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We show that the Carathéodory number of the joint numerical range of d many bounded self-
adjoint operators is at most d — 1, and even at most d — 2 if the underlying Hilbert space has
dimension at least 3. This extension of the classical convexity results for numerical ranges shows
that also joint numerical ranges are significantly less non-convex than general sets.
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1. Introduction and Preliminaries

Let Ty,..., Ty € B(H)s, be self-adjoint bounded linear operators on the Hilbert
space H. Their joint numerical range is defined as

W(T, ..., Ty) = {((T1h,h), ..., (Tzh,h)) | h € H,|h| =1} C R™

For d < 2 the joint numerical range is always convex, a famous result by Toeplitz
and Hausdorff [5, 8]. This is still true if d = 3 and dim(H) > 3 [1], but fails for
d > 4 in general.

An interesting measure for the non-convexity of a set S C R? is its Carathéodory
number ¢(S). It is defined as the smallest positive integer n, such that every element
in the convex hull of S is a convex combination of at most n elements from S. A
set is clearly convex if and only if its Caratheodory number is 1. Caratheodory’s
Theorem [3, 7] states that ¢(S) < d+1 holds for any set S C R? and any set of d+1
affinely independent points shows that this general bound is optimal. However, if
S C R? is connected, then ¢(S) < d [2, 4].

As the image of the unit sphere in H under a continuous map, W(T1,...,Ty) is
clearly path-connected, and thus ¢ (W(T4,...,T;)) < d. In this note we observe
that this can be improved by one, and even by two if dim(H) > 3 (Theorem 2.2).
This shows that joint numerical ranges are significantly less non-convex than general
connected sets. Our proof is a combination of some of the standard methods to prove
convexity of the classical numerical range, but suitably applied to joint numerical
ranges.
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2. Main result

The proof of the following proposition contains the initial idea from [5], combined
with [6], and in the multidimensional setup. It shows that joint numerical ranges
are path-connected in a strong sense.

Proposition 2.1. For any Ty, ..., Ty€ B(H)s. and for any affine hyperplane P CRY,
W(Th,..., Ty) NP
is path-connected. If dim(H) > 3, this also holds when codim(P) = 2.

Proof. For the affine hyperplane P we can assume without loss of generality that
P = {zq4 = 0}. For po,p1 € W(T4,...,T;) N P there are unit vectors hg,hy € H
with
pi = ((Thhi, b)Yy oo (Tahiy ).
N——

=0

Now as already shown and used in [5], the set
L:={he H||h| =1 {Tsh,h)=0}
is path-connected. So there is a continuous path h; from hg to hqy in L, and

pt = (<T1ht7 ht>7 ey <Tdht; ht>)
———

=0

is thus a continuous path from py to p; in W(11,...,Ty) N P.

Now in the case codim(P) = 2 we can assume P = {z4_; = 0 Az4 = 0}. We repeat
the same argument, this times using that

L={he H||hll =1,{Ts1h,h) = (T4h, h) = 0}

is path connected. This was proven in [6] for the case that dim(H) > 3. O
We can now prove our main result:
Theorem 2.2. Ford > 2 and any Ty, ..., Ty € B(H)s, we have
cOV(T, ..., Ty)) <d— 1.
In case d > 3 and dim(H) > 3 we even have ¢ W(Ty,...,Ty)) < d— 2.
Proof. Let p € conv(W(T1,...,T,)). From [4, 2] we already know that
cW(Th, ..., Ty) < d,

thus p is a convex combination of d points from W(T1,...,Ty). Let P be an affine
hyperplane in R? containing all these points. Then p is already in the convex hull
of W(Th,...,Ty) N P. Since W(Ty,...,T;) N P is connected (Proposition 2.1) and
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lives in the (d — 1)-dimensional space P, we obtain ¢ (W(T},...,T;) N P) < d— 1,
again from [4, 2]. Thus p is a convex combination of at most d — 1 points from
WI(Ty, ..., Ty), which proves the first claim.

In case dim(H) > 3 we can iterate this argument once. Write p as a convex com-
bination of d — 1 many points from W(T3,...T;). These points live in an affine
subspace P of dimension d — 2, and since W(T7,...,Ty) N P is still connected by
Proposition 2.1, [4, 2] again implies that p is a convex combination of at most d — 2
elements from W(Ty,...,Ty). N

References

[1]  Y.H.Au-Yeung, Y.T.Poon: A remark on the convexity and positive definiteness
concerning Hermitian matrices, Southeast Asian Bull. Math. 3 (1979) 85-92.

[2] L.Bunt: Bijadrage tot de Theorie der Convere Puntverzamelingen, Dissertation,
Amsterdam (1934).

[3]  C.Carathéodory: Uber den Variabilititsbereich der Fourier’schen Konstanten von
positiven harmonischen Funktionen, Rend. Circ. Mat. Palermo 32 (1911) 193-217.

[4]  W.Fenchel: Uber Kriimmung und Windung geschlossener Raumkurven, Math. Ann.
101 (1929) 238-252.

[5] F.Hausdorff: Der Wertvorrat einer Bilinearform, Math. Zeitschrift 3 (1919) 314-316.

[6] Y.Lyubich, A. Markus: Connectivity of level sets of quadratic forms and Hausdorff-
Toeplitz type theorems, Positivity 1/3 (1997) 239-254.

[7] E.Steinitz: Bedingt konvergente Reihen und konvexe Systeme, J. Reine Angew.
Math. 143 (1913) 128-176.

[8] O.Toeplitz: Das algebraische Analogon zu einem Satze von Fejér, Math. Zeitschrift
2/1-2 (1918) 187-197.



