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This paper is devoted to the optimization of the discrete and hyperbolic differential inclusions for
polyhedral control problems with initial-boundary conditions. We formulate necessary and suffi-
cient optimality conditions in the form of an Euler-Lagrange inclusion and transversality condition
for the stated discrete problem. Then, to obtain optimality conditions for a discrete approxima-
tion problem, we approximate the discrete problem using the difference approximations of partial
derivatives and grid functions on a uniform grid. The idea of that discretization method is to
combine the discrete problem with the differential problem. Thus, the derivation of sufficient op-
timality conditions for the continuous problem is implemented by passing formally to the limit
as the discrete steps tend to zero in the discrete-approximation problem. Finally, we conduct a
numerical example to illustrate the efficiency of our results.
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1. Introduction

This paper focuses on formulating optimality conditions for optimal control prob-
lems constrained by partial discrete and differential inclusions. The history of such
conditions for optimal control problems governed by a partial differential equation
(PDE) and/or inclusion (PDI) research spans more than fifty years; many signif-
icant results on the PDE and PDI have been reported in the literature; see e.g.,
[11, 16, 20, 22, 25] and the references therein. PDE and PDI have recently emerged
in the mathematical modeling of various fields in engineering problems, such as
fluid mechanics, heat transfer, and mathematical physics. As in the theory of or-
dinary differential inclusions, they also appear in a variety of purely mathematical
considerations including calculus of variations [1, 2, 3, 5, 6, 9, 10, 12, 18, 19, 24].
There are numerous types of PDEs and methods for dealing with many of the
individual equations that arise as a result of the various sources. Order two elliptic,
parabolic, and hyperbolic PDEs have been extensively investigated since the early
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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twentieth century. The work [28] provides an overview of optimal control problems
constrained by linear and semi-linear elliptic and parabolic equations. In that book,
the related operator is assumed to be bounded and coercive for problems involving
linear PDEs. The corresponding operator fails to be coercive in the case of a Laplace
equation with Neumann boundary conditions.
Hyperbolic differential inclusions are a significant class of optimal control prob-
lems described by PDIs and set-valued mappings. To be more specific, the Cauchy
problem can be solved locally along any non-characteristic hypersurface for any ar-
bitrary initial data. Since many mechanical equations are hyperbolic, the study of
hyperbolic equations is of great current interest. The wave equation is a model of
hyperbolic equation that frequently appears in classical physics, such as mechanical
or light waves. Hyperbolic PDEs are also utilized to model a wide range of signifi-
cant phenomena such as Aerodynamic flows, atmospheric fluxes [26]. In the paper
[27], the authors investigate the optimal planning of drone navigation channels and
provide a mathematical model of multi-channel optimal planning based on the op-
timization of a combination of waves utilizing hyperbolic PDEs. The paper [14]
proves the equivalence of systems described by a single first-order hyperbolic PDE
and integral delay equations. The suggested methodology can be used to analyze
discontinuous solutions for nonlinear systems with measurable inputs acting on the
boundary and/or differential equation given by a single first-order hyperbolic PDE.
Existing results for hyperbolic differential inclusions have received remarkable atten-
tion in recent years [4]. The authors investigated existence results for the optimiza-
tion problem with classical initial conditions in separable Banach spaces when the
set-valued mapping has convex or non-convex values. In the paper [13], variational
problems in two independent variables with hyperbolic PDEs as side-conditions are
considered to obtain a result analogous to Pontryagin’s maximum principle. Differ-
ences in the theory of the corresponding PDEs or PDIs should be considered when
solving optimal control problems. The paper [8] is concerned with the boundary
value problems of nonlinear PDIs driven by a negative Laplacian, as well as the
set-valued term containing the gradient. The authors demonstrated the existence
of solutions to inclusions with convex and non-convex valued perturbations.
Many authors investigate the optimality conditions for optimal control problems
with hyperbolic differential inclusions. The paper [7] is devoted to an optimal control
problem given by hyperbolic differential inclusions with boundary conditions and
endpoint constraints. Moreover, the author provides an approach involving second-
order optimality conditions. The paper [15] deals with optimal control problems for
hyperbolic systems with deviating arguments that appear in integral form both in
the state equations and in the boundary conditions. Also, the author formulates
necessary and sufficient conditions of optimality for the Neumann problem. The
paper [21] is about discrete approximation on a uniform grid of the first boundary
value problem for hyperbolic differential inclusions. Based on the concepts of locally
adjoint mappings, the optimality conditions are derived for discrete and differential
problems in the form of Euler-Lagrange inclusions.
Given the above presentation, we are motivated to formulate optimality conditions
for the first mixed initial boundary value problems under consideration, which em-
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ploy discrete and differential inclusions. The present paper is concerned with one of
the most complicated and significant field-control theories of partial discrete and dif-
ferential inclusions. The problems presented, as well as the corresponding conditions
of optimality, are new. The structure of this paper is as follows.
In Section 2, we briefly present some basic notations and preliminaries for the set-
valued mappings and cone of tangent directions required for the paper; the defini-
tions and concepts can be found in the books [17] and [23].
Section 3 is devoted to the optimization of the discrete polyhedral problem PDH)
and, in particular, to new discrete results that play a decisive role in deriving opti-
mality conditions for the partial derivatives of the inclusion. Moreover, the speci-
ficity of the polyhedrality of the problem posed allows one to skillfully use Theorem
2.3 on minimization of a function for the intersection of a finite number of the set
for the general case. Thus, the standard condition for the presence of an interior
point of convex analysis is superfluous.
In Section 4, our main interest is to use finite difference approximations for con-
structing sufficient optimality conditions for hyperbolic PDIs. This discrete-approx-
imate connection is of principal importance for the proposed method in our prob-
lems. Without such an approach, one can hardly mention any optimal condition for
the differential problem. With this aim, we formulate the optimality conditions for
discrete-approximate problem (PA) by comparing the results for discrete inclusions.
In Section 5, we consider a polyhedral control problem described by hyperbolic PDIs
with initial-boundary conditions. The basic idea is to establish sufficient conditions
for the optimality of the differential problem. We prove the sufficient conditions
of optimality in terms of Euler-Lagrange inclusions and transversality conditions,
thanks to passing the formal limit in the optimality conditions for problems with
discrete-approximate inclusion.
The application of the given results is demonstrated in Section 6 by solving a numer-
ical example. Thus, the investigated example illustrates that the conditions of the
proved theorems and well-known results of classical optimal control theory coincide
for concrete problems.

2. Preliminary problem statements

In this section, we introduce some basic definitions and facts which are essential tools
in the later sections; see [17] and [23] for details. Let Rn denote the n-dimensional
Euclidean space equipped with the norm || · || induced by the inner product ⟨x, v⟩,
x, v ∈ Rn. F : R4n ⇒ Rn is a set-valued mapping from R4n = Rn × Rn × Rn × Rn

into the set of subsets of Rn. F is said to be convex if its graph
gphF = {(x, v1, v2, v3, v4) : v4 ∈ F (x, v1, v2, v3)}

is a convex subset of R5n. A set-valued mapping F is convex-closed if its gphF is
a convex-closed set in R5n. It is convex-valued if F (x, v1, v2, v3) is a convex set for
each (x, v1, v2, v3) ∈ domF , where domF = {(x, v1, v2, v3) : F (x, v1, v2, v3) ̸= ∅}.
The convex cone is one of the significant concepts in convex analysis and extremal
theory. The investigation of its properties is connected with the calculation of the
dual cone. The set of vectors x∗ ∈ Rn for which ⟨x, x∗⟩ ≥ 0 holds for all x ∈ K is
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called the dual cone to the cone K and is denoted by K∗. Given a set A ⊂ Rn and
a point z0 ∈ A, a vector z ∈ KA(z0) is a tangent direction to A at z0 if there is a
function γ : (0,+∞) → Rn with γ(t) → 0 as t ↓ 0 and such that z0 + tz + γ(t) ∈ A
for all t > 0 sufficiently small. The set KA(z0) of all such vectors is clearly a cone; it
is called the cone of tangent directions to A at z0. It should be pointed out that the
cone KA(z0) is not uniquely defined. Since tz, t > 0 is a vector of tangent direction,
if z is the same, then it is clear that such vectors form a cone.
A polyhedral convex set in Rn is a set that can be expressed as the intersection of
some finite family of closed half-spaces, that is, as the set of solutions to some finite
system of inequalities of the form ⟨x, x∗k⟩ ≤ βk, k = 1, . . . , l. In particular, if the
finite system of inequalities is homogeneous, the set of solutions to this finite system
of inequalities is called the polyhedral cone. A polyhedral set is closed.
It is known that if K1, K2, . . . , Km are convex cones in Rn , then K1+K2+ · · ·+Km

is also a convex cone and
(K1 +K2 + · · ·+Km)

∗ = K∗
1 ∩K∗

2 ∩ · · · ∩K∗
m.

Moreover, if the cones K1, . . . , Km are closed, then
K∗

1 +K∗
2 + · · ·+K∗

m = (K1 ∩K2 ∩ · · · ∩Km)
∗.

For polyhedral cones, K∗
1 + K∗

2 + · · · + K∗
m is also a polyhedral cone, this sum of

cones is closed and the bar above it can be removed.

Lemma 2.1. [17] If K1, K2, . . . , Km are polyhedral cones in Rn, then
K∗

1 +K∗
2 + · · ·+K∗

m = (K1 ∩K2 ∩ · · · ∩Km)
∗.

Theorem 2.2. [17, Farkas’s Theorem 1.13] If K is a polyhedral cone in Rn, then
the dual cone K∗ is polyhedral and consists of the elements of the form

x∗ =
m∑
i=1

γix
∗
i , γi ≥ 0.

A subgradient of a convex function f : Rn → R ∪ {+∞} at x0 where f is finite,
denoted x∗, is defined by the system of inequalities f(x)− f(x0) ≥ ⟨x∗, x− x0⟩ ∀ x.
The set of all subgradients at x0 denoted ∂f(x0) is referred to as the subdifferential
of f at x0. If the subdifferential at x0 consists of only one element, it is equal to the
gradient of f at x0, denoted ∇f(x0).
Suppose that x0 is a point minimizing a function f defined on a set A. It is well
known that the conditions that just characterize (somehow) the point x0 are called
the necessary conditions for an extremum. As a rule, if the minimized function and
the set A are convex, then the above conditions are sufficient for an extremum. Later
on, we use that detailed information about A gives us different necessary conditions
for various problems. Thus, in Theorem 3.2 [17], we see that if x1 ∈ A is a point
at which f is continuous, then in order for x0 to be such a point it is necessary
and sufficient that ∂f(x0) ∩ K∗

A(x0) ̸= ∅, where K∗
A(x0) is the dual cone to the

KA(x0) cone of tangent directions at a point x0 ∈ A. Then, by Theorem 3.2 [17],
in order for x0 to be a point minimizing f over A, it is necessary and sufficient that
0 ∈ ∂f(x0)−K∗

A(x0) . Moreover, this result is extended to the case where A is the
intersection of finitely many sets as follows.
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Theorem 2.3. [17] Let f be a proper convex function and suppose that A =
⋂m

i=1Ai

where Ai are convex sets. Let x1 ∈ A be a point of continuity of f . Then, in order
for x0 to be a point minimizing f over A, it is necessary that there exist points
x∗i ∈ K∗

Ai
(x0), i = 1, 2, . . . ,m; x∗ ∈ ∂f(x0) and a number λ ∈ {0, 1} such that

λx∗ = x∗1 + x∗2 + · · ·+ x∗m.

Here, if λ = 0 then at least one of the points x∗1, x∗2, . . . , x∗m is nonzero. If λ = 1,
then these conditions are also sufficient for the minimization of f .

For a convex set-valued mapping F at a point w0 = (x0, v01, v
0
2, v

0
3, v

0
4) ∈ gphF setting

γ(λ) ≡ 0, we have

KgphF (w
0) = cone

[
gphF − (w0)

]
=

{
(x, v1, v2, v3, v4) : x = λ(x− x0), vi = λ(vi − v0i ), i = 1, 2, 3, 4

}
,

for all (x, v1, v2, v3, v4) ∈ gphF . With a convex set-valued mapping F we associate
the set-valued mapping F ∗ defined by

F ∗(v∗4;w0
)
:=

{
(x∗, v∗1, v

∗
2, v

∗
3) : (x

∗, v∗1, v
∗
2, v

∗
3,−v∗4) ∈ K∗

gphF (w
0)
}

is a locally adjoint set-valued mapping (LAM) to F at a point w0 ∈ gphF , where
K∗

gphF (w
0) is the dual to the cone of tangent vectors KgphF (w

0).
In the first part of the paper, we consider the following polyhedral optimization
problem for discrete hyperbolic inclusions

minimize
∑

t=1,...,T
x=1,...,L−1

f(ux,t, x, t), (1)

(PDH) ux,t+1 ∈ F (ux,t−1, ux−1,t, ux,t, ux+1,t), (2)
ux,0 = α0x, ux,1 = α1x, x = 1, . . . , L− 1,

u0,t = β0t, uL,t = βLt, t = 1, . . . , T − 1, (3)
F (x, v1, v2, v3) = {v4 : A0x+ A1v1 + A2v2 + A3v3 −Bv4 ≤ d},

where f(·, x, t) : Rn → R is a real-valued polyhedral function, that is, its epigraph
epi f(·, x, t) is polyhedral set in Rn+1 and F : R4n ⇒ Rn is a polyhedral set-valued
mapping, A0, A1, A2, A3 and B, m × n dimensional matrices, d is a m-dimensional
column-vector, L, T are fixed natural numbers, α0x, α1x, β0t, β1t, x = 1, . . . , L − 1,
t = 1, . . . , T − 1 are fixed vectors.
We call that problem (PDH) optimal control of boundary-value problem for a dis-
crete inclusion of hyperbolic-type. A set of points {ux,t}R = {ux,t : (x, t) ∈ R}
where R = {(x, t) : x = 0, . . . , L, t = 0, . . . , T, (x, t) ̸= (0, 0), (L, 0), (0, T ), (L, T )}
is called a feasible solution for the stated problem if it satisfies the polyhedral inclu-
sions (2) and boundary conditions in (3). One can easily check that, for any fixed L
and T , the boundary condition in (3) possesses a feasible solution and the number
of points to be determined is equal to the number of discrete inclusions. In this
sense, the name “discrete hyperbolic inclusion” is justified.
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In the second part of the paper, we investigate the following polyhedral problem for
hyperbolic differential inclusion

minimize J [u(·, ·)] =
∫∫
D

f(u(x, t), x, t)dxdt+

∫ L

0

f0(u(x, T ), x)dx, (4)

(PCH) �u(x, t) ∈ F (u(x, t), x, t), (x, t) ∈ D := [0, L]× [0, T ], (5)

u(x, 0) = φ0(x) ,
∂u

∂t
(x, 0) = φ1(x),

u(0, t) = ψ0(t) , u(L, t) = ψ1(t), (6)

where � is the operator defined as � = ∂2

∂t2
− ∂2

∂x2 . Moreover, F : Rn ⇒ Rn is a
polyhedral set-valued mapping given by

F (y) = {z : Py −Qz ≤ d},

where P,Q are m × n dimensional matrices, the functions f(·, x, t) : Rn → R and
f0(·, x) : Rn → R are polyhedral and φ0(x), φ1(x), ψ0(t), ψ1(t) are proper continuous
functions, L and T are fixed real positive numbers.
Here the solution is understood as the classical solution. We use the following no-
tation: Ω = (0, L) × (0, T ), Γ = {(0, t) : t ∈ (0, T )} ∪ {(L, t) : t ∈ (0, T )}, and
Γ0={(x, 0) :x∈ [0, L]}. A function belonging to the space C2(Ω) ∩ C1(Ω ∪ Γ ∪ Γ0),
satisfying in Ω the differential inclusion (5), initial conditions u(x, 0) = φ0(x),
ut(x, 0) = φ1(x) in Γ0, and boundary conditions u(0, t) = ψ0(t) , u(L, t) = ψ1(t) in
Γ, is called a classical feasible solution. In fact, according to the classical theory of
hyperbolic differential equations, problem (4)–(6) can be called a Bolza type prob-
lem for the first mixed problem for hyperbolic differential inclusions. It should be
noted that the definition of a solution in one sense or another (classical, generalized,
etc.) in no way prevents the implementation of this result for the class of problems
under consideration. We label this problem (PCH).

3. The optimality principle for polyhedral partial discrete inclusions

In this section, we formulate necessary and sufficient conditions of optimality for
the polyhedral problem (PDH) with discrete inclusions. For this purpose, we con-
sider the integer m = 2n(L − 1) + n(T − 1)(L + 1), the L-dimensional vectors
ut = (u0,t, u1,t, . . . , uL,t) ∈ Rn(L+1), t = 1, . . . , T −1, u0 = (u1,0, . . . , uL−1,0) ∈ Rn(L−1)

and uT = (u1,T , . . . , uL−1,T ) ∈ Rn(L−1), w = (u0, u1, . . . , uT−1, uT ) ∈ Rm and define
the following convex sets in the space Rm

Mx,t =
{
w = (u0, . . . , uT ) : (ux,t−1, ux−1,t, ux,t, ux+1,t, ux,t+1) ∈ gphF

}
,

x = 1, . . . , L− 1, t = 1, . . . , T − 1,

M0 =
{
w = (u0, . . . , uT ) : ux,0 = α0x, x = 1, . . . , L− 1

}
,

MT =
{
w = (u0, . . . , uT ) : ux,T = αTx, x = 1, . . . , L− 1

}
,

N1 =
{
w = (u0, . . . , uT ) : u0,t = β0t, t = 1, . . . , T − 1

}
,
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N2 =
{
w = (u0, . . . , uT ) : uL,t = βLt, t = 1, . . . , T − 1

}
.

We formulate a convex minimization problem in the space Rm which is equivalent
to the problem (PDH) as follows:

minimize g(w) =
∑

t=1,...,T
x=1,...,L−1

f(ux,t, x, t) (7)

w ∈ C :=
( ⋂

x=1,...,L−1
t=1,...,T−1

Mx,t

)
∩M0 ∩MT ∩N1 ∩N2,

where C is the convex set. This transformation allows us to prove rigorously that if
w̃ = (ũ0, . . . , ũT ) is an optimal solution to the problem (PDH), then w̃ is an optimal
solution to the problem (7).
Let KMx,t(w̃), KM0(w̃), KMT

(w̃), KN1(w̃), KN2(w̃) be the cone of tangent directions,
where w̃ ∈ C. Moreover, let K∗

M0
(w̃) be the dual cone to the cone of tangent direc-

tions, i.e. K∗
M0

(w̃) = {w∗ : ⟨w,w∗⟩ ≥ 0, ∀ w ∈ KM0(w̃)}. Then, following The-
orem 2.3, there exist vectors w∗(x, t) ∈ K∗

Mx,t
(w̃), w0∗ ∈ K∗

M0
(w̃), wT∗ ∈ K∗

MT
(w̃),

w1∗ ∈ K∗
N1
(w̃) and w2∗ ∈ K∗

N2
(w̃) not all equal to zero such that

w∗ =
∑

x=1,...,L−1
t=1,...,T−1

w∗(x, t) + w0∗ + wT∗ + w1∗ + w2∗, (8)

where w∗ ∈ ∂g(w̃). Note that since the considered functions and mappings are
polyhedral in the problem (PDH), by virtue of Lemma 2.1 for the dual cone to
the algebraic sum of polyhedral cones, the regularity condition in Theorem 2.3 is
superfluous. With respect to the necessary and sufficient conditions of optimality,
it is clear that the representation in formula (8) holds with λ = 1 for the point
w∗ ∈ ∂g(w̃)∩K∗

C(w̃). Then by denoting w∗ = (u∗0, u
∗
1, . . . , u

∗
T−1, u

∗
T ), it can be easily

seen that

K∗
M0

(w̃) = {w∗ : u∗t = 0, t = 1, . . . , T},
K∗

MT
(w̃) = {w∗ : u∗t = 0, t ̸= T, u∗0,T = u∗L,T = 0},

K∗
N1
(w̃) = {w∗ : u∗x,t = 0, t = 1, . . . , T − 1 , x ̸= 0, u∗0 = u∗T = 0},

K∗
N2
(w̃) = {w∗ : u∗x,t = 0, t = 1, . . . , T − 1, x ̸= L, u∗0 = u∗T = 0}. (9)

Now, taking into account the definition of a polyhedral discrete inclusion (1), we
calculate the dual cone K∗

Mx,t
(w̃). Then ux,t+1 ∈ F (ux,t−1, ux−1,t, ux,t, ux+1,t)

means that A0ux,t−1 +A1ux−1,t +A2ux,t +A3ux+1,t −Bux,t+1 ≤ d, (x = 1, . . . , L− 1,
t = 1, . . . , T − 1). Let Ai

0, A
i
1, A

i
2, A

i
3, B

i be the i-th row of the matrices A0, A1, A2,
A3, B, respectively and di be the i-th component of the vector d.

KgphF (ṽ) = {v : ṽ + µv ∈ gphF for sufficiently small µ > 0},

where ṽ = (x̃, ṽ1, ṽ2, ṽ3, ṽ4). Now for

I(ṽ) = {i : Ai
0x̃+ Ai

1ṽ1 + Ai
2ṽ2 + Ai

3ṽ3 −Biṽ4 = di, i = 1, . . . ,m}
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the inequality

Ai
0(x̃+ µx) +

3∑
j=1

[
Ai

j(ṽj + µvj)
]
−Bi(ṽ4 + µv4)

= di + µ
(
Ai

0x+
3∑

j=1

Ai
jvj −Biv4

)
≤ di

holds if Ai
0x+

3∑
j=1

Ai
jvj −Biv4 ≤ 0, i ∈ I(ṽ). If i ̸∈ I(ṽ) then the inequality

Ai
0(x̃+ µx) +

3∑
j=1

[
Ai

j(ṽj + µvj)
]
−Bi(ṽ4 + µv4)

=
(
Ai

0x̃+
3∑

j=1

Ai
j ṽj −Biṽ4

)
+ µ

(
Ai

0x+
3∑

j=1

Ai
jvj −Biv4

)
< di

is valid for sufficiently small µ > 0 regardless of the choice of v = (x, v1, v2, v3, v4).
It follows that the polyhedral cone has the form

KgphF (ṽ) =
{
v : Ai

0x+
3∑

j=1

Ai
jvj −Biv4 ≤ 0, i ∈ I(ṽ)

}
.

Using Farkas’ Theorem 2.2 we easily see that (x∗, v∗1, v
∗
2, v

∗
3, v

∗
4) ∈ K∗

gphF (ṽ) if and
only if

x∗ = −
∑
i∈I(ṽ)

Ai∗
0 µi, v

∗
j = −

∑
i∈I(ṽ)

Ai∗
j µi, j = 1, 2, 3, v∗4 =

∑
i∈I(ṽ)

B∗
i µi, µi ≥ 0, (10)

where Ai∗
0 , A

i∗
j , (j = 1, 2, 3), B∗

i are transposed vectors of Ai
0, A

i
j, (j = 1, 2, 3), Bi

respectively. Now setting µi = 0, i ̸∈ I(ṽ) and denoting by µ the vector column
with components µi, we obtain that the polyhedral dual cone is calculated by the
formula

K∗
gphF (ṽ) =

{
(x∗, v∗1, v

∗
2, v

∗
3, v

∗
4) : x

∗ = −A∗
0µ, v

∗
j = −A∗

jµ, j = 1, 2, 3,

v∗4 = B∗µ,
〈
A0x̃+

3∑
j=1

Aj ṽj −Bṽ4 − d, µ
〉
= 0, µ ≥ 0

}
.

Moreover, for the polyhedral LAM from the definition, we have

F ∗(v∗4; (x̃, ṽ1, ṽ2, ṽ3, ṽ4)) =
{
(−A∗

0µ,−A∗
1µ,−A∗

2µ,−A∗
3µ) : v∗4 = −B∗µ,〈

A0x̃+
3∑

j=1

Aj ṽj −Bṽ4 − d, µ
〉
= 0 , µ ≥ 0

}
.

It should be noted that F ∗(v∗4; ṽ) does not depend on point ṽ but depends on the set
I(ṽ). Since the number of such sets is finite it follows that the number of different
LAM F ∗(v∗4; ṽ) is finite. Then we have proved the following lemma.
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Lemma 3.1. The dual cone of the tangent directions K∗
Mx,t

(w̃) has the form

K∗
Mx,t

(w̃) =
{
w∗(x, t) : u∗x,t−1(x, t) = −A∗

0µx,t, u
∗
x−1,t(x, t) = −A∗

1µx,t,

u∗x,t(x, t) = −A∗
2µx,t, u∗x+1,t(x, t) = −A∗

3µx,t, u
∗
x,t+1(x, t) = B∗µx,t,

u∗ij(x, t) = 0, (i, j) ̸= (x, t− 1), (x− 1, t), (x, t), (x+ 1, t), (x, t+ 1),〈
A0ũx,t−1 + A1ũx−1,t + A2ũx,t + A3ũx+1,t −Bũx,t+1 − d, µx,t

〉
= 0 , µx,t ≥ 0

}
,

x = 1, . . . , L− 1, t = 1, . . . , T − 1.

As mentioned at the beginning of this section, we are concerned with establishing
necessary and sufficient conditions of optimality for the polyhedral problem (PDH).
To this end, we propose the following theorem.

Theorem 3.2. Let F : R4n ⇒ Rn be a polyhedral set-valued mapping and f be
proper polyhedral function and continuous at the points of some feasible solution.
Then for {ũx,t}R to be an optimal solution of the problem (PDH) with polyhedral
discrete inclusions and boundary constraints, it is necessary and sufficient that there
exist vectors µx,t, x = 0, . . . , L, t = 0, . . . , T , not all equal zero satisfying the Euler-
Lagrange discrete inclusions

−A∗
0µx,t+1 − A∗

1µx+1,t − A∗
2µx,t − A∗

3µx−1,t +B∗µx,t−1 ∈ ∂f(ũx,t, x, t),

x = 1, . . . , L− 1, t = 1, . . . , T − 1,〈
A0ũx,t−1 + A1ũx−1,t + A2ũx,t + A3ũx+1,t −Bũx,t+1 − d, µx,t

〉
= 0 , µx,t ≥ 0,

and transversality conditions
µ0,t = µL,t = 0, t = 1, . . . , T − 1, µx,T = 0 , x = 1, . . . , L− 1,

B∗µx,T−1 ∈ ∂f(ũx,T , x, T ), x = 1, . . . , L− 1.

Proof. Note that [w∗]x,t denotes the components of the vector w∗ for the given pair
(x, t). Then by using the formulas in (9), we derive that[ ∑

x=1,...,L−1
t=1,...,T−1

w∗(x, t) + w0∗ + wT∗ + w1∗ + w2∗
]
x,t

= [w∗]x,t

= u∗x,t(x, t+ 1) + u∗x,t(x+ 1, t) + u∗x,t(x, t) + u∗x,t(x− 1, t) + u∗x,t(x, t− 1), (11)

where w∗ ∈ ∂g(w̃) and it means that [w∗]x,t = uf∗x,t ∈ ∂f(ũx,t, x, t), x = 1, . . . , L−1,
t = 1, . . . , T . Then from Lemma 3.1, we have

−A∗
0µx,t+1 − A∗

1µx+1,t − A∗
2µx,t − A∗

3µx−1,t +B∗µx,t−1 ∈ ∂f(ũx,t, x, t),

x = 1, . . . , L− 1, t = 1, . . . , T − 1, (12)〈
A0ũx,t−1 + A1ũx−1,t + A2ũx,t + A3ũx+1,t −Bũx,t+1 − d, µx,t

〉
= 0 ,

µx,t ≥ 0 , t = 1, . . . , T − 1, x = 1, . . . , L− 1. (13)
For a convenient form in the previous formula, we can arrange µ0,t = µL,t = 0,
t = 1, . . . , T − 1, µx,T = 0, x = 1, . . . , L− 1. Moreover, from the components of the
equality (11), we have u∗x,T (x, T − 1) ∈ ∂f(ũx,T , x, T ) , x = 1, . . . , L − 1 or more
convenient form B∗µx,T−1 ∈ ∂f(ũx,T , x, T ) , x = 1, . . . , L − 1. This ends the proof
of the theorem.
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4. Polyhedral partial discrete-approximate inclusions

The discretization method combines the polyhedral problem of discrete inclusions
(PDH) with the differential problem (PCH). We use difference operators to ap-
proximate the problem (PCH) and apply Theorem 3.2 to obtain the necessary and
sufficient conditions of optimality. We choose steps h and δ on the x, t-axes, respec-
tively and use the grid functions ux,t = uhδ(x, t) on a uniform grid on D.

�u(x, t) =
∂2u

∂t2
(x, t)− ∂2u

∂x2
(x, t) = Eu(x, t)−Gu(x, t),

where Eu(x, t) = ∂2u
∂t2

(x, t), Gu(x, t) = ∂2u
∂x2 (x, t). The following difference operators

are easily defined on the three-point models, i.e. each of the operators Eu(x, t),
Gu(x, t) is approximated by the Ẽu(x, t), G̃u(x, t):

Ẽu(x, t) :=
u(x, t+ δ)− 2u(x, t) + u(x, t− δ)

δ2

G̃u(x, t) :=
u(x+ h, t)− 2u(x, t) + u(x− h, t)

h2
.

As a result, we have the following discrete-approximate problem associated with the
problem (PCH):

min Jhδ(u(x, t)) =
∑

x=0,...,L−h
t=0,...,T−δ

δhf(u(x, t), x, t) +
∑

x=0,...,L−h

hf0(u(x, T ), x), (14)

(PA) Ẽu(x, t)− G̃u(x, t) ∈ F (u(x, t), x, t), (15)
u(x, 0) = φ0(x) , u(x, δ) = φ0(x) + δφ1(x), x = h, 2h, . . . , L− h,

u(0, t) = ψ0(t) , u(L, t) = ψ1(t), t = δ, 2δ, . . . , T − δ. (16)

Here (x, t) ∈ Rδh =

{
(x, t) :

x = 0, h, . . . , L, t = 0, δ, . . . , T,

(x, t) ̸= (0, 0), (0, T ), (L, 0), (L, T )

}
.

Then we establish the optimality conditions of the discrete-approximate problem
(PA) associated with the continuous problem (PCH) as follows.

Theorem 4.1. Let f(·, x, t) and f0(·, x) be proper polyhedral functions and contin-
uous at the points on some feasible solution. Then for the optimality of the solution
{ũ(x, t)} in the problem (PA), it is necessary and sufficient that there exist functions
µ = µhδ not all equal to zero, such that
(i) Q∗[Ẽµ(x, t)− G̃µ(x, t)

]
− P ∗µ(x, t) ∈ ∂f(ũ(x, t), x, t),

x = h, . . . , L− h, t = δ, . . . , T − δ,
(ii)

〈
Pũ(x, t)−Q

[
Ẽũ(x, t)− G̃ũ(x, t)

]
− d, µ(x, t)

〉
= 0 , µ(x, t) ≥ 0,

(iii) µ(0, t) = µ(L, t) = 0, t = δ, . . . , T − δ, µ(x, T ) = 0 , x = h, . . . , L− h,

Q∗
[
µ(x, T − δ)− µ(x, T )

δ

]
∈ ∂f0(ũ(x, T ), x, T ) , x = h, . . . , L− h.
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Proof. From the inclusion (15), it follows that

Pu(x, t)−Q
[
1

δ2

(
u(x, t+ δ)− 2u(x, t) + u(x, t− δ)

)
− 1

h2

((
u(x+ h, t)

−2u(x, t) + u(x− h, t)
)]

≤ d , x = h, . . . , L− h, t = δ, . . . , T − δ. (17)

Then the following inequality is equivalent with (4) by rewriting the form of the
inclusion (2) in the discrete problem (PDH):

− 1

δ2
Qu(x, t− δ) +

1

h2
Qu(x− h, t) +

[
P + 2(

1

δ2
− 1

h2
)Q

]
u(x, t) +

1

h2
Qu(x+ h, t)

− 1

δ2
Qu(x, t+ δ) ≤ d , x = h, . . . , L− h, t = δ, . . . , T − δ.

Now denoting A0 = − 1

δ2
Q, A1 =

1

h2
Q, A2 = P + 2

( 1

δ2
− 1

h2

)
Q, A3 =

1

h2
Q, and

B =
1

δ2
Q we have a problem (1)–(3) where

A0ux,t−1+A1ux−1,t+A2ux,t+A3ux+1,t−Bux,t+1 ≤ d, x = 1, . . . , L−1, t = 1, . . . , T−1.

Therefore, taking into account (k0A0+k1A1)
∗ = k0A

∗
0+k1A

∗
1(k0, k1 are real numbers)

and applying Theorem 3.2 we have

−A∗
0µx,t+1 − A

∗
1µx+1,t − A2µx,t − A

∗
3µx−1,t +B

∗
µx,t−1 ∈ ∂f(ũx,t, x, t),

x = 1, . . . , L− 1, t = 1, . . . , T − 1.

Then for the discrete-approximate problem we deduce that
1

δ2
Q∗µ(x, t+ δ)− 1

h2
Q∗µ(x+ h, t)−

[
P ∗ + 2(

1

δ2
− 1

h2
)Q∗

]
µ(x, t)

− 1

h2
Q∗µ(x− h, t) +

1

δ2
Q∗µ(x, t− δ) ∈ δh∂f(ũ(x, t), x, t),

x = h, . . . , L− h, t = δ, . . . , T − δ. (18)

Then divide both sides of the inclusion (4) by δh and denoting µ(x, t) = δhµ(x, t),
we write that

Q∗
[
µ(x, t+ δ)− 2µ(x, t) + µ(x, t− δ)

δ2

]
−Q∗

[
µ(x+ h, t)− 2µ(x, t)− µ(x− h, t)

h2

]
−P ∗µ(x, t) ∈ ∂f(ũ(x, t), x, t) , x = h, . . . , L− h, t = δ, . . . , T − δ,

or, in terms of the difference operators Ẽ and G̃ we rewrite inclusion (i) of the
theorem in a more convenient form as follows

Q∗[Ẽµ(x, t)− G̃µ(x, t)
]
− P ∗µ(x, t) ∈ ∂f(ũ(x, t), x, t),

x = h, . . . , L− h, t = δ, . . . , T − δ. (19)

On the other hand, from formula (13) written in terms of Ai, (i = 0, 1, 2, 3) and B,
we see that〈

A0u(x, t− δ) + A1u(x− h, t) + A2u(x, t) + A3u(x+ h, t)−Bu(x, t+ δ)− d ,

µ(x, t)
〉
= 0 , µ(x, t) ≥ 0, x = h, . . . , L− h, t = δ, . . . , T − δ,
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or, equivalently, dividing both sides of the last relation by δh and expressing Ai,
(i = 0, 1, 2, 3) and B again by P,Q, Ẽ, G̃ we derive that〈

Pũ(x, t)−Q
[
Ẽũ(x, t)− G̃ũ(x, t)

]
− d, µ(x, t)

〉
= 0 ,

µ(x, t) ≥ 0 , x = h, . . . , L− h, t = δ, . . . , T − δ. (20)

Using the optimality conditions of Theorem 3.2 involved in the transversality con-
ditions above, we further have

µ(0, t) = µ(L, t) = 0, t = δ, . . . , T − δ, µ(x, T ) = 0 ,

1

δ2
Q∗µ(x, T − δ) ∈ h∂f0(ũ(x, T ), x, T ) , x = h, . . . , L− h.

Again using µ(x, t) = δhµ(x, t), we have

µ(0, t) = µ(L, t) = 0, t = δ, . . . , T − δ, µ(x, T ) = 0 ,

Q∗
[
µ(x, T − δ)− µ(x, T )

δ

]
∈ ∂f0(ũ(x, T ), x, T ) , x = h, . . . , L− h. (21)

Then, from relations (4), (4), and (4), we obtain the proof of the theorem.

5. Sufficient conditions of optimality for partial differential inclusions
of hyperbolic type

By passing formally to the limit in conditions of Theorem 4.1 as h → 0, δ → 0, we
derive sufficient conditions of optimality for polyhedral problem (PCH) with PDIs
of hyperbolic type:
(a) Q∗�µ(x, t)− P ∗µ(x, t) ∈ ∂f(ũ(x, t), x, t), (x, t) ∈ D,

(b)
〈
Pũ(x, t)−Q�ũ(x, t)− d, µ(x, t)

〉
= 0 , µ(x, t) ≥ 0,

(c) µ(0, t) = µ(L, t) = 0, t ∈ (0, T ),
µ(x, T ) = 0 , −Q∗ ∂µ(x, T )

∂t
∈ ∂f0(ũ(x, T ), x, T ), x ∈ (0, L).

It should be noted that the solution is taken in the space of classical solutions only
for the sake of simplicity in the Euler-Lagrange inclusions (a). Now we are ready to
present our results for differential inclusions as follows.
Theorem 5.1. Let the functions f and f0 be continuous and polyhedral functions
with respect to u and F be a polyhedral mapping. Then for the optimality of a
solution ũ(·, ·) in problem (PCH) for hyperbolic differential inclusions, it is sufficient
that there exists µ(x, t) such that conditions (a),(b) and (c) hold.

Proof. Because of the definition of subdifferential, we have

f(u(x, t), x, t)− f(ũ(x, t), x, t) ≥
〈
Q∗�µ(x, t)− P ∗µ(x, t), u(x, t)− ũ(x, t)

〉
. (22)

By condition (b) of the theorem and the inclusion (5), we write〈
Pu(x, t)−Q�u(x, t)− d, µ(x, t)

〉
≤

〈
Pũ(x, t)−Q�ũ(x, t)− d, µ(x, t)

〉
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in other words,〈
− P ∗µ(x, t) , u(x, t)− ũ(x, t)

〉
≥ −

〈
�u(x, t)−�ũ(x, t), Q∗µ(x, t)

〉
. (23)

Using (22) and (23), we further obtain

f(u(x, t), x, t)− f(ũ(x, t), x, t) ≥
〈
Q∗�µ(x, t) , u(x, t)− ũ(x, t)

〉
−
〈
�u(x, t)−�ũ(x, t), Q∗µ(x, t)

〉
. (24)

Then integrating the inequality (5) over D = [0, L]× [0, T ], we have∫∫
D

[
f(u(x, t), x, t)−f(ũ(x, t), x, t)

]
dxdt ≥

∫∫
D

[〈
Q∗�µ(x, t), u(x, t)−ũ(x, t)

〉]
dxdt

−
∫∫
D

[〈
�u(x, t)−�ũ(x, t), Q∗µ(x, t)

〉]
dxdt. (25)

To calculate the right-hand side of the inequality (25), let’s transform the following
integral:∫∫

D

[〈
Q∗�µ(x, t) , u(x, t)− ũ(x, t)

〉]
dxdt−

∫∫
D

[〈
�u(x, t)−�ũ(x, t),

Q∗µ(x, t)
〉]
dxdt =

∫∫
D

[〈
Q∗ ∂2µ(x, t)

∂t2
, u(x, t)− ũ(x, t)

〉]
dxdt

−
∫∫
D

[〈∂2
(
u(x, t)− ũ(x, t)

)
∂t2

, Q∗µ(x, t)
〉]
dxdt−

∫∫
D

[〈
Q∗ ∂2µ(x, t)

∂x2
,

u(x, t)− ũ(x, t)
〉]
dxdt+

∫∫
D

[〈∂2
(
u(x, t)− ũ(x, t)

)
∂x2

, Q∗µ(x, t)
〉]
dxdt. (26)

Then it is easy to see that∫∫
D

[〈
Q∗ ∂2µ(x, t)

∂t2
, u(x, t)− ũ(x, t)

〉]
dxdt−

∫∫
D

[〈∂2
(
u(x, t)− ũ(x, t)

)
∂t2

,

Q∗µ(x, t)
〉]
dxdt =

∫∫
D

∂

∂t

[〈
u(x, t)− ũ(x, t) , Q∗ ∂µ(x, t)

∂t

〉]
dxdt

−
∫∫
D

[
∂

∂t

〈∂(u(x, t)− ũ(x, t)
)

∂t
, Q∗µ(x, t)

〉]
dxdt

=

∫ L

0

[〈
u(x, T )− ũ(x, T ) , Q∗ ∂µ(x, T )

∂t

〉
−

〈
u(x, 0)− ũ(x, 0) , Q∗ ∂µ(x, 0)

∂t

〉]
dx

−
∫ L

0

[〈∂(u(x, T )− ũ(x, T )
)

∂t
, Q∗µ(x, T )

〉
−

〈∂(u(x, 0)− ũ(x, 0)
)

∂t
, Q∗µ(x, 0)

〉]
dx.
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Then, since u(x, t) and ũ(x, t) are feasible on the initial conditions u(x, 0) = ũ(x, 0) =
φ0(x) and ut(x, 0) = ũt(x, 0) = φ1(x), we deduce from the last relation that∫∫

D

[〈
Q∗ ∂2µ(x, t)

∂t2
, u(x, t)− ũ(x, t)

〉]
dxdt−

∫∫
D

[〈∂2
(
u(x, t)− ũ(x, t)

)
∂t2

,

Q∗µ(x, t)
〉]
dxdt =

∫ L

0

[〈
u(x, T )− ũ(x, T ) , Q∗ ∂µ(x, T )

∂t

〉]
dx. (27)

Moreover, it is clear to see that

−
∫∫
D

[〈
Q∗ ∂2µ(x, t)

∂x2
, u(x, t)− ũ(x, t)

〉]
dxdt+

∫∫
D

[〈∂2
(
u(x, t)− ũ(x, t)

)
∂x2

,

Q∗µ(x, t)
〉]
dxdt = −

∫∫
D

[
∂

∂x

〈
u(x, t)− ũ(x, t) , Q∗ ∂µ(x, t)

∂x

〉]
dxdt

+

∫∫
D

[
∂

∂x

〈∂(u(x, t)− ũ(x, t)
)

∂x
, Q∗µ(x, t)

〉]
dxdt

= −
∫ T

0

[〈
u(L, t)− ũ(L, t) , Q∗ ∂µ(L, t)

∂x

〉
−
〈
u(0, t)− ũ(0, t) , Q∗ ∂µ(0, t)

∂x

〉]
dt

+

∫ T

0

[〈∂(u(L, t)− ũ(L, t)
)

∂x
, Q∗µ(L, t)

〉
−
〈∂(u(0, t)− ũ(0, t)

)
∂x

, Q∗µ(0, t)
〉]
dt. (28)

Again in view of the boundary conditions u(0, t) = ũ(0, t) = ψ0(t) and u(L, t) =
ũ(L, t) = ψ1(t), the difference between the integrals in formula (28) is equal to zero.
Considering equations (26), (27) and (28), we obtain the following formula∫∫

D

[〈
Q∗�µ(x, t) , u(x, t)− ũ(x, t)

〉]
dxdt−

∫∫
D

[〈
�u(x, t)−�ũ(x, t),

Q∗µ(x, t)
〉]
dxdt =

∫ L

0

[〈
u(x, T )− ũ(x, T ) , Q∗ ∂µ(x, T )

∂t

〉]
dx. (29)

Therefore, from the inequality (25), we conclude that∫∫
D

[
f(u(x, t), x, t)− f(ũ(x, t), x, t)

]
dxdt

≥
∫ L

0

[〈
u(x, T )− ũ(x, T ) , Q∗ ∂µ(x, T )

∂t

〉]
dx. (30)

Moreover, by the transversality condition of the theorem, we have

f0(u(x, T ), x, T )− f0(ũ(x, T ), x, T ) ≥
〈
−Q∗ ∂µ(x, T )

∂t
, u(x, T )− ũ(x, T )

〉
. (31)
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Then, integrating inequality (31) on the interval [0, L], we obtain:∫ L

0

[
f0(u(x, T ), x, T )− f0(ũ(x, T ), x, T )

]
dx

≥ −
∫ L

0

〈
Q∗ ∂µ(x, T )

∂t
, u(x, T )− ũ(x, T )

〉
dx. (32)

Then, combining (30) with (32), we get∫∫
D

[
f(u(x, t), x, t)− f(ũ(x, t), x, t)

]
dxdt

+

∫ L

0

[
f0(u(x, T ), x, T )− f0(ũ(x, T ), x, T )

]
dx ≥ 0. (33)

Consequently, for any feasible solution u(·, ·), J(u(x, t)) ≥ J(ũ(x, t)); i.e. ũ(·, ·) is
an optimal solution. This completes the proof.

6. Application

The purpose of this section is to provide a bit of insight into why our main result
is effective and applicable. One of the convenient ways to apply Theorem 3.2 is to
formulate its optimality conditions for optimal control of a boundary value problem
for discrete inclusions. For example, consider the following discrete model:

minimize
∑

x=1,...,9
t=1,...,10

(x+ 2t)ux,t, (34)

ux,t+1 ∈ F (ux,t−1, ux−1,t, ux,t, ux+1,t), x = 1, . . . , 9, t = 1, . . . , 9

u1,0 = 0, u2,0 = 4, u3,0 = 10, u4,0 = 12, u5,0 = −16, u6,0 = 20,

u7,0 = 0, u8,0 = 24, u9,0 = 0, u0,1 = 2, u0,2 = 0, u0,3 = −4, u0,4 = 8,

u0,5 = 12, u0,6 = −3, u0,7 = 5, u0,8 = 0, u0,9 = 1, u10,1 = 7, u10,2 = 3,

u10,3 = −2, u10,4 = 0, u10,5 = 1, u10,6 = 14, u10,7 = 0, u10,8 = 6, u10,9 = 0,

u1,10 = −34, u2,10 = 0, u3,10 = 16, u4,10 = 0, u5,10 = −5, u6,10 = 12,

u7,10 = 0, u8,10 = −1, u9,10 = 0. (35)

Here f(ux,t, x, t) ≡ (x+2t)ux,t, F (x, v1, v2, v3) = {v4 : −x− v1+ v2−2v3−4v4 ≤ 0},
A0 ≡ −1, A1 ≡ −1, A2 ≡ 1, A3 ≡ −2, B ≡ 4, d = 0 and T = 10, L = 10 in the
problem (PDH). Since f is differentiable function, we have ∂f(ũx,t, x, t) ≡ x + 2t,
x = 1, . . . , 9, t = 1, . . . , 10. Then taking into account Theorem 3.2, we write

µx,t+1 + µx+1,t − µx,t + 2µx−1,t + 4µx,t−1 = x+ 2t, x = 1, . . . , 9, t = 1, . . . , 9,

µ0,t = µ10,t = 0, t = 1, . . . , 9, µx,10 = 0 , 4µx,9 = x+ 20, x = 1, . . . , 9. (36)

By the formula (36), we find µx,t, x = 1, . . . , 9, t = 0, . . . , 9 in the following Table 1.
Moreover, by the definition of the set-valued mapping F , it should be noted that all
µx,t, x = 1, . . . , 9, t = 0, . . . , 9 in Table 1 being positive coincides with the results in
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the optimal control theory. This kind of reasoning does not compute the minimum
value, of course, but it gives us a strong clue about whether the discrete problem is
well-posed.

Table 1: The values of variables µx,t, x = 1, . . . , 9, t = 0, . . . , 9.
On the other hand, from Theorem 3.2, we have〈

− ũx,t−1 + ũx−1,t + ũx,t − 2ũx+1,t − 4ũx,t+1, µx,t

〉
= 0 , µx,t ≥ 0, (37)

x = 1, . . . , 9, t = 1, . . . , 9 and since µx,t ̸= 0, x = 1, . . . , 9, t = 1, . . . , 9 in Table 1,
we derive that

−ũx,t−1 + ũx−1,t + ũx,t − 2ũx+1,t − 4ũx,t+1 = 0, x = 1, . . . , 9, t = 1, . . . , 9. (38)

Then, taking into account boundary conditions (36), the found solutions of equalities
(38) ũx,t, x = 1, . . . , 9, t = 1, . . . , 9 are given in Table 2.

Table 2: The values of optimal trajectory ũx,t, x = 1, . . . , 9, t = 1, . . . , 9.

Here note that the set of points {ũx,t}R = {ũx,t : (x, t) ∈ R}, where
R = {(x, t) : x = 0, . . . , 10, t = 0, . . . , 10, (x, t) ̸= (0, 0), (10, 0), (0, 10), (10, 10)}

is a feasible solution for the stated problem which satisfies boundary conditions in
(36). Moreover, taking into account details in Table 2, we find the values of the cost
functional (34) in the Table 3.
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Table 3: The values of (x+ 2t)ũx,t, x = 1, . . . , 9, t = 1, . . . , 9.

Finally, the sum of the numbers in each column we denote by Sj, j = 1, . . . , 9, where

S1 = 16385, 31, S2 = 660, 827, S3 = 10438, 266,

S4 = −97, 95, S5 = −5043, 02, S6 = −1147, 145

S7 = −1289, 303, S8 = 684, 684, S9 = 1798, 253.

Then from the boundary conditions (36) for T = 10, we have

S10 =
∑

x=1,...,9

(x+ 20)ũx,10 = −187. (39)

On the basis of the equality (39), we can conclude that the total minimum value is

∑
x=1,...,9
t=1,...,10

(x+ 2t)ux,t =
10∑
j=1

Sj = 22202, 92.

7. Conclusion

This paper investigates the optimal control of boundary-value problems for hyper-
bolic-type discrete and differential inclusions to an attractive class of PDIs in varia-
tional analysis. The discrete polyhedral problem (PDH) typically allows us to reduce
solving a convex system of equations with as many unknowns as equations. Then, it
is possible to formulate optimality conditions for the discrete problem (PDH). The-
orem 4.1 on discrete-approximate gives us strong reason to believe that the discrete
and differential problems are related. It assists in the interpretation of discrete
and differential problems by allowing us to reformulate optimality conditions for
discrete inclusions. Then, we formulate sufficient conditions of optimality for differ-
ential problem (PCH) by passing formally to the limit in the optimality conditions
for discrete approximate problem. Finally, an example is given to demonstrate the
efficiency of our key results. To summarize, we list the following contributions of
the paper: one can deduce that the necessary and sufficient conditions of optimality
for such partial discrete and differential problems. It is also easily seen that the
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suggested technique can be utilized to solve different optimization problems with
higher-order partial discrete and differential inclusions. In practice, the wave equa-
tion, which is a significant second-order linear PDE for the definition of waves, can
be studied as a particular case of the hyperbolic PDI in the problem (PCH). The
wave equation and its modifications play fundamental roles in continuum mechanics,
quantum mechanics, plasma physics, general relativity, geophysics, and many other
scientific and technical disciplines.
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