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We approach the problem of finding the zeros of a continuous and monotone operator through a
second-order dynamical system with a damping term of the form 1/t", where r € [0,1]. The system
features the time derivative of the operator evaluated along the trajectory, which is a Hessian-driven
type damping term when the governing operator comes from a potential. Also entering the system is
a time rescaling parameter 3(¢) which satisfies a certain growth condition. We derive o(1/(2"3(t)))
convergence rates for the norm of the operator evaluated along the generated trajectories as well as
for a gap function which serves as a measure of optimality for the associated variational inequality.
The parameter r enters the growth condition for 8(¢): when r < 1, the damping 1/¢" approaches
zero at a slower speed than Nesterov’s 1/t damping; in this case, we are allowed to choose §(t) to
be an exponential function, thus having linear convergence rates for the involved quantities. We
also show weak convergence of the trajectories towards zeros of the governing operator. Through
a particular choice for the operator, we establish a connection with the problem of minimizing
a smooth and convex function with linear constraints. The convergence rates we derived in the
operator case are inherited by the objective function evaluated at the trajectories and for the
feasibility gap. We also prove weak convergence of the trajectories towards primal-dual solutions
of the problem.

A discretization of the dynamical system yields an implicit algorithm that exhibits analogous
convergence properties to its continuous counterpart.

We complement our theoretical findings with two numerical experiments.
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1. Introduction
1.1. Problem statement and motivation

In the setting of a real Hilbert space H and a monotone and continuous operator
V :H — H, we study the following problem:

find z, € H such that V(z,) = 0. (1)

It is simple to see that the continuity and monotonicity of V' ensure that z, satisfies

1) if and only if
(1) if and only i (z —2,V(2)) >0 VzeH. (2)

One of the principal motivations to study the monotone inclusion (1) comes from
minimax problems. Indeed, consider

i o 3
min max &(z, y), (3)

where X', Y are real Hilbert spaces and ®: X x Y — R is continuously differentiable,
convex in the first variable and concave in the second one. Solutions to (3) are saddle
points of ®: that is, a pair (z,,y.) € X x ) such that

O(zy,y) < P(x4,y) < O(z,9.) V(x,y) € X X ).

{qu)(x*,y*) =0,

This is equivalent to
-V, @(z.,y.) =0,

and this is nothing else than a monotone inclusion problem involving the monotone
and continuous operator V : X x Y — X x ) given by

V(z,y) = (VxCID(a:,y), —VyCID(:c,y)).
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Formulations (1) and (3) underlie numerous problems in different fields, such as
optimization, economics, game theory, and partial differential equations, and are
of particular interest to the machine learning community: for example, they play
a fundamental role in areas such as multi-agent reinforcement learning [17], robust
adversarial learning [16] and generative adversarial networks (GANs) [9, 13]. An
interesting example of (3), upon which we will elaborate further later, is linearly
constrained convex minimization. More precisely, let us consider

min f (), subject to Az =b, (4)

where f : X — R is convex and continuously differentiable, b € Y and A: X — )
is a bounded linear operator. Associated to (4) is the Lagrangian £ : X x Y — R
given by

L(z,\) = f(x) + (\, Az —b).

Primal-dual solutions to (4), that is, pairs (z4, As) € X x ) which satisfy

Vf(z.) + AN, =0,
b— Ax, =0

are precisely the saddle points of L, i.e., the zeros of the monotone and continuous
operator

Ve, \) = (Vwﬁ(x,/\), —VAE(:E,A)> - (Vf(:c) FA N D — Ax). (5)

Attached to (1), we will investigate the asymptotic properties of the trajectories
generated by a certain second-order dynamical system. The system features a van-
ishing damping of the form &, where r € [0, 1], which approaches zero more slowly
than Nesterov’s classical ¢ when r < 1. This is combined with the time derivative of
the operator evaluated along the trajectory, which is also known as a Hessian-driven
damping term when V' is the gradient of a continuously differentiable function. The
convergence behaviour of the solutions is greatly affected by the presence of a time
rescaling parameter ((t) which is positive, nondecreasing, and continuously differen-
tiable, and needs to satisfy a certain growth condition. For the generated trajectory
2(t), we will derive rates of convergence of o(1/(t*" 3(t))) for ||V (z(t))| and for the
restricted gap function associated to (2) as ¢ — 4+00. When r < 1, we are allowed
to choose f(t) such that [((t) grows exponentially with time; such a choice is not
possible when r = 1, i.e., when we take Nesterov’s damping. We will also show weak
convergence of z(t) towards a zero of V as t — +o0.

When V is chosen to be (5), we recover a primal-dual system formulated in the
spirit of He et al. [15]. However, it differs in the sense that our primal-dual system
includes a Hessian-driven damping term. For the generated primal-dual trajectory
(z(t), A(t)), we will show convergence rates of o(1/(t*"3(t))) for the functional val-
ues along the primal trajectory, the primal-dual gap formulated in terms of the
Lagrangian £, and for the feasibility gap which gauges how far the generated primal
trajectory is from the constraints. Additionally, we will furnish the weak conver-
gence of (x(t), A(t)) towards a primal-dual solution of the minimization problem as
t — +00.
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A temporal discretization of our system will produce an implicit algorithm that
mimics the convergence properties of the continuous time system. If (5;)r>1 is a
positive, nondecreasing sequence which satisfies an analogous growth condition to
the continuous one, and (z¥);>; are the iterates generated by the algorithm, we
will produce convergence rates of o(1/(k* 8)) for ||V (2*)|| and for the discrete gap
function associated to (2) as k — 4o00. Similar to the continuous case, r < 1 allows
us to choose [ such that f; grows exponentially as & — +oo. Furthermore, we will
show that the iterates converge weakly to a zero of V.

1.2. Previous and related continuous time systems

In the last years, there have been many advances in the study of continuous time
systems attached to monotone inclusion problems. We briefly visit them in the
following paragraphs.

Extending the Heavy ball with friction dynamics introduced by Alvarez in [1] for
unconstrained minimization, Alvarez and Attouch [2] and Attouch and Maingé [5]
studied the dynamics

Z(t) + pi(t) + A(z(t)) =0, (6)
where A: ‘H — H is a A-cocoercive operator and p > 0. The authors showed that
under the assumption A\pu? > 1, a solution to (6) weakly converges to a zero of A.
Recall that for a maximally monotone (but not necessarily single-valued) operator
A:H — 2™ its Yosida approximation of index A > 0 is given by

Ay =~ (1d =Jya),

> =

where Jy4 1= (Id +)\A)71 is the resolvent of NA. The operator A, is single-valued,
A-cocoercive, and shares the same set of zeros of A. Therefore, if A > 1, then any

solution to
Z(t) + pz(t) + Ax(2(t)) = 0
weakly converges to a zero of A.

Related to (6), Bot and Csetnek [10] studied the system
2(t) + v ()2(t) + v(H)A(2(1) = 0, (7)

where A: H — H is again A-cocoercive. Under the assumption that v and v are
locally absolutely continuous, §(t) < 0 < ©(t) for almost every ¢ € [0,400) and

inf;>o 71/2((:)) > %, the solutions to this system converge weakly to zeros of A.

Linked with the Newton and Levenberg-Marquardt methods, in [8] Attouch and
Svaiter studied the following first-order differential inclusion:

{v(t) € A(z(1)),

£(t) + B()o(t) + Bt)o(t) =0, (8)

where A : H — 2" is maximally monotone and f3 is positive and locally absolutely
continuous. Under the assumption sup,s % < 1, the authors proved that the
solutions to this system converge weakly to zeros of A.
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Ever since the landmark work by Su et al. in [19], where the authors provided a
continuous time counterpart of Nesterov’s accelerated gradient algorithm, including
a damping term ¢ attached to the velocity has been widely successful in having
an accelerating behaviour for convex minimization problems in the unconstrained
(see, for example, Attouch et al. [7]) and linearly constrained settings (see He et al.
(14, 15], Zeng et al. [20], Attouch et al. [3], Bot and Nguyen [12]). Interestingly, the
effects of this vanishing damping go beyond the optimization setting: for A : H — 2%
maximally monotone and t > ¢, > 0, in [6] Attouch and Peypouquet addressed the
Nesterov-like system

5(t) + Z2() + Ao (2(8) = 0,

where a > 1 and A\(t) = O(#?) as t — +o00. Solutions to this system converge weakly
to zeros of A. Furthermore, a solution ¢ — z(t) to this system is shown to satisfy
the convergence rates

1

lzol=0(3). Iz

as t — +oo.

=0(4) ad Ao =o(s) ©

Later, Attouch and Lészl6 [4] introduced a Hessian-driven damping term to the
previous system

B(8) + L2 + €5 (A (=(1)) + Ax (2(8)) = 0, (10)

where & > 0. Through a more involved Lyapunov analysis, they proved that the
rates (9) are preserved. Moreover, they showed that for & > 0

Il =0 (7). and |2 (AwGo)| =0 (%)

as t — +oo. Numerical experiments ran in [4] also show that for £ = 0 the tra-
jectories z(t) show an oscillatory behaviour, while for £ > 0 these oscillations are
attenuated.

For a continuous and monotone operator V' : H — H and t > ¢, > 0, Bot et al. [11]
considered the second order dynamics

1

A+ 220 + BO LV D) + 5 (O + 280 V@) =0, (1)

where a > 0 and (3 is positive, nondecreasing and continuously differentiable. As-
suming « > 2 and the growth condition

sup 1B(t) <a-—2, (12)

>ty B(t)

for z. a zero of V and ¢t — z(t) a solution to the authors produce the convergence
rates

1 1

0 =0 (3) eI =0 () ad 0= VE0) =0 ()

as t — +o0o. Furthermore, the trajectories converge weakly to zeros of V.
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1.3. Our work

In the context of linearly constrained convex minimization, for a primal-dual system
like that in Zeng et al. [20], Attouch et al. [3] considered a vanishing damping term
of the form % + % while He et al. [15] measured the effects of a term %. In both
cases, the choice r < 1 allowed the authors to derive exponential rates of convergence
for the primal-dual gap. We wanted to see if this influence carries over to a more
general setting of a continuous and monotone operator V: H — H. In the following,
we state the system and the hypotheses on its parameters, which will be assumed

throughout Section 2.

Continuous time scheme: for ¢t > ¢, > 0, we will study the asymptotic
properties of the solutions to

B(1) + D2 + 08 B() SV (=() + BV (2(1) = 0. (13)
Here, r € [0,1], and «, 8 > 0 are taken as follows:

« Ifr€0,1), then 2 < 6;

. If?"zl,theno%rl§9<%.

B : [to, +00) — (0, +00) is a continuously differentiable and nondecreasing func-
tion which satisfies the following growth condition:

r(B@) 2r) _ 1
f;ltyo)t (ﬁ(t) + t) <3 (14)

For z, an arbitrary zero of V and ¢ +— z(t) a solution to (13), we will show that

1 1 1

IV = o g )+ (200 = 2 V) = o g ) and 1200 = o(5)

as t — 400, where p =0 or p=1if r =0 or r = 1 respectively, and p € (0,r) when
r € (0,1). This allows us to get as close to the state-of-the-art rates as possible: if
we assume that z(¢) is bounded when r € (0,1), we are able to plug p = r. The
weak convergence of z(t) towards a zero of V' can be guaranteed in the cases r = 0
and r = 1, and in the case r € (0, 1) provided z(t) is assumed bounded.

Remark 1.1. When r < 1, the growth condition (14) holds if for some 0 < § < 3
the following differential equation is fulfilled by 3:

P (B 20\ _ 1
t(ﬂ(zﬁ)+t)_6 5 Vit >t

A solution to this equation is

= o (4-3) £)

1—r

In consequence convergence rates of o(exp(—(3 — ) —=")) are attained for ||V (2(t))|
and (z(t) — 2z, V(2(t))) as t — +o0.
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To our knowledge, this is the first time such fast rates are achieved in the general
context of equations governed by monotone and continuous operators. [

A discretization of (13) yields an implicit algorithm, which has analogous conver-
gence properties to its continuous counterpart. We will only consider r € (0, 1].

Discrete time scheme: let 2°, 2! be initial points in H. We iteratively define
forallk >1

K+l . _k k" ko _k—1y 0k Br—1 K1y k]
+ a_rkr—1+(k+1)r (Z Z ) a_rk.r—l_i_(k_i_l)r V(Z ) V(Z )

of [k + 12— wr] — 20w} a0
N a—rkmt+ (k+ 1)

BV (5. (15)

Here, r € (0,1], o, 0 > 0 are taken as follows:
« Ifr€(0,1), then 2 < 6;
. If'r’zl,thena%rl§6<%‘.

The sequence (5 )k>0 is positive, nondecreasing, and it satisfies

r (B — Br—1 2r 1
e+ ) < = 16
]?;l]g ( B t k ) 260 ( )

for some positive integer k.

For z, an arbitrary zero of V and (2*)>0 given by (15), we will prove that

IV = 0 )» = 2 VR = o ggrg ) and || = 21 = o)

as k — +oo, where p = 1 if r = 1, and p € (0,7) when r € (0,1). Like in
the continuous case, this allows us to get as close to the state-of-the-art rates as
possible: if we assume that (2%)g>o is bounded when 7 € (0, 1), we are able to plug
p = r. The weak convergence of (2¥);>¢ towards a zero of V can be guaranteed in
the cases 7 = 0 and r = 1, and in the case r € (0,1) provided (2*);>¢ is assumed

bounded.

Remark 1.2. Similar to the continuous case, when r € (0,1), we will later show
that for some 0 < 6 < % the sequence

B = % ()5 k> ky

fulfills the discrete growth condition (16). A convergence rate of
0 (e*%*‘;) kllj)

is hence exhibited by ||V (z*)| and (2% — z,, V(2*)) as k — +o00. To our knowledge,
this is the first time such fast rates have been achieved in the general context of
implicit algorithms governed by monotone and continuous operators.
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2. Continuous time system
2.1. Convergence rates and weak convergence of trajectories

Energy function: to analyze the asymptotic properties of the solutions to (13),
we will make use of the following energy function:

&@y:ﬂpﬁwr(w—z9+2w<)+9wwmwvg@ﬂf (17)
+ 22 T)(a = A) [|2() = 27 (18)
%-2A95”6(ﬂ<Z() 2, V(2(1))) (19)
+ Lp0m 820V ()] (20)

Here, p and A are taken as follows:
e Ifr=0,then0 <A< aand p=r=0;
e If r€(0,1),then0 <A< aand 0 < p<r;
e Ifr=1,then0<A<a—-landp=r=1

Theorem 2.1. Suppose that a,0 > 0, r € [0,1] and that 5 : [ty, +00) — (0, +00)
satisfy the assumptions laid down in subsection (1.3). Let t — z(t) be a solution to

(13) and let z, be a zero of V.. Consider the following convergence rates ast — +00:
1
Hv@@»ﬂ_ogﬁww)xdw—aﬁddw»—o(%%@)7

1
Dll=o(5). @
The following statements are true:

(i) If r € (0,1), the above rates hold for p € (0,7). Furthermore, if t — z(t) is
bounded, then these rates hold for p =r.

1

(ii) If r =0 orr =1, thent — z(t) is bounded; moreover, the above rates hold for
p=0 (ifr=0)and forp=1 (ifr =1).

(iii) Ifr =0 orr=1or (r € (0,1) and t — z(t) is bounded ), then z(t) converges
weakly to a zero of V ast — +o00.

Proof. Let us first briefly describe the idea of our proof to help the readers follow
it more easily.

Sketch of the proof. We start with the energy function £,(t). By carefully
examining its derivative, we can show that for some situations &,(t) is eventually
nonincreasing and thus bounded. Notice that the energy function can be decom-
posed into four smaller parts (lines (17)—(20)) which will be respectively denoted
by &, with ¢ = 1,2,3,4. We will compute their time derivatives separately, and
after some preliminary estimates, we see that %5 \(t) is bounded from above by ei-
ther nonpositive terms or terms that can be combined to become nonpositive after
completing the square.

From here, we can deduce the convergence rates as in (21) by considering different
scenarios. For the critical cases r = 0 and r = 1, we can further show that the
trajectories are bounded.
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Finally, by utilizing the Opial’s lemma A.5, we can show that the trajectories z(t)
converge weakly to a zero of V as t — +o00, provided that it is bounded. In order
to do that, we need to produce in addition some integrability results and show that
E\(t) converges for more than one value of .

Deriving the convergence rates (21). First of all, notice that £,(t) is eventually
nonnegative. Indeed, go back to line (18). If r € [0,1), then 0 < A < « together
with the fact that "' — 0 as t — +oo gives a — (2p — r)t""1 — X\ > 0 for large
enough t. If r =1, then a — (2p — )" ' = A =a — 1 — X > 0 by assumption. To
carry out the proof, we compute the time derivative of £, at a t > .

dert) = <2Atﬂ(z(t) — )+ 2P5() + 0T BV (2(1)),
2X(p — )t (2() — z) + (AT + 2pt77 1 — 2677 a) £(¢)
+ [(e(p +r)tetrt ) B(E) + etﬂw‘(t)} V(1))
— OB SV (2(1)) )
= 40 (p — )P 2(t) — 2 ?
+ [2Atﬂ*’”(2AtP*’“ +2ptP7 = 207" a) + 4 (p — r)tZP*’”*l] (2(t) — 2, 2(t))

- {2>\tp"’ [(0(p+r)tf’+r—1 — 2t°) ﬁ(t)+9tﬂ+rﬁ'(t)}

+2X\0(p — r)tzp_lﬁ(t)}<z(t) — 2, V(2(1)))

— 200t 3(t) <z(t) — 2, %V(z(t))>

+ 2P (2077 2ptP~t — 207770 || (1) |

+ {2#’ [(Q(p )t P\ B(E) + etf’”ﬁ'(t)]

+ 0T B(E) (20T + 2pt77t — 24777 ) }<2‘ (0, V(=(®))

— 20247 3(8) (2(8), SV (1)) — P32 (0) (V(a(1), SV ()
OB (B + )T = 20) B(E) + 07 B0 IV (=)
dex(t) =22 [2a<p )Nt (9 ) (2p — 1 — 1)120T2
= 2(p = M 2(1) - 2
+ AN (@ — (20 — )t = A)(2(t) — 2, 2(D)),
SEU) = 0| B0 + 20 B(0)| (1) — 20, V(1))
+ 200677 B(t) (2(t), V (2(t)))
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+ 200t%° 3(t) <z(t) — Z, %V(Z(t))> ;
2o+ )R 820 + 220 5050 | IV ()P

+ OB (V(=(0), £V ()

d ~4 .
ded() =

Putting everything together yields
d _ 2 2(p—r) 2(p—r)—1
dté')\(t) =< 4N (p—r)t Y420 2a(p — 1)t

— (20— 1)(2p — = )T = 9(p — AP0 }nz(t) —

(22)
+ |20 (AT 4 2ptP T — 2070 + AN (p — )t

+ 4\ (= 2p—r)t" " = X) | (2(t) — 2, 2(¢)) (23)

t {WH [(0(p+ )=t = 21) 3(2) + 00+ 5(1)] + 2200 — 1)1~ B(1)

+0 [4)\pt2p’1 B(t) + 2At2PB(t)] }(z(t) 2 V() (24)
+ 2P (207 2ptP 1 — 21777 ||2(8) || (25)

+ {22&” [(e(p + )Pt = 2t7) B(t) + 8#’”5(2&)}

+ Ot B(E) (2A° T + 2ptP T — 2P @) + 20087 B(t) }<z t))
(26)
— 2024 3(8) (£(8), SV (=(1))) (27)

+ {9#’“5@) [(0(p +r)etrl o) B(t) + 915”*’"5'(75)}
+ 62 (p+ )T 8) + 20 (1) (1) }nw OF ()

We will check that lines (22), (24), (25), (27) and (28) are nonpositive for large
enough t, and that line (23) vanishes.

(22): we have
4N (p — 7“)752(’)_7’)_1

+ 20| 2a(p — )P (2p = 1)(2p — 7 = 1R = 20 (p — )20
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=4X\(p — 7")752(’)_7’)_1
+2A [QG(P — )P (2p =) (2p — 1 — 1)t2f"7"—2] — 4N (p — )2l
=202 2a(p = 1) = (20— 1)(2p =1 = I ].

If » = 0, then p = 0 and the line vanishes. If r € (0,1), then p < r, which
gives 2a(p —r) < 0. Since t"! — 0 as t — +oo, for large enough ¢ it holds
20(p—1) = (2p—71)(2p—7r —1)t"' < 0. If r =1, then p = 1 and this line again
vanishes.

(23): we have
AP (2P 4 20t — 2ptP () 4+ AN (p — )t
+ 4\ (= (2p—r)t" " =)
=N (N + (20— )t — ) 4N (@ = (2p — )t = ),
which means that this line is identically zero.

(24): the monotonicity of V ensures (z(£) — z., V(2(t))) > 0 for all ¢ > to. We have
2Nt [(e(p + )t = 207) B(t) + Ht’)”ﬁ'(t)} +2X(p — )0t 1 B(t)
+0 [4)\pt2p_1 B(t) + 2)\152”6(15)]
- 2)\t2”‘r{ [e(p e o)t m 24 (p— r)et’“—l] B(t) + 291&7"5'(15)}
— AN [(2/)915’”*1 —1)B(t) + Ht’"ﬂ'(t)}
<A [(2ror =t = 1)B() + 0] < 0,

where the last equality comes from p +r + 2p + p — r = 4p, and the last inequality
is a consequence of the growth condition on .

(25): arguing as we did at the beginning of the proof, we have
207 (207 4 2ptP 7t = 2P a) = AT (A4 pt" T —a) <0

for large enough t¢.

(27): since the monotonicity of V ensures (2(t), £V (z(t))) > 0 for every t > t, this
line is evidently nonpositive.

(28): we have

0127 5(t) [(Q(p + ) - 2)5(t)—|—9t’"5'(t)} +0t271 B (1) [Q(p + r)t?”—lﬁ(t)wt*ﬁ‘(t)]
— 2012047 B(t) [(9(,0 )= 1)B() + Wﬂ'(t)}
< 201277 3(1) [(zret’“—l —1)B(t) + etfﬂ'(t)} <0,

where we used p + r < 2r, and the growth condition on .
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Additionally, we need the term accompanying (%(t),V(z(t))), which according to
(26) reads

27 [(9(/) + )t = 207) B(t) + 6tﬂ+’"/5’(t)]

+ Ot B(E) (AT + 2ptP T — 2P () + 200 B(t)
= 2t2ﬂ{ [(e(p + )t — 2) +OA+pt" ™ —a) + Ae} B(t) + HtTB(t)}
=202 { 20 (A+ 2250 — ) + (0o + 0pt ™ = 2)| B(1) + 0 B(1) }

According to the computations we have now made for (22)-(28), and taking into
account that p < p—;”, for large enough t we have

SEE) S22 2a(p = 1) = (20 = 1)(2p =7 = Y ll2(0) — 2P (29)

AN [(wet"‘l —1)B(t) + etrﬁ'(t)} (2(t) — 2, V(2(1))) (30)
e (A4 EE - a) 12| (31)
2020 (A + £ - a) + (9 +0pt7 = 2)| (1)

+ 00 B F (), V (=(1) (32)
+ 200+ (1) [(27“975’“‘1 — 1)) + 0 B |1V (=) (33)

We will work with lines (31)-(33). Define
e(t) = a— L;Tt””—l A, clt) =0a+0pt 1 — 2.

Using our assumptions on «, # and A, we have that £(¢) > 0 and ¢(t) > 0 for large
enough t. We will show that for certain A, for ¢ sufficiently large it holds

0> — 3e(t)t2f’—THz(t)H2 + 212 [(—295(15) +c(t))B(t) + 0" } (2(t) t))
+ 207 (1) [(27"915'“—1 —1)B(t) + etrﬁ'(t)} IV ()] (34)

We will use Lemma A.2 with X = 2(t) and Y = V(z(t)), and A, B,C chosen as

follows:
[ —20e(t) + (1)) B(t) + Wﬁ'(t)}v A= —3e(t)t> T,
C= 9t2p+rﬂ( )[(27"(9?57"*1 _ 1)5(75) i (%Tﬁ'(t)]

According to this lemma, it is sufficient to show that B? — AC < 0. We write

B2—AC =% [(—295(15) +¢(1))B(t) + GtrB(t)] 2
+ 3 e (BT (1) [(27“9”‘1 —1)B(t) + 015 (“]
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= 1% | (=20e(t) (1) "8 (1) + 200" (~20=(0)+ (1)) B30+ 6 (3 (1))’
40270t = 1)e(6)t52(1) + 467 (6) T B(6) B(t)
— 1] (=20e(t) + (1)) "B(1) + 208 () B(1) )
62T (B(0) +40(2r00 "~ 1)2(0)5(1)].

Now, according to the growth condition (14), there exists 6 > 0 such that

tTB(t) < 1 o r—1 >
5 S 2rt § Yt >t. (35)

|

This entails

0" B(1)B(t) < ((1 — L) — 59) A1) and
o (5(1)° < (- 2r00) - 59)252@).
Since c(t) > 0, we now arrive at
B% — AC < t*B%(t) [(—285(75) +e(t))? + 2¢(t) ((1 — o) — 59)
(=200 50) + 40208 — 1)< (1)]
- t4”62(t){40252(t) — 40 (1= 2006 + (b)) £(t)
+ [e(t) + (1 —2r0t™ ") — 66)}2}

=t 82 (t)m (¢), (37)

where 7(t) is the term between curly brackets. We will analyze 7(t) separating the
cases r € [0,1) and r = 1.

Case r € [0,1): define
G =0a—2 g oi=a—X\ pu(t):=40%2—460 (c, + 1)t + (¢, + 1 — 60)°.

Notice that ¢(t) — ¢, (t) — &, and, therefore, m(t) — pu(e,) as t — +oo0. The
discriminant of the quadratic equation u(t) = 0 reads

A =160 [(c, +1)° — (e, + 1 —60)%] .

Since 0 < 1 —4660, we have ¢, +1 > cr+1— 060 > 0 and thus A > 0. This means that
1 has two distinct roots: by setting A := &%\/Z, these are given by

o+l 3 —.__ g+l X
€= 5 A, E:= 50 + A.

The midpoint between the two roots is given by ¢, := C’;(;l, which fulfills

¢ +1 O — 1 « 1
g g _ - — — Q.
0<én 20 20 3 29 <
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Choose €,5 > 0 such that ,; — A < Ero < Epp. St A\ = —¢gpy, 1 = 1,2, As
we remarked previously, we have m(t) — u(e,;) as t — +o00. Therefore, for large
enough ¢, we have

n(t) < MErd MO g pori=12.

Going back to (37), this means that

B?* — AC < t* (1), w < 0 for large enough ¢t and i = 1, 2.

Case r = 1: here, we have
et)=e=a—1—X\ and c(t)=c:=0a+0—2.
In this case, we define
p(t) = 460%> —40 (1 =20+ )t + (c+ 1 — 20 — 66)°.
Notice that with this definition we have 7(t) = p(e). The discriminant of the
quadratic equation p(t) = 0 reads
A =160 [(c+1—20)" — (c+1—20—50)%].

Since 0 < 1 — 260 — 00, we have c +1 —20 > c+ 1 —260 — 40 > 0 and thus A > 0.
Again, define A as before. The roots of u are given by

e+ 1-20  x __ c+1-20 %
€= —— A, z:= —5 + A.
The midpoint between the roots is €1 1 := %, which satisfies

c+1-20 fa—-0-1 _a—l_i<a_1
20 o 20 T2 20 '

O<6171 =

Similar as before, choose €15 > 0 such that 1 ; — A< €12 < €11
Set A\j;:=a—1—¢e1,,i=1,2. Since (v —1— Ay ;) = p(e1;) < 0 for i = 1,2, going
back to (37) gives

B* — AC < t"B*(t)u(a — 1 — \1;) < 0 for large enough ¢ and i = 1,2.

Summarizing, for the choices A = A,;, r € [0,1], ¢ = 1,2 it holds, recalling lines
(29)-(33), together with inequality (34),

SE (1) =202 2a(p = 1) = (2p = 1)(2p — 7 = D [|2(2) - 22

ANt (2000 = 1) B(E) + 0 B[ (2(0) — 2, V(1)

+ 27 (A + L2 = ) 20

208 | (200 = 1)BE) + 0B IV < 0, (38)

where ¢ is taken large enough, say ¢ > T' > #,. This means that £, ; monotonically
decreases on [T, +00), and thus

0< &, () <&, (T) fort >T,re[0,1] and 7 = 1,2. (39)
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Deducing convergence rates from the estimates. We will now proceed by
distinguishing between the cases r € (0,1), r =0 and r = 1.

Case r € (0,1): according to the definition of the energy function (17)—(20) and
(39), for t > T we have

((t) — 2 V@) < 2Tl Land V@) < V22T ()

= 2000 20B(1) 0 Pt B(t)

Furthermore, say that for t > T' we have (2p — 7)t" ™' < { < a — A, ;. Going back to
(18), this means that for ¢ > 7" it holds

2\, 12077 (= &= A1)]2(t) — 2|?
< 2)\7471152(”*7) (a —(2p — 7’)15“1 — )\T,l) l|z(t) — Z*H2 <&, (1)

and thus Dt T2 (E) — 2| < m
Combining this together with (17), (39) and (40) yields
27 [(0)]| < 20,877 2(0) — =] + 607 BOIV (=(0)]

|22t 0) = 22+ 2002(8) + 00 BV (=(0)|

28,
< Do g,
A CET W Arl Ar

The previous inequality, together with (40) and the fact that p € (0, r) was arbitrary,
tells us that so far we have, as t — 400,

VeI =0 () - G0 =2V e =o (g ) 101 =0 (L),
(a1

Case r =0 or r = 1: going back to (18), we have, for t > T,

(when r =0) or

|2(t) — 2| < \/ 2YRICY (when r = 1),

which gives the boundedness of ¢ — z(t). Using the boundedness of £,,, (when
r = 0) and that of £, , (when r = 1) and arguing exactly as in the case r € (0, 1),

we obtain
1
20 =0 () (“2)

V()| =0 (t”ﬁ(t)> , (2() =2z, V(2(2))=0 <t2r; )

ast — +oo forr =0 and r = 1.
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Weak convergence of the trajectories. In the following steps, we will assume
that ¢ — 2(t) is bounded when r € (0,1). This will allow us to set p = r in (41)
and to show weak convergence of the trajectories towards a zero of V. Additionally,
we will improve O to o in (42) and we will again show weak convergence of the
trajectories towards a zero of V.

Taking p € (0,7) when r € (0,1) is done only in order to obtain that the coeffi-
cient accompanying ||z(t) —z.||* eventually becomes nonpositive, therefore producing
LE\(t) < 0 (recall line (22)). Setting p = r creates no other issues otherwise, but
changes the bound for £&,(t): indeed, going back to (38) and plugging p = r gives,
fort>T andi=1,2,

G&x,.(t) =20 (1 = ) 5(t) — =]
ANt [ (200671 = 1)B() + 0B (2(8) — 2., V(=)
1" (A +rt = Q) [|20)|)?
+ 208 3(1) [ (20061 — 1)B(2) + 047 5(1)] IV (=)
< 2\ (1 = )2 |a(t) — 22 (43)

We have already established the boundedness of ¢ — z(t) when » =0 or r = 1, and
we will assume it when 7 € (0,1). Say that ||2(¢) — 2.||> < M for all t > T for some
M > 0. According to (43), for ¢ > T we now have

9&y,.(t) < 20 (1 = )M
and therefore

@& (1) + 20 M) = Loy (1) + 20, (r — )ME2 <0,

As a consequence of this, ¢t — &y, (t)4+2\,. ;7 Mt"! is nonnegative and monotonically
decreasing on [T, +00), which means it has a limit as ¢t — +o0.

Since 2\, ;7(1 — r)Mt""! also has a limit as ¢ — 400, we come to the following: for
p =1, we have

0 <&, (1) <E(T)+20r(1—r)MT " for t > T, re0,1] and i = 1,2; (44)
tliin &z, (t) exists for r € [0,1] and 7 = 1, 2. (45)
—+o0 ’

By going back to lines (17)—(20), setting p = r and reasoning exactly as we did
before, we arrive at
0] =0 (5)- ¢6)

1
For r € [0, 1], we proceed to show three integrability results that we will need later.

V0N = 0 (k) (=02 VG0 = 0 (k)
Recall (35): for ¢t > T', we have

as t — +oo, where these rates now hold for all r € [0, 1].

t;ﬁ(i)) % 2rt"t —§ = OB(t) < (1—2r0t" ) B(t) — 50B(t)
= 00B(t) < (1 —2r0t" 1) B(t) — 01" 5(1).
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Going back to (43), we choose i = 1 and integrate the inequality from 7 to t > T"

/ s (o —rs"H = A ||(s || ds + 4)\,,159/T s"B(s)(z(s) — 2z, V(2(5)))ds

T

+ 2000 [ S8 (5) IV (2(5) s

< /T s" (a — st — )\r,l) HZ(S)”QCZS
+4X1 / s" [(1 —2rfs" 1) B(s) — 63’"5(5)] (z(s) — 2z, V(2(5)))ds

T

+ 20 /T S B(s) | (1= 205" ) B(s) = 0" B(s) | |V (=(5)) | *ds
— / %Ekm(s)ds + 2\ a7 (1 — r)/ s 72|z (s) — z||*ds

T ts
t
< SAM(T) +2\7(1 — T)/ ST_2||Z(S) — z*||2ds,
T

where in the last inequality we drop the nonpositive term —&, ,(t). The second
summand in the last line vanishes in the cases r = 0 and r = 1, and in the case
r € (0,1) we are assuming the boundedness of the trajectory in order for this integral
to be finite as ¢ — +00. This produces the following statements for r € [0, 1]:

/ ezt < oo, (47)

/T T B ) — 2 V(=) < 400, (48)
o0

/T 5 RV (2(1)) [2dt < +o0. (49)

Now, we proceed to show the o rates. According to the formula for the energy
function, for p =r, r € [0,1] and ¢t > T" we have

Ex,(t) — &, (1)
= [|PAeatet) = 2 + £ ]2200) + etrﬁ(t)V(z(t))] H2
. Hml(z(t) )t [zz( ) + 67 B(1) ”( ]

2| Aa(o =1t = Ana) = Ana (@ =t = )\M)] 12(t) — 2|

2(Arg — A1) B()(2(t) — 2., V(2(1)))
= LA = R0 = 2l + 40 — M) {2(0) — 20, 22(0) + 67 B0 ()]
+ 2002 = M) (@ = rt7) = 2032, = AL) | 12() - =P
+2(N0 — A )0 B() (2(t) — 2., V(2(1)))

ww~+ +
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1 r— r r
= 402 =) [3 (@ =) [2(0) = 2P+ () =20, OO BOV ()] - (50)

Define, for t > T,

p(t) = %(a =t ) [[2() — 2l* + (2 () — 2, 2() + 0BV (2(2)). (51)

Since we already established that lim;_, . &, exists for i = 1,2, and A2 — A1 # 0,
we obtain the existence of lim,_, p(t). We may express &y, ,(t) as

1 ‘s N ‘s

Ex (1) = inxr,l(z(t) — )+t [22( )+ 07 B(1) ] H
+ 200 (a =t = N [[2(8) — 2
2
+ 20,0087 B(1)(2(t) — 2., V(2(1))) + %t4Tﬁ2(t)|!V(z(t))||2
1 ‘s 2 T
- [Wll! (£) = 2] + 201t (2(t) — 2., 25 () + 0" BV (2(1)))

+ t2r

23 (t) + 0" B(t) H }
+ 20 (o =) ||2(t) — Z*||2 207 1 [12(t) — 2|

£ 20087 B(E) (2(0) — 2, V((0) + SOV ()P
ez +ersevee| + Sememivem)?

= 4>\r,1p(t) + %
z'(t)+0t7”6(t)V(z(t))H e EOIR

=4\ap(t) + 17"

Define h(t) := t*||2(t) + 6" B(t)V( (t))Hz + tQTHZ(t)”z'

Since both limy ;o Ex,, (t) and limy ;o p(t) exist, so does limy;_, o h(t). Observe

that
¢

Ltsyis <3 [ ) ds + 260 [NV G(sDIRas
§ T T

and, according to (47) and (49), the integrals on the right-hand side become finite
as t — +o00. Therefore,

“+o0o
/ Lh(t)dt < +00, which gives lim h(t) =0,

T t t——+o00

which in particular yields

lim tQTH H2 = 0, equivalently Hz(t)” =0 (%) as t — +oo0.

t—+o00

and plugging this into lim_, o t27]|2(t) + 0t"B(t)V (2 (t))”2 = 0 produces

hm B2V (2(1))> = 0, equivalently ||V (2(t))]| = o (%) as t — +oo.

t—+
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Using the previous result together with the boundedness of ||z(t) — z.|| and the
Cauchy-Schwarz inequality yields

(2(t) — 2, V(2(t))) = 0 (%) as t — +00.

as t — 4+00. We have now shown statements (i) and (ii) of the theorem.

We now focus on the weak convergence of the trajectories. For this end, we will
make use of Opial’s lemma (see Lemma A.5). Define, for t > T,

0(t) = gll20) = 2P+ 0 [ $TB(5)o(5) = 2 V().

We distinguish between the cases r € [0,1) and r = 1.
Case r € [0,1): recalling formula (51), notice that

aq(t) +t74(t)
= %Hz(t) — 2P+t (2(t) — 2, 2(t) + 07 BV (2(1)))

n ea/T 57 B(5)(2(5) — 20, V(2(s)))ds

= L a() — 2.2 + plt) + 9a/T §"B(5)(2(5) — 22, V(=(s)))ds.
Because of (48), the integral in the previous sum converges as t — +oo. We
have already established the existence of lim;_, . p(t), and using that "~} — 0
as t — +oo and the boundedness of ||z(t) — z|| allows us to deduce the existence of
limy 400 aq(t) +1"¢(t). Using Lemma A.3, we obtain the existence of limy_,; q(%),
and again using that f;; s"B(s){(z(s) — z« V(2(s)))ds has a limit as ¢ — +o00, we
come to the existence of
lim ||z(¢) — 2.
t—+o00

Case r = 1: we repeat the reasoning of the previous case. We obtain the existence
of lim; oo (v — 1)q(t) + t4(t), and once again we use Lemma A.3 to produce the
existence of limy_, o [|2(t) — 24]|-

In both cases, we have verified the first condition of Opial’s Lemma. For the second
condition, let Z be a sequential cluster point of the trajectory z(t) as t — 400, which
means there exists a sequence (t,)nen C [to, +00) such that ¢, — +00 as n — 400
and

2(t,) =z as n — +oo,
where — denotes weak convergence in H. The convergence rate for ||V (z(t))|| ensures
V(z(t,)) — 0 as n — +oo. Since the graph of V' is sequentially closed in the space
Hweak 5 Fstone this finally allows us to conclude that

V(z) =0,

thereby fulfilling the second condition of Opial’s Lemma. We have thus concluded
the proof of this theorem. O
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2.2. Linearly constrained convex minimization as a particular case
Recall the problem stated in the introduction

min f (z),

subject to Az = b, (52)

where X and ) are real Hilbert spaces, b € Y, A : X — ) is a bounded linear
operator and f : X — R is a convex and continuously differentiable function.
Formulating (13) in terms of the operator V' given by

Viz,\) = (v F() + A"\ b — Aw) (53)

yields the primal-dual system

B(0)+ (1) +017 B L £ (2(0) + B A” (MO0 AD) +B(0)V F (2(1)) = 0.

) . (54)
() + 2A(H) - (1) [A(j:(t) + 0t (t)) — b} —0.

Let (z.,Ax) € X x Y be a primal-dual solution to (52). Equivalently, (x,,\,) is
zero of V, or a saddle point of the Lagrangian L(z,\) = f(z) + (A, Az — b). Let
t — (z(t),A(t)) be a solution to (54). Using the gradient inequality for convex
functions, we have, for every t > t,

0 < L(x(t), ) — L(x4, A(2))
F(@(®) = f@) + (A, Aa(t) =)
< (a(t) = 2., VI (@) + o, Az(t) = b)
= (2(t) = 2., VI @) + (0(t) = 20 AND) + (AE) = A= Aa(D)
= (@), A1) = (@0, ), V((8), ME) ). (55)

By exploiting the results in Theorem 2.1, and by taking into consideration additional
potential information in this particular case, we come to obtain the following result.

Theorem 2.2. Suppose that a,0 > 0, r € [0,1] and that 5 : [ty, +00) — (0, +00)
satisfy the same assumptions as in Theorem 2.1. Let (z.,\i) € X x Y be a primal-
dual solution to (52) and t — (z(t),\(t)) a solution to (54). Consider the following
convergence rates as t — 400:

L((t). 1) = L AD) = o557 ) - @) = F@)] = o 57 )-
JAz(t) = bl = o( Gz ). 0] =0(5). Ml =0 ().

Pt 3(t)
Additionally, if V f is L-Lipschitz continuous for some L > 0, consider the following
rates as t — +00:

IV F(z(t) = V()| = O(zflﬂ(t)) JA*(A(t) = M)l = 0(751%))

&

The following statements are true:
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(i) Ifr € (0,1), the above rates hold for p € (0,7). Furthermore, ift — (z(t), A(t))
is bounded, then these rates hold for p =r.

(ii)) if r =0 orr =1, then t — (x(t), A(t)) is bounded; moreover, the above rates
hold for p =0 (ifr =0) and for p=1 (ifr =1).

(iii) If r = 0 orr =1 or (r € (0,1) and t — (x(t),A(t)) is bounded), then
(x(t), A(t)) converges weakly to a primal-dual solution to (52) as t — +oc.

Proof. Parts (i) and (ii) are a consequence of Theorem 2.1 applied to the operator
V defined in (53). Indeed, endow & x Y with the norm ||(z, A)|| := [|z||+]|A||. First,
from (21) we obtain

le@)| + IA®I = @@, AD)]| = o(5;) ast = +oc.

From (55) and (21) we get, as t — 400,
0< L£(2(t),\) = L(wa, A1) < {(2(1), A1) = (2 A), V(@(), A1) )

- o<t2p;(t)). (56)

Again using (21), we produce

IV @(t) + AN + [ 42(0) = b = V@O A = o(r55)  67)

and thus ||Ax(t) — b|| = 0( as t — +oo. (58)

1
tP+Tﬁ(t)>
Combining (56) and (58) we come to

[f(@(t) = fle)] < [f (@) = flz) + A, Az(t) = b)] + [(A, Az(t) — b)
< L(2(t), M) = Lz, M) + [[A[[[ Az (t) — b

O(RP,E’(??)) as t — +o0, (59)

since we always have 2p < p 4+ r. Assume now that V f is L-Lipschitz continuous.
We have now a stronger gradient inequality

0< V() = V@) < (a(t) — x., V) = (F(2(1) — £(z.)). (60)

— 2L
We will show that

(z(t) — 2., Vf(z(®)) =0 (%) as t — -+oo.

Indeed, we have
(x(t) — x, Vf(2(t))) + (s, Az(t) — D)
=(x(t) — z., Vf(2(1))) + (x(t) — xs, AA(t)) + (A (t) — A\, b — Ax(t))
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- <(a:(t), A1) = (e, M), V(@(t), A(t))>

1
0 (W) as t — 400,

so using this together with (58) yields (x(t) —z., Vf(z(t))) = o (%) ast — 400
(again, recall that 2p < p + r). Plugging this rate into (60) yields
IV f(z(t) — V(x| =0 (tﬂlﬂ(t)) as t — +oo. (61)

Now,
[AT(A®) = AN < IV (2(8) =V (2) +AAE) =AM+ 1V (2(2) =V f ()]
= IV f((t) + A A + [V f(x(t)) = Vf ()]

According to (57), the left summand is of order o <W) as t — +o00; according to

(61), the right summand is of order o ( : ) ast — +00. Since 3 is nondecreasing

P/ B(t)

on [tg, +00), we have \/[(t) = B < BB Ginee tP < to+ for large ¢, this allows

VB® ~ /Blto)

us to write the inequality

B~ /B

from which we deduce that

1400 = Al =0 (5

for large enough t,

) as t — 4o0.

We have thus shown parts (i) and (ii) of this theorem. Part (iii), i.e., the weak
convergence of the trajectories to a primal-dual solution to (52), is again a direct
corollary of part (iii) of Theorem 2.1. O

Remark 2.3. The system (54) resembles the one studied by He et al. in [15], for
the case where r = s. There, the authors consider an extrapolation parameter of
the form 0t°, where s € [r, 1]. The only difference between our system and theirs lies
in the inclusion of the Hessian-driven damping term attached to the velocity of the
primal trajectory x(t). The rates we obtained are identical to those in [15], but our
system further allows us to show the weak convergence of the trajectories towards
primal-dual solutions of the minimization problem. [

Remark 2.4. When r = 1 and () = 1, we obtain a system similar to the one
addressed by Bot, and Nguyen in [12]. Again, our system features an extra Hessian-
driven damping term, which does not appear in [12]. Our rates coincide with those
in this work, but, as an interesting point, our system does not require to assume
that V f is L-Lipschitz continuous to show the weak convergence of the generated
trajectories. 0
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2.3. Some numerical experiments

In this subsection, we will complement the theoretical results with two numerical
examples. The first one is the minimization of a strongly convex function under
linear constraints, and the second one is finding the saddle points of a certain convex-
concave function.

Example 2.5. Consider the minimization problem
min f(z1, x2, x3,24) := (v1 — 1)* + (z2 — 1) + 23 + 2}
subject to 1 —x9 —x3 =0 and xy — 24 = 0.

The optimality conditions can be calculated and lead to the primal-dual solution
pair

0.8
0.6 0.4

T+ = 102 and A, = {1.2} '
0.6

For t >ty = 1, we plot the functional values as well as the feasibility gap along the
trajectories generated by (54). In Figure 2.1 we have parameters a = 8, 0 = % and
B(t) = 1. The predicted convergence rates in this case are of o (t%) as t — 400, so

as expected, we can see faster convergence behaviour as r goes from 0.2 to 1.

t t

Figure 2.1: Influence of r on the functional values and feasibility gap along the
trajectories, 5(t) =1

In Figure 2.2 we plot the same quantities, but this time, we choose o = 8, 6 = %,

= o[ (5-4) £55]

Here, the predicted convergence rates are of

) <exp [— <$ — 5> ft;]) as t — +oo.

As expected, since =" grows to infinity slower as r approaches 1, the convergence
behaviour speeds up as r goes from near 1 to 0.
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10'10 L

| Az (#) — b

10'15 L

10'12 b

107 102

10°

t

Figure 2.2: Influence of r on the functional values and feasibility gap along the

trajectories, B(t) = = exp [(% — ) tll,_:}

Example 2.6. We address the saddle point problem

min max ¢(z,y) := %(x,Hr) — (z,h) — (y, Az — b),

zeR™ yeR”
where ) ) o o
-1 1 1 0
1 SRR ! 1|
A=- — eR™" b:=—-|:|€R", h:=- eR”
1 1 1 5 1l ) 1 )
-1 1 1 0
1 1 1
and H :=2A"A,
The corresponding continuous and monotone operator whose zeros we wish to find
is given by
| Vo@(z,y) | |Hx—h— A%y
Viz,y) = [—qu)(a:,y) n Ax —b ’
I =,

Figure 2.3: Influence of r on the norm of the operator along the trajectories, with pa-
rameter [ chosen respectively as f(t) = 1, 5(t) =t and §(t) = tQ% exp [(% — 5) tl_r]

1—r

In Figure 2.3, for t > ty = 1 we plot the norm of the operator V' along the trajectories
generated by (13). We choose @ = 8, # = 1 and (¢t) = 1 and §(¢) = ¢ for the first
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and second plots respectively, and 6 = 3 and 5(t) = tQ% exp [(% — (5) tf:;] for the

third plot. The predicted rates for the first two plots are o (ﬁ%) and o (ﬁ) as
t — 400 respectively, so as expected we see an overall faster convergence behaviour
in the second plot, and in both plots the quantities approach zero faster » moves

from near 0 to 1. As we argued in the first example, in the third plot we have rates

of o (exp [— (% — 5) tf:;D as t — +00, so we see a trend of faster convergence the

smaller r is.

3. An implicit discretization of the continuous system
3.1. Discretization of an equivalent first-order reformulation

Given the second order system

£(0) + L5(8) + 0751 LV (=(0)) + B0V (2(1)) = 0, (62)

we readily see it is equivalent to the following first-order reformulation:

a(t) =2t [(27"915’"‘1 —1)B() + etfﬁ'(t)] V(2(t)) + 2r(1 — 1)t 22(t)
u(t) =2(a—rt"")z(t) + 2t"2(t) + 2067 B(t)V (2(1)).

(63)

A seemingly useful observation to obtain a discretization which works is to write
. d,
2r(1 —r)t"22(t) = QT%(—t Hz(2). (64)
Taking (64) into account, we consider the following discretization of (63):
(WFH ok = 2k” [(27‘016“1 — 1) B + 0k (B — 5;@,1)] V(ZFh
4+ |:k,r—1 . (k, + 1)7‘—1} Zk+1

ukt! =2[a —r(k+1)"] M 2k 4+ 1)7 (5 - 2)
{ +20(k + 1)¥ B,V (251,

(65)

Now, from the second line of (65) we deduce
Wk
=2[a—r(k+ 1) 420k + 1) (M = 2F) + 20k + 1) BV (2F )
— 2o — k" 2N = 2k (2F — 2FT) = 20K BV (2F)
—20(H — ) — o [(k 1)l kr_lzk] +2(k + 1) (25 — )
— k" (2 — 2F1) + 20 [(k; +1)2 BV (2R — Wﬁk,lwzk)]

= 20(2F = 2F) — 27“[((1{: T Y Caa Zk)]
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+2(k+ 1) (2" = 2F) — 2k (2F — 2
+ 20 [(k 1BV () — k?rﬁk_lwzk)}
=2r [k:’"—l — (k+ 1)’“—1] PAARI) [a — k" 4 (k+ 1)’“] (2= 2%)
=2k (2 = ) 20+ 1) B — B B [V ()
+ 20k By [V(zk“) -~ V()]
— ok [(2r€k’"’1 — 1) B+ OK (B — @H)} (251) 1 2r [k (ko 1)’“*1} sl

where the last equality comes from the first line of (65). Cancelling the second
summand in the last line, we come to

2 [Oz — k" (k+ 1)T} (zk‘H — Zk) — kT (Zlc _ Zk;—l)
+ 26 [( )2?"5 k2 Be1 ] ( k+1) + 20k2rﬁk71 [V(zk+1> _ V(Zk)
=2k" [(27“914;"—1 —1) B + 0k (B — 51:—1)] V (k. (66)

Rearranging the terms of the previous equality leads to the formulation (15) pre-
sented in the introduction:
k41 _k k" ko k-1
z =z +a—rk“1+(k+1)r(z z )
Ok Br—1

- e V) V)]

a—rkr 1+ (k+1

of [k + 17 — k] —2rr 1}k
B a—rk=t+ (k+1)r

BkV(ZkJrl)-

3.2. Convergence rates and weak convergence of iterates

Before we start with the analysis, we need to remark some inequalities involving the
sequence (Bg)k>1-

Remark 3.1. In (16), the growth conditions reads

Supkr(ﬁk Br— 1_|_2l><7<
k>ko B k
Throughout the majority of the proofs, we will use a couple of inequalities involving

the sequence (ﬁk) >0 Which are entailed by assuming the supremum is strictly less

than %. More precisely, there exists ¢ > 0 such that ¢ < % and

r ﬁk Bk 1 2r 1
k <z =4 67
sup k7 | Bt + T < g (67)
It follows that M + k" < 1_ 6 and therefore

Br g
(2r0k"™ " — 1) B + Ok (B — Be—1) < =008, <0 Vk > k. (68)
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The previous inequality also produces
Ok™ (B — Be—1) < (L —2r0k"" = 00)8, Yk > k. (69)

Regrouping the terms with 8 and [,_1 separately yields

(2rk™ ! — é + 6+ k) B < kB

k'f‘

and thus <
Br < 2rk™1 — L+ 5+ k"

Br—1 < MpBr_1, (70)

where Mg > 1 but may be taken arbitrarily close to 1 for k large enough. [

Remark 3.2. As we stated in the introduction, when r € (0, 1) then it is possible

to choose 3, such that k2", grows exponentially. We claim that if 0 < § < 20, then

1—r
Pr = k-i eF )=

satisfies growth condition (16). Indeed, first we notice that 5, = [(k), where [5(t)
is defined in continuous-time as

By the mean value theorem, there exists & € (k — 1, k) such that

B = Br1 = Bk) — Bk — 1) = B(&)
B 1 S| 2r 1\ 1
- [(29 5) 1—74} [ ot (29 5) ;3] '
Therefore, for every k we have

v (Br—Br-1 | 2r\ _ 1 L N N
b (B0 2 g [(29 g) Sk } (H-9 @

1 &G =k 20kt | 2r
— exp [(20 — (5> k — 1 o + e (72)

First, we look at line (71). Again by the mean value theorem, we have k'~" — 5’;_” =
(1—r)m, " (k — &) for some 7, € (&, k) C (k—1,k). It follows that &= < Tl <

=g

and thus £ — k™" — 0 as k — +o00. Since 1 < & gdr < (i)3 we have 5~ — 1 as

k—1 €5r
k — 4oco. All in all, line (71) approaches 55 — 0 as k —> +oo Regarding line (72),
as we just saw, the exponential term approaches 1 and — 0 as k — +o00. Since

kl [
1 k3 k3 23T L
R S g S s We have 5% — 0 as k — 4-00. Summarizing, we have
k

r( Bk —Br—1 | 2r -

which means that for large enough &y the supremum condition (67) is fulfilled. [
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Energy function: For analizing the convergence properties of the implicit algo-
rithm (66), we make use of the following discrete energy function:

Er = % |67 2N (2" — 2) + 2kP (28 — 2F7) + QkpMﬁk—lV(Zk)HQ (73)
+ 2AK2PT) (a— (20— )K"t = N)||2" — z)? (74)
+ 200K By, (2F — 2, V(2F)) (75)
62 r
5 (kb + 1P R BB [V (7)1 (76)

Here, p and A are taken as follows:
e Ifre(0,1),then0 <A< aand 0<p<r;
e Ifr=1,then0<A<a—-land p=r=1.

The following theorem shows that the O convergence rates, obtained as an interme-
diate step for the continuous dynamical system, carry over to the discrete setting.

Theorem 3.3. Suppose that «,0 > 0, r € (0,1] and (Br)r>1 € (0,+00) satisfy

the assumptions laid down in subsection (1.3). Let 2° 2! be initial points in H,
let (zk)k>2 be the sequence generated by the implicit algorithm (66), equivalently,

by (15), and let z. be a zero of V. Consider the following convergence rates as
k — +oo:

Vionolatz) - -0 () 14 -0 ().

The following statements are true:

(i) If r € (0,1), the above rates hold for p € (0,r). Furthermore, if (zk)k>2 is
bounded, then these rates hold for p = r. B

(i) If r =1, then (2")

L>o 18 bounded; moreover, the above rates hold for p = 1.

To produce the proof for this theorem, we first exhibit two intermediate results.
Lemma 3.4. Under the same hypotheses of Theorem 3.3, for large enough k it holds
e gl
< {22 [(k 4+ 12077 = k20| 20 2p — 1)K = (k1) 20
+2A(a—(2p—r)(k+1)"" =) [(k +1)2m) kQ(”_r)] }||ZICJrl — 27
+ {8)\(7' — p)k2PT) g\ [(k + 1)2=n) — kQ(p’T)] (k + 1)’”}<szrl — 2, 2R — zk>
AN (200K = 1) B+ O (B — Bir) | (57 = 2, V)
+ 4k%T (/\ + kT — a) szH — zk”2
o+ K20 2 (1) 4+ 20 (A + 7k = ) (k1) B — 2(A + 7k o)

+20 [(k 1)) kﬂp—’")} (k +1)% B, + 2)\9k2"5k_1}<z’“+1 — 2k V()
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_ 1 62 _ _
+{ R0 00k 4+ 17— gni] 4+ 5 [k + 020 = ROk + 1)

+ g [(k‘ + Q)Zr(k; + 1)2p5k+15k _ (k‘ + 1)2rk2pﬁkﬁk_1:| }HV(ZkH)HQ
+ Ok By (V (2P, V(25 — V(2F))

2

— k2(ﬁ—7")§ [k4r5]%_1 + (k + 1)2rk27“5k5k71:| Hv(zk-i-l) _ V(Zk)H ’
where

e = 2K [(wekﬁ"—l — 1) By + Ok" (B — 5k_1)} _ 9[(k: +1)28, — kQTﬂk_l].

Proof. First of all, just as in the continuous case, notice that £F is eventually
nonnegative. Indeed, go back to line (74). If » € (0,1), then 0 < A < « together
with the fact that k"1 — 0 as k — +o0 gives a — (2p — r)k"! — X\ > 0 for large
enough k. If r = 1, then a — (2p — r)k" ! = A =a — 1 — X\ > 0 by assumption. We
will compute the difference E§T' — €F line by line.

Line (73): Define, for each k,
uy = 2A(2" = 2) + 2k7 (2 = 2FY) + 0K¥ BV (2P).
Notice that (73) can be written as %||/<;”_Tu§H2.
We have
gl G+ 077l P gl

Tl 1 1 . .
= K | = Skl g [ 1207 — R k2 (77)

— 2(p-7) [<u1§+17u1§+1 _ u1;> _ %Hul;:\—i-l _ uzin] 1 % [(k; 4 1)2(p—r) _ 2= “ul)f\-i-l”z’

so we first compute u’i“ — u'j:
k+1 k

=2A(z" = z) +2(k + 1) (M = 2F) + 0(k + 1) BV (M)
—2A(2" = z) = 2k7 (28 = 2N — OKP BV (2F)

= 2N(HE = F) 2 (k4 1) (R = 2F) - (R - )
0[O+ DBV () = k2 B V()]

=2(A+ k= ) (5 = 2F) 20— R (k1) (R - )
R Cal s [(k +1)2 8, — k?rﬁk,l} V (k)
Ok By [V(zk“) - V(zk)] now, use (66) to obtain

—2(A k= a) (25— 2F)

+ 2k [(wwl — 1) By + 0k (By — Bk_l)] V(M)
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— 0 [(k + 1)27‘ﬁk . k2rﬂk*l:| V(ZkJrl) o karﬁkq |:V(Zk+1> . V(Zk):|
=2A+ k"t —a) (M = 2F) — 0k* By [V(zkﬂ) — V(zk)]

{2k [ (200K = 1) B+ O (B — Bea) | = 0]k + 1) = k2| PV (),

4

g

=1k
With this at hand, we compute (uj™ uf™ — uk):

(y™ ugt — )

- <2/\(zk+1 — ) 4 20k + 1) (2 = 2F) 4 0k + 1) BV (2F,
2N+ k"t — ) (P = 2F) V() — 0k B |V (M) — V(zk)] >

=AAA + k" = @) (M — 2 T = Y 4 2 (2T — 2 V(M)

— 2M0K” By (2T — 2 V(M) = V(2Y))

AN+ R = @) (k4 )| R

+ [2nk(k 1)+ 2000+ k" — o) (k + 1)2’“54 (M 2k ()

= 20(k + 1)"k* B (M = 2R V) = VER)) + 0k + DBV (P

— 0%(k + 1)2%2rﬂk5k71<v(2k“)7 V(5 — V(Zk)>-

Now, [luf™ — k|2
lux ™ — w3l

2

_ HQ(A 4kl = a) (P = 2R) 4V (2P — 0k By [V(zk“) . V(zk)} H
= 4(A 4+ k" — )| = P 2|V ()
PR ||V — VEN | 4+ A0+ R = a) g (PF = 2R V()
CA0(A kT — @)K B (P R V() S V(R
— 20k B (V (25T, V(25 — Vv (2F)).
Now, recalling (77), we put everything together:
SICk 1t * = ke
= K AN+ 7k = a) (R = 2, 2R oA - 2, V()
— 2A0K” By (2T — 2, V(ZMT) = V(2Y))
4O R = a) (e 1) = 200k = )] R
+ [2nk(k H 1) 20N+ k= a) (k+ 1)¥ B,

—2(A k"t — a)ﬁk] <Zk:+1 _ Zk,v(zk—i—l»
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v [-29@ 1) By

+ 20(}\ + Tkr—l o a>k2rﬁk—1:| <Z/€+1 o ij V(zk—l-l) . V(Zk)>

+ [0+ 1P — L] IVEIE = T2 [V - Vs

+ [—«92(k; + 1) R BB + ek%kﬂk_l} (V (), V(541 — V(zk)>}
3[R+ 1207 — g2 [ LanZ 22 a1y - 2
+ 0 (k + DBV (5|12 + 8A(k + 1)T<zk+1 — 2, 2" — zk>
ANk + 1) B — 20, V() 4+ 400k + 17 Bl — 2, V() |
Line (74): we have
2k + 1207 (o — (20 — 1) (k + 1" = A) |25 — 2,
— 2\E2PT) (= (20 = )K" " = N)|[2" — z|)?
=k {on2p — ) [K 1 — r(k + 175 — s
—2Ma = (2p — )K"t = N) || - zkHQ
+4X(a— (2p — )k = X) (2P — 2 2R M zk>}
+2) [(k 1)) k%H)] (= @2p—r)(k+ 1) = A) |2 = 2
Line (75): we can write
2M(k + 1)*Bp (2" — 2, V(ZF)) — 200k B4 (2F — 2.,V (2F))
— o\ |(k + 1), — Wﬂk_l' (A2, V(zk+1)>
+ 20k%* B4 [<zk+1— 2, V() = F =2,V >}
= 200k + 128 — 2B | (5 — 2, V()
+ 2);0k2pﬁk_1<zk+1 — Zy, V( ML) — V(2R)) 4 200K B (P — 2RV (2F))
(

Zk+1)>

— o\ (k + )25, — k2'°6k_1 B

+ 200K By (T — 2, V(2T V(%)
)

)
— 2N By (M — 2R V() = V(M) 4+ 200K By (M — 28 V().

Line (76): we obtain
Pk 4 202k 0% B BV (P = (k4 D2 E2 8B [V (]
[ k+2) r (k+ 1) ?Brt1 Bk — (b + 1)2Tk295k5k 1} 1V (z kH)HQ

+ b+ D7 R B [IV () = V()]
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[ (k+2)*(k+1)*Brs1Br — (k + 1)* k> BBy 1} IV (Z*)]1?
(k -+ DX BBy [V, V) = V) = VR = V|
[ k4 2)* (k + 1) Brs1 B — (k + 1)k BB 1} IV ()12
+ P (k+1)" k> B Br1 (V (2", V(M) — V(29))

62 .
— S+ R BB ||V (M) = V)|
Now, we combine everything:

k+1 k
g/\ - g>\

— {2>\2 [(k: 4 1)) k2(p—7‘)] +2A(2p — 1)) [kr—1 - 1)7~_1]

F2N| (b 1)207) = k200 (@ (2p—r) (k1)1 =) HIFH =2 (78)

+ LA (A kT — @)+ A (o — (20— )R = )

_|_

AN (b 1)2077) = 2] (o 1) (R 2, 2 ) (79)

+ {zAkW*’”)nk Y [(k F1)%8, — sz)ﬁk,l}
+2)\0 [(k +1)20) kQ(”‘”] (k + 1)2’"6k}<z’“+1 — 2., V(2")) (80)
{kg(w) (—200K% By 1) + 2)\9k2p6k,1] (=2, V(M) = V() (81)

+

(R0 [4(0 4k = @) (b + 1) =20+ 7k = )]
+2) [(k + 1)) k%H)}

=202 (0 = (2p — 1)k = N) } [ zkHQ (82)

+{k2<ﬂ—’“> [2nk(l€+1)r+29(>\+rk“1—a) (k+1)% Be—2(A+rk" ! —oz)nk}

99 [(k 1)) k?(w)] (k+ 1)3’”6k+2A9/~c2f05k,1}<z’f+1 —2" V(2M1))(83)

1 {k2(p—7’) [_29(13 + 1)k Beor + 20( A+ k" — @) k‘QTﬂkq]

- 2Aek2pﬁk,l}<zk+1 — R V() V() (84)

2
K2 otk + 1) — k| + 5| O+ 1207 — K20k + 1)

+ O[04 2P+ 1% Bea B — (k+ DZRBiBi] JIVED P (85)

+ {kZ(P*T‘) |:_92(k + 1)217{27”6’95]9*1 + ekzrnkﬂkfl]

O3k + )R By J(V (), V() = V() (86)

#1200 (<Large ) = o 1Eiea g [VE) - VEE 87
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We analyze each line separately. Line (79): evidently, we have
ANA+7E T = a)+4A (a — (2p — 1)k T = A) +4A [(k: + 1)2=n) — g2 (k1)
= 8A\(r — p)k* "L,

Line (80): recalling the definition for 7, and the fact that (k+1)2(°—") — k2= <
(since 2(p—r) < 0), the coefficient attached to (2" — 2, V(2*¥*1)) isless or equal to

INEZP), 1 220 [(k +1)%6, — kZ”Bk_I]
— M2, 4 200K [(k; T 16, — kQ’”Bk]
+ 2/\8{ [(k; 1 1)%8, — k:Q"Bk_l] _ g2 [(k: +1)% 8 — k:”ﬁk] }
- 2>\k2(f””{2k’” [(27«6/4“*1 — 1) By + Ok" (B — 5,{*1)} - 9[( +1)¥ By — k¥ B 1] }
200K [(k +1)28, — k’”ﬁk_l} 120 [(k 4 1)) kQ(p‘“)] (k + 1) By
< AN [(27’(%’"’1 — 1) By + O (By — 5,%1)},

again using that (k + 1)2(°=") — k20— <,
Line (81): we have k27~ (—2)0k%") + 2X0k* = —2X0k + 200k = 0.
Line (82): the coefficient accompanying H Skt kH2

-z is less than or equal to

e fa( ek = a) (k1) = 2(A+ 1k — o)
—2(a = (2o-)k =) }
= K (k= )[40+ 1) = 20— 20k + 20+ 21
= K2 (At = a) 40k + 1)+ 2(a — k)]

AR T (A 4Tk = a),

where we used the fact that eventually A+rk"! —a < 0 (argue like at the beginning
of the proof), together with 4(k + 1)" > 4k™ and a — k"~ > 0 for large enough k.

Line (84): we notice that
PN =20k + 1)"K* + 20(A + k" — @)k Brmy — 200k Br_1 | — 200k By

is the sum of nonpositive terms for large enough k.

Since V' is monotone, {25+ — 2F V(2FT1) — V(2F)) > 0 for every k.

Line (86): it holds

kQ(ﬂ—’/‘) [_02(k + 1)2rk2rﬁkﬂk—1 + 9k27‘nk6k—1:| + 92(l{5 + 1)2rk2p/8k5k—1 — ekgpﬁk—lnk-

This proves the lemma. O
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In the following lemma, we work with the coefficients attached to |2**! — z,||?,

(M — 2y, 2T — 2R (M — 2R V(2R and ||V (2FTY)|]2, which require further
analysis. The proof is quite technical and lengthy; for the sake of readability, we
have moved it to the Appendix.

Lemma 3.5. Consider the upper bound for 8/]\‘7“ — &Y provided by Lemma 3.4. The
following hold for large enough k:

(i) The coefficient attached to || 2"t — 2.||? is bounded above by
A\(p — r)kz(pfr)*l + Oy,

where Oy = O(K2P~)47=2) g5 k — +o00.

(ii) The coefficient attached to <zk+1 — 24, 2FFL — zk> can be written as 2Py, with
P, = O(k*~"72) as k — 400.

(iii) The coefficient attached to (¥ — 2K, V(z*T1)) can be written as
g Lok { [20(A+ 7k = a) + (6o + 0rk ! - 2) | By

+ 0k (ﬁk — ﬁkfl)} + 2<Ql,k + QQ,k)ﬁk}7

where Q1] = O(k™) and |Qax] = O(K* ') as k — +oo.
(iv) The coefficient attached to ||V (2**1)||? is bounded above by

K20 [ 200K B2 + RufiE,

where Ry, = o(k") as k — +o0.

With these two intermediate lemmas, we can prove the first theorem.

Proof of Theorem 3.3. According to Lemma 3.4 and Lemma 3.5, for large enough
k we may write

ghtt _ gl
< [/\(p )R-t Ok} |25 — 2|2

L 3A(p — )RR 2

+ 2P — 2, AR k) %k2p—r()\+rkr—1 _ Oé)||Zk+l _ Zk”z

AN (200K = 1) B+ O (B — Br) | (25 = 2, V()

+ ;/{QP_T()\—FTk‘T_l o a)HZk:-H _ ZkHQ + k,Z(P—T) {_%592]{:37* +Rk:| B,%HV(Z’H_l)HQ
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+ 3k A+ 7k —a) || = zkHQ

+22") {kﬁ{ 20(A+rk" =)+ (BatOrk ™ —2) | Bt 0" (Be—Bi1) | (89)

4 —7) .37
+ (Ql,k+@2,k>ﬁk}<zk+l_zk7 V() = 300Kk G|V ()12

Vs

_ %592k2(p—r)k3rﬁzHv(zk—l—l) ||2+0k2(p—r)k2rﬁk_1nk<v(zk+l>’ V<Zk+1) _V(Zk)>

92 9 (90)
R TR B2 (ko VPR B [V () = VR

We will use Lemma A.2 to show that
* (88) is nonpositive;

o There exist A such that 0 < A < a (when r € (0,1)) or 0 <A< a—1
(when r = 1) and such that (89) is nonpositive;

+ (90) is nonpositive.

To show that (88) is nonpositive, first assume that r € (0,1). Take
Bi= P, A=3Mp—r)kT Cim kT (A kT =),

According to Lemma 3.5, we have P? = O(k*~%*) as k — +oo. It follows that
for large enough k we have

B*— AC = P} = XN(r — p)(a—rk"™" = N)k*~~1 <0,
since 4p — 2r —4 < 4p — 3r — 1. If r = 1, the only term of (88) which remains is
k(A +1—a)|zF - zkHQ <0.

Before addressing (89), we deal with (90), since it is simpler. We factor out k(="
and take

0, 2r 1 r 6* r r1.2r
Bi= SR Bm, A= =300 B Cim =T KB 4 (b VPR B

Therefore,

02 4 1 r r 7 7.27
B2 = AC = " KV Byt — 00K B KB+ (k4 17 R BB |

62 1
< ZMgk?quﬂé—l - 5594]{?%513—1

2
— [ MER gy — 3007 ] B,

where we used the bound (117) we had on |ng|, as well as (70). We had established
that g = O(k") as k — +o0, which gives k¥¢? = O(k°") as k — +oo. Thus, the
term between square brackets becomes negative for large k, which gives B2—AC < 0.

Now, we focus on (89). Again, factor out k**~") and define

gp=a—1k" =\, cpi=0a+0rkt —2.
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According to our assumptions, for large enough £ we have ¢, > 0 and ¢, > 0. With
this notation, we set

B =k [(—295k + cx) B + Ok (Br — BIH)] + (Qux + Qok) B,
A= —3ke,, O = —%502/@31”5,3.

First of all, notice that

B* = k" [(—205k + ) Br + Ok (Br — 5k—1)]2 + (Qui + Qo) Bi
+ 2k%" [(—29€k + ) B + Ok (B — 5}:—1)] (Qur + Qo) B
= k" [(—29€k + cx) B + Ok (B — 5k-1)]2

+ {2/{:2T [(—205;C + ck) + riﬁk_ifk*l} (Qui + Qax) + (Qup + QQ,k)2} 513

B
= k' [(—29€k + ) B + Ok (B — 5k—1)] 2 + S,

where S is the term between curly brackets. In Lemma 3.5 we had shown that
Qir = O (k") and Qq, = O(K*~1) as k — +oo, which gives S), = O(kmax{3r5—1})
as k — 4+o0o. With these observations, we proceed:

B? — AC — Sy3?

r 2
< K| (=206 + 1) B + OF (B — Bk_l)]  456%k e, B2

= k4T (—2(9€k + Ck)zﬁ]z + 2(9(—2(9€k + Ck)ﬁkkr (5]{ - ﬂkfl) + 92k2r (ﬂk — ﬁk,l)z]
— 450°k" e, 87

<KV _(49262 — dbeyer, + i) Bp+2ex (1 — 2r0k™ " — 60) B+ (1 — 2r0k" " — 50)2@3}
— 400%K* e, 52

2
= kY B2 {49%% —40(80 + cx)ex + [ck + (1 —2r0k" 1t — 50)} }

= k" 3y (91)

where pj is the term inside curly brackets. We will distinguish between the cases
r€(0,1) and r = 1.

Case 7 € (0,1): define
ci=0a—2, c=a—X p(t):=40t> —40(c + 60)t + (c + 1 — 66)*

Notice that ¢, — ¢, e — € and py — p(e) as k — 4o00. The discriminant of the
quadratic equation p(t) = 0 reads

A =160%|(c+30)* — (c+1—66)%].
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Notice that § was chosen such that § < %. The growth assumption (16) tells us it can
also be chosen such that % < 20, thus giving 00 > 1 —4060 and c+0d60 > c+1—0960 > 0.

Therefore, A > 0 and p has two distinct roots: setting A := Z3+/A, these two roots
are

L
862

400k _ e+l A
E=— —A E=— A
The midpoint between the two roots is given by ¢, := %, which fulfills
c+ 66 c+1 fa—1 @ 1
U<en=— = 20 2 20

Choose €,5 > 0 such that ¢,; — A < Ero < Epp. Ot A\ = — gy, 1 = 1,2, As
we pointed out previously, we have py — p(e,;) as k — +o00. Therefore, for large
enough k, we arrive at

pleri) _ pla— M)

Pr < =5 = 5 <0 forv=1,2.

Going back to (91), this gives

B — AC < K*3} w + SpB2 <0 for large enough k and i = 1,2,

since Sy = O(kmaxBr5r=1h) as k — 400 and 47 > 5r — 1 when r < 1.
Case r = 1: here, we have

ep=c:=a—1—X, and ¢ =c:=0a+6-—2.
In this case, we define

pt) = 46> — 40(c + 60)t + (¢ + 1 — 20 — 69)°.

With this definition, py is nothing else than p(e) for every k. The discriminant of
the quadratic equation p(t) = 0 the reads

A = 1662 [(c+58)2 —(e+1-20— 59)2],

and again, it is positive provided § < % — 2 is chosen such that % — 2 < 26, which

can be done thanks to the growth condition (16). Define A and the midpoint &
as before. Now,
c+59<c—|—1—29_0a—9—1_a—1 1

20 = 20 20 T2 _%<O‘_1‘

0<€171 =

Choose €12 > 0 such that e ; ~A< €12 <ée1pand define \y; =a—1—¢1,,7=1,2.
Going back to (91), this gives

B?* — AC < K*BEp(a—1— A1) + SpBi <0 for large enough k and i = 1,2,

since p(a — 1 — Ay ;) = p(e1;) < 0 and Qa = 0 when r = 1, giving S, = O(k?) as
k — +o0.
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To summarize, we have shown that (88), (89), and (90) are nonpositive. Going back
to these lines, we have now

Ef:ril _ Efr,i < [)‘m'(P _ r)ng(”_’")_l 4 Ok] sz+1 . 2

+ 4)\r,ik2pir |:(2709kr71 o 1)5]@ + Ok" (5]@ . ﬁkfl)] <Zk+1 — Z, V<Zk+1)>
2,20 r—1 k1 _ k|2
—l—gkp (Ari + 1k —a) || = 2|
R [ 2007 + Ry BV (R
Ifre (0’ 1)’ then 2(p - T) -1> 2(,0 - T) +r—2. Recall that Ok = kQ(P*T)+T72 as
k — +o00, thus the term with [|2**1 — 2, || eventually becomes nonpositive. If 7 = 1,

the ||zF*1 — 2,]|? term vanishes. In both cases the ||V (z¥+1)]|? eventually becomes
nonpositive since we had Ry, = o(k*") as k — +00. The (z*! — 2, V(zF*1)) term is

nonpositive according to (68), and the sz“ — zkHQ term is evidently nonpositive.

All in all, we have egrt-g <o

for k large enough, say k > K > ky. This means that (Ef\cri)
decreasing, and thus

K>k 18 monotonically

0<& <& fork>K,re(0,1]andi=1,2 (92)

In order to conclude, we separate again the cases r € (0,1) and r = 1.

Case r € (0,1): according to the definition of the discrete energy function (73)—(76),
(92), the fact that (Bx)r>1 is nondecreasing and (70), for k£ > K we have

0> 2(p+r) Bl%—l k1|12 0° 2(p+r) 61% k|12
?k WHV(Z = < gk EHV(Z' i
62 -
< S+ D)7 BuBea [V DI < E5, (93)

and

D aOK T (2 V() < 200k (2 — 5, V() < EXLL (94)
; |

from which we deduce

Mggli 1 QMBgii’ 1
<Zk — Z, V(Zk» < Ar,1 ; L. .

k
: and ||V <
= 2010 kB IV <

(95)

Furthemore, say that for & > K we have (2p — r)k" ! < £ < a — \,;. Going back
to (74), this means that for £ > K it holds

2)\7“71]{2(9—7”) (Og o 5 - /\7‘71) sz _ Z*H2
< 2, k2P (a—(2p =1k =N I2F — 2] < 551

285
and thus A1t (|28 = 2| < g [ 2
’ (Oé - 5 - A7",1)
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Combining this together with (73), (92), (93) and (95) yields
2kP|| 27 — 2P| < 2A0 kP |ZE — 2| 4 0KPTT B ||V () |
+ HQ)\Tylkp’T(z —z) +2kP (2 =) + Gk’”’"ﬁk,lV(zk)H

255 1 K K
(—¢ - Ar1) + \/QMﬁg’\’"’l + \/28)‘“1'

All in all, we have obtained that, as k — o0,

WVEN =0 (gmg ) (=2 VEN =0 () - 1= = 0 (55) - (96)

Case r = 1: going back to (74) we have, for k > K,

((:K
2% — 2| < = ,
2)\171(01 —1- )\1,1)

Using the boundedness of (£¥ ), and

k>2" 1/ k>1
arguing exactly as in the case r € (0,1) we obtain

which gives the boundedness of (Zk)

IVE =0 (7). =2V =0 (55) 5= =0 (5) o

as k — +oo. O]

Similar to the continuous case, in the following theorem we will assume that (zk) >0

is bounded when r € (0,1). This will allow us to set p = r and improve the rate of
convergence results from O to o in (96), as well as to show weak convergence of the
iterates towards a zero of V. Additionally, when r = 1, we will can also lift O to o
and again show weak convergence of the iterates towards a zero of V.

Theorem 3.6. Under the same hypotheses of Theorem 3.3, consider the following
convergence rates as k — +00:

IVE =0 () (2= 2 VE) =0 () and 125 =2 =0 ().

Ifr =1 or (r € (0,1) and (2*)>2 is bounded ), then the above rates hold and (2*)y>»
converges weakly to a zero of V' as k — 4o00.

Proof. Going back to Lemmas 3.4 and 3.5, choosing p € (0,7) when r € (0,1) is
done just so we can guarantee that term attached to ||2**!— z,||? eventually becomes
nonpositive. We can plug p = r in our calculations; the term with (z*!—z,, 2F1—2*)
will vanish, and the nonnegativity of (89) and (90) will not be affected since it doesn’t

depend on p. We now have
k1 k
g>\'r‘,i B g>\m'

R Vi | ERS A
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+ AN KT [(%ek“1 — 1) By, + 0k™ (B — @H)} (T — 2,V (Z*) (98)

+ k(N + 7k — @) ||zk+1 - zkHz (99)
+ [-300K7 + R B2V ()| (100)
< [k;H (ke 1)’“*1] 12541 — 2,12, (101)

since for large enough k lines (98) - (100) become nonpositive (recall that Ry, = o(k3")
as k — +00, so Ry, — £60*k eventually becomes negative). If € (0,1), recall we
assume that (||2*¥ — 2.]|)x0 is bounded, say ||z¥ — 2,||> < M for all k. According to
(101), for large k (say k > K > 2 suffices), we have

ERHI-Eh | < 2 [ = (k1) =2 P < 20 M R (k1) (102)

Rearranging the previous terms gives

ENL 2 Mk + 1) < EF 42X MET! Wk > K.

herefore, the sequence (5)’\“ + 2\, r M k;”_l) kK is nonnegative and nonincreasing,

meaning it has a limit as k& — +o00. Since 2\,;r(1 — r)Mk™"! also has a limit as
k — +o00, we come to the following: for p = r, we have

0<E, <EN, +20ur(1—r)MK™™" for k> K, re(0,1] and i = 1,2;  (103)
lim 5§m exists for r € (0,1] and i =1, 2. (104)

k——+o00
By going back to (73)—(76), setting p = r and reasoning exactly as we did before,
we arrive at

IV(z)| =0 (k;m) , (ZF =2 V() =0 (ﬁ) |- =0 (%) (105)

as k — 400, where these rates now hold for all r € (0, 1].

For r € (0, 1], we proceed to show three summability results that we will need later.
Going back to (101), choosing ¢ = 1 and using (68), for £ > K we have

AN 100K B (ZF T — 2, VM) + (o — k™ = Ap) K
1 "
+ GO0k BV (DI

Skl ZkHQ

e e W (Vi [ Ela A (106)
where we used the fact that —%5921453" + Ry eventually becomes negative. Notice
that the last line is summable. We have

(I) Using (A1), the Cauchy-Schwarz inequality, and that ||V (2*)|| = O (ﬁ) as
k — +o00, we obtain
[(k+ 1) — k| BulF Y — 2, V(M)

<rk B2 — ||V (2R = O ( > as k — 4o00.

kl-‘,—r
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This implies that the left-hand side is summable. Therefore,

+oo
Z(k, + 1)r6k<zk+1 — 2, V(Zk—i-l))
k=1
+oo +oo
< Zkr6k<zk+1 — 2, V(Zk:—i-l)) +Z [(k‘ + 1)7" . k,r] ﬁk<zk+1 — Z,, V(Zk+1)>
k=1
<00 by (106) <+oo
< +o0. (107)

(I) Arguing like in the previous item and using ||2¥ —2*7!|| = O (%) as k — +o0,
(106) implies

+oo
STk + 1) = P < o0 (108)
ke
(III) Using (A2) and reasoning as before, (106) entails
+o0
D (k+DTBIVETIP < +oo. (109)
k=1

Consider the A, ; defined in the proof of the previous theorem. Recalling the defini-
tion (73)—(76) of our energy function, now with p = r, we can write

k k
g)\ - g)\r,l

7,2

2
= 1“2)\“2(2}C — ) 2k (5 =) + 9/€2Tﬂk_1V(zk)H

2

HQ)\T (2R = Ze) + 2k" (zk *1) + Hk%ﬁk,ﬂ/(zk)

+[2ha(a =k = A) = 20 (= k= )] 12— 2
+2(M s = At )ORY By (25 — 2., V(2F))
= (20,5(5 — 22) + 2K (5 = 2571) 0K B V() 20 — M) (5 = 22) )
= 1202 = M) F = )P+ 2002 = M) (= k) 12— 22
2002, = 22 13F = P (200 = M) (2F = ), OF B V()
= (2002 = At (5 = 22, 207 (2F = 2570) 2067 B V()
+2(Aa = Ar) (@ = rk ) |27 = 2
[0z = M) =200z = M) = 2(A2, = 22| 12 = =

/

'

_ r—1
=4(M\2 = A1) [% 125 — 2% + kr<zk — Zy, 2= QkTﬁk,l‘/(zk)ﬂ .

Call py the term between square brackets. We showed that limy_, . & fm_ exists for
i=1,2,and A\, — A1 # 0, thus
lim p, exists. (110)

k—+o0
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With this at hand, we can rewrite Sfm as
5/]\11 = %HQ)\M(Z]“ —z) 2k (28 =) + karﬁk_ﬂ/(zk)HQ
+ 221 (o — 7K = A |27 — 2P
2067 Bt (25 — 2 V) + S (ke 7R BB |V (M)
%[4)\21“,2 — 2,])% 4 2\, k:’"<z — 2z, 2(2F =)+ Hkrﬂk_l\/(zk)>

4 er

2(2F — 25 4 O By V(2 H ]

[ pio— k™ 1)—2A21}Hz P 200K (2 — 2 V()
9 T T

+ 5k )2 k2 BB |V ()|

= 4)\r,1pk + 7

2 — ) 4 0K G V)| + SR VI
+ [k 7R By — K7 82] IV ESIP

= 4)\r,1pk + sz

14 Ok B, Vi H kz’"Hz kleQ

2 [+ D7 R BBy — K82, IV ()2 (111)
Let us analyze (111). We have
(k+ 1)k Befor — k¥ Bi_,
= k¥ B [(k + 1) — kQTﬁk—l}
= kzrﬁk—l{ [(k + 1) - kﬂ Br + k7 (B — 5k—1)}
<K By | (2R3 4 TR By + R (1 200k — 60) By
< (20K 4 kY M2 + (1 — 60)KY M2,

where we used (A3), (69) and (70). According to Theorem 3.3 and the previous
inequality, we obtain that line (111) converges to zero as k — 400. Since we know
that limy_, | o pi exists, we obtain the existence of limy,_, . hg, where

hy = k|2

KL 0K By V(2 H e

Furthermore, we have
400 —+00 +oo
Sl g3 |k — A 203 kB IV < o,
k=1 k=1 k=1

according to (108) and (80).

Since Z i 400, it must be the case that lim h, = 0.
k=1

k—+o00
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In particular, this implies

lim kQT”zk — zk_IH2 =0, equivalently sz — zk_lH =0 <i> as k — +oo.
k—+o00 kT

Using again that limy_, . hr = 0 together with the previous statement, (70) and
the triangle inequality, gives

Jim KGR 2 = 0, equivalently [[V(2)] = o ( as k — +oo.
—+00

o)

This last statement, together with the boundedness of the trajectories and the
Cauchy-Schwarz inequality, gives

(F — 2, V(M) = o( !

m) as k — +oo.

This produces the stated o rates.

We now deal with the weak convergence of the iterates. Just like in the continuous
case, we use Opial’s lemma (see Lemma A.5). Define, for k > K,

k
1 T j '
ar =512 = 2P+ 0 5B — =, V().

j=1
It follows that for & > K we have

1 - r
0 g = 5[4 = 2P = 15 = ] 4 O Bl — 2 V)

= (2" — 2, 2" = T 4 OBV (2F)) — %sz — zk_le.
We distinguish between the cases r € (0,1) and r = 1.
Case r € (0,1): we have
aqe + K (qn — qr-1)

— %sz — 2P+ (2" = 2 2 = T 0K B V (2F))
k
+ GOszTBj,MZj — 2, V(7)) — %sz - 21“1”2
j=1 k
T o i i 1 —1112
=5k U2 — 2zl 4 pe + Haz;j Bi—1(z) — 2z, V(27)) — 5”2’“ A
‘]:
Since limy,_, oo k"' = 0, and according to (107), (110) and Theorem 3.3, the last line
has a limit as k — +00. We use Lemma A.4 to ensure the existence of limy_, | o G-
Going back to the definition of ¢ and again using (107), we finally obtain that

lim |[2* — z|| exists.
k—+o0

Case r = 1: we similarly obtain
k

. . : W1 _
(a—1D)gi+ k" (qr — qr—1) =i +6(a — 1) Zjﬁj—l(zj — 2z, V(7)) — §sz I

J=1
and with the same reasoning as before come to the existence of limy,_, . ||2F — 2.]|.

This verifies the first condition of Opial’s Lemma.
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For the second condition, assume that Zz is a sequential cluster point of (zk)k>2.
Therefore, we have zf» — Z as n — +o0o for some subsequence (zk")n>0. Accord-

ing to Theorem 3.3, we have V(2*) — 0 as n — +oo. Since the graph of V is
sequentially closed in HVeak x H5"°"¢ we conclude that

V(z) =0,

therefore checking the second condition of Opial’s Lemma and thus ending the proof
for this theorem. O

A. Auxiliary results

Lemma A.1. Fork>1,r €[0,1] and o <0, the following hold:

(k+1) — k" <rk™Y (A1)

(k’ + 1)37’ _ k,37‘ S 3rk3r—1 + 3Tk:3r—2 + Tk3r—3; (AQ)

(k + 1)27" - k2r S 27,,]{:27'71 4 rk2r72; (A3)

(k+1)° -k <ok’ ' +o(c—1)k7% (A4)

(k4 1)7 = k| < Jolhm (A5)

‘2rk2r—1 - |:(l€ + 1)2r o k,?r:| S 27”|27“ o 1|k,2r—2‘ (A6)

Proof. We first show (A3). According to the mean value theorem, we get for some
¢ e (K (k+1)%

(k+1)" =k = ((k+1)*) = (k*)" =r! [(k +1)* - xﬂ =M (2k+1).

Notice that

5 2 1 11 1 1 1
< - < <
B <€é< (k—i- 1) = k1 1)2 < £ < 2 = (k+1)20-n) = ¢l=r = g20-7)

and so remt (2k‘ + 1) < r(2k+1) = 2rk? kP2

k2(1-r)

The inequalities (A1) and (A2) are shown in the same way. For (A6), there exists
w € (k,k+ 1) such that (k + 1)*" — k*" = 2ru®~!. Again applying the mean value
theorem, there exists £ € [k, u| such that

2rk> 7t — [(k+ 1)7 — K*]| = [2rk™ " = 2rp® | = 2r(2r — 1|€ 2 (1 — k)
< 2r|2r — 1|K* 2,

since p —k < (k+1) —k =1 and 2r —2 < 0. For showing (A4), again write, for

some & € (k,k+ 1),
(k+1)7 — k7 =0 . (112)

Arguing similarly as before, we have (k +1)7! < &7 < k71 thus

ok ' <ot <o(k+1) T =0 |(k+1)TT kT 4ok < ok Mo (01K,

where the (o — 1)k°~2 is obtained following the same reasoning. Inequality (A5)
is obtained by taking the absolute value of both sides of (112). O
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The following elementary result is used several times in the paper.

Lemma A.2. Let A, B,C € R be such that A # 0 and B*>— AC < 0. The following
statements are true:

(i) if A >0, then it holds

AX|P4+2B(X,Y)+C|Y|P >0 VX,Y € H;
(ii) of A <0, then it holds

AIXIP+2B(X,Y)+C[Y|P<0 VXY € H.

Regarding the following lemma, the case where » = 1 has already appeared in the lit-
erature, but we haven’t found a proof when r € [0, 1). For the sake of completeness,
we provide a proof for r € [0, 1].

Lemma A.3. Let a > 0,7 € [0,1] and q: [ty, +00) = R be a continuously differen-
tiable function such that

lim (q(t) + %cﬂt)) =/(eR.

t——+o0
Then it holds that limy_, . q(t) = £.

Proof. By considering ¢(-) — ¢ if necessary, we may assume that ¢ = 0, i.e., we need
to show that lim; ., q(t) = 0. Define, for ¢t > t,,

F(t) = {ieXp (%rtl_T) rel0,1)

t® r=1.

Therefore, for every t > t, we have

) - tlrexp (%tl_r> re(0,1)

at®! r=1.
In any case, F/(t) > 0 for all t > o, and we obtain F(t) = iF(zﬁ), which means that

a

'

B(t) (at) + Zat)) = F(a(t) + SF(1)(0)

= F(Hq(t) + Fi) = & (Fa(®).  (113)

By assumption we have ¢(t) + %¢(t) — 0 as ¢t — +oo. Take & > 0. Then, there
exists 1" > tg such that
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Using (113), for ¢ > T it holds
d

SEOa)| = [F) (a0 + Zaw)| < <P,

so integration from 7" to t > T yields

It follows that
|F(t)q(t)| < [F(t)q(t) = F(T)g(T)| + |F(T)q(T)| < e(F(t) = F(T)) + |F(T)g(T)

from which we deduce

lq(t)| < e+

Now, we use the fact that F'(t) — 400 as t — +o0 to finally obtain

limsup |q(t)] < e.

t—+o0

Since € > 0 was arbitrary, the desired result is shown. [

The following result is the discrete counterpart of the previous lemma. Again, the
case r = 1 has already been previously addressed, but we found no proof when
r € [0,1). We provide a complete proof.

Lemma A.4. Let a > 0, r € [0,1] and let (qx)k>1 be a sequence of real numbers

such that . i
kll)lfoo [Qk—&-l + *(Qk+1 — Qk)} =leR.

a

Then it holds limy_ o q1. = L.

Proof. By taking g, — ¢ instead of ¢z, we may assume w.l.o.g. that { = 0. First
of all, we recall a small auxiliary result. For any sequence (a,),>1 of nonnegative

numbers, it holds "

[Ja+a)> 1+§n:ak. (114)

k=1 k=1

Now, define F} = 1, and inductively,
Fruy = (1 + ki) Fp.
We readily see that for every m > 1, the previous definition together with (114)

entail
" a " "1
FnH:H(HH) 21+ak§1mz1+ak§lk,

and since the right-hand side grows to +o00 as n — +o0, we have lim,, ., , F;, = 400.
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Furthermore, notice that (Fy)>1 is increasing, since Fjy = Fy + 5 F) > Fj. Addi-
tionally, we have

k"
Fo = X (Fopt — ),
which gives fa ( . k)
(Fir1 — Fr) [QkJrl + %(Qkﬂ - Qk)] = (Feyr — Fi) qura + g(Fk+l — Fi) (Grs1 — ax)
= (Fo1 — Fr) o1 + Fre(@rrr — @)
= Fr1Qre1 — Frgr (115)

Let € > 0. Then, there exists ky > 1 such that for k > kg it holds

T

‘Qkﬂ + = (1 — Qk)‘ <e.

a
Multiplying both sides by Fj,1 — F}, > 0 and using (115) yields
k'l‘
| Frr1@ur1 — Fear| = (Fir — Fi) ‘Qk—&-l + ;(Qk—i-l — Qk)‘ < e(Fy1 — Fr).

Summing the previous inequality from kg to n — 1 > kg leads to

n—1 n—1
| Frtn — Froi| = Z (Frs1qerr — Frar) | < Z | Fyr1qe1 — Frgr
kao k‘:kO

It follows that for n > kg + 1 we have
’FnQn’ S }ann - Fk‘oqko| + |Fk20qk‘0| S €<Fn - Fk’o) + ’Fk’oqk}o|

Fko (|qko| - 5)

and therefore lgn| < e+ =

Since we have already established that F,, — 400 as n — 400, we come to

limsup|g,| < e.
n—+oo

Since £ > 0 was arbitrary, we conclude that lim, ., ., ¢, = 0. ]

The proof for the following lemma can be found in [18].

Lemma A.5. (Opial’'s Lemma) Let H be a real Hilbert space, S C H a nonempty
set, to > 0 and z : [ty, +00) — H a mapping that satisfies

(i) for every z. € S, limy_, o ||2(t) — 2z.|| exists;

(ii) every weak sequential cluster point of the trajectory z(t) as t — +oo belongs
to S.

Then, z(t) converges weakly to an element of S ast — +00.
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B. Proof of Lemma 3.5

For the sake of readability, we include the proof here.

Proof of Lemma 3.5. (i) The coefficient reads

=:0p

N\

2)2 [(k 1)) k2<ﬂ—’“>} FoA2p — )RR [kt - 1)’“—1}
+ 20 [(k 1)) k%}—”} (0= (2p—r)(k+1)7" = A).

After dropping the nonpositive term of the second line and using (A4) and (A5),
the previous quantity is less or equal to

272 [(k 1)) k2<p—r>} (04
<AN(p —r)RPemTl {4)\2(/) —r)(2(p —7) — 1)k2rr)72
+2X[2p —r|(1 - r)k2<p—r>+r—2},
(ii) Recall the term in question reads
2P, = 8A(r — p)k*7 TR 4 4 [(k: +1)%) — kQ(p‘”] (k+1)"
= 4)\kr{2(r - p)kz(P*r)*l — [[&(M) — (k+ 1)2(p77'):| }

+ 4 [(k: 1)) kQ(p‘“)] [(k: +1) - k} ,

which means that
[P < 20" -2(r — p) (1 +2(r — p))k2(”_r)_2 +2X - 2(r — p)R2PT T L
and the right-hand side is of order O(k*~""2) as k — +o00.

(iii) We can rewrite the term as
— [(2rekr—1 — 1) By + 0K (B, — 5k_1)] —9 [(k F )6 — k’%/ﬁk—l}
=2k" (2r0k" " — 1) Bi + 20k (B, — Br-1)
. 9{ [(k 1) k”] Br + K2 (By — /3k_1)}

— 2K" (200K — 1) By + OK™ (B — Bht) — 0| (k+ 1)* — k¥ | (116)
According to our assumptions, for large enough k& we have
12r0k™t — 1] =1 —2r0k™ 1 < 1.
Using this, together with (A3) and (69), yields
| < 27 By, + k(1 — 2r0k™ " — 060) By + (2r0k™ " + r0k™ 2) By..

Since 2r — 2 < 2r — 1 < r, the previous inequality tells us that

k] < @B, (117)
where ¢ = O(k") as k — +oo.
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We rewrite the term accompanying (2" — 2% V(2**1)) as
2(p=r) {an(k F 1) 20(A 4k — o) (k + 1),
—2(A+ TR = @)+ 200K By | (118)
+ 20 [(k; 1)) k2<ﬂ-r>} (k + 1) By (119)
We first focus on (118), namely, the term inside curly brackets:
20u(k+1)" +20(A+rk" ' — @) (k+ 1)* Br — 2(A 4+ rk" ™! — o) i + 200k By
—9 [(k T a)}nk 42k
+20[(k+ 17 — K| (k! = ) By + 208 (A 7 = 0) By

+ 200K (Bt — Bi) + 2M0k™ By
= 2k"my, + 20K*" (A + k""" — ) By 4+ 200K By

2+ 1) = k"= (A ok = ) o+ 20|k + D = B | (A 7k = 0) By
+ 200K (Byr — B
_ 2k:7"{2k:’" (rOk" ™" — 1) By + 2r0k> By + Ok (By — Brs) — 0 [(k F1)F - k:ﬂ Bk}
+ 20k (A + 1k — ) B+ 2\0kY By
+2[ (k1) = K = (A4 k= ) i+ 20| (k1P = K| (A4 7k — ) By
+ 200K By — By)
= 2" |2k (rOK™Y = 1) By + Ok (B — ﬁk,l)} + 20K (A + k""" — a) By, + 200k By

+ zekf{m«k?r—l - [(k F1) - kﬂ }ﬁk

2 (k1) = K = (A4 k= ) i+ 20| (k1P = k| (A4 k= ) B
+ 200k*" (ﬁkq — 5k)
= 2% [2(r0k " — 1) By + O (B — Bya) +O(A+ 7k = a) B+ 2B (120)

+ 20k’"{27’k2“1 - [(k +1)¥ - kﬂ }Bk (121)

2[(kz+1)7"—k:’" Akt — }% By (122)

+20 [(k 1) - k%] (A4 7k — ) By + 22082 B =P g, (123)
k

Line (120) reads
27| (2r0K 1 = 24 20 + 07k’ = B+ 20) B + 0" (B — i) |

=2k { [ =20( — 7K™t = A) + (6o + 0rk7 = 2)| B+ 0K (B — B |
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For lines (121), (122) and (123), we factor out 25 and write these lines as 20 ;5.
We use (A6), (A1), the fact that [A+rk"! —a| = a —rk"! — X < «a for large
enough k, (117), (A3) and (69) to obtain

‘Ql,k’ S oOL" QTkQT_l . |:<k+ 1)27‘ o k?r] + ‘(k’—F 1)r — k= ()\+rkr—1 o Oé)‘ Zi
k
0l 17 — |3k ] g Bt
k

<2r2r — 10K 2 + [rk" T o — 1k = Mgk
+ (270K + 10k ) (o — kT = X) + AT (1 = 200k — 60)
<2r|2r — 1|0k 2 + (o — N)gi + (200K 1 + 10k7 %) + XE" (1 — 46).

The right-hand side is of order O(k") as k — +oo. Now, line (119): we write it as
2k2P=1)(Qy, and we have, according to (A5),

0 r r .
Qo] < P (k + 1)2(P ) _ 2(p—7) (k + 1)3
S % . 29(7“ — p)]{;2(P_T)—1(k. + 1)3r

< 20(r — p)k ™' [K°" 4 3k + 3K" + 1]
and this last term is of order O (k* ') as k — +o0.
(iv) First, notice that
(k+1)% = (k+1)* = Y7 (k+ 1) + B (k+ 1)
=(k+1)* [(k + )27 e | g2 (g 1)

< kQ(pfr)(k + 1)21".

It follows that the coefficient attached to ||V (2*1)||? is less or equal than

kQ(P—T) |:9<k, + 1)2rnkﬂk‘ o %nlﬂ
2
[+ 2R e+ 17 B B — (k1) K2 By By

2
I % [(k F1)2e-n) kQ(f’*’")} (k + 1)1 32

. . 1
< KO0k + 1) By — 5

O [ 202 (1 BB — O+ 1P B}

< 2(o-7) {ekZ’”Bmk - %(k +1)% B [(k +2)" Br — kQT@H} } ) (124)

where we used the fact that for large enough k, n, < 0 (a consequence of (68)) and
we dropped the nonpositive term —%77,3. We focus on the term inside curly brackets
and address the cases r € (0,1) and r = 1 separately.
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Case r € (0,1): since the inequality (67) is strict, there exists 6 such that 0 < 4§ <
0 < 5 and such that inequalities (68), (69) and (70) hold replacing § by 6. Taking
into account (116), the first of summand of (124) reads

k2" By, — ek”ﬁk{zkr(wek“l — 1)Bi + Ok (By — By1) — 0 [(k T 1) - k%] ﬁk}
< 0K B |20 (200K — 1) By + K (1= 200k — 30) By
— Ok B, [k’"(Zr@k“l — 1) — 59k”6k]
= 0(—1—060)k* B} + 2r0°k* ' 7. (125)
Moving on to the second summand of (124), we have

(k +2)" B — K7 B

= (k+2)" B — (k+ 1" B + (k + 1) B — K iy

= [(k+2) = (k+ 1] Bcs + (k+ 1 (Bis — )
O+ 17— K| B+ K (B — B

< @r(k+ D 1k 1)772) B + (k1) (5 = 20k + 1) = 8) B
2ok k) By 4 K (5 20K = ) B

< [ M2k + 171 4 r(k + 1)22) 20k k22| By
(k1) (5= 8) Moy + & (5= 3) B

< {M5(2r(k + 17 (ke + 1)2 ) 4 2rk* T k¥ 4 Mg (% — 5) } B
+(1+ M) (5 8) KBy

= B + (1 + Mp) (é . 5) K By, (126)

where 7, is the term between curly brackets. Notice that r, = O(kmax{2r=1.0})
as k — +oo. Here, we used (A3), (69), (70), we dropped the nonpositive terms
—2r(k+1)""" and —2rk"~! and we used the fact that (k+1)" < k" + 1, since t ~— ¢
is subadditive on [0, +00). With (125) and (126) at hand, we can bound (124):

T 02 T T T
Ok By + 5(143 + 1) By [(k +2)% Begr — K 51@—1}
< O(—1—360)k¥ B2 + 200k B2 + 92—2(k 1) [rk +(1+ Mp) (é . 5) k} 3

< gk [—1 + 2 e (1 + HQMf’) 59] 52

2 4r—1 (k + I)ZT r r 1+ Mﬁ 1 S 2
02 {orwtrt 4 EED S (20 1) 52 (2 - 6) }
< ok [M=t — 256] 57 + Rust

where Ry, is the term between curly brackets multiplied by 62.
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We used the fact that Mg > 1 for the bound —Héw’a

tivity of ¢ — ¢” to obtain (k+1)*" < (k" + 1)2 = k?" 4+ 2k" +1. Since r < 1, we have
3r > 4r — 1, and from here we deduce that Rj, = o(k*") as k — +o0o. According to
Remark 3.1, Mg can be taken as close to 1 as desired, provided k is large enough.

In particular, it can be chosen such that M’;_l < 2«9(5 —§), and thus

< —1, and again the subaddi-

Mo =L — 950 < 205 — 6) — 260 = —200,
and this is what we wanted to show.

Case r = 1: again, according to (116), we have
M = 2k(20 — 1)y + 0k (B — Brs) — 9[(1« 1) — k2| B,
= 2k(20 — 1) By + 0k (B — Br—1) — 0(2k + 1) Bk
- [2(9 1)k — 9] Bi + 0k (B — Bis),
so using (69) yields
Ok>Byny < ek%{ [2(9 1)k — 9} B+ k(1 — 20 — 59)@}
— ok® [2(9 1)+ (1—20— 59)}5,3 — PR, (127)
For the second summand of (124), we write
(k+2)Ber1 — k*Bea
= (k+2)?(Brsr — Br) + k> (Be — Br—1) + [(k’ +2)* - kz} Br
k+ 1) + 2k + 3] (Brar — Br) + k(B — Br—1) + (4k + 4)By
—2—6) [(k+ DBosr + kB + 2k +3)(Burs — Bi) + 4k + 1)5
9o 5) (k+ 1) (Bess — Br) + (2k +3) (Besr — Bi)

- {(3—2—5) (2k+1)+4(k+1)} Br

IN
/N 7/ N —~

< <;—2—5)2ﬁk+1+2:_:_13(;—2_5>Bk+1

+ [(%—2—6) (2k:+1)+4(k+1)} B
{(;_2_5>2M5+2k+3(;—2_5>Mﬁ} B

+[(3-2-08) @+ +ak+ 1) 4

IN

_2<;_5>kﬁk—|—{(;—2—5)2]\/[54—2:—:‘13 (;_2—5>M5+;+2—5}ﬁk

_9 (% _ 5) kBe + 7465, (128)

where 7 is the term between curly brackets. We have r, = O (1) as k — +o0.
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To obtain the bounds, we repeatedly used (69) and (70). Using (127) and (128), we
have a bound for (124):

T 6? T T T
0K B + - (k + 17 B | (k + 2% B — K B |

1

< 0K? [2(9 —1)+(1-26— 59)] B2 — 02k25,§+%2(k +1)*B [2 (5 — 6) kB + rkﬁk]

2
< ok [2(9 )+ (1—20-6860)+(1— 59)] B2+ %(Qk F 1)
= — 200°K*3 + Ry 3%,

2

where Ry = %(2/{ +1)7, = o(k*) as k — 4o0. This concludes the proof. O
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