Journal of Convex Analysis
Volume 33 (2026), No. 3&4, 691-736

Calibrations for Minimal Surfaces with
Free Boundary and Cheeger-Type Problems

Guy Bouchitté

Lab IMATH, Université de Toulon, La Garde, France
bouchitte @univ-tin.fr

Minh Phan

The University of Danang — University of Science and Education, Danang, Vietnam
ptdminh@Qued.udn.vn

Dedicated to the memory of Hédy Attouch.

Received: October 24, 2025
Accepted: November 4, 20225

We study a problem of minimal surfaces with free boundary written in the form of a non convex
minimization problem. Our aim is to characterize optimal solutions by finding a suitable calibration
field. A natural upper bound of the infimum is given by a variant of the Cheeger problem that
we solve explicitly proving the optimality thanks to the construction of a cut-locus potential. The
comparison with the original problem is then discussed in detail.

Keywords: Free boundary problems, calibrations, minimal surfaces, shape derivative, Cheeger sets,
cut-locus potential.

2020 Mathematics Subject Classification: 49J45, 49N15, 49Q10, 65K10, 90C26.

1. Introduction

In all the paper, D is a given bounded domain of RY with Lipschitz boundary.
For any subset Q C D, we denote by |Q] := £LN(Q) its area (the N-dimensional
Lebesgue measure of ) and by P() its perimeter. Recall that, if P(Q) < 400,
then P(Q) = HY71(99), i.e. the (N — 1)-dimensional Hausdorff measure of the
(essential) boundary of €.

Given A > 0, our aim is to study the following variational problem:

BA) = inf{/D V1| Vul2de —A[{u>1} : ue WOM(D)}. (1.1)

By using a truncation argument, one checks easily that the infimum above is un-
changed if we restrict the infimum to competitors u such that 0 < u < 1. The
free boundary associated with such u is then the essential boundary of the set
Q= Q(u) := {u = 1}. Accordingly, the minimization problem (1.1) contains two
terms in competition, on the one hand the minimal area of a parametrized surface
with 0D x {0} and 092 x {1} boundaries, and on the other hand the area of the
unknown subset €2 times the scaling factor .
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An alternative point of view is to see (1.1) as the minimization of the shape func-

tional: Jy: QC D w— J(Q2)+ (1 —A)[Q where:

J(Q):inf{/ V14 |Vul?dz : w=0 on 0D, u=1 on 89}. (1.2)
D\Q

T

Figure 1: A surface with prescribed boundary v = 0 on 0D and free
boundary 0{u = 1}.

In this context, if 2 is an optimal set for Jy, then a solution u to (1.1) is obtained
by solving
Cdiv—"%_—0 inD\Q, (1.3)
V14 |Vul?

u=0 ondD, u=1 ondf,

where (1.3) encodes the zero mean curvature of the parametrized surface z = u(z).

In fact, it is well known that the above nonlinear boundary value problem does
not always have a solution (see for example [19]). In order to start with a well-
posed problem, we replace the variational problem (1.1) by the following relaxed
formulation, in which the class of competitors u is extended to possibly discontinuous
functions (thus violating the boundary conditions):

B(A) =inf {E\(u) : we BV (D)}, where (1.4)
E\(u) == /D Vv 1+ |Vul|? dx + /D | D*ul + /aD lu| dHN P — X |{u>1}.  (1.5)

Here BV (D) denotes the subspace of functions u € L'(D) whose distributional
gradient Du is a vector Radon measure of bounded total variation from D to RY.
The Radon-Nikodym derivative of Du with respect to the Lebesgue measure on
D coincides with the a.e. defined approximate gradient Vu while D%u denotes its
singular part. Such functions u have a well defined trace in L'(9D) (see [29]) and
a well defined jump set S, := {u; > u_} where u_(z),us(x) are the lower (resp.
upper) approximative limits of u at any € D. It turns out that S, is an N — 1
dimensional rectifiable subset of D such that D*u = (uy — u_) v, HN LS, + D°u
where v, is a normal unit vector to S,; the remainder of D® on the complement of
S, is the so called Cantor part that we will denote by D¢u. For further details on
the space BV (D), we refer to [3] and also to [7] for classical relaxation issues in this
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space. It is easy to check that (1.4) admits solutions in BV (D;[0,1]) and that the
infima defined in (1.1) and (1.4) coincide. However, the solution is not unique (see
[8] in a simpler context), and characterizing a global minimum turns out to be a
very difficult problem. This is due to the nonconvexity of the term —A|{u > 1}].
In fact, if we restrict the definition of Ej(u) to u > 0, we can rewrite this term as
the integral A fD g(u)dx where g : R — R:

—t ift<0
gt)=¢ 0 ifo<t<l, (1.6)
~1 ift>1.

This integrand g is lower semicontinuous non-increasing and admits a jump at t = 1.
Its convexification g** given below is such that {¢** < g} = (0, 1):

g (t) = —min{t, 1}. (1.7)

In order to overcome this lack of convexity, we will use a duality recipe in dimension
N + 1 which was developed in [9] for functionals of the kind

w e W(D) /D(f(Vu) + g(u) dz

for general non-convex lower semicontinuous functions g : R — (—o0, +00], possibly
admitting isolated discontinuity points. In [9], the integrand f was assumed to be
convex and satisfying a p-growth lower bound with p > 1. Recently this duality
result has been extended to the case p = 1 where f has linear growth at infinity
(see [11]). Moreover, if f is assumed to be positively one homogeneous (for example
f(Vu) = |Vu|), an exclusion principle was derived in [11], namely: the minimizers
of [,(f(Vu)+ g(u))dz under a Dirichlet condition ug € L'(9D) such that g(ug) =
9™ (up) cannot take values in the set {g** < g}.

We are also interested in a variant of (1.1) where the surface-area term is replaced
by the total variation of w. In virtue of the inequalities |z| < /1 + |z|2 < 1+ |7
holding for all z € RY, we infer that:

m(\D) = fo(\) — D] < B(N) < f(A) . where (18)
Bo(A) := inf {/D(l + |Vudz — A {u=1}| : ue Wy (D), 0<u< 1} . (1.9

We are led to another free boundary problem where the PDE counterpart of (1.3)
is given by
. Vu .
—div <|Vu|> =0 inD\Q,

while the relaxed functional to be minimized in BV (D; [0, 1]) becomes

EY(u) = |D| + /D | Du| + /BD luldHN 1 + A /Dg(u) dx . (1.10)

Here, two important observations underscore the role of this variant of the original
problem:
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e The equality E\ = EY holds on the subset BV (D;{0,1}). Indeed, if u is the
characteristic function 1g of a subset {2 C D, then () has a finite perimeter in
RY given by P(Q) = [, |Du| + [, |uldH"~! (in that case Vu = 0 a.c and
Dey = 0). It follows that:

u=1q = E\(u)=ES(u)=P(Q) -\ (1.11)

o The non convex variational problem [y(\) in (1.9) satisfies the one-homogeneity
assumption mentioned above. Thus, in virtue of [11, Theorem 2.2] and since
{g** < g} = (0,1), any solution to fy(\) is of the form u = 1. A consequence
is that the left hand side of (1.8) coincides with the minimum of the following
shape optimization problem:

m(A, D) =min{P(Q2) — Q] : Q C D}. (1.12)

Note that the equality 5o(A) = |D| + m(A, D) can be also recovered by using the
co-area formula. Actually the problem (1.12) has been studied in [1, 2, 27, 28] as
being in close relation with the celebratred Cheeger problem (see the survey [26]):

hp = inf{ﬁgr) . QcC D}. (1.13)

In particular, one has m(A, D) = 0 for every A < hp while m(A, D) < 0 otherwise.
The main contributions of this paper are the following:

- We show that the strict inequality S(\) < By(A) holds if u = 0 or u = 1 are not
minimal for (1.1) (Theorem 3.2). This latter condition is equivalent to require
that X\ is between two thresholds Ay and A;. By Lemma 3.1, these thresholds
satisfy the inequalities:

0<X <hp SP&)D') < A < +o0.
More precise estimates are obtained in Proposition 3.6 by using special calibration
fields for the dual problem in dimension N + 1 associated with (1.1). Numerical
simulations are given for radial examples in dimension two.

- We develop a theory of f-calibrability for solving m(A, D). In the two-dimen-
sional case, we associate to any bounded convex open set D a specific potential
p: D — (0, Rp], where Rp denotes the inradius of D. This potential is continuous,
locally Lipschitz in D with a maximal plateau {p = Rp} which coincides with the
central subset defined by Up := {x € D : d(z,D°) = Rp}. In D\ Up, p satisfies
Vp # 0 a.e. and solves the boundary problem:

=0 , Ve vp=—1 ondD. (1.14)

1

Vol p

A very simple geometric construction of this so-called cut locus potential is de-

scribed in Section 4, which allows us to make explicit a calibrating vector field

for any A > hp. Then we deduce that the unique solution of m(\, D) is given by

Q={p> %} It coincides with the union of all balls of radius % contained in D
(see (4.1)), so that we recover by a different method the result in [1, 2].
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Before we finish this introduction, we want to mention that the idea of building
a potential p associated with a general convex set D can be extended in higher
dimensions. The same PDE as in (1.14) would be kept, and solutions to (1.12)
would still be the upper level sets {p > %} for every A < hp. In turn the geometric
characterization that we found for N = 2 (by means of the normal distance to the
cut locus of D) does not work any more for NV > 2. This suggests a very interesting
open issue worth to explore in future work. Note that here the potential p depends
only of the shape of D (see Remark 4.8), in contrast with the parametrized potentials
introduced in [2].

The paper is organized as follows:

- In Section 2, we present briefly the duality recipe for the non-convex problem
B(A). This leads to an N + 1 dimentional dual problem and to optimality con-
ditions in terms of divergence free calibration vector fields. In the case of the
homogenous variant [y(\), this dual problem reduces to a more classical for-
mulation in dimension N. The optimality of a subset of Q2 C D for (1.12) is
characterized by a 6- calibrability condition.

- In Section 3, we discuss the occurrence of the inequality S(A\) < [o(\) accord-
ing to the value of A and to the geometric properties of D. Some numerical
simulations are given in the case where D is of a disk in R2.

- In Section 4, we restrict ourself to the case of a convex subset D C R2. After
a short background on Cheeger sets, we introduce the called cut-locus potential
p and focus on the explicit construction of a vector field q: D — R? which
calibrates the unique solution €2 of (1.12).

2. Dual problems and calibrations

The variational problems associated respectively with 5(\) and Gy(A) are non convex
with linear growth. They enter the duality framework developed initially in W'?(D)
for p > 1 (see [9]), further extended to W!(D) and BV (D) in [11], where D is a
bounded domain in RY. In these references a characterization of global minimizers
is provided by using calibration fields defined in L>°(D x I; RN*1) where I is an open
interval of R such that I contains the range of all solutions. This section is devoted
to state the dual problems in the particular case of 5(\) and Sy(A). In both cases,
the solutions range in [0, 1] so that we take I = (0, 1) and the searched calibration
fields are of the form

o(z,t) = (6"(x,t),0'(z,t)) € RN x R where (z,t) € D x (0,1).
In the following we will denote @ := D x (0, 1).

2.1. Dual problem of (1.1)

Following [9], the dual formulation of the variational problem of (1.1) (or of its relax
form (1.4)) is given by the following formulation in @ (thus in dimension N + 1).

dive =0 i t 1—|o%2>0 i
sup —/ ol(x,0)dz : thO‘ n Qo+ o 20 in Q. . (2.0
D o'(x,1)>X—1on D
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Adopting a fluid dynamics view point, (2.1) can be interpreted as the maximization
of the downward flow o = (0%, 0') of an incompressible fluid (dive = 0 in Q)
through the bottom interface D x {0} when it is subject to the pointwise non linear
constraint o'++/1 — [0%|? > 0 a.e. in @ while ¢’(x,1) > A—1 on the upper interface
D x {1}.

Theorem 2.1. The duality principle given in [11] leads to the following no-gap
equality
B(A) = sup(2.1).

Remark 2.2. In order to explain how the results in [9, Secton 3.3] are applied to
our case for deriving the dual problem (2.1), two comments are in order:

(1) Following the general notations of [9], the original primal problem (1.1), can be
written as

inf { fx(u, Vu) dz uEW()l’l(D)},

where fy\(t,2) := /1 + |2|2+ Ag(t) and g is the non convex function in (1.6). Then,
the bulk constraint on ¢ appearing in the dual problem (the condition (3.20) in [9]
can be written as f5(¢,0%) < of where f;(¢,-) is the Fenchel conjugate of fy(¢,-). In
our case, we have

it 0%) =Ag(t) — /1 —|o®]2 if |0°] <1,+00 otherwise.

where the non convex function g vanishes on [0, 1). Hence the bulk condition holding
a.e. in @ reduces to o' + /1 — |o%]? > 0.

(2) In view of the discontinuity of g at t = 1, an additional normal trace condition
has to be imposed on the boundary interface ¢ = 1 namely o'(x, 1) > inf f5(1,-) =
—f1(1,0) (see condition (3.21) in [9]). In our case, we obtain the A-dependent
constraint o’(z,1) > A — 1, which accounts the free boundary associated with the
subset {u = 1}. Note that this condition holding a.e. z € D is well defined in
the sense of normal traces of bounded functions () — R whose distributional
divergence in D’'(Q) belongs to L>(Q) (see [4, 5]). O

Optimality conditions for 5(\). Let u € BV(D;|[0,1]) and ¢ be an admissible
vector field 0 € L>®(Q;RY x R) for (2.1). Then, by the no-gap identity 3()\) =
sup (2.1) (see [9, Thm. 3]) and recalling (1.5), the optimality of an admissible pair
(u,0) is equivalent to the equality

E\(u) = —/Dat(x,O) dx.

Accordingly, by localizing this relation, we obtain the following set of optimality
conditions:

{ dive =0 in D'(Q), o'+ +/1—|0*2>0 in Q a.e., (2.2
2.2

o'(x,1) >A—1 ae. in D,
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and the pointwise conditions on the completed graph of w:

(. Vu(z .
o (z,u(z)) = 1—|—|V(u)(1:)|2 LN-ae. on {u<1};
ol(z,u(z)) = —y/1+ |Vu(z)]? LN-ae on {u<1};
ol(z,1)=X—1 LN-ae. on {u=1}; (23)
o (x,t) v, =1 HV"lae on S, Vteu_(z),u,(z)];
| 0% (z,u(z)) =1 | Dul-a.e.

- Vu(z) is the a.e defined approximate gradient of w;
)
(

- S, = {uy > u_} stands for the N — 1-rectifiable jump set of u;

,uy () denote the lower and upper approximative limits of w;
x) = uy(x) we denote by a(x) the common value;

-u_(z
if u_

- v, the oriented unit normal vector to .S, ;

- D¢y is the Cantor part of the vector measure Du (which has no mass on S,).

Remark 2.3. Here a short background is in order. We recall that BV (D) is the set
of functions u in L*(D) whose distributional gradient Du is an element of M(D;RY)
the set of Radon vector measures from D to RY. By considering only elements
u € BV(D) ranging into the closed interval [0, 1], we obtain a closed subspace
denoted BV (D;[0,1]). For every function v € BV(D), Du is a bounded Radon
measure which can be decomposed into

Du = Vudz + DU+ (uy —u_)v,d(HYLS,) (2.4)

where v,, denotes the Radon-Nikodym density of Du with respect to its total varia-
tion |Dul, i.e. v, := dDu/d|Du|. Note that Du is the Cantor part of the measure
Du. The quantity [u] := uy —u_ is called the jump of u across the interface S, and
the direction of the jump is given by v, along S,. Accordingly, the complete graph
of function u, denoted by G,,, is defined by

Gui=J ({2} x [u (@), us (@),

For further details we refer to the monograph [3]. O

It is an N-rectifiable subset of 2 x R with an oriented unit normal denoted by 7,.
This oriented normal 7, is HVL_ G, a.e. determined by

Uy(z,t) = (1,(2),0) forz e S,andt € [u_(z),uy(z)], (2.5)

on the vertical part of G,, whereas, on the approzimately continuous part G, :=
{(z,a(x))}, it is identified as

~ - (Vu(zx), —1)
vz, u(r)) = ———=—= 2.6
(wvi(o)) = D (26)
if u is approximately differentiable at = (with its approximate gradient Vu(z)), and
it is horizontal, i.e. V,(x,u(x)) = (vu(x),0), at points in the support of the Cantor
part of Du. Notice that v, = dDu/d|Du| holds | Dul-a.e in D.
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We remark also that the complete graph G,, of functions u belonging to W'(D)
agrees with the continuous graph G, , on which v, (z,u(z)) is given by (2.6). There-
fore, the normal trace of the calibration field o given in (2.3) satisfies the equality
-7, =1on G, (H"-a.e.).

2.2. Dual problem of ()

By applying the same duality framework as for S()\), we obtain the relation:

d' :0 T <1’ t 1>0 . 7
Bo(A) :SUP{/ —o'(z,0)dz : vo=0 o<1, 07 +120nQ }
D

o'(x,1) >X—1 on D.
We recall that m(\, D) = 5o(A) — | D|, where m(A, D) is the minimum of the shape

optimization problem (1.12). In order to simplify further computations, it is conve-
nient to rewrite the duality relation above, after changing o! into o + 1, as follows:

o'(x,1) > X on D.

dive =0, [6*] <1, 6" >01in Q,
m(\, D) = sup{/ —o'(z,0)dx : v 7l <1, 0720 } (2.7)
D

Since the pointwise constraints over o and o® are decoupled, we can easily construct
particular admissible calibrations o. An important subclass is associated to the

subset
Sy:={q € L*¥(D;RY) : |¢| <1, 0 <divg < A}

It is easy to check that Sy is convex and weakly* closed in L>(D;R?). Moreover,
to each element ¢ € Sy, we associate a competitor for (2.7), namely:

og(x,t) == (—q(z),\+ (t —1) divg(x)).
It follows that: m(A, D) > sup {/ (divg—AN)dz : g€ SA}.

In turn, we are going to show that the latter inequality is an equality.

Reduction to dimension N and optimality conditions for [Sy(\). By the
exclusion principle mentioned in the introduction, optimal solutions u for (1.9) are
of the form 1 for some set €2 C D. This set ) has finite perimeter and solves the
geometrical problem m(\, D).

Theorem 2.4. Let D be a bounded domain of RN with Lipschitz boundary. Then
(i) we have the following duality relation

€ L=(D;RM), |q| <1,
m(A, D) = sup /(divq— ANdzx 1 _ ( ) lal < : (2.8)
D 0<divg< A

where the supremum in the right hand side is attained.

(ii) a pair (2,q) solve (1.12) and (2.8) respectively if and only if the following
conditions are satisfied

|7l <1 a.e. inD, 0<divg< X ae inD, (2.9)
G-va=1 H""tae onodQ, divg=X a.e. inD\ S (2.10)
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Remark 2.5. In the left hand side of (2.10), vq stands for the exterior normal
vector if €2 has a smooth boundary; if € is merely a subset with finite perimeter, the
reader should agree that the equality means that the measure associated with the
duality bracket < g, D1 > in the sense of G. Anzelloti [4] coincides with HY 19,0
being 0,9 the reduced boundary of €. Note that vq can be defined H¥ !-a.e. on
00 (see [20]). O

Proof of Theorem 2.4. First we notice that, with ¢** defined by (1.7), we have
the equality

m(\, D) = inf{/ (Vo + Ag™(v))dz : v e Wol’l(D)}.
D
Indeed, since ¢g**(t) > ¢**(min{t,,1}), by truncating the competitors, the infimum

above is unchanged if we restrict to v such that 0 < v < 1. For such a v, we have
g™*(v) = —Aw so that, by the coarea formula:

1
/(\w + A" () dr = / (P(v > ) — Mo > #]) dt > m(), D).
D 0
Next we apply classical convex duality arguments. The perturbation function
h:pe LY(D,RY) s inf {/ (lp+ Vol +Ag™(v))dx : ve Wol’l(D)} ,
D

is convex and continuous. Indeed h(p) < m(X, D)+ [, |p| dz. Therefore it holds
h(0) = —min{h*(q) : q € L*(D;RY)},

being h* the Fenchel conjugate of h in the duality between L!'(D, RY) and L>°(D,R").
Let us compute

h*(q) = sup {/Dp ~qdz —h(p):p € Ll(D;RN)}
—sup{ [ 0= lp+ ol =2 (0) do s (0p) € WD) < (DR
= sup{/D(ﬁ-q—|ﬁ\) +/D(vdivq—kg**(v))dx : (v,ﬁ)EWS’l(D)XLl(D;RN)}

« ((di
:X|q|S1 +/ )\g ( lj\,q) dx.
D

Concerning the calculation above:

- to pass from the second line to the third, we wrote p-g—|p+Vuv| as p-g—|p|—Vv-q
where p = p + Vo, and then we used the integration by parts — va -q =
Jvdivg;

- to pass to the last line, we decoupled the supremum in p from that in v and
compute them as Fenchel conjugates of integral functionals, taking into account

that the Fenchel conjugate of the norm is the indicator funtion of the unit ball
while the conjugate of Ag™ is A g*(5).
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A straightforward computation shows that

L [t t+ X if —t* € [0, )]
Ao (5) = -
+00 otherwise

It is convenient now to change ¢ into —g. We arrive to the simple expression:
h*(—q) = / (A —=divg) dz if 0 <divg < X a.e., h*(—q) = +oo otherwise.
D

Since h(0) = m(A, D), the equality h(0) = —min h* leads to the equality stated in
(2.8) where the supremum is actually a maximum. The assertion (i) is proved.

Let us now establish the assertion (ii). Let (1q, ¢) be an admissible pair. This means
that € has finite perimeter and that ¢ satisfies (2.9). In particular, the condition
|| <1 implies that

P(Q)—/Qdiqux:/aﬂ(l—a-m)d%]v_l >0,

while the equality holds if and only if § - vq = 1 holds HY!-a.e in 0.

Now, in virtue of (2.8), the optimality of (1g,q) is equivalent to the extremality
relation:

POQ) — A0 = /D(divcj—/\)dx,

which we can rewrite as the equality

(P(Q)—Ldivﬁdm) + (/D\Q(/\—divq)dx) — 0.

Since above we get the sum of two non negative terms, the equivalence with (2.10)
follows. [

In Section 4, an explicit construction of an optimal field g will be given for D being
any convex body in dimension 2 and for any A < hp.

2.3. Relations with Cheeger problem and calibrability notions
We recall that the Cheeger constant of a bounded domain D C R” is given by

hp = inf{PSF) . QcD,|Q >o}. (2.11)
It is well known that the infimum here is actually a minimum and any optimal €2
for this geometric problem is called a Cheeger set of D. In case D is convex, it turns
out that this set is unique (see for instance [14], [24], [26]) and we shall denote it by
Cp. For a non convex D, the uniqueness fails; however, since a union of Cheeger
sets is still a Cheeger set, the definition of Cp can be extended (see [13], [24]) by
setting

Cp:= U {Q : Qis a Cheeger set of D}.
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In this case, C'p is called the maximal Cheeger set. If D has finite perimeter, we will
use in many places an upperbound for hp , namely the ratio

P(D)

Ap =
P D)

(2.12)

It satifies the inequality A\p > hp while the equality holds if and only if D is a
Cheeger set of himself; for brevity, we will say that D is self-Cheeger.

Let us now come back to the parametrized geometric optimization problem (1.12).
It consists, for every A > 0, in minimizing the shape functional

JA(Q) = P(Q) —A|Q], Q measurable subset of D.
Here we set P(€2) = +oo if € is not of finite perimeter and by convention P(£2) =0
if |©2] = 0. In particular, we have m(\, D) = inf J, < 0 for every A > 0.

The existence of minimizers for Jy follows directly from the direct method of Cal-
culus of Variations. As it appears in the proof of Theorem 2.4, m(\, D) is also the
mimimum of the following companion convex problem:

€ BV(RY;[0,1)),
(A, D) = min { Fy(u) ::/ !Du\—A/udx _w€BVRY;[0,1)), |
RN D u=0a.e on D

The equality m(A, D) = m(A, D) is a consequence of the corea formula F)(u) =
fol Ja({u > t})dt > m(X, D) from which it follows that:

u solves m(A\, D) <= {u >t} solves m(A, D) for a.e. t € (0,1).
The main properties of the function m(\, D) are summarized below:

Proposition 2.6. Let D C RY be a bounded set with finite perimeter. Then

(i) The function m(-, D) is concave continuous non increasing on Ry and satisfies
—(A=hp)+|D| <m(A, D) <min{0, P(D) — A|D|}. (2.13)

Therefore it holds m(X\, D) = 0 for every A € [0, hp| whereas:
m(A\, D) <0 for \>hp and ,\EIJPOO m(\, D)+ A\|D| = P(D). (2.14)

(ii) Assume that D is a minimizer of m(\*, D) for a suitable value \* > 0. Then
X > hp and D is the unique minimizer of m(\, D) for any X > X\*. In
particular the concave function m(-, D) has the linear behavior m(\, D) =

m(X*, D) — (A= \*) |D| for every A > \*.
(iii) Let Q C D. Then we have m(\, D) < m(X\, Q) while m(\, D) = m(\, Q) if Q

is a minimizer of m(\, D). If such is the case with a set Q) of positive measure,
P(Q)

then the ratio A\q = Tar satisfies g < A.
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Proof. In the assertion (i), the fact that m(-, D) is monotone is obvious, while
the concavity follows from writing m(-, D) as the infimum of the family of affine
functions A — P(Q2) — A|€2|, when Q runs over subsets {2 C D. The relations (2.13)
are obtained by noticing that P(§2) > hq|€?|. Thus, since |©2| < |D|, the shape
functional Jy to be minimized satisfies
~O = o), D] < (hp = N)[2] < Q) <m(\ D) (2.15)
Then, by taking the infimum in Q (and recalling that m(X, D) < 0), we get (2.13)
which proves that m(-, D) is finite, hence continuous by the concavity property. If
A < hp, the first inequality in (2.13) implies that m(\, D) > 0, hence m(\, D) =0
since we know that m(-, D) < 0. If A > hp, we obtain directly that m(\, D) < 0
since J\(2) = |Q|(hp — A) < 0 holds whenever 2 is a Cheeger set of D. Moreover,
the second inequality in (2.13) implies that
limsup m(\, D) + A|D| < P(D). (2.16)

A—00
In the opposite direction, let ()\,) be any sequence such that A\, — +oo and choose
a minimizer 2, for m(\,, D). Then, by the upperbound inequality (2.16), we have
lim sup (P(2,) + A\n|D \ Q4]) = limsup (m(\,, D) + \,|D|) < P(D) < +o0.

n—oo n—oo

It follows that 1g, — 1 in L'(D) while limsup,_,., P(Q,) < P(D). By the lower
semicontinuity of the perimeter, we infer that P(2,) — P(D) so that A,|D\Q,| — 0.
Finally, we have proved that m(\,, D) + A\,|D| — P(D) as desired. The proof of
assertion (i) is finished.

Let us turn to the assertion (ii). If D solves m(A*, D), then A\* > hp since otherwise,
by the assertion (i), we would have m(A\*, D) = Jy«(D) = 0 which is uncompatible
with the inequality Jy«(D) > (hp — A*)|D|. Next we observe that, if A > \*, then
for every Q C D

Q) = () + N = N)|Q > Jx(D) + (A" =AN)|D| = J\(D).
It follows that D is optimal also for m(\, D) and that
m(A, D) = m(\*, D) — (A — \*) |D].

Futhermore, in view of the inequalities above, the optimality of a competitor €2 for
m(A, D) requires that (A\* — A\)|Q| = (A* — A)|D|. If we assume that A > \*, this is
possible only if |©2] = |D| which means that 2 = D. Hence D is the unique solution
to m(\, D).

Let us prove now the assertion (iii). If Q@ C D, the inequality m(\, D) < m(\, Q) is
clear since any admissible subset for m(A,€2) is also a competitor for m(\, D). In
particular, if € itself is optimal for m(A, D), then we have m(\, D) = m(\, Q) =
JA(€2). If moreover A > hp, then |©2] > 0 and J5(2) = m(A, D) < 0. Therefore
Jn(Q) = QMg — A) <0, whence Aq < A as claimed. O

Owing to Proposition 2.6, we know that, for A\ < hp, the unique solution (in the
sense a.e.) of (1.12) is the empty set, while when A = hp, we need to add any
Cheeger subset of D. For A > hp, any solution €2 has a positive measure. Then the
optimality conditions obtained in the assertion (ii) of Theorem 2.4 can be exploited
to extend to any A > Ap the notion of calibrability as it was introduced in [2] for
the specific case A = Ap.
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Definition 2.7. Let § > 1 and Q C R" be a bounded set of finite perimeter.  is
called 0-calibrable if there exists a vector field ¢ € L>(2; RY) such that

lglleo < 1, q-va=1 H"'ae on 09, 0<divg <f0)\g in D'(Q).

Obviously, if €2 is #-calibrable then it is also 7-calibrable for every v > 6. Accord-
ingly, we define the calibration constant of a subset Q C RY as

Oq :=inf {0 : 6 > 1, Qis -calibrable}, (2.17)
with the convention that g = +o00 if the subset above is void.

Remark 2.8. If 0, < +o0, the infimum in (2.17) is actually a minimum. In-
deed, given a sequence such that 8, \, fq, we can associate ¢, in the unit ball of
L>=(Q; RY) such that ¢, -vq = 1 and 0 < divg, < \,. Up to a subsequence, we have

(qn, div g,) = (g, div q) for a suitable ¢ such that |¢| < 1 and 0 < divg < g, while

q-vq =1 on 0D by the weak® convergence of the normal traces g, - Vo — ¢y - Vo in
L>(09) (see [4]). O

Remark 2.9. In Definition 2.7, the condition ¢ - vo = 1 H¥ "-a.e. on 99 can be
understood as ¢ - D1g = —|D1g| in the sense of measure in 2. By integrating by
parts, we infer that:

P(Q) = / —q-Dlg = /divq < 0] = 6P(Q). (2.18)
o9 Q

As a consequence, the condition 6 > 1 is necessary if we wish the notion above to be
non empty. Moreover, if § = 1, then the equality (2.18) implies that [(Ap—divg) =
0, hence divqg = Ap a.e. in D. In this case we recover, after changing ¢ in —gq,
something very similar to the definition of calibrability in [2, Definition 1], except
that we do not need to impose the condition divg = Aqlg on all RY. Therefore,
our 1-calibrability condition is weaker than the one proposed in [2] (at least when Q
is not convex). O

Remark 2.10. It is important to keep in mind that the 1-calibrability property
characterizes sets {2 which are self-Cheeger. In other words:

bo=1 <= Xqg=hog <= is self-Cheeger. (2.19)

Indeed, if 65 = 1, as noticed in Remark 2.9, it exists ¢ € L>(Q;RY) such that
lg| <1 and divg = Ap. Then, for every A C 2 with positive measure, we have:
P(A) Z/divq = MlA| = P PO
A Al €
It follows that A =  solves the Cheeger problem in 2. The converse is trivial since,
in that case, \o = hg by assumption. O

Our notion of #-calibrability can be used first to improve [2, Proposition 2|, without
any convexity assumption.



704 G. Bouchitté, M. Phan / Calibrations for Minimal Surfaces ...

Proposition 2.11. Let § > 1, and Q@ C RN be a bounded set of finite perimeter.
The following assertions are equivalent:

(i) Q is O-calibrable,

(ii) Q is a minimizer of m(6Aq, Q).

Proof. In view of Definition 2.7, it is enough to apply the assertion (ii) of Theorem
2.4 taking D = Q and A =60 A\p. O

Regarding the original problem (1.12), we obtain the following result:

Corollary 2.12. Let Q C D with positive measure. Then € is 0-calibrable for a
suitable constant 6 > 1 if and only if it solves m(\*, D) for some \* > hp. In this
case, the calibrability constant of ) is given by:

bo = min{% : Q solves m(\, Q) } (2.20)

Q

Proof. Suppose that €2 solves problem m(A\*, D). If A\* = hp, then the assumption
|2] > 0 implies that €2 is a Cheeger set of D. Therefore, by (2.19), Q is 1-calibrable
and 0g = 1. If \* > hp, we know that m(\*, D) < 0. Then, by the assertion (iii)

of Proposition 2.6, it follows that m(A\*, D) = m(\*, Q) and Aq < A*. Therefore, by
virtue of Proposition 2.11, Q2 is #*-calibrable for the constant 6* = % > 1.

Conversely, let us assume that 2 C D is 6- calibrable for some # > 1. Then by
Proposition 2.11, € solves m(A, D) for A = 0 Ap. Accordingly we can conclude with
the equality characterizing the calibrability constant fg when it is finite. Il

The characterization of #-calibrable sets among the class of finite perimeter subsets
in RY is a difficult issue. In the case of a convex set 2 C RY, we have the following
result directly deduced from [2, Theorem 9] and Corollary 2.12.

Proposition 2.13. Let Q C RY be conver, bounded of class CV'. Let ko (09)
denote the L*™°-norm of the mean curvature of 0S2. Then the calibrability constant
of Q) is given by:

0o = max {1, (N)\i D /{OO(GQ)} (2.21)

Q

3. Comparison results

In this section, we focus on the initial question raised in the introduction about
comparing the free boundary problems (1.1) and (1.9), for a given value of the
parameter A > 0. Recall that the respective infima of these problems J(A) and
Bo(A) always satisfy the inequality S(A) < Go(N).

We are going to prove that this inequality is strict if and only if the minimum 5(\)
of the minimal surfaces free boundary problem (1.1) is not reached by none of the
trivial competitors © = 0 or © = 1. Accordingly, let us introduce the two following
critical values of A:

X =sup{A>0 : u=0solves 5(\)}, (3.1)
A =inf{A>0 : u=1solves 5(\)}. (3.2)
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After recalling the definition of the constants hp, Ap,fp given in (2.11), (2.12) and
(2.17), we give here a first result:

Lemma 3.1. Let A\g, \; be defined as above. Then
(i) It holds 0 < Ay < hp and u = 0 solves B(A) if and only if X € [0, \].
(i) It holds OpAp < A\ < +00 and u = 1 solves B(N) if and only if A > A;.
(iii) The inequality Ao < Ay is strict if D is not self-Cheeger.

Proof. By taking u = 0 as a competitor in (1.1), we see that S(\) < |D] for
any A > 0 while the equality 5(\) = |D| means that « = 0 is a solution. Since the
function /3 is non increasing, it follows that S(\') = |D| for X' € [0, A¢]. Therefore the
subset appearing in (3.1) is the full interval [0, \o]. Futhermore, it holds Ay < hp
since By(Ao) > B(Ao) = |D| implies that m(Ag, D) = 0 in virtue of (2.14). The
positivity of \g will follow from Proposition 3.6 where a positive lower bound is
given.

Let us prove (ii). The set of A > 0 for which u = 1 solves (\) coincides with the
set
J:={A>0:5(\) =|D|+ P(D)— \Dl|}.

By the continuity of the concave function 3, J is closed and thereby A\ € J. It
follows that 1p solves also fy(A1), hence is a solution of m(A;, D). In virtue of
Corollary 2.12, we infer the inequality A\; > 6p Ap . Assume that \; < 400 and
let A > A\;. To show that J = [A;,4+00), we need to demonstrate that v = 1 is
solution of S(A) for any A > A;. This is a consequence of the following general
comparison principle, namely that A > p implies that v > v whenever u, v solve
B(A) and S(A > p). The conclusion will follow by applying it with v = 1 solution
to B(A\1) (taking into account that u < 1). Let us validate this principle in our case
showing that v < 1. Since u minimizes E) (see (1.5)) on BV (D;[0,1]), we have
E\(u) < Ex(1p), so that calling F' the functional which agrees with £\ when A = 0,
we get: F(u) — F(1p) < —A|{u < 1}|. Similarly as 1, minimizes E),, we obtain
F(1p) — F(u) < A\ [{u < 1}|. Adding these two inequalities above, we are led to
0 < (A —A) [{u < 1}, thus |[{u < 1}| = 0. That proves that u = 1p is the unique
minimizer of 5(\) for every A > A;.

Finally, from the assertions (i) and (ii) and recalling that 8, > 1, we know that

X < hp <Apfbp < A1
Thefore, the inequality A\g < A; is an equality if and only if hp = Ap (and 0p = 1).
This happens only if D is self-Cheeger, hence the assertion (iii). O

Next we state that, if A\g < A; , then a solution to problem S(A) when A € (Ao, \1)
will never be of the kind 1g. By the assertion (iii) of Lemma 3.1, this occurs in
particular when D is not a self-Cheeger set.

Theorem 3.2. Assume that Ao, \1 defined in (3.1)(3.2) such that \g < A\1. Then
the strict inequality B(X) < Bo(N) holds for every A € (A, A1).

Proof. Fix A\ € (Ao, A\1). We shall prove the result by contradiction assuming that
B(N) = Bo(N). Then, B(N\) admits a solution of the kind u = 1q where Q C D is
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such that 0 < |Q| < |D|. For such a set of bounded perimeter €2, denoting by 02
its reduced boundary, the free boundary has positive measure namely

HY"Y (00N D) > 0. (3.3)

Indeed, if (3.3) where not true, then in virtue of (2.4), we would have D1g = 0
in the distributional sense in the domain D, thus implying that 1o = 1. Next we
consider the trace Tr(1g) of 1o on dD. As an element of L'(9D, [0,1]), it is also
the trace of a suitable function ¢ € Wh!(D), in virtue of the Lipschitz regularity
of D and of the fact that the trace operator from Wl — LY(D) is surjective by
Galiardo’s Theorem (see [6, Theorem 9]). Without loss of generality, we can assume
that ¢ > 0 and possibly after adding to ¢ the distance function to D (which belongs
to W, ' (D)) and after truncating the values greater than 1, we build a non negative
function ¢ : D — (0,1] such that Tr f =0 on 9D \ 9Q and Tr f = 1 on 9D N 0.
Accordingly, for every small € > 0, we define u. := max{e ¢, 1o}. For small ¢, the
level set {u. > 1} coincides with 2. On the other hand the distributional gradient of
u. in the open set D decomposes as Du. = e Vo LY Q—(1—ep)vogHN L I(QND).
Therefore, its total energy is given by:

Ex\(u.) :/ \/1+€2|V<p\2da:+/ |u5\dHN1—|—/ (1 —ep)dHN ™ — X[
D\Q 00 20D

Since 1 is a minimizer which shares the same trace as u. on 9D, the following limit
is non negative:

Ba(us) = EA(lo) _ / VI+E[VeP -1 _/ o dHN!
D\Q oQND

e

lim
e—0t € e—0t

= —/ odH N,
a9ND

where to pass from the first to the second line, we used dominated convergence.
Recalling (3.3) and that ¢ > 0 in D by the previous construction, we infer that the
limit above is strictly negative hence the desired contradiction. Il

Remark 3.3. In the case where \g < 1 < Ay, it turns out that for A € (1, ), a
solution u for B(A) (in the relaxed form (1.4)) can’t be in W!(D). Indeed in this
case, the set 2 = {u = 1} has a non empty free boundary 02N D and, by computing
the shape derivative of the functional J(2) defined in (1.2) (see for instance [10, 22]),
we obtain the optimality condition

1
V14 |Vul?
holding on 02N D. This relation assigns the angle of the minimal surface with the
plateau €2 x 1. Clearly this relation is neither be fullfiled if A > 1. This means that

any u solving $(A) should exhibit a jump on the free boundary in order to reach the
value 1. ]

1-A=

Example 3.4. In the one dimensional case, it is possible to compute explicitly
the values of Ay, A\;. Owing to Theorem 3.2, the occurence of the strict inequality
B(N) < Bo(A) is possible only if A\g < A\;. Without loss of generality, let us consider
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the domain Di = (—R, R). It is a self-Cheeger set with constant hp, = Ap, = &
(and Op, = 1). Recall that

B(A) = inf {/R V1+u2de — MN{u>1} : ue W'(—R,R), u(£R) = O} :
Bo(A) = 2R + m(A, Dg),

where the second equality follows from (1.8). As shown in the next result, the strict
inequality \g < A; will occur if and only the length of interval D is greater than 2.

Lemma 3.5. Let \g = \o(R) and Ay = A\ (R) be the critical values associated to
Dpgr. Then:

)\O( ) B ZfR 1 A1< ) 7 ZfR 1
1+R? =

Proof. Since D is a Cheeger set with constant % , we know that m(X, Dg) = 0 if
A < &, while m(X, Dg) = 2(1 — AR) otherwise. It follows that:

Bo(N) = 2R — 2(\R — 1) (3.5)

Concerning the minimal value 5()), it is easy to check that it is achieved by taking
u to be either u = 0 (then S(\) = 2R) or a radial function with plateau {u =1} =
{|z| £ R — a} for a suitable value a € [0, R), of the form:

Uq () = min {1, B~ Jal
«

} ifa>0 , wuy(x)=1.

Observe that the expected solution u,, is always continuous. In view of the expression
of E, given in (1.5), we obtain the equality

B(A) = min {zR, min f(a)} where f(a) =2 (\/@+(1_x)(3—a)) . (3.6)

a€[0,R]

Observe that the function f above is C, strictly convex with derivative

/ :2<7‘)‘ - 1—/\>.
fla)=2( s~ 1=
Moreover, the equality 5(A) = 2R means that u = 0 is a minimizer, while if we have
B(A) > 2R the unique minimizer is u, where « is minimal for f on [0, R]. According
to the value of R, we will proceed in two cases.

Case R<1. If A < %, we have By(\) = 2R by (3.5). If A < 1, we see directly from
the expression of f in (3.6) that inf f > 2 > 2R. Hence we have S(\) = Sy(\) = 2R
while v = 0 is a minimizer for both problems. If A > %, then as A > 1, we have
f/>0and minf = f(0) =2+ 2(1 — \)R < 2R. Therefore, an optimal solution
is given by u = ug = 1 and S(A\) = [p(A) in view of (3.5). In conclusion, for every
A >0, we have Gy(A) = 5(A\) and the the critical values A\g(R) and A;(R) are equal
to %. Note that, for A = %, the solutions u = 0 and u = 1 coexist.
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Case R > 1. If A > 1, as noticed before, f/ > 0 and min f = f(0) < 2R. Hence
B(N) = Bo(A) and the unique common minimizer is u = 1. If A < 1, the convex
function f starts with a negative slope at zero so that it reaches its mimimum at

a unique a, € (0,R| provided f'(R) > 0, that isif A > A\, = 1 — \/%' In

view of (3.6), u,, will be the unique minimizer of S()\) if we have, in addition,
f(a.) < 2R. In this case, since u,, is not of the form 1, we will deduce the strict
inequality B(\) < Bo()\). After some computations !, it turns out that the equality
flae) < 2R is true iff A > A\* where \* := ﬁ If A € [A, \*), the minimum of
f is larger than 2R. It is also the case if A < A, since f’ > 0 on [0, R] implies
that min f = f(0) > 2 > 2R. Therefore, the minimum of 5(\) is reached at u = 0
for A < A*. For A € (A\*, 1), there is a unique solution of the kind u, with a > 0,
and ultimately, the solution v = 1 for A > 1. Summarizing, we have proved that

)\o(R) = 1-&-% and )\1(R) =1 OJ

In higher dimension N > 2 | explicit expressions for A\g and \; are not available,
except possibly in the radial case. However we are able to derive some estimates
where the role of the geometric constants hp, Ap and 6p is enlightened. From Lemma
3.1, we already know that \g < hp < 0p Ap < ;. In the next result, we use the
duality result presented in Subsection 2.1 for deriving a positive lower bound for A
and a sharp upper bound for A\; when D is calibrable.

Proposition 3.6. Let D C RY be a general bounded Lipschitz domain. Then the
critical values g, A1 defined in (3.1)(3.2) satisfy:
(i) Ao > A, where

(3.7)

{1 —cos(hp) if hp <
Ay =

[SIERESTE

(ii) Let Op be the (posssibly infinite) calibration constant of D and \p:=P(D)/|D)|.
Then QD)\D S )\1 S GD)\D + 1. (38)
Remark 3.7. If D is a convex set of class O, then, by virtue of Proposition 2.13,
the inequalities (3.8) can be rewritten as follows:
max{Ap, (N — 1)k(0D)} < Ay <1+ max{Ap, (N — 1)k (0D)}. (3.9)

In particular, if 9D exhibits a corner, then §p = +00 and A\; = +o0o. This means
that w = 1 can’t either be a solution to ().

! Setting t = 1 — X and h(z) := V14 22 —te+ R(t — 1), we are reduced to show that min gjh < 0

. 27 . . . .
iff 0 <t < RT&' The minimum of A is reached at x, such that \/ﬁTg = t. Since z, = 1t_t2

while /1422 = \/1%77 we obtain:

1 t
minh = 1+ 22 — toe + R(t = 1) = ——— — t(—— ) + R(t—1) = /1 - 2+ R(t - 1),
4 (-1 = <=~ t( =) + Rt~ ) )
Recalling that t < 1, we have minh < 0 iff /1 — ¢ < R(1 —¢). Squaring and dividing by 1 —t¢, we
are led to the condition 1+ ¢ < R?(1 —¢t), that is t < %- (Note that A\* € [A., 1] ensures that
a. belongs to (0, R]).
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Note that in the one dimensional case, we have hp = A\p = |D|™! and 0p = 1 so
that (3.8) becomes \p < A\; < 1+ Ap. In Lemma 3.5, we showed that if |D| = 2R
with R > 1, then A\; = 1 so that A\ € [}%, 1+ %] By sending R to 1 or to +o00, we
conclude that the bounds in (3.8) are optimal. O

Proof of Proposition 3.6. We will construct calibration fields o € L>(Q; RY xR)
where @ := D x [0, 1] of the kind

o(x,t) = (— a(t)q(x), A(t)divg(x) + r(:v)) for (z,t) € Q (3.10)
where a € C([0,1]) is such that 0 < a(t) < 1;
(q,7) € L®(D;RY x R), |q| <1, divg € L>=(D); (3.11)

A'(t) = a(t) (thus dive =0 in Q).
Note that, with the last condition, A is Lipschitz non decreasing with aslope A’t) < 1.

(i) As noticed in the proof of Lemma 3.1, it holds A < Ay if and only if S(A) > |D|.
In view of the duality Theorem 2.4, it will be the case if we can find an admissible
o = (0%, ') such that

o'(z,0) =—1,0"(x,1) >A—1on D, o' ++/1—]o%2>0, inQ. (3.12)

Let us search o of the form given in (3.10) where » = —1 and the triple (a, 4, q)
satisfies (3.11). We impose the additional condition that ¢ satisfies divq = hp. By
Remark 2.9, such a ¢ exists and it calibrates every Cheeger set of D. With this

choice, we obtain that o® + /1 — |0%|2 > hp A(t) + /1 — A”%(¢t). Tt follows that the

conditions in (3.12) are all met if we select A(¢) so that

A0)=0, 0<A(t) <1, hpA(1) >N, hpA(t)+y/1-A%t)>1 Vtelo,1].

Note that the conditions above imply that A(1) < 1. Thus the inequality hp A(1) > A
can’t be reached unless A < hp, which is coherent with the assertion (i) of Lemma
3.1. For further computations, it is convenient to set ¥ (t) := hpA(t). Then we
arrive to the fact that A < \g whenever

A < sup {w(l) c(0) =0, 0< ¢ <hp and /1 — |1]f;|2 +1 >1on [0,1]}. (3.13)

Hence, proving the assertion (i) reduces to check that the right hand side of (3.13)
coincides with the value Aj given by (3.7). In fact the inequality constraint on ¢ in
(3.13) can be rewritten equivalently as 0 < ¢’ < hp~y(t) where

o(s) = {1 s(2—s) ifs<1

ifs>1

It follows that the composed function z : [0, 1] — [0, hp] defined by z(t) := fow(t) 7(15) ds
satisfies 0 < 2/(t) < hp with a maximal value hp reached at ¢ = 1 if and only if

Z(t) = th.
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Accordingly the maximal value in (3.13) is reached for ¢ determined by the following
relation holding for every ¢ € [0, 1]:

"o B .
hpt — / 1 JawecosL—w() i vt <1,
o ) () -1 if () > 1.

We conclude that the optimal ¢ for (3.13) is given explicitely by

0 1 —cos(hpt) if hpt <
bt =3 i hpt >

MERRSIE]

thus confirming the optimal value ¥(1) = A§.

(ii) The inequality 6pAp < A; has been proved in Lemma 3.1. In order to show that
A1 < 14 0pAp, we need to demonstrate that F(\) > Go(\) for any A > 1+ OpAp.
Let us fix such a A\. Without any loss of generality, we can assume that 0p < +oo
since otherwise A\ = +00. Then, by applying Corollary 2.12 to 2 = D, we see that
D is minimal for m(A—1, D). Then, in virtue to Theorem 2.4, it exists a calibrating
field ¢ satisfying

lgf <1, 0<divg<A—1inD, and ¢-vp=1o0ondD.

Next we consider a vector field o of the form (3.10) where a(t) = 1, A(t) =t —1
and r(x) = A — 1, that is:

o(z,t) = (—q(x), (t — 1) divg(z) + A —1).

It is easy to verify that o is admissible for the dual problem of 5(\), since by
construction:

o'(z,1)=A—1in D, dive =0in Q,
while by the inequalities 0 < divg < A — 1, we have for a.e. (z,t) € Q
1 —|o*(z,t)|2 + o' (z,t) > o' (x,t) = (t — 1)divg(z) + A — 1> 0.

Therefore, in view of the duality Theorem 2.4 | it holds

BN > —/Dat<x,o> - <1—A>|Dr+/Ddiqux= (1= N)|D| + P(D) = fo(N),

where:
- for the first equality, we used the fact that [, divgde = [,,q-vp dHN !

- for the last equality, we used the fact that D is optimal for m(u, D) for any
i > A — 1, hence for m(A, D) in particular.

We conclude that S(A) = So(A), that means u = 1 solves G(\), whence A < \;. [
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Example 3.8. Let D = {x € R? : |z| < R} be a disk of radius R in R?. Recall that
disks are self-Cheeger sets and that the Cheeger constant of a disk is completely
determined by its radius, i.e. hp = 2/R. The unique solution to problem [y(A) is
ug = 0 for X < hq where hqg = % is the Cheeger constant of 2. In contrast the
unique solution is u; = 1 for A > hg. For the precise value A = hg we obtain exactly

two solutions ug, u;. Accordingly,

P it A< hp
U PMD) (1= NID| A .

Let us now turn to the determination of the infimum G(\). By a rearrangement

argument, we can prove that solutions are all radial of the form u(z) = go('%‘) being
©(t) : [0,1] — [0,1] monotone non increasing. The plateau {u = 1} is associated
with an interval ¢ € [0, p] for a suitable value of p € [0,1] to be determined. For
such a plateau, the minimal surface problem reads

1
J(p) = (ir;fll(gp) : I(p) == R/ vV R? 4+ @2 tdt . (3.14)
o(p)= o
©(1)=0

The first integral of Euler equation for this minimization problem reads

/

4%

for some constant pu. As ¢(1) = 0, we are led to the explicit form

= U (3.15)

o0 =Ko, Ko =uriog (S (o)

provided we can find p € [0, p] such that ¢(p) = K(u,p) = 1. In fact, since the
function pu — K(u, p) is stricly increasing on [0, p|, such a p exists and is unique
and exists if and only if

1 < K(p,p) = pR log <1+ V;‘P2> . (3.17)

If the inequality above is strict, then we obtain a unique solution to (3.14) which is
smooth. In the limit case where (3.17) is an equality, one has u = p and ¢'(p) = +o0.
If K(p,p) < 1, then (3.14) has no solution but the relaxed solution in BV (D) is
unique and exhibits a jump at t = p of amplitude 1 — K(p, p). In all cases, we have
determined, in term of parameter p € [0, 1], an optimal radial configuration whose
plateau {u = 1} agrees with the disk B(0, p). Its total energy is given by

E(p) :=2mJ(p) + (1 = Nmp*R* .
In order to minimize E(p) on interval [0, 1], we introduce

alp) = oiﬁgp{“ P K (p, p) <1}

It is easy to check that for every p € [0, 1] such that if K(p,p) < 1 then f(p) = p.
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Otherwise, fi(p) is the unique solution of equation K (u,p) = 1. After a straightfor-
ward computation and exploiting (3.15), we obtain

o) =1 [ ettt (1 K0 ).

Thus, noticing that K (@(p), p) < 1, we are led to:
Bp) = n B (vV/T=(p)? = p/0? = (p)?

VI TP ~ K(f(p).0))
(o) og LV ER? | (1 1—Np?) (318
HR) log B+ S (1= 0) (318)

Finally, we need to determine an optimal p for min{E(p) : p € [0,1]}. Then the

radial function u(x) = 3( %') = K (u(p), %) defined in (3.16) minimizes the relaxed
problem (1.4) . This solution is continuous if K(p,p) = 1 and otherwise exhibits
a jump of amplitude 1 — K(p,p) before reaching the value 1 on the plateau. It
turns out that the jump of w occurs when A\ passes the value 1, thus confirming the

behavior predicted in Remark 3.3. This is illustrated in Figure 2.

<1 A>1
u(r) u(r‘
B ! =1 up)
G 5 R T | 0 »R T

Figure 2: Illustration for an optimal u and optimality conditions.

The minimization of F(p) is performed by using Matlab for different values of R
and A. As predicted by Theorem 3.2, () coincides with S(A) outside the interval
(Ao, A1) where their common minimizers are trivial characteristic functions either
u=0(A<))oru=1 (N> A). When \g < Ay, the strict inequality S(A) < Bo(A)
occurs for any A € (A, A1) and the minimizer u for problem B(\) provides a true
minimal surface with a possible jump under the plateau {w = 1}. The numerically
computed critical values g, A; are represented in term of R in Figure 3.

Figure 3: Critical values of A in term of the radius R of a disk D C R2,
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We observe that A\g = A\; for R < 1 whereas the strict inequality A\g < A\; occurs for
all R > 1. Since D is a disk, we have §p = 1 and A\p = hp = 2/R. Then the bounds
provided in Proposition 3.6 become:

2 2
< < =< < — —
/\O_AO_R_)\l_1+R where )\ {1+%_2 ifR<%.
In Figure 3, these bounds are represented as functions of R. The curve representing

A1 suggests the following exact value A\; = max {}%, 1+ }%}

Next we display in Figure 4 (case R < 1) and in Figure 5 (case R > 1), the
dependence upon A of Sy(A), B(A), of the jump [u] of the radial solution and of the
ratio £ being p the radius of the plateau.

0.5 < 0.5 4 051 8
0/ 1ol 1oof :
. )\OZhD:)\l B | )\OZILD:A1 /\():th:)\l
I T T | L L L L L L L L L L L S| L L L L 1 L L L L L4
0 2 4 6 8 0 2 4 0 2 4
A A A

Figure 4: Dependence in A for R € {0.5,0.8,1}.

4. Cut-locus potential and construction of a two-dimensional calibration

In this section, we assume that D is a bounded convex open subset of R%. The
following notations will be used:
- D¢ denotes the complement of D in R2.
- B(w,r) denotes the open ball in R? centered at x with radius r > 0;
- For two points z,y € R?, the segment joining them is denoted by
[z,y] ={(1—t)z+ty : t€]0,1]};
- For every subset A C R?, we write A€ for the complement; if A is non empty,
d(x, A) denotes the Euclidean distance from z to A, namely
d(z,A) :=inf{|z —y| : ye A};
- If Ais a closed subset of R?, we denote [4(z) :={y € A : |z —y| =d(z,A)}.
In case A is convex, IT4(x) is a singleton.

- The distance between two non empty subsets A, B C R? is given by
d(A, B) := inf{d(z,y) : (z,y) € A x B}.
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I —— |
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1
1 hp
'0.6667

O Y O |

0 0.5 1

0

0.5

1

1.5

L e L

- 0.2044

0

R
0.5

A

Figure 5: Dependence in A for R € {1.2,1.5,1.8,2,3,5}.

Normal cone to D and regular points of dD. Since D is convex, the Gauss
map n : 9D° — S which assigns to z its normal vp(z) is well defined except in an
at most countable number of points where we have left and right limits denoted by
vp(x) and v} (z). This singular set will be denoted 9, D while its complement 9, D

is the set of regular points.

The normal cone to D at z € D is defined by

Np(z) = {z* € R* :

(*,y—z) <0, Vy € D}.
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It reduces to {0} if x is inside D, while if z € 9D, it is generated by the unit vectors
vp(z) and vj(z), that is Np(z) := {svji(z) +tvp(z) : s,t eR}. If x € 9,D,
then vp(z) = vl (z) = vy (z) and Np(z) = Ryvp(z) is a single positive ray.

Some important convex subsets of D. Let Rp := max,cpd(z, D) be the
inradius of D. For every ¢ such that 0 < 0 < Rp, we introduce the set

D’ :={x €D : d(z,D > 6}.
One checks easily that D° is a non void open convex subset 2. Acoordingly, we will

denote by II;(z) the orthogonal projection on D of any = € R2.

Next, for every A > R, we consider the §-enlargement of D° when § = A~1. This
convex open subset of D will play a crucial role in what follows. It is given by the
union of all balls of radius A~! contained in D, namely

o= |J B, (4.1)

B(zA~1)CD
For 6 = Rp, we obtain the mazimal balls inscribed subset of D defined by:

Up ::QR% = {JZGD : d(l‘,ED)<RD},
D

being ¥p :={x € D : d(xz,D°) = Rp)} (the high ridge of D).

In this Section, our goal is to show that, for every A € [hp, +00), the set 2, defined
in (4.1) is calibrable and optimal for m(A, D). To that aim, we will use a geometrical
construction for defining a locally Lipschitz potential p : D — (0, +00) which has
its own interest. Before that let us recall the two-dimensional construction of the
Cheeger set of a convex set D following [30, Theorem 3.32 i)] and the celebrated
result of Bernd Kawohl and Thomas Lachand-Robert:

Theorem 4.1. ([23], Thm. 1) There exists a unique value & = 6* such that |D°| =
762, Then, hp = 1/6* and the Cheeger set of D is Cp = U{B(z,*) : B(z,0*) C D}.

The latter result says that D admits a unique Cheeger set given by Cp = Q.
Moreover, the 1-calibrability of D (as defined in Subsection 2.3) is equivalent to
the fact that D = €, (hence, by Corollary 2.12, to the curvature upper bound
ao(99) < hp).

4.1. Cut-locus potential
We introduce the function p = D — R, defined by

pp(x) :=sup{d >0 : d(x, D°) < d}. (4.2)

2 For any 1,22 € D°, we have B(z1,0), B(x2,8) C D. Thus, since D is convex

1+ X2 1+ X2

2

1 1 1
B( 10) = 5B(21,0) + 5B(@s,0) C 5(D+ D) =D = e D’

2
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Since this potential pp will not be used for another domain, we will simply write pp
as p. A good reason to call it cut-locus potential is that p is a continuous extension
of the normal distance to the cut-locus of D defined on 0D by

sup{t >0 : x =Ilyp(x —tvp(x))} if x € 0,D

)= {0 if 2 € 9,D 3

The cut-locus of D is the closure of the singular set Ap of d(-, D) that is the set of
point € D where d(-, D) is not differentiable, that is

Ap :={x € D : Ilp(x) is not a singleton}.
We refer to [17, 16, 18, 15] for more details on this notion.
As it is proved in Lemma A 4, for every = ¢ Up, we have the equality
{620 : d(z,D°) <6} = [0, p(2)].

This property is illustrated in Figure 6, where the function § — a(x, ) := d(x, D°)—§
is negative on the interval (0,~(x)] and then is stricly increasing reaching a positive
value at © = R. Therefore p(x) is characterized as the unique zero of a(z,-) on
(0, R) if z ¢ Up. The lower-bound inequality p(z) > ~(x) which is is strict if € D
involves the distance from 0D to the cut-locus Ap along the normal to 9D passing
through x; more precisely:

v:x € D ((x) +d(z, D),
{min{t >0:2+tVd(z,D) € Ap} Vx ¢ Ap

(@)=1 Vo € Ap

(4.4)

Note, in particular, that ¢ = 0 and () = d(z, D) for every x € Ap. On the other
hand, we infer from (4.3), that

v(z) = {(z) = 7(z) Vz € ID. (4.5)
Summarizing , our potential p can be characterized as follows:

p(x) = d(z, D*@) if te D\Up, p(z) =17(z)if 2€dD, p(z)=RpifxclUp (4.6)

a(m,é)‘

—d(z,D°) f------

Figure 6: Function a(z,-) for z ¢ Up.
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Lemma 4.2. The potential p reachs its mazimum Rp on the plateau Up and satisfies
the inequality p(x) > d(x, D). Moreover, recalling the definition of Q2 in (4.1), we
have the equality:

Q)\:{QZED : p(x)>§} , for every A >

1
o (4.7)
Proof. For x € D, we have the implication

0<§<d(z,D) = d(x,D°) <6< Rp.

It follows that d(x, D¢) < p(z) < Rp. Moreover, p(x) = Rp forevery x € Up = Q.
We now prove (4.7). Let us recall that € given by (4.1) coincides with an enlargé-
ment of D°, namely

Qy={z €D :dx,D° <35} whered=\".

Therefore, by the definition of p in (4.2), we have p(x) > A7! for any z € Q.
Conversely, assume that p(x) > A~!. Then, as we know from Lemma A.4, we have
d(x, D%) < for any 6 € [0, p(x)], hence in particular for §=A"1, whence z€,. O

Remark 4.3. By Lemma 4.2, it follows that the level sets of p given by
Co={xeD : p(x):(S}:@Q%ﬂD

will give a partition to D, namely D = U Ce.

0<d<Rp
Note that, for § € (0, Rp), the sets C? are arcs of radius d, while for § = Rp, we
obtain CFr = Up = Q L which is a convex open subset of D. O

D

Proposition 4.4. The cut-locus potential p is continuous on D and locally Lipschitz
in D (its gradient blows-up as d(x, D) — 0). Moreover its trace on 0D satisfies

for all x € OD. (4.8)

Figure 7: To prove that p is locally Lipschitzian.

Proof. Firstly, we prove that p is locally Lipschitz (hence continuous) in D. Given
0 > 0, for every x € (25-1 N D, we have

d(z,D°) >0 and § = |z —1s(x)].
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We set r := d(x, D). Let z be the point lying outside the disk B(Ils(x),d), on the
line passing x, II5(x) such that [z — 2| = r. So, z is in D. For every &' < 6, we
take y as the point inside D, on the same latter line such that the disks B(y, ") and
B(Ils(x), d) have the same tangents passing z. See Figure 7 for our settings.

Then Thales’ Theorem is applied,

2yl _ 0
|z =Ts(x)] o7
then, we get |z —y| = %(5 +7). (4.9)

We notice that B(Ils(x),8) C D and, z € B(x,r) C D. Since D convex, we have
conv | B(Il;(z), 0) u{z}] c D.

This implies B(y,d") C D. Thus, y € D¥ and, by using the equality (4.9), it holds

A, D) < fe—y| =z —yl —r=0 —r(1- %)

We now can summarize that

Vi€ 00N D, V8 <6, d(x, D”) <& —d(z, D)1~ ). (4.10)

We observe that for each x € D\ @, by using Remark 4.3, x € 9€s-1 N D with

d = p(x). As a consequence of (4.10), for every x,a’ € D\ @ and, for every
§ < 0 = p(x), we have

d(z',D%) =& < |z —a'| +d(z, D) — &

<l|z—2a'| —d(z, D) [1—%/].

If p(z') < p(x), we can choose &' = p(z') and, then d(z’, D¥) —§ = 0. We infer that

d(z, D) (1 — [;((fi))) < |z -2

Therefore, for every z,2" € D \@ such that p(z') < p(z), we have

n o p(z) I
o) = pla)l = G2 .
Finally, we conclude that, if z € D\ @ and d(z, D) < ¢, we have the following
inequality holding for every 2’ € B(x,¢):

R

p(a') = p(z)] < d(B(z,2), D% 2" — . (4.11)

Recalling that p is constant on @, we conclude that p is locally Lipschitz in D.
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In a second step, we show (4.8). The fact that p(x) = 7(x) for every x € 9D
is a direct consequence of the equality vy(z) = 7(z) (see (4.5)) and of the fact
that {6 : «a(x,0) < 0} = [0,7(z)]. Note that, if x € 9D, then a(z,0) = 0
whenever 6 < 7(z) and we know from Lemma (A.4) that a(x,-) is stricly increasing
on [y(x), R].

Next we show that 7(r) < ——
kop(x)

we can assume that 7(z) > 0. Then, by the definition of 7(x), this means that
r & Ap, hence x € 9,D and d(z, D’) = § whenever § < 7(z). In particular the
equality d(z, D™®) = 7(x) means that the ball B(x — 7(x)vp(x) is contained in
D and touches the boundary 0D at z. It follows that ksp(z) < +oo and that
0 < plz) = 7(x) < =L

— kap(x)”

at any x € 0D. Without loss of generality,

In a last step, we show that p is continuous in all D. First we notice that p is lower
semicontinuous since any strict upper level set {p > r} coincides with the open
subset Q1 for every r € (0, Rp) , while it coincides with D for » = 0 and the empty

set for r > Rp.
Let 2, € D such that z,, — 2. The case where z € Up is easy since we have
plwn) < maxp = Rp = p(x)
and by the lower semicontinuity of p,
p(x) <liminf p(x,) < limsup p(x,) < p(z).

Therefore we can assume that x ¢ Up. Then z, ¢ Up for large n and, in virtue to
the characterization (4.6), we have

p(r,) = d(zy, Dp(mn))

As p(z,) < R, we can assume that, up to extracting a subsequence, p(z,) — §*
for some §*. By the continuity property given in the assertion (i) of Lemma A.1,
passing to the limit in the equality above leads to the equality 0* = d(z, D°"). Then,
by Lemma A.4, we have either ¢* = p(z) or 6* = 0. If 6* > 0, we are done since,
in this case, the whole sequence p(x,) converges to the unique cluster point p(z).
If 6* = 0, then p(x,) — 0 and, thanks the lower semicontinuity of p, we infer that
p(x) = 0. Since p(x) > d(z, D) while p(z) = 7(x) on 0D, this is possible only if
x € 0sD where 7(x) = 0. However, even in this case, we have p(x,) — p(z). O

Remark 4.5. Y.Li and L. Nirenberg proved in [25] that 7 is Lipschitz if D has a
C?! boundary but it is untrue for a general convex domain (even C*“ with a < 1 is
not enough). We conjecture that for a general convex domain D C R?, the cut-locus

potential p belongs to CO’%(D), as it is the case for a square (see the example 4.6
below). O

Example 4.6. (An explicit formula for p in the case of a square) Let us consider
the domain D = (—1/2,1/2)? whose inradius is R = 3. Hence p = 1/2 on the disk
Up = Qy = {|z] < %} The cut-locus A consists of the two diagonals of D whereas
the Cheeger constant is hp = 2 + /7. For every x € D\ Q9, § = p(z) is the unique
§ such that z belongs to the arc of circle C? = 9, N D. Let us compute p in the
north east quater [0,1/2]2\ Qy. We set 2 = (z1,72), and § = 1/2 —t for t € (0,1/2).
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Then, z € C° (hence p(z) = 1 —t) if and only if ¢ solves the equation

{(ﬁl — 1)+ (2 — 1) = (5 — 1)

2 2 1

These equations determine a unique ¢ € [0, 3] given by

2

t:x1+x2—;—\/§\/<;—x1> (1—@)-

Accordingly we obtain the following expression for p for z € D:

— (] + [22]) + V2 / (5 = lwal) (3 = |wal) i 23 +23 > 1/4

otherwise

p(z) =

1
2

This computation confirms that p vanishes only at the vertices of D where the
curvature is infinite. It is positive and of class C'! inside D. After some computations,
we get the following equality:

V()| = o) on {23 +a3 > 1/4},
Va5~ l1l) (& ~ I Y

which clearly shows that |Vp| blows-up when approaching the sides of the square.
The presence of the square term in the expression of p(z) indicates that we cannot
expect better than the C'/? regularity of p in D. We present some calculations for
the normalized gradient of p on D\ Up.

The unit vector g, := _|§_Z\ is given by:

1

qp(x) = AOETACL (sgn(z1) Ci(x), sgn(a2) Ca(x)) ,
Cilw) =1+ Lala) and Cola) =1+ %L

From the expressions above, we can check that, if x approaches the vertical sides
(i.e.]z1| — 1/2), then a(x) — 400 so that g,(z) — (sgn(z1),0) ; on the same way
¢o(x) = (0,sgn(z2)) as |xe| — 1/2. Therefore the normal trace of g, on 9D satisfies
the equality g, - vp = 1. This property will be confirmed in the general case in the
forthcoming Theorem 4.7. A representation of p and of its normalized gradient on
the first quarter [0,1/2]? is displayed in Figure 8. In the left subfigure, the level
lines of p are drawn in varied colors while, in the right one, the normalized gradient
of p is represented (with a magnifying glass) in black streamlines starting from the
circle |x| = 1/2.
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Figure 8: p and the stream lines of ¢, = —%%I when D = (—3,3)%

GO 0.25 0.5

Theorem 4.7. Let D C R? be a bounded convex domain of inner radius R and
central set Up. Then, on the open subset D\ Up = {0 < p < R}, the locally
Lipschitz potential p is such that Vp # 0 a.e.. Moreover the unit vector field

qp = —% satisfies
divg, = % in D\Up and q,-vp=1 H'ae ondD\Up. (4.12)

Here above, the first equality is intended a.e. and in the sense of distributions in

D\Up.

Proof. Note that the open subset {0 < p < R} is indeed D \ @ where p is not
constant. On this subset, the vector field n := —Vp/|Vp| can be rewritten as

X — Hp(z) (ZL‘) .

o) =30

Owing to the expression above, it is clear that the equality n(x) = vp(z) holds at
any regular point of the boundary, that is for every z € 9,D \ Up. Indeed, at those
points, we have p(z) = 7(z) and x — I, (x) = p(x)vp(z).

Next we are going to prove that II,y(x) is locally Lipschitz in 2 and hence, so is 7.
We firstly claim that for every 9,0’ satisfying 0 < §’ < 6, for each y € D, there is a
constant K such that

Hs(y) — y(y)| < Ks5l0 — &), (4.13)
It follows immediately that for every x € D\@, x’ € B(x,e) C D, in view of (4.11),
M) (2) = Hpn ()] < M) () = Mo (2)] + 2 — 2|
< Kywlp(z) = p(a')] + o — 2|

R '
SQw”+ﬂM%¢ﬂQu_xL

Hence, we obtain that 7 is locally Lipschitz on D provided we show the validity of
the claim (4.13). Given 0 < §' < 4, for every y € D, by Lemma A.3 (ii), Iy (y) is
always in M$ (I15(y)), see Figure 12 for illustration.
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_ 59

We obtain s(y) — s (y)| < Jw — x| cosp(z)’

(4.14)
where x = II5(y) and w is the extreme point of M (z) in the complement of DY (see

Figure 12). By exploiting the assertion (iii) of Lemma A.5 , there exists Kyps > 0
such that

Kpps = min {kop(s) : s € 0D’} = min {cos® p(s) : s € 0D’} .

. 1 1
Since z € 0D?, we have < )
cos p(x) Kyps

We then use the inequalities (4.14) and (4.1) to derive that the inequality (4.13)
holds with K5 = (Kyps)~Y/2.

Figure 9: Divergence of 1 along C°.

The next step is to prove that divy = % in D \@ The vector field n is indeed the

unit normal to the level sets C° = {x € D : p(x) = §} which are arcs of radius 4.
Given z and z. on C? illustrated by Figure 9. Let us evaluate locally divergence of
n along directions 1 and nt. We recall that

i /(@ 4 Eh) —n(z)
(D) - h = 33%< ,h>

3

for some non null direction h. Since |n| = 1, we have

2Dk - = (ML o) (o)) =

1
€ €

[[n*(z + eh) — n|*(z)] = 0.
Thus, for h = 7, we get (Dn)n-n=0. (4.15)

As n locally Lipschitz, there is some constant M such that

S%\x—l—eh—%]:@( ! —1)
€ e \cosf.

Mo g2 Me
=T e~ 5
Hence, for h = n*,

<?7(x+6h) *n(x)’h> _ <n(w+€h) *n(ws)7h> i <n(xs) *n(x)’h>

S 9

’ n(z +eh) —n(z.)
13

Me sin 6, - Me tanf.  Me

1
26 € 25 € 26 5
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We obtain (Dn)n*-n* = % (4.16)
From the equations (4.15) and (4.16), we can derive that
divy = (Dn)":1d = (D)":(n@ n+n* @ n*) = (Dn)y -+ (D™ -0 = & =

As 7 is locally Lipschitz on the open set {0 < p < R}, the equality above holds not
only a.e. on this set but also in the distributional sense. [

Remark 4.8. In view of Theorem 4.7, p solves the boundary value problem

Vp

W—p-ypz—linaD\UD, p=Rpin dUp .

. Vp 1 . =
div =—+4+-=01in D\ Up,
Vol o \Un
In fact it can be shown that p is directly related to the following strictly convex
variational problem

min{/ |Vu| +/ |u| dH! —/ In(u)dx : u€ W“(D)},
D oD D

whose unique solution u admits a maximal plateau u = % and coincides with p on

the complement of the Cheeger set of D. Studying this new minimization problem
in dimension N > 2 could help us understand the structure of solutions to m(A\, D)
in the case of a general domain D C RY, especially when the convexity assumption
of the domain D is removed.

4.2. The set Q, is calibrable and solves m(\, D)

By exploiting the PDE (4.12) satisfied by the cut-locus potential of D, we are now in
position to derive, as corollaries of Theorem 4.7, the calibrability and the optimality
of the set €2 for m(A\, D).

Corollary 4.9. Let A > hp. Then Q) defined by (4.1) solves m(\,2y). Therefore
A > Xq, and Q) is 0-calibrable with constant 0 < A )\5;

Proof. By (2.20), it is enough to show that Q) solves m(A,€2)). Let us apply
the optimality conditions of the assertion (ii) of Theorem 2.4 in the case where
D = Q= Q,. Then we are done if we can find g € L>(£2y;R?) such that

7 <1 ae. inQy, 0<divg< A ae inQy, §-vg, =1 H'-ae on oy (4.17)

Such a vector field can be constructed on 2, by starting from a calibrating field of
the Cheeger set of D. This semi-explicit construction is provided with the existence
of a calibrating field for the Cheeger set of D, that means ¢ = g, in €2, where
Gy € L°(Q,; R?) satisfies

|th’ S 1, div dhp = hD a.e. in QhD, qhp - l/QhD =1 Hl—a.e. on thD.

We need now to construct g on Q \ 2. The cut-locus potential p comes into play
here.
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Let us define g on €2 as follows:

q(x) == Vo(z) . — (4.18)

The condition |g| < 1 is clearly satisfied. On the other hand, recalling that we have
Qn, = {p > hp'}, p is constant on the interface 9Q, N D while hp < p7t < A
in Q) \ Q,. Therefore the normal trace of g has no jump and the ditributional
divergence div g belongs to L>({y; [hp, A]) since

hp if v € th

divg = ) .
if v € Q, \ QhD

1
P
Eventually, the condition g - v, =1 is fullfiled on 92\ N D where p = % The same

equality holds on the shared boundary piece 02y N JD since, by (4.12), it holds
n =vp on OD \ Up. Finally, the three conditions in (4.17) are satisfied. O

Corollary 4.10. Let X > hp. Then, the upper level set Qy = {p > A\7'} is the
unique solution to the problem m(\, D).

We remark that, according to Theorem 2.4, the optimality of €2, for the problem
m(A, D) can be achieved by extending the construction of the calibrating field g
defined in (4.18) from z € Q) to z € D\ Q). This will be done in the next
subsection. Here we propose a direct proof based on the PDE satisfied by the cut-
locus potential of D, as a consequence of Theorem 4.7. Note that a similar PDE
proof appears in [2, Proposition 4] exploiting the solutions of a family of auxiliary
problems where a Neumann boundary condition is implicitely imposed on 9D.

Proof. Let consider F' C D a Borel subset with finite perimeter. We need need to
show that P(F) — A|F| > P(2)) — A|2,]. Let g be the vector field satisfying (4.21)
that we constructed in the proof of Corollary 4.9. Then, setting § = %, we have the

equalities:
P(Qy) — A = / (divg — \) do = / (1 _ 1) dr.
Qx Qo p 0

On the other hand, since |g| < 1, we have:
P(F) = \|F| > /(divq—)\)dx:/ (1 _ 1) dx
F F\P 1)

:/QAC)—;) da:—i—/F\QA<;—(1$) da:—/QA\F<;—(15) dr

>0on F\ Q) and < 0on Q) \ F, we deduce that

11
o 6

P(F) = AF| > | (5=3) de= P(R) = A,

whence the optimality of Q) for m(\, D) for every A > hp.
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Let us prove now the uniqueness of the solution of m(A, D) for A > hp. From the
previous arguments, we know now that for all u, v such that hp < p < A < v,
the sets Q, and 2, are minimal for m(u, D) and m(v, D) respectively. Then, by a
well known comparison argument (see for instance [2, Lemma 4 (i)]), we have the
inclusions Q,, C Q C Q, for any Q solving m(\, D). The equality Q = Q, follows by
sending p /A and v N\, \. O

4.3. Extending the calibration field to all D

We will now extend the vector field g prealably defined in subsection 4.2 (see (4.18))
from Q) to D. To that aim we are going to design a unit vector field ¢, in D \ €2,
such that

o) <1 in D\ Qy, divgy=XA inD\Q, qr-vo, =1 ondWND. (4.19)

The subset D\ 2, involved in the forthcoming construction is represented in Figure
10 below in the case of a square

4 R

Figure 10: D \ Q, represented in dash

Then, by assigning to g the value § = ¢, on D \ Q\, one check easily that the
resulting § € L>(D;R?) satisfies the optimality conditions given in the assertion
(ii) of Theorem 2.4 when Q = Q,, namely:
|79l <1 a.e. inD, 0<divg< A ae. inD, (4.20)
G va, =1 H'ae onodfy, divg= X ae. inD\Q,. (4.21)

Accordingly, we will obtain another proof for the optimality of €2,. The global
construction of § concerns the three subsets represented in Figure 11 (see Figure 13
in the case of an ellipsoid). For a square, infinite curvature occurs at the corners, so
that ke (0D) = 400 and the inclusion Q) C D is strict for every A > hp.

Q

Figure 11: The inclusion €, C Q) C D.
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We end this subsection and conclude the paper by giving:
- the detailed construction of the field g, satisfying (4.19) (see Lemma 4.11).

- the closed form of G in case of a square and of an ellipsoid (see Example 4.12) .

Lemma 4.11. There exists a vector field qx in D\ Q satisfying (4.19)

Proof. From now on, we set § = 1/ and adapt the notation used at the beginning
of Section 4 to the convex subset D?. Recall that we denote by IIs(x) the unique
projection of  on D?. The singular part of its boundary 9,D° has at most countably
many points, and we set

0,D° = {x;:j€J} (being J either empty, or finite, or countable).

For each point z € d,D°, the normal cone of D? at the point, denoted by Nps(z),
is generated by the two limit vectors v, (z) and v}, (). ¢°(z) and ¢’ (z) are the
corresponding angles of the two vectors in S'. Accordingly we define the sets N°(z),
C?(x), and M} (x) as follows:

N°(z) :=z 4 {p € Nps(z) : |p| <6}, forz € D?,
Co(z) ==+ {p € Nps(x) : |p| =0}, forx € D,
M (x) =z 4 {p € Nps(z) : <p,y$5(x)> <§-0d'}, forz e D3, 0<§ <6 <R.

Figure 12: The kite in gray color represents the set M (x).

In turn, Q2 can be characterized, in terms of N°(z) and C?(x), as follows:

L= M@, o= ). (4.22)

xeD’ x€0D?

We remark that {Nps(x) : € D’} is a family of disjoint sets because every point
y € Nps(x) satisfies II5(y) = x. Thus {N°(x) : x € D°} determines a partition of
Qy. On the other hand, when x is a regular point of 9D, i.e. x € 0,D°, then the
normal cone Nps(z) reduces to only one direction and C°(z) = {z*} where x* is
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the unique projection of x on D¢. Thus = ¢ Ap and x* belongs to 9D N 9Ny. If
x € 0,D?, the arc C%(x) given by

C’(z) = x + (cone{vy,(z), v} (2)} N 9B(0,0))

is determined by the angular interval (¢° (), ¢% (x)), which by the convexity of D°
must be less than 7. Accordingly this arc is a connected piece of the free boundary
9N D. Conversely, every y € 9, can be decomposed as y = Is(y) + (y — s(y))
with |y — I;(y)| = 0, hence y € C°(Il5(y)). This confirms the second equality in
(4.22) where {C°(x) : x € D%} is a partition of 9.

To shorten the notation, for each x; € 9,D° where j € J, we set

N? = N°(x;), Y = C°(xy), (4.23)

Vs (@) + Vs (75) #h(25) = 97 (%)) (4.24)

vy 1= 5 s Pj = D) .

We point out that 9Q\ND = [,
by a triple (z;, ¢;,v;) € 8;D° x (0, 7/2) x S, which represent respectively the center,
the angle, and an oriented unit vector (see the right hand side of Figure 13).

C’]‘-s, where each Cj‘-S is an arc of radius 0 determined

Now, let us introduce the regions where we want to construct the vector field g,
for z € D°, Mi(z) = a+{peNps(x) : {p,v};(x)) <6, (p,vps(x)) <6}, (4.25)

o= | M), Ay =3\ Q. (4.26)

x€DS

ovps ()

Figure 13: ¥, in green and Ay = X, \Q_A in yellow.

Figure 13 gives the flavour of the construction when D is an ellipse domain. The
thick black curve stands for the boundary of D while the dashed curve represents
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the boundary of the Cheeger set §2;,, of D. The cyan region is the set D° whose
S-enlargement gives (. The boundary of Oy appears in red color. The sets Mg (z;)
are in green background. The region in light yellow background is a component of
Aj. ngs are red arcs of radius d, centered at z;, determined by angle ¢; and the
oriented unit vector v;. {Cf} are the boundaries of € inside D, i.e. 9\ N D.

The set D is contained in . In fact, for every y € D, let x = Il5(y) and p = y — 2.
Since |z — (z + 6v5s(z))| = 6 = d(z,D°) and x + dvi;(x) € 9D, we have that
T+ (5l/§5 (z) are projections of x on D°. As D is convex, these projections implies
that for all z € D,

(x — (z+ 0vps(x)), 2 — (x + dvp,s(x))) >0,
(. — (x4 0v},(x)), 2 — (x4 01, (x))) > 0.

Therefore, for z = y, we obtain (p,v5;(z)) < §. Hence, by definition we get (4.25),
y=x+p¢€ MS(z). In particular, when x € 9,D°, the left and right limits are the
same, i.e. v ;(x) = v} (x) = vps(x), while N°(z) coincides with M{(z) and they
are folded up to be a segment. At that moment, p and vps(x) are co-linear, then,
(p,vps(x)) = |p| < 6. This is to say that y € N°(z) = M(z). Of course, when
y € D? or y = II5(y), the associated cones degenerate and shrink to a point. We get
y=1l5(y) = N°(y) = M (y)-

We notice that since the angle of Nps(z) is always less than 7w, Mg (z) is bounded
for every x € D°. X, is then bounded. It is clear that {MJ(x) : x € D%} is a
partition of ¥, and hence, Ay admits a decomposition,

A= M@\ = [ M)\ (4.27)
zeD? €0 DI
For short, we set
A = Mg(x;) \ Qy for some z; € 9,D°, and Ay, = U A (4.28)
jeJ

Ay has at most countable many disjoint components. Figures 10 and 13 are illus-
trating examples. In Figure 13, X, strictly contains D whereas ¥, = D in case of
Figure 10.

We now explicitly construct the vector field ¢y in Ay satisfying conditions (4.19).
In each component A}, we set z = (s,t) and

A3 (s,8) = ql(s,t) i= (s — aj(s, )5t — a;(s,t)v)), (4.29)

where v; = (v, v/}) is the oriented unit vector defined C? and a;(s, t) > 0 such that

div q{ = 1. In fact, q{ is the unit normal of the ball of radius 1 centered at point
a;vy,
[s — aj(s, )]* + [t — a;(s, t)vj]? = 1. (4.30)

We observe also that

div gl (s, 1) = 1 <= dsaj(s, t)v; + dya;(s, t)v; = 1. (4.31)
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From equation (4.30), we can find out explicitly a; in function of (s, ), and in such
a way, (4.31) is fulfilled,

aj(s,t) = sv5 +tv; — \/1 — (s —tvg)2. (4.32)

Therefore, qx(s,t) = ¢}(s,t) := ¢ (\s, At) in A, as we expected. This completes the
proof. Il

Example 4.12. We precise here a calibrating field § when D is a square or an
ellipsoid.

(a) In case D = [—1/2,1/2]?, ¥\ coincides with D, see Figure 10. The boundary
of D° has 4 singular points and 9, N D = U;*:lC]‘-S. The oriented vectors of Cj‘-s are

(£1/V/2,41/v/2). Take v, = (1/v/2,1/v/2) for example, it is easy to explicit gy in
A}. Thanks to (4.32) and (4.29), we have, for (s,t) € A},

2
aloi) = 1= E5 0 gl = (s ml0, - b)),
Then, the desired construction of gy in A} is given by

q)\(87t) = q}\(S,t) = Q%<)‘Sa )‘t)

By using symmetries, the expression of ¢, can be deduced in the other components
of Ay. On the other hand, the field g is given in Q) \ Q4, by ¢ = —|§—Z| which is
described in Example 4.6.

(b) In case D is given by an ellipse of standard form, see Figure 13, D is strictly
contained in ¥,. A, now has two components and the boundary of {2 inside D is
the union of arcs C? and C§ whose oriented vectors are (41,0). Take v; = (1,0) for
example to construct gy in A}, we get, for (s,t) € A},

a(s,t) =s—vV1—12 q(s,t) = (\/1—t2,t>.
Therefore, we obtain qy(s,t) by scaling ¢} (s, 1), i.e.
Q)\(S7t) = Q}\(Sat) = Q%()‘Sa )‘t) [

In summary, the vector field g can be built with ¢, on €2, with g, on €2, \ Qu, by
means of cut-locus potential p, then glued with ¢y on D \ Qy so that we can obtain
a calibrating field g for €2,. We remark that the construction of the calibrating field
g can be done in the domain ¥, (see (4.26)) which, in general is larger than D.

A. Some techical lemmas in R?

The following preparatory lemmas will be used in Section 4. We recall the definitions
of functions v and ¢ in (4.4) and also of the cut-locus A in Section 4.1.

Lemma A.1. Let D be a bounded convex set in RY. Then
(i) the function (x,8) — d(x, D°) is continuous on D x [0, R).

(i) Given x € D such that d(x, D°) < § for some § > 0. Then, for every &' such
that 0 < &' < §, we have d(z, D*) < §'.
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Proof. Let us prove (i). Since the functions d(-, D°) are 1-Lipschitz, it is enough
to show that, for any fixed x € D, the function ¢ — d(x, D!) is continuous on
[0,R). Let t,,t € [0, Rp) such that ¢, — t. It exist a unique y, € D such that
|z — y,| = d(z, D'». Up to a subsequence, we can assume that y, — v, for some
Y. € D. Then d(y,, D) > t, implies that d(y., D¢) >t while |z — y,| — |z — y.|. It
follows that g, € D3, hence |z — y.| = lim, d(x, D') > d(z, D*). In the opposite
direction, let e > 0 and z. € D' such that |x—z.| < d(z, D')+e¢. Since d(z., D°) > t,
we have z. € D! for large n so that limsup, d(z, D') < |z — z.| < d(x, D") + €.
By sending ¢ — 0, we conclude that limsup,, d(z, D) < d(z,D"). The desired
continuity property is proved.

Let us prove now the assertion (ii). Without any loss of generality, we can assume

that 2 ¢ D%, hence x ¢ D9 since D9 C D). Let us denote x5 = Il5(z) and
ry = Uy (2'). As d(z, D°) < §, we have d(x,z5) < § while B(zs5,6) C D. We claim
that we can always find out a ball B(z, ') such that:

B(z,8) C B(zs,0) , d(z,z) <d. (A1)

If the claim is true, then z € D% since the first inclusion in (A.1) implies that
B(z,6') ¢ D. On the other hand, zy is the unique point of dD® such that
d(z,D?) = |z — z5|. The desired strict inequality follows, namely:

d(z,D%) = |z —zy| < |z — 2| <&
Let us prove (A.1). If d(z, D) < &', we can take z = x5 so that

x € B(z,0") C B(zs,0).

Let us now consider the case where d(z, D°) > ¢'. Then we choose z on the segment
[z, 5] as follows:

5 o’
z = (1—g>x+3x5.

Since x ¢ D?, we have d(x,z5) < 0. Therefore d(z,z) < & and d(zs,2) < § — &'
From the previous inequality and by using the triangle inequality, we deduce the
inclusion B(z,d") C B(xs,0). It follows that z satisfies (A.1). O

Lemma A.2. Recalling definition (4.25) for the set-valued function M (x), we have:
(i) Letd, &' € [0, Rp) such thatd' < 6. Then D° = {x € D* : B(z,6 —¢') C Dy }.
(i) Let x € 8,D° and z € 0D N M () (see (4.25)). Then, for every y € MJ(x),

we have |y — z| = d(y, D°). In particular, |x — z| = d(x, D) = 0.
(iii) For each 6" < d, we have
o.0" ¢ |J Mi(x).
x€0s DS

In consequence, for every x € D, if lls(x) is in 0,D° then Il (x) belongs to
0,D% for all &' < 6.

3 Here we use the fact that D' = {y € D : d(y, D¢) > t}. To show the non trivial inclusion of the
second set in the first one, we consider y,, = (1 — %)y + %z where d(y, D¢) =t and z € D*. Then
by the concavity of the function d(-, D¢) on D, we have that d(y,, D¢) > t while y, — y whence
y € Dt
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Proof. (i) First we show that D’ C E where
Z%:{xeDy:d@(D%ﬂ>5—8}:{xeDy:B@ﬁ—ﬁﬁch}

For every x € D°, B(x,8) C D implies that
6 < d(z, D% < d(z,0D") 4+ d(dD%, D) = d(x,0D°) + .
That means d(z, (D)) = d(x,0D%) > § — §'. Therefore x is in E. This implies
D’ CE.
Conversely, for every « € E, the inclusion B(x,d — ¢') € DY implies that
d(0B(x,6 — &), D) > ¢’
Thus, we obtain
d(z, D) = d(x,0B(z,6 — ¢")) + d(0B(x,0 — d"), D°)

> (6—0)+d =0.

This shows that 2 € D°, whence E C D°.

(ii) Given z € 9,D° and 2z € DN M¢(z), we have z = z +p with |p| < 6. It follows
that
d=d(x,D°) < |z —2z| <4
Or, d(z, z) = d(z, D) = 0.
For every y € M¢(z), we will prove that |y — z| = d(y, D). Suppose that
d(yu DC) < |y - Z| and d(y7 DC) = |y _§|

for some z € OD, z # z. Then, |y — %| < |y — z|. Recall that as x € 8,D°, M{(x) is
a segment joining x and z. We have

[z =z <l —yl+ly -2z <|lz—yl+ly—2 =9
while |x — Z| > d(z, D¢) = §. This gives a contradiction. So, d(y, D) = |y — z|.

(iii) It is equivalent to prove that for every & < &, y € 9,D° implies Ils(y) € 9,D°.
Suppose that y € 9,D% and Ils(y) € 9,D°. From (i) and (ii), we derive that
ly — Us(y)] = 6 — 0. As Us(y) € 9,D°, the ball B(Ils(y),d) then touches the
boundary of D at a unique point called z. Let w be the intersection of segment
MS(I5(y)) = [Hs(y), 2] and DY . By using (ii), d(w, D) = ¢'. The ball B(w, ")
contained in B(II5(y), §) touches D at and only at z. In other words, w is in 9,D?".
Besides, both y and w are in Mg (Il5(y)). It is easy to see that they coincide. We
conclude that y belongs to 9,D%, a contradiction. The proof is complete. [

Lemma A.3. The following assertions hold true:

(i) Given x € OD° and x* € OD be such that |x — x*| = d(x, D). Then, for every
0" <8, g (x*) belongs to the open segment |z, x*[, that is:

dt € (0, 1) : H(;/(iL'*) = (1 — t)l' + to*.
(i) Lety € M{(x) such that x = 1l5(y). Then Ily(y) € M(x) for every & < 4.
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Proof. (i) For each z € [z, 2*], z can be parametrized as
z(t) == (1 — t)z* + tz.
If we take z* = 2(¢'/§) then z* € 9D?. In fact, it holds d(z*, D¢) = §' since
§ = |z" — 2| > d(z*, D) > d(z*,0B(z", |z* — 2*|)) = 0.

Besides, we have ¢ = |2* — 2*| > inf |2* —y| > .
yeD?’

It turns out that Iy (z*) = 2*.

(i) Suppose that y* := Iy (y) ¢ MJ(x) (see Figure 12 for illustration). Without
loss of generality, we can assume that the segment [y,y*| intersects [x,z"]| at z,
where * € 0D such that |z — 2| = d(x, D). Let z* be the intersection of the
segment [z, 1] and DY By (i), we get that IIy(z+) = 2*. So, the segment [2*, 2]
is contained in Mg'(z*). Therefore, for every z € [2*, 2], z admits 2* as its unique
projection on DY, Tt is then clearly that

ly =2 <ly—2l+[z =<y =2+ [z =y [ =y = v
gives a contradiction to the fact that y* := Iy (y). O
Lemma A.4. Let a(x,8) be a function defined on D x [0, R] by

oz, 8) := d(zx,D%) — . (A.2)

Then, for every x € D\@, the function a(x,-) is continuous on [0, R] and exhibits

the following behavior:

—0 if 0 <6 < d(zx, D)
a(z,d) = —d(x, D) ifr ¢ Ap and d(z,D°) < § < ~y(x)

is strictly increasing  on [y(z), R].

Therefore, if x € D, then «o(z,-) vanishes at the unique positive 6 := p(x) where
Y(z) < plz) < R.

On the other hand, if x € 0D, then v(z) = 7(x) and «o(z,-) vanishes on [0, 7(z)]
while a(x,-) > 0 on the possibly empty inerval (1(x), R].

Proof. The continuity statement results from the assertion (i) of Lemma A.1. If
0 < § < d(z, D?), then z belongs to D’ and d(x, D°) = 0 implies that a(z,d) = —d.

Next, we assume that x ¢ A and we prove that a(x,d) = —d(z, D°) if § belongs to
the interval (d(z, D¢),~(z)). Note that, by the definition (4.4), it holds n(x) = 0 if

x € Ap, making the latter interval is empty. Then it exits ¥ € A and z* € 9D such
that

T=x+((x)Vd(z,D%) , |T—2z"|=d(@ D) =~(z).

Since we assumed that d(x, D¢) < § < v(z), D’ meets the segment [T, 2*] at a unique
point w such that w € [¥,2*] and w € 9,D°. By Lemma A.3 (i), we deduce that
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w = Tg(z*) = Ts(x). As a consequence, keeping in mind that |z — z*| = d(x, D)
(see Lemma A.2 (ii)), we obtain

d(z,D°) = |z —w| = |z* —w| — |z* — 2| = 6 — d(z, D).
So, we conclude that a(z,d) = d(x, D°) — § = —d(x, D¢) as claimed.
Finally, let us show that the continuous function a(z,-) is strictly increasing in
[v(x), R]. If it is the case, then as a(z,v(x)) = —d(z,D°) < 0 and a(x,R) =

d(x, D) — R > 0 (since z ¢ Up), we deduce the existence of a unique § € (y(z), R)
such that a(z,d) = 0 as claimed.

Let § and ¢ such that y(z) < ¢’ < § < R. Then, since y(x) > d(z, D), we have
d(x, D) < & , hence the ball B(z, |z — Iy (x)|) is contained in (D). Tt follows

that ,
d(z,D°) — d(z,D") = |z — Ts(2)| = | — Iy ()]

= d(Il;(z), B(z, |z — Iy (2)]))
> d(Ils(z),0D%) =6 — &'
The third line inequality becomes an equality if and only if
Ly (1)) = Iy (2) = Ny gy (s (). (A.3)

In this case Iy (x) belongs to to the segment [[I5(x), x] and Il5(x) € 8,D°. By the
asertion (iii) of Lemma A.2, it follows that Ily(z) € 9,D% while, by assertion (ii),
M (Il5()) contains the segment S := {x + t;Vd(x, D) t € [0,((x)}. In particular
Il5(z) can be rewritten as

H(;(CL’) =+ t(;Vd(LU, DC),

for some t5 > 0. Since we have y(z) < J, we get ((x) < ts, or equivalently that
r+((x)Vd(z, D) belongs to MJ(Ils(z)). This gives a contradiction to the fact that
x + ((z)Vd(z, D°) is a singular point of d(-, D). So, we conclude that the relation
(A.3) never occurs for ¢’ > y(x). It follows a(z,d) > a((x, "), whence the claimed
strict monotony property on [y(x), R].

Let us finally conclude with the case where x € dD. Then vy(z) = 7(z) and clearly
a(x, ) satisfies the required properties since

7(z) = max{t > 0: Pyp(z —tvp(x)) = x}
if v € 0,D and 7(z) =0 if z € O,D. O

Lemma A.5. Let D be a convex domain of R?. For every x € 0D, we define

vih(z) - vy (z
kop(z) = 1+ 0(2) p(2)

Then, we have
(i) for every x € 0D, 0 < kyp(z) < 1;
(ii) kop(z) =1 for every x € 0,D;
(i) Ve € (0,1), the set {x : ksp(x) < e} is finite.
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Proof. We recall that the normal cone of D at x is given by
Np(z) :=={av}(z) + bvp(z) : a,beRL}.

For every z € 0D, we denote by ¢(z) the angle

pla) = S L), vh()),
and by Tp(x) the tangent cone of D at x
Tp(x):=c{s(ly—z) : ye D, s>0}
={aT}(z) +bTH(x) : a,be Ry},

where Tﬁ(:c) are the left and right tangent unit vectors of D at x. We denote by
() the angle
1 —
U(2) = 2Ty (@), T ().

Since tangent and normal cones are polar each other, it holds ¢(z) + ¢(z) = 7 for
every x € 0D.

(i) Clearly, as D is convex, we have 0 < p(x) < 5 and 0 < ¢(x) < 7. Hence, for
all z € 0D, it holds 0 < kgp(x) < 1 since

1+ cos2¢(z)

5 = cos® p(x) = sin® ¥(x).

k@D (I)

(ii) As D is convex, its boundary 0D admits at most countably many singular
points. On the regular part 9,D = 9D \ 9,D, we get v,(x) = v} (z), i.e. o(z) = 0.
Then, kop(x) = 1.

(iii) Let € such that 0 < e < 1 and denote
E.:={x€0D : kop(x) <e} , N.:=#(E.).
The function h(y) defined by

hp) := %, for ¢ € [O,g).

™

is non increasing in [0, ), while h(¢(z)) = kap(x) for every x € dD. There always
exists ¢, € (0,7/2) such that h(p.) =e. We set

E.:={x € 0D : kyp(x) <e}.

By the monotonicity of h, we deduce that ¢(z) > @ for every z € E.. It follows
that

N7 <) o)< ) plx) <2m,

zelR x€dD

whence N, < %’T < +00. O]
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