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We study the existence of weak solutions for the following class of problems

al%u+ BAu = pu + yh(z,u) in Q,
B(u) =0 on 09,

where @ ¢ R¥ is a bounded smooth domain, N > 1, o > 0, —oo < 8 < aM;, A\; is the first
eigenvalue of (—A, H}(Q)), n € (0,fi), i < pz2, pe is the second eigenvalue of the problem
(a@A2u+BAu, HE(Q)NH?(Q)), v # 0 is a real parameter and h : QxR — R is a Carathéodory func-
tion verifying some conditions, the boundary condition B(u) = 0 on 99 means that u = Au =0
on 0N when o > 0 and u = 0 on 92 when o« = 0. In this article, we revisit the arguments of
Landesman-Lazer, both in the global and local aspects.
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1. Introduction

The article [12] due to Landesman and Lazer is often cited in the field of nonlin-
ear differential equations when studying perturbations of linear elliptic boundary
value problems when they exhibit resonance. The resonance condition means that
the forcing term of the equation has a natural frequency that corresponds to an
eigenvalue of the linear problem.

That seminal article [12] has influenced many other papers on this topic. For in-
stance, the authors in [2] present results on the existence and multiplicity of solutions
for quasilinear problems in bounded domains involving the p-Laplacian operator
under local versions of the Landesman-Lazer condition. The main results do not
require any growth restriction at infinity on the nonlinear term which may change
sign. The existence of solutions is established by combining variational methods,
truncation arguments and approximation techniques based on a compactness result
for the inverse of the p-Laplacian operator.

The purpose in [14] is to study the existence, multiplicity and non existence of so-
lutions for nonlinear elliptic problems depending by a parameter under Landesman-
Lazer type hypotheses. In order to establish the existence of solution the authors
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combine the Lyapunov-Schmidt Reduction Method and the term gradient freeze
technique with truncation and approximation arguments via bootstrap methods.
There is no growth restriction at infinity on the nonlinear term and it may change
sign.

In [11] the authors study the resonance problem of a class of singular quasilinear
elliptic equations with respect to its higher near-eigenvalues. Under a generalized
Landesman—Lazer condition, it is proved that the resonance problem admits at least
one nontrivial solution in weighted Sobolev spaces. The proof is based upon apply-
ing the Galerkin-type technique, the Brouwer’s fixed-point theorem and a compact
embedding theorem of weighted Sobolev spaces by Shapiro.

In [4] the authors show that the Ahmad-Lazer-Paul condition for resonant problems
is more general than the Landesman-Lazer one, discussing some relations with other
existence conditions, as well. As a consequence, such a relation holds, for example,
when considering resonant boundary value problems associated with linear elliptic
operators, the p-Laplacian and, in the scalar case, with an asymmetric oscillator.

In this paper we deal with the existence of weak solution for the problem

() alA?u + fAu = pu+ yh(z,u) in  Q,
B(u) =0 on 09,

where 2 is a bounded smooth domain of RY, N > 1, a > 0, —c0o < 3 < al\,
where \; is the first eigenvalue of (—A, H}(Q)), p € (0,1), i < a2, po is the
second eigenvalue of (aA? + A, HY(Q) N H?(Q)), v # 0 is a real parameter and
h:Q xR — R is a Carathéodory function verifying some conditions, the boundary
condition B(u) = 0 on 092 means that v = Au = 0 on 092 when o > 0 and u = 0
on 0X2 when a = 0.

The eigenvalue problem associated to problem (P) is given by

alA%u+ BAu = pu  in €,
(B) {

B(u)=0 on S,

Supposing that ¢; is an eigenfunction associated to the eigenvalue \; of (—A, H3()),
Alves, Santos and Gongalves [1, Section 4] showed that ¢; is also an eigenfunction
of (a A%+ BA, Hi ()N H?(Q)) and the eigenvalues are of the form p; = \;(a\; — f3).

To state our main results, we assume that there exist real numbers t; and t5, with
t1 < t9, such that either

(HJ) /Qh(x,thzﬁl)gbldx >0> /Q]’L(ZL‘,tggbl)gf)ldl’,

or

(Hy) /Qh(x,t@l)éﬁldx <0< /Qh(xat%bl)(bldx
and

(H:) There exists f € LI(Q), ¢ > § if N >4 and ¢ > 1if 1 < N <4, such that
|h(z,s)| < f(x), for every s € R, a.e. in €.
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Theorem 1.1. Suppose h satisfies (Hy) and (Hy). Then there exist positive con-
stants 1 and v* such that, for every v € (0,v1) and |u — pi| < yv*, problem (P)
has a weak solution u., =ty + v, with t € (t1,t2) and v € {¢1)*.

We also have the same results as Theorem 1.1 using assumption (H,, ), but in this
case we need to suppose more regularity on the function h.

(Hs) There exists g € LY(Q), ¢ > Z if N >4 and ¢ > 1if 1 < N < 4, such that
|h(z, s9) — h(x,s1)| < g(x)|s2 — s1|, for every s1,s9 € R, a.e. in Q.

Theorem 1.2. Suppose h satisfies (Hy ), (Hy) and (Hz). Then there exist positive
constants v, and v* such that, for every v € (0,72) and |p— 1| < yv*, problem (P)
has a weak solution u., = tdy + v, with t € (t1,ts) and v € (¢1)*.

Due to the global growth restriction on the nonlinearity h given by (H;) and (Hs),
we use variational methods to show Theorems 1.1 and 1.2. For our next results we
assume that h satisfies

3 or every > 0, there exists fys € , q =1 >4 and g > 11
H;) F M > 0, th i L1 Tif N > 4 and 1if

1 < N <4, such that |h(z,s)| < fu(x), for every [s| < M, a.e. in Q.

Theorem 1.3. Suppose h satisfies (Hy) and (Hsz). Then there exist positive con-
stants v* and v* such that, for every v € (0,7*) and | — p1| < yv*, problem (P)
has a weak solution u., = tdy + v, with t € (t1,ts) and v € (¢1)*.

(Hy) For every M > 0, there exists gy € LUQ), ¢ > L if N > 4 and ¢ > 1
if 1 < N < 4, such that |h(x,s1) — h(x,s2)| < gu(x)|sy — sof, for every
|s1], |s2] < M, a.e. in Q.

Theorem 1.4. Suppose h satisfies (Hy ), (Hs) and (Hy). Then there exist positive
constants v* and v* such that, for every v € (0,7*) and |p— p1| < yv*, problem (P)
has a weak solution u, = t¢1 + v, with t € (t1,t2) and v € (¢1)*.

To establish the multiplicity of weak solutions for the problem (P) we assume the
following condition:

(Hs) There exists k € Nand t; € R, t; < t;41,7=1,2,..., K such that

[ /Q h(x,ml)d)ldx} [ /Q b taurd i) nda

Theorem 1.5. Suppose h satisfies (H3), (Hy) and (Hs). Then there exist positive
constants v* and v* such that, for every 0 < |y| < v* and |p — 1| < |y|v*,
problem (P) has k weak solutions u; = t;¢1 + v;, with t; € (t;,tip1) and v; € (P1)+,
i=1.2,... k.

< 0.

Below we list what we believe that are the main contributions of our paper:

(1) We are extending the result in [14] since in that paper, the case with o = 0 and
[ = —1 was considered.

(2) We also complete the results in [2], because we are considering the biharmonic
operator, which makes the estimates more delicate.
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In recent years, problems involving biharmonic or polyharmonic operators have re-
ceived a special attention, in particular the problems where the nonlinearity has a
critical growth. In an interesting book due to Gazzola, Grunau and G. Sweers [7],
the reader can find a lot of results involving this class of operator and an excellent
bibliography about this subject. In addition to this book, we would like to cite the
following papers Gazzola [5], Gazzola, Grunau and Squassina [6], Ge [8, 9], Pucci
and Serrin [13], Yangxin, Rongxin and Yaotian [16] and references therein.

The plan of the paper is the following: In Section 2 we recall variational framework.
In Section 3 we give the proof of Theorem 1.1. We show the proof of Theorem 1.2
in Section 4. In Section 5 we prove Theorem 1.3. Finally, in Section 6, we prove
Theorem 1.4 and in Section 7, we prove Theorem 1.5.

2. Variational framework

The first eigenvalue of (A% + BA, HL(Q) N H?(Q)) is characterized by

. (a Jo [1Auldz — 3 [, |Vu|2d:p>

p1 = in
u#0 I [ul?da
where X = H}(Q2) N H*(Q) is a Hilbert space endowed with the norm

ucX
/)% :a/ |Au|2d:p—/3/ |Vul*dz.
Q Q

We also have that
,ul/ |u|2dx§oz/ |Au|2dx—ﬁ/ \Vul?dr, weX
Q Q Q
and ,ug/ \U!degoz/ |Avl2da:—ﬁ/ |Vo|*da,
Q Q Q
for verL:&ueX:/u@mxzm.
Q

Since N > 4, we can use Sobolev embedding to get X — L*(Q), for 2 < s < 2,,,

where 2,, = % in the case N > 4 and 2., = +oo for the case 1 < N < 4. From

q> %, we have that 2 < 2¢' < 2., where ¢ = q%l. Thus, we obtain

X < L¥(Q) — L7(Q). (1)

The functional associated to problem (P), I, : X — R is given by
L(u) = 1/ (| Aul? — B|Vul?] dx—”/ \u|2dq:—fy/H(:c,u)dx
2 Ja 2 Ja 0
= Sl -4 [ uPde 1 [ Hud,
2 2 Jq Q

t
where H (z,t) :/ h(x,s)ds.
0



G. M. Figueiredo et al. / Spectral Study about Biharmonic Operator ... 135

Under the hypotheses (H;) and (1) the functional I, is well defined and is of class
C! and its derivative is given by

1y w.u) = [

Q

[aAuAw — fVuVw| dz — ,u/

Q

uwdzr — 7/ h(z,uw)wdz,
Q
for every w € X. Thus, the critical points of I, are weak solutions of problem (P).

3. Proof of Theorem 1.1

To prove Theorem 1.1, we use a minimization argument. More specifically, we shall
verify that for v > 0 sufficiently small the infimum of I, on the set

C .= {u =TP1+v:TE [tl,tg],/ prvdr = 0}
Q

is attained on an interior point of C'.

Lemma 3.1. Suppose h satisfies (Hy). Then, for every v > 0, the functional I, is
bounded from below and coercive on C'.

Proof. From (H;) and Holder inequality we get

/ H(z,7¢1 + v)dz
0

< / F@)rén + olds < ||z I7ér + vl e
Q

IN

L za@ ol e @) + 1 Fllza@) [0l 2o o)- (2)
Thus, by (1), there exists Cy > 0 such that

T2 1 72
(ron+e) = ol ol =25 Wl ~ ol =7 | Haroroyds

Z M1 _lj’
24

p2 — fi
o137 = ATl La@llorll o) + 22#2 [oll% = Coll fll Lagy vl x-

This inequality implies that I, is coercive on C'.

On the other hand, by using (2) and p < ug we have for ||u||x < M that

1
LW = gl =l — [ Hwds
1 H
> Ll = 22 ullk = Cor e el x

> — (B AP - Ol M,

showing that I, is bounded from below on C'. O

Now, we define m¢ = inf{l,(u) : v € C} and, for every 7 € [t1, 3],
m, = inf{l,(u) 1 u=7é1 +v,v € (¢1)*"}.

It follows from Lemma 3.1 that m, > m¢ > —oo for every 7 € [tq,ts].
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Lemma 3.2. For every v > 0, there exists u, € C such that I,(u,) = mc.
Moreover, for every v > 0 and T € [ti,ts], there exists v, € (¢1)* such that
L(t¢1 +vy) = m,.

Proof. Let (v,) C B,(0) N {¢1)* be a sequence such that
I,Y(Tqﬁl + Un) — Mc.

Since (v,) is bounded, then, up to a subsequence, we may assume that, there exists
v € B,(0) N {¢;)* such that v, — v weakly in X.

We denote w,, = 7¢1 + v, and w = 7¢; + v. Thus, we may suppose that

w, — w weakly in X;

w, — w strongly in L*(Q);
wy(z) = w(x) ae. x €

wn ()] < C(x), ¢ e L(Q);

for every 1 < s < 2,,. From (H;) and (3), we may apply the Lebesgue Dominated
Convergence Theorem to get

/Q H(z, w,)dz — /Q H(z, w)da.

(3)

Now, we use weak convergence and the fact that w, — w strongly in L*(Q) to get

1
me < (61 +0) = Yl = 4wl — 7 [ Hluwlds

.. 1
< timint | Mo~ Sl — 1 [ Hlow)is

= hgr_l)g)lf L, (w,) = mec.

This implies that I,(7¢1 + v) = me with ||v]]x < p. An analogous argument
implies that for every v > 0 and 7 € [t1,ts], we may find v, € (¢;)* such that
L,(t¢1 + v,) = m,. The proof is complete. O

Now, we define, for each 7 € [t1, 5], the set
S, ={ve ()" vlx <p,L(Té1+v) =m;}.

Remark 3.3. (i) In view of Lemma 3.2, S; # () for every v > 0 and 7 € [ty, t2].
(ii) For every 7 € [t1,t], from Lemma 3.2 we assure that

(I(t¢r +v),2) =0, forevery veS,, z€ (p1)"
Lemma 3.4. Suppose h satisfies (Hy). Then, given 6 > 0, there exists v1 > 0 such
that ||v||x < 9 for every v € Sy, U S,,.

Proof. Suppose, without loss of generality, that v € Sy,. Using (H;), the Holder
inequality and (1) we obtain

/ h(z,t1¢1 + v)vdx
0

< /Qflvldl’ < fllea@llollpr @) < Coll Allzae ol x-



G. M. Figueiredo et al. / Spectral Study about Biharmonic Operator ... 137

7
Hence, Jv]lx < o iQVCq'HfHLq(Q)-

Therefore, taking 0 <~y < vy, := 2 — ]t 0 , the proof is complete. 0
p2 CyllfllLaq

Proof of Theorem 1.1. Following Lemma 3.2, for every v > 0, there exists some
uy = t¢y +v € C such that I,(u,) = me. Since me = my we have that v € 5.
Therefore, of according to Lemma 3.4, ||v||x < d. This shows that u, € int(C) when
t € (t1,t).

It remains to verify that we can not have t = t; or t = t5. For this purpose, we
define T : (¢)* — R by

CT;(U) = / h(‘ratngl + U>¢1dx7 L= 17 2.
Q
By using (H;), we can show that T} is continuous. Thus, from (H"), there exists
§ > 0 such that, for every v € {¢)*, with |[v]|x < § we get

T»(0) 71(0)

/ h(x,tapy +v)prde < = <0< 1T < / h(x,ti¢61 + v)prde. (4)
Q Q
Then, applying Lemma 3.4, there exists 73 > 0 such that, for every v € (0,7),

|v||x < 9, for every v € Sy, U S,,. Thus, we can use (4) to get, for every v € (0,7)

T5(0) <0<

T1(0)
2

/h(l‘,tgqbl +U2)¢1dl’ < < / h(x,t1¢1+vl)¢1dx. (5)
Q Q

for every vy € Sy, v € S;,. This implies that

H— 1 2 I — 2 T1(0)
to4 | bz, tidy + v))rde > — 1 F t] +
“nlits + [ Bt -+ n)onds = <L g ) + T
for every v, € S, and
1= i1 2 L dp < Pl 2 13(0)
[ollta + (z,t2¢1 + vo)rdw < ——||d1]|x[ta| + =~
pay Q Py 2

for every vy € S;,. The above inequalities guarantee that there exists

vt < M1 min{ TI(O) _ TQ(O) }

2l 1% Gl +17 [t +1

such that, for every v € (0,v;) and | — p1| < yv*, we have that

(It +01),¢1) = tillonllx = ptalloall o) — 7/ h(x,t1¢1 + v1)drda
Q

K1y

= [“‘“l\r¢1r@t1+ / h(x,t1¢1+vl>¢1dx] <0 ©)
Q

for every v, € Sy,, and
(L (t201 + v2), 1) = —7 [ﬂ“%”%h + / h(z,tagr + U2)¢1d$} >0 (7)
Q

for every vy € Sy, .



138 G. M. Figueiredo et al. / Spectral Study about Biharmonic Operator ...

Supposing for example that ., = t1¢; +wv, it follows from (6) that there is 7 € (¢4, t2)

such that
me < my < L(1é1 +v) < Li(tigr +v) = L, (uy) = me.

This implies that we can not have t = #;. A similar argument also implies that
we may not have ¢t = ¢,. Consequently u, € int(C'). The proof of theorem is
complete. 0

4. Proof of Theorem 1.2

For the proof of Theorem 1.2 we will need the following result whose proof can be
found in [3].

Theorem 4.1. Let Y and Z be closed subspaces of a real Hilbert X such that
X=Y®Z. Let J: X — R be a functional of class C*. If there exists an increasing
function ¢ : (0,00) — (0,00) such that ¥(s) — oo as s — oo and

(J'(y+21) = Sy + 2), 21 — 22) = |21 = 22[[¥([|]21 — 2]])
for everyy €Y, 21,20 € Z. Then,

(i)  There exists a continuous function ® @'Y — Z such that J(y + ®(y)) =
Iﬂiél J(y + z). Moreover, ®(y) is the only element of Z with the property that
ze

(J'(y+ D(y)),2) =0, for every z € Z.
(ii)  The function J:Y — R defined by j(y) = J(y + ®(y)) is of class C' and

-~

('), y2) = (J'(y1 + @(v1)), y2), for everyyr,y2 €Y.
(iii) y €Y is a critical point of J if and only if y + ®(y) is a critical point of J.
Proof of Theorem 1.2. For every v;, vy € (¢1)* and for every 7 € R we have
(L (1é1 +v1) — I (T¢1 + v2),v1 — v2)

= ||v1—vz|]§(—u/(vl—v2)2da:—fy/ [h(x, T14v1) —h(z, Td1+v2)] (V1 —va)dx
0 0

Now, we can use (H;), (Hs), the Holder inequality and (1) to obtain Cyy > 0 such
that

(L (1d1 4+ v1) = I (T¢1 + v2),v1 — v2)

> o =y = Lo =l =7 [ 9ol — voda

> M2M2u||vl = valx = Yllgll ooy llor = vallf2w g

po = it
(“2=F — Clgllin) los = vall3

v

P2 — [t 1

, we obtain, for ever € (0,m
2u2 C3, |9l e yv€©m)

Thus, taking 7, <

<[,IY(T¢1 + Ul) — [,;(T(Zﬁl + U2>,U1 - ’UQ> > K2~ MH'Ul — U2‘|§(.
2412
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Therefore, I, satisfies the hypothesis of Theorem 4.1, with Y = (¢1), Z = (¢1)*

and ¥(s) = M;;ﬁs, for every s € (0,00). Hence, by Theorem 4.1(i), there exists a

continuous function ® : (¢1) — (¢1)* such that ®(7¢;) is the only element of the
space (¢1)* that satisfies

(I (11 + (7¢1)),v) =0, forevery 7 €R, ve (¢)" (8)

We also have that, from Theorem 4.1(ii), the functional —/fv : (¢1) — R given by
fv(Tﬁbl) = L,(1¢1 + ®(7¢1)) is of class C! and

<TQ(T¢1)7¢1> = (I (7d1+ @(71)), 1)
= ok — il — / h (2,761 + (rén)) drda

- [“‘“lum%ﬁ [ nteron+atonoa).  ©

H1y

By using (H;) and (H, ) we obtain a similar inequality than (4). More specifically
there exists § > 0 such that, for every v € (¢;)*, with ||v||x < d, we have

/h(x,t1¢1 + v)idr < ;/ h(z, tdr)prda
Q

Q

<0< ;/Qh($,t2¢1)¢1dl‘ < /Qh(l’,t2¢1 +U)¢1dl’ (10)

On the other hand, by using (H;), Holder inequality, (1) and (8) we get Cpy > 0
such that

lo(ron)l% = MH‘I’(T%)Hiz(Q)+7/Qh(fvﬁ¢1+<I>(T¢1))‘I>(T¢1)d$

IN

ﬁ@(wl)ui +7C [ fllLa@ [ 2(Té1) | x-

This implies that |1®(7¢1)||x < uuﬂﬂC’q/HfHLq(Q).
-

Thus, by taking 75 < min< v, —£2 2§14 we can use (10) to get
p2YCy || fll Lo

B (%t + / h (2t + (1)) drde
Q

TH1
B 1
<=l inl+ ] [ ho s o
YH1 Q
and Mg |5t _/ h(z,tadr + D(ta1)) Prd
Vi Q

_ 1
<=l 24 - 2 / Wz, tan)brd. (12)
YH1 2 Q
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By using the above inequalities in (9), we have

<Z/y(tl¢l)7¢l> > = [WH%H?AMI +;/Qh($7t1¢1)¢ldx]

nd  (Daon).on < = | ~Llo il + ) [ hetoods]

Thus, by taking

* H1 : -1 #
YOS Sk mm{mH/Qh(x,tm)%dw, t2|+1/9h(x,t2¢1)¢1dx}

we obtain (I'(t1¢1),¢1) > 0 and (I (t261), 61) < 0
for every v € (0,72) and | — p1| < yv*. Then, by the Intermediate Value Theorem,

there exists t € (t1,t2) such that <f;(tgz51), ¢1) = 0. It follows from Theorem 4.1(iii)
that u, = t¢1 + ®(t¢1) is a critical point of the functional I, and that completes the
proof. [

5. Proof of Theorem 1.3

For the proof of Theorem 1.3 we define the following function
hr(z,s) = x(s)h(z,s), forevery z € Q, s € R,
where R > max{|t1], |t2|}||¢1]lc > 0 and x € C*(R,[0,1]) is a function satisfying

1, if |s| < R+1,
x(s) = .
0, if |s|>R+2.

In view of definition of the function hg, we deal in the sequel with the modified
problem

alA?u + AU = pu + yhgr(z,u) in  Q,
(Pr)

B(u)=0 on S,

and we will look for solutions u, = t¢; + v, ¢t € (t1,12) and v € (¢1)* verifying
|uq]|loo < R+ 1, because, in this case, hg(x,u,) = h(x,u,) and therefore u, is also
a solution of problem (P).

Note that [|t;¢1]l < R, i = 1,2. Thus, we can see that hp satisfies the hypotheses
(Hy ). Moreover, from (Hs), there exists fryo € L9(Q) such that |h(x, s)| < frya(2),
for every |s| < R+ 2, a.e. x € Q. It follows, from definition of hg that

|hr(z,s)| < fria(x), for every s € R, a.e. x € Q. (13)

Then, we can use Theorem 1.1 to find 7, and v* such that, for every v € (0,7;) and
| — p| < yv*, problem (Pg) has a weak solution u, = t,¢1 + v,, with ¢, € (t1,12)
and v, € (¢1)*.
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For the next result, we consider the following problem

) { alA*u+ BAu=((z) in Q,
¢

B(u)=0 on 09,

where a > 0, —o0 < 8 < a); and ¢ € LP(Q2), p > 2. Then the only solution u of
(P;) satisfies

w € W(Q)NH{(Q) and  lullwirg) < K¢ (14)
cf. Gupta and Kwong [10] for related results and remarks.

Lemma 5.1. Suppose hr satisfies (13) and that there exist positive constants ~*
and v* such that, for every v € (0,7*) and |y — 1| < y*, u, = tp1 + v is a weak
solution of problem (Pg), with t € (t1,t2) and v € (¢1)=. Then there exist p > I
and Cp, > 0 such that ||v||war) < Cpy.

Proof. Since u = t¢; + v is a weak solution of problem (Pg) we have that v is a
weak solution of the problem

A2+ BAV = i — )1 + po + vhi(e, 1o +v) i 9,
B(v) =0 on Of.

Then, using 0 < pu < i < g, (13), Holder inequality and (1) we obtain

loll% = t(M—Ml)/¢1vdZE+M/UQd$+7/hR(:p,tgbl+v)vdw
0 Q Q

1
< QHUH?X + YN frrella@ V] Lo @)
< £|IUH§< +7Cy || fri2llLallv]lx
or equivalently, |v||x < Mui p YCo || fri2ll La)- (15)

Now, we define ¢(z) = t(u — )61 () + po(e) + vha(z, tr(x) + o(z)), o € Q.
Therefore, for p; = min{q, 2.}, we can use (13), (15), Sobolev embedding and the
fact that LI(2) — L' () to get K; > 0 such that

Il < |p— pa| max{[ty], [t2]}| D1l o1 ) + pllvlzer @) + VI fra2l 2o @)

< mas{a ] [l [u ol + A ol + 1l Frsallin e
Kl’}/a

IA

where

Ky = v* max{|ts], [ta|}| 1] oo |27 + fiC,, Cl| frr 2]l Lo M“Z ot [ fr+2llLr (0)-

Thus, by using (14), we find K > 0 such that

lollwan ) < Kall¢llom o) < KiK. (16)
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Now, we consider three cases.
Case 1. If 4p; > N, the lemma follows from (16), by taking p = p;.

Case 2. If 4p; = N, we have W*P1(Q) — L4(f2), because p; < gq. Then v € L((Q)
and there exists K5 > 0 such that

[Cllzay < o= mlmax{[ts], [t} @1l La(e) + pllvllza@) + VI frezllLa)
< max{ [t ], [talH 61 [loo| 2+ ACq [0]lwar @) + VI fri2]l o)
S KQIYv (17)

where Ky = v* max{[t1], [ta] 61 ]| oc| QM + AC, K Ky + || frall o).

Thus, by using (14), we find K> > 0 such that

|v]|waa) < KallCl|ra) < KoKyy. (18)

This proves the lemma in this case, by taking p = ¢.

Case 3. If 4p; < N, we have W4P1(Q) — LP2(Q), where p, = N]Z;y Thus, if

min{ps, q} = q, we get W*P1(Q) — L(Q). Therefore the lemma follows using the
same arguments as in (17) and (18).

If min{ps,q} = p2, we can argue as in (17) and using (16) to obtain constants
[A(g,Kg > 0 such that ||[v]|yare ) < [A(gKgfy. If 4p, > N, we can argue as in the
Cases 1 or 2, and the lemma is proved. Otherwise, W*F2(Q) — LP3(Q2), where

_ _Np2
D3 = Fim- Moreover

p3s _ p2 N—4dp,

=== > 1.
P2 p1 N —4dps

If min{ps, ¢} = q, WHP2(Q) < L9(Q) and consequently the lemma follows from (17)
and (18).

If min{ps,q} = ps, we can argue as in (17) and using (16) to obtain constants

[?4,1(4 > 0 such that ||v]|yaes) < I?4K4fy. If 4p3 > N, we can argue as in the
Cases 1 or 2, the lemma is proved. Otherwise, we can repeat the above arguments
k times, for k € N sufficiently large, and obtain py such that min{py, ¢} = ¢ > %.
Thus, the lemma follows from (17) and (18), by taking p = q.

To ensure the existence of py, note that p; = N]i’;;fl -, with j = 2,3, verifies
.

ps _ p3 N —4dpy _ p3
- = = > il
p3  p2 N —4ps  p2

and we can see that Pi S Piml o S P3
Pj—1 Dj—2 D2
pj _ Pj Pj—1  DPaD3 p3 )72
Thus —J:—JL...——><—> > 1.
D2 Pj-1Pj—2 D3 P2 D2

Therefore lim p; = oo. Then, there exists jo € N such that, for every j > jy, we
j—o0

have p; > ¢. The lemma is proved. O
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Proof of Theorem 1.3. Since hp satisfies (H ), from (13) and Theorem 1.1, there
exist positive constants 7; and v* such that, for every v € (0,71) and |p— p1| < yv*,
problem (Pg) has a weak solution u., = t¢; + v with ¢ € (t1,¢2) and v € {¢1)*.

By Lemma 5.1 we can find p sufficiently large such that p > &, W*?(Q) — C**(Q)
and such that v € C%*(Q). Thus, there exists C' > 0 such that

[v]lee < Cllv[lwan@) < CCyy.

Consequently, ||v]|oc — 0, as 7 — 0. This implies that there exists v* € (0,7;) such
that ||v||o < 1, for every v € (0,~7*). Thus, for every v € (0,7*) and | — pq| < yv*
we have

[ty lloe = lItd1 + V|loe < [Ith1]loo + V]l < R+ 1.
Hence x(u,) =1 and hg(z,u,) = h(z,u,), for every v € (0,7*) and |p — | < yv*.

Consequently, ., is a solution of problem (P). O

6. Proof of Theorem 1.4

Proof of Theorem 1.4. As in the proof of Theorem 1.3 we consider
hr(z,s) = x(s)h(z,s), foreveryz € Q, s€R

and the associated truncated problem
(Pr) alA?u + AU = pu + yhg(z,u) in  Q,
f B(u) =0 on 9.

We can verify that hp satisfies the hypothesis (H; ) and (H;) with f = frio.
Furthermore, from the definition of h, (H3) and (Hy), we obtain that hp satisfies
(Hy) with g = || XlccfR+2 + gri2 € LI(2), where frio and grio are given by (Hj)
and (Hy), respectively. Thus, we can apply Theorem 1.2, finding positive constants
72 and v* such that, for every v € (0,72) and | — pe| < yv*, problem (Pg) has a
weak solution w., = t¢, + v, with t € (t1,t3) and v € (¢)*. Next, using Lemma 5.1
and arguing as in the proof of Theorem 1.3, we obtain v* € (0,2) such that u. is
a solution of problem (P) for every v € (0,7*) and |u — 1| < yv*. The proof is
complete. Il

7. Proof of Theorem 1.5

Proof of Theorem 1.5. By taking —h whenever v < 0, we can apply Theorem
1.3 or 1.4, for every i € {1,2,...,k}, to find positive constants v and v} such
that, for every 0 < |y| < 77 and | — p1| < |y|v}, the problem (P) has a weak
solution u; = #;¢1 + v;, with ¢; € (t;,tiy1) and v; € (¢1)t. Now we can take
0 < ~* <min{v},...,7:} and 0 < v* < min{vy,..., v} to conclude the proof of
the theorem. [
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