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1. Introduction

This paper is concerned with Bolza problems associated with a discrete-time dy-
namical system, that is, we aim at studying the optimization problem

T
Minimize Z Li(zi—1, Azy) + g(z7)

t=7+1

over all {z;}I__ C R™ such that z, = £. The variable x; represents the state of
the system at time ¢ and Az; quantifies the variation of the state between two
consecutive time instants, that is, Ax; = x; — x;_;. Here £ € R" is the initial state,
which for our purposes is considered as a variable. The initial time 7 and the final
horizon T' are integers, assumed to be fixed all along this manuscript and to be such
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that 7 < T. In this work, we focus in particular on convexr Bolza problems, which
means that the Lagrangians L..1,..., Ly as well as the terminal cost g are convex
functions convex; see Assumption (A) below.

Our goal is to study 9,(§), the so-called value function of the problem, that is, the
optimal value of the problem as a function of the initial state £&. The convexity
of L;11,...,Lr and g implies the convexity of ., which paves the way to study
convex Bolza problems from a duality viewpoint. In particular, in this paper we are
interested in providing an explicit expression for the conjugate of 9.

We are also interested in understanding the evolution over time of the subgradients
of ¥,, similarly as done in [12, 22] for continuous-time systems. Let us point out
that a global method of characteristics for (continuous-time) convex Bolza problems
was introduced by Rockafellar and Wolenski in [22, Theorem 2.4]. Their method of
characteristics describes the time-evolution of the subgradients of the value functions
through following trajectories of a Hamiltonian system. The paper [22] covers the
case where the Lagrangian is coercive and no state constraints are allowed. We refer
to [12] for an extension to problems with state constraints (which is a major issue in
continuous-time settings) and with possibly non-coercive Lagrangian. For discrete-
time optimal control problems, a similar result can be found in [4, Proposition 5.13],
although in that case the value function is assumed to be smooth, the minimizer to
be uniquely determined and all the data of the problem is assumed to be smooth as
well. Neither state nor control constraints are allowed.

One of the main advantage when working under convexity is that, a convex Bolza
problem can be paired with a dual problem, which turns out also to be a convex Bolza
problem. A sample result that can be obtained from the theory is that coextremals
are minimizers of the dual problem; see for example [21]. Note that discrete-time
convex Bolza problems can be viewed as finite-dimensional convex optimization
problems. In this respect, the duality theory presented in Section 2 stems from
traditional duality methods applied to this setting. To the best of our knowledge, no
duality approach has been reported in the literature for studying the value function
of discrete-time convex Bolza problems or the evolution of its subgradients. We
refer to [3, Chapter 1] and [4, Chapter 5] for a general account on the value function
of discrete-time optimal control problems, and in particular to its relation with the
so-called dynamic programming equation. We refer also to [25] for a general study
on the subgradients of value functions of convex Bolza problems.

Notice that convex Bolza problems with non-finite Lagrangians allow us to recover
classical control problems such as the Linear Quadratic Regulator or the linear-
convex problems with mixed constraints. This fact has been discussed in [13, Ex-
ample 2| and [2, 10, 11, 19]) for continuous-time systems, but the arguments can be
readily adapted to a discrete-time setting. Let us also mention that convex Bolza
problems have been intensively studied in the context of continuous-time systems.
Indeed, in the 1970s, in a series of papers [13, 15, 16, 17, 18], Rockafellar set the
foundations of a duality theory for this type of problems; [21] is a transposition of
the theory to discrete-time problems. The value function, in the case of no pathwise
constraints, was studied via the duality theory in [5, 6, 7, 8, 9, 11, 12, 20, 22, 23].

The main contributions of this paper are the following. On the one hand, we trans-
pose the method of characteristics to discrete-time systems, by showing that the
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time-evolution of the subgradients of the value functions can be associated with
trajectories of a discrete-time Hamiltonian system. To do so, we first need to prove
that the value function turns out to be the conjugate of the value function of the
dual problem. One the other hand, these results require some qualification condition
on the primal as well on the dual problem. Qualification conditions over the dual
problems may be rather cumbersome to verify, thus we also show that, under appro-
priate assumptions on the data of the primal problem, the qualification conditions
over the dual problems are satisfied immediately.

1.1. Notation and essentials

Throughout this paper we use the following notation: |- | is the Euclidean norm
and a - b stands for the Euclidean inner product of a,b € R". We will frequently
use the identification R x R" & R?" with the corresponding inner product. We set
[p:q] :={p,p+1,...,q}, that is, it is the collection of all integers between p and
q (inclusive), assuming always that p < ¢; if p = ¢, we set [p: q] = {p}.

Suppose ¢ : R" — RU{£o0} is a function. The effective domain of ¢ is the set
dom(p) :={x € R" | ¢(x) < +o0}.

The function ¢ is said to be proper if dom(y) # 0 and ¢(z) > —oco for all x € R™;
conver if epi(p) = {(z,7r) € R* xR | ¢(z) < r} is a convex set, and lower
semicontinuous (l.s.c. for short) if epi(¢p) is a closed set.

We also use standard nomenclature of convex analysis: ri(S) stands for the relative
interior of a convex set S C R™. The indicator and support functions of a set S C R™
are denoted by dg and og, respectively. The set S, stands for the recession cone of
a convex set S C R"™. The (convexr) normal cone to S at x € S is the set

Ns(z) ={2€eR"| z-(s—x) <0, Vs € S}.
The conjugate of ¢ : R" — RU {400} is the mapping ¢* : R” — RU {400} defined
via the formula
©*(y) :=sup{z-y—p(z)| € R"}, Yy € R",
and its subdifferential at x € dom(yp) is the set
Ip(x) :=={y eR" | p(z) +y- (¢ —z) < p(2), Vz € R"}.

These mathematical objects are related via the Fenchel-Young equality:

yEdp(zr) <= @)+ (y)=x-y. (1)

A function h : R* x R" — R U {£o0} is called concave-convez if h,(-) = —h(-,y)
and h,(-) = h(z,-) are convex functions. The (concave-convex) subdifferential of h
is the set

Oh(z,y) := [—0hy(x)] x Oh,(y), V(z,y) € R" x R". (2)

2. Fully convex Bolza problems

The optimization model we analyze corresponds to a Bolza problem associated with
a running costs L.41,..., Ly : R" X R" — RU {400} (the Lagrangians) and a given
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terminal cost g : R" — R U {+o00}. In particular, we are concerned with the value
function of this discrete-time Bolza problem, which is the mapping that to any given
¢ € R" and s € |7 : T — 1], assigns the optimal value of the problem

t=s+1

Us(€) == inf{ Z Li(xi 1, Axy) + g(ar) | {z ), C R, 25 = 5} , (P)

where Az; = x; — x;_1. Unless otherwise stated, we will always assume that the
following assumption is in force:

L.y1,..., Ly and g are proper, convex and l.s.c. functions. (A)

As mentioned in the Introduction, one of the key points provided by the convexity
is that the value function turns out to be convex with respect to the state variable.

Proposition 2.1. The value function Vs is convex for any s € |1 : T — 1] fized.

Proof. Take s € [7: T — 1]. It is enough to see that the function

T

Lo ({w}l €)= t;ILt(xt_l,Ag;tH glar), i ze = €,

—+00 otherwise,

is convex and that Us(¢) = inf {Ls ({z:}1_,. &) | {z:}ies C R"}. O

2.1. Dual Bolza problem and weak duality

The convex setting we are studying in this paper prompts for a duality theory which
can be obtained via the standard approach with perturbation functions (cf. [21]).
Inspired by the study done in [22] for continuous-time convex Bolza problems, we
consider a dual problem to (P), whose value function (the dual value function in the
sequel), is given, for any n € R” and s € [7 : T'— 1], by the expression

ws(n) = inf{ Z K(pe, Api) + f(pr) | {pe}ies CR", ps = —77} : (D)

t=s+1
Here Ap; = pr — pi—1, [ : R" — RU {400} is the dual terminal cost given by
f(b) :=g*(=b),  VbeR",
and K 41,..., K7 : R" x R" - RU {+o0} are the dual Lagrangians given by
Ki(p,w):= sup {x-w+uv-p— Lz,v)}, Vp,w e R", Vt € [t +1:T].

z,vER?

In the sequel we will refer to J5 given by (P) as the primal value function.

Remark 2.2. Although problem (D) has not been written exactly as the primal
problem (P), it is not difficult to see that it can be brought to that form if we
consider the Lagrangian L,(p,w) = Ki(p + w,w). In this case, it is also evident
that, since L¥(v,z) = K} (v, — v) = Ly(z — v, v), the dual problem to (D) (defined
in the way proposed above) is exactly (P).
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Notice that, as for the continuous-time case, we can extend the definition of both
value functions up to time s =T as follows:

Or(§) = g(&) and wr(n) = f(-n),  V&neR™

From the definition of the conjugate, it follows that

Ir(€) +wr(n) =&-n,  VEnER™

Notice that in particular, we have that wp > 95 and ¥ > wj. This weak duality
relation, becomes strong (with equality) whenever the transversality condition

—n € 9g(§)

holds; this is a straightforward consequence of (1).

The next proposition shows that this weak duality relation propagates backward in
time. Latter on, we will show that the weak duality stated below becomes strong
under certain qualification conditions.

Proposition 2.3. For any s € [t : T — 1], we have that

0s(€) +ws(n) = €&-m, V& eR™
Moreover, we also have that ws > V% and Vg > w;.

Proof. Take s € [r: T — 1]. It is enough to check the inequality just for the case
Us(§),ws(n) < 400, otherwise the conclusion is direct (considering the convention
+00 + 00 = 4+00). Note that we are not assuming a priori that J5(§),ws(n) > —oc.

Let {z;}L, C R™ and {p;}_, C R" be feasible trajectories for the optimization
problems (P) and (D), respectively. By the definition of the conjugate we have that

Li(xi—1, Axy) + Ki(pe, Apr) > 21 - Apy + Ay - pp = x4 - pr — Ty—1 - Do

T T
Thus, Z Lt($t—1, A$t) + Z Kt(pt, Apt) > TpPr — TsPs = T -pr + & - n.
t=s+1 t=s+1

Since f(b) = g*(—b), the definition of the conjugate of g leads to

g(zr) + f(pr) > —x7 - pr.

It follows that

T T
Z Li(xi—1, Axy) + g(zr) + Z Ki(pe, Ape) + f(pr) =€ 1.
t=s+1 t=s+1

Taking infimum over {z;}_, C R™ and {p;}]_, C R™ we get the desired inequality.
In particular, we must have (a posteriori) that ¥s(§) > —oo and ws(n) > —oco. [
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2.2. Strong duality

Let us now focus on proving a strong duality result, which in our case means that
the primal and dual value functions are conjugate to each other. For such purpose
we introduce the following qualification condition:

{El{it}tT:T C R”, such that z7 € ri(dom(g)), (H)

T €1i(X(¢) and Az eri(Tp(t,ze-1)), Vie[r+1:T],
where for x € R" and ¢t € [7 + 1 : T] we have
Lp(t,z) :={veR"| Li(z,v) eR}, and X(t):={xeR"| T'r(t,z)#0}.

Remark 2.4. Notice that the minimization in (P) can be restrained to trajectories
whose initial state 5 = £ is brought to the target dom(g) at time ¢ = T.This means
that the set dom(g) can be understood as a terminal constraint, implicitly encoded
in the formulation of the problem.

Similarly, by allowing each L; to take infinite values, we are handling implicitly
constraints over the state of system z; and the variation Ax;. Indeed, any feasible
trajectory of the Bolza problem (P) must satisfy:

r—1 € X(t) and Az e p(t,2i-1), Vie[r+1:T7.

In other words, the set-valued maps I';, and X correspond respectively to the dy-
namics of the system and to the (time-dependent) state constraint.

Taking this into account, it follows that the qualification condition (H) can be un-
derstood as a strict feasibility assumption over the dynamical system. O

We are now in a position to establish a strong duality relation between the primal
and dual value functions.

Proposition 2.5. Under the Hypothesis (H), it follows that U = ws, for each
s € [t : T —1]. Moreover, the infimum in the definition of ws(n) is attained for any
n € dom(ws).

Proof. Take s € [r : T — 1]. Note that from (H), we get J5(Zs) < +oo. In
particular, it follows that

Ui(n) > Ts - n — Vs(Ts) > —00, Vn € R".

Let us focus on proving first wg = 9%. Let us define Eg = Hfzs R", and observe that
for n € dom(9%) we have

—Ui(n) = nf {Js() —&-n} = xigEfS{ > Lu(wia, Azy) + g(ar) —ws-n},

eRn
¢ t=s+1

where we have considered x = {z;}L_. If we define {(a,b) = g(b) — a - n, it is not
difficult to see that ri(dom(¢)) = R"™ x ri(dom(g)), and so, from the arguments used
to prove [21, Theorem 2], it follows that (H) implies that d¢(0) # (), where for any
y = {y:}_, € Eq the perturbation function ¢ is
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P(y) = inf { Z Li(zy—1, Azy + ) + U(xs + yswa)} . (3)

x€Eg
t=s+1

From [21, Theorem 3] we get that

U5(n) = min { Z Ki(pe, Ape) + (ps, —pr) | P = {Pt}:{:s} )

c€E,
p&ts t=s+1

and the minimum is attained at some {p;}, € 9¢(0) C Es. Therefore, since
*(a,b) = g*(b) if a = —n and ¢*(a,b) = o0 otherwise, we get that ws = U%; for the
case ¥%(n) = +oo the equality follows from Proposition 2.3. O

In a symmetric way, if now a qualification condition is imposed over the dual prob-
lem, a similar result can be obtained. To be more precise, let us consider the
following qualification condition

I{p:}L, C R", such that pr € ri(dom(f)), (i)
pr—1 €1i(P(t)) and Ap; € ri (g (t,pe—1)), Vte[r+1:T],

where for p € R" and ¢ € [7 4+ 1 : T] we have
Pi(t,p) i={w e R" | Ki(p+w,w) €R}, and P(t) = {p € R" [ T'x(t,p) # 0}.

Remark 2.6. Similarly as for the primal problem, the set-valued maps 'y and
P can be interpreted respectively as the dynamics and as the state constraints of
the dual system. Also, dom(f) corresponds to the terminal constraint of the dual
problem. Consequently, any feasible trajectory of (D) must satisfy:

pi—1 € P(t) and Ap € Tg(t,pi—1), Vte[r+1:T] and pr € dom(f).

In this context, the qualification condition (H’) can be understood as a strict feasi-
bility assumption over the dual problem. 0

By symmetry, it is not difficult to see (in the light of Remark 2.2), that the following
statement holds true.

Proposition 2.7. Under the Hypothesis (H), it follows that wi = Vs, for each
s € [t : T —1]. Moreover, the infimum in the definition of ¥s(§) is attained for any
¢ € dom(vs).

As a consequence, under Hypotheses (H) and (H’), we have that J5 and ws are
convex proper and l.s.c. functions on R" for any s € [7 : T'— 1]. Moreover, they are
conjugate to each other, that is,

* *
Uy =ws and UYs = wy.

3. Discrete-time method of characteristics

We now present and prove a discrete-time method of characteristics, which describes
of the evolution of the subgradients of the primal value function by means of a
discrete-time Hamiltonian system.
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Let Hyy1,...,Hp : R" x R" — RU {400} be the Hamiltonians associated with the
primal problem (P), that is

Hy(x,p):=sup {p-v — Ly(z,v)}, Ve,pe R Vte[r+1:T].

vER™

Foreach t € [7+1 : T fixed, H, is a concave-convex function, thus its subdifferential
is given by (2). In particular, we have that (—w,v) € 0H,(Z, p) if and only if

Ht<x7ﬁ) +w- (LU - 3_7) < Ht<j7ﬁ) < Ht(‘fap> —v- (p _]5), \V/.’E,p S

Definition 3.1. Let s € [7: T — 1] be given. We say that {(z;,p;)}I_ o C R* x R"
is a discrete-time Hamiltonian trajectory on [s : T provided that

(—Apy, Axy) € OHy (w11, p1), vVt e [s+1,T]. (4)

The method of characteristics and main result of this paper is the following.

Theorem 3.2. Let £, € R™ be given. Suppose that there is a discrete-time Hamil-
tonian trajectory on [1 : T], say {(z¢, pr) }e, C R*xR", such that (x,,p,) = (£,—n)
and that satisfies the transversality condition

—pr € Og(z7).

Then, n € 09.(§) and —ps € 0V4(xs) for any s € [t : T — 1]. Moreover, the
converse holds true if the hypotheses (H) and (H’) are in force.

Proof. Let [ : R" x R® — R be the convex proper and l.s.c. function given by
l(a,b) :=g(b) —a-n, Va,b e R"

Let {(z, pt) H_, C R" x R" be given. It is not difficult to see that the transversality
condition —pr € dg(zr) combined with p, = —n is equivalent to

(p‘r7 _pT) S ag(x‘ra wT)~ (5)

Moreover, since Hy(x,p) = (L¢(z,-))*(p), from [14, Theorem 37.5], we have that the
condition of being a discrete-time Hamiltonian trajectory on |1 : T] (see equation
(4)) is equivalent to the discrete-time Euler-Lagrange relation

(Ap, pi) € OLy(w1-1, Axy), Vte[r+1:T]. (6)

Let {(x4, p:)}i_, be as on the statement of the theorem. From [21, Theorem 1], we
have that {z;}__is an optimal trajectory for

inf { Z Lt<yt_1, Ayt) + g(yT) —Yr- 77} - yTHel]lgn {ﬁT(yT) —Yr- 77} ) (,PO)

yEE: t=7+1
and that {p;}__ € 0¢(0), where we recall that ¢ is the perturbation function given
by (3). From [21, Theorem 3], it follows that {p;} C R" realizes w,(n), and
moreover, val (Py) = —w,(n). Notice that {x;}__ realizes ¥,(£) as well, and that
U, (&) = val (Py) +£-n. From Proposition 2.3, we get that 9, and w, are conjugate to
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each other, and that the Fenchel-Young equality holds at (£,7), and so n € 09,(&).
To see that —ps € 0U4(xs) for any s € [r : T — 1] it is enough to observe that if
{(xs,pr)}_, is a discrete-time Hamiltonian trajectory on [ : T, then { (x4, ps) }_,
is a discrete-time Hamiltonian trajectory on [s: T as well.

Conversely, let us assume that (H) and (H’) hold and that n € 09.(§). In particular
¢ € dom(4,), and so, by Proposition 2.7, there is an optimal trajectory that realizes
9-(€), that is, there is {z;}L__ C R" such that z, = £ and

T

V(&) = Z Li(xi—1, Axy) + g(ar).

t=7+1

Notice that the condition n € 99.(§) is equivalent to £ € dw.(n) because ¥, and w,
are conjugate to each other. Hence, n € dom(w; ), and thus Proposition 2.5 implies
that there is an optimal trajectory that realizes w,(n), that is, {p;}_. C R™ such
that p, = —n and

wr(n) = Z Ki(pt, Ape) + f(pr)-

t=7+1

From the Fenchel-Young equality we have that 9,(¢) + w,(n) = & -n. Thus {z;}__
realizes the infimum in (Py). Moreover, from the proof of Proposition 2.5 we also
have that {p;}_, € 9¢(0). It follows from [21, Theorem 1] that the transversality
condition (5) and the discrete-time Euler-Lagrange relation (6) holds. O

4. Examples

Let us now provide some explicit formulae for two type of optimal control problems
that fit into the convex setting we have posed for our analysis; we refer to [13] for
other optimal control problems that can modelled as Bolza problems. The dynamics
that govern both problems are jointly linear in the state and in the control. In partic-
ular, throughout this section, we consider matrices A,,...,Ar_y and B, ..., Br_1
of dimension n x n and n x m, respectively, and drifts c,,...,cp_1 € R™. The linear
system we consider throughout this section is the following:

AIH—I = Atxt =+ Btut + Ct, YVt € [[T T — 1]],
utEL{t, vVt € [[TIT-l]], (S)
x € X, Vit e [r:T7.

Here X,,.... Xr CR" and U, ... Ur_; C R™ are convex, closed, and nonempty sets;

the first ones are the (pure) state constraints and the second ones are the (pure)
control constraints.

4.1. Linear Quadratic Regulator problem with state constraints

The first example we study is a finite-time-horizon version of the so-called Linear
Quadratic Regulator problem. We show that this model can be studied in the
framework of this paper. Throughout this example, we consider positive semidefinite
matrices Q),,...,Qr and R,, ..., Rp_; of dimension n x n and m X m, respectively.
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For any initial state & € R™, we consider the following Linear Quadratic Regulator
problem:

T-1
e 1 1
Minimize §H$TH22T+§ Z(H%HZ)("HWH?%)
t=1 (PLQ)

over all ({z} {w =) satisfying (S) with 2, = &

Here we use the notation ||z||3, := z - Mz for z € R and for a d x d matrix M.

To formulate the problem as a convex Bolza problem, we set the endpoint cost
gr? :R" - RU {+o0} as

1 n
g"%(a) = §||CLH%T + 0x, (a), Ya € R",
and for ¢ € [7: T — 1] the Lagrangian LtLﬁ :R" x R" — RU {400} as
LQ L2 . 1, 2
Ly (w,v) = S llallg, + dx (2) + inf {§HUHRt | v= Az + B+ Ct} :

and set
Sy i=A{(z,u,v) ER" X R" xR" |v=Ax+ Bu+c¢, x €X, uel}.

Notice that each S; is closed, convex and nonempty. Moreover, we have:

T T-1
inf N Z |:LtLQ(£Ct,1, A$t>:| + gLQ(xT) = inf . |:LtL_81 (iL't, A$t+1):| + gLQ(xT)
{xt}CR {z¢}CR
=€ t=7+1 =€ t=1
T
. Z [lxt||ét + 0 () + iﬂfm{HUtH%zt + 5St($tautaﬁxt+1)}} + 9" ()
{ }CR — ut€R
zr=£
1« 1
= L3 Z el + luellz, + s (w0, e, Axern)] + 5|2z G, + O (7).
{ut}CRm t=t
=

This implies that the optimal value of the optimization problem (Ppq) coincides

with the value function of the Bolza problem defined by L9, ... Li? and ¢'?. In

other words, the problem (Prq) admits a convex Bolza formulation as in (P), and
the corresponding value function satisfies

T-1

. 1 1 .
979(€) = nf, {2 D llzelld, + el ] + 5llrld, | {ze} and {u} satisty (S)} :

t=1

Observe that with the assumptions we have done so far, " is proper, convex and
l.s.c. and each Lfﬁ is proper and convex, but not necessarily l.s.c. For the lower

semicontinuity of Lffl, we introduce the following qualification condition.

ker(B;) Nker(R;) N (U)o = {0}, Vi e [r:T—1]. (CQ)
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Proposition 4.1. If (CQ) is satisfied, then for any t € [t : T — 1] the infimum
in the definition of Lthl is attained whenever Lffl(:v,v) < 400, and moreover,

LE9 . LEC and g"@ satisfy (A).

Proof. Given that the recession function of u — 3l|ul|%, + 0y, (u) is the indicator
function of ker(R;) N (U;)oo, we can conclude that (CQ) implies the qualification
condition as per [1, Corollary 3.5.7]. Consequently, the infimum in the definition of
the Lagrangian Lthl is attained whenever there is u € U; such that v = A;z+ Byu+c;.

Moreover, [1, Corollary 3.5.7] also implies that Lthl is a l.s.c. function. In particular,
the basic assumption (A) are satisfied by Lffl, .., LY and gF@. O

This statement in particular implies that the evolution of over time of the subgra-
dients of the value function ¥£% can be described by means of Theorem 3.2. Recall
that in order to have a complete characterization of 992 (€), we need to ensure that
(H) and (H’) are satisfied. We proceed now to present some additional conditions
that will allow us to guarantee that (H) and (H’) are satisfied.

4.1.1. Sufficient conditions for (H)

First, notice that if X, = R", Vit € [r:T)] (CH9)
is satisfied, then (H) holds immediately. Indeed, clearly, dom(g*?) = R™.

Recall that I'z(t,x) = {v € R" | L;(z,v) € R}, then

Crre(t,z) == {v € R" | ||9:H2QH +0x,_, () + G%Ilf {||UJH?%F1 + (55t_1(:1:,u,v)} € ]R} .
u€Ut—1

From this, if z ¢ X, 1, then Tpe(t,2) = 0. If x € X,_1, then v € T'zre(t, x) if and
only if inf {||ul|%,_, + 0s,_, (z,u,v) | u € Us_1} € R. Therefore, if z € X,_;, then
v € FLLQ (t, l’) & du e th_l s.t.v= At_lm + Bt_lu + Ct—1,
SveB U1+ A 1x+ .

So, ifx € X1, Upra(t,z) = BiiUy—1+ Ay_1x 4+ ¢i—1. As U,y is nonempty, we have
that X(¢) = X, for all t. Thus, if X, = R" for every ¢, (H) holds true because

I‘i(FLLQ (t, .ﬁL’)) = ri(Bt,l(L{t,l)) + At,1$ + Ci—1 — Bt,1<ri(ut71)) —+ At,1$ -+ Ci—1
is always nonempty given that U;_; is convex.

We now study the case where there are (non trivial) state constraints, that is

T
X=X CR"

t=1

Assume that ()__1i(&;) is nonempty, so that we have ()__1i(X;) = ri(X). Then, to
ensure (H), one may look for conditions to have an equilibrium point in the system,
that is, finding conditions to guarantee that

34 € ri(X) such that 0 € By(ri(ly)) + AiZ + ¢, Vie[r:T—-1). (C}9
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This condition implies (H), as we can choose Z; = Z for any ¢ € [7: T.

In particular, the following statement holds true.

Proposition 4.2. If (CQ) is satisfied, then (H) is satisfied with Lffl, LR and
g-@ provided that either (CY?) or (C59) holds.

To verify (CSQ), we can solve the following linear system of equations

(4, B] m = —c, (7)

for each ¢, and intersect the solution sets with ri(X) x ri(i4;). If there is some Z
that belongs to this intersection for every ¢, then we have (H). In particular, we can
check if 0 € 1i(X) and 0 € By(ri(l4;)) + ¢;. If ¢, = 0, the condition can be reduced
to check that 0 € ri(X) and 0 € ri(i4).

4.1.2. Sufficient conditions for (H’)

Let us turn our attention to the dual problem. Notice that

FRO) = (6"9)" (=) = sup {— b= Laf2, }.

zEXT
When Q7 is positive definite and Xp = R", the supremum is achieved at z = —Q7'b,
and consequently, f?(b) = 1 |b||f?,17 which means that dom(f£?) = R™. In general,
T

we have that dom (fLQ) = —(ker(Qr) N (Xr)xo)*; see [1, Theorem 2.5.4].
On the other hand, we have

Ki3(pow) = sup {z-w+v-p— Ly(z,0)}

z,vER™

1 .
= sup {x wHvep— g (||x||ét +dx, (z) + ulg%{i{”u”?ﬁ + dg,(x, u, v)}) }

z,vER™

1 1
= sup {x cwH4v-p— §||m||22t - 5”“”?& | v = A+ Byu+ ct}
CCEXt
uEUy
veR"™

1 1
= su/{)) {x (Al p+w) — §H$H%t +u- B p— 5““”%&} +cp
rEAL
uEU

1 1
= sup {x (Al p+w) — 5||x||2Qt} + sup {u -B/p - 5Hu||fzt} +cep.
u€Uy

TEX}

Define T'gre(t + 1,p) := {w € R* | K8 (p + w,w) € R}. Then, w € Txre(t + 1,p)
if and only if
Alp+ Alw+w € dom(y)}), (8)

B, p+ B/ w € dom(vy), (9)

1 1
where 9} (z) := sup {x cz— 5||xHét} and ¥?(2) := sup {u cz— 5”“”%&:}
rEX}: ueUy
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Also, p € P(t) if and only if there is w € R™ such that (8) and (9) hold. From [1,
Theorem 2.5.4], we have that

dom(¥}) = (ker(Q;) N (X)oo)® and  dom(9p?) = (ker(Ry) N (Us)oo)*
Therefore:

o If every (ker(Q;) N (X})so)* and (ker(R;) N (Us)oo)™ are vector spaces, we can
take p, = ...,pr = 0, and (H’) will be satisfied. Indeed, if w € I'kre(t,0),
then —w € I'grao(t,0) as well. Thus, 0 € ri(I'gre(t,p)). Also, if w € I'kra(t,p)
then, —w € T'gre(t,—p). This means that 0 € ri(P(¢)). This case covers
Linear Quadratic Regulator problems that are common in control engineering
literature: no state constraints or compact state constraints, and R; being
positive definite or compact control constraints.

o If @, is positive definite or &, is compact for every ¢, then given p € R™ the first
condition (8) holds true for every p,w € R", because (ker(Q:) N (X;)oo)* = R™.
We can choose w = —p to ensure that the second condition (9) also remains
true. Thus, we conclude that in this case P(t) = R" for every t and the
condition (H’) holds true because ri(I'gra(t,p)) is always nonempty.

o If R; is positive definite or U; is compact for every t, then given p € R" the
second condition (9) is true for every w € R™, because (ker(R;) N (U)o )* = R™.
If we also have that the matrix A/ + I,, has rank n, then we can choose w such
that (A} + I,)w = —A/ p and so P(t) = R" for every ¢, and (H’) holds in this
case since ri(I'gze(t, p)) is always nonempty.

This discussion can be summarized in the following statement.

Corollary 4.3. If (CQ) is satisfied, then (H’) is satisfied with Lffl, LY and
g*? provided that (ker(Q;) N (X))oo)* and (ker(R,) N (Us)oo)* are vector spaces for
anyt € [t :T] and s € [t : T — 1], respectively. In the case this condition is not
satisfied, one can still ensure that (H’) is satisfied provided that one of the following
conditions holds:

(1) (ker(Qy) N (X))* =R™ for any t € [r:T);

(2)  (ker(Ry) N (U)oo)* =R™ foranyt € [7: T — 1] and A} + I, has rank n.

4.2. Linear-convex problem with mixed constraints

The second model we study is a linear-convex problem with mixed constraints, that
is, constraints that affect jointly the state and control of the system (at the same
time). To be more precise, we consider the following mixed constraints:

ft(a:t,ut) S O, Vit c [[T T — 1]], (Mc)

where f,,..., fr—1: R®" x R™ — R are given real-valued convex functions.

Following an analogous procedure as for the Linear Quadratic Regulator problem,
we first show that this model can be stated as convex Bolza problem satisfying
assumption (A).
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The optimal control problem we deal with now is the following;:

T-1
Minimize Ci(xe, up) + g(x7),
tz; (Pm)
over all ({z;}]_, {u;}{=) satisfying (S) and (M) with z, = .
Hereinafter ¢,,...,¢7_1 : R x R™ — R are convex functions. We define, for every

t € [r: T — 1], the Lagrangian associated to (Py) as

LM (z,v) = 1€I]§fm {y(x,u) + oy, (u) + p, (x,u) + ds, (z,u,v)} + 0x, (),
where D, = {(z,u) : fi(z,u) < 0} represents the mixed constraints. It is not difficult
to see that, with these data, (Py) can be written equivalently as a Bolza problems
since

T T-1
IM (&) .= inf Z (L} (2421, Azy) | +g(2r) = inf (LM (2, Azyir) | +g(ar)
{m)cRr £~ {z R =
ﬂ@‘q—:f =T $7—:€ =T
T-1
= iflchn Z [Ce(s, ue) + 0w, (wi) + Op, (w6, ur) + s, (2, U, ATp11) +0x, (x)]+ g (7).
{ut JCR™ t=7
557':6
In order to ensure that (A) is satisfied by LM, ... L}, we make the following
assumption

Vt € [r: T — 1], F : R" — R upper semicontinuous such that
sup{|u| | fi(z,u) <0} < y(z), Vo e X,

ueUy

(AM)

This is the discrete version of [2, Assumption (A5)]. Let us define
O ={(z,u) |z e Xy,uc€ly, fi(r,u) <0}, Vte[r:T—1].

Notice that these sets are closed. In the sequel we assume that each €); is nonempty;,
otherwise (Py) becomes immediately infeasible.

Proposition 4.4. If (AM) is satisfied, then for any t € [t : T — 1] the infimum
in the definition of L}, is attained whenever Ly, (x,v) < +oo, and moreover,
L%A, .., LI are convex, proper and l.s.c. functions.

Proof. Let us divide the proof into several steps.
(a) Converity. Let LM, (z,v) = ®4(z,v) + dx,(x), where ®;(z,v) = i%f oi(x,v,u)
ueR™

and o (z,v,u) = l(x,u) + oy, (u) + Op,(x,u) + ds,(z,u,v). Then, p; is convex, and
so @, is convex too. Thus, LY, is convex.

(b) Properness. It is clear that LY, (z, Az + By + ¢;) < 400 for any (z,u) € .
Let us prove by contradiction that L%l > —o00. Suppose there is (z,v) such that
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LY, (z,v) = —oo. Then there is a sequence {u;} such that (z,u;) € Q for every
k € N and ¢;(z,u;,) — —oo. By (AM), {uz} is bounded by 1);(x), which contradicts
the continuity of ¢; (¢; is a real valued convex function). Therefore, L}, is proper.

(¢) Lower semi-continuity. To prove that Li‘j’rl is Ls.c., we rely on [24, Chapter
5]. We first show that ; is level-bounded in u locally uniformly in (z,v), as de-
fined in [24]. Let (z,0) € R" x R" and a € R. Fix ¢ > 0 and let M > 0 such
that sup {¢x(z) | |z — Z| < e} < M (its existence is guaranteed by the upper semi-
continuity of ¢;). If for u € R™, we have that ¢;(x,v,u) < «, with |z — 2| < ¢
and v € R", then u € U; and fi(x,u) < 0. By (AM), |u| < ¢(x) < M. So, ¢; is
level-bounded in u locally uniformly in (z,v).

We prove now that @, is L.s.c. Let (z,v) € dom(®;) and (zx,vx) — (Z,0). Without
loss of generality, we can assume that there is a subsequence with ®;(zy;, vg;) < +00
for every j € N, otherwise the conclusion is straightforward. By continuity of 4,
we can choose {(zx;,vx;)} so that ®y(zx,,vx;) < M for some M > 0 large enough.
Then, {®;(zx,,vk;)} is bounded from above. As we have already proved that ¢, is
level-bounded in u locally uniformly in (x, v), by [24, Proposition 5.4] we obtain that
the sequence ;(zy,, vk, -) is tight in the sense of [24, Definition 5.3]. With this, we
can follow the steps on [24, Theorem 5.6(a)] to prove that

lim inf @, (x4, v) = Uminf & (zy,, vg,) > 4(7, D).
k—o0 Jj—00

To conclude, we show that dom @, is closed. Let {(xy,vx)} C dom @, such that
(g, vk) = (x,v). Then for every k € N there is uy € U, such that f(xy, ux) < 0 and
vp = Ayzy, + Byuy + ¢;. The sequence {xy} is bounded because it is convergent. By
(AM) the sequence {uy} is also bounded. Therefore, up to a subsequence (which we
do not relabel), we may assume that u;, — w. By continuity of f;, we obtain that
fi(z,u) <0 and v = Az + Byu + ¢, concluding that (x,v) € dom ®;. This implies
that @, is Ls.c. and so is L. [

Proposition 4.4 implies that the evolution of over time of the subgradients of the
value function

IM (&) = inf {i:ft(xt,ut) + g(zr) | {x}, {us} satisfy (S) and (MC)}

er=¢ t=1

can be described by means of Theorem 3.2. Similarly to what was done for the Linear
Quadratic Regulator problem (Prq), we now study some additional conditions on
the data of the problem that will allow us to guarantee that (H) and (H’) are satisfied
by the data of (Py).

4.2.1. Sufficient conditions for (H)

Let pu(t+1,2) := {v € R" | LM (x,v) € R}. By (AM), for z € X, fixed we have
ian{ {l(z,u) | fi(x,u) <0} > inf ){ét(:c,u)} > —00.
ueUy

[u| <t (z
Therefore, if x € X:
vel(t+1,z) e uel st.v=Ax+ Bu+c N fi(z,u) <0,
s v e B{uel | fi(z,u) <0} + Awx + ¢.
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Since {u € U; | fi(z,u) < 0} is nonempty convex, ri(I', (¢t + 1,x)) is also nonempty.
In particular,

X(t+1)=XNE, where Z:={x € R"|Ju el st. fi(x,u) <0}.

Notice that the set = is convex. It follows that ri(X;) Nri(Z) C ri(X (¢ + 1)) with
equality if ri(X;) Nri(Z) # . Thus, for ensuring that (H) holds we may also look
for conditions that guarantee an equilibrium point in the system.

Proposition 4.5. Assume that (AM) is satisfied, X = (_. ti(X,) is nonempty and
foranyte[r:T —1]

33 € 1i(X),u; € ri(lhy) such that 0 = Byuy + A + ¢ and fi(2,u;) < 0.  (CM)
Then (H) is satisfied with LM, ..., LY and g™.

Proof. We only need to note that u; in (CM) belongs to ri(i;) Nri(Z) C ri(ly) NE).
Clearly, # € X(t+ 1) and 0 € T'f(t + 1,2) for any t € [7: T — 1]. O

4.2.2. Sufficient conditions for (H’)

To conclude, we now focus on the dual problem. First, let us seek conditions to
ensure that the dual problem has no state constraints. These conditions will imply
(H’). Notice that

EMi(pow) = sup {z-(w+Alp) +u-B/p—li(z,u)} +c: - p,
(z,u)€Qy
and consequently

Lpm(t41,p) = {wER" | sup {z-(wt+A w+A] p)+u- (B p+Bw)—Li(x,u)} ER}.
(z,u)e

By continuity of ¢;, we have that P(t + 1) = R" if 2, is compact. This is true if for

example

o A, is compact. In this case, we have that

sup {[ul | [fi(z,u) < 0} < sup{ep(z)} < +o0
(z,u)€Q z€EX;

and therefore €); is compact.

o there is a coercive function h; : R™ — R such that hy(x) < fi(z,u); this is the
case for example if fi(z,u) = |z|* + |u|> — 1. Indeed, this implies that € is
bounded. To see this assume by contradiction that {(z,ux)} C € is such that
|(zg, ur)] — oo. Note that hi(zy) < 0, and so {x}} is bounded. Therefore,
necessarily |ug| — 0o, however, this contradicts (AM).

On the other hand, if € is not compact, (H’) also holds if ¢; is compact and
Al + I, has rank n for every t. To prove this, let p € R™ and choose w such that
w+ A/ w= A/p. Then

sup {z- (w+ Afw+ Afp) +u- (Bl p+ Bfw) — ,(x,u)}
(z,u)€Q
= sup {u- QBtTp —ly(z,u)} €R
(z,u) €
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It is easy to see that if £; is coercive for any ¢, then (H’) holds. If the matrix A + 1,
has rank n for all ¢, we can refine this argument by asking

dko €R, hyy...,hp_1 : R™ — R such that

sup {|z|| b(z,u) — z-u < Ko} < ly(2), VzeR™.
(z,u)EQ

(B)

In this case, P(t) = R" for every t as well. To prove this, let p € R" and w € R”
such that w+ A/ w = —A/ p. Assume by contradiction that there is { (x4, us)} C Q
such that

w-(w+Al w+A] p)+tu (B p+ B, w)—ly(zx, up) = wp (B p+B w) = (zx, up) — 0.
This implies that there is Ny € N such that
ug - (B p+ B/ w) — y(xp, up) > —ko, Vk > Np.

By taking z = B/p + B, w in (BM), then sup;-y, |zx] < hi(z). Then, by (AM),
there exists some M € R such that sup, y, [ux| < M, which is a contradiction with
uy - (B p+ B w) — £y(xp, up) — 0o as {; is continuous.

The condition (BM) corresponds to the discrete version of [2, Assumption (A6)], and
it is satisfied, for example, if ¢; is coercive in u and has at least linear growth in x.

The previous discussion will be summarized in the following proposition:

Proposition 4.6. If (AM) is satisfied, then (H’) is satisfied with LM, ... LY and
g™ if Q is compact or l; is coercive for every t € [t : T — 1]. If none of these
conditions is satisfied, (H’) holds provided that the matriz A] + I, has rank n and
either Us is compact or l; satisfies (BM) for every t € [t : T — 1].

5. Conclusion

In this paper we have shown that the evolution over time of the subgradients of
the value function of a (deterministic) discrete-time convex Bolza problem can be
associated with trajectories of a discrete-time Hamiltonian system. This is the so-
called discrete-time method of characteristics. We have also demonstrated that the
qualification conditions required for our results to hold are satisfied in several cases
of interest; e.g. the Linear Quadratic Regulator problem and the linear-convex
problem with mixed constraints.

This paper paves the way for future extension to stochastic convex Bolza problems.
Indeed, our main result (Theorem 3.2) as well as our intermediate results (Proposi-
tion 2.5 and 2.7) are consequences of the research reported by Rockafellar and Wets
in [21]. For our paper, we have only used the deterministic part, but we plan to use
the stochastic part in a forthcoming paper.
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