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A hypodifferential is a compact family of affine mappings that defines a local max-type approx-
imation of a nonsmooth convex function. We present a general theory of hypodifferentials of
nonsmooth convex functions defined on a Banach space. In particular, we provide complete char-
acterizations of hypodifferentiability and hypodifferentials of nonsmooth convex functions, derive
calculus rules for hypodifferentials, and study the Lipschitz continuity/Lipschitz approximation
property of hypodifferentials that can be viewed as a natural extension of the Lipschitz continuity
of the gradient to the general nonsmooth setting. As an application of our theoretical results we
study the rate of convergence of several versions of the method of hypodifferential descent for non-
smooth convex optimization and present an accelerated version of this method having the faster
rate of convergence O(1/k2).
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1. Introduction

Although the idea of approximating objective function with the use of a family of
affine mappings has been successfully used in the context of minimax optimization
problems (see, e.g. [43, Section 2.4] and [37, Sections 2.3.1–2.3.3]), in the general
nonsmooth case only linear approximations are typically used. For example, a sub-
differential is always defined as a collection of some sort of local or global linear
approximations/minorants of a nonsmooth function under consideration [42, 50].
In the late 1980s, Demyanov [7, 8, 9, 10] extended the idea of approximating a
nonsmooth function with the use of families of affine mappings to the case of general
nonsmooth functions by introducing the concept of codifferential. Since then the
theory of codifferentials has found a number of applications in optimization, calculus
of variations, nonsmooth mechanics, etc. (see [11, 12, 16, 20] and the references
therein).
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In the convex case (and some other cases, e.g. in the cases of minimax and compos-
ite problems), codifferentials are reduced to the so-called hypodifferentials, which
can be defined as a compact family of affine mappings that provides a local max-
type approximation of a nonsmooth function. A numerical method based on the
use of hypodifferentials, called the method of hypodifferential descent [10], has been
applied to various problems of the calculus of variations [13, 14] and optimal control
problems [26, 27]. In [18], it was shown that the method of hypodifferential descent
with Armijo’s step size rule has the rate of convergence O(1/k) for general nons-
mooth convex functions, which exceeds the standard rate of convergence O(1/

√
k)

of subgradient methods [37], although at the cost of significantly increased complex-
ity of each iteration. The fact that the method of hypodifferential descent has the
same rate of convergence in the nonsmooth case as gradient descent methods in the
smooth case hints at the possibility of devising accelerated versions of this method
that are similar to accelerated gradient methods.
An accelerated version of the gradient descent method having the O(1/k2) rate of
convergence for smooth convex functions with globally Lipschitz continuous gradient
has been first developed by Nesterov [36] (see also [37]). Various improved versions
of accelerated gradient descent methods have been studied, e.g. in [33, 34], while a
constructive technique for devising accelerated methods for smooth and nonsmooth
convex minimization was proposed in [22]. A general approach towards design and
analysis of accelerated gradient methods based on analysis of auxiliary ordinary
differential equations and differential equations solvers was recently developed in
[35, 46].
As is well-known (see, e.g. [37]), in the general nonsmooth case the rate of con-
vergence of convex minimization methods is significantly slower than in the smooth
case and is equal to O(1/

√
k). For a fixed number of iterations, this rate of conver-

gence is achieved by the celebrated Shor’s subgradient method [47], while when the
number of iterations is not fixed it is achieved by many existing methods, such as
Nesterov’s primal-dual subgradient methods [40], OSGA [41], a Kelley-like method
from [23] (see also restarted subgradient method [54]), etc. A significantly faster
rate of convergence can be achieved in the nonsmooth case with the use of some
additional assumptions on the objective function, such as Hölderian growth [32], the
validity of error bounds and the Kurdyka-Łojasiewicz inequality [3], function growth
condition measures [28], etc. A faster rate of convergence can also be achieved by
exploiting a particular structure of a problem class under consideration, as is done,
e.g. in the context of Nesterov’s smoothing [39] and excessive gap [38] techniques
and in the setting of composite convex optimization [30, 48, 49, 53].
The main goal of this paper is twofold. Firstly, our aim is to develop a general theory
of hypodifferentials of nonsmooth convex functions defined on a Banach space. We
provide complete characterizations of hypodifferentiability and hypodifferentials of
such functions in terms of subdifferentiability and subdifferentials in the sense of
convex analysis. We also present a detailed hypodifferential calculus and study
the Lipschitz continuity/Lipschitz approximation property of hypodifferential. In
contrast to subdifferentials, hypodifferentials of many nonsmooth convex functions
arising in applications are continuous and often even Lipschitz continuous. Thus,
the Lipschitz continuity of a hypodifferential can be viewed as a natural extension
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of the property of the Lipschitz continuity of the gradient, which is widely used
in smooth convex optimization, to the nonsmooth setting. We show that standard
operations on convex functions (including the pointwise maximum) preserve the
Lipschitz continuity of hypodifferential and, moreover, provide a general existence
theorem for Lipschitz continuous hypodifferentials.
Secondly, as an application of our theoretical results, we aim at analysing the rate
of convergence of various versions of the method of hypodifferential descent in the
nonsmooth convex case and presenting an accelerated version of this method having
a faster rate of convergence. Namely, we prove that the method of hypodifferential
descent with constant step size has the rate of convergence O(1/k) and show that
under some additional assumptions a specific choice of step size rule can ensure the
linear convergence of the method. Following the standard approach to accelerated
methods developed by Nesterov [37], we also present an accelerated version of the
method of hypodifferential descent for a class of nonsmooth convex functions that
can be viewed as a natural extension of the class of smooth convex functions having
a globally Lipschitz continuous gradient to the nonsmooth case. We prove that the
accelerated method has the rate of convergence O(1/k2) that coincides with the
rate of convergence of accelerated gradient methods. It must be pointed out that
such rate of convergence is achieved by significantly increasing the complexity of
each iteration and each oracle call in comparison with classical subgradient/bundle
methods, which make the accelerated hypodifferential descent method inapplicable
to large scale problems. Nonetheless, this method can be viewed as a method that
bridges the gap between nonsmooth and smooth convex optimization methods, at
least from the purely theoretical point of view.
Let us finally note that this paper is a continuation of the research started in [18].
Some of the results presented below are completely new (e.g. the characterizations of
hypodifferentiability and hypodifferentials given in Theorem 3.4, some of the calculus
rules and results on Lipschitz property, the accelerated version of the method of
hypodifferential descent, etc.), while others are significantly revised and improved
versions of the author’s earlier results from [17, 18].
The paper is organized as follows. Some necessary auxiliary results on the Pompeiu-
Hausdorff distance are collected in Section 2. The hypodifferential calculus for non-
smooth convex functions is developed in Section 3. Subsection 3.1 contains main
definitions connected to hypodifferentials, as well as the theorem providing con-
venient characterizations of hypodifferentiability and hypodifferentials. Calculus
rules for hypodifferentials are presented in Subsection 3.2, while several particular
examples are discussed in Subsection 3.3. Subsection 3.4 is devoted to the anal-
ysis of Lipschitz continuity/Lipschitz approximation property of hypodifferentials.
Some applications of our theoretical results to nonsmooth convex optimization are
presented in Section 4. The rate of convergence of the method of hypodifferential
descent with two different step size rules is estimated in Subsection 4.1, while an
accelerated version of this method having a faster rate of convergence is studied in
Subsection 4.2.
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2. Preliminaries

Let us present some auxiliary results on the Pompeiu-Hausdorff metric and the con-
tinuity of set-valued maps with respect to this metric that will be utilized throughout
the article. It should be noted that all results presented in this section are simple and
well-known (see [50, 45]), but scattered in the literature and often presented either
without proofs or only in the finite dimensional/compact-valued case. Therefore,
for the sake of completeness we provide short proofs of all these results.
Let (M,d) be a metric space. Recall that the Pompeiu-Hausdorff distance between
nonempty subsets A,B ⊆M is defined as

dPH(A,B) = sup
{
sup
a∈A

dist(a,B), sup
b∈B

dist(b, A)
}
,

where dist(a,B) = infb∈B d(a, b) is the distance between a point a ∈ M and a set
B ⊆ M . The following simple result follows directly from the definition of the
Pompeiu-Hausdorff distance.

Proposition 2.1. Let A,B ⊆ M be nonempty sets and ε > 0 be given. Then
dPH(A,B) < ε if and only if there exists η ∈ (0, ε) for which the following two
conditions hold true:
(1) for any a ∈ A there exists b ∈ B such that d(a, b) ≤ η;
(2) for any b ∈ B there exists a ∈ A such that d(a, b) ≤ η.

Let (X, dX) be a metric space. Recall that a set-valued map F : M ⇒ X is called
continuous in the Pompeiu-Hausdorff metric at a point x ∈ M , if for any ε > 0
there exists δ > 0 such that

dPH(F (x′), F (x)) < ε ∀x′ ∈ B(x, δ) :=
{
y ∈M

∣∣ d(x, y) ≤ δ
}
.

The map F is called continuous in the Pompeiu-Hausdorff metric, if it is continuous
at every point x ∈ M . Note also that if one replaces B(x, δ) with a neighbourhood
of x, then the definition above can be applied to the case when M is merely a
topological space.

Remark 2.2. Below we will often call set-valued maps that are continuous in the
Pompeiu-Hausdorff metric simply continuous, since we will not consider any other
notion of continuity for set-valued mappings in this paper.

Let us show that many standard operations on set-valued maps preserve continuity
in the Pompeiu-Hausdorff metric.

Proposition 2.3. Let X be a normed space and F,G : M ⇒ X be continuous set-
valued maps. Then the Minkowski sum H = F +G is continuous as well.

Proof. Fix any x ∈ M and ε > 0. Since F and G are continuous, one can find
δ > 0 such that

dPH(F (x′), F (x)) <
ε

2
, dPH(G(x′), G(x)) <

ε

2
∀x′ ∈ B(x, δ).

Choose any x′ ∈ B(x, δ) and y ∈ H(x′). By definition there exist y1 ∈ F (x′) and
y2 ∈ G(x′) such that y = y1+ y2. By Proposition 2.1 there exist η < ε/2, z1 ∈ F (x),
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and z2 ∈ G(x) such that ‖yi − zi‖ ≤ η, i ∈ {1, 2}. Define z = z1 + z2. Clearly,
z ∈ H(x) and ‖y − z‖ ≤ 2η < ε. Thus, for any y ∈ H(x′) we have found z ∈ H(x)
such that ‖y − z‖ ≤ 2η < ε. Swapping x and x′ we get that for any z ∈ H(x) one
can find y ∈ H(x′) such that ‖y − z‖ ≤ 2η < ε. Therefore, by Proposition 2.1 one
has dPH(H(x′), H(x)) < ε, which implies that H is continuous.

Proposition 2.4. Let X be a normed space, F : M ⇒ X be a continuous set-valued
map, and g : M → R be a continuous function. Suppose also that F (x) is a bounded
set for any x ∈ X. Then the set-valued map H(·) = g(·)F (·) is continuous.
Proof. Fix any x ∈ M and ε > 0. From the continuity of g it follows that there
exist θ > 0 and δ1 > 0 such that |g(x′)| ≤ θ for any x′ ∈ B(x, δ1). In turn, from the
continuity of F it follows that there exists δ2 > 0 such that dPH(F (x′), F (x)) < ε/2θ
for any x′ ∈ B(x, δ2). Therefore by Proposition 2.1 there exists η < ε such that for
any x′ ∈ B(x, δ2) and y′ ∈ F (x′) one can find y ∈ F (x) for which ‖y′ − y‖ ≤ η/2θ.
Finally, applying the continuity of g again one gets that there exists δ3 > 0 such
that |g(x′)− g(x)| < η/2C for any x′ ∈ B(x, δ3), where C = sup{‖y‖ | y ∈ F (x)}.
Set δ=min{δ1, δ2, δ3}. Choose any x′∈B(x, δ) and z′∈H(x′). Then z′=g(x′)y′ for
some y′∈F (x′). As was noted above, one can find y∈F (x) such that ‖y′−y‖ ≤ η/2θ.
Define z = g(x)y. Then z ∈ H(x) and

‖z′− z‖ = ‖g(x′)y′− g(x)y‖ ≤ |g(x′)|‖y′− y‖+ |g(x′)− g(x)|‖y‖ ≤ θ
η

2θ
+

η

2C
C ≤ η.

Thus, for any z′ ∈ H(x′) we have found z ∈ H(x) such that ‖z′−z‖ ≤ η. Arguing in
a similar way one can check that for any z ∈ H(x) there exists z′ ∈ H(x′) satisfying
the same inequality. Hence by Proposition 2.1 one has dPH(H(x′), H(x)) < ε, which
implies the required result.

Proposition 2.5. Let T be a nonempty set and F :M×T ⇒X a given set-valued
map. Suppose that the maps F (·, t) are continuous uniformly in t. Then the set-valued
map G(·) =

⋃
t∈T F (·, t) is continuous. In particular, if T is a compact topological

space, then it is sufficient to assume that the set-valued map F is continuous.

Proof. Fix any x ∈ M and ε > 0. From the uniform in t continuity of F (·, t)
it follows that one can find δ > 0 such that dPH(F (x′, t), F (x, t)) < ε/2 for any
x′ ∈ B(x, δ) and t ∈ T .
Choose any x′ ∈ B(x, δ) and z′ ∈ G(x′). Then by definition there exists t′ ∈ T
such that y′ ∈ F (x′, t′). By Proposition 2.1 one can find y ∈ F (x, t′) ⊆ G(x)
such that ‖y′ − y‖ < ε/2. Similarly, if y ∈G(x), then y ∈ F (x, t) for some t ∈ T
and Proposition 2.1 implies that there exists some y′ ∈ F (x′, t) ⊆ G(x′) such that
‖y′ − y‖ < ε/2. Hence applying Proposition 2.1 one more time one obtains that
dPH(G(x′), G(x)) < ε, which implies that G is continuous.
It remains to note that if T is a compact topological space and the set-valued map
F is continuous, then, as one can readily check using the standard compactness
argument, the maps F (·, t) are continuous uniformly in t.

Proposition 2.6. Let X be a normed space and F : M ⇒ X be a continuous set-
valued map. Then the set-valued map coF is continuous as well, where “co” stands
for the convex hull.
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Proof. Fix any ε > 0 and x ∈ M . Due to the continuity of F there exists δ > 0
such that dPH(F (x′), F (x)) < ε for any x′ ∈ B(x, δ). Choose any x′ ∈ B(x, δ) and
y′ ∈ coF (x′). By the definition of convex hull there exist n ∈ N, y′i ∈ F (x′), and
αi ≥ 0, i ∈ {1, . . . , n}, such that

y′ =
n∑

i=1

αiy
′
i,

n∑
i=1

αi = 1.

By Proposition 2.1 there exists η < ε such that for any i ∈ {1, . . . , n} one can find
yi ∈ F (x) for which ‖y′i − yi‖ ≤ η. Define y =

∑n
i=1 αiyi. Then y ∈ coF (x) and

‖y′ − y‖ ≤ η. Thus, for any y′ ∈ F (x′) we found y ∈ F (x) such that ‖y′ − y‖ ≤ η.
Repeating the same argument with y′ and y swapped and then applying Proposition
2.1 one obtains that dPH(coF (x′), coF (x)) < ε, which implies that the set-valued
map coF is continuous.

Proposition 2.7. Let F : M ⇒ X be a continuous set-valued map. Then the map
clF is continuous as well, where cl is the closure operator.

Proof. The validity of this proposition follows from the triangle inequality for the
Pompeiu-Hausdorff metric and the obvious equality dPH(A, clA) = 0 that holds
true for any nonempty set A ⊂ X.

Let X be a real Banach space. The topological dual space of X is denoted by X∗,
and the canonical duality pairing between X and X∗ is denoted by 〈·, ·〉, that is,
〈x∗, x〉 = x∗(x) for any x ∈ X and x∗ ∈ X∗. The weak topology on X is denoted by
σ(X,X∗), while the weak∗ topology on X∗ is denoted by σ(X∗, X).
We endow the Cartesian product X×Y of normed spaces with the norm ‖(x, y)‖ =
‖x‖X+‖y‖Y for any (x, y) ∈ X×Y . As is easily seen, the spaces (R×X)∗ and R×X∗

are isomorphic and the corresponding isomorphism is continuous both in the weak
and weak∗ topologies. In addition, the weak∗ topology on (R × X)∗ corresponds
to the the product topology τR × σ(X∗, X) on R × X∗, where τR is the standard
topology on R. For the sake of shortness we call this product topology weak∗. Let
us also note that subsets of R×X∗ are weak∗ compact if and only if they are norm
bounded and weak∗ closed (see, e.g. [15, Theorem 2.1]). We denote the closure in
the weak∗ topology by cl∗.

Proposition 2.8. Let X be a reflexive Banach space, Q ⊆ X be a nonempty set,
and F : Q ⇒ R × X∗ be a set-valued map with bounded convex values. If F is
continuous, then cl∗ F is continuous as well.

Proof. One can readily check that the reflexivity of X implies that the space R×X
is reflexive as well. Hence taking into account the fact that for convex sets the
closure in the strong topology coincides with the closure in the weak topology one
can conclude that for any convex subset K ⊂ (R × X)∗ its closure in the strong
topology clK coincides with cl∗K. Therefore clF (x) = cl∗ F (x) for any x ∈ Q,
which by Proposition 2.7 implies that cl∗ F is continuous
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3. Hypodifferential calculus for nonsmooth convex functions

In this section we present a detailed theory of hypodifferentials of nonsmooth convex
functions defined on a real Banach space. Our aim is to develop a calculus of such
approximations and show that hypodifferentials possess many useful properties in
the general nonsmooth case (such as continuity) that subdifferentials do not have.

3.1. Hypodifferentials of convex functions

Let X be a real Banach space and f : X → R ∪ {+∞} be a closed convex function.
Denote by dom f = {x ∈ X | f(x) ∈ R} the effective domain of f .

Definition 3.1. The function f is called hypodifferentiable at a point x ∈ dom f , if
there exists a weak∗ compact set df(x) ⊂ R×X∗ such that

lim
α→+0

1

α

∣∣∣f(x+ α∆x)− f(x)− max
(a,x∗)∈df(x)

(a+ α〈x∗,∆x〉)
∣∣∣ = 0,

max
(a,x∗)∈df(x)

a = 0
(1)

for any ∆x ∈ X. The set df(x) is called a hypodifferential of f at x.

Remark 3.2. It should be noted the maximum in max(a,x∗)∈df(x)(a + 〈x∗, y〉) is
attained for any y ∈ X, since the set df(x) ⊂ R×X∗ is weak∗ compact.

Remark 3.3. Let us point out how the definition of hypodifferential transforms
under various assumptions on the space X:
(1) If X is a reflexive Banach space, then a hypodifferential of f at x ∈ dom f is

a norm closed and bounded subset df(x) ⊆ R×X∗ satisfying equalities (1).
(2) If X is a Hilbert space, then taking into account the Riesz representation

theorem it is natural to define a hypodifferential of f as a weakly compact (or,
equivalently, norm closed and bounded) set df(x) ⊂ R×X such that for any
∆x ∈ X one has

lim
α→+0

1

α

∣∣∣f(x+ α∆x)− f(x)− max
(a,v)∈df(x)

(a+ 〈v, x〉)
∣∣∣ = 0

max
(a,v)∈df(x)

a = 0,
(2)

where 〈·, ·〉 is the inner product in H.
(3) if X = Rd, then a hypodifferential of f at x ∈ dom f is a compact subset

df(x) ⊂ Rd+1 satisfying equalities (2) with 〈·, ·〉 being the inner product in
Rd.

Unlike derivative/gradient in the smooth case and subdifferential in the nonsmooth
case, hypodifferential of a convex function is not uniquely defined even in the smooth
case. In particular, if f is Gâteaux differentiable at a point x and f ′(x) is its Gâteaux
derivative at this point, then both {(0, f ′(x))} and co{(0, f ′(x))), (a, x∗)} for any
a < 0 and x∗ ∈ X∗ are hydifferentials of f at x.
It turns out that closed convex functions are hypodifferentiable in the interior
int dom f of their effective domain. Moreover, one can give a complete charac-
terization of all hypodifferentials of f at any given point.
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Denote by coreQ the algebraic interior (radial kernel) of a set Q ⊂ X, that is, the
set of all x ∈ Q such that for any y ∈ X one can find ty > 0 such that x + ty ∈ Q
for any t ∈ [0, ty].

Theorem 3.4. The following statements hold true:
(1) f is hypodifferentiable at every point x ∈ int dom f ;
(2) if f is hypodifferentiable at a point x ∈ dom f , then x ∈ core dom f , f is

subdifferentiable at this point, the subdifferential ∂f(x) is weak∗ compact, and
the directional derivative f ′(x, ·) of f at x is a proper closed convex function;

(3) if f is hypodifferentiable at a point x ∈ dom f , then a weak∗ compact set
H ⊂ R × X∗ is a hypodifferential of f at x if and only if it satisfies the
following three conditions:
(a) a ≤ 0 for any (a, x∗) ∈ H;
(b) there exists x∗ ∈ X∗ such that (0, x∗) ∈ H;
(c) {x∗ ∈ X∗ | (0, x∗) ∈ H} = ∂f(x).

Proof. For the sake of convenience, we divide the proof of the theorem into three
parts corresponding to the three statements of the theorem.

Part 1. Fix any x ∈ int dom f . Let us show that f is hypodifferentiable at x.
Indeed, by [25, Corollary I.2.5] the function f is continuous in a neighbourhood of
x, since X is a Banach space, f is a closed convex function, and x ∈ int dom f .
Therefore f is subdifferentiable at x by [25, Proposition I.5.2] and ∂f(x) is a weak∗

compact set by [55, Theorem 2.4.9]. Moreover, by [55, Theorem 2.4.9] the function
f is directionally differentiable at x and for its directional derivative at this point,
f ′(x, ·), the following equalities hold true:

f ′(x, u) = lim
α→+0

f(x+ αu)− f(x)

α
= max

x∗∈∂f(x)
〈x∗, u〉 ∀u ∈ X.

Define df(x) = {0}×∂f(x). Then the set df(x) is weak∗ compact, the first equality
in (1) is satisfied for any ∆x ∈ X, and max(a,x∗)∈df(x) a = 0. Thus, the function f is
hypodifferentiable at x and the set df(x) is its hypodifferential at this point.

Part 2. Suppose now that f is hypodifferentiable at a point x ∈ dom f and df(x)
is its hypodifferential at this point. Introduce the function

Φ(u) = max
(a,x∗)∈df(x)

(a+ 〈x∗, u〉) ∀u ∈ X.

Note that from the definition of hypodifferential it follows that Φ(0) = 0 and
domΦ = X. Moreover, Φ is a closed convex function as the supremum of a family
of affine function. Therefore, Φ is continuous on X, subdifferentiable at the origin,
∂Φ(0) is a weak∗ compact set, Φ is directionally differentiable at the origin, and

Φ′(0;u) = lim
α→+0

Φ(αu)

α
= max

x∗∈∂Φ(0)
〈x∗, u〉 ∀u ∈ X.

Hence taking into account the first equality in (1) one gets that for any u ∈ X

f ′(x, u) := lim
α→+0

f(x+ αu)− f(x)

α
= lim

α→+0

Φ(αu)

α
= max

x∗∈∂Φ(0)
〈x∗, u〉. (3)
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Consequently, dom f ′(x, ·) = X, which implies that x ∈ core dom f , and f ′(x, ·) is
a proper closed convex function. Moreover, by [55, Theorem 2.4.4, part (i) and
Corollary 2.4.15] one has

∂f(x) = ∂f ′(x, ·)(0) = ∂Φ(0). (4)

Thus, f is subdifferentiable at x and ∂f(x) = ∂Φ(0) is a weak∗ compact set.
Part 3. Suppose finally that f is hypodifferentiable at a point x ∈ dom f and df(x)
is its hypodifferential at this point. Then by definition one has

max{a | (a, x∗) ∈ df(x)} = 0

or, equivalently, a ≤ 0 for any (a, x∗) ∈ df(x) and there exists x∗ ∈ X∗ such that
(0, x∗) ∈ df(x). Note that by the theorem on the subdifferential of an infinite family
of convex functions [31, Theorem 4.2.3] one has

∂Φ(0) =
{
x∗ ∈ X∗

∣∣∣ (0, x∗) ∈ df(x)
}
.

Hence with the use of (4) one gets that {x∗ ∈ X∗ | (0, x∗) ∈ df(x)} = ∂f(x).
Let now H ⊂ R × X∗ be a weak∗ compat set satisfying the assumptions of the
theorem. Let us show that H is a hypodifferential of f at x. Indeed, introduce the
function

ΦH(u) = max
(a,x∗)∈H

(a+ 〈x∗, u〉) ∀u ∈ X.

Then ΦH(0) = 0, domΦH = X due to the fact that H is weak∗ compact, and
ΦH is a closed convex function as the maximum of a family of affine functions.
Therefore, ΦH is continuous on X, subdifferentiable and directionally differentiable
at the origin, and

Φ′
H(0;u) = lim

α→+0

ΦH(αu)

α
= max

x∗∈∂ΦH(0)
〈x∗, u〉 ∀u ∈ X.

Moreover, applying [31, Theorem 4.2.3] and the assumptions on the set H from the
formulation of the theorem one gets

∂ΦH(0) =
{
x∗ ∈ X∗

∣∣∣ (0, x∗) ∈ H
}
= ∂f(x).

Consequently, taking into account equalities (3) and (4) from the second part of the
proof one can conclude that

lim
α→+0

f(x+ αu)− f(x)

α
= lim

α→+0

ΦH(αu)

α
∀u ∈ X,

which obviously yeilds

lim
α→+0

1

α

∣∣∣f(x+ αu)− f(x)− max
(a,x∗)∈H

(a+ 〈x∗, u〉)
∣∣∣ = 0

for any u ∈ X. Therefore, H is a hypodifferential of f at x.

Corollary 3.5. For the function f to be hypodifferentiable at a point x ∈ dom f it
is necessary and sufficient that x ∈ core dom f .
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Proof. The necessity of the condition x ∈ core dom f for the hypodifferentiability
of f at x ∈ dom f follows directly from the second statement of Theorem 3.4. The
sufficiency of this condition follows from the first statement of Theorem 3.4 and the
fact that core dom f = int dom f by [55, Theorem 2.2.20], since f is l.s.c. and X is
a Banach space.

Corollary 3.6. Let f be hypodifferentiable at a point x∗ ∈ X and df(x∗) be its
hypodifferential at this point. Then f attains a global minimum at x∗ if and only if
0 ∈ df(x∗).

Thus, in a sense, hypodifferential can be viewed as an extension of the subdifferential
mapping into the space R×X∗. Such extensions can be constructed in many different
ways. As we will see below, there is a natural way to construct such extensions that
allows one to recover many standard properties of the gradient of a convex function
in the nonsmooth case that subdifferentials do not have.
Since a hypodifferential is not uniquely defined, we restrict our consideration to
a special class of hypodifferential maps of nonsmooth convex functions that are
especially convenient to work with.

Definition 3.7. The function f is called continuously hypodifferentiable on a set
Q ⊆ int dom f , if f is hypodifferentiable at every point of this set and there exists
a hypodifferential mapping df : Q ⇒ R × X∗ that is continuous with respect to
the Pompeiu-Hausdorff distance. The function f is said to be continuously hypod-
ifferentiable near a point x ∈ int dom f , if f is continuously hypodifferentiable in a
neighbourhood of x.

Definition 3.8. Let df : Q ⇒ R×X∗ be a hypodifferential mapping of f on a set
Q ⊆ dom f . The hypodifferential mapping df(·) is called consistent on the set Q, if
for any x ∈ Q one has

f(y)− f(x) ≥ a+ 〈x∗, y − x〉 ∀y ∈ X, (a, x∗) ∈ df(x). (5)
Remark 3.9. (i) Note that a hypodifferential map df(·) is consistent on a set
Q ⊆ dom f if and only if

f(y)− f(x) ≥ max
(a,x∗)∈df(x)

(a+ 〈x∗, y − x〉) ∀y ∈ X, x ∈ Q.

Roughly speaking, a consistent hypodifferential of f is a weak∗ compact family of
affine minorants of f that defines a local approximation of f at a given point in
accordance with Definition 3.1.
(ii) In the author’s earlier paper on the method of hypodifferential descent [18],
consistent hypodifferentials were called amenable. However, the term consistent
seems to be more suitable.

Let us give a simple example illustrating the definition of consistent and continuous
hypodifferential mappings.
Example 3.10. Let X = R and f(x) = |x|. Then for any x,∆x ∈ R one has
f(x+∆x)−f(x) = max{x+∆x,−x−∆x}−|x| = max{x−|x|+∆x,−x−|x|−∆x},
which implies that the set-valued map df(x) := co{(x− |x|, 1), (−x− |x|,−1)} is a
hypodifferential mapping of f on R.
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Observe that for any y, x ∈ R one has

|y| − |x| ≥ y − |x| = (x− |x|) + (y − x) = a+ v(y − x) (6)

for (a, v) = (x− |x|, 1) ∈ df(x). Similarly, for any y, x ∈ R one has

|y| − |x| ≥ −y − |x| = (−x− |x|) + (−1)(y − x) = a+ v(y − x)

for (a, v) = (−x − |x|,−1) ∈ df(x). Summing up inequality (6) multiplied by
α ∈ (0, 1) and the inequality above multiplied by (1−α) one obtains that inequality
(5) holds true for all x ∈ R. Thus, df(·) is a consistent hypodifferential mapping on
R. Let us check that it is continuous.
Indeed, fix any x, y ∈ R. By the definition of convex hull for any (a, v) ∈ df(x)
one has (a, v) = ((2α − 1)x − |x|, 2α − 1) for some α ∈ [0, 1]. Similarly, for any
(b, w) ∈ df(y) one has (b, w) = ((2β − 1)y − |y|, 2β − 1). Therefore,

max
(a,v)∈df(x)

dist((a, v), df(y))

= max
α∈[0,1]

min
β∈[0,1]

(∣∣(2α− 1)x− |x| − ((2β − 1)y − |y|)
∣∣+ ∣∣(2α− 1)− (2β − 1)

∣∣).
Setting β = α one gets

max
(a,v)∈df(x)

dist((a, v), df(y)) ≤ max
α∈[0,1]

∣∣∣(2α− 1)x− |x| − ((2α− 1)y − |y|)
∣∣∣

≤ max
α∈[0,1]

(
|2α− 1|+ 1

)
|x− y| = 2|x− y|.

Swapping x and y one can conclude that dPH(df(x), df(y)) ≤ 2|x− y|, that is, the
hypodifferential mapping df is continuous (furthermore, globally Lipschitz contin-
uous).

Comparing inequality (5) with the inequality from the definition of ε-subdifferential
one obtains the following result.

Proposition 3.11. Let a hypodifferential map df(·) of the function f be consistent
on a set Q ⊆ H. Then for any x ∈ Q and (a, x∗) ∈ df(x) one has x∗ ∈ ∂εf(x) for
any ε ≥ −a.

Remark 3.12. From Theorem 3.4 it follows that in the general case the inclusion{
x∗ ∈ X∗

∣∣∣ (a, x∗) ∈ df(x), −a ≤ ε
}
⊆ ∂εf(x)

can be strict. This inclusion turns into an equality in the case when df(·) is a
so-called global hypodifferential map of the function f (see [19]), that is,

f(y)− f(x) = max
(a,v)∈df(x)

(a+ 〈x∗, y − x〉) ∀y, x ∈ X.

Below we will provide some nontrivial examples of nonsmooth convex functions
whose naturally defined hypodifferential mappings are global. Here we only note
that the hypodifferential of the function f(x) = |x| from Example 3.10 is global.
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Let us point out a useful property of convex functions with bounded hypodifferential
mapping that can be proved directly with the use of standard results on convex
functions [55, Theorem 2.4.13] (see also [44, Theorem 24.7]) and Theorem 3.4, but
is also a particular case of [17, Corollary 2].
Proposition 3.13. Let df be a hypodifferential map of the function f on a convex
set Q ⊆ dom f . Suppose that L = sup{‖x∗‖ | (0, x∗) ∈ df(x), x ∈ Q} < +∞. Then
f is Lipschitz continuous on Q with constant L.

3.2. Hypodifferential calculus

In this section we present main calculus rules for consistent continuous hypodiffer-
ential maps of nonsmooth convex functions. Recall that f : X → R ∪ {+∞} is a
closed convex function.

Proposition 3.14. Let f be a continuously Gâteaux differentiable function on a
set Q ⊆ dom f . Then the map df(·) = {(0, f ′(·))} is a consistent continuous
hypodifferential mapping of f on Q.

Theorem 3.15. (Maximum over a compact set) Let T be a compact topological
space and a function f : X × T → R ∪ {+∞} be given. Suppose that the following
assumptions hold true:
(1) for any x ∈ X the map t 7→ f(x, t) is continuous;
(2) for any t ∈ T the map ft(·) = f(·, t) is a closed convex function;
(3) the set int

⋂
t∈T dom ft is nonempty and Q ⊆ int

⋂
t∈T dom ft is a given non-

empty set;
(4) for any t ∈ T there exists a consistent hypodifferential mapping dft of the

function ft on Q;
(5) the set-valued map (x, t) 7→ dft(x) is continuous on Q× T .
Then the function f(·) = supt∈T f(·, t) is hypodifferentiable on Q and the set-valued
map

df(·) = cl∗ co
{
(f(·, t)− f(·), 0) + dft(·)

∣∣∣ t ∈ T
}

(7)

is a consistent hypodifferential of f on Q. If, in addition, either X is reflexive or
the set clD(x), where

D(x) := co{(f(x, t)− f(x), 0) + dft(x) | t ∈ T}, (8)

is weak∗ closed for all x ∈ Q, then the function f is continuously hypodifferentiable
on Q and the hypodifferential map (7) is continuous on Q.
Proof. For the sake of convenience, we divide the proof of the theorem into several
parts.
1. Hypodifferentiability. By our assumption Q ⊆ int

⋂
t∈T dom ft, which implies

that Q ⊆ int dom f due to the fact that the map t 7→ f(x, t) is continuous for any
x ∈ X. Hence by Theorem 3.4 the function f is hypodifferentiable on the set Q.
2. Equality for hypodifferential. Fix any x ∈ Q. Let us prove that the set
df(x), defined according to equality (7), is a hypodifferential of f at x. To this end,
we will utilize the characterization of hypodifferentials given in Theorem 3.4.
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Let us first show that the set D(x) (see (8)) is norm bounded. Then one can conclude
that the set df(x) = cl∗D(x) is weak∗ compact.
For any t ∈ T the hypodifferential dft(x) is bounded due to the fact that it is
weak∗ compact. By the last assumption of the theorem the map t 7→ dft(x) is
continuous in the Pompeiu-Hausdorff distance. Therefore, for any t ∈ T there ex-
ists a neighbourhood of Ut of t such that dPH(dft(x), dfs(x)) ≤ 1 for any s ∈ Ut.
Therefore the set

⋃
s∈Ut

dfs(x) is bounded, which due to the compactness of the
space T implies that the set

⋃
t∈T dft(x) is bounded as well. In addition, the set

{(f(x, t)− f(x), 0) | t ∈ T} is bounded due to the compactness of T and continuity
of the map t 7→ f(x, t). Consequently, the sets{

(f(x, t)− f(x), 0) + dft(x)
∣∣∣ t ∈ T

}
and D(x) (see (8)) are bounded. Hence df(x) is a weak∗ compact set.
Since f(x) = supt∈T f(x, t), for any (a, x∗) ∈ D(x) one obviously has a ≤ 0, and,
furthermore,

sup
(a,x∗)∈D(x)

a ≤ sup
t∈T

(f(x, t)− f(x)) = sup
t∈T

f(x, t)− f(x) = 0.

Consequently, max{a | (a, x∗) ∈ df(x)} = 0.
Thus, if we show that

∂f(x) =
{
x∗ ∈ X∗

∣∣∣ (0, x∗) ∈ df(x)
}
, (9)

then by Theorem 3.4 one can conclude that df(x) is a hypodifferential of f at x.
Indeed, by the theorem on the subdifferential of the supremum of an infinite family
of convex functions [31, Theorem 4.2.3] and Theorem 3.4 one has

∂f(x) = cl∗
⋃

t∈T (x)

∂ft(x) = cl∗
{
x∗ ∈ X∗

∣∣∣ (0, x∗) ∈ dft(x), t ∈ T (x)
}
, (10)

where T (x) = {t ∈ T | f(x, t) = f(x)}. To find a more convenient expression for
the set on the right-hand side of equality (9), introduce the function

Φ(y) = max
(a,x∗)∈df(x)

(a+ 〈x∗, y〉) ∀y ∈ X.

Clearly, Φ is a closed real-valued convex function and df(x) is a hypodifferential
of this function at zero (note that Φ(0) = 0, since max{a | (a, x∗) ∈ df(x)} = 0).
Therefore, by Theorem 3.4 one has

∂Φ(0) =
{
x∗ ∈ X∗

∣∣∣ (0, x∗) ∈ df(x)
}
. (11)

On the other hand, observe that for any y ∈ X one has

Φ(y) = sup
t∈T

Ψ(y, t), Ψ(y, t) := f(x, t)− f(x) + max
(a,x∗)∈dft(x)

(a+ 〈x∗, y〉〉).

Clearly, for any t ∈ T the function y 7→ Ψ(y, t) is a closed real-valued convex function
that is bounded on bounded sets (due to the boundedness of dft(x)) and therefore
continuous on X by [25, Corollary I.2.5].
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In turn, for any y ∈ X the function t 7→ Ψ(y, t) is, as one can readily check,
continuous due to the continuity of the maps t 7→ f(x, t) and t 7→ dft(x). Note
finally that Ψ(0, t) = Φ(0) if and only if t ∈ T (x), since Ψ(0, t) = f(x, t) − f(x).
Therefore, by the theorem on the subdifferential of the supremum of an infinite
family of convex functions [31, Theorem 4.2.3] one has

∂Φ(0) = cl∗
{
∂yΨ(0, t)

∣∣∣ t ∈ T (x)
}
, (12)

where ∂yΨ(0, t) is the subdifferential of the map Ψ(·, t) at the origin.
Taking into account the fact that for any t ∈ T (x) one has

Ψ(y, t) = max
(a,x∗)∈dft(x)

(a+ 〈x∗, y〉) ∀y ∈ X,

one can conclude that dft(x) is a hypodifferential of Ψ(·, t) at the origin. Hence

∂yΨ(0, t) =
{
x∗ ∈ X∗

∣∣∣ (0, x∗) ∈ dft(x)
}
∀t ∈ T (x)

by Theorem 3.4. Now, combining the equality above with equalities (11), (12), and
(10) one obtains that equality (9) holds true. Thus, df(x) is indeed a hypodifferential
of f at x.
3. Consistency. Let us check that the hypodifferential map df(·) is consistent.
Indeed, for any x ∈ Q, t ∈ T , (a, x∗) ∈ dft(x), and y ∈ X one has

f(y)− f(x) ≥ f(y, t)− f(x) ≥ f(x, t)− f(x) + a+ 〈x∗, y − x〉, (13)

since dft(x) is a consistent hypodifferential of ft at x and f(y) = supt∈T f(y, t).
Fix now any x ∈ Q and (a, x∗) ∈ D(x). Then by the definition of convex hull there
exists n ∈ N, ti ∈ T , (ai, x∗

i ) ∈ dfti(x), and αi ≥ 0, i ∈ {1, . . . , n}, such that

(a, x∗) =
n∑

i=1

αi(f(x, ti)− f(x) + ai, x
∗
i ),

n∑
i=1

αi = 1.

Hence applying inequality (13) one gets for any y ∈ X that

f(y)− f(x) =
n∑

i=1

αi(f(y)− f(x))

≥
n∑

i=1

αi(f(x, ti)− f(x) + ai + 〈x∗, y − x〉) = a+ 〈x∗, y − x〉.
(14)

Finally, fix any (a, x∗) ∈ df(x), y ∈ X, and ε > 0. Since df(x) = cl∗D(x), one can
find (b, y∗) ∈ D(x) such that |a− b|+ |〈y∗− x∗, y− x〉| < ε. Consequently, with the
use of inequality (14) one gets that

f(y)− f(x) ≥ b+ 〈y∗, y − x〉 ≥ a+ 〈x∗, y − x〉 − ε,

which implies that

f(y)− f(x) ≥ a+ 〈x∗, y − x〉 ∀y ∈ X

due to the fact that ε > 0 was chosen arbitrarily.
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Thus, the inequality above is satisfied for all (a, x∗) ∈ df(x) and y ∈ X, which
means that the hypodifferential df(x) is consistent.
4. Continuity. Let us finally prove the continuity of the hypodifferential map
df(·) on Q. Indeed, as was noted above, Q ⊆ int dom f . Therefore, the function f
is continuous on Q by [25, Corollary I.2.5]. Consequently, under the assumptions of
the theorem the set-valued map{

(f(·, t)− f(·), 0) + dft(x)
∣∣∣ t ∈ T

}
is continuous in the Pompeiu-Hausdorff metric on Q by Proposition 2.5, which by
Proposition 2.6 implies that the set-valued map D(·) is continuous on Q. Finally,
the continuity of df(·) = cl∗D(·) then trivially follows from the continuity of D(·)
in the case when clD(·) is weak∗ closed, since in this case df(·) = clD(·) and
dPH(clD(x), clD(y)) = dPH(D(x), D(y)) for any x, y ∈ Q. In the case when X is
reflexive the continuity of df(·) follows directly from Proposition 2.8.

Corollary 3.16. (Finite maximum) Let fi : X → R ∪ {+∞}, i ∈ I = {1, . . . , n},
be closed convex functions such that

⋂
i∈I int dom fi 6= ∅. Suppose that there ex-

ist consistent continuous hypodifferential mappings dfi(·) of these functions on a
nonempty set Q ⊆

⋂
i∈I int dom fi. Then the function f = maxi∈I fi is continuously

hypodifferentiable on Q and the set-valued map

df(·) = co
{
{(fi(·)− f(·), 0)}+ dfi(·)

∣∣∣ i ∈ I
}

(15)

is a consistent continuous hypodifferential of f on Q.

Proof. Put T = {1, . . . , n} and endow it with discrete topology. For any x ∈ X
and i ∈ T define f(x, i) = fi(x). Then, as one can readily check, all assumptions
of the previous theorem hold true. It remains to note that the set df(x), defined
according to equality (15), is weak∗ closed for any x ∈ Q as the convex hull of a
finite number of weak∗ compact convex sets.

Recall that a function f : Rn → R is called non-decreasing, if f(x) ≤ f(y) for any
x, y ∈ Rn such that x ≤ y, where the inequality x ≤ y is understood coordinate-wise.

Theorem 3.17. (Outer composition with differentiable function)
Let fi : X → R ∪ {+∞}, i ∈ I = {1, . . . , n}, be closed convex functions and there
exist consistent continuous hypodifferential mappings dfi(·) of these functions on a
set Q ⊆

⋂
i∈I int dom fi. Let also g : Rn → R, g = g(y), be a non-decreasing convex

function that is continuously differentiable in a neighbourhood of the set f(Q), where
f = (f1, . . . , fn). Then the convex function h(·) = g(f1(·), . . . , fn(·)) is defined in a
neighbourhood of Q, continuously hypodifferentiable on Q, and the set-valued map

dh(·) =
n∑

i=1

∂g(f(·))
∂yi

dfi(·) (16)

is a consistent continuous hypodifferential of h on Q (here h(x) = +∞ if we have
fi(x) = +∞ for some i ∈ I).
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Proof. The convexity of the composition h = g ◦ f follows from the fact that g
is non-decreasing and can be easily verified directly. Note also that the partial
derivatives ∂g(f(·))/∂yi are nonnegative, since g is non-decreasing.
The fact that h is hypodifferentiable on Q and (16) is its hypodifferential mapping on
this set is proved in exactly the same way as [17, Theorem 2]. The continuity of this
mapping follows from Propositions 2.3 and 2.4 and the fact that fi are continuous
on Q by Proposition 3.13.
Let us finally check that the hypodifferential mapping (16) is consistent on Q. In-
deed, choose any x ∈ Q and (a, x∗) ∈ dh(x). Then there exists (ai, x

∗
i ) ∈ dfi(x),

i ∈ I such that
(a, x∗) =

n∑
i=1

∂g(f(x))

∂yi
(ai, x

∗
i ).

Choose any y ∈ X. Bearing in mind the convexity of g one has

h(y)− h(x) = g(f(y))− g(f(x)) ≥
n∑

i=1

∂g(f(x))

∂yi

(
fi(y)− fi(x)

)
.

Since the hypodifferentials dfi are consistent, one has
fi(y)− fi(x) ≥ ai + 〈x∗

i , y − x〉 ∀i ∈ I.

Hence taking into account the fact that the partial derivatives ∂g(f(x))/∂yi are
nonnegative one obtains that

h(y)− h(x) ≥
n∑

i=1

∂g(f(x))

∂yi

(
ai + 〈x∗

i , y − x〉
)
= a+ 〈x∗, y − x〉,

which completes the proof.
Remark 3.18. The theorem above can be slightly generalised in the following way.
Namely, suppose that K ⊂ Rn is a convex cone such that if x ∈ K and x ≤ y,
then y ∈ K (in particular, K can be the nonnegative orthant). Then under the
assumption that f maps X to K one can suppose that g is defined and nondecreasing
only on K.

Corollary 3.19. (Conic combination) Let fi : X → R∪{+∞}, i ∈ I = {1, . . . , n},
be closed convex functions and there exist consistent continuous hypodifferential
mappings dfi(·) of these functions on a set Q ⊆

⋂
i∈I dom fi. Then for any λi ≥ 0,

i ∈ I, the function f =
∑

i∈I λifi is continuously hypodifferentiable on Q and the
set-valued map

df(·) =
∑
i∈I

λidfi(·)

is a consistent continuous hypodifferential of f on Q.

Corollary 3.20. Let there exist a consistent continuous hypodifferential mapping
df(·) of f on a set Q ⊆ int dom f . Then the functions max{0, f(·)}p, p > 1, and
exp(f(·)) are continuously hypodifferentiable on Q and the set-valued maps

max{0, f(·)}p−1df(·), exp(f(·))df(·)

are their consistent continuous hypodifferential mappings on the set Q.
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The following result can be readily verified directly

Proposition 3.21. (Composition with affine map) Let Y be a real Banach space,
A : Y → X be a continuous linear operator, b ∈ X be fixed, and there exist a
consistent continuous hypodifferential map df(·) of f on a set Q ⊆ int dom f . Then
the function g(y) = f(Ay + b), y ∈ Y , is continuously hypodifferentiable on the set
A−1(Q− b) and the set-valued map

dg(·) =
{
(a,A∗x∗) ∈ R× Y ∗

∣∣∣ (a, x∗) ∈ df(·)
}
, (17)

is a consistent continuous hypodifferential map of g on A−1(Q− b), where A∗ is the
adjoint operator of A.

3.3. Examples

Let us give several nontrivial examples of hypodifferentials of nonsmooth convex
functions. It should be noted that the hypodifferentials computed in all examples
below are global (see Remark 3.12).

Example 3.22. (Polyhedral function) Let X be the space Rd equipped with the
Euclidean norm | · |. Let also f : Rd → R be a polyhedral convex function, that is,
the epigraph of f is the intersection of a finite family of closed half-spaces. Then
there exist n ∈ N, ai ∈ R and vi ∈ Rd, i ∈ I = {1, . . . , n}, such that

f(x) = max
i∈I

(ai + 〈vi, x〉) ∀x ∈ Rd

(see [44, Section 19]). Consequently, for any x,∆x ∈ Rd one has

f(x+∆x)− f(x) = max
i∈I

(
ai + 〈vi, x〉 − f(x) + 〈vi,∆x〉

)
= max

(a,v)∈df(x)
(a+ 〈v, x〉), (18)

where df(·) = co
{(

ai + 〈vi, ·〉 − f(·), vi
)
∈ Rd+1

∣∣∣ i ∈ I
}
. (19)

Clearly, df(x) is a convex compact set and max{a | (a, v) ∈ df(x)} = 0 for any
x ∈ Rd. Therefore, f is hypodifferentiable on Rd and df(·) is its hypodifferential
map on Rd that is consistent and global due to equality (18).
Let us show that the set-valued map df(·) is continuous. Indeed, fix any x, y ∈ Rd

and choose any (a, v)∈df(x). Then by definition there exist αi ≥ 0, i∈I, such that

(a, v) =
n∑

i=1

αi(ai + 〈vi, x〉 − f(x), vi),
n∑

i=1

αi = 1.

Define b =
n∑

i=1

αi(ai + 〈vi, y〉 − f(y)).

Then (b, v) ∈ df(y) and taking into account the fact that f is globally Lipschitz
continuous with Lipschitz constant L = maxi∈I |vi| (see Proposition 3.13) one ob-
tains
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dist((a, v), df(y)) ≤
∣∣(a, v)− (b, v)

∣∣ = |a− b|

≤
n∑

i=1

αi

(
|〈vi, x− y〉|+ |f(x)− f(y)|

)
≤ max

i∈I
|vi||x− y|+ L|x− y| = 2L|x− y|.

Taking the supremum over all (a, v) ∈ df(x) and then repeating the same argument
with x and y swapped one obtains that

dPH

(
df(x), df(y)

)
≤ 2

(
max
i∈I
|vi|

)
|x− y| ∀x, y ∈ Rd.

Thus, f is continuously hypodifferentiable on Rd and the set-valued map (19) is its
consistent continuous hypodifferential map on Rd.

Example 3.23. (Sublinear function) Let f : X → R be a closed sublinear function.
Then the subdifferential ∂f(0) is weak∗ compact and

f(x) = max
x∗∈∂f(0)

〈x∗, x〉 ∀x ∈ X

(see, e.g. [55, Theorem 2.4.9]). Consequently, for any x,∆x ∈ X one has

f(x+∆x)−f(x) = max
x∗∈∂f(0)

(
〈x∗, x〉−f(x) + 〈x∗,∆x〉

)
= max
(a,x∗)∈df(x)

(a+〈x∗, x〉), (20)

where df(·) =
{
(〈x∗, ·〉 − f(·), x∗) ∈ R×X∗

∣∣∣ x∗ ∈ ∂f(0)
}

(21)

Observe that for any x ∈ X one has

max
(a,x∗)∈df(x)

a = max
x∗∈∂f(0)

(〈x∗, x〉 − f(x)) = f(x)− f(x) = 0.

Moreover, df(x) = T (∂f(0)) with

T (x∗) =
(
〈x∗, x〉 − f(x), x∗

)
∈ R×X∗ ∀x∗ ∈ X∗.

Clearly, T is an affine map, which implies that the set df(x) is convex. Moreover, as
one can readily check, T continuously maps X∗ endowed with the weak∗ topology
to R × X∗ equipped with the weak∗ topology. Therefore the set df(x) is weak∗

compact as the continuous image of a compact set. Thus, f is hypodifferentiable on
X and the set-valued map (21) is its consistent hypodifferential mapping on X that
is, furthermore, global (see equality (20)).
Let us prove that the map df is continuous. Indeed, note that f is globally Lipschitz
continuous with Lipschitz constant L = sup{‖x∗‖ | x∗ ∈ ∂f(0)} (see Proposition
3.13). Fix any x, y ∈ X and choose (a, x∗) ∈ df(x). Then by definion x∗ ∈ ∂f(0)
and a = 〈x∗, x〉 − f(x). Define b = 〈x∗, y〉 − f(y). Then (b, x∗) ∈ df(y) and

dist
(
(a, x∗), df(y)

)
≤ ‖(a, x∗)− (b, x∗)‖ = |a− b|
≤ |〈x∗, x− y〉|+ |f(x)− f(y)| ≤ 2L‖x− y‖
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Hence taking the supremum over all (a, x∗) ∈ df(x) and then repeating the same
argument with x and y swapped one obtains that

dPH(df(x), df(y)) ≤ 2
(

sup
x∗∈∂f(0)

‖x∗‖
)
‖x− y‖.

Thus, f is continuously hypodifferentiable and the set-valued map (21) is its con-
sistent continuous hypodifferential map on X.

Example 3.24. (Norm of an affine map) Suppose that Y is a real Banach space,
A : X → Y is a bounded linear operator, and f(x) = ‖Ax + b‖ for some b ∈ Y .
Then by the previous example and Proposition 3.21 the function f is continuously
hypodifferentiable on X and the set-valued map

df(x) =
{(
〈x∗, Ax+ b〉 − ‖Ax+ b‖, A∗x∗

)
∈ R×X∗

∣∣∣ ‖x∗‖ ≤ 1
}
∀x ∈ X

is its consistent continuous hypodifferential mapping on X. Moreover, this hypod-
ifferential map is global, and arguing as in the previous example one can readily
check that

dPH

(
df(x), df(y)

)
≤ 2‖A‖‖x− y‖ ∀x, y ∈ X.

Example 3.25. (Maximal eigenvalue) Let X be the space Sℓ of all real symmetric
matrices of order ℓ equipped with the inner product 〈A,B〉 = Tr(AB) and the
corresponding norm (here Tr(A) is the trace of a square matrix A). Let f(A) =
λmax(A), A ∈ Sℓ, be the maximal eigenvalue function. Clearly, f is a closed sublinear
function. Taking into the well-known representation

λmax(A) = max
v∈Bℓ

〈v, Av〉 ∀A ∈ Sℓ

one can readily check that ∂f(0) = {vTv | v ∈ Bℓ}, where Bℓ is the unit ball in Rℓ.
Therefore, by Example 3.23 the function f is continuously hypodifferentiable on Sℓ

and the set-valued map

df(A) =
{
(〈v, Av〉 − λmax(A), v

Tv) ∈ R× Sℓ
∣∣∣ v ∈ Bℓ

}
∀A ∈ Sℓ

is its consistent continuous hypodifferential mapping on X that is, furthermore,
global. In addition, one can easily check that

dPH

(
df(A), df(B)

)
≤ 2‖A−B‖ ∀A,B ∈ Sℓ.

Example 3.26. (Distance to a cone) Let K ⊂ X be a closed convex cone and
f(x) = dist(x,K) for all x ∈ X. Bearing in mind the fact that K is a convex cone
one can easily verify that f is a closed sublinear function. By [4, Example 2.130]
one has

∂f(0) =
{
x∗ ∈ K∗ ∣∣ ‖x∗‖ ≤ 1

}
, K∗ =

{
x∗ ∈ X∗

∣∣∣ 〈x∗, x〉 ≤ 0 ∀x ∈ K
}

(here K∗ is the polar cone of K).
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Hence by Example 3.23 the function f is continuously hypodifferentiable on X and
the set-valued map

df(x) =
{
(〈x∗, x〉 − dist(x,K), x∗) ∈ R×X∗

∣∣∣ x∗ ∈ K∗, ‖x∗‖ ≤ 1
}

is its global and consistent continuous hypodifferential mapping on X. Moreover, in
this case

dPH

(
df(x), df(y)

)
≤ 2‖x− y‖ ∀x, y ∈ X.

Remark 3.27. Let us note that a consistent continuous hypodifferential map of
the convex functional

F (u) =

∫
Ω

f(u(x),∇u(x), x) dx ∀u ∈ W 1,p(Ω),

defined on the Sobolev space W 1,p(Ω), can be computed with the use of [16, Theo-
rem 5.1] and [20, Theorem 3.3] under the assumptions that f = f(u, ξ, x) is convex
in (u, ξ) for a.e. x ∈ Ω and the function f along with its hypodifferential mapping
satisfy some natural growth conditions.

3.4. Lipschitzian approximations and Lipschitz continuous
hypodifferentials

The Lipschitz continuity of the gradient of the objective function plays a funda-
mental role in the design and analysis of numerical methods of convex optimization
[5, 24, 37, 49]. In the case when X is a Hilbert space and f is differentiable, the
Lipschitz continuity of the gradient of f on a convex set Q implies that∣∣∣f(y)− f(x)− 〈∇f(x), y − x〉

∣∣∣ ≤ L

2
‖y − x‖2 ∀x, y ∈ Q

(see, e.g. [37, Lemma 1.2.3]). This inequality is sometimes sufficient by itself for
convergence analysis of optimization methods and is often exploited, for example,
in the context of weakly convex optimization (see, e.g. [1, 6] and the references
therein). In [18], a natural extension of this inequality to the case of nonsmooth
hypodifferentiable convex functions was proposed and studied.

Definition 3.28. Let Q ⊂ int dom f be a nonempty set and df be a hypodifferential
mapping of f on Q. This mapping is called a Lipschitzian approximation of f on Q
with Lipschitz constant L > 0, if we have for all x, y ∈ Q :∣∣∣f(y)− f(x)− max

(a,x∗)∈df(x)

(
a+ 〈x∗, y − x〉

)∣∣∣ ≤ L

2
‖x− y‖2. (22)

Observe that if a hypodifferential mapping df(·) is consistent on Q, then it is a
Lipschitzian approximation of f on Q with Lipschitz constant L > 0 if and only if

f(y) ≤ φx(y) := f(x) + max
(a,x∗)∈df(x)

(
a+ 〈x∗, y − x〉

)
+

L

2
‖y − x‖2

for all x, y ∈ Q (that is, the function φx(·) is a majorant of f on Q for any x ∈ Q).
One can also consider the property of the Lipschitz continuity of hypodifferential,
which in the convex setting can be viewed as a natural extension of the Lipschitz
continuity of the gradient to the nonsmooth case.
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Definition 3.29. Let Q ⊂ int dom f be a nonempty set and df be a hypodifferential
mapping of f on Q. This mapping is said to be Lipschitz continuous on Q with
Lipschitz constant L > 0, if

dPH

(
df(x), df(y)

)
≤ L‖x− y‖ ∀x, y ∈ Q

or, equivalently, df(y) ⊆ df(x) + L‖y − x‖BR×X∗ ∀x, y ∈ Q,
where BR×X∗ is the unit ball in R×X∗. If a hypodifferential map df is both Lipschitz
continuous on Q and a Lipschitzian approximation of f on Q, then it is said to have
the Lipschitz property on Q.

The Lipschitz continuity of a hypodifferential map and the property of it being a
Lipschitzian approximation seem to be closely related, as we will show below. How-
ever, it is unclear whether these properties are equivalent in the general nonsmooth
case. We leave the difficult question of whether these properties are equivalent (at
least under some additional assumptions) as an interesting problem for future re-
search. Here we only prove a partial result showing that a certain upper estimate
of the function

f(y)− f(x)− max
(a,x∗)∈df(x)

(a+ 〈x∗, y − x〉)

holds true for any Lipschitz continuous hypodifferential map df(·).

Proposition 3.30. Let df be a consistent hypodifferential map of f that is de-
fined and Lipschitz continuous with Lipschitz constant L > 0 on a convex set
Q ⊆ int dom f . Then for any x, y ∈ Q one has

0 ≤ f(y)− f(x)− max
(a,x∗)∈df(x)

(a+ 〈x∗, y − x〉) ≤ L‖y − x‖
(
1 + ‖y − x‖

)
.

Proof. Fix any x, y∈Q and ε> 0. By [17, Proposition 2] there exists z∈ co{x, y}
and (0, x∗

z) ∈ df(z) such that we have f(y)− f(x) = 〈x∗
z, y−x〉. By our assumption

dPH(df(x), df(z)) ≤ L‖z − x‖. Therefore, by Proposition 2.1 there exists some
(a0, x

∗
0) ∈ df(x) such that ‖(0, x∗

z)− (a0, x
∗
0)‖ ≤ L‖z − x‖+ ε. Hence

f(y)− f(x)− max
(a,x∗)∈df(x)

(a+ 〈x∗, y − x〉)

= 〈x∗
z, y − x〉 − max

(a,x∗)∈df(x)
(a+ 〈x∗, y − x〉)

≤ 〈x∗
z, y − x〉 − a0 − 〈x∗

0, y − x〉 ≤
∥∥(0, x∗

z)− (a0, x
∗
0)
∥∥(1 + ‖y − x‖

)
≤

(
L‖z − x‖+ ε

)(
1 + ‖y − x‖

)
.

It remains to pass to the limit as ε → +0 and note that ‖z − x‖ ≤ ‖y − x‖, since
z ∈ co{x, y}.

Let us now turn to the analysis of existence of hypodifferentials of nonsmooth convex
functions having the Lipschitz property. We start with the simplest case of global
hypodifferentials. Namely, let us show that global hypodifferentials maps are, in a
sense, always globally Lipschitz continuous (cf. examples in Subsection 3.3). We
need an auxiliary definition to precisely formulate this result.
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Definition 3.31. Let a hypodifferential map df of f be defined on an open set
Q ⊆ dom f . This map is said to be exact on Q, if

f(y)− f(x) = max
(a,x∗)∈df(x)

(a+ 〈x∗, y − x〉) ∀y, x ∈ Q.

Proposition 3.32. If there exists a hypodifferential map of f that is defined and
exact on an open convex set Q ⊆ int dom f , then f is Lipschitz continuous on Q and
there exists an exact hypodifferential map of f that is defined and has the Lipschitz
property on Q.

Proof. Let us define a new hypodifferential map Df (·) of f on Q. To this end, fix
any point x0 ∈ X and choose any x ∈ Q and ∆x ∈ X such that x+∆x ∈ Q (recall
that Q is an open set). By applying the exactness property of the hypodifferential
one gets

f(x+∆x)− f(x) = f(x0)− f(x) + max
(a,x∗)∈df(x0)

(a+ 〈x∗, x+∆x− x0〉)

= max
(a,x∗)∈Df (x)

(a+ 〈x∗,∆x〉),

where Df (x) =
{
(a+ 〈x∗, x− x0〉+ f(x0)− f(x), x∗) ∈ R×X∗

∣∣∣ (a, x∗) ∈ df(x0)
}

.

Note that max
(a,x∗)∈Df (x)

a = max
(a,x∗)∈df(x0)

(
a+ 〈x∗, x− x0〉

)
+ f(x0)− f(x)

= f(x)− f(x0) + f(x0)− f(x) = 0.

Furthermore, the set Df (x) is convex and weak∗ compact, since Df (x) is the image
of the convex weak∗ compact set df(x0) under the affine map

Tx(a, x∗) = (a+ 〈x∗, x− x0〉+ f(x0)− f(x), x∗)

that is obviously continuous with respect to the weak∗ topology. Thus, Df (x) is a
hypodifferential of f at x. Clearly, Df (·) is an exact hypodifferential map of f on
Q, which implies that Df (·) is a Lipschitzian approximation of f on Q. Let us check
that this hypodifferential map is also Lipschitz continuous on Q.
First, note that the quantity L := sup{‖x∗‖ | (a, x∗) ∈ Df (x)} does not depend on x
by the definition of Df (·). Therefore by Proposition 3.13 the function f is Lipschitz
continuous on Q with Lipschitz constant L.
Fix any x, y ∈ Q. Let (b, y∗) ∈ Df (y). Then there exists (a0, x∗

0) ∈ df(x0) such that
(b, y∗) = Ty(a0, x∗

0). Let (a, x∗) = Tx(a0, x∗
0). Then (a, x∗) ∈ Df (x) and

dist((b, y∗), Df (x)) ≤ ‖(b, y∗)− (a, x∗)‖ ≤ |〈x∗
0, y − x〉|+ |f(y)− f(x)|

≤ L‖y − x‖+ L‖y − x‖.

Consequently, one has sup
(b,y∗)∈Df (y)

dist
(
(b, y∗), Df (x)

)
≤ 2L‖y − x‖.

Now, repeating the same argument with x and y swapped one can conclude that
dPH(Df (x), Df (y)) ≤ 2L‖y − x‖. Thus, the hypodifferential map Df (·) is Lipschitz
continuous on Q.

Nonetheless, as one can expect, not every convex function has a globally Lipschitz
continuous hypodifferential mapping.
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Proposition 3.33. Let dom f = X and there exist a hypodifferential map of f
defined on X and globally Lipschitz continuous. Then there exists C1, C2 ≥ 0 such
that f(x) ≤ C1 + C2‖x‖2 for all x ∈ X.

Proof. Fix any x0 ∈ X and denote θ = sup{‖x∗‖ | (a, x∗) ∈ df(x0)}. Let also L
be a Lipschitz constant from the definition of Lipschitz continuous hypodifferential
map. By Proposition 3.30 one has

f(x) ≤ f(x0) + max
(a,x∗)∈df(x0)

(a+ 〈x∗, x− x0〉) + L‖x− x0‖
(
1 + ‖x− x0‖

)
for any x ∈ X. Taking into account the fact that a ≤ 0 for any (a, x∗) ∈ df(x0) and
applying the obvious inequality (a+ b)2 ≤ 2a2 + 2b2 one gets that

f(x) ≤ f(x0) + (θ + L)‖x− x0‖+ L‖x− x0‖2

≤ f(x0) + (θ + L)‖x0‖+ 2L‖x0‖2 + (θ + L)‖x‖+ 2L‖x‖2.

for any x ∈ X. Hence with the use of the inequality ‖x‖ ≤ 0.5+0.5‖x‖2 one obtains
that f(x) ≤ C1 + C2‖x‖2 with

C1 = f(x0) + (θ + L)‖x0‖+ 2L‖x0‖2 +
1

2
(θ + L), C2 = 2L+

1

2
(θ + L),

and the proof is complete.
Remark 3.34. Note that if there exists an exact hypodifferential map of f on X,
then with the use of the equality

f(x)− f(x0) = max
(a,x∗)∈df(x0)

(a+ 〈x∗, x− x0〉) ∀x ∈ X

one gets that there exist C1, C2 ≥ 0 such that |f(x)| ≤ C1+C2‖x‖ for all x ∈ X.

Thus, for the convex function f(x) = ‖x‖p with p > 2 there does not exist a globally
Lipschitz continuous hypodifferential map (or a hypodifferential map that has the
Lipschitz property on the entire space). However, in the case when the space X is
reflexive, a consistent hypodifferential map of a real-valued convex function that has
the Lipschitz property locally always exists. Moreover, under some mild assumptions
there even exists a consistent hypodifferential map that has the Lipschitz property
on any given bounded set. The proof of this result is inspired by the discussion from
[10, Appendix I].

Theorem 3.35. Let X be a relfexive Banach space, Q ⊆ int dom f be a bounded
open set, and f be Lipschitz continuous on Q. Then there exists a hypodifferential
mapping of f that is defined, consistent, exact, and has the Lipschitz property on Q.
In particular, the following statements hold true:
(1) for any x ∈ int dom f there exists a neighbourhood Ux of x and a hypodiffer-

ential mapping of f that is defined, consistent, exact, and has the Lipschitz
property on Ux;

(2) for any bounded open set Q ⊆ int dom f such that the subdifferential map ∂f(·)
is bounded on Q, there exists a hypodifferential mapping of f that is defined,
consistent, exact, and has the Lipschitz property on Q.
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Proof. For the sake of convenience, we divide the proof of the theorem into several
parts. First, let us note that the existence of a hypodifferential map having the
required properties in a neighbourhood of any point x ∈ int dom f follows directly
from [25, Corollary I.2.4]. In turn, the last statement of the theorem follows from
the fact that if the subdifferential of f is bounded on a set Q, then f is Lipschitz
continuous on this set (see [55, Theorem 2.4.13] and [44, Theorem 24.7]). Let us
now turn to the proof of the main statement of the theorem.
1. The definition of hypodifferential. By [25, Corollary I.2.5 and Proposi-
tion I.5.2] the function f is subdifferentiable on int dom f . Let V (·) be a selection of
the restriction of the subdifferential mapping ∂f(·) to the set Q. By the definition
of subdifferential

f(y)− f(x) ≥ 〈V (x), y − x〉 ∀y, x ∈ Q. (23)

Note that this inequality turns into equality, if y = x. Therefore

f(y) = max
x∈Q

(
f(x) + 〈V (x), y − x〉) ∀y ∈ Q.

Choose any y ∈ Q, ∆y ∈ X such that y +∆y ∈ Q. Then

f(y +∆y)− f(y) = max
x∈Q

(
f(x)− f(y) + 〈V (x), y +∆y − x〉

)
= max

(a,x∗)∈df(y)
(a+ 〈x∗,∆y〉),

(24)

where df(y) = cl∗D(y) and

D(y) = co
{(

f(x)− f(y) + 〈V (x), y − x〉, V (x)
)
∈ R×X∗

∣∣∣ x ∈ Q
}
.

Note that max{a | (a, x∗) ∈ D(y)} = 0 by inequality (23), which obviously implies
that max{a | (a, x∗) ∈ df(y)} = 0. Let us check that the set D(x) is bounded for
any x ∈ Q. Then one can conclude that df(y) is a weak∗ compact set and, therefore,
df(y) is a hypodifferential of f at y that is obviously consistent and exact on Q due
to equality (24).
2. Boundedness of hypodifferential. Choose any x ∈ Q and (a, x∗) ∈ D(x).
By definition one can find n ∈ N, zi ∈ Q, i ∈ I := {1, . . . , n}, V (zi) ∈ ∂f(zi), i ∈ I,
and αi ≥ 0, i ∈ I, such that

(a, x∗) =
n∑

i=1

αi

(
f(zi)− f(x) + 〈V (zi), x− zi〉, V (zi)

)
,

n∑
i=1

αi = 1. (25)

By our assumptions the set Q is bounded and f is Lipschitz continuous on Q.
Therefore, there exist CQ > 0 and Cf > 0 such that ‖z‖ ≤ CQ and |f(z)| ≤ Cf for
all z ∈ Q.
Let L > 0 be a Lipschitz constant of f on Q. Then for any z ∈ Q and V ∈ ∂f(z)
one has

〈V, y − z〉 ≤ f(y)− f(z) ≤ L‖y − z‖ ∀y ∈ Q.
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Since Q is an open set, there exists r > 0 such that B(z, r) ⊂ Q. Hence with the
use of the inequality above one gets that

〈V, y〉 ≤ L‖y‖ ∀y ∈ B(0, r),

which obviously implies that ‖V ‖ ≤ L. Bearing in mind equality (25) one has

‖(a, x∗)‖ ≤
n∑

i=1

αi

(∣∣f(zi)− f(x) + 〈V (zi), x− zi〉
∣∣+ ‖V (zi)‖

)
≤

n∑
i=1

αi

(
2Cf + 2LCQ + L

)
= 2Cf + 2LCQ + L

for any (a, x∗) ∈ D(x). Thus, the set D(x) is bounded.

3. Lipschitz continuity of the hypodifferential. As was noted in the proof of
Proposition 2.8, the reflexivity of X implies that the set df(x) = cl∗D(x) coincides
with the closure clD(x) of D(x) in the strong (norm) topology. Moreover, one obvi-
ously has dPH(clD(x), clD(y)) = dPH(D(x), D(y)) for any x, y ∈ Q, which implies
that it is sufficient to show that the set-valued map D(·) is Lipschitz continuous on
Q.
Fix any x, y ∈ Q. Let (a, x∗) ∈ D(x). Then by definition there exist n ∈ N, zi ∈ Q,
i ∈ I := {1, . . . , n}, V (zi) ∈ ∂f(zi), i ∈ I, and αi ≥ 0, i ∈ I, satisfying (25). Denote

(b, y∗) =
n∑

i=1

αi

(
f(zi)− f(y) + 〈V (zi), y − zi〉, V (zi)

)
.

Clearly, (b, y∗) ∈ D(y). Therefore

dist((a, x∗), D(y)) ≤ ‖(a, x∗)− (b, y∗)‖ =
∣∣∣ n∑
i=1

αi(f(x)− f(y) + 〈V (zi), x− y〉
∣∣∣

=
∣∣∣f(x)− f(y) + 〈V̂ , x− y〉

∣∣∣ ≤ |f(x)− f(y)|+ ‖V̂ ‖‖x− y‖,

where V̂ =
∑

i∈I αiV (zi). Let L > 0 be a Lipschitz constant of f on Q. Then, as
was noted above, ‖V ‖ ≤ L for any V ∈ ∂f(z) and z ∈ Q. Consequently, one has

dist((a, x∗), D(y)) ≤ 2L‖x− y‖ ∀(a, x∗) ∈ D(x).

Taking the supremum over all (a, x∗) ∈ D(x) and then repeating the same argument
with x and y swapped one obtains that dPH(D(x), D(y)) ≤ 2L‖x − y‖ for any
x, y ∈ Q.

Corollary 3.36. Let X be a finite dimensional space. Then for any bounded set
Q ⊆ int dom f there exists a hypodifferential mapping of f that is defined, consistent,
exact, and has the Lipschitz property on Q.

Corollary 3.37. The function f has an exact hypodifferential mapping on an open
bounded set Q ⊆ int dom f if and only if f is Lipschitz continuous on this set.
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Although Theorem 3.35 guarantees the existence of a consistent hypodifferential
having the Lipschitz property under very mild assumptions, the hypodifferential
constructed in the proof of this theorem is of theoretical value only. From the more
practical perspective it is important to know how to compute such hypodifferentials
for particular nonsmooth convex functions. Let us show that the calculus rules
presented in Subsection 3.2 preserve the Lipschitz property and, therefore, can be
used to compute consistent hypodifferentials having the Lipschitz property in various
particular cases.

Theorem 3.38. Under the assumptions of Theorem 3.15 the following statements
hold true:
(1) If for any t ∈ T the hypodifferential dft is a Lipschitzian approximation of

f(·, t) on Q with Lipschitz constant Lt > 0 and L = supt∈T Lt < +∞, then the
hypodifferential (7) is a Lipschitzian approximation of f(·) = supt∈T f(·, t) on
Q with Lipschitz constant L.

(2) Let either X be reflexive or the set clD(x) defined in (8) be weak∗ closed
for any x ∈ Q. Suppose that for any t ∈ T the function f(·, t) is Lipschitz
continuous on Q with Lipschitz constant Lt > 0 and the hypodifferential map
dft is Lipschitz continuous on Q with Lipschitz constant Kt > 0.
If L = supt∈T Lt < +∞ and K = supt∈T Kt < +∞, then the hypodifferential
(7) is Lipschitz continuous on Q with Lipschitz constant 2L+K.

Proof. We split the proof of the theorem into two parts corresponding to the two
statements.
Part 1. Fix any x, y ∈ Q. By Definition 3.28 one has

f(y, t) ≤ f(x, t) + max
(a,x∗)∈dft(x)

(a+ 〈x∗, y − x〉) + Lt

2
‖y − x‖2.

Hence

f(y)− f(x) = sup
t∈T

(
f(y, t)− f(x)

)
≤ sup

t∈T

(
f(x, t)− f(x) + max

(a,x∗)∈dft(x)
(a+ 〈x∗, y − x〉) + Lt

2
‖y − x‖2

)
≤ sup

t∈T

(
f(x, t)− f(x) + max

(a,x∗)∈dft(x)
(a+ 〈x∗, y − x〉

)
+

L

2
‖y − x‖2.

One can readily verify that

sup
t∈T

(
f(x, t)− f(x) + max

(a,x∗)∈dft(x)
(a+ 〈x∗, y − x〉

)
= max

(a,x∗)∈df(x)
(a+ 〈x∗, y − x〉)

(see (7)). Therefore

f(y)− f(x)− max
(a,x∗)∈df(x)

(a+ 〈x∗, y − x〉) ≤ L

2
‖y − x‖2.

Applying the inequality

f(y, t) ≥ f(x, t) + max
(a,x∗)∈dft(x)

(a+ 〈x∗, y − x〉)− Lt

2
‖y − x‖2,
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that also follows from Definition 3.28, and repeating the same argument one gets

f(y)− f(x)− max
(a,x∗)∈df(x)

(a+ 〈x∗, y − x〉) ≥ −L

2
‖y − x‖2.

Consequently, df is a Lipschitzian approximation of f on Q.
Part 2. If either X is reflexive or clD(x) is weak∗ closed for any x ∈ X, then,
as was noted several times above, dPH(df(x), df(y)) = dPH(D(x), D(y)) for any
x, y ∈ Q. Therefore, it is sufficient to prove that the set-valued map D(·) is Lipschitz
continuous on Q.
Fix any x, y ∈ Q and ε > 0. Let (a, x∗) ∈ D(x). Then by definition (see (8)) there
exist n ∈ N, ti ∈ T , i ∈ I := {1, . . . , n}, (ai, x∗

i ) ∈ dfti(x), i ∈ I, and αi ≥ 0, i ∈ I,
such that

(a, x∗) =
n∑

i=1

αi(f(x, ti)− f(x) + ai, x
∗
i ),

n∑
i=1

αi = 1.

By our assumption dPH(dft(x), dft(y)) ≤ Kt‖x−y‖. Hence by Proposition 2.1 there
exist (bi, y

∗
i ) ∈ dfti(y), i ∈ I such that ‖(ai, x∗

i )− (bi, y
∗
i )‖ ≤ Kti‖x− y‖+ ε. Define

(b, y∗) =
n∑

i=1

αi(f(y, ti)− f(y) + bi, y
∗
i ).

Clearly, (b, y∗) ∈ D(y). Therefore

dist((a, x∗), D(y)) ≤ ‖(a, x∗)− (b, y∗)‖

≤
n∑

i=1

αi

(
|f(x, ti)− f(y, ti)|+ |f(x)− f(y)|+ ‖(ai, x∗

i )− (bi, y
∗
i )‖

)
≤

n∑
i=1

αi

(
Lt‖x− y‖+ L‖x− y‖+Kti‖x− y‖+ ε

)
≤ (2L+K)‖x− y‖+ ε

(here we used the fact that the function f(·) = supt∈T f(·, t) is Lipschitz continuous
on Q with Lipschitz constant L = supt∈T Lt). Since (a, x∗) ∈ D(x) and ε > 0 were
chosen arbitrarily, one obtains

sup
(a,x∗)∈D(x)

dist((a, x∗), D(y)) ≤ (2L+K)‖x− y‖.

Swapping x and y one can conclude that dPH(D(x), D(y)) ≤ (2L+K)‖x−y‖, which
completes the proof.
Theorem 3.39. Let the assumptions of Theorem 3.17 be satisfied, the gradient
∇g(·) of g be defined and Lipschitz continuous with Lipschitz constant Lg > 0 on
the set co f(Q), and there exist C > 0 such that ‖∇g(f(x))‖ ≤ C for any x ∈ Q.
Then the following statements hold true:
(1) If for any i ∈ I the hypodifferential map dfi is a Lipschitzian approximation

of fi on Q with Lipschitz constant Li and fi is Lipschitz continuous on Q
with Lipschitz constant Ki, then the hypodifferential map dh (see (16)) is
a Lipschitzian approximation of the function h(·) = g(f(·)) with Lipschitz
constant L = C

∑
i∈I Li + 2Lg(

∑
i∈I Ki)

2.
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(2) Suppose that for any i ∈ I the hypodifferential map dfi is Lipschitz con-
tinuous on Q with Lipschitz constant Li > 0 and there exists Ci > 0 such
that ‖(a, x∗)‖ ≤ Ci for all (a, x∗) ∈ dfi(x) and x ∈ Q. Then the hy-
podifferential map dh is Lipschitz continuous on Q with Lipschitz constant
l = C

∑
i∈I Li + Lg

∑
i∈I Ci.

Proof. We split the proof of the theorem into two parts corresponding to the two
statements.

Part 1. Fix any x, y ∈ Q. By the mean value theorem there exists z ∈ co{f(x), f(y)}
such that

h(y)− h(x) = g(f(y))− g(f(x)) = 〈∇g(z), f(y)− f(x)〉
= 〈∇g(f(x)), f(y)− f(x)〉+ 〈∇g(z)−∇g(f(x)), f(y)− f(x)〉.

Hence applying the fact that dfi is a Lipschitzian approximation of fi one gets

h(y)− h(x) ≤
n∑

i=1

∂g(f(x))

∂yi

(
max

(ai,x∗
i )∈dfi(x)

(ai + 〈x∗
i , y − x〉)

+
Li

2
‖y − x‖2

)
+ 〈∇g(z)−∇g(f(x)), f(y)− f(x)〉

(note that ∇g(f(x)) ≥ 0, since g is a non-decreasing function by the assumptions of
Theorem 3.17). Bearing in mind the assumptions of the theorem and the definition
of dh(x) (see (16))), one obtains

h(y)− h(x) ≤ max
(a,x∗)∈dh(x)

(a+ 〈x∗, y − x〉) + C
( n∑

i=1

Li

2

)
‖y − x‖2

+ Lg|z − f(x)| · |f(y)− f(x)| ≤ max
(a,x∗)∈dh(x)

(a+ 〈x∗, y − x〉)

+ C
n∑

i=1

Li

2
‖y − x‖2 + Lg

( n∑
i=1

Ki

)2

‖y − x‖2

(here we used the fact that ‖z − f(x)‖ ≤ ‖f(y)− f(x)‖, since z ∈ co{f(x), f(y)}).
Arguing in the same way and one can readily check that

h(y)− h(x) ≥ max
(a,x∗)∈dh(x)

(a+ 〈x∗, y − x〉)−
(
C

n∑
i=1

Li

2
+ Lg(

n∑
i=1

Ki)
2
)
‖y − x‖2,

which implies the required result.

Part 2. Fix any x, y ∈ Q. Let (a, x∗) ∈ dh(x). Then by definition (see (16)) for
any i ∈ I there exists (ai, x

∗
i ) ∈ dfi(x) such that

(a, x∗) =
n∑

i=1

∂g(f(x))

∂yi
(ai, x

∗
i ).

Choose any ε > 0. By our assumption dPH(dfi(x), dfi(y)) ≤ Li‖x− y‖.
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Therefore, by Proposition 2.1 for any i ∈ I there exists (bi, y
∗
i ) ∈ dfi(y) such that

‖(ai, x∗
i )− (bi, y

∗
i )‖ ≤ Li‖x− y‖+ ε.

Define (b, y∗) =
n∑

i=1

∂g(f(y))

∂yi
(bi, y

∗
i ).

Clearly, (b, y∗) ∈ dh(y), which implies that

dist((a, x∗), dh(y)) ≤ ‖(a, x∗)− (b, y∗)‖

=
∥∥∥ n∑

i=1

∂g(f(x))

∂yi
(ai, x

∗
i )−

n∑
i=1

∂g(f(y))

∂yi
(bi, y

∗
i )
∥∥∥.

Adding and subtracting
∑
i∈I

∂g(f(y))

∂yi
(ai, x

∗
i ) one gets

dist((a, x∗), dh(y)) ≤
n∑

i=1

∣∣∣∂g(f(x))
∂yi

− ∂g(f(y))

∂yi

∣∣∣ ‖(ai, x∗
i )‖

+
n∑

i=1

∣∣∣∂g(f(y))
∂yi

∣∣∣ ‖(ai, x∗
i )− (bi, y

∗
i )‖

≤ Lg

( n∑
i=1

Ci

)
‖x− y‖+

n∑
i=1

C(Li‖x− y‖+ ε).

Hence taking into account the facts that (a, x∗) ∈ dh(x) and ε > 0 were chosen
arbitrarily one obtains

sup
(a,x∗)∈dh(x)

dist((a, x∗), dh(y)) ≤
(
Lg

n∑
i=1

Ci + C
n∑

i=1

Li

)
‖x− y‖.

Now, swapping x and y we arrive at the required result.

Corollary 3.40. Let fi : X → R∪{+∞}, i ∈ I = {1, . . . , n}, be closed convex func-
tions and dfi(·) be their hypodifferential mappings defined on a set Q ⊆

⋂
i∈I dom fi.

Let also λi ≥ 0, i ∈ I, f =
∑

i∈I λifi, and df =
∑

i∈I λidfi. The following statements
hold true:
(1) If for any i ∈ I the hypodifferential map dfi is a Lipschitzian approximation of

fi on Q with Lipschitz constant Li > 0, then the hypodifferential map df is a
Lipschitzian approximation of f on Q with Lipschitz constant L =

∑
i∈I λiLi.

(2) If for any i ∈ I the hypodifferential map dfi is Lipschitz continuous on Q
with Lipschitz constant Li > 0, then the hypodifferential map df is Lipschitz
continuous on Q with Lipschitz constant L =

∑
i∈I λiLi.

The following result can be readily verified directly.
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Proposition 3.41. Under the assumptions of Proposition 3.21 the following state-
ments hold true:
(1) If the hypodifferential df is a Lipschitzian approximation of f on Q with

Lipschitz constant L, then the hypodifferential dg (see (17)) is a Lipschitzian
approximation of g on A−1(Q− b) with Lipschitz constant L‖A‖.

(2) If the hypodifferential map df is Lipschitz continuous on Q with Lipschitz
constant L, then the hypodifferential dg is Lilpschitz continuous on A−1(Q−b)
with Lipschitz constant Lmax{1, ‖A∗‖}.

4. Applications to nonsmooth convex optimization

In this section we consider applications of the theory of hypodifferentials of non-
smooth convex function to convex optimization. Our goal is to present several
different versions of the method of hypodifferential descent for nonsmooth convex
minimization and estimate their rate of convergence.

4.1. The method of hypodifferential descent

For the sake of simplicity, suppose that X is a real Hilbert space, although under
some additional assumptions the results presented below can be partially extended
to the case of general Banach spaces. Let the space R × X be equipped with the
norm ‖(a, x)‖ =

√
|a|2 + ‖x‖2 for any (a, x) ∈ R × X and f : X → R be a closed

convex function. Suppose that a hypodifferential map df(·) of this function defined
on X is known. Recall that in the case of Hilbert spaces hypodifferential is a convex
weakly compact (or, equivalently, convex, bounded, and closed) subset of the space
R×X (see Remark 3.3).
Consider the following optimization problem:

min
x∈X

f(x).

Let f∗ be the optimal value of the problem. Following the ideas of Demyanov
[10] one can propose a method for minimizing the function f called the method of
hypodifferential descent, whose theoretical scheme is given in Algorithm 1.

Algorithm 1: The method of hypodifferential descent

Initialisation. Choose an initial point x0 ∈ X and put k = 0.
Step 1. Compute df(xk). Find an optimal solution (ak, vk) of the problem

min a2 + ‖v‖2 subject to (a, v) ∈ df(xk). (26)

Step 2. Choose a step size αk > 0 and put xk+1 = xk − αkvk.
Step 3. Check a stopping criterion. If it is satisfied, Stop. Otherwise, put

k ← k + 1 and go to Step 1.
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Note that if the hypodifferential df(xk) is a polytope, then the subproblem on Step
2 of the method of hypodifferential descent is the problem of finding an element
of a polytope with the smallest norm for which there exists many efficient methods
[21, 29, 52, 2]. It should also be mentioned that one can use the following inequalities

|f(xk+1)− f(xk)| ≤ ε and/or dist
(
0, df(xk)

)
=

√
a2k + ‖vk‖2 ≤ ε

with small ε > 0 as a stopping criterion for the method of hypodifferential descent.
The rate of convergence O(1/k) of the method of hypodifferential with the step
sizes αk chosen according to the Armijo’s rule was proved in [18]. Here we will
prove that the same rate of convergence holds true for the version of the method
with constant step size and provide a rigorous justification for the stopping criteria
discussed above. Let us note that although the proof of this result is similar to the
proof of [18, Theorem 3.5], there are certain significant differences between them
(e.g. the fact that one needs find an upper estimate for the constant step size
ensuring that the sequence {f(xk)} is decreasing).

Theorem 4.1. Let the sublevel set S(x0) = {x ∈ X | f(x) ≤ f(x0)} be bounded.
Suppose also that the hypodifferential mapping df(·) is consistent and bounded on the
set S(x0) and there exists ε > 0 such that df is a Lipschitzian approximation of f on
the set Sε(x0) = {x ∈ X | dist(x, S(x0)) ≤ ε} with Lipschitz constant L > 0. Then
there exists α̂ such that for any α ∈ (0, α̂) the method of hypodifferential descent
with αk ≡ α generates sequence {xk} satisfying the following conditions:
(1) the sequence {f(xk)} is strictly decreasing and converges to the global minimum

of f (in particular, |f(xk+1)− f(xk)| → 0 as k →∞);
(2)

∑∞
i=0 ‖(ak, vk)‖2 < +∞ and dist(0, df(xk))→ 0 as k →∞;

(3) for all k ∈ N the following inequality holds true:

f(xk)− f∗ ≤
(f(x0)− f∗)(1 +R)2

(1 +R)2 + (f(x0)− f∗)
(
α− Lα2

2

)
k
= O

(
1

k

)
(27)

where R = sup{‖y − x∗‖ | y ∈ S(x0)}, x∗ is any point of global minimum of
f , and f∗ = f(x∗).

Moreover, one can define α̂ = min{2/L,min{1, ε}/C}, where C > 0 is such that
|a| ≤ C and ‖v‖ ≤ C for any (a, v) ∈ df(x) and x ∈ S(x0).

Proof. Note that under the assumptions of the theorem the function f attains a
global minimum, since X is a Hilbert space and the sublevel set S(x0) is bounded.
Let {xk} be the sequence generated by the method of hypodifferential descent with
αk ≡ α for some α > 0. Denote Φk(y) = max(a,v)∈df(xk)(a + 〈v, y〉). For the sake of
convenience, we divide the proof of the theorem into several parts.
Part 1. Recall that (ak, vk) is an optimal solution of subproblem (26). Applying
the standard optimality conditions to this subproblem one gets

ak(a− ak) + 〈vk, v − vk〉 ≥ 0 ∀(a, v) ∈ df(xk). (28)
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If ak = 0, then bearing in mind the fact that a ≤ 0 for any (a, v) ∈ df(xk) one
obtains

Φk(−vk) ≤ max
(a,v)∈df(xk)

〈v,−vk〉 ≤ −‖vk‖2 = −‖(ak, vk)‖2.

In turn, if ak < 0, then dividing (28) by ak and taking the maximum over all
(a, v) ∈ df(xk) one gets

Φk

(
1

ak
vk

)
= max

(a,v)∈df(xk)

(
a+

1

ak
〈v, vk〉

)
≤ 1

ak
‖(ak, vk)‖2.

Thus, in either case one has Φk(−βkvk) ≤ −βk‖(ak, vk)‖2, where βk = 1/|ak|, if
ak < 0, and βk = 1, otherwise. Hence taking into account the fact that by the
definition of hypodifferential Φk(0) = 0 one obtains that

Φk(−tβkvk) ≤ tΦk(−βkvk) ≤ −tβk‖(ak, vk)‖2 ∀t ∈ [0, 1],

thanks to the convexity of Φk, or, equivalently,

Φk(−tvk) ≤ −t‖(ak, vk)‖2 ∀t ∈ [0, βk] (29)

for any k ∈ N.
Part 2. Let us show that there exists α̂ > 0 such that for any α ∈ (0, α̂] one
has {xk} ⊂ S(x0) and the sequence {f(xk)} is strictly decreasing. Indeed, by our
assumption the hypodifferential map df(·) is bounded on S(x0). Therefore, there
exists C > 0 such that |a| ≤ C and ‖v‖ ≤ C for any (a, v) ∈ df(x) and x ∈ S(x0).
Define

α̂ = min
{

2

L
,
min{1, ε}

C

}
(30)

and let α ∈ (0, α̂).
Suppose that xk ∈ S(x0) for some k ∈ N. Let us check that xk+1 ∈ S(x0) and
f(xk+1) < f(xk). Indeed, since xk ∈ S(x0), one has |ak| ≤ C or, equivalently,
βk ≥ 1/C (one can suppose that C ≥ 1), which implies that αk = α ≤ βk. Moreover,
from the definition of α̂ it follows that t‖vk‖ ≤ ε for any t ∈ [0, α̂]. Consequently,
xk+1 := xk−αvk ∈ Sε(x0). Therefore, applying inequality (29) and the fact that the
hypodiferential map df(·) is a Lipschitzian approximation of f on Sε(x0) one gets
that

f(xk+1) ≤ f(xk) + max
(a,v)∈df(xk)

(a+ 〈v, xk+1 − xk〉) +
L

2
‖xk+1 − xk‖2

≤ f(xk)− α‖(ak, vk)‖2 +
Lα2

2
‖vk‖2 ≤ f(xk)−

(
α− Lα2

2

)
‖(ak, vk)‖2.

Hence taking into account the fact that α < 2/L (see (30)) one can conclude that
f(xk+1) < f(xk) and xk+1 ∈ S(x0). Thus, in particular, the sequence {f(xk)}
converges.
Part 3. Denote ∆k = f(xk)− f∗. As we have shown above, one has

∆k+1 −∆k ≤ −η‖(ak, vk)‖2 ∀k ∈ N, η = α− Lα2

2
> 0. (31)
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Hence, in particular, ∆k+1 < ∆k and

f(xk+1)− f(x0) =
k∑

i=0

(∆i+1 −∆i) ≤ −η
k∑

i=0

‖(ak, vk)‖2 ∀k ∈ N,

which implies that
∞∑
i=0

‖(ak, vk)‖2 ≤
1

η

(
f(x0)− lim

k→∞
f(xk)

)
≤ 1

η
(f(x0)− f∗).

Thus, the second statement of the theorem holds true.
Recall that the hypodifferential map df(·) is consistent and (ak, vk) ∈ df(xk). There-
fore

∆k ≤ −ak + 〈vk, xk − x∗〉 ≤ ‖(ak, vk)‖
(
1 + ‖xk − x∗‖) ≤ (1 +R)‖(ak, vk)‖ (32)

for any k ∈ N. Combining this inequality with (31) one obtains

∆k+1 ≤ ∆k −
η

(1 +R)2
∆2

k ∀k ∈ N.

Dividing this inequality by ∆k+1 ·∆k and rearranging the terms one gets

1

∆k+1
≥ 1

∆k
+

η

(1 +R)2
∆k

∆k+1
≥ 1

∆k
+

η

(1 +R)2
∀k ∈ N

(here we used the fact that ∆k+1 < ∆k, that is, ∆k

∆k+1
> 1). Summing up these

inequalities one finally obtains

1

∆k+1

≥ 1

∆0

+
η

(1 +R)2
(k + 1) ∀k ∈ N,

which implies that the estimate (27) holds true.

Remark 4.2. Note that the assumptions of the previous theorem are not restrictive
in the finite dimensional case, since by Corollary 3.36 a hypodifferential mapping
satisfying these assumptions exists for any nonsmooth function f : X → R having
the bounded sublevel set S(x0).

Let us show that if the hypodifferential map df(·) is exact (global), then one can use
the first component ak of an optimal solution of subproblem (26) on Step 1 of the
method of hypodifferential descent to determine a step size that ensures the linear
rate of convergence of the method.

Theorem 4.3. Let the sublevel set S(x0) be bounded, the hypodifferential map df(·)
be exact on Sε(x0) for some ε > 0, and {xk} be the sequence generated by the method
of hypodifferential descent with αk = 1/ak, if ak < 0, and αk = 1, otherwise. Then
the following statements hold true:
(1) ak < 0 for any k ∈ N;
(2) there exists γ ∈ (0, 1) and C > 0 such that dist(0, df(xk)) ≤ Cγk for all k ∈ N;
(3) there exists q ∈ (0, 1) such that f(xk)− f∗ ≤ (f(x0)− f∗))q

k for any k ∈ N.
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Proof. We use the same notation as in the proof of Theorem 4.1. For the sake of
convenience, we divide the proof of this theorem into several parts.

Part 1. Let us show that if xk ∈ S(x0), then ak < 0. Suppose by contradiction that
xk ∈ S(x0), but ak = 0 for some k ∈ N. Then from the optimality conditions (28)
and the fact that the hypodifferential map df(·) is exact on Sε(x0) it follows that

f(xk − αvk)− f(xk) = Φk(−αvk) = max
(a,v)∈df(xk)

(a+ 〈v,−αvk〉)

≤ α max
(a,v)∈df(xk)

〈v,−vk〉 ≤ −α‖vk‖2
(33)

for any α ≥ 0 such that xk(α) := xk−αvk ∈ Sε(x0). Let us show that xk(α) ∈ Sε(x0)
for any α ≥ 0. Then f(xk(α))→ −∞ as α→ +∞, which contradicts the fact that
the function f attains a global minimum, since its sublevel set S(x0) is bounded.
Indeed, note that xk(α) ∈ Sε(x0) for any α ∈ [0, ε/‖vk‖]. With the use of the fact
that the sublevel set S(x0) is convex one can easily check that the set Sε(x0) is
convex as well. Therefore, either the ray {xk − αvk | α ≥ 0} is contained in Sε(x0)
or there exists α > 0 such that{

xk − αvk
∣∣ α ∈ [0, α]} ⊂ Sε(x0), xk − αvk /∈ Sε(x0) ∀α > α.

Note, however, that in the latter case one has f(xk(α)) < f(xk) ≤ f(x0) due to
inequality (33). Consequently, there exists δ > 0 such that f(xk(α)) ≤ f(x0) for
any α ∈ [α, α+ δ] by virtue of the fact that f is continuous by [25, Corollary I.2.5].
Thus, the second case is impossible and we can conclude that ak < 0, whenever
xk ∈ S(x0).

Part 2. Let us show that {xk} ⊂ S(x0) and the sequence {f(xk)} is strictly
decreasing. Indeed, let xk ∈ S(x0) for some k ∈ N. Then ak < 0 and from the
optimality conditions (28) and the convexity of Φk it follows that

Φk

(
α

ak
vk

)
≤ αΦk

(
1

ak
vk

)
≤ α

ak
‖(ak, vk)‖2 < 0

for any α ∈ [0, 1]. Therefore applying the fact that the hypodifferential map df(·)
is exact on Sε(x0) one obtains that

f
(
xk +

α

ak
vk

)
= f(xk) + Φk

(
α

ak
vk

)
≤ f(xk) +

α

ak
‖(ak, vk)‖2

for any α ∈ [0, 1] such that xk + (α/ak)vk ∈ Sε(xk). Arguing in the same way as
in the first part of the proof one can show that this inclusion is satisfied for any
α ∈ [0, 1]. Consequently, putting α = 1 one gets

f(xk+1) ≤ f(xk) +
1

ak
‖(ak, vk)‖2 < f(xk). (34)

Therefore, {xk} ⊂ S(x0) and the sequence {f(xk)} is strictly decreasing.

Part 3. From inequality (34) it follows that for any k ∈ N :

∆k+1 −∆k ≤ −
1

|ak|
‖(ak, vk)‖2 ≤ −

1

‖(ak, vk)‖
‖(ak, vk)‖2 = −‖(ak, vk)‖. (35)
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Hence applying inequality (32) one obtains

∆k+1 ≤
(
1− 1

1 +R

)
∆k ∀k ∈ N,

which implies that ∆k+1 ≤ ∆0q
k+1 for any k ∈ N, where q = 1− 1

1+R
∈ (0, 1). Thus,

the third statement of the theorem holds true. To prove the second statement of
the theorem, note that from inequality (35) it follows that

dist(0, df(xk)) = ‖(ak, vk)‖ ≤ ∆k −∆k+1 ≤ ∆0q
k −∆0q

k+1 = ∆0(1− q)qk

for any k ∈ N. Thus, the second statement of the theorem holds true with the values
C = ∆0(1− q) and γ = q.

Remark 4.4. (i) If under the assumptions of the previous theorem the function
f is polyhedral, then by [18, Theorem 4.7] the method of hypodifferential descent
with αk = 1/ak converges to a point of global minimum of f in a finite number of
steps.
(ii) The previous theorem remains to hold true if the step sizes αk are defined via
the exact line search:

f(xk − αkvk) = min
α≥0

f(xk − αvk).

Indeed, in this case one obviously has

∆k+1 −∆k = min
α≥0

f(xk − αvk)− f(xk) ≤ f
(
xk +

1

ak
vk

)
− f(xk) ≤

1

ak
‖(ak, vk)‖2

(see (34)). Then arguing in the same way as in the third part of the proof of Theorem
4.3 one can prove the linear rate of convergence of the method.

4.2. Accelerated proximal hypodifferential descent

Let us consider a different method for minimizing nonsmooth convex functions based
on the use of hypodifferentials, which we call the proximal hypodifferential descent
method. This method is related to various proximal point methods [49] and can
be viewed as a generalisation of the Pschenichnyi-Pironneau-Polak algorithm for
convex minimax problems [43, Algorithm 2.4.1] (see also [37, Section 2.3.3]) to
the case of general nonsmooth convex functions, as well as a particular version of
the quadratic regularisation of the method of codifferential descent for nonconvex
nonsmooth functions [17]. Moreover, unlike the method of hypodifferential descent
from the previous section, the proximal hypodifferential descent can be applied to
problems of minimizing the function f over a closed convex set Q ⊆ X. A theoretical
scheme of this method is given in Algorithm 2.
Let us give some comments on the proximal hypodifferential descent method. Firstly,
note that the point zk is correctly defined for any k ∈ N. Indeed, it is easily seen
that the function Ψk(x) := Φk(x− xk) + 0.5γ‖x− xk‖2, x ∈ X, is strongly convex,
where, as above,

Φk(x) = max
(a,v)∈df(xk)

(a+ 〈v, x〉) ∀x ∈ X.
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Algorithm 2: Proximal hypodifferential descent method

Initialisation. Choose an initial point x0 ∈ Q, a paramter γ > 0, and put k = 0.
Step 1. Compute df(xk). Find an optimal solution zk of the problem

min
x∈Q

max
(a,v)∈df(xk)

(a+ 〈v, x− xk〉) +
γ

2
‖x− xk‖2. (36)

Step 2. Choose a step size αk ∈ (0, 1] and put xk+1 = xk + αk(zk − xk).

Step 3. Check a stopping criterion. If it is satisfied, Stop. Otherwise, put
k ← k + 1 and go to Step 1.

Moreover, this function is coercive, since |Φk(x)| ≤ Ck + Ck‖x‖ for all x ∈ X and
some Ck > 0 due to the fact that hypodifferential is a bounded set. Therefore, the
function Ψk(·) attain a global minimum on Q at a unique point zk (see, e.g. [25,
Proposition II.1.2]).
If the set Q is polyhedral (that is, it is defined by a finite number of linear equality
and inequality constraints) and the hypodifferential df(xk) is a polytope, then the
auxiliary subproblem (36) on Step 1 of the proximal hypodifferential descent method
can obviously be rewritten as an equivalent convex quadratic programming problem.
Let us also point out that the following inequalities

‖zk − xk‖ ≤ ε and/or f(xk)− f(xk+1) ≤ ε (37)
with small ε > 0 can be used as a stopping criterion for Algorithm 2.
The correctness of the stopping criteria (37), as well as global convergence of the
proximal hypodifferential descent method can be proved in exactly the same way as
the analogous results for QR-MCD method from [17, Section 4], since Algorithm 2
is a particular case of QR-MCD in the convex case. In turn, the rate of convergence
of the proximal hypodifferential descent method can be estimated in the strongly
convex case in exactly the same way as the rate of convergence of similar methods
for convex minimax problems in [37, Theorem 2.3.4] and [43, Theorem 2.4.5]. For
the sake of shortness, we do not present detailed formulations and proofs of these
results here. Instead, we will analyse an accelerated version of Algorithm 2 designed
with the use of Nesterov’s acceleration technique based on estimating sequences [37,
Sections 2.2 and 2.3].
For any x ∈ Q let zγ(x) be an optimal solution of the problem

min
z∈Q

max
(a,v)∈df(x)

(a+ 〈v, z − x〉) + γ

2
‖z − x‖2.

Let us obtain one useful estimate.
Lemma 4.5. Let the hypodifferential map df(·) be consistent on X and a Lips-
chitzian approximation of f on X with Lipschitz constant L > 0. Then for any
γ ≥ L, x ∈ Q, and y ∈ X one has

f(x) ≥ f(zγ(y)) + γ〈y − zγ(y), x− y〉+ γ

2
‖y − zγ(y)‖2.

Proof. Fix any y ∈ X and denote
Φ(x) = max

(a,v)∈df(y)
(a+ 〈v, x− y〉), Ψ(x) = Φ(x) +

γ

2
‖x− y‖2 ∀x ∈ X.
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Clearly, the function Ψ is strongly convex with modulus µ = γ. Therefore

Ψ(x) ≥ Ψ(zγ(y)) +
γ

2
‖x− zγ(y)‖2 ∀x ∈ Q,

(see, e.g. [51, Proposition 4.8]). Hence for any x ∈ Q one has

Φ(x) = Ψ(x)− γ

2
‖x− y‖2 ≥ Ψ(zγ(y)) +

γ

2

(
‖x− zγ(y)‖2 − ‖x− y‖2

)
= Ψ(zγ(y)) +

γ

2
〈y − zγ(y), 2x− zγ(y)− y〉

= Ψ(zγ(y)) +
γ

2
〈y − zγ(y), 2(x− y) + y − zγ(y)〉

= Ψ(zγ(y)) + γ〈y − zγ(y), x− y〉+ γ

2
‖y − zγ(y)‖2.

From the facts that df(·) is a Lipschitzian approximation of f on X with Lipschitz
constant L > 0 and γ ≥ L it follows that

f(zγ(y)) ≤ f(y) + Φ(zγ(y)) +
L

2
‖zγ(y)− y‖2 = f(y) + Ψ(zγ(y)).

Hence taking into account the fact that the hypodifferential map df(·) is consistent
one obtains

f(x) ≥ f(y) + Φ(x)

≥ f(y) + Ψ(zγ(y)) + γ〈y − zγ(y), x− y〉+ γ

2
‖y − zγ(y)‖2

≥ f(zγ(y)) + γ〈y − zγ(y), x− y〉+ γ

2
‖y − zγ(y)‖2

for any x ∈ Q.

Suppose that the hypodifferential map df(·) is a Lipschitzian approximation of f on
X with Lipschitz constant L > 0. Following the derivation of Nesterov’s accelerated
method for convex minimax problems [37, Section 2.3.3], choose some x0 ∈ Q and
γ0 > 0. Let {yk} ⊂ Q and {αk} ⊂ (0, 1) be some sequences. For any k ∈ N define

ϕ0(x) = f(x0) +
γ0
2
‖x− x0‖2,

ϕk+1(x) = (1− αk)ϕk(x) + αk

(
f(zL(yk)) +

L

2
‖yk − zL(yk)‖2

)
+ αkL〈yk − zL(yk), x− yk〉.

Since ϕ0 is a quadratic function and ϕk+1 is the sum of (1− αk)ϕk(x) and an affine
function, the functions ϕk are quadratic for all k ∈ N. Moreover, one can readily
check that

ϕk(x) = ϕ∗
k +

γk
2
‖x− vk‖2 ∀k ∈ N, (38)

where v0 = x0, ϕ∗
0 = f(x0), γk+1 = (1− αk)γk, (39)

vk+1 = vk −
αkL

γk+1
(yk − zL(yk)), (40)

ϕ∗
k+1 = (1− αk)ϕ

∗
k + αk

(
f(zL(yk)) +

L

2
‖yk − zL(yk)‖2

)
− α2

kL
2

2γk+1
‖yk − zL(yk)‖2 + αkL〈yk − zL(yk), vk − yk〉

(41)

for any k ∈ N.
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With the use of the above expression for the functions ϕk we can derive an accelerated
version of the proximal hypodifferential descent method.

Lemma 4.6. Let α0 ∈ (0, 1), γ0 = Lα2
0 and sequences {xk}, {yk}, and {αk}k≥1 be

chosen according to the following equalities:

xk+1 = zL(yk), Lα2
k = γk+1, yk = αkvk + (1− αk)xk. (42)

Then for all k ∈ N one has

α2
k+1 = (1− αk+1)α

2
k, αk ∈ (0, 1), ϕ∗

k ≥ f(xk).

Proof. The equality for αk+1 follows directy from equalities Lα2
k = γk+1 and (39).

Note also that the equation t2 = (1− t)α2
k has a unique positive solution that lies in

the interval (0, 1), since the function g(t) = t2 − α2
k(1 − t) is strictly increasing on

[0, 1] and satisfies the equalities g(0) = −α2
k < 0 and g(1) = 1. Therefore, αk ∈ (0, 1)

for all k ∈ N.
Let us prove the inequality ϕ∗

k ≥ f(xk) by induction in k. Suppose that ϕ∗
k ≥ f(xk)

for some k ∈ N (recall that ϕ∗
0 = f(x0)). Applying Lemma 4.5 with x = xk, y = yk,

and γ = L one gets

f(xk) ≥ f(zL(yk)) + L〈yk − zL(yk), xk − yk〉+
L

2
‖yk − zL(yk))‖2.

Hence with the use of (41) and inequality ϕ∗
k ≥ f(xk) one obtains

ϕ∗
k+1 ≥ (1− αk)f(xk) + αk

(
f(zL(yk)) +

L

2
‖yk − zL(yk)‖2

)
− α2

kL
2

2γk+1

‖yk − zL(yk)‖2 + αkL〈yk − zL(yk), vk − yk〉

≥ f(zL(yk)) +

(
L

2
− α2

kL
2

2γk+1

)
‖yk − zL(yk)‖2

+ (1− αk)L

〈
yk − zL(yk), xk − yk +

αk

(1− αk)
(vk − yk)

〉
Consequently, ϕ∗

k+1 ≥ f(xk+1) due to equalities (42).

Observe that from (42) and (40) it follows that

vk+1 = vk −
αkL

γk+1
(yk − zL(yk)) = vk −

1

αk
(yk − xk+1)

= − 1

αk
(yk − αkvk) +

1

αk
xk+1 = −

1

αk
(1− αk)xk +

1

αk
xk+1

= xk +
1

αk
(xk+1 − xk).

Hence with the use of (42) one gets

yk+1 = αk+1vk+1 + (1− αk+1)xk+1

= αk+1xk +
αk+1

αk
(xk+1 − xk) + (1− αk+1)xk+1

= xk+1 +
αk+1(1− αk)

αk
(xk+1 − xk).



M. V. Dolgopolik / Hypodifferentials ... 1293

Thus, we arrive at the following method, which we call the accelerated proximal
hypodifferential descent method, whose theoretical scheme is given in Algorithm 3.

Algorithm 3: Accelerated proximal hypodifferential descent method

Initialisation. Choose an initial point x0 ∈ Q and parameter α0 ∈ (0, 1). Set
y0 = x0 and k = 0.
Step 1. Compute df(yk). Find an optimal solution xk+1 of the problem

min
x∈Q

max
(a,v)∈df(yk)

(a+ 〈v, x− yk〉) +
L

2
‖x− yk‖2.

Step 2. Find a solution αk+1 ∈ (0, 1) of the equation

α2
k+1 = (1− αk+1)α

2
k

and put yk+1 = xk+1 +
αk+1(1− αk)

αk
(xk+1 − xk).

Set k ← k + 1 and go to Step 1.

The following theorem describes the rate of convergence of this method. Let us note
that its proof largely repeats the way in which the rate of convergence of Nesterov’s
accelerated gradient descent method is estimated [37].

Theorem 4.7. Suppose that f attains a global minimum on the set Q and the
hypodifferential map df(·) is consistent on X and a Lipschitzian approximation of
f on X with Lipschitz constant L > 0. Let {xk} be the sequence generated by the
accelerated proximal hypodifferential descent method. Then for any k ∈ N one has

f(xk)− f∗ ≤
4L

(2
√
L+ k

√
γ0)2

(
f(x0)− f∗ +

γ0
2
‖x0 − x∗‖2

)
= O

(
1

k2

)
,

where f∗ = minx∈Q f(x∗) and x∗ is a point of global minimum of f on Q.

Proof. Define λ0 = 1 and λk+1 = (1− αk)λk for all k ∈ N. Let us check that

ϕk(x) ≤ (1− λk)f(x) + λkϕ0(x) ∀x ∈ X, k ∈ N. (43)

Indeed, in the case k = 0 the inequality is obvious. Suppose that it is satisfied for
some k ∈ N. Recall that

ϕk+1(x) = (1− αk)ϕk(x) + αk

(
f(zL(yk)) +

L

2
‖yk − zL(yk)‖2

)
+ αkL〈yk − zL(yk), x− yk〉.

Applying Lemma 4.5 with y = yk one gets that

ϕk+1(x) ≤ (1− αk)ϕk(x) + αkf(x) ∀x ∈ X.

Hence with the use of inequality (43) one obtains for any x ∈ X that

ϕk+1(x) ≤ (1− αk)
(
(1− λk)f(x) + λkϕ0(x)

)
+ αkf(x)

= (1− λk+1)f(x) + λk+1ϕ0(x).
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Thus, by induction inequality (43) holds true for all k ∈ N.
By the construction of the method one has f(xk) ≤ ϕ∗

k. Therefore by applying
inequality (43) one obtains that

f(xk) ≤ ϕ∗
k = min

x∈X
ϕk(x) ≤ min

x∈Q
ϕk(x) ≤ inf

x∈Q

(
(1− λk)f(x) + λkϕ0(x)

)
≤ (1− λk)f(x∗) + λkϕ0(x∗)

or, equivalently,

f(xk)− f∗ ≤ λk(ϕ0(x∗)− f∗) = λk

[
f(x0)− f∗ +

γ0
2
‖x0 − x∗‖2

]
(44)

for any k ∈ N.
Let us estimate λk. First, note that γk ≥ γ0λk for all k ∈ N. Indeed, γ0 = γ0λ0,
since λ0 = 1 by definition. Suppose that the inequality holds true for some k ∈ N.
Then

γk+1 = (1− αk)γk ≥ (1− αk)γ0λk = γ0λk+1,

which by induction implies that γk ≥ γ0λk or, equivalently, λk ≤ γk/γ0 for all k ∈ N.
For any k ∈ N one has

1√
λk+1

− 1√
λk

=
√
λk −

√
λk+1√

λkλk+1

=
λk − λk+1

(
√
λk +

√
λk+1)

√
λkλk+1

.

Recall that λk+1 = (1− αk)λk and αk ∈ (0, 1). Therefore

1√
λk+1

− 1√
λk

=
λk − (1− αk)λk

(
√
λk +

√
λk+1)

√
λkλk+1

=
αk

(1 +
√
1− αk)

√
λk+1

≥ αk

2
√

λk+1

.

Hence applying the inequality λk+1 ≤ γk+1/γ0 and the equality Lα2
k = γk+1 (see

Lemma 4.6) one obtains that

1√
λk+1

− 1√
λk

≥ αk

2

√
γ0

γk+1
=

1

2

√
γ0
L

for any k ∈ N, which implies that

1√
λk

≥ 1 +
k

2

√
γ0
L

⇐⇒ λk ≤
4L

(2
√
L+ k

√
γ0)2

∀k ∈ N.

Combining this inequality with (44) one obtains the required result.

5. Conclusions

We presented a general theory of hypodifferentials of nonsmooth convex functions
and its applications to nonsmooth convex optimization. The key difference between
subdifferentials and hypodifferentials is the fact that, in a sense, hypodifferentials
much closer resemble the gradient of a smooth convex function in its properties than
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subdifferentials. In particular, hypodifferentials possess many important properties
of the gradient that are widely used in convex optimization (such as continuity and
Lipschitz continuity, the property of being a Lipschitzian approximation, etc.), that
subdifferentials do not have. This important feature of hypodifferentials allowed
us to extend some of the results on smooth convex functions/convex optimization
methods to the general nonsmooth setting, which is apparently impossible to do in
the context of the theory of subdifferentials. For example, as we have shown, hy-
podifferentials can be used to generalize accelerated gradient methods to the case of
nonsmooth convex functions. Thus, from the theoretical point of view, the theory of
hypodifferentials provides one with new useful tools for studying nonsmooth convex
functions and problems.
Although the calculus rules and examples presented in the paper show how hypod-
ifferentials of nonsmooth convex functions can be computed in particular cases, it
must be said that hypodifferentials are often much more cumbersome and hard to
deal with from the computational point of view than subdifferentials/subgradients.
They provide significantly more information about the function than subdifferen-
tials/subgradients at the expense of much higher computational cost and memory
consumption. In particular, the higher rate of convergence of convex optimization
methods based on hypodifferentials in comparison with standard nonsmooth con-
vex optimization methods is achieved by a significant increase of complexity of each
iteration and each oracle call, which makes them inapplicable to large scale prob-
lems. However, in some applications (especially in the case of problems of moderate
dimensions), the higher rate of convergence of accelerated hypodifferential descent
methods might compensate for the significantly higher complexity of each iteration
to make such methods competitive in comparison with classical subgradient/bundle
methods.

Acknowledgements. The author is sincerely grateful to the anonymous reviewer
for carefully reading the paper, providing useful comments and suggestions, as well
as for helping to clarify the formulation of Corollary 3.5.
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