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1. Introduction

We consider the space S™ of real m x m symmetric matrices endowed with the
standard inner product (-, -) given by (A, B) = Tr(A” B) for A, B € S™. The induced
norm is the Frobenius norm, denoted by || - ||r: ||A|lr = v/(A4, A) for A € S™. We

say that a norm || - || in S™ is an orthogonally invariant norm if
|PTAP|| = ||All,YA € S™, P € O™,

where O™ denotes the set of all m x m orthogonal matrices.
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Many nonlinear optimization problems can be formulated as the following form
min f(z), s.t. g(z) € K, x € E, (1.1)

where ¢ is a twice differentiable mapping not identically zero, K = epi|| - || is the
epigraph of a norm ||-|| on a space of matrices, ' C X is a closed set, and &X' is a finite
dimensional Hilbert space. For example, some optimization problems considered in
[4, 5, 17] and [6] can be reformulated or can be approximated by the mathematical
model (1.1), where || - || is the nuclear norm or the Ky-Fan k-matrix norm.

In order to develop optimality conditions for Problem (1.1), we have to derive the
variational geometry of the feasible region, see Chapter 3 of [2], [11] and [18]. This
issue is closely related to the variational geometry of cone K.

The study about the variational analysis for the Ky Fan k-norm matrix cone, in-
cluding spectral norm and nuclear norm matrix cones, is relatively mature, see Ding
[7] and Ding et al. [8, 9, 10]. How to extend variational properties of the Ky Fan
k-norm matrix cone to a general norm matrix cone? This motivates us to estab-
lish the variational analysis for the orthogonally invariant norm cone of symmetric
matrices.

The main contributions can be summarized as follows.

o For a general orthogonally invariant norm cone of symmetric matrices, formulas
for the tangent cone, normal cone and second-order tangent set are established.
These formulas are significant in establishing the first-order necessary optimal-
ity conditions as well as the second-order sufficient optimality conditions.

o The differentiability properties of the projection operator onto the orthogo-
nally invariant norm cone are developed, including formulas for the directional
derivative and the B-subdifferential.

It should be pointed out that the above results are derived from variational geometry
of the lower level set of a convex function by [2] and the technique, developed by [1]
for projection operator on the epigraph of a convex function, the same methodology
was adopted in [16] for developing variational geometry of norm cones in finite
dimensional Euclidean space R".

The paper is organized as follows. In Section 2, we give some preliminaries needed
in the following sections. In Section 3, we develop variational analysis of the orthog-
onally invariant norm cone of symmetric matrices and directional derivative and B-
subdifferential of the projection onto the orthogonally invariant norm cone. Section
4 focuses on simplifying the formulas for directional derivative and B-subdifferential
of the projection operator on the orthogonally invariant norm cone of symmetric
matrices. We conclude the paper in Section 5 with a number of conclusions.

2. Preliminaries

It follows from [19, Page 35] that all orthogonally invariant norms of symmetric
matrices can be written as

[A]l = ¥(A(4)),
where ¢ : R™ — R is a symmetric norm, i.e., such that ¢(Py) = ¢ (y) for all y € R™
and all m-by-m permutation matrix P.
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We use 9, to denote the dual norm of ¢, then v, : R™ — R can be expressed as

Vi(u) = Jf},%(“’ y)-

Let wy,...,w, be r distinct values of m eigenvalues of A, namely

)\1(14) == )\kl(A) = w1
> )\k1+1(A) =...= )\k2(A) = W2

where ky = 0, k, = m. Denote
061:{1,...,1{31}7 062:{k1+1,...,]€2},..., Oér:{k}_l—i-l,...,kr}.

The following three results are from [15], which are about properties of a symmetric
function.

Lemma 2.1. ([15, Lemma 2.1]) Let ¢ : R™ — R be a symmetric function, twice
differentiable at the point w € R™, and P be a permutation matrix such that Pw = w.

Then (i) Vy(w) =PIV f(w) and (ii) VZY(w)= PTV?*)(w)P.

In particular we have the representation

ail 1‘a1| 1|7(;1| + bkll\aﬂ a2 1|a1‘ 1|7;2| e a1r1|a1| 1‘7(;‘
a1 1jgp 11, 22 1oy 1]y + Dhy joy S [ T
Vip(w) =
T T T
ar1 Lja, | Ljq, ar21ja, | g, v Ty, L, bkl
where (ai;)j ;= i a real symmetric matriz, b := (by, ... ,bm)T is a vector which is
block refined by w in the following sense
w; = w; tmplies b; =b; for alli, .
Let b(w) € R™ with b(w) = (by(w), ..., bn(w))T, be defined by
i(w) if joy] = 1,4 € u,
bz(w) - " " .
o(w) — P (w)  for any p # q € ay,i € .
Define A(w) = [A;;(w)] by
(0 if § = j,
bi(w) if i £ 5 buti,j € o,

Yi(w) — j(w)

otherwise.
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Lemma 2.2. ([15, Lemma 3.1]) Let ¢ : R™ — R be a symmetric function and
A € 8S™. Then is differentiable at the point A(A) if and only if o is differentiable
at the point A. In that case we have the formula

V(¢ 0 \)(A) = P(Diag Vi (A(A))) P*
for an orthogonal matriz P satisfying A = P(DiagA\(A))PT.

Lemma 2.3. ([15, Theorem 3.3]) Let ¢ : R™ — R be a symmetric function and
A € S™. Then v is twice differentiable at the point A(A) if and only if ¥ o X is
twice differentiable at the point A. Moreover, in this case the Hessian of 1) o \ at
the matrixz A is

V2(¢ o \)(A)[H] = P |Diag (V20 (A\(A))diag H) + Ao H| PT
for orthogonal matriz P satisfying A = P(Diag\(A))PT, where H = PTHP and
A= A(NA)) is defined by (2.1), where
Ao H = [A;Hy).

Fan’s inequality is an important tool in the space of symmetric matrices, which will
be used in the following discussions.

Lemma 2.4. (Fan’s inequality [13]) LetY,Z € S™. Then
(Y. Z) < AY)'A(2),

where the equality holds if and only if Y and Z admit a simultaneous ordered eigen-
value decomposition, i.e., there exists an orthogonal matriz P € O™ such that

Y = PDiag(A(Y))PT and Z = PDiag(\(Z))P”.
It follows from Lemma 2.4 that, for any X,Y € S™,
[AX) = AV < [IX =Y. (2.2)

Let ¢ : R™ — R be a symmetric norm. An orthogonally invariant norm of real
symmetric matrices, denoted by N, is defined by

N:S"—=R,, N(A)=(poA)(A), AecS™ (2.3)
It is easy to obtain the following result from Theorem 5.2.2 of [3].
Proposition 2.5. The dual norm of N, denoted by N,, is expressed as
N.(A) = (.0 N)(4), AeS™
The matrix norm cone in S™ associated with N, denoted by K, is the epigraph of
N, namely K={(As)eS"xR:N(A) < s}. (2.4)
We use K, to denote the matrix norm cone associated with N,, namely the epigraph

of IV K.={(As) €S™ xR : N,(A) < s). (2.5)
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The polar of IC, denoted by K°, is expressed as
Ke=—-Ki,={(As) € S" xR: (0 A)(A) + s < 0}. (2.6)

In the next section, we will use Sherman-Morrison-Woodbury formula for linear
operators in [12].

Lemma 2.6. ([12, Theorem 2.1]) Let X and Y be vector spaces. Let A € B(X),
UeB(Y,X) and V € B(X,Y) such that A is invertible, where B(X) denotes the
linear space of linear operators from X to X, B(X,Y) denotes the linear space of
linear operators from X toY. Then A+UYV is invertible if and only if Iy +V A~U
is invertible. Furthermore, if A+ UV is invertible, then

(A+UV) ' =A"1 - A WUy + VAU VAL

3. Variational analysis of norm cone

Throughout the whole paper, we assume that ¢ : R™ — R is a symmetric norm. In
order to study the variational geometry of the norm cone I, we introduce a Hilbert
space and related definitions as follows. Let H = S™ x R, define the inner product

(-,-) in H:
(2,2') = Tr(AA") + ss', 2= (A,s) e H,2' = (A, §') € H.

The induced norm, denoted by || - ||3, is defined by

Izl = /I A% + 52

This section provides basic variational analysis on the convex cone C mostly through
a study on the orthogonal projection onto K:

. 1
[ic(z) := argmin ek §||z' — z|)3,.
Let Z and Z' be identity mapping in S™ and H, respectively, namely

TA=A T'z=zfor AcS" and z € H.

We usually denote Z' by
Z 0
0 1

7 =

For a matrix A € S™, we use A* to denote the following linear operator

A*:S"™ - R, A*H =Tr(AH),VYH € S™.

3.1. The tangent cone and second-order tangent set of K

In this subsection, we will develop the tangent cone, the normal cone and the outer
second-order tangent set of a norm cone.
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Lemma 3.1. Let ¢ : R™ — R be a symmetric differentiable norm. Let A have the
spectral decomposition A = P(Diag\(A))PT for an orthogonal matriz P. Then the
following results hold:

(i)  For (A,s) e K, Te(A,s) =
H N(A) <s,
={ K (A, s) = (0,0),
{(da,ds) € S™ x R : (PDiag (V{(A(A)))PT,ds) < ds} N(A)=s>0.

(i) For (A,s) € K, Nk(A,s) =

{0} N(A) <,
= ICe (A7 S) = (07 0)7
{a(Y,=1) e H: (b o N)(Y)=1,(Y,A/s) =1,a >0} N(A)=s>0.
(iii) Let z € K and d € Ti(z) where z = (A,s) and d = (da,ds). If 1 is a twice
differentiable symmetric norm, then
(H d € int Te(2),
Tic(2) 2 =0,
Ti(z,d) = (PDiag (V(A(A) PT,€4) — &,
(E4,&5) 1 +V2(N(A))[diag(da), diag(da)] otherwise.
+<A7 dA o dA> S 0

(3.1)

Proof. In view of Lemma 2.3, Assertions (i) and (iii) come from Proposition 2.61
and Proposition 3.30 of [2], respectively. We only need to prove the case when
(o A)(A) =s > 0in (ii). Since K is a closed convex cone, we have from (2.110) of
2] that the normal cone of K at z is expressed as

Nie(z) = {(Ut) € H: (U,t) € K°, (U, 1), (A, 5)) = 0} (3.2)

Since K = epi N = epi (¢ o A), (A,s) € epi N, one has from (U,t) € Ni(z) that
t < 0, it is necessary to consider an element (V,—1) € Ni(z). It follows from (3.2)
that

(V,—1) € Nic(2) <= (V,—1) € K°,((V, —1),(4,5)) =0

(3.3)
= N.(V) < 1,(V,A) =s.

From the definition of N,, and N(A/s) = 1l and (V, A/s) < N(A/s)-N.(V) = N.(V),
we have (V,W/s) < 1. Thus N.(V) < 1,(V,A/s) =1 is equivalent to (V,W/s) =1
and N,(V) = 1. The formula of Ni(z) for the case N(A/s) = 1 follows from (3.3).
The proof is completed. ]
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Corollary 3.2. Let ¢ : R™ — R be a symmetric differentiable norm. Assume
that (A,s) € K. If A has the spectral decomposition A = P(Diag\(A))PT for an
orthogonal matriz P, then

{0} N(A) <s,
Ni(4,s) =< K° (A, s) = (0,0),
{a(UDiag(a)UT, 1) € H : a € Op(A(A)),a >0} N(A)=s>0.

Proof. We only need to prove the case where (A4, s) satisfying N(A) = s > 0. In
this case, we have that (¢ o A\)(A) = s, (¢, o A)(Y) =1,(Y, A/s) = 1, implying

(Y, A/s) = N(A/s)N.(Y).

From Lemma 2.4, we have that ¥ and A admit a simultaneous ordered eigenvalue
decomposition, i.e., Y = PDiag(\(Y))PT. Tt follows from Lemma 3.1 that

Ni(A,s) ={aY,-1) e H: (.o A)(Y)=1,(Y,A/s) =1,a >0}
PDiag(A(Y))PT,—1) : . (A(Y)) = 1, (A(Y),M(4/s)) = 1,a > 0}
PDiag(a)PT,—1) : (a,—1) € Nepiyp(A(A),s), 0 > 0}

= {a(PDiag(a)P",—1) : a € dY(A\(A)),a > 0}.

The proof is complete. [

3.2. The formula for the projection operator Ilc(z)

In this subsection, we will derive a formula of IIx(z). In the proof of the next
proposition, we relate Il (z) to Hepiy(A(A), s), where Il (A(A), s) is the solution
of the following problem

min g [[(w,) = (A(A), |2 s.t. (w) — ¢ < 0. (3.4)
Let £:R™ x R — R be the Lagrangian of Problem (3.4):

L(w,t, 5 2) = %H(w, t) — (A(A), s)|I* + u(y(w) — 1).

Then (wy, s.) is a solution to Problem (3.4) if and only if there exists a real number
e > 0 such that (w,, s., i) satisfies
pV(w) +w — A(A) =0,
t—s—pu=0, (3.5)
p(h(w) —t) =0, > 0.

If p, > 0, because otherwise IIxc(A, s) = (A, s), then (w,, s., i) satisfies

pVY(w) +w — AA) =0,
t—s—pu=0, (3.6)
Y(w) —s—p=0,u>0.
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From (3.6), if for a given z = (A4, s) € H and any (w, ) € R™ x R with w # 0, we
define F' : Rt — R™FL by

pVY(w) +w — A(A)

P ywy—p-s ]

(3.7)

then F(w*,p*;2z*) = 0. In the next proposition, F' defined by (3.7) is used to
characterize Iepip(A(A), s).

Proposition 3.3. Let ¢ : R™ — R, be a differentiable symmetric norm. Let
z=(A,s) € H be a given point with A = PDiag(A(A))PT for an orthogonal matriz
P, then
(A,s) if (A,s) € K,
(A, s) =< (0,0) if (A, s) € K°, (3.8)
(PDiag(w(2))PT, u(z) +s) otherwise,

where (w(z), u(2)) € R™ x Ry, is a solution of the system of equations:
F(w, p;2) = 0.

Proof. We may express Ilc(A4,s) as the solution of the following optimization

problem )
min || X — A[|F + (¢t — ) 4+ Sgworyx)<i (X, 1), (3.9)

where d¢ denotes the indicator function of a set C'. Noting that
Ogwor)(X)<t} (X, 1) = depiy (A(X), 1)
and from the inequality (2.2) that

X = Allr = [[AX) = A(A)],

we obtain
IX = Al + (= 8)" + 0on 020y (X, 1) = [IAX) = MAP+ (= 5)" + depi w(MX), 1).
This implies
dist*((A, 5), ) > dist*((AM(A), 5), epi t)) = [|[Tepiv (A(A), 5)) — (A(A), 5))I|*.
Let (X, 8) = Ipin(A(A), s), X = PDiag(\)P7.
Then (X,3) € K, and
IX = Allf + (5= 5 = |A = MAE + (5 - 5)° = dist*(\(A), 5), epiv).
Therefore, ()/(\' ,5) is the unique solution to Problem (3.9).
From the above discussions, we get that ()A( ,8) = (A, s) if and only if
X = PDiag(A\)PT with (X,3) = Ipip(A(A), 5).

Therefore, we only need to consider to calculate ILep,(A(A), s), namely the solution
of Problem (3.4).
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It is obvious that IIi(A,s) = (A, s) when (A,s) € K and Ilc(A,s) = (0,0) when
(A, s)e[K]°. If (A, s) ¢ (K U[K]°), then for (A, s.) = [Ix(A, s), one has that A, # 0
and s, > 0. Obviously, one has that (A, s,) € bdry K, namely N(A.)—s, = 0. From
the above analysis, we know that Il (A, s) = (PDiag(w*)PT,s*) where (w,, s,) is
the unique solution to the convex programming problem (3.4). The point (wy, s.)
is a solution to Problem (3.4) if and only if there exists a real number p, > 0 such
that (w., s«, p«) satisfies (3.5), namely

uVip(w) +w — ANA) =0,
t—s—pu=0,
p((w) —¢) =0, > 0.
From the above system, we know p,. > 0, because otherwise (A, s) = (4, s),

which contradicts the assumption that (A,s) ¢ (K U [K]°). Therefore, (w., Sx, fix)
satisfies (3.5), namely

pV(w) +w — A(A) = 0,
t—s—pu=0,
Y(w) —s—p=0,p>0.

Namely (wy, s.) = (w(z), u(2) + s), where (w(z), u(z)) € R™ x R, is a solution of
the system of equations F(w, y; z) = 0. The proof is complete. 0

We use Ky to denote the second-order cone in S” x R, namely
Ko ={(A,s5) e S" xR : ||A|lr < s}. (3.10)

Then we can easily obtain, from Proposition 3.3, the formula of the projection
operator onto Ks.

Corollary 3.4. Let z = (A, s) € H be a given point, then

(Av S) Zf (Aa S) S IC27
Me,(A,5) =4 (00 o if (A, s) € [Ka)°, (311)
(1Al 7+ s) - 3 <|AIIF’ 1) otherwise.

Remark 3.5. It should be pointed out that formula (3.11) is true not just for s,

but also for the cone
K={(t) e ExR: ] <t}

where (E, ||-]|) is any Euclidean space. The fact that ||-||z = || -||20 A is not essential
for obtaining (3.11).
3.3. Directional derivative and B-subdifferential of Il (z)

Since Ik (z) is globally Lipschitz continuous with constant 1, it is differentiable
almost everywhere. From the expression of IIx(z), we know that it is differentiable
at points in the following set

int K Uint [K]° Uint [H \ (KL U K°)].

Now we give the formulas for the derivatives of Ilx at points in the above set.
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Proposition 3.6. Let ¢ : R™ — R, be a twice differentiable symmetric norm. Let
2z = (A,s) € H be a given point with A = PDiag(\(A))PT for , then the following
results hold:

(i)  Ifz=(A,s) € intkC, then DIlx(2)(da,ds) = (da,ds) for (da,ds) € H;
(i) Ifz=(A,s) € intK°, then Dllx(z)(da,ds) = 0 for (da,ds) € H;
(i) Ifz=(A,s) €int[H \ (KUI[K]?)], then for (da,ds) € H,
o ][0 2[4
G(2)"'V (¥ o A)(X(2))

- 8(2) . V(0o N(X(2) G 1] [Z ] ,

where  B(z) = (1+ V(¥ o M) (X (2))"G(2) V(¥ o N)(X(2))) ",
G(2) =T+ u(2)V* (1 0 N)(X(2)),
)

where X (z) = PDiag(u(2))PT and (u(z),u(z)) € R™ x Ry, is a solution of
the system of equations F(u,p;z) = 0.

Proof. From the expression of [Ic(z), the results for (i) and (ii) are obvious, we
only need to verify the result for the case (iii).

Let (X(2),t(z)) = Ix(2), then (X(2),t(z)) = (PDiag(u(z2))PT,t(z)) with
(u(2),1(2)) = Hepi y ((A(A), 5))

and ((u(2),t(z)), u(2)) is the Karush-Kuhn-Tucker (KKT) pair of the following prob-
lem

min [[(u, 1) = (A(A), 8|2 st ¢h(u) — <0 (3.13)
if and only if ((X(2),t(z2)), u(z)) is the KKT pair of the following problem

. 1 . 2 (t— 8)2
min 5||X Alls + 5 (3.14)
st. (Yo X)(X) <t
It follows from Proposition 3.3 that (PDiag(u(z))P?,t(z), u(z)) is the KKT pair of

Problem (3.14) if and only if X (z) = PDiag(u(z))PT ( ) = s+u(z) and (u(z), pu(z))
is the solution of the system F'(u, pu;z) = 0.

Let the Lagrangian of Problem (3.14) be L(X,t, u),

Lt = S1X = A+ C o0 — ).
The optimality conditions of Problem (3.14) can be expressed as
DxL(X,t, 1) =0,
O,L(X,t, 1) = 0,
0 < p, (Yo A)(X) =t <0,p[(oX)(X)—1t]=0.
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Since z = (A, s) € int[H \ (K U [K]°)], we can easily check u(z) > 0, this yields

X — A+ puV(oN)(X) =0,
t—s—pu=0,
(Yo X)(X)—t=0.

X — A+ uV(oN)(X) ) 0

(3.15)
(Yo A)(X) —s—p

or f(X,u;z)=<

It is easy to check

DX,M'F<X7 15 Z) =

T+ pVi (o A)(X) V(e A)(X)
V(1 o A)(X)* -1 '

Since the Schur complement matrix

D F (X, p;2)/ =1 =T+ pV*(1h o M)(X) + V(1 0 \)(X) V() 0 X)(X)*

is self-adjoint and positively definite, the operator Dx , F (X, i; ) is nonsingular. It
follows from z = (4, s) € int[R™ \ (K U[K]°)] and the classical implicit function
theorem that there are exists § > 0 and € > 0 and a mapping

(X (), () : Bs(2) = Ba(X(2), u(2))

such that X(2) = X(z) and f(z) = p(z), and for any 2’ = (A',s) € Bs(2),
(X (2),t(2"), i(2")) satisfies F(X (z’) [L(Z,) 2y =0 and i(2') = #(2') — &' and they
are continuously differentiable at 2’ = 2. Taking derivative on the both sides of
F(X(2'),1(2); 2') = 0 with respect to 2" at 2’ = z along dz = (da, ds), we obtain
for X’ := DX (z)dz and i’ := Dji(z)dz that

X' —da+ p(2) V() 0 M) (X (2))[X'] + 'V (¥ 0 \)(X(2)) = 0,

(V(¥ o A)(X(2)), X') —ds — p/ = 0.

The above equations can be written as

T+ w(z)V* (1o N)(X(2)) V(wok)(X(Z))] [X’]:[dA]
dy |’

V(o N)(X(2)" —1 I

X' da
or equivalently Dx ,F(X(2), u(2); 2) = :

W ds

Since G(z) is self-adjoint and positively definite and the Schur complement matrix
Dx pF(X(2),1(2);2)/ = 1= G(2) + V(¢ 0 A)(X(2)) V(1 0 A) (X (2))"

is self-adjoint and positively definite, the operator Dy ,F(X(z), p(z); z) is nonsin-
gular. Thus we obtain

[ X ] _ [ Gz) V(o N(X(2) ] [ s ]
08 BN I CE RV (C) M d. |
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From the Sherman-Morrison-Woodbury formula of linear operators between Banach
spaces in [12], we have

[G(2) + V(1) 0 M)(X(2)) V(1) 0 M) (X (2))7]
= G(2)7! = B(2)G(2) 'V (¥ 0 M) (X(2)) V(¥ 0 N)(X(2))"G(2) 7,

where 3(z) = (1+ V(¢ o M) (X (2))*G(2) V(¢ o \)(X(2)))~t. Therefore we obtain
from the formula for inverse of block matrix in [14] that
[ X' Gz)  V(oN(X() ] T ]
W V(g o N)(X(2))" -1 ds
[G(2)+V () 0 (X (2)) V(o M)(X(2))"]7 B(2)G(2)7' V() 0 M)(X(2))
B(2)V (1o d)(X(2))"G(2)~" —B(2)

Bl

Noting that t(z) = u(z) + s, we obtain

DH}C(Z)CZZ = [ fj/ + 23 ]
-1 dA] - 5(2) [GW T A)(X(Z))] (V(woN(X(2))Gl2) " da=d.)
- [ G(2)7' 0 d ]
Lo 1] L
G(2)7'V(¥ o N)(X(2)) s
A 1 Vo N(X() G 1] [ h ] ,
which yields (3.12). N

For the second-order cone in S™ xR, we have the following result about the derivative
of the projection operator onto KCs.

Corollary 3.7. Let z = (A,s) € H be a given point with A = PDiag(\(A))PT for
an orthogonal matriz P. If z = (A, s) € int[H \ (o U[K2]°)], then for (da,ds) € H,

AA* A
da I+ T — > da
A A Al2 A
DHKQ(Z){ ];[ AT TATR TATE F} ! ] 16)
d

A*
—_ 1
ds Al

S

Proof. It is easy to obtain

(AllF+5) - p(z) =

X(z) = Tl

~(JJA||r —s) for z=(A,s).

| —
N~
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Noting for X(z) # 0, ¢ is twice continuously differentiable with

X(z) A

VYo NX(2) = %01 = Tare

For A defined by (2.1), it is easy to verify

A=1,1" — 1.
And for u(z), we have
pi Hp: m m
uz)" : =Y w2l Hpi =) (wi(=)pp] , H) = (X(2), H).
T =1 =1

Combing (3.17) and (3.18), we have from Lemma 2.3 that

V(1o N)(X(2))[H]

i pi Hpy
_rlp L () : | pr
= P |Diag e (I . ) : +AoH| P

[u(2)]12 .

1 [I_ X(z)X(z)*} "
)2

~ Jlu(z lu(z)]?2

We obtain

G(2) =T+ p(z) V(o N)(X(2)) = 2| Allr (I _JAlr =5 AA* ) '

~Allr+s 20Alr Al

By using Sherman-Morrison-Woodbury formula, we obtain

AA*
G ‘1:1(1+ > )I+1(1— > )—
(2 =3 TAl# 2 14T ) A

Therefore, we obtain

G V(W N(X () = G - = T
and V(o \)(X(2))*G(2)" V(1 0 \)(X(2)) = 1,
implying (14 V(1 o \)(X(2))*G(2) V(1 0 N)(X(2))) 7 = 1/2.
Thus we get
G(2)™ = B(2)G(2)" V(1 0 \) (X (2)) V(1 0 ) (X (2))*G(2) "
1 s s AA*

= |7+ —
2 1All=" 1Al Al
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(3.17)

(3.18)
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Therefore we obtain

AA* A
I+ —TI—
1 Al 1Al [[Al%  [1AllF
DHK(Z) = —
2 A* 1
Al
Namely (3.16) holds. The proof is complete. O

From Proposition 3.6, for z = (A, s),d, = (da,ds), it is easy to obtain the directional
derivative II}-(z; d,) when z € int/ CUInt[KC]°Uint[S™ xR\ (LU[K]°)] and it is trivial to
have I} (z;d,) = lk(d,) when z = (4, s) = (0,0). The following theorem considers
the case where z = (A, s) € bdryK \ {0}.

Theorem 3.8. Let ¢ be a twice differentiable symmetric norm.
Let 2 = (A, s) € bdryK \ {0} with A = PDiag(\(A))PT, then

V(o A)(A)
~1

(21 d.) = (3.19)

d, LIV (o N(A)F

da ] V(o N)(A)da — dils

Proof. Obviously one has that z = IIx(z). If d. € R(2),! then
V(o) (A)'ds—ds <0, Ili(z;d,) =d,

and (3.19) is satisfied for this case. If d, € Ti(z), then there exists a sequence
d* € Ry (z) such that d* — d,. Noting II}-(z; d*) = d* and d — [I}-(z; d) is Lipschitz
continuous, we obtain Ilj-(z;d,) = d,. Noting that d, € Tx(z) is characterized by
V(1o X)(A)*da — ds < 0, we obtain that (3.19) is satisfied for this case. For any
2= (A, ¢), denote

(X(2),1(2) = Hk(z') and u(z') =t(z') =,

then t(z') = (¥ o \)(X(2)) = N(X(2')) when 2’ ¢ intX. For the case when
z=(A,s) € bdryK \ {0}, let d, ¢ Tx(z), then V(¢ o N\)(A)*da — ds > 0 and

z+7d, € int[S™ x R\ (KU [K]°)]
for small v > 0. From the definition of (X (-), u(+)), we have
p(z +7d:) V(1 o M) (X (2 + 7)) + X(2 +7dz) = (A+ yda) =0
W ° )‘)(X(Z + Pydz)) - ,u(z + de) - (8 + fyds) =0.

Thus we obtain

(Y 0 (X (2 +1d2)) — (s +7d) V(P 0 N)(X (2 + 7d2))
+X(z+d,) — (A4 vda) = 0.

1 Rc(a) denotes the radial cone of a nonempty convex set C' at a € C, which defined by
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Noting A = X (2),s = (¥ o A)(A), we obtain from the above relation that
(¥ 0 M(X (2 +7d.)) = (¥ 0 M)(X(2)) = 7ds] V(¥ 0 AN)(X (2 + 7dz))
+X(z+d,) — (A4 vda) = 0. (3.20)
From the mean-value theorem, there exists 3, € (0,1) such that
(¥ o M(X (2 +7d2)) — (¥ o M)(X(2))
= V(o A((1 = 5,)X(2) + 5y X (2 +7d2))" (X (2 + 7d.) — X(2)). (3.21)
Obviously we have 8, — 0 when v\, 0. Combining (3.20) and (3.21), we obtain

[Z+V (o X)(X (2+7d.)) V(o) (1= 8,) X (2)+ 5, X (2 +7d.))’] X(Z”d;)—X(Z)
= V(o A)(X(z + vdz))ds + da.

When v > 0 is small enough, then the operator
[Z+ V(o A)(X(z+7d:)) V(¥ o A)((1 = 57)X(2) + 8,X (2 + 7d-))"]
is nonsingular, and thus

X(z+7d:) — X(2)
g

= Z+V(@oN(X(z+7d:))V(oAN)((1—8,)X(2)+
+ B’YX(Z + VdZ))*]_l (V%o XN)(X (2 +~d.))ds + da).

Since the right-hand side of the above equation has the limit when v 0, we have
that X(-) is directionally differentiable at z along d,, and

X'(zd:) =[L+ V(o N)(A)V (o N)(A)]H(V(o AN)(A)d; + da)

_ |7 Y@ NAV (o N(A) )
= |z L+ (4 o N)(A)I% (V@ o X)(A)ds + da)

L da— V(o) (A)ds
=t TG @ Y Ve N

Noting t(z) = (1 o A\)(X(2)), we obtain from the above expression of X'(z,d,) that

ds = V(o N)(A)*da
L+ [[V( o M)A

{(25d,) = V(o N(A) X' (5:d,) = dy —

This implies the expression of (3.19). The proof is completed. [

Noting that N = N, when 9 is the ls-norm of R™, N is a twice differentiable norm,
and we have the following results about the second-order cone.

Corollary 3.9. For the projection operator onto the second-order cone Ko, we have

(i)  Ifz=(A,s) € bdryky \ {0}, then

da ) A
I (2:d.) = [ ) ] -3 [fAﬁf; —ds} : { [All ] . (3.22)
s + —1
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(ii) Ifz=(A,s) € bdry[Ks]° \ {0}, then

A
/ . — 1 % . ”A”F

i =3[ ] [ 1 ] 323
Proof. Noting V(o \)(A) = HAH , IV(® o A)(A)||lr =1, we obtain (i) and (ii)
from Theorem 3.8. ]

CTae o V(0 X)(X(2)

Let G = ) U(Z> =

0 1 —1

Then when z = (A4, s) € int[R™!\ (K U [K]°)], we have that
_ A1 G (@)u(2)*Gz) !
DIlx(z) = G(2) G On () o) (3.24)

From Proposition 3.6, it is easy to obtain that Opllc(z) = {DIllxc(z)} whenever
z € int/C U int[K]° U int[S™ x R\ (K U [K]°)]. The following theorem considers the
case when z € bdry/C \ {0} U bdry[K]° \ {0}.

Theorem 3.10. Let ¢p : R™ — R, be a twice symmetric norm. Let z = (A,s) € H
be a given point with A = PDiag(A(A))PT, then the following results hold:

(i) Ifz=(A,s) € bdryK \ {0}, then

~ [ V(1o A)(A)
—1

Z 0
0 1

831_[]((2) = {I/,

V(0 N)(4) 1
1+|v<wox><A>|%}‘ (3:29)

(i) Ifz=(A,s) € bdry[K]°\ {0}, then

V(. 0 A)(A)
1

631_[;{(2) = {O,

V. o (A 1
T IV o VA } o B

Proof. When z = (A4, s) € bdryK\ {0}, for constructing the B-subdifferential of I
at z, we have two ways of 2z’ approaches z, one is 2’ K, and the other is 2/ > 2,
where D = int[S” x R\ (K U [K]°)]. For 2/ 2 2, we obtain T’ € Opllk(z). For
2B z, one has

li7r3n X (') = A, hm n(z") =0,
which implies lim G(2') = Z, lim G(2) 'V (¥ o \)(X(2)) = V(¢ 0 A)(A).

/D /D
25z 25z

Thus we obtain lim B(z') = (1 + ||V (¢ o M) (A)||3)"" and

hm DIl (2') =
70 V(o) (4)
= — (14 IV@ o N(A)E) [ . V(oA —1].
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Combining the above two limits, we obtain (3.25).

When z = (A, s) € bdry[K]°\ {0}, for constructing the B-subdifferential of IIx at z,

. Kl° . D
we have two ways of 2’ approaches z, one is 2’ u) z and the other is 2’ = z, where

D =int[S™ x R\ (KU [K]°)]. For 2/ 2 2, we obtain 0 € Opllx(2). For 2/ € D, one

has
DHK(Z/) = I/ - DH[K]o(Z/)

Applying Proposition 3.6 to the dual norm, we have for 2’ € D, that

G.(2) 0 ]

DHOZ/:
e =]

(3.27)

G (2)7V (1 0 N)(X(2))

) [V (¥ 0 M(X(2)"Gu() 7 1],

= B.(¢)

where  Bi(2) = (1+ V(¢ 0 A)(X(2))Go(2) V(¥ 0 N)(X(2))) 7,
G.(2) =T+ u(2) V2 (s 0 M) (X (2)),

where X (2') = P[Diagu.(2')|PT with (u.(2'), (")) € R™ x R, being a solution

of the system of equations Fi(u, p; z’) = 0. For 2’ K z, one has

lim u.(2") = A(A4), lim p.(z") =0,
B B
which implies - -

lim G, (2) =T, lim G.(2) 'V (1 0 (X () = V(2h, 0 N)(A).

/D /
25z 2/ Sz

Thus we obtain lim B,(2') = (1 + ||V (¢ 0 A\)(A)[|7)~" and
# Bz
: AN T /
hgn DIl () =T hlgl DIIjpe (')

2=z 2=z

=1+ V(s o N)(A)1F) [V (1.0 A)(A)* 1].

1 [ V(w* o )‘)<A)
1

Combining the above two limits, we obtain (3.26). O

For the second-order cone, we have the following results about the B-subdifferential
of HIC2 .

Corollary 3.11. For the second-order cone Ko in S™ x R, we have

(i)  Ifz=(A,s) € bdryksy \ {0}, then

o AA A
o JAT  TAT

OpTli, () =4 T, o (3.28)
1
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(ii) Ifz=(A,s) € bdry[Ks]° \ {0}, then

AA* A
A|? A
DT, () = 4 0, L 1Az All= (3.29)
2 A* 1
1]l 7

(i) Ifz=(A,s)=(0,0), we have Opllx,(0) =
2( —YY*) +YY* Y

1
={0,7'} U< =
2 y*

cae0,1,][Y]|r = 1} . (3.30)

Proof. For (i), z = (4,s) € bdryKy \ {0}, A # 0, V(¢ o N)(A) = A/|Allr
and [|[V(¢ o N)(A)||r = 1. The formula (3.28) comes from (3.25). For (ii), we have
z = (A, s) € bdry[Ks]°\{0}, noting that 1) = 1, and in this case ||V (¢.0N)(A4)|2 = 1,
we obtain (3.29) from (3.26).

For D = int[S™ x R\ (Ky U [IC5]°)], if 2/ = (w', ") € D, then we have from Corollary
3.7(iii) that DIIk,(2’) is given by (3.16). Note that, when 2’ 2 2, the outer limit of

A | F " | ]| 7

coincides with {(a,Y) : a € [0,1], ||Y||r = 1}, and we obtain the formula (3.30) from
(3.16). The proof is complete. O

4. Calculating VZ(¢) o \) and G(2)7!

In this section, in order to simplify formulas for directional derivatives and B-
subdifferentials of IIx when ¢ is twice continuously differentiable, we develop for-
mulas for V2(¢ o \)(A) and G(z)"'H, which are easy to calculate.

Proposition 4.1. Let A have the spectral decomposition A = PDiag\(A)PT and

assume that wy, ..., w, are v distinct values of m eigenvalues of A with
w1 = /\1<A) == /\k1<A>a Wz = )‘k‘1+1(A) == /\kz(A)v
Wy = A, _11+1(A) = -+ = A\ (A).

Deﬁne alz{l,...,kl}, 042:{/61—1—1,...,]@2},...,ozT:{kT_l—l—l,...,k:r}.

Let ¢ : R™ — R be a symmetric function, twice differentiable at the point w € R™,
and P be a permutation matriz such that Pw = w. Then

(1) there are real numbers by, ...,b, and a symmetric matriz (a;;); ;- such that
V2h(w) is equal to

T T
a111)0,1 oo Ay dig 1
blj|a1| 114 ai|+ay | Ir o | 4ay|

b1,

T T
ar1djo | Lo, - Arpdja Ly,
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(2)  there are real numbers c1, ..., c, such that
C1 1|a1\
V)= | |,
CTI‘OM

and for any H € S™, V2 o \)(A)[H] =

(St (7))
7j=1
(S (man,) .
L j=1 |
511P§1HP041 e 517"P§1HPO¢T
+P : : PT (4.2)
(SrlpaTTHPal e (5TTP(’£HPQT
S PR LR + 356, S G
=1 j=1 =1 j5=1 Z’/eai’jleaj
6”:bi77;:17 Ty
where ¢ —
0ij = Lo j=1,...ri%#]j.

wi—wj

Proof. The formula (4.1) is an equivalent version of the formula in Lemma 2.1(ii).
In view of Lemma 2.1, under the assumptions here we can express A as

T T

511[|a1| 6111|a1‘1‘a1| o 61r1|0‘1‘1\04r|

A=— + : : s . (44)

Orrljas| P IO TPUS LSRR W TS 1

rld|or| o rrdlar]da,

For H = PTHP, define
pi Hp: p|7;¢1|+1Hp\a1\+1 Pﬂr_1|+1Hp|ar_1l+1
hy = : by = : e he = :

T T T
p|a1\Hp|O‘1| p|a2|Hp\a2\ p\oar|Hp|06r‘
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We have from (4.1) and (4.4) that

V2(4h 0 \)(A)[H] = P <Diag(V2¢()\(A))diag H)+ Ao ﬁ) pr

(Z ayTr (P HPaj)) Lo,

j=1
oy PT
(Z aryTr (P, HPaj)> Lo,
=1 |
SuPLHP, - 6,PTHP,
+P : : P,
ouPTHP, - 06,PTHP,

which verifies (4.6).
The second-order directional derivative of (1) o A) at A along H is

V2(h o A)(A)[H, H] = V2 (w)[diagH, diagH] + (A, H o H)

= zr: ZT: aijTr(PaTiHPai)Tr(Pg;HPaj) + z’”: Er:éij Z (o] Hp; )2,

i=1 j=1 i=1 j=1  i'€a;j'cay
The proof is complete. O

Corollary 4.2. Let wy(2) 1= g, (2)(2), . . ., Wp(z)(2) = up, (»)(2) be r(2) distinct val-
ues of m walues of u(z), and assume that X(z) has the spectral decomposition
X (2) = PDiagu(z)PT with u(z) = \(X(2)), namely
ur(2) =+ = Uk () (2) > Uky(9)41(2) =+ = Uky() (2) > Uny(2)41(2) -+ Uiy () (2),
where kg = 0, k.(2) =m. Define ai(z) ={1,...,ki(2)},
ag(z) = {ki(2) +1,.. . ka(2)}, .. os o)(2) = {krmi(2) + 1,0 Ky )

Let ¢ : R™ — R be a symmetric function, twice differentiable at the point w € R™,
and P be a permutation matriz such that Pw = w. Then

(1)  there are real numbers bi(z),...,by2y(2) and a symmetric matriz (a”(z)):(]z:)1
such that
b1(2) Ljon (2)
Vip(u(z)) =
br(a) (2 iy 21
(4.5)
@@ e e a0
+

T T
ar(2)1(2) Layoy @) Ljn ()] (@72 () Ly @)1 L, ) (2)
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(2)  there are real numbers ¢,(2), ..., ¢y z)(2) such that
c1(2) Zjay(2)]

Vi (u(z)) = : )
¢r(2) Ljar i a)

then for any H € S™, we have V?(¢p o \)(X (2))[H] =

A1 (2) ] (2)|
Ar(2) o, (2)]

511(Z>P(£(Z)Hpa1(z) s 51r(Z)Pgl(Z)HPar(z)(z)
+P : - : Pr

0o Py o HParz) =+ e Py (o) H Py (2)

and V(o N (A)[H, H] =
r(2) r(z)
ZZ% (2)Te(PY () H Pay()) Te(PL o HPa ()

=1 j=1
r(z) r(z) (47)

+3° N 660 Y hHp)

=1 j=1 e (z),j €aj(z)

7(2)
where Ai(z) = ( a;j(z)Tr (Pojz;(z)HP%(Z)> )

1

<

and c;

Proposition 4.3. Under the setting of Proposition 4.1, for any H € S™, one has
Y = G(z)"'H can be characterized by

ot
L4 pu(2)845(2)

fork=1,...,r(2),4,j € ag, i # J,

PT

a;(z) YPO‘J’ (z) =

PooH Py, 1§ =1,...,7(2), i # ], (4.8)

1

T - T .
Y = rmsam 1 1 (4.9)
and diag(PTY P) = [I,,, + p(2) V2 (u(z))] *diag(PT HP). (4.10)

Proof. For Y = G(2)"'H, we have for

r(z)
A,L(Z) = (ZG,ZJ(Z)TT <POZ(Z)HPCY](Z)) )
j=1
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that  H =Y + u(2)V?(p, 0 \)(X(2)[Y] =
A1(2) oy (2))
=Y + pu(z)P
Ar(2) L, (=)

+u(z)P PT.

5r(z)lpi(z)(z)ypa1(z)

This implies, for i, =1,...,7(2), i # 7,

T _ 1 T
Foia¥ o) = 1a,0 T H oot

And for k=1,...,r(z), we have Paj;c(z)HPak(Z) =
= (1 + M(Z)ékk( ))Pak(z)YP k(2) + [ock(Z)lu(Z)<Z](Zi A, ( )TI‘ (Poz;(z)ypocj(z)> )
= (L + p1(2)0kk (2)) P ()Y Py + u(z)(Z;"i? ar; (2) Loy I, (Pci(z)ypaj(z)))
which implies for k =1,...,r(2), i,j € ax(2), i # j,

PT]YP‘ o 1 P-T H P
¢ J 1+ u(z)&kk(z) ¢ 7
FOI'k’—_ 1,...,7(2’),

diag[PT( yH Py (- )| = (14 p(z)0pk(2 ))diag|P,, k(2 )YP(Xk(Z)] (4.11)
1|Oék(Z (Zaw 1|O¢ Z)|d1ag (P ( )YP ( )) >
7 diag (P, )Y Pay(o))
7 diag (P%)Y Pauo))
Define ‘ = _
Ar z i T
Ur(z) diag (P ()Y Paycoo))
7 diag (P2, H Posio))
. he || diee (P H Pt )
h

) diag (PX () HPu, (o))
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Then the solution (1,...,¥,) of (4.11) is the solution to the following system of

linear equations: ~ R
hy Y1
= M(z) , where
/f;r ?//\r(z)
611(2) Loy ()] 0
M(z) =
0 : T 6TT<Z))I\ar<z)(Z)| -
@11(2)1\a1(z)\1|a1(z)| T alr(Z)(Z)llal(Z)|1|ar(z)(z)|
+
~ T -~ T
@1 (2) o,y @ Lare 7 () Lo, @)1 a0

with g“(z) =14 pu(2)0i(2),i=1,...,7(2), @;j(2) = p(2)aij(2),4,5 =1,...,7(2).
It is not difficult to verify that

M(2) = L + (=) V3 u(2). (14.12)
Therefore, the formulas (4.8), (4.9) and (4.10) hold. O
Define m;;(2) = (14 p(2)d;5(2)) 44,5 =1,...,r(z) and

[ m11(2) [y 2)

B(z) = — (4.13)
I Tr(@pr(2) (2 jar (2)]
[ mElwelne 0 @ laelege

+
| @1 @ o) T (2 e )1, ()
Then, for any H € S™,
G~ '(2)H = P |Diag (M (z) 'diag(P"HP)) + B(z) o PPHP] P". (4.14)

Proposition 4.4. Let ¢y : R™ — R, be a twice differentiable symmetric gauge
function. Let z = (A,s) € H be a given point with A = PDiag(\(A))PT. Let
X (z) = PDiag(u(z))PT and (u(2), 1(z)) € R™ x Ry, be a solution of the system of
equations F(u,u;z) =0.

Then for  B(z) = (1+ V(¥ o N)(X(2))"G(2) V(¥ o N)(X(2))) ",
G(z) =T+ u(z) V(1 0 A)(X(2)),
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we have
G(2)7'V (¢ 0 A\)(X(2)) = PDiag [(In + u(2)V*(u(2))) ' Vip(u(2))] PT (4.15)

and B(z) = 1+ Vi(u(2)" (In + p(2) V¥ (u(2))) " Vi (u(2)). (4.16)

5. Conclusion

This paper developed variational analysis of orthogonally invariant norm cone of
symmetric matrices including the computation of the tangent cone, the normal cone,
and the second-order tangent set of an orthogonally invariant norm cone, as well
as the formulas for directional derivative and B-subdifferential of the projection
operator onto a norm cone. An important topic left is the variational analysis of
an orthogonally invariant norm cone when the associated symmetric norm is nons-
mooth. Another topic is the study on optimality and stability theories of Problem
(1.1), including the first-order and second-order necessary optimality conditions, and
the second-order sufficient optimality conditions, the strong regularity and isolated
calmness of the KKT system of Problem (1.1). Therefore, there are many theoreti-
cal applications of the variational analysis of orthogonally invariant norm cones to
the orthogonally invariant norm conic optimization.

Acknowledgments. The authors are so grateful to the reviewers for their valu-
able comments and suggestions, for example including Remark 3.5, which helped to
improve the quality of this paper.
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