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We study the triangle functionals induced by convex functions. To this end the vectorial majoriza-
tion intended for comparing two tuples of vectors is used. A Hardy-Littlewood-Pélya-Karamata
(HLPK) type theorem is proved for the triangle functionals. As applications, some refinements of
the celebrated Jensen’s inequality are established. In doing so, the specification of HLPK Theo-
rem for two triples of vectors is utilized. Special attention is paid to convex functions that are
simultaneously concave (affine) on some subset of their domains. In particular, functions that are
both convex and piecewise affine are considered. Some applications for convex sequences are also
provided.
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1. Introduction, preliminaries and summary

In the last few decades convex functions have been attracted interest from many
researchers [2,4, 6,5, 7,8, 10,13, 16, 17, 21, 24, 26]. Applications of convex functions
can be found in optimization theory, programming, mathematical analysis, nonlinear
analysis, probability, statistics, mathematical economics, engineering, information
theory, etc. In this context perspective functions proved to be a convenient tool
for the study of convexity (see e.g., [3, 9, 27]). In the present paper we focus
on applications of perspective functions and their triangle functionals to refining
Jensen’s inequality.

Before giving our results, we now introduce some needed notation, terminology and
facts.

Throughout V is a real linear space with null vector 0, and R x V' is the cartesian
product of R and V. The set R x V is a real linear space with the null vector
(0,0) (briefly denoted also by 0) and with the standard algebraic operations: for
(p,x),(q,y) €ERx V and t € R,

(P, %)+ (¢,y) = (P + 4, x+Y),

t(p,x) = (tp,tx).
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Given a (nonempty) convex set I C V and a convex function f : [ — R on I, we
define the perspective function of f by

g(p,x) =pf (%) for all pairs (p,x) € R x V with p > 0 and % el

We also use the convention that ¢(0,0) =0f (3) = 0.

For convenience, we denote the domain of g by

D,={(p,x) ERxV:p>0, %e[}u{(o,o)}.
The set Dy is additive, i.e.,

(p,x),(¢;y) €Dy = (x)+(q,y)={@+q¢x+y) €D,

In fact, if (p,x) = (0,0) or (¢,y) = (0,0) then this implication is valid. If we have
(p,x),(q,y) € Dy \ {(0,0)} then p,q > 0 and 2,2 €1 Sowehavep+q>0and

X + X
Y_ b X, 4 Yy (1)
p+gq p+aqp p+qq

since [ is convex. From this (p+¢,x+y) € D,.

The set D, is positively homogeneous, i.e.,
t>0 and (p,x)€D, = t(p,x)=(tp,tx)e D,
:(0

because this implication holds trivially for ¢t = 0 and for (p,x)

0), and in the
case when ¢t > 0 and (p,x) € D, \ {(0,0)} we have tp > 0 and i—; €

)
Xel
2 .
In summary, Dy is a convex set in the linear space R x V.

The convexity of the function f : I — R via (1) guarantees that the perspective
map (p,x) — g(p,x) is subadditive on Dy, i.e.,

9((p,x) + (¢.¥)) < g(p,x) + g(q,y) for (p.x),(q.y) € Dy, (2)
or equivalently,
prof (32) <pf (5) +af (¥) forpx.ay) €D (3)
The map (p,x) — g(p,x) is positively homogeneous in (p,x) € Dy, i.e.,
g(t(p,x)) =tg(p,x) fort e [0,00) and (p,x) € D,, (4)
because (tp)f <%> =tpf <%> :

In the sequel, for (p, %), (¢,y), (r,z) € D, we often use the abbreviations:

a=(p,x), b=(¢,y) and c=(rz).

For a convex function f : I — R and its perspective function g : D, — R, we
introduce the triangle functional of g by

G(a,b) =g(a)+ g(b) —g(a+Db) forabe D,. (5)
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Inequality (2) ensures that
G(a,b) >0 fora,be D,. (6)

That is, the triangle functional is nonnegative on Dy x D,.

We say as usual that an m-tuple x = (21,29, ...,2,) € R™ majorizes an m-tuple
y = (Y1,Y2,- -, Ym) € R™ (written as y < x), if the sum of j largest entries of y
does not exceed the sum of j largest entries of x for all j = 1,2, ..., m with equality
for 7 = m. That is, y < x iff

ijy[i]ﬁi:x[i] forj=1,2,...,m, and Zm:yizzm:xi,
i=1 i=1 i=1 i=1

where xp;) and ;) denote the ith largest entry of x and y, respectively (see [13, p. 8]).

An m x m real matrix S = (s;;) is said to be doubly stochastic if all its entries are

nonnegative and all its row- and column-sums are equal to 1, that is, if s;; > 0 for

i,j=1,2,..,m,and > s;; =1fori=1,2,...,m,and ) s;; =1for j=1,2,....m
j=1 i=1

(see [13, Chapter 2]).

It is well known by Birkhoff and Rado’s theorems (see [13, Theorem A.2, p. 30, and
Proposition C.1, p. 162]) that

y <x iff y=xS
for some m x m doubly stochastic matrix S (see [13, Theorem B.6, p. 35]).

A square real matrix P = (p;;) is called a permutation matriz, if its each entry is
equal to 0 or 1, and, in addition, its each row and column contains exactly one entry
equal to 1.

Evidently, each permutation matrix is doubly stochastic.

Theorem 1.1. (Schur [28], Hardy, Littlewood, Pélya [13, p. 92| and Karamata [11].)
Let f : I — R be a convex function defined on an interval I C R and let
X = (21,Z2,...,Tm) €EI™ and y = (y1,Y2,---,Ym) € I™. Then

y<x implies 3 f(y) <3 flas). (7)

i=1 i=1

In the present paper our goal is to provide a technique for refining Jensen’s inequality
for convex functions. We use a framework based on the vectorial majorization
intended for comparing two n+ 1-tuples of vectors. To do so, we employ the triangle
functional generated by the perspective function of a given convex one, and prove
Hardy-Littlewood-Pélya-Karamata (HLPK) type theorem for the functional (see
Theorem 2.1). As applications, by making use of the specification of HLPK Theorem
for two triples of vectors (the case n = 2), we formulate a condition leading to some
refinements of Jensen’s inequality (see Theorem 3.1 and Corollary 3.2). We show
that such condition is satisfied for the class of convex functions that are concave
(affine) on some subset of their domains (see Corollary 3.3). For instance, it concerns
convex functions that are piecewise affine (see Corollary 3.4). The usage of such
functions is useful in order to establish some estimations for convex sequences (see
Section 4). The methods used in this work develop the ones applied in [19, 20, 22].
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2. HLPK type theorem for the triangle functional

In the sequel, we employ majorization theory for vectorial tuples rather than for real
ones (see [18, 21, 15]). Therefore some further notation and terminology are given
below.

Let W be a real linear space, and a;,as,...,a,, € W and by,bs,...,b,, € W. We
say that (by,bs,...,b,,) € W™ is majorized by (aj,as,...,a,) € W™, in nota-
tion (by,be,...,by,) < (aj,as,...,a,), if there exists a doubly stochastic matrix
S = (s;;) of size m x m such that

(b1,bs,...,b,) = (aj,as,...,a,)S, (8)
in the sense that (see [15, 18, 21])

bj:sljal—i—stag—i—...—l—smjam forj:1,2,...,m. (9)

In the context of (8)-(9) we observe that each b; lies in the convex hull spanned by
ai,as,...,a,,, that is,

b; € conv{a;,as,...,a,} forj=12...,m,
because S is doubly stochastic with s1;, s25,...,8m; > 0and s1;+59;+...+5,; = 1.
We are now in a position to state and prove our first result.

Theorem 2.1. Let f : I — R be a conver function on a convexr set I C V,
g : Dy — R be the perspective function of f, and G : Dy x Dy — R be the triangle
functional of g defined by (5).

Let ap,aj,ay,...,a, € D, and by, by, bs, ... b, € D, be such that
(bo,bl,bg,. .. ,bn) < (ao,al,ag, c. ,an). (10)

Let ap,ay, aq,...,a,,a,41 € Dy and EO,Bl,EQ, . ,gn,gnﬂ € D, be such that

ay=0, a,=a;, 1+a; 1 fori=1,2,...n,n+1, (11)

bo=0, b;=b; 1 +b;_; fori=12 . .nn+1. (12)
Then G(by, by) + G(by,by) + G(by, by) + ... + G(b,, by)

< G(ag,a9) + G(a,a1) + G(ag,az) + ... + G(a,, a,) (13)

with G(ao,go) =0 and G(bmgo) = 0.

In particular, inequality (13) holds for any permutation (bg,by,ba, ..., b,) of the
n + 1-tuple (ag,ar, as, ..., a,).

Proof. It is clear that

Gla0, 8) = G(ay, 0) = g(ao) + 9(0) — glag + 0) = 9(0) = 0f (3 ) = 0.

Likewise, we have G(by, BO) =0.
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By (11) we get ap = 0, g(ag) = 0 and further

ZG a;,a;) = Z(g(az’) + g(a;) — g(a; + a;))

1=0
= (9(a;) + g9(&;) — g(@i1)) Zg a;) + Z (a;) — g(ai+1)
i=0
=) _(9(a) + g9(a;) — g(ait1)) Zg a;) + g(ao) — g(ant1) = Zg(ai) — g(an41).
i=0 i=0

Furthermore, by (11) used n + 1 times, we get

g(a, +a,) =g(a, +a,—1 +a,-1) =g(a, +a,_1 +a, o +a, o)
.=gla,+a,_1+a, o+ ... +ay+ay)

(an +ap1+a,2+...+a+a; +a)

(a, +a,-1+a, 2+...+ay+a; +ag+ay)

g (5n+1 )

g
g

gla, +a, 1 +a, o+...+ay+a; +ay) = g( al>.
In summary, we have

G(ag,ap) + G(ay,a;) + G(ag,az) + ... + G(a,_1,a,-1) + G(a,, a,)
= > g(a) —g( D). (14)

In a similar manner we obtain

G(bg, bo) + G(b1,by) + G(by,bs) + ... + G(by_1,by1) + G(by, b,)

Y —g(i)b,). (15)

J=0

By (10) we infer that there exists a doubly stochastic matrix S = (s;;)i j=01,..n Of
size (n + 1) x (n + 1) such that

(b07b17b2a s 7bn) = (a())al?aQa s 7a’n)S7

that iS, bj = Z Sija; for j = 07 1, <o, N (16)
i=0
For this reason we have

n

gbj:iisijai:iisijai:i< SU> Zaz,

j=0 i=0 i=0 j=0 =0 j=0

the last equality being a consequence of the fact that the row-sums of S are equal
to 1.
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Thus we find that g ( i bl-) =g ( i az-> : (17)
=0 0

7=

Since f is convex, and ¢ is subadditive and positively homogeneous on D, (see (2)

and (4)), g is also convex on D,. Hence, via (16), we deduce for j = 0,1,...,n that
g(b;) = 9(2 Sijai> < Z sijg (i) -
i=0 i=0

Therefore we derive the inequality

Y oalby) <)Y siglai) = sijg (i)

=0 j=0 i=0 i=0 j=0

= ( 31])9 (az) = g (az) ) (18)
=0 7=0 =0

the last equality being a consequence of the double stochasticity of S.
In consequence, by (14), (15), (17) and (18) we get the inequality
G(bg, bg) + G(b1,by) + G(bs, by) + ... + G(b,, b,)
< G(ag,a9) + G(ar,a;) + G(ag,az) + ... + G(a,, a,) (19)
with G(ag,a9) = 0 and G(bg, by) = 0, as claimed.
To show the last statement of Theorem 2.1 we notice that if
(bo, b1, bs,...,b,) = (ag,ai,a,...,a,)P

for some permutation matrix P of size (n 4+ 1) x (n + 1), then (10) is met, because
P is doubly stochastic. Next, it is enough to apply the proved part of Theorem 2.1.
This completes the proof. [

3. Refining Jensen’s inequality

In this section we are going to refine Jensen’s inequality (3). We begin our discussion
with a specialization of Theorem 2.1 for n = 2.

Theorem 3.1. Let f : I — R be a convex function on a convex set I C V,
g : Dy = R be the perspective function of f, and G : Dy x Dy — R be the triangle
functional of g defined by (5).

Let ag,a;,as € D, and by, by, by € Dy be such that

(bo, b1, b2) < (ag, ar, as). (20)
Denote az=ap+a; and bz =Dbg+ b;. (21)
Then

0 SIH&X{G(bo, bl), G(bg, b3)} < G(bo, b1>+G(b2, bg) < G(ao, a1)+G(a2, ag). (22)
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If in addition G(ag,a;) =0 then
0 < max{G(bg, b;),G(bs,bs)} < G(bg, by) + G(bs, b;s) < G(as, a3). (23)
If G(ag,a3) =0 then
0 < max{G(bg, b1),G(bs,bs)} < G(bg,b;) + G(ba,bs) < G(ay, a;). (24)

In particular, inequalities (22), (23) and (24) are satisfied for any permutation
(b07b1ab2) Of the trlple (a07a1aa2)'

Proof. Thanks to (20) we have (by,bg, bs) < (a;,ag, az).
By applying Theorem 2.1 for n = 2 we obtain the inequality:
G(b1,0) + G(bg,by) + G(bg,bs) < G(a1,0) + G(ag,a;) + G(ag, a3) (25)
with G(a;,0) = 0 and G(by,0) = 0. We now conclude from (6) and (25) that
max{G(bg, b1),G(bs,b3)} < G(bg,by) + G(bs,bs) < G(ag,a;) + G(as, a3).

Thus the proof of inequalities (22) is complete. Inequalities (23) and (24) follow
easily from (22). Finally, the last part of Theorem 3.1 is a consequence of the last
part of Theorem 2.1. O

Corollary 3.2. Let f : I — R be a convex function on a conver set I C V', g be
the perspective function of f, and G be the triangle functional of g. Let c,d € D,
be given. If a,b € D, are such that

d=a+b (26)
and G(a,b) =0, (27)
then 0 <max{G(a,c),G(b,a+c)} < G(c,d). (28)

Proof. Assuming that (26) and (27) are fulfilled, we choose the permutation
(b, b1, bs) = (c,a,b) of (ap,a;,az) = (a,b,c). We also put

as=ag+a;=a+b=dand b =by+b; =c+a.
Since G(a,b) = G(ag,a;) = 0, it follows from Theorem 3.1 that

0 < max{G(c,a),G(b,c+ a)} = max{G(bg, b;),G(bs, b3)}

< G(as,a5) = Gl(e,d). (29)
Now, we get (28) from (29), as wanted. O

As seen in Corollary 3.2, a statement of type (27) is crucial to get a required re-
finement. To avoid verification of such a condition and provide any certainty of its
validity, we can limit our interest to some special classes of convex functions.

In the next corollary we present a refinement of the classical subadditivity inequality
(3) for the perspective function of f in the case when f is convex on I and concave
(affine) on J C I. This automatically guarantees the validity of the requirement

G(c,d) = 0.
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Corollary 3.3. Let f : I — R be a convex function on a convex set I C V' such
that f restricted to some convex subset J C I is concave (affine) on J. Let x,y € V
and p,q > 0 be given such that ;7‘, % €l and

Xty ¢y (30)
p+gq

Assume that there exist z € V and r > 0 satisfying

el (31)
oo (553)
<max{(o+ 01 (553) +05 (5) +04 (7) - 0407 (527).
of (3) + 0+0r (G7) =1 (2
svf (%) +af <%> (32)

Proof. Denote a = (p,x), b = (¢,y), ¢ = (r,z) and d = (s,v) = a + b, where
s=p+q¢>0andv=x+y. Thenae D,, be D,, c € D, by (31). In addition,
(30) gives v xiy
- = € J, (33)
$ p+q
whenced € D, by p+¢>0and J C I.

Since [ is affine on J and %, ¥ € J, we have

zZ+vVv\ r Zz s vy _r Z S v
f<r+s>—f<r+s;+r+sg)—r+sf<;>+r+sf(g)' (34)
Denote by G the triangle functional of g. It now follows from (34) that
G(c,d) = g(c) +g(d) — g(c +d)
Jr
:rf<§>+sf<§>—(r+s)f<z V>:0, (35)

r4+s

which gives G(c,d) = 0. By making use of inequality (24) in Theorem 3.1 for the
permutation (bg, by, bs) = (c,a,b) of (ag,a;,as) = (a,b,c) with

as=ay+a =a+b=d and by =by+b; =c+a,
we obtain from G(aq, a3) = G(c,d) = 0 that
0 < max{G(c,a),G(b,c+a)} = max{G(bg,b;),G(ba, bs3)}
< G(ap,a;) = G(a,b). (36)
Next, by using the fact G(c,a) = G(a,c), we get
0 < max{G(a,c),G(b,a+c)} < G(a,b). (37)
That is,

0 < max{g(a) + g(c) — g(a+c),g(b) + g(a+c) —gla+b+c)}
<g(a)+g(b) —g(a+b). (38)
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Identity (35) ensures that
gla+b+c)=g(c+d)=g(c)+g(d) = g(c) + g(a+b)
So, in light of (38) we see that

0 < max{g(a) + g(c) — g(a+c),g(b) + g(a+c) — g(c) —g(a+b)}
<g(a)+g(b) —g(a+b).
Hence,
g(a+b) < max{g(a+b)+g(a)+g(c)—g(atc), g(b)+g(atc)—g(c)} < g(a)+g(b).

or, equivalently,

()
<max{(p+a)f (35Y) +pf (X) +rf (2) - 0+0f (57).
s () e (22) 1 ()
()01 (2)
which proves (32), as desired, m

A function f : I — R is called piecewise affine if there exist disjoint convex subsets
Ji,...,J; C I such that J;U...UJ; = I and f restricted to J; is affine on J; for
each index i € {1,...,}.

Corollary 3.4. Let f : I — R be a conver and piecewise affine function on a conver
set I CV, as above. Let x,y € V and p,q > 0 be such that ;7‘,% el.

Assume that there existz € V., r > 0 and an index i € {1,...,l} satisfying

Xty S Jl and z € Jz (39)
p+q r

Then inequalities (32) are satisfied.
Proof. It is sufficient to apply Corollary 3.3 for J = J,. 0

4. Applications for convex sequences

A sequence u = (uy,...,u,) € R" is said to be convex (see [29, p.526]) if

MU for =2, n— 1. (40)

u; <
For applications of convex sequences, see e.g., [1, 12, 14, 25, 29].

It is a consequence of (40) that a sequence u = (uq,...,u,) € R" is convex iff the
following Jensen’s type inequality holds:

(k—j)u; < (k—1)u; + (i — jlug fori,j,ke{l,...,n}, j<i<k. (41)
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It is convenient to relate a convex sequence u to the following continuous convex
function:

( U1+(U2—U1)(t—1), t e [1,2),
UQ+(U3—U2)(t—2), te [2,3),
Pull) = u; + (uM:ui)(t — i), te [i,i+ 1), (42)
un_l—l—(un—u.n'_.l)(t—n—i-l), te [n—1,n]

\
(see [29]). Here (i) = u; for i =1,2... n.

Corollary 4.1. Letu = (uy,...,u,) € R" be a convex sequence. Letr € {1,...,n}.

i+l if i=1,
Denote =< i+l if i=2,...,n—1,
i—1 if i=n.

Then the following refinement of Jensen’s type inequality (41) is satisfied:

(k — j)u; < max {(k: — i + (k= du; +rupx — (k—i+r)pa <%) ,

(=t (=4 ) (LAY g, )

< (k—du;+ (1 —jlug fori,j,ke{l,...,n}, j<i<k. (43)

Proof. Since u is convex, we use inequality (41). By invoking (42) we may rewrite
(41) as

(k= 3)eu() < (k= 1)eu(d) + (0 = j)pa(k) forijke{l,....n}, j<i<k,
or even

+y z Y o < g
+ u<L>S u<*>+ u<7> fO ) 7k€ 17"" ’ S Sk’
(p+q)¢ orq) SPeal) Fava (] I, j { n}, j<i

with p=k—1i, g=i—7j, p+q=k—j, (44)

Tty

el (45)

r=jp, y=kq,

Fix arbitrarily 4, j, k € {1,...,n} with j <7 <k.

The function ¢, : I = [1,n] — R is piecewise affine and convex as u is a convex
sequence (see (42)). More precisely, ¢, is affine on each of the intervals

le [1,2), J2: {273)7”-;&]7172: [n—Q,n—l), Jn,1 = [n—l,n]

Let z € R be defined by z = ri*.
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It now follows from Corollary 3.4 for V' = R that

P+ @)Pu <x +y)

p+q
< max{(p+q)gou (%) + pYu <%> + 7Py (;) - (p+r)%0u (f}ij) )
qPu <%> + (4 7)¢Pu (21?) —TPu (%) }
<ri(3) omn (2) <46>

In other words, by (44)—(45) we derive
(k= 1)pu ()
< max { (k= )pu (0) + (k = )pu (3) + r0u (%) = (k =i+ 1)pu (
(i = i)u (k) + (k =i+ )y (ZEZ0ET) gy )

k—i+r
< (k= i)pu () + (i = j)pu (k) - (47)

j(k—i)Jrri*)
k—i+r ’

It is now seen that (43) is an easy consequence of (47), because

g&u(z) = Uy, Qou(j) = Uy, Spu(Z*) = Uj*, <)Du<k:) = Uf. [l
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