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1. Introduction

The primal lower regular functions are introduced by R. A. Poliquin in [18] under the
name primal lower nice functions, for a modern account see [21, Chapter 11]. They
are a useful abstraction of the framework for non-convex optimization proposed by
R. T. Rockafellar, see e.g. [20], that is, the compositions of convex lower semicontin-
uous and twice smooth functions. The latter framework is really apt for the purpose,
however doing calculus directly with those so called convexly composite functions,
e.g. [21, 11.1.2] is cumbersome, because of having to account for two maps. In this
respect primal lower regular functions come in handy.
In [18] R. A. Poliquin shows that primal lower regular functions share many prop-
erties with the convex functions, including a local version of Moreau-Rockafellar
integrability theorem. Namely, if the subdifferentials of two primal lower regular
functions coincide in a neighbourhood of some point, then in a neighbourhood of
that point the functions differ by a constant. In [18] this property was proved in
finite dimensions and later in [22] it was extended to Hilbert space setting, see also
[21, p. 1113]. These proofs, however, rely on the special properties of Moreau-Yosida
regularization which allow transferring the subdifferential equality to the regularized
functions, when the norm is Hilbertian. This does not work in a general Banach
space.
As the title suggests, this work is devoted to extending this result to a general
Banach space setting.
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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The problem of extending the subdifferential determination of primal lower regular
functions to Banach spaces is surprisingly tough. One of the reasons being that
the domain of a primal lower regular function could potentially be quite irregular:
only approximate convexity can be perhaps claimed [15] and even that is not fully
established.
The new method we employ here is based on slopes, see e.g. [14] and the references
therein, and it works, because it does not require linear (or convex) structure, so
the irregularity of the domain is not such an issue.
Let us recall the definition of a primal lower regular function.

Definition 1.1. (cf. [21], Definition 11.1) Let (E, ∥ · ∥) be a Banach space. Let
the function f : E → R ∪ {+∞} be proper and lower semicontinuous. We say that
f is primal lower regular at x̄ ∈ E with coefficient c > 0 and radius δ > 0, and write

x̄ ∈ plrc,δf,

if f(y) ≥ f(x) + p(y − x)− c(1 + ∥p∥)∥y − x∥2, (1)

for all x, y ∈ B◦(x̄; δ), and all p ∈ ∂f(x).
The function f is called primal lower regular if∪

c,δ>0

plrc,δf = E.

As usual, B◦(x̄; δ) denotes the open ball centered at x̄ with radius δ.
We will now formulate our main result.

Theorem 1.2. Let (E, ∥ · ∥) be a Banach space and assume that the functions
f, g : E → R ∪ {+∞} are proper and lower semicontinuous. Let

x̄ ∈ plrc,δf ∩ plrc,δg ∩ dom f,

for some c, δ > 0. Let

∂f(x) = ∂g(x), ∀x ∈ B◦(x̄, δ). (2)

Then there is a constant a ∈ R such that

f(x) = g(x) + a, ∀x ∈ B◦(x̄, δ̂), (3)

where δ̂ := min
{
δ

2
,

1

18c

}
. (4)

Here dom f := {x ∈ X : f(x) ̸= +∞} is the domain of f , and ∂ denotes the
Clarke-Rockafellar subdifferential, see Section 3 for a brief review of the latter.
This work is organized as follows. In Section 2 we develop the slope techniques
we need. In Section 3 we recall what we use from the theory of Clarke-Rockafellar
subdifferential and retrieve how subdifferential inclusions imply slopes inequalities.
Finally, in Section 4 we prove the main result.
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2. Slope regularity

Let (X, d) be a complete metric space. Functions like g : X → R ∪ {+∞} are
assumed lower semicontinuous, and proper, i.e. such that dom g is a non-empty set.
For a function g : X → R and a convex set U ⊂ X define

Lip g(U) := sup
{ |g(y)− g(x)|

d(y, x)
: x ̸= y ∈ U

}
,

and for x ∈ X Lip g(x) := inf
δ>0

Lip g(B(x; δ)),

where B(x; δ) stands for the closed ball centered at x with radius δ.
Estimating the Lipschitz constant of the kind of functions will be using, is straight-
forward.

Lemma 2.1. Let x0 ∈ X, and g(x) := φ(d(x, x0)), where φ : R+ → R+ is a convex,
increasing smooth function such that φ(0)=0. Then

Lip g(x) ≤ φ′(d(x, x0)), ∀x ∈ X.

Proof. Fix x ∈ X and δ > d(x, x0).
We have that φ′ is positive and increasing. Therefore, Lipφ([0, δ]) = φ′(δ).
So, if x, y ∈ B(x0; δ), that is, d(x, x0), d(y, x0) ∈ [0, δ], then

|g(y)− g(x)| ≤ φ′(δ)|d(y, x0)− d(x, x0)| ≤ φ′(δ)d(y, x),

from the triangle inequality. So, Lip g(B(x0; δ)) ≤ φ′(δ).
But we have Lip g(x) ≤ Lip g(B(x0; δ)) and inf

δ>d(x,x0)
φ′(δ) = φ′(d(x, x0)), because φ

is smooth.

The local slope of a function f : X → R ∪ {+∞} at x ∈ dom f is

|∇f |(x) = lim sup
y→x
y ̸=x

[f(x)− f(y)]+

d(x, y)
,

where [t]+ := max{0, t} = (t+ |t|)/2. Therefore, |∇f |(x) = 0 if x is a local minimum
to f , and if not

|∇f |(x) = lim sup
y→x
y ̸=x

f(x)− f(y)

d(x, y)
.

We explicit that |∇f |(x) = 0 at the isolated points of dom f , where the limit above
is undefined. This notion was introduced by De Giorgi, Marino and Tosques [7]
and used thereafter for study of concepts as descent curves (e.g. [8]), error bounds
(e.g. [2]), subdifferential calculus and metric regularity (e.g. the monograph [9] and
references therein). For determination of functions, local slopes recently appear as
a useful tool, see e.g. [4, 5, 6, 14], as well as, in the convex case subgradients of
minimal norm, see [16], and global slopes, see [23].
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We may consider |∇f | as a function from dom f to [0,∞]. Moreover,

|∇(rf)|(x) = r|∇f |(x), ∀r ≥ 0, ∀x ∈ dom f.

In some sense, not a strict one, the local slope |∇f |(x) can be regarded as an one-
sided, or unilateral, analogy of Lip f(x). Formally, |∇f |(x) is an unilaterisation of
lim sup

y→x
|f(x)− f(y)|/d(x, y). What we will be using is the following relationship.

Lemma 2.2. Let f : X → R be proper and lower semicontinuous and let g : X → R
be locally Lipschitz. If f + g has a local minimum at x0 then

|∇f |(x0) ≤ Lip g(x0). (5)

Proof. We can assume without loss of generality that f(x0) = g(x0) = 0. So, there
is ε > 0 such that

f(x) + g(x) ≥ 0, ∀x ∈ B(x0; ε).

Then for each δ ∈ (0, ε)

f(x) ≥ −g(x) ≥ −Lip g(B(x0; δ))d(x, x0), ∀x ∈ B(x0; δ).

By definition |∇f |(x0) ≤ Lip g(B(x0; δ)),

and taking infimum over δ ∈ (0, ε), we get (5).

Later on we will be using the following simple observation.

Lemma 2.3. Let f be proper and lower semicontinuous and let x0 ∈ dom f . Con-
sider the sublevel set

Y := {x ∈ X : f(x) ≤ f(x0)},

and the restriction of f to it: f := f � Y . Then

|∇f |(x) = |∇f |(x), ∀x ∈ Y. (6)

Proof. The definition of |∇f |(x) can be rewritten as

|∇f |(x) = inf
ε>0

sup

{
f(x)− f(y)

d(x, y)
: y ∈ B(x; ε), f(y) ≤ f(x)

}
.

Obviously, if x ∈ Y , then f(y) ≤ f(x) implies y ∈ Y as well, and this gives (6).

Recall the famous Ekeland Variational Principle, e.g. [17, p. 45], or [21, p. 198].

Theorem 2.4. (Ekeland) If f : X → R ∪ {+∞} is proper, lower semicontinuous,
and bounded below, and x0 ∈ dom f , then for each λ > 0 there exists xλ such that

λd(xλ, x0) ≤ f(x0)− f(xλ),

f(x) + λd(xλ, x) > f(xλ), ∀x ̸= xλ.
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Lemma 2.5. Let f : X → R be a proper and lower semicontinuous function, and
let g : X → R be locally Lipschitz. If f + g is bounded below, then for each ε > 0
there exists xε such that

(f + g)(xε) ≤ inf(f + g) + ε, (7)

and |∇f |(xε) ≤ Lip g(xε) + ε. (8)

Proof. Fix ε > 0 and pick some x0 such that

(f + g)(x0) ≤ inf(f + g) + ε.

By Ekeland’s Variational Principle – Theorem 2.4 – applied for (f + g) (instead of
f), and for ε (instead of λ), there is xε which satisfies

εd(xε, x0) ≤ (f + g)(x0)− (f + g)(xε), (9)
(f + g)(x) + εd(xε, x) > (f + g)(xε), ∀x ̸= xε. (10)

Now, (9) implies (f + g)(xε) ≤ (f + g)(x0), and we get (7).
On the other hand, (10) means that the function

x → f(x) + (g(x) + εd(xε, x))

attains its minimum at xε. Obviously, Lip (g(·) + εd(·, xε))(xε) ≤ Lip g(xε) + ε, so
Lemma 2.2 gives (8).

Definition 2.6. The function f : X → R∪{+∞} is regularly sloped of order 2 with
coefficient c > 0 whenever for each x ∈ dom |∇f |,

f(y) ≥ f(x)− |∇f |(x)d(y, x)− c(1 + |∇f |(x))d2(y, x), ∀y ∈ X. (11)

Theorem 2.7. Let f : X → R∪{+∞} be regularly sloped of order 2 with coefficient
c > 0. Then for each x̄ with

0 < |∇f |(x̄) < ∞
there is a sequence xn → x̄ such that

|∇f |(x̄) = lim
n→∞

f(x̄)− f(xn)

d(x̄, xn)
, (12)

and |∇f |(xn)− |∇f |(x̄) < 2c(|∇f |(x̄) + 2)d(x̄, xn), ∀n > 1/|∇f |(x̄). (13)

Proof. Fix x̄ ∈ dom |∇f | such that r := |∇f |(x) > 0. To shorten the annotations,
we can assume without loss of generality that f(x̄) = 0. So, (11) gives

f(x) ≥ −rd(x, x̄)− c(r + 1)d2(x, x̄), ∀x ∈ X. (14)

Fix an arbitrary n ∈ N such that n > 1/r, thus

rn := r − 1/n > 0. (15)

Consider the function gn(x) := rnd(x, x̄) + c(r + 2)d2(x, x̄).
Lemma 2.1 gives that

Lip gn(x) ≤ rn + 2c(r + 2)d(x, x̄), ∀x ∈ X. (16)
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Note that the function (f + gn) is bounded below. Indeed, from (14) it follows that

f(x) + gn(x) ≥ −d(x, x̄)

n
+ cd2(x, x̄) ≥ min

t≥0

(
ct2 − t

n

)
.

It is not possible for the function (f+gn) to have a local minimum at x̄, for otherwise
Lemma 2.2 and (16) would give r = |∇f |(x̄) ≤ rn < r, contradiction. So we have
(f + gn)(x̄) = 0 > inf(f + gn).

Choose an εn > 0 such that inf(f + gn) + εn < 0, (17)

and εn <
1

n
. (18)

From Lemma 2.5 there is xn such that

(f + gn)(xn) ≤ inf(f + gn) + εn, (19)

and |∇f |(xn) ≤ Lip gn(xn) + εn. (20)

From (19) and (17) it follows that (f + gn)(xn) < 0, so we have

f(xn) < −gn(xn) ≤ −rnd(xn, x̄).

Thus, f(x̄)− f(xn)

d(x̄, xn)
= − f(xn)

d(x̄, xn)
> rn. (21)

Using again (f + gn)(xn) < 0 together with (14), we estimate

0 > f(xn) + gn(xn) ≥ −d(xn, x̄)/n+ cd2(xn, x̄),

so 0 > d(xn, x̄)(cd(xn, x̄)− 1/n).

Clearly, this implies d(xn, x̄) <
1

cn
. (22)

From (16) and (20) we have that

|∇f |(xn)−|∇f |(x̄) ≤ (rn+2c(r+2)d(xn, x̄)+εn)−r = (rn−r+εn)+2c(r+2)d(xn, x̄).

From (15) and (18) it follows that (rn − r + εn) = εn − 1/n < 0. Thus,

|∇f |(xn)− |∇f |(x) < 2c(r + 2)d(xn, x̄). (23)

Having constructed the sequence (xn)n>1/r, we claim that it satisfies the conclusion
of the theorem. Indeed, (22) means that xn → x̄, as n → ∞, and (21) plus rn → r,
as n → ∞, gives (12). Finally, (23) immediately implies (13).

Lemma 2.8. If f : X → R ∪ {+∞} is lower semicontinuous and regularly sloped
of order 2 with coefficient c > 0, then the function

x → |∇f |(x)
is lower semicontinuous.
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Proof. Fix x ∈ X and let xn → x as n → ∞. We have to show that

|∇f |(x) ≤ lim inf
n→∞

|∇f |(xn).

If |∇f |(xn) → ∞ this holds, so let r ∈ R be such that

r > lim inf
n→∞

|∇f |(xn).

There is a subsequence xnk
→ x as k → ∞, such that |∇f |(xnk

) < r for all k ∈ N.
From (11) it follows that

f(y) ≥ f(xnk
)− rd(y, xnk

)− c(1 + r)d2(y, xnk
)

for any fixed y ∈ X and all k ∈ N. Passing to limit as k → ∞ and taking into
account that f is lower semicontinuous, we get

f(y) ≥ f(x)− rd(y, x)− c(1 + r)d2(y, x),

so, by definition r ≥ |∇f |(x).

Lemma 2.9. If f : X → R ∪ {+∞} is lower semicontinuous and regularly sloped
of order 2 with coefficient c > 0, and the sequence xn → x is such that the sequence
(|∇f |(xn))n∈N is bounded, then

lim
n→∞

f(xn) = f(x). (24)

Proof. Let r > 0 be such that |∇f |(xn) < r for all n ∈ N. From (11) it follows
that

f(x) ≥ f(xn)− rd(x, xn)− c(r + 1)d2(x, xn), ∀n ∈ N.
Since d(x, xn) → 0, as n → ∞, we have

lim sup
n→∞

f(xn) ≤ f(x),

and (24) follows from the lower semicontinuity of f .

The following estimate is crucial for our approach.

Lemma 2.10. Let an ≥ 0 and bn > 0 be such that
∞∑
n=0

an < ∞, (25)

and for some c > 0: bn+1 − bn < 2c(2 + bn)an, ∀n ≥ 0. (26)

Then the sequence (bn)
∞
0 is bounded.

Proof. Set s :=
∑∞

n=0 an. Let A := {0} ∪ {n ∈ N : bn ≤ 1}. Fix an arbitrary
n ∈ N \ A. Let k := max{i ∈ A : i < n}. This means that bk ≤ b := max{b0, 1}
and bi > 1, for all i such that k + 1 ≤ i ≤ n.
So, we derive from (26) that

bi+1

bi
< 1 + 2c

(
1 +

2

bi

)
ai < 1 + 6cai, for all i such that k + 1 ≤ i ≤ n− 1.
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Since ln(1 + t) ≤ t for t ≥ 0, we have

ln bi+1 − ln bi < 6cai, for all i such that k + 1 ≤ i ≤ n− 1.

Summing these, we get

ln bn − ln bk+1 < 6c
n−1∑

i=k+1

ai < 6cs.

Therefore, bn < bk+1e
6cs.

But because bk ≤ b, (26) gives bk+1 ≤ b+ 2c(2 + b)ak < b+ 2c(2 + b)s, so

bn < (b+ 2c(2 + b)s)e6cs, ∀n ∈ N such that bn > 1.

We will prove here a variant of the Long Orbit Empty Value (LOEV) method, see
[10, 13]. It concerns multivalued maps S : X ⇒ X, where (X, d) is a complete
metric space. As usual, domS := {x ∈ X : S(x) ̸= ∅}.
An S-orbit is called any finite or infinite sequence x0, x1, x2 . . . such that xi+1 ∈ S(xi)
for all i’s with a successor. We call x0 the starting point of the orbit. We differentiate
between finite and infinite orbits. It stands to reason that for a finite orbit x0, . . . , xn,
with xi+1 ∈ S(xi), for all i such that 0 ≤ i ≤ n−1, the last point xn would be called
the end point of the orbit. Obviously, each finite orbit (xi)

n
0 is of finite length

|(xi)
n
0 | :=

n−1∑
i=0

d(xi+1, xi),

if n ≥ 1. The length of an orbit consisting of one point is, of course, zero.
Considering infinite orbits, (xi)

∞
0 with xn+1 ∈ S(xn) for all n ≥ 0 is called orbit of

finite length if
|(xi)

∞
0 | :=

∞∑
n=0

d(xn+1, xn) < ∞,

and, respectively, of infinite length if the above series is divergent.
Since X is complete, each infinite orbit of finite length is convergent as a sequence,
that is, there is x∞ ∈ X such that

lim
n→∞

d(xn, x∞) = 0.

We call x∞ the end point of the orbit (xi)
∞
0 .

Definition 2.11. Let (X, d) be a complete metric space and let S : X ⇒ X be a
multivalued map. We say that S satisfies property (∗) if

x ̸∈ S(x), ∀x ∈ X, (27)

and for any infinite S-orbit (xn)
∞
0 of finite length with end point x∞, and any

y ∈ S(x∞), there exists N ∈ N such that

y ∈ S(xn), ∀n > N.
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Theorem 2.12. Let (X, d) be a complete metric space. Let S : X ⇒ X satisfy
property (∗) and let x0 ∈ X be fixed.
Then at least one of the two following properties holds:
(a) There is an S-orbit of finite length starting at x0 and ending outside of domS.
(b) There is an S-orbit of infinite length starting at x0.

Proof. We construct the desired S-orbit by induction, starting at x0.
If xn is already chosen, then:
If S(xn) = ∅ then (a) is fulfilled and we are done.
If, on the other hand, S(xn) ̸= ∅, let

νn := sup{d(y, xn) : y ∈ S(xn)} > 0. (28)

Take xn+1 ∈ S(xn) such that d(xn+1, xn) > min{1, νn/2}. (29)

Assume that we obtain in this way an infinite orbit (xn)
∞
0 with xn+1 ∈ S(xn),

∀n ≥ 0.
If (xn)

∞
0 is of infinite length then (b) is fulfilled and we are done.

If (xn)
∞
0 is of finite length, then let x∞ be the end point of (xn)

∞
0 , i.e.

lim
n→∞

xn = x∞.

Assume that there is some y ∈ S(x∞). We know from (∗) property, see (27),
that y ̸= x∞, and y ∈ S(xn) for all but finitely many n’s. Then (28) gives us
νn ≥ d(y, xn) → d(y, x∞) > 0 and (29) implies lim infn→∞ d(xn+1, xn) > 0, so
|(xn)

∞
0 | = ∞, a contradiction. Therefore, S(x∞) = ∅, and (a) holds.

Lemma 2.13. (see [14]) Let (X, d) be a complete metric space. Let f, g : X →
R∪ {+∞} be lower semicontinuous. Let f also be proper and bounded below. Then

inf
dom f

(f − g) = inf
dom |∇f |

(f − g). (30)

In [14, Lemma 3.8.] the equality (30) is proved for the global slope, which dominates
the local slope, so the formula there is stronger, but we do not need it in full.

Definition 2.14. Let (X, d) be a complete metric space. Let f : X → R ∪ {+∞}
be proper, lower semicontinuous and bounded below.
We say that x̄ is the sharp minimum of f , if it is the minimum:

f(x̄) = min f,

and, moreover, 0 < inf
x ̸=x̄

|∇f |(x). (31)

If f has a sharp minimum, then f cannot have any other local minima, because
|∇f |(x) = 0 at each local minimum x. It is easy to check that the sharp minimum
is strong, that is, each minimising sequence converges to it, but a strong minimum
is not necessarily sharp.
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Proposition 2.15. Let (X, d) be a complete metric space and assume that the
f, g : X → R ∪ {+∞} are proper and lower semicontinuous. Let f be regularly
sloped of order 2 with coefficient c > 0 and have sharp minimum at x̄. If

|∇g|(x) < |∇f |(x), ∀x ∈ dom |∇f | \ {x̄}, (32)

and g(y) ≥ g(x)− |∇f |(x)d(y, x)− c(|∇f |(x) + 1)d2(y, x), (33)

for all x ∈ dom |∇f | and all y ∈ X, then

min
dom f

(f − g) = f(x̄)− g(x̄). (34)

Proof. If x̄ ̸∈ dom g then the right hand side of (34) is −∞, this is the minimum,
and (34) is trivial.
So, let g(x̄) < ∞ and let us assume for simplicity – and without loss of generality
– that f(x̄) = g(x̄) = 0. To verify (34) we need to prove that f ≥ g. But from
Lemma 2.13 we know that it is enough to show that

f(x) ≥ g(x), ∀x ∈ dom |∇f |.

Therefore, fix an arbitrary x0 ∈ X such that f(x0) < ∞. In what follows we will
show that f(x0) ≥ g(x0).
Since x̄ is a sharp minimum, from (31) there is ε > 0 such that

|∇f |(x) > ε, ∀x ∈ dom |∇f |(x) \ {x̄}. (35)

For any x ∈ dom |∇f | such that x ̸= x̄, define the following subsets of dom |∇f |:

S1(x) := {y ∈ dom |∇f | : f(y)− g(y) < f(x)− g(x)} (36)

(note that because of (32), x ∈ dom |∇g| ⊂ dom g, so f(x)− g(x) is well defined);

S2(x) := {y ∈ dom |∇f | : f(y) < f(x)− εd(y, x)}; (37)

S3(x) := {y : |∇f |(y) < |∇f |(x) + 2c(2 + |∇f |(x))d(y, x)}, (38)

and S(x) := S1(x) ∩ S2(x) ∩ S3(x).

In this way we define a multivalued map S : X ⇒ X. We will study its properties.
First, the way it is defined ensures that domS ⊂ dom |∇f | \ {x̄}. We claim that in
fact

domS = dom |∇f | \ {x̄}. (39)
Indeed, fix x ∈ dom |∇f | such that x ̸= x̄, so

r := |∇f |(x) ∈ (ε,∞),

see (35). From (32) we have |∇g|(x) < r, so there is δ > 0 such that r − δ > 0 and

g(y) ≥ g(x)− (r − δ)d(y, x), ∀y ∈ B(x; δ).

From Theorem 2.7 there is a sequence xn → x satisfying (12) and (13). Now, (13)
simply means that xn ∈ S3(x) for all large n’s. From (12) we get on the one hand
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that, f(x) − f(xn) > εd(x, xn), because |∇f |(x) > ε. Therefore, xn ∈ S2(x) for
all large n’s. On the other hand, xn ∈ B(x; δ) for all large n’s, so using the above
inequality for g and again (12) we get

f(x)− f(xn)

d(x, xn)
> r − δ ≥ g(x)− g(xn)

d(x, xn)
⇒ f(xn)− g(xn) < f(x)− g(x),

for all n large enough. This means that xn ∈ S1(x) for all large n’s. So, xn ∈ S(x)
for all but finitely many n’s and, therefore, S(x) ̸= ∅ and (39) is verified.
Next, each S-orbit starting at x0 is of finite length. Indeed, if (xn)

∞
0 is a S-orbit, it

is also a S2-orbit, so iterating on (37) we get
n∑

i=0

d(xi+1, xi) < ε−1

n∑
i=0

(f(xi)− f(xi+1)) = ε−1(f(x0)− f(xn+1)),

and, since f ≥ 0, we get |(xn)
∞
0 | ≤ f(x0)/ε. (40)

The same estimate is valid, of course, for the lengths of the finite S-orbits starting
at x0 (but we do not need it).
Let (xn)

∞
0 be an arbitrary infinite S-orbit starting at x0. We already know that it

is of finite length, so it has an end point, say x∞. We claim that

lim
n→∞

(f(xn), g(xn)) = (f(x∞), g(x∞)). (41)

Indeed, set an := d(xn+1, xn) and bn := |∇f |(xn). We know that an’s satisfy (25)
and because (xn)

∞
0 is a S3-orbit, (38) translates to (26). From Lemma 2.10 we

get that the sequence (|∇f |(xn))
∞
0 is bounded and then Lemma 2.9 ensures that

f(xn) → f(x∞). We repeat the proof of Lemma 2.9 for g using (33). Thus (41) is
verified.
Now we can show that S has property (∗). Because of the strict inequality, S1

satisfies (27), thus so does S.
Let (xn)

∞
0 be an infinite S-orbit of finite length ending at x∞ and let y ∈ S(x∞).

Because y ∈ S1(x∞), we have by (36) that f(y) − g(y) < f(x∞) − g(x∞), then
(41) gives that f(y) − g(y) < f(xn) − g(xn) for all large n’s. That is, eventually
y ∈ S1(xn).
In a similar fashion, since y ∈ S2(x∞), we have f(y) < f(x∞)− εd(y, x∞), see (37).
Since the function x → f(x) − f(y) − εd(y, x) is lower semicontinuous and with
positive value at x∞, we have f(xn)− f(y)− εd(y, xn) > 0 for all but finitely many
n’s, ergo y ∈ S2(xn) eventually.
Since y ∈ S3(x∞), we have by (38) that

|∇f |(y) < |∇f |(x∞) + 2c(2 + |∇f |(x∞))d(y, x∞).

From Lemma 2.8 we have that the function x → |∇f |(x) is lower semicontinuous,
thus the function x → |∇f |(x) + (2c + |∇f |(x))d(y, x) is lower semicontinuous, so
if we replace x∞ by xn in the above inequality, it will still be valid for large n’s,
meaning that y ∈ S3(x) eventually.
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Property (∗) of S being established, we can now apply Theorem 2.12. From (40) it
follows that for S only (a) is possible.
If a finite S-orbit starting at x0, say x0, x1, . . . , xn, ends outside of domS, then
because S maps dom |∇f | \ {x̄} into dom |∇f |, necessarily xn ∈ dom |∇f |. Since
S(xn)=∅, from (39) it follows that xn= x̄. Iterating (36), we get f(x0)− g(x0) > 0.
Finally, let (xn)

∞
0 be an infinite S-orbit of finite length starting at x0 and ending at

x∞ with S(x∞) = ∅. In the same way as in the proof of (41) we see that (|∇f |(xn))
∞
0

is a bounded sequence, so that Lemma 2.8 implies x∞∈dom |∇f |. Since S(x∞) = ∅,
we have x∞ = x̄. Since (xn)

∞
0 is a S1-orbit, we have f(xn)−g(xn) < f(x0)−g(x0) for

all n ≥ 0 and (41) yields f(x0) ≥ g(x0). (We can actually obtain strict inequality,
but this is not important.)

Theorem 2.16. Let (X, d) be a complete metric space and let f, g : X → R∪{+∞}
be proper and lower semicontinuous functions. Let f be regularly sloped of order 2
with coefficient c > 0 and have sharp minimum at x̄. If

|∇g|(x) ≤ |∇f |(x), ∀x ∈ X, (42)

and (33) is satisfied, then

f(x) ≥ (f(x̄)− g(x̄)) + g(x), ∀x ∈ X. (43)

Proof. Since x̄ is the minimum of f , we have |∇f |(x̄) = 0. From (42) it follows
that |∇g|(x̄) = 0 and in particular g(x̄) < ∞. This means that the right hand side
of (43) is well defined, and also we can assume without loss of generality that

f(x̄) = g(x̄) = 0.

We have to prove that f(x) ≥ g(x), ∀x ∈ X. (44)

Since f ≥ 0, f = inf
δ>0

(1 + δ)f.

For δ > 0 set fδ := (1 + δ)f . Since (44) is trivial if f(x) = ∞, it is sufficient to
prove that

fδ(x) ≥ g(x), ∀x ∈ dom f, ∀δ > 0.

Fix an arbitrary δ > 0. By definition,

|∇fδ|(x) = (1 + δ)|∇f |(x), ∀x ∈ X.

From this and (42) it follows that

|∇fδ|(x) > |∇g|(x), ∀x ∈ dom |∇fδ| \ {x̄},

that is – because dom |∇fδ| = dom |∇f | – the functions fδ and g satisfy (32).
Clearly, x̄ is a sharp minimum to fδ, so Proposition 2.15 gives (see (34))

fδ(x)− g(x) ≥ 0, ∀x ∈ dom f.

3. Clarke-Rockafellar subdifferential

To the end of the article we work in a Banach space denoted by (E, ∥ ·∥) with closed
unit ball BE and dual E∗.
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Provided f : E → R ∪ {+∞} is lower semicontinuous at x ∈ dom f , the Clarke-
Rockafellar directional derivative, e.g. [3, p.97], at the point x at direction h∈E is:

f ◦(x;h) := sup
ε>0

f ◦
ε (x;h), where (45)

f ◦
ε (x;h) := lim sup

y→fx,t↘0

inf f(y + t(h+ εBX))− f(y)

t
.

The Clarke-Rockafellar subdifferential of f at x ∈ dom f is defined as:

∂f(x) := {p ∈ E∗ : p(h) ≤ f ◦(x;h), ∀h ∈ E}. (46)

Of course, ∂f(x) = ∅ if f(x) = +∞. It can be shown that

dom ∂f = {x ∈ dom f : f ◦(x;h) > −∞, ∀h ∈ E}
= {x ∈ dom f : ∃c > 0 : f ◦(x;h) ≥ −c∥h∥, ∀h ∈ E},

and that on the latter set the function h → f ◦(x;h) is sublinear, thus convex, and
lower semicontinuous function from E to (−∞,∞]. It is clear that ∂f(x) is a convex
and w∗-closed subset of E∗.
Note that if f is λ-Lipschitz around x, then inf f(y+ t(h+ εBE)) ≥ f(y+ th)−λtε,
so for a Lipschitz function (45) reduces to the much simpler Clarke’s formula:

f ◦(x;h) = lim sup
y→x
t↘0

f(y + th)− f(y)

t
.

We consider also the Fréchet subdifferential of f at x ∈ dom f :

p ∈ ∂Ff(x) ⇐⇒ lim inf
∥h∥→0

f(x+ h)− f(x)− p(h)

∥h∥
≥ 0,

otherwise ∂F (x) = ∅. It is easy to check that ∂F ⊂ ∂, see e.g. [21, Proposition
4.8(a)].
The function f : E → R ∪ {+∞} is called F -regular at x ∈ dom f if

∂Ff(x) = ∂f(x),

and it is called F -regular if it is so at any point x ∈ dom f .
The basic example of F -regular functions are the convex continuous functions.
We will use the following Sum Theorem.
Theorem 3.1. (Sum Theorem) Let f : E → R∪ {+∞} be proper, lower semicon-
tinuous and F -regular function. Let h : E → R be locally Lipschitz and F -regular
function. Then f + h is F -regular, and

∂(f + h)(x) = ∂f(x) + ∂h(x), ∀x ∈ E. (47)

Proof. First, let x ∈ dom f . From [21, Theorem 2.98] we have that

∂(f + h)(x) ⊂ ∂f(x) + ∂h(x).
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To get the opposite inclusion, we use that

∂f(x) + ∂h(x) = ∂Ff(x) + ∂Fh(x)

by F -regularity of both functions, and that

∂Ff(x) + ∂Fh(x) ⊂ ∂F (f + h)(x),

see e.g. [21, Proposition 4.11]. Hence,

∂f(x) + ∂h(x) ⊂ ∂F (f + h)(x) ⊂ ∂(f + h)(x), ∀x ∈ dom f.

If x ̸∈ dom f , then x ̸∈ dom(f + h) either, hence ∂(f + h)(x) = ∂f(x) = ∅. Then
∂f(x) + ∂h(x) = ∅ by definition, and (47) is established.

F -regularity provides a concise condition allowing the transfer of subdifferential
inclusions to slope inequalities.

Proposition 3.2. Let f : E → R ∪ {+∞} be proper, lower semicontinuous and
F -regular. Then

dom |∇f | = dom ∂f, (48)

and |∇f |(x) = min{∥p∥ : p ∈ ∂f(x)}, ∀x ∈ dom |∇f |. (49)

Proof. Note that, because the intersection of ∂f(x) with a dual ball is w∗-compact,
and the dual norm is w∗ upper semicontinuous, the minimum in the right hand side
of (49) is really attained.
Let x0 ∈ dom |∇f | and let r > |∇f |(x0) be arbitrary. By definition, the function

u(x) := f(x) + r∥x− x0∥

attains a local minimum at x0, so 0 ∈ ∂u(x0). By the Sum Theorem – Theorem 3.1
– there are p̄ ∈ ∂f(x0) and q ∈ ∂r∥ · −x0∥(x0) such that ∥q∥ ≤ r, and p̄ + q = 0.
Clearly, ∥p̄∥ ≤ r. Thus we get

dom |∇f | ⊂ dom ∂f, and r ≥ ∥p̄∥ ≥ min{∥p∥ : p ∈ ∂f(x0)}. (50)

The latter being true for any r > |∇f |(x0), it results

|∇f |(x0) ≥ min{∥p∥ : p ∈ ∂f(x0)}. (51)

Note that for these we did not use the F -regularity of f .
Let now x0 ∈ dom ∂f and p0 ∈ ∂f(x0) be such that ∥p0∥ = min{∥p∥ : p ∈ ∂f(x0)}.
Since f is F -regular, p0 ∈ ∂Ff(x0), that is,

f(x)− f(x0) ≥ p0(x− x0) + α(x)∥x− x0∥,

where α(x) → 0, as x → x0. So, f(x)− f(x0) ≥ −(∥p0∥ − α(x))∥x− x0∥, and

lim inf
x→x0

f(x)− f(x0)

∥x− x0∥
≥ −∥p0∥,

meaning that |∇f |(x0) ≤ ∥p0∥. (52)
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So, x0∈dom |∇f | and, since x0∈dom ∂f was arbitrary, we get dom ∂f⊂dom |∇f |,
which together with (50) gives (48). On the other hand, (51) and (52) give (49).

4. Primal lower regular functions

We start with some preliminary results concerning primal lower regular functions
defined on a Banach space (E, ∥ · ∥).
First, observe that if x̄ ∈ plrc,δf , then f is F -regular on B◦(x̄; δ), see [21, Theorem
11.16(a)].
Lemma 4.1. If x̄ ∈ plrc,δf for some c, δ > 0, and α ∈ (0, 1), then

x̄ ∈ plrc,δ(αf).

Proof. Let x, y ∈ B◦(x̄; δ) and p ∈ ∂f(x) be arbitrary. Multiplying (1) by α > 0,
and using that p1 := αp ∈ ∂(αf)(x), we get

αf(y) ≥ αf(x) + p1(y − x)− c(∥p1∥+ α)∥y − x∥2

≥ αf(x) + p1(y − x)− c(∥p1∥+ 1)∥y − x∥2.

Because ∂(αf) = α∂f , we are done.

Lemma 4.2. Let f : E → R∪{+∞} be a proper and lower semicontinuous function,
and let h : E → R be a convex and continuous function.

If x̄ ∈ plrc,δf and Liph(B◦(x̄; δ)) = L,

then x̄ ∈ plrc(L+1),δ(f + h).

Proof. Denote u := f + h and fix arbitrary x ∈ B◦(x̄; δ) and ξ ∈ ∂u(x).
From the Sum Theorem – Theorem 3.1 – we have that ξ = p + q where p ∈ ∂f(x)
and q ∈ ∂h(x). The latter means

h(y) ≥ h(x) + ⟨q, y − x⟩, ∀y ∈ X.

Adding this and (1) together yields

u(y) ≥ u(x) + ⟨ξ, y − x⟩ − c (∥p∥+ 1) ∥y − x∥2, ∀y ∈ B◦(x̄; δ). (53)

Note that, since ∥p∥ = ∥ξ − q∥ ≤ ∥ξ∥+ ∥q∥,

∥p∥+ 1 ≤ ∥ξ∥+ ∥q∥+ 1 ≤ (∥q∥+ 1)(∥ξ∥+ 1),

and because ∥q∥ ≤ L, the Lipshitz constant of h around x̄, (53) gives

u(y) ≥ u(x) + ⟨ξ, y − x⟩ − c(L+ 1)(∥ξ∥+ 1)∥y − x∥2, ∀y ∈ B◦(x̄; δ).

Lemma 4.3. Let f : X → R ∪ {+∞} be a proper and lower semicontinuous func-
tion. Let

x̄ ∈ plrc,δf, (54)
for some c, δ > 0, and let p ∈ ∂f(x̄) be such that

∥p∥ < 1. (55)
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For the function f1(x) := f(x)− p(x) + 4∥x− x̄∥ (56)
it is fulfilled that x̄ ∈ plrc′,δ′f1, with

c′ = 6c, δ′ = min
{
δ,

1

9c

}
. (57)

Moreover, f1(x̄) ≤ inf f1(B
◦(x̄; δ′)), and

|∇f1|(x) ≥ 1, ∀x ∈ B◦(x̄; δ′) \ {x̄}. (58)
Proof. Assume that, contrary to (58), there is x ∈ B◦(x̄; δ′) \ {x̄} such that
|∇f1|(x) < 1. From Proposition 3.2, see (49), there is ξ ∈ ∂f1(x) such that ∥ξ∥ < 1.
By the Sum Theorem – Theorem 3.1 – we have that

ξ = q − p+ r,

where q ∈ ∂f(x) and r ∈ ∂(4∥ · −x̄∥)(x). It is immediate that, since x ̸= x̄,

∥r∥ = 4, and r(x̄− x) = −4∥x̄− x∥.

Since ∥ξ∥ < 1 and ∥p∥ < 1, we have

q(x̄− x) = (ξ + p)(x̄− x)− r(x̄− x) ≥ 2∥x̄− x∥.

By definition and using that ∥q∥ ≤ 2 + ∥r∥ = 6,

f(x̄) ≥ f(x) + q(x̄− x)− c(∥q∥+ 1)∥x̄− x∥2

≥ f(x) + 2∥x̄− x∥ − 7c∥x̄− x∥2.

But, again by definition, and using that ∥p∥ < 1,

f(x) ≥ f(x̄) + p(x− x̄)− c(∥p∥+ 1)∥x− x̄∥2

> f(x̄)− ∥x− x̄∥ − 2c∥x− x̄∥2.

Now, putting the above two together, we get

0 > ∥x− x̄∥ − 9c∥x− x̄∥2,

meaning that ∥x− x̄∥ > 1/9c ≥ δ′, see (57), contradiction.
Since the function h(x) = −p(x) + 4∥x− x̄∥ is convex and globally Lipschitz with
constant less or equal to ∥p∥+4 < 5, Lemma 4.2 immediately gives that x̄ ∈ plrc′,δf1
with c′ given by (57). Since δ′ ≤ δ, we are done.
Moreover, for any x ∈ B◦(x̄; δ′) it holds that

f(x) ≥ f(x̄) + p(x− x̄)− c(∥p∥+ 1)∥x− x̄∥2.

Hence, having in mind that ∥p∥ < 1,

f(x)− p(x) ≥ f(x̄)− p(x̄)− 2c∥x− x̄∥2,

f(x)− p(x) + 4∥x− x̄∥ ≥ f(x̄)− p(x̄) + 4∥x− x̄∥ − 2c∥x− x̄∥2,

f1(x) ≥ f1(x̄) + 2∥x− x̄∥(2− c∥x− x̄∥).

Since 2c∥x− x̄∥ < 1 for x ∈ B◦(x̄; δ′), we have reached per force that
f1(x̄) ≤ inf f1(B

◦(x̄; δ′)).



M. Ivanov et al. / Subdifferential Determination ... 513

Lemma 4.4. Let the functions f, g : E → R∪{+∞} be proper and lower semicon-
tinuous, and let for some c, δ > 0,

x̄ ∈ plrc,δf ∩ plrc,δg ∩ dom ∂f. (59)

Let ∂f(x) ⊂ ∂g(x), ∀x ∈ B◦(x̄; δ). (60)

Then f(x) ≥ g(x) + (f(x̄)− g(x̄)), ∀x ∈ B◦(x̄; δ′), (61)

where δ′ is given by (57).

Proof. First, let us note that from (59) and (60) it follows that x̄ ∈ dom g, so the
right hand side of (61) is well defined.
We can assume without loss of generality that x̄ = 0 and f(x̄) = g(x̄) = 0.
Fix an arbitrary x0 ∈ δ′B◦

E. We need to show that f(x0) ≥ g(x0), so we can assume
without loss of generality that f(x0) < ∞.
Let ν ∈ (0, 1) be such that ν + ∥x0∥ < δ′.
From Proposition 3.2 it follows that 0 ∈ dom |∇f |. Pick α ∈ (0, 1) such that

|∇(αf)|(0) < min{1, ν/δ′}, inf(αf)(δ′BE) > −ν, (αf)(x0) < ν. (62)

Note that by definition f is bounded below on δ′BE, so such choice is possible. From
Lemma 4.1 and (59) we have that

0 ∈ plrc,δ(αf) ∩ plrc,δ(αg). (63)

From (62) and Proposition 3.2, see (49), it follows that there is a p ∈ ∂(αf)(0) such
that

∥p∥ < min{1, ν/δ′}. (64)
In particular, (55) holds. Therefore, Lemma 4.3 gives that

0 ∈ plrc′,δ′f1,

where f1(x) = αf(x) + h(x), h(x) = −p(x) + 4∥x∥, and c′ = 6c, see (57). Moreover,
inf f1(δ

′B◦
E) ≥ 0 and

|∇f1|(x) ≥ 1, ∀x ∈ δ′B◦
E \ {0}. (65)

Define g1(x) := αg(x) + h(x).
Using (59), (60) and Lemma 4.3, we get

0 ∈ plrc′,δ′g1. (66)

Since ∂(αf) = α∂f , and ∂(αg) = α∂g from (60) it holds that ∂(αf) ⊂ ∂(αg). Now
the Sum Theorem – Theorem 3.1 – gives that

∂f1(x) = ∂αf(x) + ∂h(x) ⊂ ∂αg(x) + ∂h(x) = ∂g1(x), ∀x ∈ δB◦
E.

From Proposition 3.2 it follows that

|∇f1|(x) ≥ |∇g1|(x), ∀x ∈ δB◦
E. (67)
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Set Y := {x ∈ δ′B◦
E : f1(x) ≤ f1(x0)}.

Since 0 is the minimum of f1 on δ′B◦
E, we have that

0 ∈ Y. (68)

We claim that Y ⊂ (ν + ∥x0∥)BE.
Indeed, if x is such that ν + ∥x0∥ < ∥x∥ < δ′, then, see (62) and (64),

f1(x) = αf(x)− p(x) + 4∥x∥ > −ν − ν

δ′
δ′ + 4(ν + ∥x0∥) = 2ν + 4∥x0∥,

while f1(x0) < ν + ν
δ′
δ′ + 4∥x0∥ = 2ν + 4∥x0∥, so x ̸∈ Y .

This means that Y is closed, because f1 is lower semicontinuous. So, with respect
to the canonical metric induced by ∥ · ∥, Y is a complete metric space. In addition,
Lemma 2.3 gives that for

f 1 := f1 � Y,

we have |∇f 1|(x) = |∇f1|(x), ∀x ∈ Y. (69)

Set g1 := g1 � Y.

Obviously, |∇g1|(x) ≤ |∇g1|(x), for all x ∈ Y , so (67) gives

|∇f 1|(x) ≥ |∇g1|(x), ∀x ∈ Y.

From this and (66) we have that for all x ∈ dom |∇f 1| ⊂ dom |∇g1|, and all y ∈ Y
we have

g1(y) ≥ g1(x)− |∇g1|(x)∥y − x∥ − c(|∇g1|(x) + 1)∥y − x∥2

≥ g1(x)− |∇f 1|(x)∥y − x∥ − c(|∇f 1|(x) + 1)∥y − x∥2

Finally, since 0 is the minimum of f 1 on Y , it is sharp by (65) and (69), and we
can apply Theorem 2.16 to conclude that f 1 ≥ g1 on Y . Since x0 ∈ Y , this means
αf(x0) + p(x0) + 4∥x0∥ ≥ αg(x0) + p(x0) + 4∥x0∥, therefore f(x0) ≥ g(x0) and we
are done.

Proof of Theorem 1.2. We again assume that x̄ = 0.
From (4) and (57) it is clear that δ̂ = δ′/2.

For any fixed x ∈ δ̂B◦
E such that |∇f |(x) < ∞ (and there are such x’s because of

the graphical density of dom |∇f | in dom f , see e.g. [14, Lemma 3.7.]), Lemma 4.4
applied to f and g and then to g and f on B◦(x; δ̂) shows that:

f(y) = g(y) + (f(x)− g(x)), ∀y ∈ B◦(x; δ̂).

But 0 ∈ B◦(x; δ̂), so

f(0) = g(0) + (f(x)− g(x)) ⇐⇒ f(x)− g(x) = f(0)− g(0).
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That is, for a := f(0)− g(0) we have

f(y) = g(y) + a, ∀y ∈ B◦(x; δ̂), ∀x ∈ δ̂B◦
E ∩ dom |∇f |.

But because dom |∇f | is dense in dom f and 0 ∈ dom f

δ̂B◦
E ⊂

(
δ̂B◦

E ∩ dom |∇f |
)
+ δ̂B◦

E.

The proof is now complete.
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