Journal of Convex Analysis
Volume 33 (2026), No. 1&2, 111-130

Some New Minimax Theorems
for Generalized Convexity

Mohammed Bachir

Laboratoire SAMM 4543, Université Paris 1 Panthéon-Sorbonne, Paris, France
Mohammed. Bachir@univ-parisl.fr

Received: July 10, 2024
Accepted: November 19, 2024

The aim of this article is to establish new two-functions minimax inequalities extending classical
results such as Simons’ minimax theorem. Our results will be proved in a non-compact setting. We
also prove, under general conditions, that the one-function minimax equality is in fact equivalent
to the well known Simons inequality. Some applications will be given.

Keywords: Minimax theorem, alternative theorem, convexlikeness, infsup-convexity, function spaces.

2020 Mathematics Subject Classification: Primary 46E15, 46E10, 26B25; secondary 26D99.

1. Introduction

Let X and Y be arbitrary nonempty sets and f : X x Y — R be a function. Recall
that, f is said to be t-convezlike on X for some t € (0,1), if and only if for all
x1, T € X, there exists x3 € X such that f(z3,vy) < tf(x1,y) + (1 —1)f(z2,y), for
all y € Y and f is said to be t-concavelike on Y, if and only if for all y;, s € Y, there
exists y3 € Y such that f(z,y3) > tf(x,y1) + (1 —t)f(x,y2), for all x € X. We say
that f is convexlike on X, a concept due to Fan, (resp. concavelike on Y') if and only
if f is t-convexlike on X (resp. f is t-concavelike on Y') for every ¢ € (0, 1). The more
general notions of infsup-convexity and supinf-concavity will be given in Definition
2.1 and Proposition 2.3. Several properties of these concepts and their uses can be
found in [16, 20, 21, 22, 25, 27]. We say that f has a property (P) on X (resp.
on Y) if the function f(-,y) (resp. f(x,-)) has the property (P) for every y € Y
(resp. for every x € X). In general, the properties that concern us in this paper will
be (P) = “boundedness”, “semicontinuity”, “convexity” or “generalized convexity”.
Clearly, a convex (resp. concave) function f on a convex set X is convexlike (resp.
concavelike) on X but the converse is not true in general.

The Fan minimax theorem in [9, Theorem 2] (see also [25, Theorem 11]) says that if
Y is an arbitrary nonempty set, X is a compact Hausdorff space and f : X xY — R
is a function, lower semicontinuous convexlike on X and concavelike on Y, then

inf sup f(z,y) = sup inf f(x,y). *
Inf sup flw,y) = sup inf f(z.y) (*)

The Fan minimax theorem was extended by Simons in [24, Theorem 5¢| (see also [25,
Theorem 26]) to two-functions minimax inequality as follows. Let Y be an arbitrary
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nonempty sets, X is a compact Hausdorff space, ¢t € (0,1) and f,g: X xY — R be
two functions such that:

(i)  f is t-convexlike and lower semicontinuous on X,
(ii) g is t-concavelike on Y,
(i) f<g.
Then inf sup f(z,y) < sup inf g(z,v).
: mexyegf( y) < yegxexg( Y)
The aim of this article is to establish new two-functions minimax inequalities ex-

tending classical results such as Fan, Konig and Simons theorems. Our results will
be derived from a new theorem of the alternative (Theorem 3.2).

1.1. Minimax theorem with Simons-like inequality

In a first result (Theorem 4.3), we will replace the compactness of X and the semicon-
tinuity of f on X by the following more general condition (in arbitrary nonempty sets
X and Y'), which we will call the Simons-like inequality: for every net (x4)aer C X,

inf sup f(z,y) < suplimsupf(za,y). (%)
X yey yeyY  a

This inequality was inspired by [23, Lemma, p.704] (see also [8, Corollary, p.96])
and justified by the inequality obtained in Lemma 4.1. The Simons-like inequality
is clearly satisfied when X is Hausdorff compact set and f lower semicontinuous
on X, which allows us to recover immediately the Simons minimax inequality cited
above. We will show (Corollary 4.5) that the Simons-like inegality in (x %) is in fact
a necessary and sufficient condition for obtaining the one-function minimax equality
in (%), whenever f is assumed to be bounded ¢-convexlike on X and s-concavelike
on Y for some t,s € (0,1). Simple examples where the Simons-like inequality
holds without compactness are given in Example 4.4, thus ensuring examples of
non-compact minimax theorems in Example 4.6.

The classical Simons inequality was first introduced by Simons in [23] under certain
conditions and then generalised by Deville and Finet in [8] and Kivisoo and Oja
in [14] (see also [5, Theorem 10.5]). Note here that the authors just cited have
considered this inequality with sequences (x,,), instead of nets (z4)acr (see Remark
4.2). By combining our result in Theorem 4.3 together with the main result in
[14] about the Simons inequality, we give in Corollary 4.9 a new minimax inequality
without the compactness or semicontinuity assumptions but assuming only convexity
on one variable.

1.2. Minimax theorem in the pseudocompact framework

The second part of the paper deals with the two-functions minimax inequality in
the context of completely regular Hausdorff pseudocompact spaces. Recall that a
topological space is said to be pseudocompact if its image under any real-valued
continuous function is bounded. Every countably compact space is pseudocompact.
For various properties on pseudocompact spaces we refer to the article by Stephenson
in [28].
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Let X be an arbitrary nonempty set, Y be a completely regular Hausdorftf pseudo-
compact space and f,g: X xY — R be two functions such that:

(i)  f is bounded on X X Y, infsup-convex on X and the family {f(z,-) : 2 € X}
is equicontinuous on Y,

(ii) ¢ is supinf-concave on Y and bounded on X,
(iii) f<g.
Then, it is shown in Theorem 4.13 that the two-functions minimax inequality holds:

infrex sup,ey f(2,y) < sup,ey infrex g(,y).

To the best of our knowledge, this situation (in the pseudocompact framework)
is also new in the literature. Moreover, the notion of infsup-convexity is weaker
than convexity, convexlikeness, t-convexlikeness etc. As a consequence, we prove
(Corollary 5.3) that if Z is a Hausdorff countably compact space, E is a Banach
space and (fy), is a uniformly bounded sequence of continuous functions from Z
into E which w*-pointwise converges to 0 on Z, then there exists a sequence of linear
convex combinations of (f,,) which is uniformly convergent to 0 on Z (an extension
of a known result in [8, Proposition, p. 103]).

This paper is organized as follows. In Section 2, we recall the definitions of infsup-
convexity and supinf-concavity and we prove that these concepts generalise those
of t-convexlikness and t-concavelikeness. In Section 3 we prove a new alternative
theorem (Theorem 3.2). This result will be used to prove our results on minimax
theorems. In Section 4, we prove our main results Theorem 4.3, Corollary 4.5 and
Theorem 4.13 and we give some consequences and examples. In Section 5, we give
an application to w*-pointwise convergent sequence of vector-valued functions.

2. Infsup-convexity and supinf-concavity

The concept of the infsup-convexity is a well-known generalization of convexity,
convexlikeness and t-convexlikeness (¢t € (0,1)) used by several authors. It was
considered for the first time by Stefanescu in [27, Definition 2.11] as affine weakly
convexlikeness, the present nomenclature is due to Ruiz Galdn and was given in [21,
Definition 2.1] (see also [22, 20]). For n > 1, the (n — 1)-dimensional simplex is
defined by

A= {(M, o d) ERY YN =1}
=1

Definition 2.1. Let X and Y be nonempty sets and f: X xY — R be a function.
(i) We say that f is infsup-conver on X if and only if,

n

inf sup f(x,y) = inf sup Z Nif(zi,y) = inf  sup ¥(y)
reX yey n>1 yey i—1 Yeconv(Cx) yeYy
T1,...,Tn €X -
(>\11>\27-~7>\n)€An

where Cx := {f(x,-) : z € X}.
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(ii) We say that f is supinf-concave on Y if and only if,

sup inf f(x,y) = sup inf E Nif(x,y;)) = sup  inf¥(x),
yeY zeX n21€Y reX T Veconv(Cy ) z€X
Y1 Yn

where Cy :={f(-,y) :y €Y}

We easily see from the definitions that:
f is convexlike on X = f is infsup-convex on X.

The converse is not true in general (see for instance [27, Example 2.15] see also
[20]). However, the notion of infsup-convexity (resp. supinf-concavity) is also a
generalisation of ¢-convexity (resp. t-concavity) with an arbitrarily fixed ¢ € (0, 1).
This follows from a density argument by using the following known fact:

Fact 2.2. (see [16] and [27, Remark 2.8]) If f is t-convezlike on X for some
t € (0,1), then for any integer n > 1, there exists a dense subset D, (t) of A, such
that: Yxy,xs,....,x, € X, ¥(ay,as,...,a,) € Dy(t), Jzo € X such that,

f(zo,-) < Z&if(xi, ), on'Y. (1)

Proposition 2.3. Let X andY be nonempty sets and f : X XY — R be a function.
(i) Suppose that f is t-convezlike on X for somet € (0,1), bounded on'Y and such
that sup,cy infyex f(r,y) > —oo. Then, f is infsup-conver on X.

(ii) Suppose that f is s-concavezlike on'Y for some s € (0,1), bounded on X and
such that inf e x sup, ¢y f(z,y) < +oo. Then, f is supinf-concave on'Y .

Proof. We will only give the proof of (i), the part (ii) can be obtained in a similar
way. Using Fact 2.2, we get

n

inf sup f(z,y) < inf  sup Y aif(zi,y). (2)
veX yey zl,?%}tex yeY i

(aq,a9,..., an)€Dn (t)

We want to establish the same inequality with A, instead of D, (t). For every € > 0,
there exists N > 1, (A1,...,Ay) € Ay and Zy, ...,y € X such that

N n
sup Nf(Ziy) —e < R:= inf sup Aif(xi,y). 3
2 M) A

Notice that R > sup,cy inf,ex f(z,y) > —oco. By the boundedness of f on Y, let
us choose 8 > 0 small enough such that

N

ﬂZSUP ’f('lihy)‘ S 17
i=1 YEY

By the density of the set Dy(t) in Ay, there exists (ai,...,an) € Dn(t) such that
max{])\l- - C_l,L’ 1= 1, ,N} < 65.
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Then, for every y € Y we have,

N

|Z(@z‘ — ) f (@i y)| < Z |a; — M| | f(zi,y)| < 55316152 |f(Zi,y)] < e

=1

Then, we obtain

supZaZ flz;,y <sup2)\fxz,

yGY yEY
Thus,
N
inf sup g a; f(z;,y) < sup E a;f(T;,y) < sup g Nif (Z5,y
n>1
:cl,.n,;nEX er er =1 yEY

(ay,a9,..., an)€Dn(t)

It follows from (2) and (3) that, for every ¢ > 0

inf sup f(z,y) < inf SUPZ Aif (i, y) + 2e.
TEX yeY zl,fﬁiiex yeY i

(A15A2,., An)EAR

Passing to the limit when ¢ — 0, we get

inf sup f(z,y) < inf sup Z Aif (w4, 9).
zeX yey 13114’,-7-/7213;6)( yey i=1

The inverse inequality is always true. Hence, (i) is proved. ]

3. An alternative theorem

There is a wealth of literature on the subjects of alternatives theorems. Some work
on the alternatives in convex and non-convex frameworks and their applications to
optimization theory and minimax inequalities can be found in [6, 7, 12, 13, 15, 21, 22,
26], but the list is not exhaustive. We can also found some recent work using the so
called infsup-convexity in [20, 21, 22] and the references therein. The earliest version
of a nonlinear alternative theorem was given by Fan, Glicksberg, and Hoffman [10]
as follows: Let C' be a convex set of some real vector space and f;;C - R, 1 =1,...,n
be convex functions. Then, either the system = € C, f;(x) < 0,7 = 1,...,n has a
solution or there exists A* € R", \* # 0 such that ) ; A fi(z) > 0 for all z € C.

We give in the following theorem a new theorem of the alternative which deals with
an arbitrary family of functions. This result will be very useful for the rest of our
work. Let’s start by recalling some well-known general facts. Given a topological
space (Z, ), the space (Cy(Z), ] - ||s) denotes the classical Banach space of all real-
valued bounded continuous functions on Z. The continuous Dirac map is defined
by 6 : Z — 6(Z) C B(cy(z))> # — 0., where B¢, (z))- is the closed unit ball of the
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dual space (Cp(Z))* and 9, : Cp(Z) — R is the linear continuous map defined by
3.(¢) = p(2) forall z € Z and all p € Cy(Z). Notice that ||0,|| < 1, forall z € Z. We
denote by conv (§(2)) := conv{d, : z € Z} and comv® (6(Z)) :=conv? {4, : 2 € Z}
the convex hull and the w*-closed convex hull of §(Z) respectively. By 7, we denote
the topology in Cp(Z) of pointwise convergence on Z. If Z is an arbitrary non-
empty set, we equip it with the discrete distance, so that C,(Z) coincides with
(>°(Z) the space of all real-valued bounded functions. Representation theorems for
the dual (Cy(Z))*, especially when Z is a normal space, can be found in [1, Theorem
14.10, Chapter 14]. We denote C;"(X) the closed convex positive cone of C,(X) and
(C;7(X))* its dual. The function 1y denotes the constant function equal to 1 on X.

Proposition 3.1. Let X be a topological space. Then,
(CH (X)) = UysoAeonv” {0, -z € X}.
Proof. From [13, Section 2, p.539)], since 1x € int(C; (X)) (the interior of C;," (X))
then N N .
Cy (X) = Unzofv € (G (X)) : (v, 1x) = 1}.

It suffices to prove that {v € (C/(X))* : (v,1x) = 1} = conv* {4, : = € X}.
Let p € {v € (CJ(X))* : (v,1x) = 1} and suppose now by contradiction that
pgconv? {6, :x € X}. By the Hahn-Banach theorem, there exists f € C,(X)\ {0}
and 7 € R such that

sup  (Q, f) <7 < (w f).

Qeconvw* {0z:2€X}

On one hand, supgeeomee (5,.2ex1(@s f) = sup,ey f(2) and on the other hand, since
14 is positive then

(1 £) < (uysup f()) = (sup f(2) (. L) = sup £ (o).

zeX rzeX rzeX

Hence, a contradiction. Thus, {v € (C; (X))* : {v,1x) =1} C comv* {4, : x € X }.
The reverse inclusion is clear. [

Theorem 3.2. Let X be a topological space and A be a nonempty convex subset of
Co(X). Then, either (Ay) or (As) is true, where:
(A1) there exists &g € A such that sup®Pg(x) < 0,
zeX
(Ay) there exists v € conv® {0, : ¥ € X} such that (v,®) > 0 for all ® € A.

If moreover, we assume that X is completely reqular Hausdorff pseudocompact space
and A is uniformly bounded and relatively compact for the topology T, of pointwise
convergence on X, then we obtain in As) that (v, ®) >0 for all® € A™.

Proof. It is easy to see that for all 4 € conv? {d, : # € X} and all ® € Cy(X),
we have (u, @) < sup,cy ®(z). So it is clear that A;) and Ay) cannot be realised
at the same time. However, we will show that one of the alternatives A;) or A,),
is always realised. Indeed, this follows from the following alternatives respectively:

either —1y € R*TA+Cf(X) or —1x € R*A+ C;7(X), where the closure is taken in
the Banach space (Cp(X), || - ||oo)-
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Case 1. Suppose that —1x € Rt*A +C;(X). In this case, there are some A > 0,
g € A and hg € C; (X) such that

1
||h0+)\<1>0 + 1)(”00 < 5

It follows that, for all + € X, ho(w) + A®o(x) +1 < .

Notice from the above inequality and the positivity of hy that necessarily we have

A > 0 and so we have ®y(z) < —%, for all z € X. We find in consequence that

sup,ex Po(z) < —55 < 0. Thus, the alternative A;) is satisfied.

Case 2. Suppose that —1x ¢ RtA+ C;"(X). Then, by the Hahn-Banach theorem,

(using the fact that RT A+ C; (X) is a cone) there exists u € (Co(X))* \ {0} such
that

(u,h) >0, VheRTA+CH(X). (4)

From Proposition 3.1, (C;f (X))* = UyspAconv” {4, : * € X}. Since, p # 0 there
exists A > 0 such that y = \v and v € conv? {d, : € X}. We see from (4), that
for all ® € A, (v, ®) > 0. Thus, the alternative A,) is given.

Now, if moreover we assume that X is a completely regular Hausdorff pseudocom-
pact space, then according to [31, Theorem 2.6] (see also [17, 29]), the pointwise
topology and the weak topology o(Cy(X), (Cy(X))*) agree on uniformly bounded,
pointwise compact sets of continuous functions. Hence, if A is uniformly bounded
and relatively compact for the topology 7, of pointwise convergence on X then from
the alternative A,), we obtain that for all ® € A™, (v, ®) > 0. O]

Example 3.3. We can recover the result (mentioned above) of Fan, Glicksberg,
and Hoffman in [10] as follows: we apply Theorem 3.2 with X = {f; : i = 1..n}
equiped with the discrete distance and A := conv{y; : t € C'} C C(X) ~ R", where
for each t € C, the function y; : X — R is defined by x,(f) = f(¢) for all f € X.

4. Minimax theorems

This section is divided into two sub-sections. The first deals with minimax theorems
in relation to Simons-like inequality. In the second, we will consider a minimax the-
orem in the framework of pseudocompact spaces. These theorems are consequences
of the results in the previous section.

4.1. Minimax theorem and Simons-like inequality

The aim of this section is to establish Theorem 4.3 and Corollary 4.5. We need the
following lemma.

Lemma 4.1. Let X and Y be nonempty sets and f : X xY — R be a function
such that Cy == {f(-,y) :y € Y} C £>°(X). Suppose that f is t-convexlike on X for
some t € (0,1). Then, there exists a net (xy)ae;r C X such that

suplimsup f(z,,y) < sup  inf ¥U(x).
yey a Weconv(Cy ) TEX
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If moreover, we assume that f is supinf-concave on'Y , then

sup lim sup f(xaa y) < sup inf f(l’, y)'
yey a yey t€X

Proof. Set r:= sup  infW¥(z) > —oo. This inequality is trivial if r = +oo.
Yeconv(Cy ) z€X

Suppose that r < 4+00. Let us equip X with the discrete distance so that we have
(>(X) = Cy(X). By applying Theorem 3.2 with the convex set A := —conv(Cy)+r
and knowing that the alternative A;) cannot be satisfied because of the choice of
r, we get that there exists u € conv® {0, : # € X} such that (u, U) < r for all
U € Cy. There exists a net (fq)acr C conv(d(X)) that w*-converges to p. For
each o € I there exists n, > 1, x¢,...,z5 € X and (A{,..., A7 ) € A, such

eey N

that o = Y1 A{0ge. Since f is t-convexlike on X, using Fact 2.2 in (1) we

have: for every ¢ > 0 and § € (O,%) and for (af,...,a% ) € D,_(t) such that

o Upy

max{|A¥ —a?| : i =1,...,n,} < €f, there exists z, € X satisfying: Vy € Y,
flaay) < Y alflag,y).
i=1

Set v = Y1 afdee. We see that [|vg — pall = || D052 (af — AP )dae || < efng < e.

=1 "

It follows that for all f(-,y) € Cy and all a € I,

Flrar) £ 38 (a8,) = Gtas S o) + (b = v £ )
S <:uon f(vy)> + SHf()y)HOO

So we have, for every ¢ > 0,

1imSllpf($a,y) < limsup<,ua, f(7y)> + €I|f(7y)||00

= (L fCy) +elf Yl Yy €Y.

Passing to the limit when £ — 0, we get that

limsupf(za,y) < (u, f(y) <r:= sup inf¥(z),VyeY.
o Yeconv(Cy ) x€X

If moreover we assume that f is supinf-concave on Y, then we have

sup  inf ¥(x) = sup inf f(z,y).
Yeconv(Cy ) z€X yeY z€X

This concludes the proof of the lemma. [

Remark 4.2. The net (z,), can be replaced by a sequence (x,), in Lemma 4.1,
whenever the space span{ f(-,y) : y € Y} is assumed to be a separable subspace of
(>°(X). Indeed, let us equip X with the discrete distance so that Cp(X) coincides
with £>°(X). The injective mapping i : span{f(-,y) : y € Y} — Cy(X) is an isometry
and the adjoint i* : Co(X)* — (span{f(-,y) : y € Y'})* is surjective (see for instance
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[4, Proposition 2]) and w*-to-w* continuous. Since conv® (§(X)) is w*-compact in
Cy(X)* then K := i*(conv® (§(X))) is w*-compact in (span{f( ,Y) 1y € Y})*. Since
span{f(-,y) : y € Y} is separable, we have that i*(conv® (§(X))) is metrizable. On
the other hand, (i, f(-,y)) = (i*(n), f(-,y)) for all u € conv® (§(X)) and all y € Y.
Thus, the same proof as in Lemma 4.1 applies by changing the net i, = D7 A{f0ge,
« € I with a sequence gy, = > % AP, k € N. O

Z])’

The following theorems are extensions of the known minimax theorems of Fan, Konig
and Simons in [25, Theorem 11, Theorem 12 & Theorem 26]. No topology on X
and Y is assumed here.

Theorem 4.3. Let X and Y be nonempty sets and f,g : X XY — R be two
functions. Suppose that:

(i) f is bounded on X and t-convexlike on X for some t € (0,1),

(ii) the Simons-like inequality holds, that is, for every net (x4)a C X,

inf sup f(z,y) < suplimsup f(z.,y).
zeX yey yey «a

(iii) g is supinf-concave on'Y .
(iv) f<g.

Then, inf sup f(z,y) < sup inf g(x,y).
zeX yey yeY zeX

Proof. Under the assumption (i) and using Lemma 4.1, there exists a net (z4)o C X
such that

suplimsup f(z,,y) < sup  inf U(x).

yey a Peconv(Cy ) zeX

Using the assumption (ii), we obtain

inf sup f(z,y) < sup  inf ¥(z).
zeX yeY Veconv(Cy ) T€X

Since, f < g, we see that supq,EConV(Cy)gg)f(\I/(a:) < SUDgeconv(Dy) ;g}f(@(z), where
Dy :={g(-,y) : y € Y}. Thus, using (iii) we get

inf sup f(z,y) < sup inf g(z,y). O
reX yey yeY zeX

The aim of Example 4.4 and Example 4.6 below is to motivate the Simons-like
inequality and minimax equality respectively, in a setting where neither X nor Y
is assumed to be compact. The idea in Example 4.6 is to show that functions f
expressed as an inf-convolution of a rather general function g and a specific function
¢ satisfy Simons’ inequality and, therefore, also the minimax theorem in a non-
compact setting.

Example 4.4. Let X and Y be nonempty sets, ¢ : X x X - Rand f: X xY - R
be two functions satisfying:

(a1) For every net (z4)acr C X, there exists a subnet (x(,,)) such that

inf lim sup ¢(z, Tx(ay) < 0.

rzeX o
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(ag) There exists t € (0, 1) such that for every z1, o € X there exists x3 € X such
that tqb(:fg, xl) _l_ (1 - t)¢(x37$2) S 0

(a3) For some K >0,
f(@1,y) = f(@2,y) < Ko(21,32), Vg, 22 € X,Vy €Y.

Then, f is t-convexlike and satisfies the Simons-like inequality.

Notice that if & : X — R is a function bounded from below and if we define
o(z, z) == max(&(x) — &(2),0), for all z,z € X, then ¢ satisfies (a1) — (az).

Proof. Let I be a direct set and (24)acr C X be a net. From the assumptions there
exists a subnet (:L'h(a))ag such that inf,cy limsup, (ﬁ(m,xh(a)) = 0. On the other
hand, foralla € I, all x € X and all y € Y,

[z, y) < f(@h),y) + Ko(x, Th(a))
Then, for all z € X and all y € Y=

f(z,y) < limsup f(zpa),y) + K lmsup ¢(z, Th))

(0%
So, we get

inf sup f(z,y) < suplimsup f(@n@),y)+ K inf limsup ¢(z, 24(a))
zeX yeY yey a rzeX e

< suplimsup f(zq,y)
yey a

Hence, the Simons-like inequality holds. Using (a2) and (as), for every zi,29 € X
there exists x3 € X, such that: Vy € Y

flas,y) < tf(zny) + (1= 0)f(22,y) + K[to(zs, 21) + (1 — t)d(x5, 22)]
< tf(eny) + (1= 1) f(22,9).
Thus, f is t-convexlike. [
In fact, for the one-function minimax theorem, it turns out that Simons-like inequal-

ity is a necessary and sufficient condition for obtaining minimax equality as soon as
f is bounded and t-convexlike on X and s-concavelike on Y for some ¢, s € (0,1).

Corollary 4.5. Let X and Y be nonempty sets and f: X xY — R be a function.
Suppose that f is bounded on X, t-convexlike on X for some t € (0,1) and supinf-
concave on'Y .

Then, the following assertions are equivalent.

(a) The Simons-like inequality holds, that is, for every net (xy)s C X,

inf sup f(z,y) < suplimsup f(z.,y).
zeX yey yey «

(b) The minimax equality holds:

inf sup f(z,y) = sup inf f(z,vy).
zeX yey yeY zeX

Proof. The implication (a)=>(b) is a consequence of Theorem 4.3. The implication
(b)=(a) is always true and requires no assumptions about X,Y and f.
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Indeed, clearly we have inf,.cx f(z,y) < limsupf(z,,y) for every net (z,)a C X
and every y € Y. Thus, o

inf sup f(x,y) = sup inf f(z,y) < suplimsupf(za,y). N
zeX yey yeY zeX yey «

We have the following general and generic example of minimax theorem which works
for arbitrary sets X and Y.

Example 4.6. Let X and Y be two nonempty sets, £ : X — R be a bounded func-
tion from below, ¢(z, z) = max(£(z) — £(2),0), forall z,z€ X and g: X xY — R
be a function which is bounded on X and s-concavelike on Y for some s € (0, 1).
Let K be any non-negative real number and define the function f by

fla,y) = inf{g(z,y) + Koz, 2)}, Vo € X, vy € Y,

Then, inf sup f(x,y) = sup inf f(z,y).
z€X yey yeYy z€X

Proof. First, we see that f is bounded on X. Indeed, since ¢(z,x) = 0 forallx € X,
we have that f(z,y) < g(x,y) for all (z,y) € X xY. On the other hand, since ¢ > 0,
we have that f(z,y) > inf,cx g(z,y). Hence, f is bounded on X since g is bounded
on X. We see easily that ¢(z, 2) + ¢(2,7) > ¢(z,t) for all x,z, z € X, which makes
it easy to prove that f(z1,y) — f(ze,y) < Ké(x1,22), V1,29 € X,Vy € Y. Indeed,
for every € > 0, there exists z. € X such that

f(any) +e> g(zsay) + K¢($2, ZE)‘
On the other hand7 f(xhy) S g<Z€7y) + K¢(I17Z€>'

Hencea f('rluy) - f($2ay) S K[¢(x1726) - ¢(x2726)] + e S K¢(x17$2) +e.
Passing to the limit when ¢ — 0, we get that

f(z1,y) = f(22,y) < Ko(x1,22), V1,00 € X, Vy €Y.

On the other hand, it is easy to see that ¢ satisfies (a;) and (ay) (for all ¢ € (0,1))
of Example 4.4. Hence, by Example 4.4, f is t-convexlike for every ¢t € (0,1) and
satisfies the Simons-like inequality. Finally, we see that f is s-concavelike on Y as
the infimum of s-concavelike on Y functions. We conclude using Corollary 4.5. [

The Simons-like inequality is not always trivial and requires certain conditions,
such as in Example 4.4 or the one (harder) established in [23, 8, 14] (see the proof of
Corollary 4.9 below). However, this inequality is easily and always satisfied if X is a
compact Hausdorff set and f is lower semicontinuous on X. Thus, we recover easily
in the following corollary the Simons minimax theorem (with a slight improvement,
since here g is assumed to be only supinf-concave on Y instead of being t-concavelike
for some ¢ € (0,1)).

Corollary 4.7. (Simons [25, Theorem 26] & [9, Theorem 2]) Let Y be an arbitrary
nonempty sets, X is a compact Hausdorff space and f,g : X xY — R be two
functions bounded on X. Assume that:
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(i)  f is t-convezlike for some t € (0,1) and lower semicontinuous on X,
(ii) g is supinf-concave on 'Y,
(i) f<g
Then, inf sup f(z,y) < sup inf g(z,y).
z€X yey yeY z€X

Proof. Let (z4)acr C X be a net. Then, there exists a subnet (zj(q))acs that
converges to some T € X (since X is compact). By the lower semicontinuity of f
on X, we have for all y € Y, f(z,y) < liminff(2p@),y) < limsupf(zq,y).

Thus, supf(z,y) < suplimsupf(zq,¥).
yey yey a

Finally, we have inf supf(z,y) < suplimsupf(zq,y).
rzeXyeY yey «

Hence, all of the assumptions of Theorem 4.3 are satisfied, which gives the conclu-
sion. [

Remark 4.8. The necessary conditions to obtain a general two-function minimax
results are given in [21, Lemma 3.5]. We can compare the fairly general results of
[21, Theorem 3.8 & Theorem 3.9] with the result in the above corollary. Il

Thanks to Remark 4.2, if we assume that span{f(-,y) : y € Y} is a separable
subspace of £>°(X), then we can replace the nets (z,), C X by sequences (x,), C X
in the results of this section. Using Theorem 4.3 and [14, Theorem 2] (see also [8,
Theorem 1]) we obtain the following minimax result. No assumption of compactness
or semicontinuity is required.

Corollary 4.9. Let Y be a nonempty set and let X be a subset of a Hausdorff
topological vector space which is invariant under infinite convexr combinations. Let
H L: X xY — R be two mappings such that

(i) H is bounded on X XY and the functions H(-,y) : X = R, y € Y, are convex
and H(Az,y) = AH(z,y), whenever A\ > 0, \x € X andy € Y. Assume
moreover that, for every x € X, there exists y, € Y satisfying

H(z,y,) = sup H(z,y).
yey
(ii) Span{H(-,y):y € Y} is a separable subspace of {>°(X).
(iii) L is supinf-concave on 'Y,
(iv) H < L.

Then, inf sup H(z,y) < sup inf L(z,y).
zeX yey yeY zeX

Proof. Under the assuption (i), using [14, Theorem 2|, we get that for every se-
quence (x,), C X,

inf supH (x,y) < suplimsup H(x,,y).
zeXyeY yey n

We conclude using Remark 4.2 and Theorem 4.3. O
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We end this section with a minimax equality in Proposition 4.10 below, based on a
previous work in [3]. Let X be a topological space and (Y, || - ||) be a Banach space
included in Cp(X) and such that || - || > || - ||c on Y. For a bounded from below
function h : X — R, we define the conjugate h* : Y — R by

H(€) 1= sup{§(x) — h(x)}. V6 € V-

A non-convex duality analogous to Fenchel duality based on this conjunction was
introduced in [2] and studied in [2, 3]. Let us recall from [3] the following notions.

A subset A of Y is said to be a Ay-set, if and only if there exists real numbers
(Ae)eex € R¥ such that A= Nuex{p €Y : ¢(z) < A\, }.

Clearly, a Ay-set is a convex 7,-closed subset of (Y, 7,). We say that the pair (X,Y)
satisfies the property (H) if and only if, for each x € X and each open neighborhood
U of z, there exists o : X — [0,1] such that 0 € Y, o(z) = 1 and o(y) = 0 for
all y € X \ U. Tanks to the Urysohn’s lemma, if X is a normal Haudroff space and
Y = Cy(X) then (X,Y) has the property (H). Other examples can be found in [3,
Examples 1].

Proposition 4.10. Let X be a normal Hausdorff space, (Y, ||-||) be a Banach space
included in Cy(X) such that || - || > || - ||co and (X,Y) has the property (H). Let
ACY be a Ay-set.

Then, ;g)f( 21615) o(x) 21613 ;g}f{ o(x).

Proof. First, we prove that there exists a lower semicontinuous function f : X - R
bounded from below such that A = Ay (f) = {¢» € Y : ¢ < f}. Indeed, since
A is a Ay-set, there exist real numbers \, € R, for all x € X, such that we have
A=Npex{p €Y 1 p(x) <A} Letusset f(z) := supyeq¥(z), forallz € X. Thus,
we have f(z) < A\, < +oo for all z € X. It follows that f is lower semicontinuous
as supremum of continuous function and Ay (f) C A. Moreover, f is bounded
from below, since there exists a bounded continuous function ¢ € A C Cy(X) such
that —oo < infxy ¢ < ¢ < f. On the other hand, if ¢ € A, then for all x € X
we have (1) < supycs(v) := f(x). This shows that ¢ € Ay(f) and so that
A C Ay(f). Hence A = Ay(f). By [3, Lemma 3] we have f*(0) = infyea ¢*(0),
which is equivalent by the definitions to inf,ex f(7) = supye 4 infrex ¢(v). Finally,
we obtain that inf,ex supye s ¢(z) = supye 4 infrex (). ]

4.2. Minimax theorem in pseudocompact space

The aim of this section is to establish Theorem 4.13. We need the following two
lemmas.

Lemma 4.11. Let Q) be a completely reqular Hausdorff pseudocompact space and ®
be a nonempty subset of C(2) such that conv(®) is uniformly bounded and relatively
compact for the pointwise topology (in particular if ® is uniformly bounded and
equi-continuous).

Then, inf  supo(u) = inf supo(u),

pcconv'P () ueS) pEconv(P) u€R

where T, denotes the topology of pointwise convergence.
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Proof. Suppose by contradiction that there exists r € R such that

inf  supo(u) <r < inf  supo(u). (5)
peconv'p (P) ueQ ¢pEconv(d) uefd

By assumption €2 is pseudocompact and the set conv(®) — r is relatively compact in
C(Q2) for the pointwise convergence on €). Thus, by applying Theorem 3.2 (the second
part of the theorem) with the pseudocompact €2 and the set A := conv(®)—r C C(£2),
we get the following alternatives: either A;) or Ay) is true, where

(A)) there exists ¢ € conv(®) such that sup ¢(u) < 7. (6)
ueld

(Ay) there exists v* € conv? {4, : u € Q} C C(Q)* \ {0} such that (v*, ¢ —r) >0
for all ¢ € conv(®). In this case, let (v}), C conv({d, : u € Q}) be a net w*-
converging to v*. We see that (v}, ¢) < sup,q ¢(u) for all ¢ € conv(P). Thus,
taking the w*-limit we get r < (V*, ¢) < sup,cq ¢(u) for all ¢ € conv(P). Hence,
we have

inf  supp(u) > r. (7)

peconvP () uEQ
Both the formulas in (6) and (7) contradict (5). O

Lemma 4.12. Let X and Y be arbitrary nonempty sets and f : X xY — R be a
function. Then, the following assertions hold.

(i) If f is infsup-convex on X and bounded on'Y, then there exists v € conv® (§(Y))
such that

inf sup f(ma y) = inf sup <,U, f(ﬂ?, )> = sup inf <:u7 f(ma )>
z€X yey zeX peconv?™ (5(Y)) pecomv?” (5(Y)) z€X

= inf (v f(z,)

(ii) If f is supinf-concave on'Y and bounded on X , then there exists v € conv® (§(X))
such that

sup inf f(x,y) = sup _ inf (u, f(-,y)) = inf sup(u, (-, y))
yeY zeX yeY peconv? (6(X)) pecomv™ (5(X)) yeY

= sup(l/, f(? y))
yey
Proof. (i) We equip Y with the discrete distance so that ¢>*(Y) = Cp(Y). From

the boundedness of f on Y, we see that f(z,-) € Cp(Y), for all x € X. Notice that
we always have

sup inf (i, f(z,-)) < inf sup (i, f(z,-)) = inf sup (u, f(z,))
pecomv?” (8(Y)) z€X T€X peconv?” (5(Y)) T€X pes(Y)

_ iuf supf(z.). 0
z€X YEY
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We see that inf,cx sup,cy f(7,y) < +oo, by the boundedness of f on Y. If
infzex sup,ey f(,y) = —oo, then the desired formula is trivial. Assume that
r:= inf sup f(z,y) € R.
zeX yey

Using Theorem 3.2 with the convex set A := conv{f(z,-) —r:2z € X} C Cy(Y), we
obtain the following alternatives: either (A;) or (As) is true, where

(A;) there exists z1, ...,x, € X and Ay, ...\, > 0 such that > A\, =1 and

sup Z Ni(f(xi,y) —r) <0, equivalently: sup Z Nif(zi,y

yEY er

(A;) there exists v € conv? {§, : y € Y}, such that (v,®) > 0 for all ® € A. In
particular, we have inf,ex (v, f(z,-)) > r.

The alternative (A;) is not satisfied. Indeed, suppose by contradiction that A;) is
true. Then, by setting Cy := {f(x, ) : x € X} and by using the infsup-convexity
of f on X, we get, (by the alternative (A;),

r:=inf sup f(z,y) = inf sup¥(y) < supZ)\ f(ziy

reX yey Veconv(Cyx) yeY yey

A contradiction. Hence, the alternative (As) is true and so the part (i) is obtained
by combining the alternative (A;) and the inequality in (8).

(i) This part is similar to (i) it suffices to apply (i) with the function f defined
from Y x X into R by f(y,z) = —f(z,y), for all (y,z) € Y x X. O

Recall that one form of the Arzela-Ascoli theorem is the following: Let Z be a
completely regular Hausdorff space and ® C C,(Z) be a uniformly bounded and
equicontinuous set of continuous functions, then ® is relatively compact in C(Z)
for the topology of pointwise convergence on Z (see [31]). Notice also that if ¢ is a
uniformly bounded and equicontinuous set then conv(®) is also a uniformly bounded
and equicontinuous set.

In the following result, we will not assume the ¢-convexlikness but only the infsup-
convexity.

Theorem 4.13. Let X be an arbitrary nonempty set and Y be a completely reqular
Hausdorff pseudocompact space. Let H L : X XY — R be two mappings, with H
bounded on X XY and L bounded on X and satisfying:

(i) H is infsup-convex on X and the family conv ({H(x,-) : x € X}) is relatively
compact in C(Y) = Co(Y), for the pointwise topology on Y (in particular if
{H(z,-): x € X} is equi-continuous on Y ),

(ii) L is supinf-concave on'Y,

(iii) H < L.

Then, inf sup H(z,y) < sup inf L(z,y).
rzeX yey yeY zeX
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Proof. Since, H is bounded on X x Y, then ® := {§, 0o H := H(x,") : x € X} is
uniformly bounded in Cy(Y). We see by the definitions that

o (®) = {jio H : € comv™ (5(X))},
conv(®) = {po H : p € conv (6(X))}.

Thus, using Lemma 4.11 we get

inf  sup(u, H(-,y)) = inf  sup(u, H(-,y)).
peconv?” (6(X)) yey peconv(6(X)) yey

Since, H is infsup-convex on X then,

inf sup H(z,y) = inf sup(u,H(,y))=  inf  sup(u, H(,y)).

*

zeX yeYy peconv((X)) yey peconv?” (6(X)) yey
Since H < L and p is positive whenever u € conv® (3(X)), we have the inequality
(, H(-,y)) < {u, L(-,y)), for all y € Y and all u € conv®” (§(X)). Using this fact

and the above formulas, it follows

inf supH(v,y) = inf  sup(u,H(-,y)) <  inf  sup(u, L(-,y)).
zeX yeY pecomv?” (8(X))yeY pecomv?” (8(X))yeY

Using part (ii) of Lemma 4.12, since L is supinf-concave on Y and bounded on X,

sup inf L(z,y) = inf  sup(p, L(-y)).
yeY zeX peconv?” (§(X))yeY

Hence, inf supH (z,y) < sup inf L(z,y). O
zeX yeY yeY zeX

5. Applications to w*-pointwise convergent sequence.

As an application, we obtain in Proposition 5.1 and Corollary 5.3 extensions of [8,
Proposition, p. 103] and [14, Corollary 2]. In Proposition 5.1, we deal with the real-
valued case replacing compactness by pseudocompactness and in Corollary 5.3, we
deal with the vector-valued case replacing compactness by countably compactness
and the pointwise convergence will be replaced by the more general notion of w*-
pointwise convergence.

Proposition 5.1. Let Z be a completely reqular Hausdorff pseudocompact space
and (fn)n be a uniformly bounded sequence of continuous functions from Z into R.
Suppose that

(i) the sequence (f,)n pointwise converges to 0 on Z,
(i) the set conv{f, : n € N} is relatively compact in C(Z) for the pointwise topology
on Z.

Then, there exists a sequence of linear convex combinations of (f,) which is uniformly
convergent to 0 on Z.
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Proof. Define C' = conv{f, : n € N} and the function F': C' x Z x [-1,1] — R by
F(f,z,t) =tf(z) and ® := {F(f,-,-) : f € C} C C(Z x [-1,1]). We are going to
apply Theorem 4.13 with the functions H = L = F, the convex set X = C and the
completely regular Hausdorff pseudocompact space Y = Z x [—1, 1] (see [28, Lemma
4.3]). For this, we need to show that F' is infsup-convex on C' and supinf-concave
on Z x [—1,1] and that the conv(®) is uniformly bounded and relatively compact
for the pointwise topology in C(Z x [—1,1]). Indeed,

(a) F'is convex on C|, hence it is in particular infsup-convex on C,

(b) conv(®) = ® is uniformly bounded in C(Z x [—1,1]) since (f,), is uniformly
bounded. On the other hand, using the assumption (ii), it is clear that conv(®) is
relatively compact for the pointwise topology in C(Z x [—1,1]).

(c) F is supinf-concave on Z x [—1,1]. Indeed, if we consider n > 1,x1,...,x, € Z,
t1, .ty € [—1,1], (a1, ...,a,) € A, we have

n n

}1612 2 aitif(z;) < Z‘Zlaztzf}n(xz), VYm € N.

By taking the limit when m — 400 in the above inequality and using (i), we see
that: Vn > 1, Vaq,...,x, € Z, Vi1,....t, € [-1,1], ¥ (aq,...,a,) € A,

i tf(x) < 0.
}relg ;aztlf(xz) < 0

Hence, sup inf a; F(f,x;,t;) <O0.
n>1 fec P
(®1,t1) ey (T ytn ) EZ X [1,1] B
(a1,a2,...,an)EA,

On the other hand, sup inf F'(f,x,t) > supinf F(f, z,0) =0.
(zt)eZx[-1,1] fEC zez fEC
Thus, sup inf F'(f,x,t) = sup inf a; F'(f, x;,t;) <O0.
(zt)ezZx[-1,1] fEC ( ) n>1 fec ZZ_; ( )

(21,81) 50y (Tnytn ) EZ X [—1,1]
(a17a27---7an)eAn

This shows that F' is supinf-concave on Z x [—1,1].

Now, from (a), (b) and (c) and Theorem 4.13, we get that

inf || f||lcc = inf sup F(f,z,t)= sup inf FI(f,z,p) =0.
fECH | T€C (@ t)ezx[-1,1] ( ) (zt)ezx[-1,1] FEC ( )

Hence, there exists a sequence of linear convex combinations of (f,,) which is uni-
formly convergent to 0 on Z. [

We need the following lemma. Recall that in a non-completely metrizable locally
convex space, the closed convex hull of a compact set is not compact in general
(see [1, Example 3.34, p. 185]). This explains why we assumed in Lemma 4.11 that
conv(®) is relatively compact in C(Z) for the pointwise topology on Z. However,
as it is shown in the following lemma, when Z is a countably compact space and
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® is nonempty uniformly bounded and relatively compact subset in C(Z), then the
7,-closed convex hull conv™(®) is also compact in C(Z) for the pointwise topology.

Lemma 5.2. Let Z be a countably compact space and ® be a nonempty uniformly
bounded and relatively compact subset in C(Z) for the pointwise topology denoted
Tp. Then, the 7,-closed convex hull conv™(®) is compact in C(Z) for the pointwise
topology.

Proof. Since conv?(®) is uniformly bounded and 7,-closed it is 7,-compact in
(>=(Z). Indeed, since (*(Z) = (£*(Z))*, then the topology 7, and the weak* topol-
ogy coincide on the bounded set conv”(®) (see [30, Proposition 2.34]) and so we
apply the Banach-Alaoglu-Bourbaki theorem. To conclude, it remains to show that
conv'?(®) C C(Z). Set K := (conv™(®), 7,) a compact Hausdorff space. For each
x € Z, the evaluation mapping x, : ¢ — ¢(z) is bounded and continuous on K,
hence x, € C(K). Moreover, the family (x,)zez is uniformly bounded on K since K
is uniformly bounded on Z. Let (¢4) C conv(®) be a net. Since conv® {d, : ¢ € K}
is w*-compact in the dual space (C(K))*, there exists a subnet (dy, ,,)a that w*-
converges to some p* in (C(K))*. In particular, dy, ., (Xz) = ¥n@)(x) converges to
¥ (Xz) in R for every € Z. That is, (¢h(a))a converges pointwise to p* o x. It re-
mains to show that u*ox € C(Z), in other words, that y*ox : Z — R is continuous.
Indeed, clearly the map x : Z — (C(K),7,) defined by x(z) := x, is continuous,
so using [18, Corollary 1.9 (a)], the set x(Z) is relatively compact in (C(K),7,) as
image by the continuous mapping y of the countably compact set Z. According
to Grothendieck’s theorem [11, Theorem 5|, the pointwise topology and the weak
topology o(C(K), (C(K))*) agree on x(Z). It follows that p* o x is continuous on
Z. Finally, we proved that every net (¢,), C conv(®) has a subnet converging
pointwise to an element of C(Z), that is, conv™(®) is 7,-compact in C(Z). O]

If we assume that Z is a countably compact space (a particular case of pseudo-
compact spaces [28]), then the condition (ii) in Proposition 5.1 is not a necessary
condition because it would follow from (i) thanks to Lemma 5.2. Thus, we obtain
the following corollary.

Let Z be a topological space, E be a Banach space and (f,), be a sequence of
continuous functions from Z into E. We say that the F-valued sequence (f,)n,
w*-pointwise converges to 0 on Z if and only if the real-valued sequence (p o f,),
pointwise converges to 0 on Z for every p € Bg+ (the closed unit ball of the dual
E*). Clearly, (fn)n, w*-pointwise converges to 0 on Z whenever (f,),, pointwise
converges to 0 on Z (that is || f.(z)||p — 0, Vz € Z).

Corollary 5.3. Let Z be a completely reqular Hausdorff countably compact space,
E be a Banach space and (f,)n, be a uniformly bounded sequence of continuous
functions from Z into E. Suppose that the sequence (fy),, w*-pointwise converges
to 0 on Z. Then, there exists a sequence of linear convex combinations of ( f,) which
is uniformly convergent to 0 on Z.

Proof. Define f, : Zx Bp+ — R, by ﬁ(:ﬁ,p) = po fu(x) for all (z,p) € Z x Bg~ and
for all n € N. Using the assumptions, we see easily that the real-valued sequence
(fn)n is uniformly bounded sequence of continuous functions from Z x B« into R and
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that the sequence (]A";L)n, pointwise converges to 0 on Z x Bg«. Since Z is Hausdorff
countably compact space and Bg« is w*-compact (by the Banach-Alaoglu-Bourbaki
theorem), it follows that the product space Z x Bp- is completely regular Hausdorff
countably compact space for the product topology (see [19]). Using Lemma 5.2,
we get that the set conv{f, : n € N} is relatively compact in C(Z x Bpg«) for the
pointwise topology on Z x Bg-. Hence, from Proposition 5.1, there exists a sequence
of linear convex combinations of (f,,) which is uniformly convergent to 0 on Z X Bg-.
Equivalently, there exists a sequence of linear convex combinations of (f,,) which is
uniformly convergent to 0 on Z. [
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