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formulas for the tangent cone, normal cone and second-order tangent set are established. The
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1. Introduction

We consider the space Sm of real m × m symmetric matrices endowed with the
standard inner product ⟨·, ·⟩ given by ⟨A,B⟩ = Tr(ATB) for A,B ∈ Sm. The induced
norm is the Frobenius norm, denoted by ∥ · ∥F : ∥A∥F =

√
⟨A,A⟩ for A ∈ Sm. We

say that a norm ∥ · ∥ in Sm is an orthogonally invariant norm if

∥P TAP∥ = ∥A∥, ∀A ∈ Sm, P ∈ Om,

where Om denotes the set of all m×m orthogonal matrices.
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Many nonlinear optimization problems can be formulated as the following form
min f(x), s.t. g(x) ∈ K, x ∈ E, (1.1)

where g is a twice differentiable mapping not identically zero, K = epi ∥ · ∥ is the
epigraph of a norm ∥·∥ on a space of matrices, E ⊂ X is a closed set, and X is a finite
dimensional Hilbert space. For example, some optimization problems considered in
[4, 5, 17] and [6] can be reformulated or can be approximated by the mathematical
model (1.1), where ∥ · ∥ is the nuclear norm or the Ky-Fan k-matrix norm.
In order to develop optimality conditions for Problem (1.1), we have to derive the
variational geometry of the feasible region, see Chapter 3 of [2], [11] and [18]. This
issue is closely related to the variational geometry of cone K.
The study about the variational analysis for the Ky Fan k-norm matrix cone, in-
cluding spectral norm and nuclear norm matrix cones, is relatively mature, see Ding
[7] and Ding et al. [8, 9, 10]. How to extend variational properties of the Ky Fan
k-norm matrix cone to a general norm matrix cone? This motivates us to estab-
lish the variational analysis for the orthogonally invariant norm cone of symmetric
matrices.
The main contributions can be summarized as follows.
• For a general orthogonally invariant norm cone of symmetric matrices, formulas

for the tangent cone, normal cone and second-order tangent set are established.
These formulas are significant in establishing the first-order necessary optimal-
ity conditions as well as the second-order sufficient optimality conditions.

• The differentiability properties of the projection operator onto the orthogo-
nally invariant norm cone are developed, including formulas for the directional
derivative and the B-subdifferential.

It should be pointed out that the above results are derived from variational geometry
of the lower level set of a convex function by [2] and the technique, developed by [1]
for projection operator on the epigraph of a convex function, the same methodology
was adopted in [16] for developing variational geometry of norm cones in finite
dimensional Euclidean space Rn.
The paper is organized as follows. In Section 2, we give some preliminaries needed
in the following sections. In Section 3, we develop variational analysis of the orthog-
onally invariant norm cone of symmetric matrices and directional derivative and B-
subdifferential of the projection onto the orthogonally invariant norm cone. Section
4 focuses on simplifying the formulas for directional derivative and B-subdifferential
of the projection operator on the orthogonally invariant norm cone of symmetric
matrices. We conclude the paper in Section 5 with a number of conclusions.

2. Preliminaries

It follows from [19, Page 35] that all orthogonally invariant norms of symmetric
matrices can be written as

∥A∥ = ψ(λ(A)),

where ψ : Rm → R is a symmetric norm, i.e., such that ψ(Py) = ψ(y) for all y ∈ Rm

and all m-by-m permutation matrix P .
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We use ψ∗ to denote the dual norm of ψ, then ψ∗ : Rm → R can be expressed as

ψ∗(u) = max
ψ(y)≤1

⟨u, y⟩.

Let w1, . . . , wr be r distinct values of m eigenvalues of A, namely

λ1(A) = · · · = λk1(A) = w1

> λk1+1(A) = . . . = λk2(A) = w2

> · · · > λkr−1+1 = · · · = λkr = wr,

where k0 = 0, kr = m. Denote

α1 = {1, . . . , k1}, α2 = {k1 + 1, . . . , k2}, . . . , αr = {kr−1 + 1, . . . , kr}.

The following three results are from [15], which are about properties of a symmetric
function.

Lemma 2.1. ([15, Lemma 2.1]) Let ψ : Rm → R be a symmetric function, twice
differentiable at the point w ∈ Rm, and P be a permutation matrix such that Pw = w.
Then (i) ∇ψ(w) = P T∇f(w) and (ii) ∇2ψ(w) = P T∇2ψ(w)P .
In particular we have the representation

∇2ψ(w) =



a111|α1|1T|α1| + bk1I|α1| a121|α1|1T|α2| · · · a1r1|α1|1T|αr|

a211|α2|1T|α1| a221|α2|1T|α2| + bk2I|α2| · · · a2r1|α2|1T|αr|

...
...

...
...

ar11|αr|1T|α1| ar21|αr|1T|α2| · · · arr1|αr|1T|αr| + bkrI|αr|


,

where (aij)
r
i,j=1 is a real symmetric matrix, b := (b1, . . . , bm)

T is a vector which is
block refined by w in the following sense

wi = wj implies bi = bj for all i, j.

Let b(w) ∈ Rm with b(w) = (b1(w), . . . , bm(w))
T , be defined by

bi(w) =

{
ψ′′
ii(w) if |αl| = 1, i ∈ αl,

ψ′′
pp(w)− ψ′′

pq(w) for any p ̸= q ∈ αl, i ∈ αl.

Define A(w) = [Aij(w)] by

Aij(w) =



0 if i = j,

bi(w) if i ̸= j but i, j ∈ αl,

ψ′
i(w)− ψ′

j(w)

wi − wj
otherwise.

(2.1)
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Lemma 2.2. ([15, Lemma 3.1]) Let ψ : Rm → R be a symmetric function and
A ∈ Sm. Then ψ is differentiable at the point λ(A) if and only if ψ◦λ is differentiable
at the point A. In that case we have the formula

∇(ψ ◦ λ)(A) = P (Diag∇ψ(λ(A)))P T

for an orthogonal matrix P satisfying A = P (Diagλ(A))P T .

Lemma 2.3. ([15, Theorem 3.3]) Let ψ : Rm → R be a symmetric function and
A ∈ Sm. Then ψ is twice differentiable at the point λ(A) if and only if ψ ◦ λ is
twice differentiable at the point A. Moreover, in this case the Hessian of ψ ◦ λ at
the matrix A is

∇2(ψ ◦ λ)(A)[H] = P
[
Diag (∇2ψ(λ(A))diag Ĥ) +A ◦ Ĥ

]
P T

for orthogonal matrix P satisfying A = P (Diagλ(A))P T , where Ĥ = P THP and
A = A(λ(A)) is defined by (2.1), where

A ◦ Ĥ = [AijĤij].

Fan’s inequality is an important tool in the space of symmetric matrices, which will
be used in the following discussions.

Lemma 2.4. (Fan’s inequality [13]) Let Y, Z ∈ Sm. Then

⟨Y, Z⟩ ≤ λ(Y )Tλ(Z),

where the equality holds if and only if Y and Z admit a simultaneous ordered eigen-
value decomposition, i.e., there exists an orthogonal matrix P ∈ Om such that

Y = PDiag(λ(Y ))P T and Z = PDiag(λ(Z))P T .

It follows from Lemma 2.4 that, for any X,Y ∈ Sm,

∥λ(X)− λ(Y )∥ ≤ ∥X − Y ∥. (2.2)

Let ψ : Rm → R be a symmetric norm. An orthogonally invariant norm of real
symmetric matrices, denoted by N , is defined by

N : Sm → R+, N(A) = (ψ ◦ λ)(A), A ∈ Sm. (2.3)

It is easy to obtain the following result from Theorem 5.2.2 of [3].

Proposition 2.5. The dual norm of N , denoted by N∗, is expressed as

N∗(A) = (ψ∗ ◦ λ)(A), A ∈ Sm.

The matrix norm cone in Sm associated with N , denoted by K, is the epigraph of
N , namely

K = {(A, s) ∈ Sm × R : N(A) ≤ s}. (2.4)
We use K∗ to denote the matrix norm cone associated with N∗, namely the epigraph
of N∗: K∗ = {(A, s) ∈ Sm × R : N∗(A) ≤ s}. (2.5)
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The polar of K, denoted by K◦, is expressed as

K◦ = −K∗ = {(A, s) ∈ Sm × R : (ψ∗ ◦ λ)(A) + s ≤ 0}. (2.6)

In the next section, we will use Sherman-Morrison-Woodbury formula for linear
operators in [12].

Lemma 2.6. ([12, Theorem 2.1]) Let X and Y be vector spaces. Let A ∈ B(X),
U ∈ B(Y,X) and V ∈ B(X,Y ) such that A is invertible, where B(X) denotes the
linear space of linear operators from X to X, B(X,Y ) denotes the linear space of
linear operators from X to Y . Then A+UV is invertible if and only if IY +V A−1U
is invertible. Furthermore, if A+ UV is invertible, then

(A+ UV )−1 = A−1 − A−1U [IY + V A−1U ]−1V A−1.

3. Variational analysis of norm cone K

Throughout the whole paper, we assume that ψ : Rm → R is a symmetric norm. In
order to study the variational geometry of the norm cone K, we introduce a Hilbert
space and related definitions as follows. Let H = Sm × R, define the inner product
⟨·, ·⟩ in H:

⟨z, z′⟩ = Tr(AA′) + ss′, z = (A, s) ∈ H, z′ = (A′, s′) ∈ H.

The induced norm, denoted by ∥ · ∥H, is defined by

∥z∥H =
√

∥A∥2F + s2.

This section provides basic variational analysis on the convex cone K mostly through
a study on the orthogonal projection onto K:

ΠK(z) := argmin z′∈K
1

2
∥z′ − z∥2H.

Let I and I ′ be identity mapping in Sm and H, respectively, namely

IA = A, I ′z = z for A ∈ Sm and z ∈ H.

We usually denote I ′ by

I ′ =

[
I 0

0 1

]
.

For a matrix A ∈ Sm, we use A∗ to denote the following linear operator

A∗ : Sm → R, A∗H = Tr(AH),∀H ∈ Sm.

3.1. The tangent cone and second-order tangent set of K

In this subsection, we will develop the tangent cone, the normal cone and the outer
second-order tangent set of a norm cone.
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Lemma 3.1. Let ψ : Rm → R be a symmetric differentiable norm. Let A have the
spectral decomposition A = P (Diagλ(A))P T for an orthogonal matrix P . Then the
following results hold:
(i) For (A, s) ∈ K, TK(A, s) =

=


H N(A) < s,

K (A, s) = (0, 0),{
(dA, ds) ∈ Sm × R : ⟨PDiag (∇ψ(λ(A)))P T , dA⟩ ≤ ds

}
N(A) = s > 0.

(ii) For (A, s) ∈ K, NK(A, s) =

=


{0} N(A) < s,

K◦ (A, s) = (0, 0),{
α(Y,−1) ∈ H : (ψ∗ ◦ λ)(Y ) = 1, ⟨Y,A/s⟩ = 1, α ≥ 0

}
N(A) = s > 0.

(iii) Let z ∈ K and d ∈ TK(z) where z = (A, s) and d = (dA, ds). If ψ is a twice
differentiable symmetric norm, then

T 2
K(z, d) =



H d ∈ int TK(z),

TK(z) z = 0,(ξA, ξs) :

⟨PDiag (∇ψ(λ(A)))P T , ξA⟩ − ξs

+∇2ψ(λ(A))[diag(dA), diag(dA)]

+⟨A, dA ◦ dA⟩ ≤ 0

 otherwise.

(3.1)

Proof. In view of Lemma 2.3, Assertions (i) and (iii) come from Proposition 2.61
and Proposition 3.30 of [2], respectively. We only need to prove the case when
(ψ ◦ λ)(A) = s > 0 in (ii). Since K is a closed convex cone, we have from (2.110) of
[2] that the normal cone of K at z is expressed as

NK(z) = {(U, t) ∈ H : (U, t) ∈ K◦, ⟨(U, t), (A, s)⟩ = 0}. (3.2)

Since K = epiN = epi (ψ ◦ λ), (A, s) ∈ epiN , one has from (U, t) ∈ NK(z) that
t < 0, it is necessary to consider an element (V,−1) ∈ NK(z). It follows from (3.2)
that

(V,−1) ∈ NK(z) ⇐⇒ (V,−1) ∈ K◦, ⟨(V,−1), (A, s)⟩ = 0

⇐⇒ N∗(V ) ≤ 1, ⟨V,A⟩ = s.
(3.3)

From the definition ofN∗, andN(A/s) = 1 and ⟨V,A/s⟩ ≤ N(A/s)·N∗(V ) = N∗(V ),
we have ⟨V,W/s⟩ ≤ 1. Thus N∗(V ) ≤ 1, ⟨V,A/s⟩ = 1 is equivalent to ⟨V,W/s⟩ = 1
and N∗(V ) = 1. The formula of NK(z) for the case N(A/s) = 1 follows from (3.3).
The proof is completed.
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Corollary 3.2. Let ψ : Rm → R be a symmetric differentiable norm. Assume
that (A, s) ∈ K. If A has the spectral decomposition A = P (Diagλ(A))P T for an
orthogonal matrix P , then

NK(A, s) =


{0} N(A) < s,

K◦ (A, s) = (0, 0),{
α(UDiag(a)UT ,−1) ∈ H : a ∈ ∂ψ(λ(A)), α ≥ 0

}
N(A) = s > 0.

Proof. We only need to prove the case where (A, s) satisfying N(A) = s > 0. In
this case, we have that (ψ ◦ λ)(A) = s, (ψ∗ ◦ λ)(Y ) = 1, ⟨Y,A/s⟩ = 1, implying

⟨Y,A/s⟩ = N(A/s)N∗(Y ).

From Lemma 2.4, we have that Y and A admit a simultaneous ordered eigenvalue
decomposition, i.e., Y = PDiag(λ(Y ))P T . It follows from Lemma 3.1 that

NK(A, s) =
{
α(Y,−1) ∈ H : (ψ∗ ◦ λ)(Y ) = 1, ⟨Y,A/s⟩ = 1, α ≥ 0

}
=
{
α(PDiag(λ(Y ))P T ,−1) : ψ∗(λ(Y )) = 1, ⟨λ(Y ), λ(A/s)⟩ = 1, α ≥ 0

}
=
{
α(PDiag(a)P T ,−1) : (a,−1) ∈ Nepiψ(λ(A), s), α ≥ 0

}
=
{
α(PDiag(a)P T ,−1) : a ∈ ∂ψ(λ(A)), α ≥ 0

}
.

The proof is complete.

3.2. The formula for the projection operator ΠK(z)

In this subsection, we will derive a formula of ΠK(z). In the proof of the next
proposition, we relate ΠK(z) to Πepiψ(λ(A), s), where Πepiψ(λ(A), s) is the solution
of the following problem

min
1

2
∥(w, t)− (λ(A), s)∥2 s.t. ψ(w)− t ≤ 0. (3.4)

Let L : Rm+1 × R → R be the Lagrangian of Problem (3.4):

L(w, t, µ; z) = 1

2
∥(w, t)− (λ(A), s)∥2 + µ(ψ(w)− t).

Then (w∗, s∗) is a solution to Problem (3.4) if and only if there exists a real number
µ∗ ≥ 0 such that (w∗, s∗, µ∗) satisfies

µ∇ψ(w) + w − λ(A) = 0,

t− s− µ = 0,

µ(ψ(w)− t) = 0, µ ≥ 0.

(3.5)

If µ∗ > 0, because otherwise ΠK(A, s) = (A, s), then (w∗, s∗, µ∗) satisfies

µ∇ψ(w) + w − λ(A) = 0,

t− s− µ = 0,

ψ(w)− s− µ = 0, µ > 0.

(3.6)
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From (3.6), if for a given z = (A, s) ∈ H and any (w, µ) ∈ Rm × R with w ̸= 0, we
define F : Rm+1 → Rm+1 by

F (w, µ; z) =

[
µ∇ψ(w) + w − λ(A)

ψ(w)− µ− s

]
, (3.7)

then F (w∗, µ∗; z∗) = 0. In the next proposition, F defined by (3.7) is used to
characterize Πepiψ(λ(A), s).

Proposition 3.3. Let ψ : Rm → R+ be a differentiable symmetric norm. Let
z = (A, s) ∈ H be a given point with A = PDiag(λ(A))P T for an orthogonal matrix
P , then

ΠK(A, s) =


(A, s) if (A, s) ∈ K,
(0, 0) if (A, s) ∈ K◦,

(PDiag(w(z))P T , µ(z) + s) otherwise,
(3.8)

where (w(z), µ(z)) ∈ Rm × R++ is a solution of the system of equations:

F (w, µ; z) = 0.

Proof. We may express ΠK(A, s) as the solution of the following optimization
problem

min ∥X − A∥2F + (t− s)2 + δ{(ψ◦λ)(X)≤t}(X, t), (3.9)
where δC denotes the indicator function of a set C. Noting that

δ{(ψ◦λ)(X)≤t}(X, t) = δepiψ(λ(X), t)

and from the inequality (2.2) that

∥X − A∥F ≥ ∥λ(X)− λ(A)∥,
we obtain

∥X−A∥2F +(t−s)2+δ{(ψ◦λ)(X)≤t}(X, t) ≥ ∥λ(X)−λ(A)∥2+(t−s)2+δepiψ(λ(X), t).

This implies

dist2((A, s),K) ≥ dist2((λ(A), s), epiψ) = ∥Πepiψ((λ(A), s))− ((λ(A), s))∥2.

Let (λ̂, ŝ) = Πepiψ(λ(A), s), X̂ = PDiag(λ̂)P T .

Then (X̂, ŝ) ∈ K, and

∥X̂ − A∥2F + (ŝ− s)2 = ∥λ̂− λ(A)∥22 + (ŝ− s)2 = dist2((λ(A), s), epiψ).

Therefore, (X̂, ŝ) is the unique solution to Problem (3.9).

From the above discussions, we get that (X̂, ŝ) = ΠK(A, s) if and only if

X̂ = PDiag(λ̂)P T with (λ̂, ŝ) = Πepiψ(λ(A), s).

Therefore, we only need to consider to calculate Πepiψ(λ(A), s), namely the solution
of Problem (3.4).
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It is obvious that ΠK(A, s) = (A, s) when (A, s) ∈ K and ΠK(A, s) = (0, 0) when
(A, s)∈ [K]◦. If (A, s) /∈(K ∪ [K]◦), then for (A∗, s∗) = ΠK(A, s), one has that A∗ ̸= 0
and s∗ > 0. Obviously, one has that (A∗, s∗) ∈ bdryK, namelyN(A∗)−s∗ = 0. From
the above analysis, we know that ΠK(A, s) = (PDiag(w∗)P T , s∗) where (w∗, s∗) is
the unique solution to the convex programming problem (3.4). The point (w∗, s∗)
is a solution to Problem (3.4) if and only if there exists a real number µ∗ ≥ 0 such
that (w∗, s∗, µ∗) satisfies (3.5), namely

µ∇ψ(w) + w − λ(A) = 0,

t− s− µ = 0,

µ(ψ(w)− t) = 0, µ ≥ 0.

From the above system, we know µ∗ > 0, because otherwise ΠK(A, s) = (A, s),
which contradicts the assumption that (A, s) /∈ (K ∪ [K]◦). Therefore, (w∗, s∗, µ∗)
satisfies (3.5), namely

µ∇ψ(w) + w − λ(A) = 0,

t− s− µ = 0,

ψ(w)− s− µ = 0, µ > 0.

Namely (w∗, s∗) = (w(z), µ(z) + s), where (w(z), µ(z)) ∈ Rm × R++ is a solution of
the system of equations F (w, µ; z) = 0. The proof is complete.
We use K2 to denote the second-order cone in Sm × R, namely

K2 = {(A, s) ∈ Sm × R : ∥A∥F ≤ s}. (3.10)

Then we can easily obtain, from Proposition 3.3, the formula of the projection
operator onto K2.
Corollary 3.4. Let z = (A, s) ∈ H be a given point, then

ΠK2(A, s) =


(A, s) if (A, s) ∈ K2,

(0, 0) if (A, s) ∈ [K2]
◦,

(∥A∥F + s) · 1
2

(
A

∥A∥F
, 1

)
otherwise.

(3.11)

Remark 3.5. It should be pointed out that formula (3.11) is true not just for K2,
but also for the cone

K = {(ξ, t) ∈ E × R : ∥ξ∥ ≤ t}
where (E, ∥·∥) is any Euclidean space. The fact that ∥·∥F = ∥·∥2◦λ is not essential
for obtaining (3.11).

3.3. Directional derivative and B-subdifferential of ΠK(z)

Since ΠK(z) is globally Lipschitz continuous with constant 1, it is differentiable
almost everywhere. From the expression of ΠK(z), we know that it is differentiable
at points in the following set

intK ∪ int [K]◦ ∪ int [H \ (K ∪ K◦)].

Now we give the formulas for the derivatives of ΠK at points in the above set.
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Proposition 3.6. Let ψ : Rm → R+ be a twice differentiable symmetric norm. Let
z = (A, s) ∈ H be a given point with A = PDiag(λ(A))P T for , then the following
results hold:
(i) If z = (A, s) ∈ intK, then DΠK(z)(dA, ds) = (dA, ds) for (dA, ds) ∈ H;
(ii) If z = (A, s) ∈ intK◦, then DΠK(z)(dA, ds) = 0 for (dA, ds) ∈ H;
(iii) If z = (A, s) ∈ int[H \ (K ∪ [K]◦)], then for (dA, ds) ∈ H,

DΠK(z)

[
dA

ds

]
=

[
G(z)−1 0

0 1

] [
dA

ds

]
(3.12)

− β(z)

[
G(z)−1∇(ψ ◦ λ)(X(z))

−1

]
[∇(ψ ◦ λ)(X(z))∗G(z)−1 − 1]

[
dA

ds

]
,

where β(z) = (1 +∇(ψ ◦ λ)(X(z))∗G(z)−1∇(ψ ◦ λ)(X(z)))−1,

G(z) = I + µ(z)∇2(ψ ◦ λ)(X(z)),

where X(z) = PDiag(u(z))P T and (u(z), µ(z)) ∈ Rm × R++ is a solution of
the system of equations F (u, µ; z) = 0.

Proof. From the expression of ΠK(z), the results for (i) and (ii) are obvious, we
only need to verify the result for the case (iii).
Let (X(z), t(z)) = ΠK(z), then (X(z), t(z)) = (PDiag(u(z))P T , t(z)) with

(u(z), t(z)) = Πepiψ((λ(A), s))

and ((u(z), t(z)), µ(z)) is the Karush-Kuhn-Tucker (KKT) pair of the following prob-
lem

min
1

2
∥(u, t)− (λ(A), s)∥2 s.t. ψ(u)− t ≤ 0 (3.13)

if and only if ((X(z), t(z)), µ(z)) is the KKT pair of the following problem

min
1

2
∥X − A∥2F +

(t− s)2

2

s.t. (ψ ◦ λ)(X) ≤ t.
(3.14)

It follows from Proposition 3.3 that (PDiag(u(z))P T , t(z), µ(z)) is the KKT pair of
Problem (3.14) if and only if X(z) = PDiag(u(z))P T ,t(z) = s+µ(z) and (u(z), µ(z))
is the solution of the system F (u, µ; z) = 0.
Let the Lagrangian of Problem (3.14) be L(X, t, µ),

L(X, t, µ) =
1

2
∥X − A∥2F +

(t− s)2

2
+ µ((ψ ◦ λ)(X)− t).

The optimality conditions of Problem (3.14) can be expressed as

DXL(X, t, µ) = 0,

∂tL(X, t, µ) = 0,

0 ≤ µ, (ψ ◦ λ)(X)− t ≤ 0, µ[(ψ ◦ λ)(X)− t] = 0.
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Since z = (A, s) ∈ int[H \ (K ∪ [K]◦)], we can easily check µ(z) > 0, this yields

X − A+ µ∇(ψ ◦ λ)(X) = 0,

t− s− µ = 0,

(ψ ◦ λ)(X)− t = 0.

or F(X,µ; z) =

(
X − A+ µ∇(ψ ◦ λ)(X)

(ψ ◦ λ)(X)− s− µ

)
= 0. (3.15)

It is easy to check

DX,µF(X,µ; z) =

[
I + µ∇2(ψ ◦ λ)(X) ∇(ψ ◦ λ)(X)

∇(ψ ◦ λ)(X)∗ −1

]
.

Since the Schur complement matrix

DX,µF(X,µ; z)/− 1 = I + µ∇2(ψ ◦ λ)(X) +∇(ψ ◦ λ)(X)∇(ψ ◦ λ)(X)∗

is self-adjoint and positively definite, the operator DX,µF(X,µ; z) is nonsingular. It
follows from z = (A, s) ∈ int[Rm+1 \ (K ∪ [K]◦)] and the classical implicit function
theorem that there are exists δ > 0 and ε > 0 and a mapping

(X̃(·), µ̃(·)) : Bδ(z) → Bε(X(z), µ(z))

such that X̃(z) = X(z) and µ̃(z) = µ(z), and for any z′ = (A′, s′) ∈ Bδ(z),
(X̃(z′), t̃(z′), µ̃(z′)) satisfies F(X̃(z′), µ̃(z′); z′) = 0 and µ̃(z′) = t̃(z′) − s′ and they
are continuously differentiable at z′ = z. Taking derivative on the both sides of
F(X̃(z′), µ̃(z′); z′) = 0 with respect to z′ at z′ = z along dz = (dA, ds), we obtain
for X̃ ′ := DX̃(z)dz and µ̃′ := Dµ̃(z)dz that

X ′ − dA + µ(z)∇2(ψ ◦ λ)(X(z))[X ′] + µ′∇(ψ ◦ λ)(X(z)) = 0,

⟨∇(ψ ◦ λ)(X(z)), X ′⟩ − ds − µ′ = 0.

The above equations can be written as[
I + µ(z)∇2(ψ ◦ λ)(X(z)) ∇(ψ ◦ λ)(X(z))

∇(ψ ◦ λ)(X(z))∗ −1

][
X ′

µ′

]
=

[
dA

ds

]
,

or equivalently DX,µF(X(z), µ(z); z)

[
X ′

µ′

]
=

[
dA

ds

]
.

Since G(z) is self-adjoint and positively definite and the Schur complement matrix

DX,µF(X(z), µ(z); z)/− 1 = G(z) +∇(ψ ◦ λ)(X(z))∇(ψ ◦ λ)(X(z))∗

is self-adjoint and positively definite, the operator DX,µF(X(z), µ(z); z) is nonsin-
gular. Thus we obtain[

X ′

µ′

]
=

[
G(z) ∇(ψ ◦ λ)(X(z))

∇(ψ ◦ λ)(X(z))∗ −1

]−1 [
dA

ds

]
.
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From the Sherman-Morrison-Woodbury formula of linear operators between Banach
spaces in [12], we have

[G(z) +∇(ψ ◦ λ)(X(z))∇(ψ ◦ λ)(X(z))∗]−1

= G(z)−1 − β(z)G(z)−1∇(ψ ◦ λ)(X(z))∇(ψ ◦ λ)(X(z))∗G(z)−1,

where β(z) = (1 +∇(ψ ◦ λ)(X(z))∗G(z)−1∇(ψ ◦ λ)(X(z)))−1. Therefore we obtain
from the formula for inverse of block matrix in [14] that[

X ′

µ′

]
=

[
G(z) ∇(ψ ◦ λ)(X(z))

∇(ψ ◦ λ)(X(z))∗ −1

]−1 [
dA

ds

]

=

 [G(z)+∇(ψ ◦ λ)(X(z))∇(ψ◦λ)(X(z))∗]−1 β(z)G(z)−1∇(ψ ◦ λ)(X(z))

β(z)∇(ψ◦λ)(X(z))∗G(z)−1 −β(z)

[dA
ds

]
.

Noting that t(z) = µ(z) + s, we obtain

DΠK(z)dz =

[
X ′

µ′

]
+

[
0

ds

]

=

[
G(z)−1dA

ds

]
− β(z)

[
G(z)−1∇(ψ ◦ λ)(X(z))

−1

]
(∇(ψ◦λ)(X(z))∗G(z)−1dA−ds)

=

 G(z)−1 0

0 1

[ dA

ds

]

−β(z)

 G(z)−1∇(ψ ◦ λ)(X(z))

−1

 [∇(ψ ◦ λ)(X(z))∗G(z)−1 − 1]

[
dA

ds

]
,

which yields (3.12).
For the second-order cone in Sm×R, we have the following result about the derivative
of the projection operator onto K2.

Corollary 3.7. Let z = (A, s) ∈ H be a given point with A = PDiag(λ(A))P T for
an orthogonal matrix P . If z = (A, s) ∈ int[H\ (K2 ∪ [K2]

◦)], then for (dA, ds) ∈ H,

DΠK2(z)

 dA

ds

 =
1

2

 I +
s

∥A∥F
I − s

∥A∥F
AA∗

∥A∥2F
A

∥A∥F
A∗

∥A∥F
1


 dA

ds

 . (3.16)

Proof. It is easy to obtain

X(z) =
1

2
· (∥A∥F + s) · A

∥A∥F
, µ(z) =

1

2
· (∥A∥F − s) for z = (A, s).
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Noting for X(z) ̸= 0, ψ is twice continuously differentiable with

∇[ψ ◦ λ](X(z)) =
X(z)

∥X(z)∥F
=

A

∥A∥F
.

For A defined by (2.1), it is easy to verify

A = 1m1Tm − Im. (3.17)

And for u(z), we have

u(z)T

 pT1Hp1
...

pTmHpm

 =
m∑
i=1

ui(z)p
T
i Hpi =

m∑
i=1

⟨ui(z)pipTi , H⟩ = ⟨X(z), H⟩. (3.18)

Combing (3.17) and (3.18), we have from Lemma 2.3 that

∇2(ψ ◦ λ)(X(z))[H]

= P

Diag
 1

∥u(z)∥2

(
I − u(z)u(z)T

∥u(z)∥22

) pT1Hp1
...

pTmHpm


+A ◦ Ĥ

P T

=
1

∥u(z)∥2

[
I − X(z)X(z)∗

∥u(z)∥2

]
H.

We obtain

G(z) = I + µ(z)∇2(ψ ◦ λ)(X(z)) =
2∥A∥F

∥A∥F + s

(
I − ∥A∥F − s

2∥A∥F
· AA

∗

∥A∥2F

)
.

By using Sherman-Morrison-Woodbury formula, we obtain

G(z)−1 =
1

2

(
1 +

s

∥A∥F

)
I +

1

2

(
1− s

∥A∥F

)
AA∗

∥A∥2F
.

Therefore, we obtain

G(z)−1∇(ψ ◦ λ)(X(z)) = G(z)−1 A

∥A∥F
=

A

∥A∥F

and ∇(ψ ◦ λ)(X(z))∗G(z)−1∇(ψ ◦ λ)(X(z)) = 1,

implying (1 +∇(ψ ◦ λ)(X(z))∗G(z)−1∇(ψ ◦ λ)(X(z)))−1 = 1/2.

Thus we get

G(z)−1 − β(z)G(z)−1∇(ψ ◦ λ)(X(z))∇(ψ ◦ λ)(X(z))∗G(z)−1

=
1

2

[
I +

s

∥A∥F
I − s

∥A∥F
AA∗

∥A∥2F

]
.
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Therefore we obtain

DΠK(z) =
1

2

 I +
s

∥A∥F
I − s

∥A∥F
AA∗

∥A∥2F
A

∥A∥F
A∗

∥A∥F
1

 .
Namely (3.16) holds. The proof is complete.

From Proposition 3.6, for z = (A, s), dz = (dA, ds), it is easy to obtain the directional
derivative Π′

K(z; dz) when z ∈ intK∪int[K]◦∪int[Sm×R\(K∪[K]◦)] and it is trivial to
have Π′

K(z; dz) = ΠK(dz) when z = (A, s) = (0, 0). The following theorem considers
the case where z = (A, s) ∈ bdryK \ {0}.

Theorem 3.8. Let ψ be a twice differentiable symmetric norm.
Let z = (A, s) ∈ bdryK \ {0} with A = PDiag(λ(A))P T , then

Π′
K(z; dz) =

[
dA

ds

]
− [∇(ψ ◦ λ)(A)∗dA − ds]+

1 + ∥∇(ψ ◦ λ)(A)∥2F

[
∇(ψ ◦ λ)(A)

−1

]
. (3.19)

Proof. Obviously one has that z = ΠK(z). If dz ∈ RK(z),1 then
∇(ψ ◦ λ)(A)∗dA − ds ≤ 0, Π′

K(z; dz) = dz

and (3.19) is satisfied for this case. If dz ∈ TK(z), then there exists a sequence
dk ∈ RK(z) such that dk → dz. Noting Π′

K(z; d
k) = dk and d→ Π′

K(z; d) is Lipschitz
continuous, we obtain Π′

K(z; dz) = dz. Noting that dz ∈ TK(z) is characterized by
∇(ψ ◦ λ)(A)∗dA − ds ≤ 0, we obtain that (3.19) is satisfied for this case. For any
z′ = (A′, s′), denote

(X(z′), t(z′)) = ΠK(z
′) and µ(z′) = t(z′)− s′,

then t(z′) = (ψ ◦ λ)(X(z′)) = N(X(z′)) when z′ /∈ intK. For the case when
z = (A, s) ∈ bdryK \ {0}, let dz /∈ TK(z), then ∇(ψ ◦ λ)(A)∗dA − ds ≥ 0 and

z + γdz ∈ int[Sm × R \ (K ∪ [K]◦)]

for small γ > 0. From the definition of (X(·), µ(·)), we have

µ(z + γdz)∇(ψ ◦ λ)(X(z + γdz)) +X(z + γdz)− (A+ γdA) = 0

(ψ ◦ λ)(X(z + γdz))− µ(z + γdz)− (s+ γds) = 0.

Thus we obtain

[(ψ ◦ λ)(X(z + γdz))− (s+ γds)]∇(ψ ◦ λ)(X(z + γdz))

+X(z + γdz)− (A+ γdA) = 0.

1 RC(a) denotes the radial cone of a nonempty convex set C at a ∈ C, which defined by

RC(a) =
⋃

λ≥0,a′∈C

{λ(a′ − a)}.
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Noting A = X(z), s = (ψ ◦ λ)(A), we obtain from the above relation that

[(ψ ◦ λ)(X(z + γdz))− (ψ ◦ λ)(X(z))− γds]∇(ψ ◦ λ)(X(z + γdz))

+X(z + γdz)− (A+ γdA) = 0. (3.20)

From the mean-value theorem, there exists βγ ∈ (0, 1) such that

(ψ ◦ λ)(X(z + γdz))− (ψ ◦ λ)(X(z))

= ∇(ψ ◦ λ)((1− βγ)X(z) + βγX(z + γdz))
∗(X(z + γdz)−X(z)). (3.21)

Obviously we have βγ → 0 when γ ↘ 0. Combining (3.20) and (3.21), we obtain

[I+∇(ψ◦λ)(X(z+γdz))∇(ψ◦λ)((1−βγ)X(z)+βγX(z+γdz))
∗]
X(z+γdz)−X(z)

γ

= ∇(ψ ◦ λ)(X(z + γdz))ds + dA.

When γ > 0 is small enough, then the operator

[I +∇(ψ ◦ λ)(X(z + γdz))∇(ψ ◦ λ)((1− βγ)X(z) + βγX(z + γdz))
∗]

is nonsingular, and thus

X(z + γdz)−X(z)

γ
= [I +∇(ψ ◦ λ)(X(z + γdz))∇(ψ ◦ λ)((1− βγ)X(z)+

+ βγX(z + γdz))
∗]−1 (∇(ψ ◦ λ)(X(z + γdz))ds + dA).

Since the right-hand side of the above equation has the limit when γ ↘ 0, we have
that X(·) is directionally differentiable at z along dz, and

X ′(z; dz) = [I +∇(ψ ◦ λ)(A)∇(ψ ◦ λ)(A)∗]−1(∇(ψ ◦ λ)(A)ds + dA)

=

[
I − ∇(ψ ◦ λ)(A)∇(ψ ◦ λ)(A)∗

1 + ∥(ψ ◦ λ)(A)∥2F

]
(∇(ψ ◦ λ)(A)ds + dA)

= dA +
ds −∇(ψ ◦ λ)(A)∗dA
1 + ∥∇(ψ ◦ λ)(A)∥2F

∇(ψ ◦ λ)(A).

Noting t(z) = (ψ ◦ λ)(X(z)), we obtain from the above expression of X ′(z, dz) that

t′(z; dz) = ∇(ψ ◦ λ)(A)∗X ′(z; dz) = ds −
ds −∇(ψ ◦ λ)(A)∗dA
1 + ∥∇(ψ ◦ λ)(A)∥2F

.

This implies the expression of (3.19). The proof is completed.
Noting that N = N∗ when ψ is the l2-norm of Rm, N is a twice differentiable norm,
and we have the following results about the second-order cone.

Corollary 3.9. For the projection operator onto the second-order cone K2, we have
(i) If z = (A, s) ∈ bdryK2 \ {0}, then

Π′
K2
(z; dz) =

[
dA

ds

]
− 1

2

[
A∗dA
∥A∥F

− ds

]
+

·

 A

∥A∥F
−1

 . (3.22)
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(ii) If z = (A, s) ∈ bdry[K2]
◦ \ {0}, then

Π′
K2
(z; dz) =

1

2

[
A∗dA
∥A∥F

+ ds

]
+

·

 A

∥A∥F

1

 . (3.23)

Proof. Noting ∇(ψ ◦ λ)(A) = A

∥A∥F
, ∥∇(ψ ◦ λ)(A)∥F = 1, we obtain (i) and (ii)

from Theorem 3.8.

Let Ḡ =

 G(z) 0

0 1

 , v(z) =

 ∇(ψ ◦ λ)(X(z))

−1

 .
Then when z = (A, s) ∈ int[Rm+1 \ (K ∪ [K]◦)], we have that

DΠK(z) = Ḡ(z)−1 − Ḡ(z)−1v(z)v(z)∗Ḡ(z)−1

v(z)∗ḠN (z)−1v(z)
. (3.24)

From Proposition 3.6, it is easy to obtain that ∂BΠK(z) = {DΠK(z)} whenever
z ∈ intK ∪ int[K]◦ ∪ int[Sm × R \ (K ∪ [K]◦)]. The following theorem considers the
case when z ∈ bdryK \ {0} ∪ bdry[K]◦ \ {0}.

Theorem 3.10. Let ψ : Rm → R+ be a twice symmetric norm. Let z = (A, s) ∈ H
be a given point with A = PDiag(λ(A))P T , then the following results hold:
(i) If z = (A, s) ∈ bdryK \ {0}, then

∂BΠK(z) =

{
I ′,

[
I 0

0 1

]
−

[
∇(ψ ◦ λ)(A)

−1

]
[∇(ψ ◦ λ)(A)∗ − 1]

1+∥∇(ψ ◦ λ)(A)∥2F

}
. (3.25)

(ii) If z = (A, s) ∈ bdry[K]◦ \ {0}, then

∂BΠK(z) =

{
0,

[
∇(ψ∗ ◦ λ)(A)

1

]
[∇(ψ∗ ◦ λ)(A)∗ 1]

1 + ∥∇(ψ∗ ◦ λ)(A)∥2F

}
. (3.26)

Proof. When z = (A, s) ∈ bdryK\{0}, for constructing the B-subdifferential of ΠK

at z, we have two ways of z′ approaches z, one is z′ intK−→ z and the other is z′ D→ z,
where D = int[Sm × R \ (K ∪ [K]◦)]. For z′ D→ z, we obtain I ′ ∈ ∂BΠK(z). For
z′

D→ z, one has
lim
z′

D→z

X(z′) = A, lim
z′

D→z

µ(z′) = 0,

which implies lim
z′

D→z

G(z′) = I, lim
z′

D→z

G(z)−1∇(ψ ◦ λ)(X(z)) = ∇(ψ ◦ λ)(A).

Thus we obtain lim
z′

D→z

β(z′) = (1 + ∥∇(ψ ◦ λ)(A)∥2F )−1 and

lim
z′

D→z

DΠK(z
′) =

=

[
I 0

0 1

]
− (1 + ∥∇(ψ ◦ λ)(A)∥2F )−1

[
∇(ψ ◦ λ)(A)

−1

]
[∇(ψ ◦ λ)(A)∗ − 1].
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Combining the above two limits, we obtain (3.25).
When z = (A, s) ∈ bdry[K]◦ \ {0}, for constructing the B-subdifferential of ΠK at z,
we have two ways of z′ approaches z, one is z′ [K]◦−→ z and the other is z′ D→ z, where
D = int[Sm × R \ (K ∪ [K]◦)]. For z′ D→ z, we obtain 0 ∈ ∂BΠK(z). For z′ ∈ D, one
has

DΠK(z
′) = I ′ −DΠ[K]◦(z

′).

Applying Proposition 3.6 to the dual norm, we have for z′ ∈ D, that

DΠK◦(z′) =

[
G∗(z

′)−1 0

0 1

]
(3.27)

− β∗(z
′)

[
G∗(z

′)−1∇(ψ∗ ◦ λ)(X(z′))

1

]
[∇(ψ∗ ◦ λ)(X(z′))∗G∗(z

′)−1 1],

where β∗(z
′) = (1 +∇(ψ∗ ◦ λ)(X(z′))∗G∗(z

′)−1∇(ψ∗ ◦ λ)(X(z′)))−1,

G∗(z
′) = I + µ(z′)∇2(ψ∗ ◦ λ)(X(z′)),

where X(z′) = P [Diagu∗(z
′)]P T with (u∗(z

′), µ∗(z
′)) ∈ Rm × R++ being a solution

of the system of equations F∗(u, µ; z
′) = 0. For z′ D→ z, one has

lim
z′

D→z

u∗(z
′) = λ(A), lim

z′
D→z

µ∗(z
′) = 0,

which implies

lim
z′

D→z

G∗(z
′) = I, lim

z′
D→z

G∗(z
′)−1∇(ψ∗ ◦ λ)(X(z′)) = ∇(ψ∗ ◦ λ)(A).

Thus we obtain lim
z′

D→z

β∗(z
′) = (1 + ∥∇(ψ∗ ◦ λ)(A)∥2F )−1 and

lim
z′

D→z

DΠK(z
′) = I ′ − lim

z′
D→z

DΠ[K]◦(z
′)

= (1 + ∥∇(ψ∗ ◦ λ)(A)∥2F )−1

[
∇(ψ∗ ◦ λ)(A)

1

]
[∇(ψ∗ ◦ λ)(A)∗ 1].

Combining the above two limits, we obtain (3.26).
For the second-order cone, we have the following results about the B-subdifferential
of ΠK2 .

Corollary 3.11. For the second-order cone K2 in Sm × R, we have
(i) If z = (A, s) ∈ bdryK2 \ {0}, then

∂BΠK2(z) =

I ′,
1

2


2I − AA∗

∥A∥2F
A

∥A∥F
A∗

∥A∥F
1


 . (3.28)
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(ii) If z = (A, s) ∈ bdry[K2]
◦ \ {0}, then

∂BΠK2(z) =

0,
1

2


AA∗

∥A∥2F
A

∥A∥F
A∗

∥A∥F
1


 . (3.29)

(iii) If z = (A, s) = (0, 0), we have ∂BΠK2(0) =

= {0, I ′} ∪

{
1

2

[
2a(I − Y Y ∗) + Y Y ∗ Y

Y ∗ 1

]
: a ∈ [0, 1], ∥Y ∥F = 1

}
. (3.30)

Proof. For (i), z = (A, s) ∈ bdryK2 \ {0}, A ̸= 0, ∇(ϕ ◦ λ)(A) = A/∥A∥F
and ∥∇(ϕ ◦ λ)(A)∥F = 1. The formula (3.28) comes from (3.25). For (ii), we have
z = (A, s) ∈ bdry[K2]

◦\{0}, noting that ψ = ψ∗ and in this case ∥∇(ϕ∗◦λ)(A)∥2 = 1,
we obtain (3.29) from (3.26).
For D = int[Sm×R \ (K2 ∪ [K2]

◦)], if z′ = (w′, s′) ∈ D, then we have from Corollary
3.7(iii) that DΠK2(z

′) is given by (3.16). Note that, when z′ D→ z, the outer limit of{
s′

∥A′∥F
,

A′

∥A′∥F

}
coincides with {(a, Y ) : a ∈ [0, 1], ∥Y ∥F = 1}, and we obtain the formula (3.30) from
(3.16). The proof is complete.

4. Calculating ∇2(ψ ◦ λ) and G(z)−1

In this section, in order to simplify formulas for directional derivatives and B-
subdifferentials of ΠK when ψ is twice continuously differentiable, we develop for-
mulas for ∇2(ψ ◦ λ)(A) and G(z)−1H, which are easy to calculate.

Proposition 4.1. Let A have the spectral decomposition A = PDiagλ(A)P T and
assume that w1, . . . , wr are r distinct values of m eigenvalues of A with

w1 = λ1(A) = · · · = λk1(A), w2 = λk1+1(A) = · · · = λk2(A),

wr = λkr−1+1(A) = · · · = λm(A).

Define α1 = {1, . . . , k1}, α2 = {k1 + 1, . . . , k2}, . . . , αr = {kr−1 + 1, . . . , kr}.
Let ψ : Rm → R be a symmetric function, twice differentiable at the point w ∈ Rm,
and P be a permutation matrix such that Pw = w. Then
(1) there are real numbers b1, . . . , br and a symmetric matrix (aij)

r
i,j=1 such that

∇2ψ(w) is equal to
b1I|α1|

. . .
brI|αr|

+


a111|α1|1T|α1| · · · a1r1|α1|1T|αr|

... ... ...

ar11|αr|1T|α1| · · · arr1|αr|1T|αr|

 . (4.1)
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(2) there are real numbers c1, . . . , cr such that

∇ψ(w) =

 c11|α1|
...

cr1|αr|

 ,
and for any H ∈ Sm, ∇2(ψ ◦ λ)(A)[H] =

= P



(
r∑
j=1

a1jTr
(
P T
αj
HPαj

))
I|α1|

. . . (
r∑
j=1

arjTr
(
P T
αj
HPαj

))
I|αr|


P T

+P


δ11P

T
α1
HPα1 · · · δ1rP

T
α1
HPαr

... . . . ...
δr1P

T
αr
HPα1 · · · δrrP

T
αr
HPαr

P T (4.2)

and ∇2(ψ ◦ λ)(A)[H,H] = (4.3)

=
r∑
i=1

r∑
j=1

aijTr(P
T
αi
HPαi

)Tr(P T
αj
HPαj

) +
r∑
i=1

r∑
j=1

δij
∑

i′∈αi,j′∈αj

(pTi′Hpj′)
2,

where


δii = bi, i = 1, . . . , r,

δij =
ci − cj
wi − wj

, i, j = 1, . . . r, i ≠ j.

Proof. The formula (4.1) is an equivalent version of the formula in Lemma 2.1(ii).
In view of Lemma 2.1, under the assumptions here we can express A as

A = −


δ11I|α1|

. . .
δrrI|αr|

+


δ111|α1|1T|α1| · · · δ1r1|α1|1T|αr|

... ... ...

δr11|αr|1T|α1| · · · δrr1|αr|1T|αr|

 . (4.4)

For Ĥ = P THP , define

h1 =

 pT1Hp1
...

pT|α1|Hp|α1|

 , h2 =

 pT|α1|+1Hp|α1|+1

...
pT|α2|Hp|α2|

 , . . . , hr =

 pT|αr−1|+1Hp|αr−1|+1

...
pT|αr|Hp|αr|

 .
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We have from (4.1) and (4.4) that

∇2(ψ ◦ λ)(A)[H] = P
(
Diag(∇2ψ(λ(A))diag Ĥ) +A ◦ Ĥ

)
P T

= P



(
r∑
j=1

a1jTr
(
P T
αj
HPαj

))
I|α1|

. . . (
r∑
j=1

arjTr
(
P T
αj
HPαj

))
I|αr|


P T

+P


δ11P

T
α1
HPα1 · · · δ1rP

T
α1
HPαr

... . . . ...
δr1P

T
αr
HPα1 · · · δrrP

T
αr
HPαr

P T ,

which verifies (4.6).
The second-order directional derivative of (ψ ◦ λ) at A along H is

∇2(ψ ◦ λ)(A)[H,H] = ∇2ψ(w)[diagĤ, diagĤ] + ⟨A, Ĥ ◦ Ĥ⟩

=
r∑
i=1

r∑
j=1

aijTr(P
T
αi
HPαi

)Tr(P T
αj
HPαj

) +
r∑
i=1

r∑
j=1

δij
∑

i′∈αi,j′∈αj

(pTi′Hpj′)
2.

The proof is complete.

Corollary 4.2. Let w1(z) := uk1(z)(z), . . . , wr(z)(z) := ukr(z)(z) be r(z) distinct val-
ues of m values of u(z), and assume that X(z) has the spectral decomposition
X(z) = PDiagu(z)P T with u(z) = λ(X(z)), namely

u1(z) = · · · = uk1(z)(z) > uk1(z)+1(z) = · · · = uk2(z)(z) > uk2(z)+1(z) · · ·ukr(z)(z),

where k0 = 0, kr(z) = m. Define α1(z) = {1, . . . , k1(z)},

α2(z) = {k1(z) + 1, . . . , k2(z)}, . . . , αr(z)(z) = {kr−1(z) + 1, . . . , kr(z)}.

Let ψ : Rm → R be a symmetric function, twice differentiable at the point w ∈ Rm,
and P be a permutation matrix such that Pw = w. Then
(1) there are real numbers b1(z), . . . , br(z)(z) and a symmetric matrix (aij(z))

r(z)
i,j=1

such that

∇2ψ(u(z)) =


b1(z)I|α1(z)|

. . .
br(z)(z)I|αr(z)(z)|



+


a11(z)1|α1(z)|1T|α1(z)| · · · a1r(z)(z)1|α1(z)|1T|αr(z)(z)|

... ... ...

ar(z)1(z)1|αr(z)(z)|1T|α1(z)| · · · ar(z)r(z)(z)1|αr(z)(z)|1T|αr(z)(z)|

 .
(4.5)
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(2) there are real numbers c1(z), . . . , cr(z)(z) such that

∇ψ(u(z)) =

 c1(z)1|α1(z)|
...

cr(z)1|αr(z)(z)|

 ,
then for any H ∈ Sm, we have ∇2(ψ ◦ λ)(X(z))[H] =

= P


∆1(z)I|α1(z)|

. . .
∆r(z)I|αr(z)(z)|

P T

+P


δ11(z)P

T
α1(z)

HPα1(z) · · · δ1r(z)P
T
α1(z)

HPαr(z)(z)

... . . . ...
δr(z)1P

T
αr(z)(z)

HPα1(z) · · · δr(z)r(z)P
T
αr(z)(z)

HPαr(z)(z)

P T

(4.6)

and ∇2(ψ ◦ λ)(A)[H,H] =

=

r(z)∑
i=1

r(z)∑
j=1

aij(z)Tr(P
T
αi(z)

HPαi(z))Tr(P
T
αj(z)

HPαj(z))

+

r(z)∑
i=1

r(z)∑
j=1

δij(z)
∑

i′∈αi(z),j′∈αj(z)

(pTi′Hpj′)
2,

(4.7)

where ∆i(z) =

( r(z)∑
j=1

aij(z)Tr
(
P T
αj(z)

HPαj(z)

))

and


δii(z) = bi(z), i = 1, . . . , r(z),

δij(z) =
ci(z)− cj(z)

wi(z)− wj(z)
, i, j = 1, . . . r(z), i ̸= j.

Proposition 4.3. Under the setting of Proposition 4.1, for any H ∈ Sm, one has
Y = G(z)−1H can be characterized by

P T
αi(z)

Y Pαj(z) =
1

1 + µ(z)δij(z)
P T
αi(z)

HPαj(z), i, j = 1, . . . , r(z), i ̸= j, (4.8)

for k = 1, . . . , r(z), i, j ∈ αk, i ̸= j,

P T
i Y Pj =

1

1 + µ(z)δkk(z)
P T
i HPj, (4.9)

and diag(P TY P ) = [Im + µ(z)∇2ψ(u(z))]−1diag(P THP ). (4.10)

Proof. For Y = G(z)−1H, we have for

∆i(z) =

( r(z)∑
j=1

aij(z)Tr
(
P T
αj(z)

HPαj(z)

))
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that H = Y + µ(z)∇2(φp ◦ λ)(X(z))[Y ] =

= Y + µ(z)P


∆1(z)I|α1(z)|

. . .
∆r(z)I|αr(z)(z)|

P T

+µ(z)P


δ11(z)P

T
α1(z)

Y Pα1(z) · · · δ1r(z)P
T
α1(z)

Y Pαr(z)(z)

... . . . ...
δr(z)1P

T
αr(z)(z)

Y Pα1(z) · · · δr(z)r(z)P
T
αr(z)(z)

Y Pαr(z)(z)

P T .

This implies, for i, j = 1, . . . , r(z), i ̸= j,

P T
αi(z)

Y Pαj(z) =
1

1 + µ(z)δij(z)
P T
αi(z)

HPαj(z).

And for k = 1, . . . , r(z), we have P T
αk(z)

HPαk(z) =

= (1 + µ(z)δkk(z))P
T
αk(z)

Y Pαk(z) + Iαk(z)µ(z)

(∑r(z)
j=1 akj(z)Tr

(
P T
αj(z)

Y Pαj(z)

))
= (1 + µ(z)δkk(z))P

T
αk(z)

Y Pαk(z) + µ(z)

(∑r(z)
j=1 akj(z)Iαk(z)I

∗
αj(z)

(
P T
αj(z)

Y Pαj(z)

))
which implies for k = 1, . . . , r(z), i, j ∈ αk(z), i ̸= j,

P T
i Y Pj =

1

1 + µ(z)δkk(z)
P T
i HPj.

For k = 1, . . . , r(z),

diag[P T
αk(z)

HPαk(z)] = (1 + µ(z)δkk(z))diag[P
T
αk(z)

Y Pαk(z)] (4.11)

+ µ(z)1|αk(z)|

( r(z)∑
j=1

aij(z)1T|αj(z)|diag
(
P T
αj(z)

Y Pαj(z)

))
.

Define


ŷ1

ŷ2
...

ŷr(z)

 =


diag

(
P T
α1(z)

Y Pα1(z)

)
diag

(
P T
α2(z)

Y Pα2(z)

)
...

diag
(
P T
αr(z)(z)

Y Pαr(z)(z)

)



and


ĥ1

ĥ2
...

ĥr(z)

 =


diag

(
P T
α1(z)

HPα1(z)

)
diag

(
P T
α2(z)

HPα2(z)

)
...

diag
(
P T
αr(z)(z)

HPαr(z)(z)

)

 .
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Then the solution (ŷ1, . . . , ŷr) of (4.11) is the solution to the following system of
linear equations: 

ĥ1
...
ĥr

 =M(z)


ŷ1
...

ŷr(z)

 , where

M(z) =




δ̂11(z)I|α1(z)| · · · 0

... ... ...

0 · · · δ̂rr(z))I|αr(z)(z)|



+


â11(z)1|α1(z)|1T|α1(z)| · · · â1r(z)(z)1|α1(z)|1T|αr(z)(z)|

... ... ...

âr1(z)1|αr(z)(z)|1T|α1(z)| · · · ârr(z))1|αr(z)(z)|1T|αr(z)(z)|




with δ̂ii(z) = 1 + µ(z)δii(z), i = 1, . . . , r(z), âij(z) = µ(z)aij(z), i, j = 1, . . . , r(z).
It is not difficult to verify that

M(z) = Im + µ(z)∇2ψ(u(z)). (4.12)

Therefore, the formulas (4.8), (4.9) and (4.10) hold.

Define πij(z) = (1 + µ(z)δij(z))
−1, i, j = 1, . . . , r(z) and

B(z) =−


π11(z)I|α1(z)|

. . .
πr(z)r(z)(z)I|αr(z)|

 (4.13)

+


π11(z)1|α1(z)|1T|α1(z)| · · · π1r(z)(z)1|α1(z)|1T|αr(z)(z)|

... ... ...

πr(z)1(z)1|αr(z)(z)|1T|α1(z)| · · · πr(z)r(z)(z)1|αr(z)(z)|1T|αr(z)(z)|

 .
Then, for any H ∈ Sm,

G−1(z)H = P
[
Diag

(
M(z)−1diag(P THP )

)
+ B(z) ◦ P THP

]
P T . (4.14)

Proposition 4.4. Let ψ : Rm → R+ be a twice differentiable symmetric gauge
function. Let z = (A, s) ∈ H be a given point with A = PDiag(λ(A))P T . Let
X(z) = PDiag(u(z))P T and (u(z), µ(z)) ∈ Rm×R++ be a solution of the system of
equations F (u, µ; z) = 0.

Then for β(z) = (1 +∇(ψ ◦ λ)(X(z))∗G(z)−1∇(ψ ◦ λ)(X(z)))−1,

G(z) = I + µ(z)∇2(ψ ◦ λ)(X(z)),
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we have

G(z)−1∇(ψ ◦ λ)(X(z)) = PDiag
[
(Im + µ(z)∇2ψ(u(z)))−1∇ψ(u(z))

]
P T (4.15)

and β(z) = 1 +∇ψ(u(z))T (Im + µ(z)∇2ψ(u(z)))−1∇ψ(u(z)). (4.16)

5. Conclusion

This paper developed variational analysis of orthogonally invariant norm cone of
symmetric matrices including the computation of the tangent cone, the normal cone,
and the second-order tangent set of an orthogonally invariant norm cone, as well
as the formulas for directional derivative and B-subdifferential of the projection
operator onto a norm cone. An important topic left is the variational analysis of
an orthogonally invariant norm cone when the associated symmetric norm is nons-
mooth. Another topic is the study on optimality and stability theories of Problem
(1.1), including the first-order and second-order necessary optimality conditions, and
the second-order sufficient optimality conditions, the strong regularity and isolated
calmness of the KKT system of Problem (1.1). Therefore, there are many theoreti-
cal applications of the variational analysis of orthogonally invariant norm cones to
the orthogonally invariant norm conic optimization.

Acknowledgments. The authors are so grateful to the reviewers for their valu-
able comments and suggestions, for example including Remark 3.5, which helped to
improve the quality of this paper.
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