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We consider the problem of the homogenization of non-local quadratic energies defined on §-periodic
disconnected sets defined by a double integral, depending on a kernel concentrated at scale . For
kernels with unbounded support we show that we may have three regimes: (i) ¢ << §, for which
the T-limit even in the strong topology of L? is 0; (ii) £ — &, in which the energies are coercive
with respect to a convergence of interpolated functions, and the limit is governed by a non-local
homogenization formula parameterized by «; (iii) § << €, for which the I'-limit is computed with
respect to a coarse-grained convergence and exhibits a separation-of-scales effect; namely, it is
the same as the one obtained by formally first letting 6 — 0 (which turns out to be a pointwise
weak limit, thanks to an iterated use of Jensen’s inequality), and then, noting that the outcome
is a nonlocal energy studied by Bourgain, Brezis and Mironescu, letting ¢ — 0. A slightly more
complex description is necessary for case (ii) if the kernel is compactly supported.
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1. Introduction

In this paper we study the asymptotic behaviour of a periodic system of discon-
nected regions that interact through long-range potentials and can therefore be
considered ‘energetically’ connected in the sense of V.V.Zhikov’s p-connectedness
[18]. The study of such a type of geometrical objects falls within the analysis of
those commonly referred to as ‘perforated domains’, where the domain of integra-
tion is a portion of a scaled periodic set E contained in a given region; that is, a set
of the form Q NJF, with 6 > 0 a small parameter. The ‘classical’ case is obtained
by choosing as energy e.g. the Dirichlet integral, for which the functionals take the
form

Fy(u) = /WE IVl da. (1)

If F is a connected open set, then the energies possess a limit, e.g. in the sense of I'-
convergence [3, 6, 11], as 6 — 0 [8] and it is a coercive homogeneous quadratic form
on H'(€2). This result can be obtained by using Extension Lemmas, which allow to
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construct uniformly continuous operators from H'(QNJE) to HL () [1], and then
regard all the functionals as defined in that common space. For less regular sets
it is convenient to substitute the topological notion of connectedness with a more
analytic one: loosely speaking, if p > 1, a set A is p-connected if every function
u such that [, |VulPdz = 0 is a constant [18]. More in general this notion can be
given for integrals with respect to a measure, of which the restriction of the Lebesgue
measure to A is a particular case.

Following a seminal result of Bourgain et al. [5] (see also [16], and [4, 7, 15] for
applications) the Dirichlet integral on an open set U C R? can itself be approximated
by introducing another parameter € > 0 and considering energies

T — w(z) —u(y)?
Fe(u)zl/U U(p( y)| (2) ()| dx dy, (2)

ed € |z — y|?

with ¢ a non-negative integrable kernel. Such energies have also been systemati-
cally studied within a variational theory for convolution-type functionals [2] in the
equivalent form

F) = g [ o) ute) )P e dy, 3)

9

up to using the kernel ¢(£)[£]? in the place of ¢(£). We will use this latter form.
Note that if the support of ¢ is unbounded then any set U is in a sense ‘2-connected’
for such functionals, in the sense that if F*(u) = 0 then u(z) — u(y) = 0 for any
x,y € U, so that u is constant on U.

This observation suggests that, contrary to the local case, for non-local energies
we might study the behaviour of perforated domains as above even when E is not
topologically connected. In this paper, we consider non-local functionals of the form

F.5(u) = sd% /méE /QMEQD(J;;Z/)\U(:E) —u(y)|? dz dy, (4)

under the prototypical assumption that

E=K+7Z"

is composed of a periodic array of disconnected sets; that is, K is a (topologically)
connected compact set and (K + k)N (K + k') = 0 if k, k' € Z* and k # k'. The
behaviour of F, s will be driven by the mutual behaviour of the two parameters. In
the notation, we will tacitly suppose that ¢ = 4. is an infinitesimal family as ¢ — 0.
Functionals of the form (4) have been dealt with in [10] (see also [2]) when E' is
a topologically connected periodic Lipschitz set, using an extension theorem which
cannot be applied in our cases.

The first issue that we examine for such energies is their coerciveness. Since the
domain of F, s is composed of functions defined on a disconnected set, we have to
specify the type of convergence with respect to which they are studied. In the case
of ¢ with support the whole R? we obtain the three cases:

(i) € << 4. In this case we have a loss of coerciveness, and in particular any function
in L?(Q) is a limit in L?(2) of a sequence of functions with vanishing energy;
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(i) & ~ 4. In this case we consider the convergence u. — u defined as the L2 (Q)
strong convergence of the piecewise-constant functions u°® defined by

u(x) = ﬁ /6K+6k us(y) dy for z € 5(k +[0,1)%). (5)

The functionals are equicoercive with respect to this convergence, and the limit u
belongs to H'();

(iii) 0 << e. In this case the functions u. must be ‘coarse grained’, considering the

strong L _(Q2)-convergence of the piecewise-constant interpolations u defined by

ut(x) = u.(z) for z € e(k +1[0,1)%). (6)

1
[0,e] NS E]| /s(k+[o,1)d)ﬂ<5E

Also in this case, the limit u is in H().

If the support of ¢ is bounded then we may have loss of coerciveness also if € ~ 4.
More precisely, if the support of ¢ is the closed ball of radius s, then the functionals
are equicoercive with respect to the convergence above if and only if se > D,
where D = inf{r : E + B, , is topologically connected}. In this case again the limit
u belongs to H'(2).

We also compute the I'-limit with respect to the convergences above. If the support
of ¢ is the whole R% we have:

(i) (degenerate limit) if ¢ << § then the I'-limit with respect to the strong L?(£2)-
convergence is identically 0;

(ii) (homogenization) if & — &, then the I'-limit is the quadratic form

Fr(u) —/Q< romVu, Vu) d,

K

o satisfies

where the symmetric matrix A
(Afomé, &) = min{/ /SO(H)(<£, v—y) +u(z)—u(y))? devdy : u 1—periodic}.
[0,1]¢nE J E K

This result can be seen as following from the results in [10] (see also [2]) using the
techniques therein combined with the coerciveness result above;

(iii) (separation of scales) if 6 << € and ¢ is radially symmetric, then the I-limit is
given by

P(0) = Cu. [ [VuPds, where Coo =K [ (el

Note that % [o. ¢(€)|€|*d€ is the constant appearing in the I-limit by Bourgain et
al. [5], so that this limit can be obtained by first letting § — 0, noting that, upon
writing

1 _
Fostw) = b [ s D)o (U2 ate) — ulo) P d
X
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the corresponding I'-limit is simply

00 1
F() = K o) lule) — )P dady,

whose successive ['-limit as ¢ — 0 is £°°. This result is obtained using the Fonseca
Miiller blow-up method combined by a convexity argument for the lower bound.
These arguments allow first to reduce to test functions which are d-periodic pertur-
bations of affine functions, and then to obtain the desired inequality by a double
Jensen’s inequality. The upper bound is obtained by a direct computation when
the target function u is C2. In this case we can take u. = u, so that a discretization
argument allows to write F_s(u) as an approximation of a Riemann integral. As
a technical remark, we note that it is sufficient to treat the case ¢ = xp, since a
general ¢ can be approximated by linear combinations of this type of energies. The
lower bound then follows by the superadditivity of the lower limit, while the upper
bound is proved by the pointwise convergence on C2-functions.

Finally, for ¢ with support the closed ball of radius s the computation in (ii) also
holds provided sk > D, so that the functionals are equi-coercive.

2. Notation and statement of the results

We consider a radial convolution kernel in RY; that is, a function ¢ : RY — [0, +00)
such that a decreasing function ¢y : [0,+00) — [0,+00) exists which satisfies
©(&) = po(|€]). We further assume that

[ @+ lg)r <+, (7

and for each £ > 0 we define the scaled kernel ¢. by
_ 1 (¢
pe(6) = 5 w(g)

A simple kernel, which will be used as a comparison for general kernels, is

—d i
o= {E W<

0 elsewhere,

obtained with g = X0,1)-

We consider a periodic set £ C R%, and we fix a bounded domain Q C R? with
Lipschitz boundary. We define the functional Fs. : L*(Q) — [0,400) for all € > 0
and 6 > 0 by

1
F(;’E (u) = —

; [ ol = )lu(e) = uly)Pdrdy ®)
€% J(QnsB)x (QNSE)

Note that if £ = R? then Fj. is independent of § and the I-limit with respect to
the weak and strong convergence in L*(Q) of F.(u) = Fj.(u) has been shown to be

equal to

c, / Vul2dz, where C, = / o(6)[¢[2de ()
Q d Rd
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We will consider a set £/ composed of disconnected components; more precisely, a
1-periodic set E in R of the form

E=> (k+K), (10)

kezd

where K is the closure of a connected open set with boundary of zero measure, and
is such that (kK + K)NK =0 if k € Z% and k # 0. We also define

D = inf{r: E+ B, is (topologically) connected}. (11)

Y

Py
NP

i
T Uy

Figure 1: a simple example of non-connected domain

Example 2.1. The simplest example of such a geometry is by taking K = B, the
closed ball of center 0 and radius ¢ < 3 (see Fig 1), for which D =1 —2c. Note that
for this choice of E dist(K, K+k) > D for all k € R?, which is not the case in general.

For example, if we take as K the closed ellipse given by the relation i—; + i—; < 1 with
1 2

¢y < c1 in R?, we have dist(K, K +e1) = 1 —2¢; and dist(K, K +e5) = 1 —2¢y = D.

2.1. Definition of convergence, and coerciveness

We first consider the cases in which we do not have coerciveness. The first one is
in the regime ¢ << 9, for which the I'-limit, even if computed with respect to the
strong L?(Q) convergence is 0. This is a consequence of the following result.

Theorem 2.2. Let § = . be such that 6 — 0 and

Then for all u € L*(Q) there exists a sequence u. converging strongly to u in L*(Q)
and such that

lim F . (u.) = 0.

e—0
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Proof. It is sufficient to prove that the claim holds for a strongly dense subclass in
L?(2). We then take a Lipschitz continuous function u, and consider the function
u. equal to the constant

; /
U () = U = ——— u(y)dy 12
( ) k (SdlK‘ S+ K) ( ) ( )

in §(k + K), and to u on Q\ §E. We have u. — u in L*(Q2), and we can estimate

1
cd+2

Fs.(u.) <C gp(@) |z — y|2 dz dy,

/(QXQ)H{|Iy|>Do5}

where Dy = min{dist(K,k + K) : k # 0}. The change of variables y = x + £ gives

Fyo(u) < C' / (O)[2de,

{l€/>Do 2}

with C" depending only on 2 and the Lipschitz constant of w. This latter integral
tends to 0 by (7), since g — 400. O

In the case  ~ ¢ we have a lack of coerciveness in the case of kernels with compact
support. Up to scaling, we can suppose that the support of ¢g is [0,1]. We then
have the following result.

Proposition 2.3. Let the support of @o be [0,1], and let D be defined by (11).

(a) If § = 6. is such that e < 6Dq then for all uw € L*(Q) there exists a sequence
with Fsc(u:) = 0 and converging to u strongly in L*(2);

(b) If 6 = 0. is such that € < 0D then there exists a sequence u. with Fs.(u.) =0
and such that u.xsg does not converge weakly in L*(£2).

Proof. Case (a) is dealt with exactly as in the proof of Theorem 2.2. In case (b) we
have that the set 0 £+ B, /5 is composed of infinitely many disconnected components.
We may suppose for simplicity that each connected component is not bounded since
otherwise we are in case (a), and let k € Z? be such that §(k + K) does not belong
to the same connected component as K. We may set u.(x) = m if x belongs to the
same connected component as §(2mk + K), and for example u.(x) = 0 elsewhere.

Since € < 6D, if go(@) > 0 and z,y € 0F then they belong to the same connected
component. This shows that Fs.(u.) = 0. O

Remark 2.4. Claim (a) in Proposition 2.3 shows that the I-limit in the strong L?
topology is 0. In the second case, if 6Dy < € < dD then the sequence Fj. retains
some form of coerciveness, which gives a non-trivial I-limit in the weak L? topology.
For example, in the case of ellipsoidal sets as in Example 2.1, the domain of the I'-
limit will be functions in L*(2) whose distributional derivative in the z;-direction is
an L? function. Since this issue is not central in our discussion we omit the details
of this case.
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The following theorems will be proved in Section 3. They involve piecewise-affine
interpolations obtained using Kuhn’s decomposition [13] of cubes of R? into d! sim-
plexes which are uniquely determined by a permutation of the indices {1,...,d}.
Since the actual form of the piecewise-affine interpolations is not relevant in our
context we refer e.g. to [17] for their use in nonlocal interaction problems.

Theorem 2.5. Let ) be a connected set, let

lim & = K,

e—=00
and suppose either that po has support [0,1] and k > D, or that the support of ¢
be the whole R?. Let u. be such that sup, Fs.(u.) < 4oo. Let the functions 1.
be defined as the piecewise-affine interpolations of the functions ok — ug in (5) if
k€ Z and 6(k + K) C Q. Then, up to subsequences and addition of constants
U. — u in LE_(Q) for some u € H'(Q).

The second result combines the interpolation argument with ‘coarse graining’; that
is, we consider averages of functions not on the characteristic period § of the geom-
etry, but on the larger ‘mesoscopic’ scale €.

Theorem 2.6. Let () be a connected set, let

lim £ = +oo.
e—00

Let u. be such that sup, F5.(u.) < +oo. Let the functions u. be defined as the
piecewise-affine interpolations of the functions ek — us, defined on €Z? by

1
= ucdx. 13
P PENe(k+ [0,1]9)] SENe(t0A)Y) "

Then, up to subsequences and addition of constants, u. — w in L?

() for some
ue HY(Q).

2.2. TI'-convergence

The compactness results in the previous section allow us to consider I'-convergence
with respect to the convergence of the interpolations as defined therein. We can
then compute the I'-limits in the hypotheses of Theorem 2.5 and Theorem 2.6,
respectively, the degenerate cases being dealt with in Theorem 2.2 when £ << 9§,
in which case the I'-limit is 0 with respect to any topology weaker than the strong
L?(2) one, and in Proposition 2.3 for the case ¢ < §D, when ¢, has support [0, 1].

Theorem 2.7. Let 6 = 6. satisfy

and suppose either that o has support [0,1] and k > D, or that the support of ¢ be
the whole RY. Then the T-limit of Fs. as € — 0 with respect to the convergence of
the piecewise-affine interpolations as in Theorem 2.5 is the quadratic form

hom

Fr(u) :/Q< romVu, Vu) dx, (14)
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. ok .
where the symmetric matriz Ay . satisfies

(Afomé: €) =
= mm{/{o,ude /E o(Z ; Dz —y) +ulx) —u(y)? dedy : u 1—pem’0dic}. (15)

Proof. Once the compactness in Theorem 2.5 is proved, the proof of the claim
follows very closely that of the homogenization theorem for perforated domains in
[10], where functionals of the same form as Fj. are dealt with, with ¢ = k6 and £
a periodic (topologically) connected Lipschitz domain. We refer to that paper for
details. [

The second convergence result highlights a separation of scales, in which we may
formally first let 6 tend to 0 and note that the characteristic functions xsgxse
weakly* converge to the constant |K|? in L>=(Q x Q).

Theorem 2.8. Let § = 0. satisfy hl%g = +o00.
E—r

Then the I'-limit of Fs5. as € — 0 with respect to the convergence of the piecewise-
affine interpolations as in Theorem 2.6 is

F(u) = \K|2(](p/ Vul? dx, (16)
Q

where Cy, is given by (9)

Remark 2.9. We note that both convergences described in the theorems above can
be restated as a local strong L2-convergence; namely, that we have

lim lue — ul*dz = 0. (17)
=0 Jansk
This convergence has been extensively used by Zhikov [18].

To check this claim, we note that by the Poincaré inequality for double integrals,
for which we do not need the connectedness of the domain (see e.g. the proof of [14,
Theorem 6.33]), taking into account the definition in Theorem 2.6 we have

1
/ i — P < () — ely) Pl dy,
SENe(k+[0,1]9) €% J(6Ene(k+[0,1]9))2

so that, summing on &
/ lue — U.|*dx < 2CFs.(u.),
'NSE

where u. is the piecewise-constant interpolation of {uf}. The claim then follows
noting that @. — u. tends to 0 locally in L*(f2). For the definition in Theorem 2.5
the argument is the same.

As a consequence of this remark, we can suppose that the sequence u. tends to u
locally in L?(2), upon substituting u. with the function defined by u. on QN JE,
and u otherwise.
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3. Compactness

In this section we prove Theorems 2.5 and 2.6. We make the choice of the kernel
© = XB,, and we may suppose that » = 1 up to a scaling argument. With this choice
functional (8) becomes

1
Foclt) = 2z [ gpgpye 1060) = ) Py (18)

{le—yl}<e

Note that this ¢ is a lower bound for any other positive kernel satisfying the condition
©(&) > ¢ > 0 for £ € B,,, so that it is sufficient to state the compactness result for
families of functions wu. such that (18) is bounded.

Case 1: § ~ ¢ (Theorem 2.5). With fixed D < x’ < K, we can assume § > &'
By definition of D, there exist r > 0 and a finite number of vectors ki, ..., ky € Z¢

generating Z¢ on Z such that dist(K, K +k;) <r < &' forall i € {1,..., N}.

For each i € {1,..., N}, let z; € OK and w; € OK + k; be such that |z; — w;| =
dist (K, K + k;). Moreover, set

Ai={zeK:|lz—z|<i(-r)}, Bi={zeK+k:|z—w| <3 —r}
By the assumptions on K, we have |4;|, |B;| > 0. Moreover, if z € §A; and y € I B;
%|x—y| < |%x—zi|+|zi—wi|+|wi 5y| <K —r+dist(K, K + k) < 5,
that is, 04; X 0B; € (0K x §(K + k;)) N {|x — y| < e}. With this observation in
mind, let u € L*(Q) and recall the notation

1

SR u(z)dz.

0K +6k

U =

We compute

|U0 — Ug

i

2
)—u :U—i—ék))dzv‘

5dIK\

—u(x + 0k;) +u(y) — u(y) + u(z) — u(z))dzdydz :

6d\K||5A [|0B;] /

OKX§A; X(SB

62d|K| A / d‘“ly‘
+

2
62d|A Bl / —u(z))dydz

/ 9
| H l| 5(K+ki)><§B,-

<[, ) —uFdsdy s [ juty) o)y

0K x 6A

(u(2) — u(w))dwdz

+/ u(z) — u(w)|2dwdz>

O(K+k;)x6B;

< Q( — u(y)Pdedy + u(y) — u(2)|dydz

= 52d KX&K y Y7 fsrxosin MY Y
{lz—yl<e}

+/ lu(z) — u(w)|2dwdz>,
S(K+hki) x6(K+k;)
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where in the first inequality we used the relation (a + b + ¢)? < 3(a® + b + ¢?),
and in the second one Jensen’s inequality and the fact that [64;] = §%|4;| and

|x—y|<5
(5A (5B

Figure 2: interacting portions of inclusions

Example 3.1. In the prototypical case K = B,, we can consider the largest balls
fully contained in the region of interaction, as depicted in Fig. 2

In order to take into account the first and the third integral of the sum above, we
need to control long-range interactions with short-range interactions as specified in
the following lemma.

Lemma 3.2. There exists a constant C' depending on the ratio /e such that

2 2
/6K><6K (@) = uly)l dedy < C/5K><6K |u(z) — u(y)|*drdy

{le—yl<e}

Proof. The proof follows the one of Lemma 6.1 in [2]. Since K is a connected

Lipschitz bounded set, there exists ¢; € (O, %) such that for every two points

n',n" € 0K there exists a discrete path from 1’ to n”; that is, a set of points

7 =01, NN, Nne1 =1 for which:

. [njs1 —n;| < e for j€{0,1,...,N};

. for all j = 1,..., N, the ball B, (n;) is contained in JK (note that the two
extremes are excluded);

. N <C LSJ for all ', n” € § K. The constant C' depends only on diam(K) and
its Lipschitz constant.

Write
u(ro) — w(wny1) = u(wo) — w(zr) +u(r) — - —ul(zy) + u(zy) — w(@ni),

where g € 6K N B, (1), xn41 € 0K N B, (n"), and z; is a point in B, (n;) for
7 =1,..,N. By integrating in all variables we get:

/ (U(l‘o) — U(I‘N+1))2d$0dl']v+1
(6KQB€1( 0)) X (5K0B51 VIN+1

—e » / o / (u(zo) — u(z1) + u(z2) —

(0KNBeq (10)) X (0KNBey (MN41))

- —u(xy) Fu(zy) — u(xN+1))deodedel...de
N+1

- > (u(e) = ulay0) - dyen
dKNBey (MN11)

Jj=1

< (N + 1)(51)“/

6KQB61 (770)
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N+1

<N +1)Y / (uy) — ulz;—1))?dajd;
j=1 Y (6KNBey (1)) < (6KNBey (nj-1))

< (C PJ + 1)2/6K><6K lu(z) — u(y)|Pdrdy,

g
{lz—yl<e}

where in the last line by set inclusion we used that
|2 — wja| < g =0l 40y —njmal +|njmr — 25 < 361 <e

holds for any (z;,xj_1) € Be,(n;) x B.,(n;—1) and that N is at most C'|2]. We
can obtain the final estimate by covering d K with a finite number of balls of radius
e1 (this number depends on the ratio §/¢ only) and then summing up the previous
inequality applied to all possible pairs of these balls. O

By applying Lemma 3.2, we deduce that there exists a constant C' such that, for
1=1,...,d,

C
0= 0 < ([ 1) =Pty [ ) = uCe) Py
{lz—yl<e} {lz—yl}<e
lu(z) — u(w)|2dwdz>.

+ A(K+kq;)x5(f<+ki)
{lz—yl<e}

Since we need an estimate of 5‘1(%)2, we multiply by d9=2 and use 52%5‘[*2 = 6(1%

(by 0 ~ €) to find

2
d [(Uo — Uk, c 2
0 ( 5 ) S o /M{ué(K—Hci))? [u@) = u(y)l*dvdy

{lz—yl}<e

By periodicity it also holds

5d (uk_uk+ki>2 < ¢
3 = d+2 (6(K4+k)Ud(K+(k+ks)))
{lz—yl}<e

, [u(z) = uly) Pdedy.

Finally, since each vector of the canonical basis can be expressed as a linear combi-
nation of the k;’s with integer coefficients, via triangle inequality we bound

(s ¢ Ju(z) — uly)Pdedy
3 = g2 J(§(K+k)US(K+(k+k:)))?2 7

{le—yl}<e

and thus, summing over nearest neighbours k, ¥’ € Z¢ such that ké + 6K C ), and
the same for k', we get

up — upr \ 2 C
> (M) < / oy 11002 = uy) Pdady.

kK {lz—yl}<e
lk—k'|=1
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Therefore, from the equiboundedness of the functional along the sequence u. we get
a uniform bound on the piecewise-affine interpolation ., as defined in Theorem 2.5,
and thus the existence of a converging subsequence in the sense of (5).

Case 2: € > 0 (Theorem 2.6).
Set C'= C(d) := Q = [0,1]¢ and

1
1+Vd’
Z. ={keZ': QF:=Ce(k+Q) CQ}.
Note that if (z,y) € QF x Q¥ with |k — /| < 1; that is # = Ce(k + w) and
y = Ce(k' + z) with w, z € Q, it automatically holds
|z —y| < Celk — K|+ Ce|lw — 2| < Ce (1 + diam(Q)) = ¢.

Moreover, for each k € Z., consider
—{jez o+ K)CQy={j e j+ K Z(k+Q)}.

Note that 6E N QF D Ujez, 00 + K) N QF = Ujez, 6(J + K). Moreover, assume
K C Bpandfix j € $k+B(0,5 — L) and v = j +w € j+ K; then for all
ie€{l,...,d} we have

that is, j+K C $(k+Q). We deduce that $k+{—|5 — L|,...,0,.... |5 — L]} C Z,

and consequently #7; > (2(5—L—1)+1)* > (%) provided 5 > L+1. In particular

SENQE > Y [6(j + K)| = #Zy| K|6* > | K|“.
JEZ)

We now write

1
Fz—:(ue) = ci2 [ (noE)? (u€<£€) - uz—:(y))dedy
{lz—yl}<e
> LY / (o) - ue(y)dudy
k- |=1  (QEXQE)IN(OE)?
kk' €2,
1 ,
=~ > PBENQHISEN QY (ue(x) — ue(y))*dady
SR TR (QExQE)N(E)?
kk e€Z.

2

(ue(z) — uc(y)) dody

(V4
m&_
=

|
=[]

[Q)

g

]{Q’QWE)X(Q’;'WE)

_ |K]| 2wl &K
= itz Z €U — U

[k—k'|=1
kK €2,

kK2
=|K| > sdEEAE§E4L,

lk—k'|=1
kK €Z,

2
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with the averages u* defined by

k 1
U = — u(x)dx.
© = QOB Jgugs "

As in the previous case, we get a uniform bound on the piecewise-affine interpolation
u., as defined in Theorem 2.6, so we can conclude that there exists a subsequence
converging in the sense of (6).

4. Asymptotic analysis

This section is devoted to the proof of Theorem 2.8, subdividing it in a lower and
an upper bound.

4.1. Liminf inequality

We first prove a lower bound. To that end, let u. — w in the sense of (6) with
F.(u.) < M < +o0. Using the conclusion in Remark 2.9 we can suppose that the
sequence u. tends to u locally in L%(2), and actually that u. = u outside JE.

In order to estimate the energy we use Fonseca-Miiller’s blow-up technique [12], as
adapted to homogenization problems in [9]. To that end, we restrict z € A C €,
where A is an open subset, defining

1
PulecA) = 2 [ o 000) — welg)Pdedy = u4) (19)

{le—yl<e}

Since the measures pu. are equibounded in mass, we can take a converging subse-
quence j. — p, so that by the lower semicontinuity of weak* convergence on open
sets it holds

hmlan(u6 ) > (9 /dudx

From now on, we denote @ := (—1,2)% and, for all 7 > 0 and zo € RY, Q,(zo) :=

xo + pQ. We fix a Lebesgue point z( € €2 for v and Vu, such that there exists
H(Qp(xo)) )

91t (1) = Tim (@l

dx p—0 P

Since 11(0Q,(x)) = 0 for almost all p > 0, we can construct p. — 0, with p. > e,
such that

d’u(xo) = lim ME(Q”iZ(xO)). (20)

dz e—0 Pe

From now on we will tacitly suppose that p = p.. Now we prove a classical lemma
that allows us to match boundary data.

Lemma 4.1. Let {v.} C L*(Q) such that v. — v for some v € H'(Q). For all
n > 0, there exists another sequence {v?} C L*(Q), such that

e v —winL*Q)
e V! =win the set {z € Q : dist(z,0Q) < n}
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e V! =, in the set {z € Q : dist(z,0Q) > 2n}
. / _ 1 . 2
e if we define Fl(v.) = g %QXQ)H(zSE)Q (v(2) — ve(w))” dzdw,

{|z—w|<e}

then it holds that limsup(F.(v!) — F.(v.)) < o(1), asn — 0.

e—0

Proof. Fix N € N and for k € {1, ..., N} define
Q= {2 € Q: dist(2,0Q) > L (N +k)} and Sy := Qi \ QY.

Let ¢y be a cut-off function such that ¢, = 1 in QF, ¢, = 0 in R?\ QY | and
V| < % Define v¥ := ¢pv. + (1 — ¢y )v. Note that

vE(2) — vf(w)
= ¢n(2)(v=(2) — v=(w)) + (1 = ¢ (2)) (v(2) — v(w))(Pr(2) — Pr(w))(v:=(w) — v(w))
for all z,w € Q. We decompose Q x @ as follows:
A=Y x QY. o(2) =1, gr(w) = 1V(z,w) € Ay

A= (Q\QT) X (Q\O)),  éule) =0, Gylw) =0 ¥(z,w) € Ay
As == 5 X Q, Vor(2)] <1

Ay = (Q x Sy) \ A;
A= QY x (Q\QY),  lz—wl> ¥z w) € Ay
A= (Q\QY,) x Q7.

The integral in A; is estimated by:

1 2
s /Alm(aw (v5(2) = vl (w))” dzdw

{|z—w|<e}
1 2
— ngﬂ/Am(éE)? (v(2) — ve(w))” dzdw
{lz—wl|<e}
1 2 v
<1 % oy (Ve(2) = ve(w)? dadw = (0.
{|z—w|<e}

Since @ has a Lipschitz boundary and v € H(Q), we can extend it to the whole
R?. Denote the set

Sy, ={z € Q : dist(z,00Q) < 2n}.
We have

1 2 1 2
gdt+2 /Agm(aE)2 (vf(z) - Uf(w)) dzdw = cdt2 /Azm(dE)Q (v(z) = v(w))” dzdw

{|z—w|<e} {|]z—w|<e}
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1 2 1 2
< i [ vsmpiany (02— 0@l < o [ 0z) = vl ded

{|z—w|<e} {|]z—w|<e}

_ 2 Z+5§ () dzd
/Mm/ng( o )zs,

where S, = {z € S, : 2z +e£ € S,}. Note that, for all |{|] < 1 and ¢ small
enough, the set S, ¢ is well included in S, + B,(0). Thus we can use a well-known
characterization of Sobolev space H' to estimate

[ [ (e 1) gz < [ IVl mone
l€l<1 Sn.g l§1<1

= [IVoll2(s,+ 8,00
which tends to 0 as 7 — 0 independently of €. As for Az, we have

1 2
Ed+2/Am(M)2 (vf(z) —vf(w)) dzdw (21)

{|z—w|<e}

= gdlﬂ/ 2 (0k(2) (v=(2) = ve(w)) + (1 = ¢k (2)) (v(2) = v(w))

A3N(6E)?

{l2— w|<€}
+ (9n(2) — dr(w)) (v:(w) — v(w)))*dzdw
< Ed?jrz ASQ(JE)Q (U5(2> - U5<w))2 dzdw (22)
{lo—wl<e}
5 [y (0(2) = (@) deduw (23)
{lz—wl<e}
+ ed% /ASO((;E)Q (6k(2) — d(w))* (ve(w) — v(w))*dzdw (24)
{lz—w|<e}

Recalling that Az = Sy x @, we estimate (24) with

[SMQ N(OE)? (on(2) = ¢k(w))2 (ve(w) — v(w))?*dzdw

{lz—w|<e}

< NQ/SkXQ Iz — w2 (v (w) — v(w))2dzdw

2
! {lz—wl|<e}
N? 2 2
= — (/ |z — w| dz) (v-(w) — v(w))“dw
7 Js, \JQonB(w,e)
N? 2 2
< 7 | Bz | (ve(w) = v(w))”dw
Sk
2
= 6d+2N—2 (ve(w) — v(w))*dw.

n Sk
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Note that v. — v in L?(Q) by assumption, so the last term goes to 0 as & — 0.
Moreover, when we sum over k = 1,..., N the terms (22) and (23), we find

2 (# /Aaﬂ(SE)2 (ve(2) = ve(w))* dzdw + % AA(5E)? (v(2) = v(w))* dZdw)

k=1 {lz—w|<e} {lz—w|<e}
1 1
< s / 20(6E)? (v:(2) — ve(w))? dzdw + —— i / 20(6E)? (v(z) — v(w))? dzdw.
{|z—w|<e} {|]z—w|<e}

Thus we may find k£ € {1,..., N} such that

adl+2/43m(6E)2 (v(2) — ve(w )) dzdw + e /A?’O((SE)2 (v(z) —y(w))Q dzdw

{|]z—w|<e} {|lz—w|<e}
1 1 2
< N (@ / , (1215(2) - Us( )) dzdw + cdt2 / ) (12)(’2> - U(w)) dzdw)'
Q2N(SE) Q°N(SE)
{|z—w|<e} {|z—w|<e}

With such a choice of k, and setting v7 = v¥, (21) is estimated by

1
s [anye (22) =2 dad

{|z—w|<e}

3 1
< N(Ed”/ (0:(2) — va(w))? dzduw + M/ (v(z)—v(w))dedw)
Q2N(SE) Q*N(sE)?
{lz—wl|<e} {lz—wl|<e}

N2 2
+ 377—2 (ve(w) — v(w))“dw

Sk
3 / / N2 2
= P + FL0) 3% [ (o) ()
< 9 + 3— (ve(w) — v(w))*dw.
Sk

The estimate on Aj is the same with the roles of z, w reversed.

As for Ay, as already noticed for (z,w) € Ay we have |z —w| > £, so that, for
n, N fixed and ¢ small enough (indeed we let it go to 0 before arguing on N),
%+ < |z —w| < € cannot happen simultaneously and thus we simply have

1
d+2 /A NGE)? (vE(z) - vk(w))2 dzdw =0 for & small enough.
9 4

{lz—w|<e}

This works the same for A/ as well. Finally, gathering all the estimates together,
we find

. C
limsup(F.(v?) — Fl(v.)) < N + [IVoll2s,48,0)-

e—0

Sending N — oo, we prove the claim since [|[Vv| 25, 48,0y = w(n) = o(1) as
n — 0. [



A. Braides / Homogenization of Non-Local Energies ... 753

Recalling (20), we consider a Lebesgue point zy and a sequence p = p. for which

the limit p (@, (o))
ap — i Hel@p(To
dx <x0) ll—% p? '

exists, with p. is defined as in (19).

Proposition 4.2. Let {u.} C L*(Q), u. — v € H'(Q), and let n > 0 be fized.
There exists . — u such that

e () = u(zo) + Vu(zo) - (x — x0), for allz € Qp(x0) \ Qpa—29)(Z0);
e U.(x) =uz) forallx € Qyu_an(xo),
. denoting for simplicity

Fl(u) = —

. 2
e —CE )

{le—yl<e}

it holds limsup(F.(u.) — Fl(a.)) < o(1l) asn— 0.

e—0

Proof. The proof of this proposition is obtained by applying Lemma 4.1 to the
difference quotient v. defined by

’Ug(Z) — ue(iﬂo + pj)) - Ue(x0)7 = Q

We may choose p = p. such that also v. — Vu(zg) - z in L*(Q). We rewrite the

quotient w in terms of the functions v.:
pe(Qp(z0)) 1 2
ppd - pd€d+2 (Qp(wo)XQ)ﬂ(éE)2<u€<x> - uf(y)) dxdy
{lz—yl<e}
1 2
Z pd5d+2 [Qp(ﬁvo)XQp(wo))ﬂ(éE)Q (Ua(l’> - ué(y)) dl’dy
{lz—yl<e}
p’ )
= gdj (QxQ)N(SE)? (UE($0 + /)Z) — UE(.TO + pUJ)) dzdw
P
{|z—w|<%}
d+2 2
_ ) welzo + p2) — uelzo + pw)
= cd+2 (QXQ)H(%E)Q ( P ) dzdw
{le—wl<e}
pd+2 9
= S5 (@x@n(s B (v(2) — ve(w))” dzdw.
{le—wl<%)

By Lemma 4.1, there exists v7 — v in L?(Q) which satisfies the properties stated
therein, in particular v?(z) = Vu(xg) - z in the set {z € @ : dist(z,0Q) < n}. By
setting

Ue(zo + pz) == pv?(2) + u.(xy) forallz € Q,

the function u, satisfies the properties in the statement; in particular,

() = ue(x0) + Vu(z) - (x — x0)
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in the set {z € Q,(xo) : dist(z,0Q,(z0)) < pn} = Qo(70) \ Qp1—2n)(70), and by the
same change of variable of above to write the functional back in terms of . it holds

. 1 9
hr? L5up (rgw [QP(IOWE)Q(UE(:U) — ue(y)) dxdy
{lo—yl<e}

1 ~ ~ 2
_ pled+2 %Qp(xo)ﬁéE)Q(ua(‘T) - ug(y)) dxdy) < 0(1),

{le—yl<e}

as n — 0. [

To ease the notation we still call u. the sequence which satisfies
us(x) = ue(xo) + Vu(xog) - (z — o)

for x € Q,(x0) \ Qp(1—24)(20) of Proposition 4.2.

Now we would like to have £ € N, so we take a slightly smaller cube than Q,(zo)
that gives a negligible error at the limit. Set

N, = b(g . 1)J . L= (1+2N)0

and Q. = Q. (x0) = U Qs(wo +0k), Q| =12,

ke{—N¢,...,0,...,N: }4

In the hypothesis ¢ > § and n ~ %, we have Qpu—n(2o) € Q- € Q,(z9). In

particular, we can extend u. — u.(xg) — Vu(xg) - (- — zo) periodically of period I, to
the whole R¢.

Note that for all z € Q. € Q,(x¢) and y € B(z;¢), choosing n = 2%,

[y — (x0)i| < |xi — (20)i] + |2 — 9] < g—l—e = p(12+7]) for alli € {1,...,d};
that is, y € Q 14y (w0). Thus we have
(Q- x RY) N {]z —y| < e} C(Qe X Quayn(z0) N {lz —y| <e}.
We further split the right-hand side in
((Qe x Q) N{[z =yl < e}) U ((Qe X (@p(rtn (w0) \ Q) N {[z —y| <e}). (25)
For y € Qp14n)(®0) \ Qs C Qp14n)(%0) \ @p1—n)(20), and x € Q- N B(y, €) we have

]__
P <y — (o)l < s — ()il + 2 — ] < | — (o)l + & = | — (o)l +

for some index i € {1,...,d}; that is, z € Q. \ Qp—24)(z0) C Qp(x0) \ Qp1—29)(Z0)-
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By Proposition 4.2, it follows that for (x,y) € (Q: X (Q a4y (20)\Q:))N{|lz—y| < €},
we have simultaneously

us(x) = u(xo) + Vu(zg) - (x — x0),

ue(y) = u(zo) + Vu(zo) - (v — x0),
(the latter by periodicity in y). Therefore, by (25), we can estimate

1 1
Td-dt2 (ue(z) — ue(y))dady < a2 (ue(x) — u(y))*dzdy
ple ple
(Q-xRHN(SE)? (QexQe)N(sE)?
{lz—y|<e} {lz—yl<e}
1 . B 9
i pdsd*?/QsX<QP<1+n><xo>\Qe>>n(6E>2(V“(””O) (z = y))dedy
{lz—yl<e}
1 [Vu(zo)|e?
< g (ue() = ue(y))*dady + it dz | dy
§|QSOJ|E)2} Qp(1+7])(330)\Q£ QEOB(yvs)
r—y|<e
= pdzd2 [ (Q.nsE)? (ue(w) — uc(y )) dxdy + |Qp (14n) \ Qp 1-7) |
{lz—yl<e}
1 Vu(zo)|? _
< pled+2 ﬂQsm(;E)z (ue(x) — ue(y)) dady + |£d0)|4d€pd !
{lz—yl<e}
1 ) €
- pd€d+2 (ng(;E)2 <u5(I> — Ug (y)) dxdy + C;
{lz—yl<e}
since

|Qp(1+n)\Q€‘ < ’Qp(1+n)\Qp(1—n)‘ = [P(1+77)]d_ [p(l—n)]d < Q(UP)defl = 4d5pd71-

We can read the estimate above as

1 1 €
s [ (ele) = ey > s [ (el — ) ndy — €
(Q=NoE)> (Qe xRHN(SE)?
{le—yl<e} {le—yl<e}

and C'2 =o(1) as € — 0.

Set w.(2) == u.(wg + l.2) — Vu(zp) - l.2 for all z € Q, which is Z?-periodic by our
assumption. For simplicity denote M. = 1 4 2N, so that I. = (1 4+ 2N.)d = M.
and |Q.|¢ =14 = M25?. We have

pe(@p(zo)) _ 1 2
z - pledt? [Qp(xo)xﬂ)m(wﬁ(%(:ﬂ) ~ ue(y)) dedy
{le—yl<e}

1 2
2 pd€d+2 /(\ng(SE)Q (ué(x) - uE(y)> dxdy

{lz—y|<e}
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1 _ 2
> g [QEXRdm(SE)Q(US(I) ue(y))*dzdy + o(1)

{le—yl<e}

1 rT—xo\ Y — T ) _ 2
_p%M[ngRd)ﬂ((sE)Q <w€< 2 > w€< l >+Vu(x0) (x y)> dzdy + o(1)

(le—vl<e} )

= pdE]-MwZiR£er. { [QEXRd)F‘I(cSE)Q (w(%) —w(%) + V() - (:):—y)>2dxdy}.

{le—yl<e}

We work on the infimum by change of variables, writing

" (o(252)
wZd-per. J(Qe xRHN(SE)? I

- w(y ;EI()) + Vu(zg) - (x — y)>2dxdy

{lz—yl<e}
2
_pd i _ 10 oy o (e
=l /(Ql(ﬂ;;)xmm(;,s) (w(e= 1) ~wly=72) +Vulao) -tz ) dedy
{lo—yl<£)
__72d+2 2
2 [ e (0(0) = 0 (9) + uleo) - (2 - )" dedy.

The last equality comes from the fact that, for each w 1-periodic, the transformation
w(zr) = Lw(z + ”;—:) (which is also 1-periodic) gives the same integral, and the
infimum is the same by the one-to-one correspondence. Now we use the periodicity
of E' to get rid of the center 72, indeed it holds

%Q1(m)de)m(E)2 (w(z) —w (y) + Vu(zo) - (z — y))" dzdy

- ﬁ@lﬁsmm X () (@:9) (0 (2) = w () + Vulxo) - (v —y))* dudy
{lz—yl<£}

- /(Ql(o)de) X(M%XMA)(% y) (w(z) —w (y) + Vu(zg) - (z — y))2 dzdy,

1>
{le—yl<£}

given that the integrand is jointly 1-periodic in both z and y, thanks to the 1-
periodicity of £ (and in particular of M£5)7 of w and that y runs in R? (so that, when
x and y is changed with x + k and y + &/, the change of variable y/ = y + k' — k
works).

Let w be Z%periodic and define a MLEZd—periodic function
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Via a standard convexity argument, calling Z, = {—N, ..., 0, ..., N.}4,
I D 2
ﬁ@; ) ()7 (@) = By) + Vulzo) - (z —y))" dedy
1 ~ ~
~ Ml ﬁleRd)m( B )2 (w(x) — w(y) + Vu(xg) . (x — y))2 dxdy

= Mig %leRd)ﬂ(ﬁaf (J\;g Z (w (:c—i— J\I;) —w(y—l—Mis) +Vu(z) - (:c—y)))Qd:cdy

{lo—yl<£} kel
<! k)—(+k)+V()-(—)>2dd
= MTMZ (QuxRY)N(L)? (w(aﬂrm WYL u(zo) - (v —y) | drdy
Rele ™ {la—yl<£}

! 2
Y ﬁleRd)m(E)Q (w (z) —w (y) + Vu(zo) - (v — y))” dxdy.

Mz
{le—yl< )

Thus by taking the infimum for every w M%Zd—periodic on the left-hand side of the
last inequality, by the arbitrariness of w 1-periodic, we get

Ns(Qp(wo))
ol
> l§d+2 Md . f v 2d d
= igdr2 e wﬁuzld—per. @ XRd)m(w%)? (w(z) —w(y) + Vu(zo) - (x — y))” dzdy
: {la—yl<£}
[ L
= 5 oz M2 (w(z) — w(y) + Vu(z,) - (z — y))° dady
P gdt L _7d_per. 2
~~ Me Q1 xRHN(L-)
~1 as e—=0 Me
{lz—vl<2)
5d+2 . f x y V 2d d
S8 o (o )~ () o)
Me {Jo—yl<2
g 2
Z Edﬁ lel?}f)er. (QlXRUZ)ﬁ(E)2 (w(m) N w(y> + Vlb(ili'o) . (.’L’ B y)) dl‘dy,
{lz—y|<%}

where the second equality holds from a change of variable and the same value of
the inf with M.w, and the last inequality comes from the fact that x +— w(MiE) is 1
periodic if w is M% periodic, and the infimum decreases. Finally, with fixed n > 0,
for £ small enough we have 1 > ¢diam(K), and we set Z. = {k € Z* : 2|k| < 1—n}.
Note that, when k& € Z. we have

|lr —y — k| < diam(K) + |k| < % = %n—i—diam(K) <

SN

so that (z,y) € (K x E)N{|z —y| < 5} = (K x (K +k))n{jz —y| <5}
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By a double Jensen’s inequality we have

inf /leRd)ﬂ(E)2 (w(x) —w(y) + Vu(zg) - (z — y))*dzdy

w Z4-per.

a<p {le—yl<5}

— inf / (w(x) = w (y) + Vu(zo) - (x — y))* dwdy
wZh-per. J (K x E)n{|a—y|<5}

> S oy W) =0 )+ ) (2 =)y

w Z4-per.
p keZ.

inf Z K2 (|K|2 /Mm w(x) — w (y) + Vulz) - (@ —y)dxdy)z

de per.
2
1
L (|K| [ Vuten) - basdy) =K 3 (Futeo) -1,
keZ. KxK keZ.

which is independent of w 1-periodic. Thus

relzol) > SR Y (Vulao)

keZ.

and

d 2
tim it #9220 > |K2]hm1nfz< ) (Vulwo)- k) = \K\2/Byvu(xo)-g|2dg.

keZ. 1-n
Using the lower semicontinuity of the mass,
dp
hm mfF (ue) > (2 —d:v

we get

fmint £ = (K [ [ Vute) - Pdede = | KPC) [ 9ute)de

with Cy := éfBl |€]2d¢ as in [5] (for us p(z) was the characteristic function of the
unit ball).

4.2. Limsup inequality
Let u € C*(Q) and let n > 0 be fixed. Let Q € Q' and set
Zs={keZ": QN #0D}.

For § < 1 we have |J,.,, Q5 C {z € R?: dist(z,Q) < 25} C Q.

Moreover, without loss of generality we may assume u € C?(Q').
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By the regularity assumption on u and a weighted Cauchy-Schwarz inequality:

u(z) —u()* = [Vu(@) - (z —y) + R(z,y)|*
< U+ Val@) - (@ =y + (141 ) IRy
with |R(x,y)| < C|z — y|*>. Moreover, in the assumption € > 4, it also holds
k6 — K'0| < |kd — x|+ |Kod—y|+e<e+20 <e(l+n)
for all k, k' € Zs and z,y € Q¥ x Q¥ such that |z — y| < &, which implies

1
P < () [ g V00) - omp)Pdady + Cty [ oy tdady

{lz—yl<e} {lz—yl<e}

1 2 2

<+ Y /%XQ,C oo 90) (2 = )Pdrdy + G

RKEZs " {2 y|<s}

1

<+ /. V(@) (o - 9)Pdady + Cye,
k kIGZ(S Q5 XQ 0(6E)2

S|k—k'|<(14n)e

Note that for all k, k" € Zs and for all x = 0k + z and y = 0k’ + w, with z,w € §Q),
Vu(z) - (x—y)| = |Vu(z)- (6k —0k') + Vu(z) - (z — w)|
IVu(z) - (6k — 0K")| + || Vul|od
(

<
< [Vu(kd) - 0k — 6K')| + || D*ul| o6 + || Vtr]| o0
< |Vu(kd) - (6k — 6K)| + Cs,
so that |Vu(x) - (z —y)|* < (14 n)|Vu(kd) - (0k — 6k')|* + C,,6*. Therefore we have
/. Vu(e) - (2 = y)dedy
k k/GZ(S Q5 XQ ﬂ(&E)Q
Slk—k'|<(14n)e
<(1 +77)Ed% / / |Vu(ké) - (k6 — K'6)|*dxdy
k k'EZ(; QkXQk )N(SE)?
S|k—k'|<(1+n)e
+ C” Z cd+2 52d52
k,k' €2
S|k—Fk'|<(1+n)e
1 /
(1) /| ,  [Tu0) - (6 — 0oy
k k’eZ; (QfxQ¥
Slk—k'|<(14n)e

+C Y > d+252d52

keZs |j|< Atme (H—W)E

< (1+ n)% / |Vu(k§) - (k6 — K'6)|*dxdy
¢ k k’eZ5 (QExQE)N(SE)?
S|k—k'|<(1+n)=

FO% (6) e
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1 / 12 6 2
<SU4m)am > @< QYN (BB Vu(ks) - (ks — ko) +Cy (%)
kk'e€Zs
8|k—K'|<(14+n)e

Finally, by the periodicity of the set F

(@ x Q¥YN(BE)?| = |Q¥NJE|QY NéE|
= (k+Q)NE|(K +Q)NE|=6*QNE] =K

which implies

ar Y I@ % @) N GEYVu(kd) - (k6 — K6)P

kk'€Zs
S|lk—k'|<(1+n)e
- ! ST K POV u(ks) - (k8 — K'0)[?

cd+2
kk'€Zs
S|k—H|<(14n)e

)
KPS ot Y <i)d‘Vu(k6)-gj’2.
keZs m<(1+677)5

IN

It follows

Fu) < (4P KP Y 6 S (g)d‘Vu(k(S)-gj‘2+0n<<g>2+82>,
k€Zs  Ljl<i+n
and, thus,

limsup F.(u) < (1+ 7})2][(]2/ \Vu(z) - £]Pdxdg.
Q'XBl+2n

e—0

Sending n — 0 and ' | 2 we conclude

limsup F.(u) < |K|2/ |Vu(z) - £|*dedé = |K]20(d)/ \Vu(z)|*dz,
QOx By Q

e—0

with Gy = 1 [, [¢]?de.

4.3. T'-convergence with general convolution kernel ¢,

We recall that the general form of the functional we consider is

= [ o (22 () — uly)drdy (26)
(QNSE)x (QNSE)

and our preliminary case considered is ¢(§) = x,1)(|{]). In the case of a general

¢ we can proceed by approximation. As stated at the beginning of Section 2, we

consider a radial convolution kernel in R?; that is, a function ¢ : R — [0, +-00) such

that a decreasing function ¢y : [0, +00) — [0, 4+00) exists satisfying ¢ (&) = ¢o(|€]).
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We further assume that
[ o+l <+,
R

and for each ¢ > 0 we define the scaled kernel ¢, by ¢.(§) = Eidcp(g)

Since g is decreasing, we can write a ‘staircase’ approximation made of character-
istic functions of nested intervals (0,r) (where 1 are defined below), that is

n2"

Pon(t) = Z X(0,) (1) (27)
k=0

where for each k£ =0,...,n2"

i, =sup {t: @o(t) > (k+1)27"}

and 7, = 0 if the set of such t is empty. With this choice, r; is decreasing by the
monotonicity of ¢g. Accordingly, for each n € N define the simple function

n2m

&)= X l€)).

Note that ¢, (£) < ¢(€) for every & € R%. By standard approximation through simple
functions, ¢,(§) — ¢(£) pointwise almost everywhere, in L'(R?) by dominated
convergence and, since ¢ is in particular bounded, it converges also uniformly.

We define as F* the same functional (26) with ¢, in place of ¢. Since ¢ is an upper
bound for any ¢,,, we have for any u. — v and n € N fixed

L P O z—y _ 2
lllgglf F.(u.) > llrgglf F(u.) = liminf g /(maE)2 ©n ( - ) (ue(z) —ue(y)) dady

e—0
n2"
- lilgliéglf Z cd+2 / QNOE)? (ue(x) — Ue(?/))dedy)
{\f y|<7“k€}
n2" 1
. 2
>3 timinf L / oy (0e(2) —e(y) Py
k=0 {le—yl<rre}
n2"

>Z|K\2//B \Vu(z) - {Pdédr =

~IKP [ [ en©Vuta)-sFads,

by the result of Section 4.1. We can pass to the limit for n — oo by monotone
convergence and we get

hmlan (ue) >|K|2// )| Vu(z) - &*dédr = C /|Vu )|*d,

with Coe = |K*5 [oa ©(€)[€]dE.
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Hence, the lower bound is satisfied.

As for the upper bound, we claim that it is enough to consider the function ¢ with
compact support. Indeed, for any R > 0 we can split the functional

1

) = g [ e(FE) ) — uty) ey

= [ () e () o) = )y

1 r—y r—y _ 2
+— /(WE)Q w( - ) XRd\BR< = )(U(fv) u(y)) drdy.

In the second term of the sum we can perform the change of variables y = x4 <&, so
that, setting Q(¢) ={z € QNIE :x +e£ € QNIE} C Q for each £ € R?, it holds

e /( Lo w5 (o) — ulo)dedy
_ u(z +e€) — u(x) 2
B /Rd\BR a8 /Q(g) ( : i ) drds

[0 [ (19ullmwle)® dude
Rd\Bp Q

= 100Vl [ (@)l = o)

RN\Bg

IN

as & — oo, uniformly in €. Thus we are left with the first term where ¢xp, has
compact support, so that the claim holds. For a general ¢y bounded, decreasing
and with compact support, we can approximate it from above in the same way of
(27), since for ¢y, it holds

Con < o < pon+27"

for each t € R, so it it enough to take Pg,(t) = @on(t) + 27" for t € supp(py) =
(0, R), and 0 otherwise. Accordingly for each n € N define

n2"
2n(€) = Gonll€)) = D xro (€D + 2" x0m (€)= D X0 (€)
k=0 ke,

(Z,, is just a finite set of indices for each n) for which @, > ¢ and it converges to ¢
uniformly and in L*(R?). Finally, for u € C%(Q) and n € N fixed, by the result of
Section 4.2

limsup F.(u) < limsup % / Pn (x — y) (u(z) — u(y))*dwdy
(QNSE)?

e—0 e—0 € €

— limsup ( 3 Ed% / oy (0(@) = u(y))2dmy)

e—0
k€In {lz—y|<re}
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1 2
< 21 | e (1) )y
k€ln {lz—yl<rie}
_Zu{y?// \Vu(z) - £|2déda
ke,

~IKP [ [ aoVula) -gPads,

and finally pass to the limit as n — oo to get the upper bound

limsup F.(u) < |K|2// )| Vu(z) - &?dédr = C /|Vu )|*d.

e—0
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