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This work studies a regularization procedure whose goal is the approximation of a solution to a
bilevel optimization problem where the lower-level problem is formulated as an optimal control
problem. This is done by regularizing the lower-level problem in such a way that an optimal
control to the regularized problem can be explicitly computed as a feedback of state and costate
functions. Convergence between the regularized problems and the original one is addressed: in
particular, it is shown that as the regularization parameter tends to zero, the upper-level objective
function computed on the optimal control to the regularized problem converges to the value function
associated with the original program. The analysis that is carried out partly relies on the hypothesis
that the lower-level problem admits a unique solution.
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1. Introduction

In many application models, specific parameters may be unknown, and estimating
them based on available measurements can be of significant interest, particularly in
industrial, biotechnological, and related fields. Such questions arise, for example,
in microbial ecology or resource allocation models, see, e.g., [20, 21]. The objec-
tive in these cases is to infer parameters describing microorganisms growth (such as
microalgae), under the key assumption that microorganisms maximise their growth
rate by using an optimal strategy for allocating resources (acquired through evo-
lution). Such questions naturally lead to the formulation of bilevel optimization
problems of the following form: at the upper level, the objective is to minimize the
discrepancy between observed and predicted values for parameter estimation, while
the lower-level involves solving an optimal control problem (OCP) [11, 20, 21, 22].
This paper focuses on bilevel optimization problems that exhibit precisely this struc-
ture. While such a framework may also emerge in the context of models subject to
uncertainties, our primary motivation here lies in optimization problems involving
unknown parameters to be identified, as in [21].
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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The framework under consideration is as follows. We consider a bilevel optimization
problem in which the upper level is a classical nonlinear programming problem, while
the lower-level consists of an optimal control problem. Bilevel optimization problems
have been extensively studied in the literature (see, e.g., [12, 13, 14, 34] among many
other related works) and are generally known to be quite involved. Notably, even
when both the upper and lower problems are linear, the bilevel formulation becomes
non-linear. This is because replacing the lower-level problem with its Karush-Kuhn-
Tucker conditions introduces complementarity constraints, which are inherently non-
linear [16, 15]. Additionally, when the lower-level problem admits multiple solutions,
bilevel formulations give rise to the distinction between optimistic and pessimistic
solution concepts [12]. In the context of bilevel problems involving an OCP at the
lower-level, several studies addressed the resulting issues both from theoretical and
practical perspectives (see, e.g., [11, 17, 21, 22, 32, 33]). In [21], the Levenberg–
Marquardt algorithm is implemented at the upper level and, at each iteration, a
direct method is used to numerically solve the lower-level OCP. A similar approach
is employed in [22]. In [11], bilevel optimization is studied by means of the dynamic
programming principle. Necessary optimality conditions in the form of a Pontryagin
Maximum Principle (PMP) [24] have also been developed in [32, 33] and, based on
the theory of multiprocesses [10], the articles [1, 2] also studies related issues.
In this work, we address this framework by introducing a regularization of the lower
OCP problem, yielding a bilevel optimization problem that approaches the original
one. First, we suppose that the lower-level OCP is written in the Mayer form
and that it is governed by a mono-input affine control system. Next, we consider
an augmentation of the dynamics which consists in the introduction of linearly
independent vector fields at the lower-level (see, e.g., [19, 27, 29, 30, 31]). Notably,
this approach provides an efficient way for solving approximately optimal control
problems that involve singular arcs and for which the optimal synthesis can be
involved. For instance [27] presents an elegant application of this method to a
problem featuring two competing turnpike-type singular arcs. With regard to the
regularized OCP, an optimal control can be explicitly expressed in terms of state
and costate functions thanks to the PMP. Next, we can evaluate the upper-level
objective function at a solution to this new problem. Our main result establishes
that, as the regularization parameter tends to zero, this value converges (up to a
sub-sequence) to the value function of the original bilevel problem. We also prove
that optimal solutions of the (regularized) lower-level OCP converge to an optimal
solution of the original lower-level problem. A key point is that we restrict ourselves
to optimistic solutions. Moreover, existence of an optimal solution (to the bilevel
problem) depends on either an assumption of uniqueness of the solutions to the
lower-level problem or on an assumption of stability of these solutions. The proof
of the main convergence result requires analogous hypotheses.
The paper is structured as follows. In Section 2, we introduce the bilevel problem and
we prove the existence of an optimistic solution. In Section 3, the regularization of
the lower OCP is introduced. Convergence results are provided in Section 4. We also
illustrate the effectiveness of this regularization technique on a bilevel optimization
problem arising in microbial resource allocation models [21, 20], where the upper-
level problem consists in recovering uncertain parameters. Finally, in the last section,
some perspectives are discussed.
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2. The bilevel optimization problem

In the sequel, ‖ · ‖Rd and · denote respectively the Euclidean norm and the inner
product in Rd for some d ∈ N∗. The open ball, resp. closed ball in Rd of radius r > 0
and of center x ∈ Rd is written B(x, r), resp. B[x, r]. Throughout the paper, T > 0
is fixed. We denote by AC([0, T ],Rd) the set of absolutely continuous functions
from [0, T ] with values in Rd. Moreover, for a smooth function f : Rd → Rd′

where d, d′ ∈ N∗, Df(x) and ∇f(x) stand respectively for the Jacobian and the
gradient of f at some point x ∈ Rd. Given a sequence of absolutely continuous
functions xn : [0, T ] → Rd, we say that (xn) strongly-weakly converges to x∗ over
[0, T ] if (xn) uniformly converges to x∗ over [0, T ] and (ẋn) weakly converges to ẋ∗
in L2([0, T ],Rd).
Throughout this paper, m, n, and N are fixed positive integers, Θ ⊂ Rm denotes a
non-empty compact subset, J : (Rn)N → R is a continuous function bounded below
and for each θ ∈ Θ, fθ : Rn → Rn and g1θ : Rn → Rn are vector fields of class C1.
The function ϕ : Rn → R is the terminal payoff and it is supposed to be of class
C1. We are also given N time instants (ti)1≤i≤N of [0, T ] such that 0 < t1 < t2 <
· · · < tN < T . The bilevel optimization problem under consideration is as follows :
the upper program is a classical non-linear programming problem involving J and
the lower one is a Mayer OCP governed by a mono-input affine control system for
which the set of admissible controls is U := {u : [0, T ] → [−1, 1] ; u meas.} and the
initial condition ξ ∈ Rn is fixed. The resulting problem can be written as follows:

minimize
θ∈Θ

J(xθ(t1), ..., xθ(tN)) (1)

subject to


xθ ∈ argmin

x∈AC([0,T ],Rn)

ϕ(x(T )) s.t.

ẋ(t) = fθ(x(t)) + u(t)g1θ(x(t)) a.e. t ∈ [0, T ],

x(0) = ξ and u ∈ U .

(2)

Remark 2.1. An example of a problem like (1)–(2) as in [21] consists in minimizing
a functional like

J(xθ(t1), ..., xθ(tN)) :=
N∑
i=1

‖xθ(ti)− yi‖Rn

at the upper level where (yi)1≤j≤N are given data and xθ is a solution to a Mayer
OCP governed by a mono-input affine control system in R3 describing a resource
allocation model, see Section 4.

Before going any further, let us underline the specificity of a bilevel optimization
problem like (1)–(2) and in which sense a solution has to be understood:
• The variable θ is called the leader and the variable xθ ∈ AC([0, T ],Rn) (the

unique solution to the Cauchy problem ẋ = fθ(x) + u(t)g1θ(x), x(0) = ξ associ-
ated with a given u ∈ U) is called the follower.

• If for a given value of θ, the lower-level problem does not admit a unique
solution, then, taking the minimum in the upper level problem is not well
defined, as there may be multiple solutions to (2).
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For this reason, we shall consider in this paper the optimistic position meaning that
the leader expects the follower to choose a solution which has the best objective
function at the upper level. For this purpose, let us define the multifunction

Ψo : Θ ⇒ AC([0, T ],Rn)

as Ψo(θ) := argmin
xθ∈AC([0,T ],Rn)

{J(xθ(t1), ..., xθ(tN)) ; xθ is a solution to (2)},

where θ ∈ Θ. A solution to the bilevel optimization problem has to be understood
as follows.

Definition 2.2. A pair (θ∗, xθ∗) ∈ Θ × AC([0, T ],Rn) is said to be a solution to
(1)–(2) if:

∀θ ∈ Θ, J(xθ∗(t1), ..., xθ∗(tN)) ≤ J(xθ(t1), ..., xθ(tN)), (3)
where for all θ ∈ Θ, xθ ∈ Ψo(θ).

Note that if (θ∗, xθ∗) is an optimal solution to (1)–(2), then, (xθ∗ , uθ∗) is a solution
to the OCP (2) with θ := θ∗. Throughout the paper, we suppose that the following
basic hypotheses are satisfied.
(H1) For every compact set K ⊂ Rn, there is LK ≥ 0 such that for all x ∈ K and

for all (θ, θ′) ∈ Θ2, one has
‖fθ(x)− fθ′(x)‖Rn ≤ LK‖θ − θ′‖Rn ; ‖g1θ(x)− g1θ′(x)‖Rn ≤ LK‖θ − θ′‖Rm

and (θ, x) 7→ fθ(x), (θ, x) 7→ g1θ(x) are continuous w.r.t. (x, θ).

(H2) There is a constant c ≥ 0 such that:
∀θ∈Θ, ∀x∈Rn, ‖fθ(x)‖Rn ≤ c(1 + ‖x‖Rn) and ‖gθ(x)‖Rn ≤ c(1 + ‖x‖Rn).

Since the control system in (2) is affine w.r.t. the input u and the admissible control
set [−1, 1] is compact, for every θ ∈ Θ, the OCP (2) has an optimal solution uθ ∈ U
and xθ stands for the unique solution to the Cauchy problem{

ẋ(t) = fθ(x(t)) + u(t)g1θ(x(t)) a.e. t ∈ [0, T ],

x(0) = ξ,
(4)

with u = uθ. Moreover, the set Aθ, defined as the set of admissible solutions to (4)
for arbitrary u ∈ U , is compact in AC([0, T ],Rn) under the strong-weak topology
by standard arguments. We refer for instance to [9, Theorem 1.11].

Lemma 2.3. (i) There is R ≥ 0 such that for every θ ∈ Θ and for every x ∈ Aθ,
one has: ∀t ∈ [0, T ], ‖x(t)‖Rn ≤ R.

(ii) For every θ ∈ Θ, Ψo(θ) is non-empty.

Proof. The first point follows from the linear growth hypothesis (H2). To prove
(ii), let (xnθ ) ∈ AN

θ be such that for every n ∈ N, xnθ is an optimal solution to (2),
and

J(xnθ (t1), ..., x
n
θ (tN)) → α := inf{J(xθ(t1), ..., xθ(tN)) ; xθ is a solution to (2)}.

as n → +∞. Since Aθ is compact, we may assume (up to taking a sub-sequence)
that (xnθ ) strongly-weakly converges to an admissible solution xθ to (4). Now, ϕ is
continuous, hence, xθ is an optimal solution to (2) as well.
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Moreover, by using the continuity of J , we deduce that

J(xθ(t1), ..., xθ(tN)) = α,

by letting n→ +∞. The result follows.

Since (H1)–(H2) is satisfied, we set L := LK where K := B[0, R]. We now turn to
the existence of a solution to the bilevel optimization problem. For this purpose, we
introduce the following hypotheses:
(H) For every θ ∈ Θ, the lower-level OCP (2) has a unique solution xθ ∈ Aθ.

(H’) For every (θ, xθ) ∈ Θ×Aθ such that xθ is optimal for (2), for every (θn) ∈ ΘN

converging to θ as n→ ∞, there is an optimal solution xθn to (2) with θ = θn
such that the sequence (xθn) strongly-weakly converges to xθ as n→ +∞.

Theorem 2.4. Under (H) or (H’), the bilevel optimization problem (1)–(2) has a
solution (θ∗, xθ∗).

Proof. Let us set α := infθ∈Θ{J(xθ(t1), ..., xθ(tN)) ; xθ ∈ Ψo(θ)}. There exists
(θn) ∈ ΘN such that for every n ∈ N, there is xθn ∈ Ψo(θn) such that

J(xθn(t1), ..., xθn(tN)) → α,

as n → +∞. Recall that for all n ∈ N, one has xθn(0) = ξ. Since Θ is compact, we
may assume that (θn) converges (up to a subsequence) to some θ∗ ∈ Θ. For every
n ∈ N, one can write for a.e. t ∈ [0, T ] :

ẋθn(t) = fθn(xθn(t)) + uθn(t)g
1
θn(xθn(t)) = fθ∗(xθn(t)) + uθn(t)g

1
θ∗(xθn(t)) + rn(t),

where
rn(t) := fθn(xθn(t))− fθ∗(xθn(t)) + uθn(t)(g

1
θn(xθn(t))− g1θ∗(xθn(t))).

Using Lemma 2.3, we deduce from (H1) that ‖rn‖L2([0,T ],Rn) → 0 as n → +∞.
Now, the velocity set associated with the control system ẋ = fθ∗(x) + u(t)gθ∗(x) is
a non-empty compact convex subset of Rn for every x ∈ Rn. Hence, we are in a
position to apply Theorem 1.11 from [9] about compactness of solutions to a control
system. We deduce that there exist u∗ ∈ U and an absolutely continuous function
x∗ : [0, T ] → Rn such that (x∗, u∗) satisfies x∗(0) = ξ and

ẋ∗(t) = fθ∗(x
∗(t)) + u∗(t)gθ∗(x

∗(t)) a.e. t ∈ [0, T ],

moreover, up to a subsequence, (xθn) strongly-weakly converges to x∗ over [0, T ].
Let us set x∗θ∗ := x∗, u∗θ∗ := u∗. We wish now to prove that the pair (x∗θ∗ , u

∗
θ∗) is a

solution to the lower problem (2) with θ := θ∗. For this purpose, note that for every
n ∈ N, one has:

ϕ(xθn(T )) ≤ ϕ(yn(T )), (5)
where yn is the unique solution to the Cauchy problem{

ẏn(t) = fθn(yn(t)) + u(t)gθn(yn(t)) a.e. t ∈ [0, T ],

yn(0) = ξ
(6)

for a given arbitrary u ∈ U .
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As previously, the preceding ordinary differential equation can be rewritten

ẏn(t)=fθ∗(yn(t))+u(t)gθ∗(yn(t))+fθn(yn(t))−fθ∗(yn(t))+u(t)(gθn(yn(t))−gθ∗(yn(t))),

for a.e. t ∈ [0, T ], so that by a similar argumentation as for proving the convergence
of (xθn) to x∗, we may assume that, up to a sub-sequence, (yn) strongly-weakly
converges over [0, T ] to an absolutely continuous function ỹ satisfying

˙̃y(t) = fθ∗(ỹ(t)) + ũ(t)gθ∗(ỹ(t)) a.e. t ∈ [0, T ],

for some ũ ∈ U . By letting n→ +∞ in (6), we obtain that ũ = u almost everywhere
over [0, T ] (note that the control u in (6) is independent on n). By passing to the
limit in (5), we deduce that ϕ(xθ∗(T )) ≤ ϕ(ỹ(T )) where ỹ is any admissible solution
to the control system ẋ = fθ∗(x) + u(t)gθ∗(x) (since u ∈ U is arbitrary).
Suppose now that (H) is satisfied. It follows that α := infθ∈Θ{J(xθ(t1), ..., xθ(tN))}
where xθ denotes the unique solution to (2) for any fixed value of θ ∈ Θ. From the
uniform convergence of (xθn) to xθ∗ , we get that α = J(xθ∗(t1), ..., xθ∗(tN)) which
ends the proof in this case.
Suppose now that (H’) is satisfied. Let us given an optimal solution x̃θ∗ ∈ Aθ∗ to (2)
with θ = θ∗. It follows that there is a sequence (x̃θn) ∈ AC([0, T ],Rn)N such that for
every n ∈ N, x̃θn is an optimal solution to (2) and such that (x̃θn) strongly-weakly
converges to x̃θ∗ as n→ +∞. Since

∀n ∈ N, J(xθn(t1), ..., xθn(tN)) ≤ J(x̃θn(t1), ..., xθn(tN)),

we obtain that xθ∗ ∈ Ψo(θ∗) and moreover that α = J(xθ∗(t1), ..., xθ∗(tN)) by letting
n→ +∞. This ends the proof.

Remark 2.5. In the bilevel context, supposing that the lower-level OCP has a
unique solution means that the response of the follower to the leader is unique and
it simplifies the approach since Ψo is a singleton. In our setting, this can be verified
for instance in the linear quadratic case, but, for a non-linear OCP like (2), we cannot
prove in general that the optimal solution is unique (typically if the problem has
symmetries). This question is related to the differentiability of the value function.
However, uniqueness can still be established for specific problems whose solutions
are concatenations of bang and singular arcs. This property is rather problem-
dependent. For instance, the problem analyzed in [23] admits a unique optimal
control of this form (this is proved using a clock form argumentation). Hypothesis
(H’) pertains to the closedness properties of the multifunction Ψo, which, to the best
of our knowledge, is a delicate question in our infinite dimensional setting. We refer
to [28] (and references herein) for sufficient conditions on the data defining a bilevel
problem that ensure the existence of a solution (in the optimistic or pessimistic
case).

At the lower-level, the PMP provides the following properties on a solution xθ∗ to (2)
with θ = θ∗ associated with some control uθ∗ ∈ U .



T. Bayen, F. Mairet / Approximation of Bilevel Optimization ... 603

Proposition 2.6. There is an absolutely continuous function pθ∗ : [0, T ] → Rn

(written as a row vector) such that{
ṗθ∗(t) = −pθ∗(t)Dfθ∗(xθ∗(t))− uθ∗(t)pθ∗(t)Dg

1
θ∗(xθ∗(t)) a.e. t ∈ [0, T ],

pθ∗(T ) = −∇ϕ(xθ∗(T ))⊤.
(7)

Moreover, if φθ∗(t) := pθ∗(t) · g1θ∗(xθ∗(t)) denotes the switching function, the Hamil-
tonian maximization condition in the PMP reads as follows:

uθ∗(t) = sign(φθ∗(t)),

for a.e. t ∈ [0, T ] such that φθ∗(t) 6= 0.

Recall that when φθ∗ is of constant sign over a time interval, the control has a bang
arc uθ∗ = +1 or uθ∗ = −1 (the number of switching times possibly being infinite)
whereas if φθ∗ vanishes over a time interval, then the control has a singular arc.
For more details about singular arcs, see e.g., [4, 5, 3]. The difficulty in analyzing
the lower-level OCP comes from the fact that we do not know the structure of an
optimal control so that the use of the PMP for studying the bilevel problem (1)–(2)
may not be suitable, that is why, a direct method was preferred in [21]. However, we
shall next see that this issue can be circumvented when considering a regularization
of the lower problem.

3. Regularization of the lower-level OCP

In order to regularize the lower-level OCP (2), we proceed as follows. Let us given
n − 1 arbitrary smooth vector fields g2, ..., gn : Rn → Rn (of class C1) and let us
consider the Cauchy problem ẋ(t) = fθ(x(t)) + u1(t)g

1
θ(x(t)) + ε

n∑
j=2

uj(t)g
j(x(t)) a.e. t ∈ [0, T ],

x(0) = ξ,

(8)

where (θ, ε) ∈ Θ×R∗
+ and admissible controls u := (u1, ..., un) are now with values

in the admissible control set Un defined as

Un := {u : [0, T ] → Rn ; u(t) ∈ B[0Rn , 1] for a.e. t ∈ [0, T ]}.

We suppose that the vector fields gj for 2 ≤ j ≤ n do not depend on θ ∈ Θ,
as they are not involved in the original problem, but only in the approximation
method. Nevertheless, they could depend on θ (which would not change our ap-
proach). Moreover, we suppose that they satisfy the following condition:
(H3) For every θ ∈ Θ and for every x ∈ Rn, span{g1θ(x), g2(x), ..., gn(x)} = Rn.
Note that (H3) implies that g1θ never vanishes. The existence of smooth vector fields
gi, 2 ≤ i ≤ n, can be established using arguments from differential geometry and
considering the orthogonal of g1θ(x) at each point x ∈ Rn. This hypothesis is crucial
in our approach (see also [29, 30]). Indeed, thanks to the Hamiltonian maximization
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condition in the PMP, we will be able to explicitly compute an optimal solution to
the regularized optimal control problem:

minimize
u∈Un

ϕ(x(T )) (9)

where x denotes the unique solution to (8) associated with u ∈ Un. Without any
loss of generality, we assume that the vector fields gi, 2 ≤ i ≤ n are bounded (this
avoids the blow-up phenomenon in (8)). Also, we are interested in letting ε ↓ 0,
hence, in the sequel, ε is taken in (0, 1]. Proceeding in the spirit of Lemma 2.3, and
after possibly increasing R ≥ 0, we may assume that for every θ ∈ Θ, for every
ε ∈ (0, 1], every admissible solution xθ,ε to (17) satisfies

∀t ∈ [0, T ], ‖xθ,ε(t)‖Rn ≤ R.

Since the control system is affine w.r.t. the input u and the admissible control set is
compact, for every (θ, ε) ∈ Θ× (0, 1], the OCP (9) has an optimal solution uθ,ε ∈ Un

and xθ,ε stands for the associated solution to the control system. Next, we denote
by Hθ,ε : Rn×Rn×Rn → R the Hamiltonian associated with this OCP and defined
as:

Hθ,ε(x, p, v) := p · fθ(x) + v1p · g1θ(x) + ε
n∑

j=2

vjp · gj(x),

for every (x, p, v) ∈ Rn × Rn × Rm and every (θ, ε) ∈ Θ× (0, 1].

Proposition 3.1. Fix (θ, ε) ∈ Θ × (0, 1] and let (xθ,ε,uθ,ε) be an optimal solution
to (9). There is an absolutely continuous function pθ,ε : [0, T ] → Rn (written as a
row vector) satisfying the (backward) adjoint system:{

ṗθ,ε(t) = −DxHθ,ε(xθ,ε(t), pθ,ε(t),uθ,ε(t)) a.e. t ∈ [0, T ],

pθ,ε(T ) = −∇ϕ(xθ,ε(T ))⊤.
(10)

Moreover, the optimal control uθ,ε is given by:
u1θ,ε(t) =

pθ,ε(t) · g1θ(xθ,ε(t))√
(pθ,ε(t) · g1θ(xθ,ε(t)))2 + ε2

∑n
k=2(pθ,ε(t) · gk(xθ,ε(t)))2

,

ujθ,ε(t) =
εpθ,ε(t) · gjθ(xθ,ε(t))√

(pθ,ε(t) · g1θ(xθ,ε(t)))2 + ε2
∑n

k=2(pθ,ε(t) · gk(xθ,ε(t)))2
,

(11)

for 2 ≤ j ≤ n and for almost every t ∈ [0, T ].

Proof. The existence of pθ,ε follows from the application of the PMP to (9). Addi-
tionally, the triplet (xθ,ε, pθ,ε,uθ,ε) satisfies the Hamiltonian maximization condition:

uθ,ε(t) ∈ argmax
ω∈B[0,R]

Hθ,ε(xθ,ε(t), pθ,ε(t), ω) a.e. t ∈ [0, T ],

that can be rewritten as follows: for a.e. t ∈ [0, T ], uθ,ε(t) is a solution to the linear
optimization problem under a convex constraint:

min
ω∈B[0Rn ,R]

Fθ,ε,t(ω) := ω1pθ,ε(t) · g1θ(xθ,ε(t)) + ε
n∑

j=2

ωjpθ,ε(t) · gj(xθ,ε(t)).
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If the minimum of Fθ,ε,t is achieved at some point ω in B(0Rn , R), then, one must
have ∇Fθ,ε,t(ω) = 0. This means that pθ,ε(t) should be orthogonal to g1θ(xθ,ε(t))
and to each vector gj(xθ,ε(t)) for 1 ≤ j ≤ n. Hence, using (H3), the vector pθ,ε(t)
should be zero, but, since the adjoint equation is linear w.r.t. the covector, pθ,ε is
necessarily identically equal to zero which is a contradiction. It follows that for
a.e. t ∈ [0, T ], uθ,ε(t) belongs to the boundary of B[0Rn , R]. To obtain (11), we use
the Hamiltonian maximization condition. For a fixed value of t, the optimal control
is a solution to an NLP1 where the cost is linear and the constraint set is B[0Rn , 1].
Since the optimal control takes its values on the unit sphere of Rn, (11) follows from
a direct application of the KKT conditions (see also [29, 30]).

Note that once (xθ,ε,uθ,ε) is fixed, the covector pθ,ε as defined by (10) is uniquely
defined (since no initial-terminal constraints are considered). This property is no
longer valid when such additional conditions on the the initial and terminal state
are considered. For technical purpose, we set for 2 ≤ j ≤ n:

ψ1(x, p) :=
p · g1θ(x)√

(p · g1θ(x))2 + ε2
∑n

k=2(p · gk(x))2
,

ψj(x, p) :=
εp · gjθ(x)√

(p · g1θ(x))2 + ε2
∑n

k=2(p · gk(x))2
,

(12)

so that from (12), u1θ,ε and ujθ,ε can be expressed in feedback form of state and costate
functions as follows:

u1θ,ε(t) = ψ1(xθ,ε(t), pθ,ε(t)) and ujθ,ε(t) = ψj(xθ,ε(t), pθ,ε(t)), (13)

for a.e. t ∈ [0, T ] and for 2 ≤ j ≤ n. The next proposition follows from the preceding
computations.

Proposition 3.2. Let (θ, ε) ∈ Θ× (0, 1] and consider an extremal (xθ,ε, pθ,ε, uθ,ε) of
(9) such that uθ,ε is an optimal solution to (9). Then, the state-adjoint system can
be written

ẋθ,ε(t) = fθ(xθ,ε(t)) + ψ1(xθ,ε(t), pθ,ε(t))g
1
θ(xθ,ε(t))

+ ε

n∑
j=2

ψj(xθ,ε(t), pθ,ε(t))g
j(xθ,ε(t)),

ṗθ,ε(t) = −pθ,ε(t)Dfθ(xθ,ε(t))− ψ1(xθ,ε(t), pθ,ε(t)) pθ,ε(t)Dg
1
θ(xθ,ε(t))

− ε

n∑
j=2

ψj(xθ,ε(t), pθ,ε(t)) pθ,ε(t)Dg
j(xθ,ε, (t)),

(14)

for a.e. t ∈ [0, T ], together with the mixed initial-terminal condition

xθ,ε(0) = ξ and pθ,ε(T ) = −∇ϕ(xθ,ε(T ))⊤. (15)

1 Nonlinear Programming Problem.
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Remark 3.3. Given (θ, ε) ∈ Θ× (0, 1], solving (14)–(15) amounts to the resolution
of a two-points boundary problem which can be achieved numerically by a shooting
method (see, e.g., [11] and references herein). For this purpose, let us denote by
(x̃θ,ε, p̃θ,ε) the unique solution to (14) such that x̃θ,ε(0) = ξ and p̃θ,ε(0) = p0 where
p0 ∈ Rn is a parameter. The indirect method consists in finding a zero of the
shooting function Sθ,ε : Rn → Rn where Sθ,ε is defined as:

Sθ,ε(p0) := ‖p̃θ,ε(T ) +∇ϕ(x̃θ,ε(T ))‖2Rn .

This can be done by a Newton-like’s method after finding an accurate guess of the
initial condition (via a direct method for instance [7]). In Section 4.1, the numerical
resolution of such a problem in the context of a resource allocation model is based
on [26].

4. Convergence analysis and numerical illustration

For any fixed ε ∈ (0, 1], the regularized bilevel optimization problem under consid-
eration reads as follows:

minimize
θ∈Θ

J(xθ,ε(t1), ..., xθ,ε(tN)) (16)

subject to



xθ,ε ∈ argmin
x∈AC([0,T ],Rn)

ϕ(x(T )) s.t.

ẋ(t) = fθ(x(t)) + u1(t)g
1
θ(x(t)) + ε

n∑
j=2

ujg
j(x(t)) a.e. t ∈ [0, T ],

x(0) = ξ and u ∈ Un.

(17)

Next, we write (xθ,ε,uθ,ε) an optimal pair to (17) where uθ,ε ∈ Un. As in Prob-
lem (1)–(2), we consider optimistic solutions. Hence, for ε ∈ (0, 1], let us define a
multifunction Ψo

ε : Θ ⇒ AC([0, T ],Rn) as:

Ψo
ε(θ) := argmin

xθ,ε∈AC([0,T ],Rn)

{J(xθ,ε(t1), ..., xθ,ε(tN)) ; xθ,ε is a solution to (17)},

where θ ∈ Θ. Moreover, let Aθ,ε denotes the set of admissible solutions to the
Cauchy problem in (17) where u ∈ Un. A solution to the above bilevel problem has
to be understood as follows.

Definition 4.1. A pair (θε, xθε,ε) ∈ Θ × AC([0, T ],Rn) is said to be a solution to
(16)–(17) if:

∀θ ∈ Θ, J(xθε,ε(t1), ..., xθε,ε(tN)) ≤ J(xθ,ε(t1), ..., xθ,ε(tN)), (18)

where for all θ ∈ Θ, xθ,ε ∈ Ψo
ε(θ).

Observe that if (θε, xθε,ε) is an optimal solution to (16)–(17), then, (xθε,ε,uθε,ε) is a
solution to the OCP (17) with θ := θε. By employing a similar argumentation as for
proving Proposition 2.4, one can show that for each ε ∈ (0, 1], Problem (16)–(17)
has an optimal solution (θε, xθε,ε) under one of the two following hypotheses:
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(Hε) For every (ε, θ) ∈ (0, 1] × Θ, the lower-level OCP (17) has a unique solution
xθ,ε ∈ Aθ,ε.

(H’ε) For every (θ, xθ) ∈ Θ×Aθ such that xθ is optimal for (2), for all ε ∈ (0, 1], there
is an optimal solution xθ,ε to (17) such that (xθ,ε) strongly-weakly converges
to xθ as ε ↓ 0.

Note that for every ε > 0, (xθε,ε,uθε,ε) is an optimal pair to the OCP (17) with
θ := θε. Our aim now is to relate solutions to (16)–(17) to a solution to (1)–(2) as
ε tends to zero. Since Θ is compact, we may assume (up to taking a subsequence)
that (θε) converges to θ∗ as ε goes to zero where θ∗ ∈ Θ. We start by examining
for a fixed value of the parameter θ ∈ Θ, the behavior of optimal solutions to the
lower-level problem (17) as ε ↓ 0 (see also [29, 30]).

Proposition 4.2. For every θ ∈ Θ, there is a pair (x∗θ, u
∗
θ) ∈ AC([0, T ],Rn) × U

where x∗θ is the unique solution to the Cauchy problem{
ẋ(t) = fθ(x(t)) + u∗θ(t)gθ(x(t)) a.e. t ∈ [0, T ],

x(0) = ξ,
(19)

such that, up to a sub-sequence, (xθ,ε) strongly-weakly converges to x∗θ as ε tends to
zero. Moreover, (x∗θ, u∗θ) is an optimal solution to (2).

Proof. Using the hyptheses (H2)–(H3), the sequence (xθ,ε) is uniformly bounded
w.r.t. ε in L∞([0, T ],Rn) and so is (ẋθ,ε). Since the velocity set associated with the
system (8) is convex, the existence of (x∗θ, u∗θ) as well as the strong-weak convergence
follows from the application of [9, Theorem 1.11]. Now, given an arbitrary u ∈ U ,
the augmented control u := (u, 0, ..., 0) belongs to Un so that by optimality of uθ,ε,
one has ϕ(xθ,ε(T )) ≤ ϕ(x(T )) where x is the unique solution to the Cauchy problem
ẋ = fθ(x) + u(t)g1θ(x), x(0) = ξ. By letting ε ↓ 0, we deduce that (x∗θ, u

∗
θ) is an

optimal solution to (2)

We now examine the convergence of an optimal sequence (θε, xθε,ε) to (16)–(17) to
a solution to the bilevel problem (1)–(2) as ε ↓ 0. For this purpose, let

α := inf
θ∈Θ

{J(xθ(t1), ..., xθ(tN)) ; xθ ∈ Ψo(θ)},

and let us introduce the following hypothesis:
(H”) Every solution xθ to (2) is the limit as ε ↓ 0 (for the strong-weak topology) of

a sequence (xθ,ε) ∈ AN
θ,ε such that for every ε ∈ (0, 1], xθ,ε is a solution to (17).

Our main result is as follows.
Theorem 4.3. Suppose that for every ε ∈ (0, 1], Problem (16)–(17) has a solution
(θε, xθε,ε). Then, there is (θ∗, xθ∗) ∈ Θ × Aθ∗ such that, up to a subsequence, (θε)
converges to θ∗, (xθε,ε) strongly-weakly converges to xθ∗ as ε ↓ 0, and xθ∗ is a solution
to (17). Furthermore, if either (H) or (H”) is verified, then, (θ∗, xθ∗) is an optimal
solution to (1)–(2) and J(xθε,ε(t1), ..., xθε,ε(tN)) → α as ε ↓ 0.

Proof. For every ε ∈ (0, 1], the control system satisfied by the pair (xθε,ε,uθε,ε) can
be written:



608 T. Bayen, F. Mairet / Approximation of Bilevel Optimization ...

ẋθε,ε(t) = fθε(xθε,ε(t)) + u1θε,ε(t)gθε(xθε,ε(t)) + ε

n∑
j=2

ujθε,ε(t)g
j(xθε,ε(t))

= fθ∗(xθε,ε(t)) + u1θε,ε(t)gθ∗(xθε,ε(t)) + r̃ε(t),

where for a.e. t ∈ [0, T ], r̃ε(t) is defined by:

r̃ε(t) := fθε(xθε,ε(t))− fθ∗(xθε,ε(t)) + u1θε,ε(t)(gθε(xθε,ε(t))− gθ∗(xθε,ε(t)))

+ ε

n∑
j=2

ujθε,ε(t)g
j(xθε,ε(t)).

Due to (H1), one has ‖r̃ε‖L2([0,T ],Rn) → 0 as ε ↓ 0. Note that for every ε ∈ (0, 1],
the control u1θε,ε satisfies |u1θε,ε(t)| ≤ 1 for every ε ∈ (0, 1] and a.e. t ∈ [0, T ]. From
[9, Theorem 1.11], there is uθ∗ ∈ U such that, up to a sub-sequence, (xθε,ε) strongly-
weakly converges to xθ∗ over [0, T ] where xθ∗ denotes the unique solution to
ẋ = fθ∗(x) + uθ∗(t)g

1
θ∗(x), x(0) = ξ. Now, xθε,ε is by definition a solution to the

lower-level OCP (17). Let us then consider the control (u, 0, ..., 0) ∈ Un where u ∈ U
is arbitrary. Obviously, one has ϕ(xθε,ε(T )) ≤ ϕ(x(T )) where x is the unique so-
lution to the Cauchy problem ẋ = fθ(x) + u(t)g1θ(x), x(0) = ξ over [0, T ]. Letting
ε ↓ 0 proves that xθ∗ is a solution to (2).
Suppose now that (H) is fulfilled. Since for every ε ∈ (0, 1] and for every θ ∈ Ψo

ε(θ),
one has

J(xθε,ε(t1), ..., xθε,ε(tN)) ≤ J(xθ,ε(t1), ..., xθ,ε(tN)), (20)

letting ε ↓ 0 gives us: J(xθ∗(t1), ..., xθ∗(tN)) ≤ J(xθ(t1), ..., xθ(tN)), (21)

where (xθ) is the uniform limit of (xθ,ε) as ε ↓ 0. Now, xθ,ε is a solution to the
lower problem (17), so, for every u ∈ U , ϕ(xθ,ε(T )) ≤ ϕ(x̃θ,ε(T )) where x̃θ,ε is
the unique solution to the regularized control system associated with the control
(u, 0, ..., 0) ∈ Un. So, letting again ε ↓ 0, we deduce that for every u ∈ U , one has
ϕ(xθ(T )) ≤ ϕ(x(T ))) where x denotes the unique solution to the Cauchy problem
ẋ = fθ(x) + u(t)g1θ(x), x(0) = ξ. Hence, xθ is the unique solution to (2). If we
combine the preceding property with (21), we deduce that (θ∗, xθ∗) is an optimal
solution to the bilevel optimization problem (1)–(2).
Suppose now that (H”) is fulfilled and let xθ ∈ Ψo(θ) and (xθ,ε) as in (H”). Since
(θε, xθε,ε) is optimal for (16)–(17), we have (20) so that letting ε ↓ 0 gives us (21).
As xθ ∈ Ψo(θ) is arbitrary, this proves that (θ∗, xθ∗) is optimal for (16)–(17).
Finally, under (H) or (H”), (θ∗, xθ∗) is optimal, and in conclusion we deduce that
α = J(xθ∗(t1), ..., xθ∗(tN)). By the uniform convergence of (xθε,ε) to xθ∗ as ε ↓ 0, we
obtain that J(xθε,ε(t1), ..., xθε,ε(tN)) → α as wanted. This ends the proof.
Remark 4.4. As for proving the existence of a solution to the bilevel optimization
problem (1)–(2) or to (16)–(17), it is not evident to bypass the hypothesis that the
lower-level problem has always a unique solution. We observe that (H”) is in the
same spirit as (H’) and that it concerns only the original problem. It would be
interesting to explore more into details if for any fixed value of θ ∈ Θ, any optimal
trajectory of the lower-level OCP can be approached by an optimal solution to the
regularized lower problems as ε ↓ 0.
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Recall that uθ∗ (the optimal control associated with xθ∗) is a concatenation of bang
arcs (for which uθ∗(t) = +1 or uθ∗(t) = −1 depending on the sign of the switching
function) and singular arcs (for which uθ∗ is with intermediate values in [−1, 1]) and
that the number of switchings of the control can be infinite. We have the following
property related to convergence of optimal controls at the lower-level.

Corollary 4.5. Under the hypotheses of Theorem 4.3, suppose that uθ∗(t) = +1 for
almost every t in some time interval [t1, t2] ⊂ [0, T ]. Then, one has u1θε,ε(t) → uθ∗(t)
for a.e. t ∈ [t1, t2].

Proof. Recall that for a.e. t ∈ [0, T ] such that φθ∗(t) 6= 0, one has:

uθ∗(t) =
pθ∗(t) · g1θ∗(xθ∗(t))
|pθ∗(t) · g1θ∗(xθ∗(t))|

,

and that (xθε,ε) strongly-weakly converges to xθ∗ as ε ↓ 0. Moreover, the sequence
of covectors (pθε,ε) satisfies the following properties:
• (pθε,ε) is uniformly bounded in L∞([0, T ],Rn) (this follows from the adjoint

equation, the boundedness of admissible controls, and the fact that the se-
quence (∇ψ(xθε,ε(T ))) is uniformly bounded w.r.t. ε) ;

• The velocity set associated with the adjoint equation is linear since the state-
adjoint system is affine w.r.t. the control.

Hence, up to taking a sub-sequence, we may assume that there is p ∈ AC([0, T ],Rn)
such that, (pθε,ε) strongly-weakly converges to p over [0, T ]. Moreover, by taking
the limit as ε ↓ 0 in the state-adjoint system, one can see that p satisfies (7), hence,
p = pθ∗ over [0, T ]. Recall that (g1θε) uniformly converges to gθ∗ over B[0, R] as ε ↓ 0.
From the uniform convergence over [0, T ] of (xθε,ε, pθε,ε) to (xθ∗ , pθ∗) as ε ↓ 0, we
deduce that:

u1θε,ε(t) = ψ1(xθε,ε(t), pθ,ε(t)) →
pθ∗(t) · g1θ∗(xθ∗(t))
|pθ∗(t) · g1θ∗(xθ∗(t))|

= sign(φθ∗(t)) a.e. t ∈ [t1, t2],

as ε ↓ 0, which ends the proof.

Remark 4.6. If the solution uθ∗ to the lower-level problem in (1)–(2) has a singular
arc over a time interval [t1, t2], convergence of optimal controls almost everywhere is
no longer valid since t 7→ pθ∗(t) · g1θ∗(xθ∗(t)) vanishes over [t1, t2]. Nevertheless, weak
convergence of (uθε,ε) to uθ∗ in L2([0, T ],R) remains [29, 30].

4.1. Illustration of the regularization technique on a bilevel problem

We wish now to illustrate our methodology on a concrete example arising in the field
of microbial resource allocation models. Our objective is to approach a solution to
a bilevel optimization problem by a solution to its regularized version for a (fixed)
small value of the parameter ε > 0. This means that we will solve (16)–(17) for
some value of ε > 0 in this biological context.

1. Presentation of the model. Let us introduce the microalgae model borrowed
from [21, 20]. For more details on the modeling part, we refer to these articles and
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references herein. The resource allocation problem we consider is as follows

min
|u(·)|≤1

z(T ) s.t.


ċ = kp

pI

K + pI
(1− c)− kRc(1− c− p), c(0) ∈ (0, 1),

ṗ =
(1 + u(t))

2
kRc(1− c− p)− kP

p2I

K + pI
, p(0) ∈ (0, 1),

ż = − kppI

K + pI
, z(0) = 0.

(22)

Here, (c, p) are state variables and z is an auxiliary state to recast the original
Lagrange problem in [21] into a Mayer problem. Note that the original control is
v ∈ [0, 1] that we have written v = 1+u

2
with u ∈ [−1, 1]. The parameter I > 0 stands

for light intensity. The parameter θ := (K, kR, kp) to be determined so that the
optimal solution of (22) fits experimental data is with values in Θ := I1×I2×I3 where
for i = 1, 2, 3, Ii ⊂ R∗

+ is a non-empty compact interval. Given measurements of the
state variables at the instants ti, 1 ≤ i ≤ N , this leads to the bilevel optimization
problem

minimize
θ∈Θ

N∑
i=1

((cθ(ti)− c̃i)
2 + (pθ(ti)− p̃i)

2),

where (cθ, pθ, zθ) is an optimal solution to the above OCP and c̃i, p̃i are given data
at the instants ti ∈ [0, T ]. If we set x := (c, p, z), the control system can be rewritten

ẋ = fθ(x) + u(t)g1θ(x),

where fθ, g1θ : R3 → R3 are given by the resource allocation model (note that fθ
and g1θ are of class C∞ over Ω × R− with Ω := {(c, p) ∈ [0, 1] × [0, 1] ; c + p ≤ 1}
representing the invariant domain for the dynamics). Since the control variable u
appears only in the second component of the controlled vector field g1θ , we may set
g2(x) := (1, 0, 0)⊤ and g3(x) := (0, 0, 1)⊤ without any loss of generality, so that the
regularized control system writes:

ẋ = fθ(x) + u1(t)g
1
θ(x) + εu2(t)g

2(x) + εu3(t)g
3(x),

together with the control constraint u21 + u22 + u23 ≤ 1. Also, g2 and g3 are constant,
so, the adjoint equation becomes

ṗθ,ε(t) = −pθ,ε(t)Dfθ(x(t))− u1(t)pθ,ε(t)Dg
1
θ(x(t)) a.e. t ∈ [0, T ],

together with the terminal condition pθ,ε(T ) = (0, 0,−1)⊤.

2. Resolution of the lower OCP. In the context of (22), Figure 1 depicts for a
fixed value of the parameter θ ∈ Θ an optimal solution to the lower-level OCP (2) as
well as solutions to the lower-level OCP (17) for small values of the parameter ε > 0.
The solution of (2) is obtained via a direct method [6] whereas the resolution of (17)
is done via an indirect method solving the two-points boundary value problem given
by (14) in this setting. Simulations have been carried out with Julia (v1.11.4)
using the OptimalControl.jl [6] and DifferentialEquations.jl [26] packages
to solve respectively the OCP (2) and the OCP (17). Following Proposition 4.2,
regularized trajectories converge to the solution of the original lower problem which
is of type bang-singular-bang with two switching times [21].
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Figure 1: Optimal solutions to the lower OCP (17) obtained for small val-
ues of ε > 0 via an indirect method which consists in solving the boundary
value problem (14) in the case of the resource allocation problem. The
bang-singular-bang solution to the lower OCP (2) is obtained via a direct
method.

Figure 2: Bilevel optimization problem to represent microalgae dynamics
in response to a light upshift. The trajectory obtained as a solution of the
bilevel problem fits relatively well the experimental data from [25]. The
x-axis represents time (in days d), while the y-axis shows the variables p
and the cellular growth rate µ.

3. Approximation of the bilevel problem. We now search the parameter
values such that an optimal solution to the lower problem fits a given data set. For
this purpose, we consider the experiment of [25] with the microalgae Thalassiosira
weisflogii, in which the chlorophyll content (an indicator of the variable p) and the
cellular growth rate µ := kRc(1−c−p)/(1−c) were measured after a light upshift [21].
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The bilevel problem (16)–(17), modified to consider the available measurements, is
solved for ε = 0.01 using the Nelder-Mead method with the NLopt.jl package
for the upper problem [18], while solving the lower-level OCP (17) via an indirect
method using DifferentialEquations.jl package. In conclusion, the resulting
optimal trajectory is in relatively good agreement with the experimental data, see
Figure 2. We also obtained as a solution an optimal value of the parameter θ, namely
θ∗ = (86.3, 5.30, 2.31) (in µmol ·m−2s−1 × d−1 × d−1).

5. Concluding remarks
In this paper, we have introduced a classical regularization procedure to approach
solutions to a bilevel optimization problem involving an OCP at the lower-level.
The primary novelty lies in applying this technique (originally developed for opti-
mal control) within a bilevel optimization framework, with a focus on computational
aspects. Moreover, the technique we employ, which is based on the indirect method
in optimal control, differs from other approaches that solve the lower-level problem
via a direct method. A key advantage of the indirect method after regularization is
that it provides an exact expression for the optimal control, whereas without regu-
larization techniques, one needs to know the optimal control’s structure in advance.
Note that we can also expect the regularized lower-level OCP to have a unique
solution (although we do not have a certificate for this).
The convergence of the resulting approximated problem has been obtained in a sim-
ple framework with a single input and no mixed initial-terminal constraint. More-
over, we have presented a concrete case study to validate our approach. It could
be possible to extend our methodology to the more general case where the lower
OCP is with multiple inputs, a free terminal time, and with mixed initial-terminal
constraints. Note that this regularization technique applies only to affine control
systems w.r.t. the inputs which already cover a large class of application models in
several fields such as in mechanics or in biology where the control enters linearly
into the system.
One of the primary concerns in this bilevel problem is that the optimal control
problems (at the lower-level) may have multiple solutions since they are non-convex
and non-linear w.r.t. the state. It follows that, at the upper level, the evaluation of
the cost function may not necessarily lead to the minimal value among all possible
optimal solutions. We supposed that either the solution at the lower-level is unique
(which is a standard assumption in the bilevel setting) or that optimal solutions to
the original lower-level OCP can be approached by optimal solutions to the regular-
ized ones. A deeper insight into the question of uniqueness of optimal controls for
Mayer OCP governed by affine control systems w.r.t. the input could be addressed
as well an examination whether optimal solutions to the non-perturbed lower-level
OCP can be approached by optimal solutions to the regularized OCP. Such issues
could deserve further developments in the context of bilevel optimization involving
an OCP at the lower-level.
Acknowledgments. We are grateful to A. Rapaport, and to J. Salomon for fruitful
discussions on the subject.
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