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1. Introduction

The primal lower regular functions are introduced by R. A. Poliquin in [18] under the
name primal lower nice functions, for a modern account see [21, Chapter 11]. They
are a useful abstraction of the framework for non-convex optimization proposed by
R. T. Rockafellar, see e.g. [20], that is, the compositions of convex lower semicontin-
uous and twice smooth functions. The latter framework is really apt for the purpose,
however doing calculus directly with those so called convezly composite functions,
e.g. [21, 11.1.2] is cumbersome, because of having to account for two maps. In this
respect primal lower regular functions come in handy.

In [18] R. A. Poliquin shows that primal lower regular functions share many prop-
erties with the convex functions, including a local version of Moreau-Rockafellar
integrability theorem. Namely, if the subdifferentials of two primal lower regular
functions coincide in a neighbourhood of some point, then in a neighbourhood of
that point the functions differ by a constant. In [18] this property was proved in
finite dimensions and later in [22] it was extended to Hilbert space setting, see also
[21, p. 1113]. These proofs, however, rely on the special properties of Moreau-Yosida
regularization which allow transferring the subdifferential equality to the regularized
functions, when the norm is Hilbertian. This does not work in a general Banach
space.

As the title suggests, this work is devoted to extending this result to a general
Banach space setting.
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The problem of extending the subdifferential determination of primal lower regular
functions to Banach spaces is surprisingly tough. One of the reasons being that
the domain of a primal lower regular function could potentially be quite irregular:
only approximate convexity can be perhaps claimed [15] and even that is not fully
established.

The new method we employ here is based on slopes, see e.g. [14] and the references
therein, and it works, because it does not require linear (or convex) structure, so
the irregularity of the domain is not such an issue.

Let us recall the definition of a primal lower regular function.

Definition 1.1. (cf. [21], Definition 11.1) Let (E,|| - ||) be a Banach space. Let
the function f : E — R U {400} be proper and lower semicontinuous. We say that
f is primal lower reqular at T € E with coefficient ¢ > 0 and radius 6 > 0, and write

S plrc,éfa
if Fy) = fz) +ply —2) = c(L+ pl)lly — (1)

for all x,y € B°(7;9), and all p € 9f(x).

The function f is called primal lower reqular if

U plr.;f =FE.

¢,0>0

As usual, B°(z;d) denotes the open ball centered at & with radius .

We will now formulate our main result.

Theorem 1.2. Let (E,|| - ||) be a Banach space and assume that the functions
f,9: E— RU{+o0} are proper and lower semicontinuous. Let

T eplr sf Nplr,sg Ndom f,
for some ¢,0 > 0. Let
0f(x) = Og(x), Vi € B(7,0). )

Then there is a constant a € R such that

f(z) =g(x) +a, Vze B°(z,9), (3)
where 0 = min {g, %80} . (4)

Here dom f := {z € X : f(z) # 400} is the domain of f, and O denotes the
Clarke-Rockafellar subdifferential, see Section 3 for a brief review of the latter.

This work is organized as follows. In Section 2 we develop the slope techniques
we need. In Section 3 we recall what we use from the theory of Clarke-Rockafellar
subdifferential and retrieve how subdifferential inclusions imply slopes inequalities.
Finally, in Section 4 we prove the main result.
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2. Slope regularity

Let (X,d) be a complete metric space. Functions like g : X — R U {+o0} are
assumed lower semicontinuous, and proper, i.e. such that dom g is a non-empty set.

For a function g : X — R and a convex set U C X define
: ._ l9(y) —g(x)| . }
Lipg(U) = sup{ Ao x#yelUy,

and for z € X Lipg(z) := }ng Lip g(B(z;9)),
>

where B(z;d) stands for the closed ball centered at = with radius 0.

Estimating the Lipschitz constant of the kind of functions will be using, is straight-
forward.

Lemma 2.1. Let xg € X, and g(x) := p(d(x,x0)), where p : RT — R is a conver,
increasing smooth function such that ©(0)=0. Then

Lipg(z) < ¢'(d(x,20)), Vo e X.

Proof. Fix z € X and 0 > d(z, zo).
We have that ¢’ is positive and increasing. Therefore, Lip ¢([0,d]) = ¢'(9).
So, if z,y € B(xg;0), that is, d(x, z¢), d(y, zo) € [0, 4], then

l9(y) — g(z)| < ' (0)|d(y, o) — d(z, zo)| < ¢'(0)d(y, z),

from the triangle inequality. So, Lip g(B(z¢;0)) < ¢'(9).

But we have Lip g(x) < Lip g(B(x;)) and 5 ciz?f )gp’(&) = ¢'(d(z, z0)), because ¢
>a(x,xo

is smooth. ]

The local slope of a function f: X — RU {400} at x € dom f is

|V f|(z) = limsup
y#T

where [t]T := max{0,t} = (t+|t|)/2. Therefore, |V f|(x) = 0 if z is a local minimum
to f, and if not

|V f|(z) = lim sup W

y#£T

We explicit that |V f|(z) = 0 at the isolated points of dom f, where the limit above
is undefined. This notion was introduced by De Giorgi, Marino and Tosques [7]
and used thereafter for study of concepts as descent curves (e.g. [8]), error bounds
(e.g. [2]), subdifferential calculus and metric regularity (e.g. the monograph [9] and
references therein). For determination of functions, local slopes recently appear as
a useful tool, see e.g. [4, 5, 6, 14], as well as, in the convex case subgradients of
minimal norm, see [16], and global slopes, see [23].
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We may consider |V f| as a function from dom f to [0, 00]. Moreover,
IV(rPl(z) =r[Vfli(z), Vr=0, Vzedomf.

In some sense, not a strict one, the local slope |V f|(z) can be regarded as an one-

sided, or wnilateral, analogy of Lip f(z). Formally, |V f|(x) is an unilaterisation of

limsup |f(z) — f(y)|/d(x,y). What we will be using is the following relationship.
Yy—T

Lemma 2.2. Let f : X — R be proper and lower semicontinuous and let g : X — R
be locally Lipschitz. If f + g has a local minimum at xy then

|V f|(xo) < Lip g(zo). (5)

Proof. We can assume without loss of generality that f(xg) = g(z9) = 0. So, there
is € > 0 such that

f(z)+g(x) >0, Ve B(xge).
Then for each § € (0,¢)
f(x) =2 —g(z) = —Lip g(B(zo; 0))d(z, m0), Vx € B(o;6).

By definition |V f|(x) < Lip g(B(x¢;0)),

and taking infimum over § € (0,¢), we get (5). O

Later on we will be using the following simple observation.

Lemma 2.3. Let f be proper and lower semicontinuous and let vy € dom f. Con-
sider the sublevel set

Y ={zeX: f(x) < f(xo)},
and the restriction of f to it: f:= f Y. Then

Vfl(z) = Vi), VzeY. (6)

Proof. The definition of |V f|(z) can be rewritten as

_ f@) - 1) . :
91) = mpsup { L0 S0y € B, ) < s}
Obviously, if x € Y, then f(y) < f(z) implies y € Y as well, and this gives (6). O

Recall the famous Ekeland Variational Principle, e.g. [17, p.45], or [21, p. 198].

Theorem 2.4. (Ekeland) If f: X — RU {400} is proper, lower semicontinuous,
and bounded below, and xy € dom f, then for each A > 0 there exists x) such that

Ad(xx, o) < f(xo) — f(22),
f(x) + Ad(xy,z) > f(zn), Vo #ax,.
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Lemma 2.5. Let f: X — R be a proper and lower semicontinuous function, and
let g : X — R be locally Lipschitz. If f + g is bounded below, then for each ¢ > 0
there exists x. such that

(f +9)(xe) <inf(f +9) +e, (7)
and IV fl(ze) < Lipg(z.) +¢. (8)
Proof. Fix ¢ > 0 and pick some z( such that

(f +9)(xo) <nf(f +g) +e.

By Ekeland’s Variational Principle — Theorem 2.4 — applied for (f + ¢) (instead of
f), and for € (instead of \), there is x. which satisfies

ed(xe, x0) < (f +9)(xo) — (f + 9)(z2), (9)
(f +9)(@) + ed(xe, ) > (f + g)(2e),  Va # xe. (10)
Now, (9) implies (f 4+ ¢)(z:) < (f + g)(x0), and we get (7).
On the other hand, (10) means that the function
r — f(z) + (9(z) + ed(xe, z))
attains its minimum at z.. Obviously, Lip (¢(-) 4+ ed(-,z.))(z.) < Lipg(z.) + ¢, so
Lemma 2.2 gives (8). O]

Definition 2.6. The function f : X — RU{+oc} is reqularly sloped of order 2 with
coefficient ¢ > 0 whenever for each € dom |V f|,

fy) = f(z) = [Vf|(@)d(y,z) — c(1 + |V f|(2))d*(y,2), VyeX. (1)

Theorem 2.7. Let f : X — RU{+o0} be regularly sloped of order 2 with coefficient

¢ > 0. Then for each & with
0<|Vf|(z) < o0

there is a sequence x, — T such that

IV f|(z) = lim L@ =) (12)

n—oo  d(T,xy)
and |V f|(zn) = [VfI(Z) <2(|Vf|() +2)d(Z,2), Yn>1/[Vf|(z).  (13)

Proof. Fix z € dom |V f| such that r := |V f|(Z) > 0. To shorten the annotations,
we can assume without loss of generality that f(z) = 0. So, (11) gives

f(x) > —rd(z,7) — c(r + 1)d*(z,z), Vo€ X. (14)
Fix an arbitrary n € N such that n > 1/r, thus
rni=1r—1/n>0. (15)
Consider the function g, (z) := r,d(z,z) + c(r + 2)d*(x, 7).
Lemma 2.1 gives that

Lip gn(z) < r 4 2¢(r 4 2)d(z, T), Vo € X. (16)
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Note that the function (f + g,,) is bounded below. Indeed, from (14) it follows that

d@,7) + cd*(x,Z) > min (ct* — 3)
n >0 n

f(@) + gnlx) 2 —

It is not possible for the function (f+g¢,) to have a local minimum at z, for otherwise
Lemma 2.2 and (16) would give r = |V f|(Z) < r, < r, contradiction. So we have

(f +92)(2) = 0 > inf(f + gn).

Choose an g, > 0 such that  inf(f + g,) +¢&, <0, (17)
1
and En < (18)

From Lemma 2.5 there is z,, such that

(f + gn)(@n) < inf(f + gn) + &0, (19)
and |V fl(x,) < Lip gn(z,) + €. (20)

From (19) and (17) it follows that (f + ¢,)(z,) < 0, so we have
f(2n) < =gn(zn) < —rnd(zn, 2).

Thus, Goag = iy > T (21)

Using again (f + g»)(z,) < 0 together with (14), we estimate
0> f(zn) + gn(xn) > —d(z0, T) /10 + cd* (20, T),
SO 0> d(x,, z)(cd(zy,T) — 1/n).
Clearly, this implies d(xp,, T) < é (22)

From (16) and (20) we have that
IV fl(@n) =V fI(Z) < (ra+2c(r+2)d(xn, T)+ep)—1 = (rn—1+en)+2c(r+2)d(2y, T).
From (15) and (18) it follows that (r, —r +¢&,) =€, —1/n < 0. Thus,

IV fl(xn) — |VI(T) < 2¢(r + 2)d(x,, T). (23)

Having constructed the sequence (z,,),>1 /r» we claim that it satisfies the conclusion
of the theorem. Indeed, (22) means that z,, — Z, as n — oo, and (21) plus r,, — 7,
as n — 00, gives (12). Finally, (23) immediately implies (13). O

Lemma 2.8. If f : X — RU {400} is lower semicontinuous and reqularly sloped

of order 2 with coefficient ¢ > 0, then the function

z = |Vf|(z)

1s lower semicontinuous.
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Proof. Fix x € X and let z,, = x as n — oo. We have to show that
V1) < limin |92,
If |V f|(x,) — oo this holds, so let » € R be such that
r> ligiorolf IV fl(z,).

There is a subsequence z,, — x as k — oo, such that |V f|(x,,) < r for all k£ € N.
From (11) it follows that

f(y) Z f(xnk) - rd(% xnk) - C(l + T)dQ(% mnk)

for any fixed y € X and all k£ € N. Passing to limit as £ — oo and taking into
account that f is lower semicontinuous, we get

fy) = f(z) —rd(y, @) — c(1+7)d*(y, ),
so, by definition r > |V f|(z). O

Lemma 2.9. If f : X — RU {400} is lower semicontinuous and reqularly sloped
of order 2 with coefficient ¢ > 0, and the sequence x, — x is such that the sequence

(IV fl(20))nen s bounded, then
lim f(z,) = f(z). (24)

n—o0

Proof. Let r > 0 be such that |V f|(z,) < r for all n € N. From (11) it follows

that
f(x) > f(x,) —rd(z,z,) — c(r + V)d*(z,z,), Vn €N

Since d(x, z,) — 0, as n — 0o, we have

limsup f(z,) < f(x),

n—oo

and (24) follows from the lower semicontinuity of f. O

The following estimate is crucial for our approach.

Lemma 2.10. Let a, > 0 and b, > 0 be such that
> a, < oo, (25)
n=0

and for some ¢ > 0: by — b, < 2¢(2+by)a,, Yn>0. (26)

[e.o]

Then the sequence (b)) is bounded.

Proof. Set s := 3% a, Let A:={0}U{n e N: b, < 1}. Fix an arbitrary
n € N\ A. Let k:=max{i € A: i <n}. This means that by < b := max{by, 1}
and b; > 1, for all 2 such that k +1 <i <n.

So, we derive from (26) that

%<1+2C(1+;)ai<1—|—60a,~, for all 7 such that k+1<i<n — 1.
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Since In(1 +¢) <t for t > 0, we have
Inb;. 1 —Inb; < 6¢ca;, for all i such that k+1<i<n-—1.

Summing these, we get
n—1
Inb, —Inbg 1 < 6c Z a; < 6c¢s.
i=k+1

Therefore, by, < byy1e5.
But because by, < b, (26) gives byr1 < b+ 2¢(2 + b)ap < b+ 2¢(2+b)s, so
by < (b+2c(2 4 b)s)e®*,  ¥n € N such that b, > 1. O

We will prove here a variant of the Long Orbit Empty Value (LOEV) method, see
[10, 13]. It concerns multivalued maps S : X = X, where (X,d) is a complete
metric space. As usual, dom S :={x € X : S(z) # &}.

An S-orbit is called any finite or infinite sequence xg, x1, z3 . .. such that z;41 € S(z;)
for all v’s with a successor. We call x the starting point of the orbit. We differentiate
between finite and infinite orbits. It stands to reason that for a finite orbit xy, . .., z,,
with 2,41 € S(x;), for all i such that 0 < i < n—1, the last point z,, would be called
the end point of the orbit. Obviously, each finite orbit (z;)§ is of finite length

n—1

|[(z:)g] = Z d(Tit1, i),

i=0
if n > 1. The length of an orbit consisting of one point is, of course, zero.

Considering infinite orbits, (z;)§° with z,41 € S(z,) for all n > 0 is called orbit of
finite length if

|(x2)80| = Zd(xm—l?xn) < 00,
n=0

and, respectively, of infinite length if the above series is divergent.

Since X is complete, each infinite orbit of finite length is convergent as a sequence,
that is, there is o, € X such that

nh_)ngo d(zp, o) = 0.

We call z, the end point of the orbit (z;)5°.

Definition 2.11. Let (X, d) be a complete metric space and let S : X = X be a
multivalued map. We say that S satisfies property (x) if

x ¢ S(z), VrelX, (27)

and for any infinite S-orbit (z,)3° of finite length with end point z.,, and any
y € S(7s), there exists N € N such that

y € S(x,), Vn>N.
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Theorem 2.12. Let (X,d) be a complete metric space. Let S : X = X satisfy
property (x) and let xo € X be fized.

Then at least one of the two following properties holds:
(a)  There is an S-orbit of finite length starting at xo and ending outside of dom S.
(b)  There is an S-orbit of infinite length starting at x.

Proof. We construct the desired S-orbit by induction, starting at x,.
If x,, is already chosen, then:

If S(z,) = @ then (a) is fulfilled and we are done.

If, on the other hand, S(x,) # &, let

vp = sup{d(y,x,) : y € S(x,)} > 0. (28)
Take x,41 € S(x,) such that d(z,41,2,) > min{l,v,/2}. (29)

Assume that we obtain in this way an infinite orbit (x,)® with z,41 € S(x,),
Vn > 0.

If (z,,)5° is of infinite length then (b) is fulfilled and we are done.
If (z,,)5° is of finite length, then let x, be the end point of (x,)°, i.e.

lim z, = To.
n—o0

Assume that there is some y € S(zo). We know from (x) property, see (27),
that y # 2w, and y € S(z,) for all but finitely many n’s. Then (28) gives us
Vp > dy,z,) — d(y,2s) > 0 and (29) implies liminf, . d(z,+1,2,) > 0, so
|(2,,)°] = 00, a contradiction. Therefore, S(z+) = @, and (a) holds. O

Lemma 2.13. (see [14]) Let (X,d) be a complete metric space. Let f,.g : X —
R U {400} be lower semicontinuous. Let f also be proper and bounded below. Then

nf f(f —g)= doiﬂfv f‘(f —9)- (30)

In [14, Lemma 3.8.] the equality (30) is proved for the global slope, which dominates
the local slope, so the formula there is stronger, but we do not need it in full.

Definition 2.14. Let (X, d) be a complete metric space. Let f: X — RU {400}
be proper, lower semicontinuous and bounded below.

We say that z is the sharp minimum of f, if it is the minimum:

f(z) = min f,
and, moreover, 0< néf_ 'V fl(z). (31)

If f has a sharp minimum, then f cannot have any other local minima, because
|V f|(xz) = 0 at each local minimum z. It is easy to check that the sharp minimum
is strong, that is, each minimising sequence converges to it, but a strong minimum
is not necessarily sharp.
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Proposition 2.15. Let (X,d) be a complete metric space and assume that the
fyg: X — RU{+oo} are proper and lower semicontinuous. Let f be regqularly
sloped of order 2 with coefficient ¢ > 0 and have sharp minimum at . If

IVyl(z) <[V fl(z), Vzedom|Vf\{z}, (32)

and 9(y) = g(z) — |V fl(x)d(y, ) — c(|Vf|(z) + 1)d*(y, 2), (33)
for all x € dom |V f| and all y € X, then

min(f —g) = f(z) - 9(2). (34)

Proof. If Z ¢ dom g then the right hand side of (34) is —oo, this is the minimum,
and (34) is trivial.

So, let g(Z) < oo and let us assume for simplicity — and without loss of generality
— that f(z) = g(z) = 0. To verify (34) we need to prove that f > g. But from
Lemma 2.13 we know that it is enough to show that

f(z) > g(x), Vzedom|Vfl|

Therefore, fix an arbitrary zp € X such that f(zy) < co. In what follows we will
show that f(zq) > g(xo).

Since 7 is a sharp minimum, from (31) there is € > 0 such that
IVfl(x) >e, Vzedom|Vf|(x)\{z}. (35)

For any = € dom |V f| such that x # z, define the following subsets of dom |V f|:

Si(z) :={y € dom |V [ : f(y) —g(y) < f(z) —g(z)} (36)
(note that because of (32), z € dom |Vg| C dom g, so f(z) — g(z) is well defined);
Sa(x) :=={y € dom |V f[: f(y) < f(x) —ed(y, x)}; (37)
Ss(x) =Ly : [V[fI(y) <IVfli(x) + 22+ [V f|(x))d(y, )}, (38)
and S(z) := 81(x) N Sa(x) N Ss().

In this way we define a multivalued map S : X = X. We will study its properties.
First, the way it is defined ensures that dom S C dom |V f|\ {Z}. We claim that in

fact
e dom S = dom |V f] \ {Z}. (39)
Indeed, fix # € dom |V f| such that = # Z, so

r=|Vfi(z) € (e 00),
see (35). From (32) we have |Vyg|(x) < r, so there is 6 > 0 such that » —J > 0 and
9(y) = g(x) = (r = 0)d(y, ), Vy € B(x;0).

From Theorem 2.7 there is a sequence x, — x satisfying (12) and (13). Now, (13)
simply means that z,, € S3(x) for all large n’s. From (12) we get on the one hand
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that, f(x) — f(x,) > ed(z,z,), because |V f|(z) > €. Therefore, x, € Ss(z) for
all large n’s. On the other hand, x, € B(x;d) for all large n’s, so using the above
inequality for g and again (12) we get

[0~ 1) 55 95 —ole) . .
d(z, ) >r—42z d(z,z,) = f(xn) — g(zn) < f(z) — g(2),

for all n large enough. This means that x,, € Si(x) for all large n’s. So, x,, € S(z)
for all but finitely many n’s and, therefore, S(z) # @ and (39) is verified.

Next, each S-orbit starting at x¢ is of finite length. Indeed, if (z,)3° is a S-orbit, it
is also a Sy-orbit, so iterating on (37) we get

Zd(xuhfﬁi) <e™! Z(f(ﬂfi) — (i) = e (fwo) = f(wni1)),

i=0 i=0
and, since f > 0, we get ()57 | < flx0)/e. (40)

The same estimate is valid, of course, for the lengths of the finite S-orbits starting
at xo (but we do not need it).

Let (x,)3° be an arbitrary infinite S-orbit starting at z,. We already know that it
is of finite length, so it has an end point, say x,,. We claim that

lim (f(2n), 9(wn)) = (f (%), 9(2c0))- (41)

n—oo

Indeed, set a,, := d(x,11,2,) and b, = |V f|(z,). We know that a,’s satisfy (25)
and because (x,)y is a Sz-orbit, (38) translates to (26). From Lemma 2.10 we
get that the sequence (|Vf|(z,))g is bounded and then Lemma 2.9 ensures that
f(zn) = f(zs). We repeat the proof of Lemma 2.9 for g using (33). Thus (41) is
verified.

Now we can show that S has property (x). Because of the strict inequality, S
satisfies (27), thus so does S.

Let (x,)5° be an infinite S-orbit of finite length ending at z., and let y € S(z).
Because y € S1(7~), we have by (36) that f(y) — 9(y) < f(2x) — 9(2x), then
(41) gives that f(y) — g(y) < f(zn) — g(z,) for all large n’s. That is, eventually
Yy <€ Sl (iL‘n)

In a similar fashion, since y € Sy(2o), we have f(y) < f(2s) — €d(y, ), see (37).
Since the function z — f(x) — f(y) — ed(y, z) is lower semicontinuous and with
positive value at z,, we have f(z,) — f(y) — ed(y, z,) > 0 for all but finitely many
n’s, ergo y € Sa(x,) eventually.

Since y € S3(xs ), we have by (38) that

V() < IVFl(2ee) +2¢(2 + [V f(200))d(y; Zoo).

From Lemma 2.8 we have that the function z — |V f|(x) is lower semicontinuous,
thus the function x — |V f|(z) + (2¢ + |V f|(z))d(y, z) is lower semicontinuous, so
if we replace x, by x, in the above inequality, it will still be valid for large n’s,
meaning that y € S3(z) eventually.
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Property (%) of S being established, we can now apply Theorem 2.12. From (40) it
follows that for S only (a) is possible.

If a finite S-orbit starting at xg, say xg,z1,...,%,, ends outside of dom S, then
because S maps dom |V f| \ {Z} into dom |V f], necessarily x,, € dom |V f|. Since
S(x,)=@, from (39) it follows that =, = . Iterating (36), we get f(x¢)— g(xo) > 0.
Finally, let (x,)5° be an infinite S-orbit of finite length starting at zy and ending at
Too With S(zo,) = &. In the same way as in the proof of (41) we see that (|V f|(z,))5°
is a bounded sequence, so that Lemma 2.8 implies x, € dom |V f|. Since S(z) = 0,
we have zo, = Z. Since (x,,)° is a Sy-orbit, we have f(z,,) —g(x,) < f(zo) —g(xo) for
all n > 0 and (41) yields f(zo) > g(z0). (We can actually obtain strict inequality,
but this is not important.) O

Theorem 2.16. Let (X, d) be a complete metric space and let f,g : X — RU{+o00}
be proper and lower semicontinuous functions. Let f be reqularly sloped of order 2
with coefficient ¢ > 0 and have sharp minimum at z. If

Vyl(z) < [Vf|(z), VrelX, (42)
and (33) is satisfied, then
f(x) = (f(z) = 9(7)) + g(x), VeeX. (43)

Proof. Since 7 is the minimum of f, we have |V f|(Z) = 0. From (42) it follows
that |Vg|(Z) = 0 and in particular ¢(Z) < co. This means that the right hand side
of (43) is well defined, and also we can assume without loss of generality that

f(z) =g(z) =0
We have to prove that f(z ) g(x), VrelX. (44)
Since f > 0, mf(l +0)f.

For 6 > 0 set f5 := (1+ 0)f. Since (44) is trivial if f(z) = oo, it is sufficient to

that
prove Hha fs(x) > g(x), Vzedomf, Vo> 0.
Fix an arbitrary ¢ > 0. By definition,

IV fsl(z) = (L+0)[Vf](z), VeeX.
From this and (42) it follows that
IV fsl(x) > [Vgl(z), Vo edom|V [\ {z},

that is — because dom |V fs| = dom |V f| — the functions fs; and g satisfy (32).
Clearly, 7 is a sharp minimum to fs, so Proposition 2.15 gives (see (34))

fs(x) —g(xz) >0, Vaz & dom f. O

3. Clarke-Rockafellar subdifferential

To the end of the article we work in a Banach space denoted by (E, ||-||) with closed
unit ball B and dual E*.
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Provided f : E — R U {400} is lower semicontinuous at x € dom f, the Clarke-
Rockafellar directional derivative, e.g. [3,p.97], at the point z at direction he FE is:

f°(z; h) :=sup f2(x; h), where (45)

e>0

inf f(y +t(h +eBx)) = f(y)
t

f2(z;h) == limsup
y— 5, t\0

The Clarke-Rockafellar subdifferential of f at x € dom f is defined as:
Of(z):={pe E*: p(h) < f°(x;h), Vh € E}. (46)
Of course, 0f (z) = @ if f(z) = +oo. It can be shown that
domdf ={x €dom f: f°(x;h) > —00, Vh € E}
={xedomf: Je>0: f°(x;h) > —c|lh||, Vh € E},
and that on the latter set the function h — f°(x;h) is sublinear, thus convex, and

lower semicontinuous function from E to (—oo, oo]. It is clear that df(x) is a convex
and w*-closed subset of E*.

Note that if f is A\-Lipschitz around x, then inf f(y+t(h+eBg)) > f(y+th) — Me,
so for a Lipschitz function (45) reduces to the much simpler Clarke’s formula:

fo(l" h) _ limsup fly+th) — f(y)

y—x t
N0

We consider also the Fréchet subdifferential of f at x € dom f:

(2 4+h) — f@) = p(h) <

..o f
€0 — 1 f
p € /() Tl 50 Il

otherwise dp(x) = @. It is easy to check that dp C 0, see e.g. [21, Proposition
4.8(a)].

The function f: F — RU{+oc} is called F-regular at x € dom f if

and it is called F'-regular if it is so at any point = € dom f.
The basic example of F-regular functions are the convex continuous functions.

We will use the following Sum Theorem.

Theorem 3.1. (Sum Theorem) Let f: E — RU{+o00} be proper, lower semicon-
tinuous and F'-reqular function. Let h : E — R be locally Lipschitz and F-regular
function. Then f + h is F-reqular, and

O(f +h)(x) =0f(x) + Oh(z), Vze€E. (47)
Proof. First, let x € dom f. From [21, Theorem 2.98] we have that

O(f + h)(z) C Of(x) + Oh(z).



510 M. Ivanov et al. / Subdifferential Determination ...

To get the opposite inclusion, we use that
Of (x) + Oh(x) = Op f(x) + Oph(x)
by F-regularity of both functions, and that
Op f(x) + Orh(z) C Op(f + h)(z),
see e.g. [21, Proposition 4.11]. Hence,
Of (z) + Oh(z) C Op(f + h)(z) C O(f + h)(z), Va € dom f.

If x ¢ dom f, then © & dom(f + h) either, hence O(f + h)(x) = 0f(z) = @. Then
J0f(z) + Oh(z) = @ by definition, and (47) is established. O

F-regularity provides a concise condition allowing the transfer of subdifferential
inclusions to slope inequalities.

Proposition 3.2. Let f : E — R U {400} be proper, lower semicontinuous and

F-regular. Then
dom |V f| = dom 0f, (48)

and IV fl(x) =min{||p|| : pe€df(x)}, Vaedom|Vf] (49)

Proof. Note that, because the intersection of df(z) with a dual ball is w*-compact,
and the dual norm is w* upper semicontinuous, the minimum in the right hand side
of (49) is really attained.

Let xy € dom |V f| and let r > |V f|(z¢) be arbitrary. By definition, the function
w() = f(z) +rllz — ol

attains a local minimum at zg, so 0 € du(zp). By the Sum Theorem — Theorem 3.1
— there are p € J0f(xp) and ¢ € Or|| - —zo||(xo) such that ||¢|| < r, and p+ ¢ = 0.
Clearly, ||p|| < r. Thus we get

dom |V f| C domdf, and r > ||p|| > min{||p|| :p € df(xo)}. (50)
The latter being true for any r > |V f|(x), it results

IV f1(x0) = min{]|p[| : p € df(xo)}. (51)

Note that for these we did not use the F-regularity of f.
Let now zy € domdf and py € 0f(xg) be such that ||py|| = min{||p||: p € f(z0)}.

Since f is F-regular, po € Op f(x¢), that is,
f(x) = f(wo) = po(x — 20) + ()| — 20|,
where a(z) = 0, as © — xo. So, f(z) — f(zo) = —([[pol — (@)l — zo||, and

T—T0 H:L' — .%'0”

> —[lpoll;

meaning that IV fl(xo) < ||Ipoll- (52)



M. Ivanov et al. / Subdifferential Determination ... 511

So, zg € dom |V f| and, since zq € dom df was arbitrary, we get dom df Cdom |V f],
which together with (50) gives (48). On the other hand, (51) and (52) give (49). [
4. Primal lower regular functions

We start with some preliminary results concerning primal lower regular functions
defined on a Banach space (E, || - ||).

First, observe that if 7 € plr_;f, then f is F-regular on B°(;6), see [21, Theorem
11.16(a)].

Lemma 4.1. If T € plr_;f for some ¢,§ >0, and o € (0,1), then
T €plrs(af).

Proof. Let 2,y € B°(Z;6) and p € 0f(x) be arbitrary. Multiplying (1) by a > 0,
and using that p; := ap € 9(af)(x), we get

af(y) > af(@)+ply—2)—clpll +a)ly — |
> af(@)+piy—=2) —cllpdl + Dlly — =l

Because d(af) = adf, we are done. ]
Lemma 4.2. Let f : E — RU{+00} be a proper and lower semicontinuous function,
and let h : E— R be a convexr and continuous function.

If replr.;f and Liph(B°(z;0)) =L,

then T € plrypi1y5(f +h).

Proof. Denote u:= f + h and fix arbitrary = € B°(z;0) and £ € du(x).

From the Sum Theorem — Theorem 3.1 — we have that £ = p 4+ ¢ where p € Jf(x)
and g € Oh(z). The latter means

hy) = h(z) +{q,y — z), Vy € X.
Adding this and (1) together yields
u(y) > w(z) + &y —2) —cllpl + 1) ly —=l*, vy e B(z;9).  (53)
Note that, since |[p[| = [[§ — qll < [[€]] + [l4l,
Il + 1 < [I€]] + llall + 1 < ([lall + D€l + 1),
and because ||q|| < L, the Lipshitz constant of h around z, (53) gives
u(y) = u(x) + (& y — @) — (L + D(IEll + Dlly — 2lI*, vy € B(z:9). O

Lemma 4.3. Let f: X — RU {+o0} be a proper and lower semicontinuous func-
tion. Let
HAS plrc,éfa (54)
for some ¢,0 > 0, and let p € Of(Z) be such that
Ipll < 1. (55)
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For the function fi(z) == f(z) — p(z) + 4|z — Z|| (56)
it is fulfilled that T € plry 5 f1, with
;o ;. 1
¢ =6¢, ¢ =min {5,%}. (57)
Moreover, fi(z) < inf f1(B°(z;d)), and
IVfil(z) > 1, Vae B°(z;0)\ {z}. (58)

Proof. Assume that, contrary to (58), there is x € B°(z;d’) \ {Z} such that
|V f1l(z) < 1. From Proposition 3.2, see (49), there is £ € 9 f;(x) such that ||| < 1.
By the Sum Theorem — Theorem 3.1 — we have that

§=q—p+r,
where ¢ € 0f(z) and r € (4| - —Z||)(z). It is immediate that, since x # Z,
Ir|| = 4, and r(z — x) = —4||z — ||
Since [|£]] < 1 and |[|p]| < 1, we have
(7 —2) = (E+p)(T—2) —r(@—x) > 2|z - 2|
By definition and using that ||¢|| <2+ ||r]| =6,
f@) > fl@)+q@—2)—c(lgl + D]z — |
> f(@)+2l|z — 2l - 7c|z - 2]*.
But, again by definition, and using that ||p|| < 1,
fl@) = f(@) +ple—2)—clpll + Dz —z|*
> f(@) = o — ]| - 2]z — 2.
Now, putting the above two together, we get
0> [z — || - 9c||z — z|?,
meaning that ||z — Z|| > 1/9¢ > ¢, see (57), contradiction.

Since the function h(x) = —p(x) + 4||z — Z|| is convex and globally Lipschitz with
constant less or equal to ||p||+4 < 5, Lemma 4.2 immediately gives that ¥ € plr, 5f1
with ¢ given by (57). Since ¢’ < 4, we are done.

Moreover, for any x € B°(Z;0’) it holds that
f@) = f(@)+pl@ —2) = c(llpll + Dz — z]*.
Hence, having in mind that [|p|| < 1,
f(a) = p(z) = f(z) = p(7) — 2cl|z — z|]%,
f(@) = p(z) + 4]z — 2l > f(2) — p(@) + 4|z — 7| — 2cl|lz — 7%,
filz) = f1(Z) + 2|z — 2[| (2 — ¢l — z]).
Since 2¢||z — z|| < 1 for x € B°(Z;4"), we have reached per force that

fi(z) <inf f1(B°(z;d")). O
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Lemma 4.4. Let the functions f,g: E — RU {400} be proper and lower semicon-
tinuous, and let for some ¢, > 0,

T eplr,sf Nplr. ;g Ndomdf. (59)
Let Of(z) C dg(x), Vx € B°(z;0). (60)
Then f(@) 2 g(z) + (f(z) = 9(z)), Vae B(z;0), (61)

where &' is given by (57).

Proof. First, let us note that from (59) and (60) it follows that z € dom g, so the
right hand side of (61) is well defined.

We can assume without loss of generality that Z = 0 and f(z) = g(z) = 0.

Fix an arbitrary zo € §' By. We need to show that f(zo) > g(z), so we can assume
without loss of generality that f(xg) < oo.

Let v € (0,1) be such that v+ ||zo] < ¢'.
From Proposition 3.2 it follows that 0 € dom |V f|. Pick a € (0,1) such that
IV(af)](0) < min{l,v/8"}, inf(af)(8'Bg) > —v, (af)(x) < v. (62)

Note that by definition f is bounded below on ¢’ B, so such choice is possible. From
Lemma 4.1 and (59) we have that

0€ plrc,S(af) N plrc,z;(&g)' (63)

From (62) and Proposition 3.2, see (49), it follows that there is a p € 9(a f)(0) such
that

’ Ipl < min{1, /8. (64

In particular, (55) holds. Therefore, Lemma 4.3 gives that

0e plrc,v(;/fl,

where fi(x) = af(x)+ h(z), h(z) = —p(x) +4||z||, and ¢ = 6¢, see (57). Moreover,
inf f1(6'By) > 0 and
IVAil(z) > 1, Vaed'Bg\{0}. (65)

Define ¢1(x) := ag(x) + h(z).
Using (59), (60) and Lemma 4.3, we get
0 € plry 501 (66)

Since d(af) = adf, and O(ag) = adg from (60) it holds that d(af) C d(ag). Now
the Sum Theorem — Theorem 3.1 — gives that

dfi(x) = Oaf(x) + Oh(x) C Oag(x) + Oh(x) = 0g1(z), Vx € 0By
From Proposition 3.2 it follows that
IVfil(z) = [Vail(x), Ve € 0Bg. (67)
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Set Y:={xe€dBy: fi(z) < fi(zo)}.
Since 0 is the minimum of f; on ¢’ By, we have that
0eY. (68)

We claim that Y C (v + ||zo||) Be.
Indeed, if = is such that v + ||zo|| < ||z] < ¢, then, see (62) and (64),

filx) = af(z) = pl) + 4|z > —v — 58" +4(v + [|zol)) = 2v + 4|0l

while fi(xo) < v+ 50" + 4| zol| = 2v + 4|0, soz € Y.

This means that Y is closed, because f; is lower semicontinuous. So, with respect
to the canonical metric induced by || - ||, Y is a complete metric space. In addition,
Lemma 2.3 gives that for

71 = fl TY7
we have IV i(x) = |Vfil(z), VzeY. (69)
Set g =g Y.

Obviously, |Vg,|(z) < |Val|(x), for all z € Y, so (67) gives
IVil(z) > Vg, |(z), VzeY.

From this and (66) we have that for all 2 € dom |V f,| C dom |Vg,|, and all y € YV’
we have

|
v

91(@) = V@ l@)lly — 2]l = (Vg |(z) + Dlly — =]*
> Gi(@) = [VAI@) ]y — 2l = c(IVFil(@) + Dlly — 2|

9:1(y)

Finally, since 0 is the minimum of f, on Y, it is sharp by (65) and (69), and we
can apply Theorem 2.16 to conclude that f; > g, on Y. Since zy € Y, this means
af(zo) + p(xo) + 4l|zo|l > ag(zo) + p(zo) + 4||x0]|, therefore f(z) > g(x) and we
are done. [

Proof of Theorem 1.2. We again assume that z = 0.
From (4) and (57) it is clear that 6 = /2.

For any fixed 2 € B3 such that |V f|(z) < co (and there are such 2’s because of
the graphical density of dom |V f| in dom f, see e.g. [14, Lemma 3.7.]), Lemma 4.4

applied to f and g and then to g and f on B°(x; 5) shows that:

f) = g(y) + (f(z) — g(x)), Vy € B°(x;0).
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That is, for a := f(0) — g(0) we have
fy) =g(y) +a, Yye B°(x;0), Vo € dBS Ndom |V f|.
But because dom |V f| is dense in dom f and 0 € dom f
0By C (5B Ndom |V f]) + 6By

The proof is now complete. O
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