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We study the behavior of the second eigenfunction of the anisotropic p-Laplace operator

−Qpu := −div
(
F p−1(∇u)Fξ(∇u)

)
,

as p → 1+, where F is a suitable smooth norm of Rn. Moreover, for any regular set Ω, we define
the second anisotropic Cheeger constant as

h2,F (Ω) := inf

{
max

{
PF (E1)

|E1|
,
PF (E2)

|E2|

}
, E1, E2 ⊂ Ω, E1 ∩ E2 = ∅

}
,

where PF (E) is the anisotropic perimeter of E, and study the connection with the second eigenvalue
of the anisotropic p-Laplacian. Finally, we study the twisted anisotropic q-Cheeger constant with
a volume constraint.

Keywords: Nonlinear eigenvalue problems, second anisotropic Cheeger constant, second eigenfunc-
tions of the p-Laplacian.
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1. Introduction

In the recent years, the interest on anisotropic elliptic problems raised in many
contexts. In particular, they have been studied properties of the first ([11, 21, 23, 24])
and second ([26]) Dirichlet eigenvalue of the anisotropic p-Laplacian operator

−Qpu := − div
(
F p−1(∇u)∇ξF (∇u)

)
, (1)

where 1 < p < +∞, and F is a sufficiently smooth norm on Rn (see Section 2 for the
precise assumptions on F ). Let us observe that the operator in (1) reduces to the
p-Laplacian when F is the Euclidean norm on Rn and, in general, Qp is anisotropic
and can be highly nonlinear.
We will consider the following Dirichlet eigenvalue problem:{ −Qpu = λF (p,Ω)|u|p−2u in Ω

u = 0 on ∂Ω
(2)

and we study the limiting behaviour of the second eigenvalue λ2,F (p,Ω) as p → 1+.
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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Regarding the Euclidean case, the asymptotic behavior, as p → 1+, of the solution
of ∆pu = f has been studied in [19] for very general f . Moreover, we mention that
the asymptotic behavior of the first eigenpair of the p-Laplacian, for p → 1+, has
been studied in [44] and, for p → +∞, in [35] (in presence of Dirichlet boundary
conditions) and in [29] (in presence of Neumann boundary conditions).
On the other hand, regarding the anisotropic case, the asympthotic behavior of the
first Dirichlet eigenvalue λ1,F (p,Ω) of −Qp has been studied in [37], for p → 1+,
and in [12], for p → +∞. For sake of completeness, we remark that the anisotropic
p-Laplacian eigenvalue problem has been studied in [25] when Neumann boundary
conditions hold (the limiting behavior as p → +∞ has been studied in [48]) and
in [23] when Robin boundary conditions hold (the limiting behavior as p → 1+ has
been studied in [6] by the use of Γ-convergence results).
The smallest eigenvalue λ1,F (p,Ω) of (2) is variationally characterized as

λ1,F (p,Ω) = min
u∈W 1,p

0 (Ω)\{0}

∫
Ω

F p(∇u)dx∫
Ω

|u|pdx
(3)

and the first eigenfunction of (2) is a minimizer of (3). We show the following
Cheeger inequality:

λ1,F (p,Ω) ≥
(
h1,F (Ω)

p

)p

(4)

where h1,F (Ω) is the anisotropic Cheeger constant, defined as

h1,F (Ω) := inf
E⊆Ω

{
PF (E)

|E|

}
, (5)

with PF denoting the anisotropic perimeter in Rn. Let us remark that the first
eigenvalue of the anisotropic 1-Laplacian is defined by

λ1,F (1,Ω) = min
0̸=u∈BV (Ω)

|Du|F (Ω) +
∫
∂Ω

|u|F (νΩ)dHn−1∫
Ω
|u|dx

, (6)

where BV (Ω) denotes the spaces of bounded variation in Ω and |Du|F (Ω) the total
variation of u with respect to F and νΩ the outer normal to ∂Ω. Problems (6)
and (5) are equivalent in the sense that a function u ∈ BV (Ω) is a minimum of
(6) if and only if almost every level set is a Cheeger set; therefore it holds that
λ1,F (1,Ω) = h1,F (Ω). To study in deep this argument, see [16] and reference therein);
refer to [27, 28, 33, 36, 38, 50] for the Euclidean case (that is when F = E) and to
[18, 20] for the discrete case.
In this paper, we show that the first eigenvalue λ1,F (p,Ω) tends to the Cheeger
constant:

lim
p→1+

λ1,F (p,Ω)
1
p = h1,F (Ω). (7)

Let us highlight that both the Cheeger inequality (4) and the limiting behaviour (7)
have been proven in [11]. We overcome some regularity assumptions (see [42, 51]) by
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using an interior approximation for BV functions by smooth functions with compact
support [6, Theorem 4.3]. Thank to this result, we are able to prove that the Cheeger
set C can be approximated by a sequence of sets Ck of finite perimeter, compactly
contained in C and with smooth boundary. To the best of our knowledge, in the
anisotropic setting, the inner approximation result first appeared in [6, Theorem
4.3], relying on a specific diffeomorphism introduced by Littig and Schuricht [42]
as a change of variables. Moreover, this approximation theorem constitutes the
essential foundation of the proofs of the main results.
The main aims of this paper are the proofs of the analogs of (4) and (7) for the
second anisotropic eigenvalue λ2,F (p,Ω) of (2), as announced in [26]. More precisely,
we prove the following anisotropic Cheeger inequality

λ2,F (p,Ω) ≥
(
h2,F (Ω)

p

)p

, (8)

where h2,F (Ω) denotes the second anisotropic Cheeger constant

h2,F (Ω) := inf

{
max

{
PF (E1)

|E1|
,
PF (E2)

|E2|

}
, |E1|, |E2| > 0, E1, E2 ⊂ Ω, E1 ∩ E2 = ∅

}
,

and the following limiting relationship

lim
p→1+

λ2,F (p,Ω)
1
p = h2,F (Ω). (9)

Let us remark that, for the Euclidean case, both the Cheeger inequality (8) and the
limit property (9) have been proven in [13, 45].
The asymptotic result can be easily generalized to the k-th variational eigenvalue
obtaining

lim sup
p→1+

λk,F (p,Ω)
1
p ≤ hk,F (Ω) for k ≥ 3, (10)

where hk,F (Ω) is the k-th Cheeger constant. The deep reason of the discrepancy
between (9) and (10) rely on the fact that the k−th eigenfunction usually does not
have k−th nodal domains.
Finally, we observe that the second anisotropic Cheeger constant is related to the
anisotropic “twisted” q-Cheeger constant, 1 ≤ q < n

n−1
:

Kq,F (Ω) := inf

{
|Du|F (Rn)(∫
Ω
|u|qdx

) 1
q

; u ∈ BV0(Ω), u 6≡ 0,

∫
Ω

u dx = 0

}
,

where BV0(Ω) contains the BV functions in Rn which vanish outside Ω. Moreover,
it holds that

h1,F (Ω) ≤ K1,F (Ω) ≤ h2,F (Ω).

In the Euclidean case, the minimization problem of K1,F (Ω) under volume constraint
has been studied in [14].
The paper is organized as follows. In Section 2, we recall and fix some definitions
and results of the Finsler geometry; in Section 3, we study the eigenvalue and the
Cheeger problems; in Section 4, we give the two main results; in Section 5, we study
the anisotropic twisted Cheeger constant.
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2. Notations and preliminaries

In this section, we fix the notations of the paper and recall some useful results of
the Finsler geometry.

2.1. The norm

Throughout the paper we will consider a C2(Rn\{0}) convex even 1−homogeneous
function

ξ ∈ Rn 7→ F (ξ) ∈ [0,+∞[,

that is a convex function such that

F (tξ) = |t|F (ξ), t ∈ R, ξ ∈ Rn, (11)

and a|ξ| ≤ F (ξ), ξ ∈ Rn, (12)

for some constant a > 0. Under this hypothesis, it is easy to see that there also
exists b ≥ a such that

F (ξ) ≤ b|ξ|, ξ ∈ Rn. (13)
Moreover, throughout this paper, we will assume that

∇2
ξ [F

p](ξ) is positive definite in Rn \ {0}, (14)

where 1 < p < +∞. The hypothesis (14) on F assures that the operator

Qp u := div
(
1

p
∇ξ[F

p](∇u)
)

is elliptic, hence there exists a positive constant γ such that

1

p

n∑
i,j=1

∇2
ξiξj

[F p](η)ξiξj ≥ γ|η|p−2|ξ|2,

for some positive constant γ, for any η ∈ Rn \ {0} and for any ξ ∈ Rn.
The polar function F o : Rn → [0,+∞[ of F is defined as

F o(v) = sup
ξ ̸=0

〈ξ, v〉
F (ξ)

.

It is easy to verify that also F o is a convex function which satisfies properties (11)
and (12). Furthermore, we have

F (v) = sup
ξ ̸=0

〈ξ, v〉
F o(ξ)

.

From the above property it holds that

|〈ξ, η〉| ≤ F (ξ)F o(η), ∀ξ, η ∈ Rn.

Furthermore, the following properties of F and F o hold true (see for example [1, 3,
10]):

∇ξF (ξ) · ξ = F (ξ), ∇ξF
o(ξ) · ξ = F o(ξ) ∀ξ ∈ Rn \ {0}, (15)

F (∇ξF
o(ξ)) = F o(∇ξF (ξ)) = 1 ∀ξ ∈ Rn \ {0}, (16)
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F o(ξ)∇ξF (∇ξF
o(ξ)) = F (ξ)∇ξF

o(∇ξF (ξ)) = ξ ∀ξ ∈ Rn \ {0}, (17)
n∑

j=1

∇2
ξiξj

F (ξ)ξiξj = 0 ∀ i = 1, ..., n ∀ξ ∈ Rn \ {0}. (18)

The anisotropic distance function to ∂Ω is

dF (x) = inf
y∈∂Ω

F o(x− y) x ∈ Ω,

and solves the anisotropic iconal equation F (∇dF (x)) = 1. The set

W = {ξ ∈ Rn : F o(ξ) < 1}

is the so-called Wulff shape centered at the origin. We put κn = |W|, where |W|
denotes the Lebesgue measure of W . More generally, we denote with Wr(x0) the set
rW+x0, that is the Wulff shape centered at x0 with measure κnr

n, and Wr(0) = Wr.

2.2. The Hausdorff measure and the perimeter

In this section we recall some useful notion related to the perimeter in the Finsler
metric (for more details we refer to [3, 10, 43]).
For any measurable subset E of Ω, the ipersurface element induced by F is

dHn−1
F (E) := F (νE) dHn−1(E), (19)

where νE is the Euclidean outer normal to E and dHn−1 is the n − 1-dimensional
Hausdorff measure. Moreover, we will denote nE := ∇F (νE) the anisotropic normal
to ∂E.
We observe that the Carathéodory’s construction [31, Chap. 2.10] and the definition
of the Hausdorff measure with respect to the Finsler metric F (19), lead to the
definition

Hn−1
F,δ (E) := inf

{∑
j∈J

κn−1r
n−1
j : rj < δ, E ⊂

⋃
j∈J

Wrj(xj)
}
,

where J is a finite or countable set of indexes. Therefore, it holds

Hn−1
F (E) = lim

δ→0+
Hn−1

F,δ (E) = sup
δ>0

Hn−1
F,δ (E).

Let u ∈ BV (Ω), the total variation of u with respect to F is

|Du|F (Ω) = sup

{∫
Ω

u div σ dx : σ ∈ C1
0(Ω;Rn), F o(σ) ≤ 1

}
and the perimeter of a set E with respect to F is:

PF (E; Ω) = |DχE|F (Ω) = sup

{∫
E

div σ dx : σ ∈ C1
0(Ω;Rn), F o(σ) ≤ 1

}
.
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Moreover, if E has Lipschitz boundary, then it holds

PF (E; Ω) =

∫
Ω∩∂E

F (νE) dHn−1.

Throughout this paper, we denote PF (E) instead of PF (E;Rn) for any set E ⊂ Ω
with finite perimeter. Let us remark that, for all subsets E of Rn, PF (E; Ω) is finite
if and only if the usual perimeter P (E; Ω) is finite; indeed, by (12) and (13), we
have

aP (E; Ω) ≤ PF (E; Ω) ≤ bP (E; Ω).

Moreover, a coarea formula holds ([8, 17, 30, 32]):

|Du|F (Ω) =
∫
R
PF ({u > s}; Ω)ds (20)

and, for all u ∈ W 1,1(Ω), we have

|Du|F (Ω) =
∫
Ω

F (∇u) dx. (21)

By using (20) and (21) with u = dF , we have

|Ω| =
∫
Ω

dx =

∫
Ω

F (∇dF (x)) dx = |DdF |F (Ω) =
∫
R
PF ({dF > s}; Ω) ds. (22)

Furthermore, by using the divergence theorem and (15)-(16), we have

PF (W) =

∫
∂Wr

F (ν)dHn−1(x) =

∫
∂Wr

F

(
∇F o(x)

|∇F o(x)|

)
dHn−1(x)

=

∫
∂Wr

1

|∇F o(x)|
dHn−1(x) =

∫
∂Wr

F (x)

|∇F o(x)|
dHn−1(x)

=
1

r

∫
∂Wr

x · ∇F (x)

|∇F o(x)|
dHn−1(x) =

1

r

∫
∂Wr

x · νdHn−1(x) =
n

r

∫
Wr

dx = nknr
n−1.

The anisotropic isoperimetric inequality [15, 1] states that among set E of finite
perimeter in Rn and of fixed volume the Wulff shape minimizes the anisotropic
perimeter, that is:

PF (E;Rn) ≥ nκ
1
n
n |E|1−1/n. (23)

The equality in (23) holds if and only if E = WR.
We recall from [6, Theorem 4.3] a result of approximation of Ω strictly from within,
that is a key result for our aims.

Proposition 2.1. Let Ω ⊂ RN be an open bounded set with Lipschitz boundary
and let u ∈ BV (Ω) ∩ Lp(Ω) for some p ∈ [1,∞). Then there exists a sequence
{uk}k∈N ⊆ C∞

0 (Ω) such that, for any q ∈ [1, p],

uk → u in Lq(Ω) and |Duk|F (RN) → |Du|F (RN).
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In the sequel, the previous result will be useful when particularized to characteristic
functions of sets of finite perimeter.

Proposition 2.2. Let Ω ⊂ RN be an open bounded set with Lipschitz boundary with
finite perimeter. Then there exists a C∞

0 sequence {Ek}k∈N ⊆ Ω such that
PF (Ek) → PF (Ω).

3. The eigenvalue and the Cheeger problem

In this Section, we firstly recall some results on the first anisotropic p-Laplacian
eigenfunction(s) and eigenvalue, on the first and second anisotropic Cheeger set(s)
and constant; then we discuss the relationships among them, as p → 1+.

3.1. The Dirichlet anisotropic p-Laplace eigenvalue problem

We first recall the definition of eigenvalue of the Dirichlet anisotropic p-Laplace
operator (1).

Definition 3.1. We say that u ∈ W 1,p
0 (Ω), u 6≡ 0, is an eigenfunction of (2), if∫

Ω

F p−1(∇u)∇ξF (∇u) · ∇φ dx = λF (p,Ω)

∫
Ω

|u|p−2uφ dx

for all φ ∈ W 1,p
0 (Ω). The corresponding real number λF (p,Ω) is called an eigenvalue

of (2).

The following Faber-Krahn type inequality has been proved in [11, Theorem 3.3].

Proposition 3.2. Let Ω be a bounded connected open set. The first eigenvalue of
the Dirichlet problem (2) is simple and the first eigenfunction is positive. Moreover

|Ω|p/nλ1,F (p,Ω) ≥ κp/n
n λ1,F (p,WR), with |WR| = |Ω| (24)

and the equality sign in (24) holds if Ω is homothetic to the Wulff shape.

Many definitions hold for the second eigenvalues, mainly based on the Liusternik-
Schnirelmann theory applied to the study of the critical points of the Raylegh quo-
tient. As examples, the min-max formulas relying on topological index theories (see
[49]) involving the notion of Krasnoselskii genus, or the class of all odd and continu-
ous functions mapping the spherical shell into suitable normalized functional space
(see e.g. Sections 3-4 in [26] and reference therein to more investigate the issue).
Particularly, we will use the following definition of the second eigenvalue of problem
(2).
Definition 3.3. Let Ω be a bounded open set of Rn. Then the second eigenvalue
of (2) is

λ2,F (p,Ω) :=

{
min{λ > λ1,F (p,Ω): λ is an eigenvalue} if λ1,F (p,Ω) is simple,
λ1,F (p,Ω) otherwise.

In the sequel, we will prove a Cheeger type inequality for the second eigenvalue. To
this aim, we recall the following key result from [26].
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Proposition 3.4. Let Ω be an open bounded set of Rn, then for every 1 < p < +∞,
there exist two disjoint domains Ω1, Ω2 of Ω such that

λ2,F (p,Ω) = max{λ1,F (p,Ω1), λ1,F (p,Ω2)}.

In order to prove the main result of this paper, we need the following characterization
of λ2,F .

Proposition 3.5. Let Ω be a bounded domain of Rn. Then

λ2,F (Ω) = ℓ2,F (Ω) := inf {max {λ1,F (p,Ω1), λ1,F (p,Ω2)} , Ω1,Ω2 ⊆ Ω, Ω1 ∩ Ω2 = ∅} .

Proof. From the Proposition 3.4, we get immediately that

λ2,F (Ω) ≥ ℓ2,F (Ω).

On the other hand, for any ε > 0 there exist two disjoint sets Ω̄1, Ω̄2 ⊂ Ω, such that

ℓ2,F (Ω) + ε > max{λ1,F (Ω̄1), λ1,F (Ω̄2)} ≥ λ2,F (Ω̄1 ∪ Ω̄2) ≥ λ2,F (Ω).

Being ε > 0 arbitrary, we get ℓ2,F (Ω) ≥ λ2,F (Ω).

Now we state the Hong-Krahn-Szegö inequality for λ2,F (p,Ω).

Proposition 3.6. Let Ω be an open bounded set of Rn. Then

λ2,F (p,Ω) ≥ λ2,F (p, W̃), (25)

where W̃ is the union of two disjoint Wulff shapes, each one of measure |Ω|
2

. Moreover
equality sign in (25) occurs if Ω is the disjoint union of two Wulff shapes of the same
measure.

3.2. The Cheeger problem
We firstly recall the definitions of the anisotropic Cheeger constant and anisotropic
Cheeger set. For a survey on the Cheeger problem, we refer to [41, 46] and references
therein.

Definition 3.7. The anisotropic Cheeger constant is

h1,F (Ω) := inf
E⊆Ω

PF (E)

|E|
. (26)

Moreover, a set C ⊆ Ω achieving the minimum in (26) is called an anisotropic
Cheeger set for Ω.

The problem (26) has a unique solution when Ω has Lipschitz boundary (see [17,
Corollary 6.7]).
Thank to Proposition 2.2, we are able to state that the minimum in the anisotropic
Cheeger constant (26) is achieved in the class of smooth sets well contained in Ω.
Proposition 3.8. Let Ω ⊂ RN be an open bounded set with Lipschitz boundary with
finite perimeter. It holds that

h1,F (Ω) = inf
E⊂⊂Ω

∂E smooth

PF (E)

|E|
.
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From the isoperimetric inequality (23), it easily holds that

h1,F (Ω) ≥ h1,F (WR) =
nκ

1
n
n

|Ω| 1n
, where |Ω| = |WR|. (27)

At his stage, we focus on some regularity properties of the anisotropic Cheeger set.

Definition 3.9. If E is set with Lipschitz boundary, E has (locally summable) dis-
tributional anisotropic mean curvature in Ω, if there exists HF ∈ L1

loc(Ω∩∂E;Hn−1)
such that∫

∂E

divF,∂E g F (νE)dHn−1 =

∫
∂E

HF (νE · g)dHn−1, ∀ g ∈ C∞
c (Ω;Rn).

where divF,∂E g = Tr
((

Id− nE ⊗ νE

F (νE)

)
∇g

)
.

We remark that when the boundary of E is of class C1, then the distributional
definition of anisotropic mean curvature coincides with the classical definition.
In the next Proposition, we list the main properties of the Cheeger sets and of the
Cheeger constant.

Proposition 3.10. The following properties hold true. Let C be an anisotropic
Cheeger set of Ω.
(1) Let Ω be an open bounded set. Then ∂C ∩ Ω is C1,1.
(2) Let Ω be an open bounded set. The anisotropic mean curvature of ∂C ∩ Ω is

equal, up to a set of Hn−1 measure zero, to h1,F (Ω).
(3) If C is an anisotropic Cheeger set for Ω, then ∂C ∩ ∂Ω 6= ∅.
(4) If Ω is C1,1 and convex, then there is a unique convex Cheeger set.

Proof. The proofs of (1) and (4) are contained in [5, Thms. 6.18–6.19] and in ([16,
Thm. 6.3]).
In order to prove (2), let us observe that C is an anisotropic Cheeger set of Ω if and
only if |C| > 0 and C minimizes

min
C⊆Ω

[PF (C)− h1,F (Ω)|C|] . (28)

Let ϕt : Rn → Ω be a family of diffeomorphisms for t ∈ R, such that ϕ = Id and
ϕt − Id have compact support in Rn. We set Ct := ϕt(C).
Then C is a minimum for problem (28) and hence

d

dt

(
PF (Ct)− h1,F (Ω)|Ct|

)
|t=0

= 0.

By applying area formula as in [9, Thm 3.6], we have that∫
∂C

[
div g −

(
∇g

ν

F (ν)

)
· nF

]
F (ν)dHn−1 − h1,F (Ω)

∫
∂C

(ν · g) dHn−1 = 0,

where g =
(
dϕt

dt

)
|t=0

.
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Hence by definition (3.9) we have that∫
∂C

(
HF − h1,F (Ω)

)
ν · g dHn−1 = 0

and therefore, by the arbitrariness of ϕ, it holds that HF − h1,F (Ω) = 0 Hn−1-a.e.
on ∂C.
Finally, as regards (3), by contradiction we suppose that C ⊂ Ω. This implies that
there exists a real number µ > 1 such that the set µC = {µx | x ∈ C} is contained
in Ω. Hence we have:

PF (µC)

|µC|
=

1

µ

PF (C)

|C|
<

PF (C)

|C|

that contradicts the minimality of C. This concludes the proof.

Remark 3.11. The second item of Proposition (3.10) states that the first anisotropic
Cheeger constant h1,F (Ω) coincides (up to a set of measure Hn−1 zero) with the
anisotropic mean curvature of the boundary of the Cheeger set inside Ω. We remark
that the authors in [22] proved also that ∂E ∩ Ω, in the plane, is either homothetic
to an arc of a Wulff shape or a straight segment.

3.3. The second anisotropic Cheeger constant

We first recall the definition of second anisotropic Cheeger constant.

Definition 3.12. The second anisotropic Cheeger constant is

h2,F (Ω) := inf

{
max

{
PF (E1)

|E1|
,
PF (E2)

|E2|

}
, |E1|, |E2| > 0, E1, E2 ⊂ Ω, E1 ∩ E2 = ∅

}
.

The couples of sets C1, C2 realizing the min-max of h2,F are called pairs of coupled
anisotropic Cheeger sets.

Equivalently, h2,F can be written as

h2,F (Ω) = inf {max {h1,F (E1), h1,F (E2)} , |E1|, |E2| > 0, E1, E2 ⊂ Ω, E1 ∩ E2 = ∅} .

Refer to [45, Prop. 3.5] for the proof of this equivalence in the Euclidean case.
In the next result we prove that actually h2,F (Ω) admits a minimum.

Proposition 3.13. There exist two disjoint connected subsets C1 and C2 contained
in Ω such that

h2,F (Ω) = max

{
PF (C1)

|C1|
,

PF (C2)

|C2|

}
. (29)

Proof. We consider a minimizing sequence of disjoint couples of sets (E1,n, E2,n)n∈N,
that is

lim
n→+∞

max

{
PF (E1,n)

|E1,n|
,

PF (E2,n)

|E2,n|

}
= h2,F (Ω).

Then, let us fix R > 0 the radius of two equal disjoint arbitrary balls contained in
Ω; it is possible to consider only the sets such that |Ei,n| ≥ |BR|, for i = 1, 2 and
every n ∈ N.
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Indeed, if there exist î and n̂ such that |Eî,n̂| < |BR|, then by (27) we have

PF (Eî,n̂)

|Eî,n̂|
≥ h1,F (Eî,n̂) ≥ h1,F (Br) > h1,F (BR),

where |Eî,n̂| = |Br|, with r < R. This means that the couple (E1,n̂, E2,n̂) can be
discarded.
The compact embedding of BV (Ω) in L1(Ω) assure the existence of a couple (C1, C2)
such that χEi,n

→ χCi
as n → +∞ and |Ci| ≥ |BR|, i = 1, 2. Therefore, by the lower

semicontinuity of the anisotropic perimeter, we have

max

{
PF (C1)

|C1|
,

PF (C2)

|C2|

}
≤ h2,F (Ω).

The conclusion follows by showing that C1 and C2 are disjoint. If x ∈ C1, then
χC1(x) = 1, that means that χE1,n(x) = 1 definitely. This implies that χE2,n(x) = 0
definitely, hence that χC2(x) = 0, and this means that x ∈ C2.

As a consequence of Proposition 3.13, we obtain the following lower bounds for
h2,F (Ω).

Proposition 3.14. Let Ω be an open bounded domain of Rn. Then:
(a) it holds that h2,F (Ω) ≥ h1,F (Ω), and the inequality is strict when Ω admits a

unique anisotropic Cheeger set;

(b) it holds that h2,F (Ω) ≥ n

(
2κn

|Ω|

) 1
n

,

(c) it holds that h2,F (Ω) ≥ h2,F (W̃), where W̃ is the union of two disjoint Wulff
shapes, each one of measure |Ω|/2.

Proof. By (29) of Proposition 3.13 and the definition (26) of h1,F (Ω), the inequality
in (a) holds. As regards the strict inequality, if we suppose by contradiction that
h1,F (Ω) = h2,F (Ω), then there exists a pair of coupled anisotropic Cheeger sets
(C1, C2) such that

h1,F (Ω) = max

{
PF (C1)

|C1|
,
PF (C2)

|C2|

}
.

This implies that h1,F (Ω) = PF (C1)
|C1| = PF (C2)

|C2| , contradicting the uniqueness of the
anisotropic Cheeger set.
In order to prove (b), let C1 and C2 be a pair of coupled anisotropic Cheeger sets.
By Proposition 3.13 and the isoperimetric inequality (27), we have

h2,F (Ω) ≥ max{h1,F (C1), h1,F (C2)} ≥ max{h1,F (Wr1), h1,F (Wr2)}

= h1,F (Wr1) ≥ n

(
2κn

|Ω|

) 1
n

,

where Wr1 and Wr2 are Wulff shape of radii r1 ≤ r2 and |Wri| = |Ci|, i = 1, 2. Let
us observe that we have |Wr1 | ≤

|Ω|
2

, otherwise |C1| + |C2| > |Ω|, and this is not
possible.
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To prove (c), let us observe that n
(

2κn

|Ω|

) 1
n
= h1,F (W̃) = h2,F (W̃), where W̃ is the

union of two disjoint Wulff shapes, each one of measure |Ω|/2. Therefore, Proposition
3.14 gives the Hong-Krahn-Szego inequality.

We observe that Proposition 3.14(b) also holds for higher anisotropic Cheeger con-
stants:

hk,F (Ω) ≥ n

(
k
κn

|Ω|

) 1
n

,

where hk,F (Ω) := inf

max
{
PF (Ek)

|Ek|
, ...,

PF (Ek)

|Ek|

}
, |E1|, ..., |Ek| > 0,

E1, ..., Ek ⊂ Ω, Ei ∩ Ej = ∅ ∀i 6= j ∈ {1, ..., k}

 .

The Cheeger constants, higher than the first one, are not expected to be regular
enough to study the relationship with the asymptotic limit of eigenvalues of the
p-Laplacian. Therefore, as observed in [13], it is necessary to require additional
conditions to the sets achieving the anisotropic Cheeger constants.

Definition 3.15. Let Ω ⊂ RN be a measurable set with positive measure. A couple
of sets (E1, E2) such that |E1|, |E2| > 0, E1, E2 ⊂ Ω, E1 ∩ E2 = ∅ and minimize
h2,F (Ω), is called a 1-adjusted anisotropic Cheeger couple if

h1,F (Ω \ E2) = h1,F (E1) =
PF (E1)

|E1|
,

h1,F (Ω \ E1) = h1,F (E2) =
PF (E2)

|E2|
.

The existence of 1-adjusted anisotropic Cheeger couple is proved in the following.

Proposition 3.16. Let Ω ⊂ RN be a bounded measurable set with positive measure.
There exists a 1-adjusted anisotropic Cheeger couple of Ω.

Proof. Let (C1, C2) be a couple minimizing h2,F (Ω) and, without loss of generality,
let us assume PF (C1)

|C1| = h2,F (Ω) and PF (C2)
|C2| < h2,F (Ω). Then a Cheeger set C ′

2

corresponding to h1,F (Ω \ C1) is such that

PF (C
′
2)

|C ′
2|

≤ PF (C2)

|C2|
< h2,F (Ω).

If C1 is a Cheeger set for Ω \ C ′
2, we consider the couple (C1, C

′
2); otherwise, let C ′

1

be a Cheeger set of Ω \ C ′
2, and we consider the couple (C ′

1, C
′
2).

4. The asymptotic behaviors

In this section, we study the limiting relationships between the eigenvalues and the
Cheeger constants.

4.1. The relationships between λ1,F (p,Ω) and h1,F (Ω)

From [11, 37], we recall the following Cheeger inequality.



G. Piscitelli / On the Second Anisotropic Cheeger Constant ... 315

Theorem 4.1. Let Ω be an open bounded subset of Rn and 1 < p < +∞, the
eigenvalue λ1,F (p,Ω) can be estimated from below as follows:

λ1,F (p,Ω) ≥
(
h1,F (Ω)

p

)p

. (30)

Proof. The proof is adapted from [40]. Let us consider v ∈ W 1,p
0 (Ω)\{0} a positive

minimizer of λ1,F (p,Ω) and denote by φ(v) = |v|p−1v, we have∫
Ω

F (∇φ(v)) dx = p

∫
Ω

|v|p−1F (∇v) dx ≤ p

(∫
Ω

|v|p dx
) p−1

p
(∫

Ω

F (∇v)p dx

) 1
p

. (31)

We set Ft :={x∈Ω:φ(v(x)) > t}. Since v≡0 on RN\Ω, then PF (Ft; Ω) = PF (Ft;Rn)
and Ft ⊂ Ω. Hence, by using the coarea formula (20), for each t > 0 we have∫

Ω

F (∇φ(v)) dx =

∫ +∞

0

PF (Ft; Ω)ds =

∫ +∞

0

PF (Ft;Rn)ds

=

∫ +∞

0

PF (Ft;Rn)

|Ft|
|Ft|ds ≥ inf

t>0

PF (Ft;Rn)

|Ft|

∫ +∞

0

|Ft|ds ≥

≥ inf
D⊆Ω

PF (D;Rn)

|D|

∫ +∞

0

|Ft|ds = h1,F (Ω)

∫
Ω

|φ(v)|dx = h1,F (Ω)

∫
Ω

|v|pdx.

We conclude by applying (31)

h1,F (Ω) ≤ p
(
∫
Ω′ F (∇v)p dx)

1
p

(
∫
Ω′ |v|p dx)

1
p

= p(λ1,F (p,Ω
′))

1
p .

To give the asymptotic results, we need the following Proposition, inspired to [4,
Corollary 2] and [13, Theorem 5.3].
For any subset E of Rn, we denote the anisotropic ε-strip around E by

Eε
F := {x ∈ Rn : dF (x,E) ≤ ε}.

Proposition 4.2. Let E ⊂ Rn be a set with Lipschitz boundary. Then
|Eε

F \ E| = εPF (E) + o(ε).

Proof. We want to prove that |Eε
F \ E| − εPF (E) = o(ε), that is

lim
ε→0

|Eε
F \ E|
ε

= PF (E).

Using the coarea formula we have

|Eε
F \ E| =

∫
Eε

F \E
dx =

∫
Eε

F \E
F (∇dF (x,E)) dx =

∫ ε

0

PF ({dF (x,E) > s}) ds

and hence

lim
ε→0

|Eε
F \ E|
ε

= lim
ε→0

∫ ε

0

PF ({dF (x,E) > s})ds

ε
=

d

dε

[∫ ε

0

PF ({dF (x,E) > s})ds
]
ε=0

=
[
PF ({dF (x,E) > ε})

]
ε=0

= PF (E).
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From [37, Theorem 4.1], we recall the asymptotic behavior of the first eigenvalue of
problem (2), as p → 1+.

Theorem 4.3. Let Ω be an open bounded subset of Rn and 1 < p < +∞. Then

lim
p→1+

λ1,F (p,Ω) = h1,F (Ω).

Proof. By the Cheeger inequality (30), we only need to show that

lim sup
p→1+

λ1,F (p,Ω) ≤ h1,F (Ω).

By Proposition 2.2, we can approximate the anisotropic Cheeger set C1 of Ω from the
interior, by a sequence of sets of finite anisotropic perimeter {Cm}m∈N with smooth
boundary converging to h1,F (Ω). More precisely, we have that

PF (Cm)

|Cm|
≤ h1,F (Ω) +

1

m
. (32)

Now, for any fixed m ∈ N, we consider ε > 0 sufficiently small in order to have
Cε

m ⊂⊂ C1. We define vm ∈ W 1,p
0 such that vm = 1 on Cm, vm = 0 on Ω \ Cε

m and
F (∇vm) =

1
ε

on Cε
m \ Cm. Hence we have

λ1,F (p,Ω) ≤

∫
Ω

F p(∇vm) dx∫
Ω
vpm dx

=
ε−p|Cε

m \ Cm|
|Cm|

.

Therefore, by applying Proposition 4.2 and (32), we have

λ1,F (p,Ω) ≤
ε1−pPF (C

ε
m) + ε−po(ε)

|Cm|
≤ 1

εp−1

(
h1,F (Ω) +

1

m

)
+

o(ε)

εp
.

We conclude by letting ε → 0+ and then m → +∞.

From [37, Theorem 4.2], we recall the asymptotic behaviour of the first eigenfunc-
tions of problem (2), as p → 1+.

Proposition 4.4. Let Ω be an open bounded Lipschitz subset of Rn. The first
normalized eigenfunction u1,p of (2) converges, up to a subsequence, to a nonegative
limit function u1 ∈ BV (Ω) with ||u1||1 = 1, as p → 1+. Moreover, almost all level
sets Ωt := {u1 > t} of u1 are Cheeger sets.

4.2. The relationships between λ2,F (p,Ω) and h2,F (Ω)

At this stage, we prove a Cheeger type inequality for the second eigenvalue.

Theorem 4.5. Let Ω be a bounded domain of Rn and 1 < p < +∞. Then

λ2,F (p,Ω) ≥
(
h2,F (Ω)

p

)p

.
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Proof. By Proposition 3.4, we know there exist two disjoint domains Ω1, Ω2 of Ω
such that

λ2,F (p,Ω) = max {λ1,F (p,Ω1), λ1,F (p,Ω2)} ≥

≥
(
1

p
max {h1,F (Ω1), h1,F (Ω2)}

)p

≥
(
h2,F (Ω)

p

)p

,

where we have used the Cheeger inequality (30) for h1,F (Ω) and the characterization
of h2,F .

Theorem 4.6. Let Ω ⊂ Rn a Lipschitz bounded open set. Then we have

lim
p→1+

λ2,F (p,Ω) = h2,F (Ω). (33)

Proof. Using the inequality of Proposition 4.5, we immediately obtain that

lim inf
p→1+

λ2,F (p,Ω) ≥ h2,F (Ω). (34)

On the other hand, let Ω1 and Ω2 two disjoint sufficiently smooth subsets of Ω. By
using Proposition 3.5 we have:

lim sup
p→1

λ2,F (p,Ω) ≤ lim sup
p→1

max {λ1,F (p,Ω1), λ1,F (p,Ω2)} =

= max
{
lim sup

p→1
λ1,F (p,Ω1), lim sup

p→1
λ1,F (p,Ω2)

}
= max {h1,F (Ω1), h1,F (Ω2)} .

Passing to the infimum on Ω1,Ω2, we get lim supp→1 λ2,F (p,Ω) ≤ h2,F (Ω), that,
together with (34), gives the conclusion.

Another property of h2 is the following.

Proposition 4.7. Let Ω be a bounded domain of Rn and let u2,p be a second eigen-
function associated to λ2,F (p,Ω). Let us denote by Ωp

1, Ω
p
2 two nodal domains. Then

lim
p→1

max {h1,F (Ω
p
1), h1,F (Ω

p
2)} = h2,F (Ω)

Proof. By definition of h2,F (Ω), we have that

h2,F (Ω) ≤ max {h1,F (Ω
p
1), h1,F (Ω

p
2)} .

Hence, it remains to show the reverse limit inequality. We will prove that for all
ε > 0, there exists p0 > 1 such that for every 1 < p < p0

max{h1,F (Ω
p
1), h1,F (Ω

p
2)} ≤ h2,F (Ω) + ε.

By contradiction, we suppose that there exists ε > 0 such that, without loss of
generality, h1,F (Ω

pk
1 ) > h2,F (Ω) + ε, for a subsequence pk → 1. Then, by the

Cheeger’s inequality (30), we have, for k large enough,

λ2,F (pk,Ω) ≥
(
h1,F (Ω

pk

1 )

pk

)pk

>
(
h2,F (Ω) + ε

pk

)pk
> h2,F (Ω) +

ε

2
.

But this is in contradiction with lim supp→1 λ2,F (p,Ω) = h2,F (Ω).
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This proposition implies the following corollary result.

Proposition 4.8. The measures of Ωp
1 and Ωp

2 are uniformly bounded from below,
for p → 1, by κn(n/2h2,F (Ω))

n.

Proof. In consequence of the previous proposition, there exists p0 > 1 such that,
for every 1 < p < p0

2h2,F (Ω) ≥ max{h1,F (Ω
p
1), h1,F (Ω

p
2)}.

Then by using (27), we get
(

2h2(Ω)

nκ
1
n
n

)n

≥ max

{
1

|Ωp
1|
,

1

|Ωp
2|

}
.

Now, to investigate the asymptotic behavior of the second eigenfunctions as p → 1,
we start by giving three technical lemmas.

Lemma 4.9. Let Ω ⊂ Rn be a bounded domain with Lipschitz boundary, {pj}j∈N be
a sequence of real numbers pj ≥ 1 such that pj → 1+ as j → +∞ and assume that
{uj}j∈N ⊆ W

1,pj
0 (Ω) is a sequence such that uj → u in L1(Ω) as j → +∞. Then∫

Ω

|Du|F ≤ lim inf
j→+∞

∫
Ω

F (∇uj)
pj dx

Proof. The proof follows line by line the one contained in [45, Lemma 5.8]. For
the sake of completeness, we write it in details. Since ∂Ω is Lipschitz, the function
uj are in particular in BV (Ω). We denote by p′j the conjugate exponent to pj.
Then p′j → +∞ as j → +∞. By the lower semicontinuity of the anisotropic total
variation, Hölder inequality and Young inequality, we have∫

Ω

|Du|F ≤ lim inf
j→+∞

∫
Ω

|Duj|F = lim inf
j→+∞

∫
Ω

F (∇uj) dx

≤ lim inf
j→+∞

(∫
Ω

F pj(∇uj) dx

) 1
pj

|Ω|
1
p′
j ≤ lim inf

j→+∞

[ ∫
Ω

F pj(∇uj) dx+ |Ω|
p
−p′j/pj
j

p′j

]

≤ lim inf
j→+∞

∫
Ω

F pj(∇uj) dx+ lim sup
j→∞

|Ω|
p
−

p′j
pj

j

p′j
= lim inf

j→+∞

∫
Ω

F pj(∇uj) dx.

Lemma 4.10. ([45, Lemma 5.9]) Let Ω ⊂ Rn be an open bounded set, {pj}j∈N be
a sequence of real numbers pj ≥ 1+ such that pj → 1+ as j → +∞ and assume that
{uj}j∈N ⊆ L∞(Ω) is a sequence such that 0 < ||uj||L∞(Ω) < c for a positive constant
c and for every j ∈ N. Then

lim
j→+∞

∫
Ω

|uj|pj dx =

∫
Ω

|u| dx

Lemma 4.11. ([26], [39, Lemma 5.1], [2]) Let Ω be an open bounded subset of Rn

and u2,p be a second eigenfunction of (2). Then
‖u2,p‖L∞(Ω) ≤ Cn,p,Fλ2,F (p,Ω)

n
p ‖u2,p‖L1(Ω),

where Cn,p,F is a constant depending only on n, p and F .
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Theorem 4.12. Let Ω ⊂ Rn a Lipschitz bounded open set and u2,p be a second
eigenfunction of (2) such that ‖u2,p‖Lp(Ω) = 1. Then, up to a subsequence, u2,p

converges in L1(Ω), as p → 1+, to a function u2 ∈BV (Ω) such that ‖u2‖L1(Ω) = 1
and

∫
Ω
|Du2|F ≤ h2,F (Ω).

Moreover, u2 cannot be strictly positive or strictly negative.

Proof. By Theorem 4.6, Lemma 4.11 and the Hölder inequality, we have that u2,p

are uniformly bounded in L∞(Ω). Moreover, we have

∫
Ω

|Du2,p|F =

∫
Ω

F (∇u2,p) dx ≤
(∫

Ω

F (∇u2,p)
p dx

) 1
p

|Ω|
1
p′ = λ2,F (p,Ω)

1
p |Ω|

1
p′ ,

where p′ is the conjugate exponent to p. Since λ2,F (p,Ω) → h2,F (Ω), the functions
are uniformly bounded in BV (Ω), hence there exists a subsequence converging in
L1(Ω) to a function u2 ∈ BV (Ω). Then, Lemma 4.9 implies∫

Ω

|Du2|F ≤ lim inf
p→1

λ2,F (p,Ω) = h2,F (Ω).

and Lemma 4.10 yields ||u2||L1(Ω) = 1. Finally, by Proposition 4.8, we have that u2

cannot be strictly positive or strictly negative.

5. A constrained anisotropic Cheeger constant

Throughout this Section, we set BV0(Ω) := {u ∈ BV (Rn) : u ≡ 0 in Rn\Ω} and we
examine a constrained Cheeger type problem:

Kq,F (Ω) := min

{ ∫
Rn

|Du|F(∫
Ω

|u|q dx

) 1
q

; u ∈ BV0(Ω), u 6≡ 0,

∫
Ω

u dx = 0

}
, (35)

where 1 ≤ q < n
n−1

and Ω is a bounded open set. From a different point of view, we
can consider problem (35) as the relaxed form of the following problem:

Kq,F (Ω) := inf

{ ∫
Ω

F (∇u) dx(∫
Ω

|u|qdx
) 1

q

; u ∈ W 1,1
0 (Ω), u 6≡ 0,

∫
Ω

u dx = 0

}

and in this case we can refer to Kq,F (Ω) as the “twisted” anisotropic Cheeger con-
stant, that is the BV -counterpart of the twisted eigenvalue for the anisotropic Lapla-
cian (see [34] and [47]):

λT (Ω) = min

{∫
Ω

F (∇u)2dx∫
Ω

|u|2 dx

; u ∈ H1
0 (Ω), u 6≡ 0,

∫
Ω

udx = 0

}
.

For other details on “twisted” eigenvalues we refer to [7, 34].
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We stress that h1,F (Ω) ≤ K1,F (Ω) ≤ h2,F (Ω).
Here we aim at studying the minimization problem

min
|Ω|=c

Kq,F (Ω)

for c > 0 fixed. Following the ideas of [14], we have:

Theorem 5.1. Let Ω be an open bounded set of Rn, n ≥ 2, and 1 ≤ q < n
n−1

, then

Kq,F (Ω) = min

{ PF (G1)
|G1| + PF (G2)

|G2|

(|G1|1−q + |G2|1−q)
1
q

, Gi ⊆ Ω, 0 < |Gi|, G1 ∩G2 = ∅

}
=: ℓ(Ω).

Proof. First of all, proceeding exactly as in [14], it is possible to show that ℓ(Ω) is
actually a minimum. We set

Jq(u) :=

∫
Rn

|Du|F(∫
Ω

|u|qdx
) 1

q

Let G1, G2 be two disjoint subsets of Ω, and consider U = |G1|χG2 − |G2|χG1 as test
function in Jq. We have that U is an admissible test function for Kq,F (Ω), and

Jq(U) =
PF (G1)
|G1| + PF (G2)

|G2|

(|G1|1−q + |G2|1−q)
1
q

.

Then we immediately have that Kq,F (Ω) ≤ ℓ(Ω).
For proving the opposite inequality, we now have to show that for any admissible
u ∈ BV0(Ω), we have

Kq,F (Ω) ≥ ℓ(Ω).

We set µ±(t) := |{u± > t}|, p±(t) := PF ({u± > t}) and Ω± := sptu±, where u+

and u− are, respectively, the positive and the negative part of u. Being
∫
Ω
udx = 0,

then if u 6≡ 0, it holds |Ω±| > 0 and
∫
Ω+ u+ dx =

∫
Ω− u− dx := M . By the Fubini

Theorem and the Hölder inequality, it is not difficult to prove that(∫
Ω

|u|qdx
) 1

q

≤
[(∫ ess supu+

0

µ+(t)
1
q dt

)q

+

(∫ ess supu−

0

µ−(s)
1
q ds

)q] 1
q

. (36)

Now we perform the change of variables

ξ(t) =

∫ t

0

µ+(σ)dσ, t ∈ [0, ess sup u+], η(s) =

∫ s

0

µ−(τ)dτ, s ∈ [0, ess sup u−],

resp., in both integrals in the right-hand side of (36). The functions ξ and η are
strictly increasing and we have ξ(t)≤M=ξ(ess sup u+) and η(s)≤M=η(ess sup u−).
Hence, from (36) and the Minkowski inequality it follows that(∫

Ω

|u|qdx
) 1

q

≤
∫ M

0

[
µ+(t(r))

1−q + µ−(s(r))
1−q

] 1
q dr. (37)
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On the other hand, denoting by p±(t) = PF ({u± > t}) for t ≥ 0, the co-area formula
for BV functions yields∫

Rn

|Du|F =

∫ +∞

0

p+(t) dt+

∫ +∞

0

p−(s) ds =

∫ M

0

[
p+(t(r))

µ+(t(r))
+

p−(s(r))

µ−(s(r))

]
dr, (38)

where we performed the change of variables t = t(ξ), s = s(η) defined above. Finally,
combining (37) and (38) we have

Jq(u) ≥
∫M

0

[ p+(t(r))
µ+(t(r))

+ p−(s(r))
µ−(s(r))

]
dr∫M

0

[
µ+(t(r))1−q + µ−(s(r))1−q

] 1
q dr

≥ inf
0<r<M

p+(t(r))
µ+(t(r))

+ p−(s(r))
µ−(s(r))[

µ+(t(r))1−q + µ−(s(r))1−q
] 1

q

≥ ℓ(Ω),

and this concludes the proof.

Finally we give the last main result.

Theorem 5.2. Let Ω be an open bounded set in Rn, and 1 ≤ q < n
n−1

. Every
minimizer of Kq(Ω) in the class of bounded open sets with given measure, is union
of two disjoint Wulff shapes. Then there exists q̃ = q̃(n) ∈]1, n

n−1
[ such that, when

q < q̃, the minimizer is unique and it is the union of two disjoint Wulff shape with
the same radius and when q > q̃, the minimizer is unique and it is the union of two
disjoint Wulff shape with different radii. In addiction
• If n = 2, then q̃ = 7

4
, the minimizer is unique even at q = q̃ and consisting in

the union of two disjoint Wulff shapes of equal radii.
• For every n ≥ 3, the minimizer is not unique at q = q̃, indeed there are exactly

two minimizers, one of which is the union of two disjoint balls with equal radii.

Proof. The previous result gives that

Kq,F (Ω) = min

{ PF (G1)
|G1| + PF (G2)

|G2|

(|G1|1−q + |G2|1−q)
1
q

, G1, G2 ⊆ Ω, 0 < |G1|, |G2|, G1 ∩G2 = ∅

}
.

The first step in order to prove the theorem is to reduce the minimization problem
to the class of the sets which are union of two disjoint Wulff shapes W1 and W2

such that |W1| + |W2| = |Ω|. This follows by using the anisotropic isoperimetric
inequality (23), and then reasoning as in [14]. After that, the problem is reduced to
a one-dimensional minimization problem which is exactly the same studied in [14].
The argument therein contained leads to the result.
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