then, the bracketing/bisection procedure, as
presented in Algorithm 3, terminates with a triple (p,x,y) with p > 0 and x € H
satisfying (72)—~(73) and

y=(Gz—x)/p+w+[B(z) — B(Gz)] + [D(z) — D ()] .

Proof. The proof follows from Proposition 5.3 and Lemmas 5.6 and 5.7. [
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