
Journal of Convex Analysis
Volume 33 (2026), No. 3&4, 737–762

Homogenization of Non-Local Energies
on Disconnected Sets

Andrea Braides∗, Sergio Scalabrino, Chiara Trifone
SISSA, Trieste, Italy

abraides@sissa.it, sscalabr@sissa.it, ctrifone@sissa.it

Dedicated to the memory of Hedy Attouch.

Received: May 15, 2024
Accepted: December 2, 2024

We consider the problem of the homogenization of non-local quadratic energies defined on δ-periodic
disconnected sets defined by a double integral, depending on a kernel concentrated at scale ε. For
kernels with unbounded support we show that we may have three regimes: (i) ε << δ, for which
the Γ-limit even in the strong topology of L2 is 0; (ii) ε

δ → κ, in which the energies are coercive
with respect to a convergence of interpolated functions, and the limit is governed by a non-local
homogenization formula parameterized by κ; (iii) δ << ε, for which the Γ-limit is computed with
respect to a coarse-grained convergence and exhibits a separation-of-scales effect; namely, it is
the same as the one obtained by formally first letting δ → 0 (which turns out to be a pointwise
weak limit, thanks to an iterated use of Jensen’s inequality), and then, noting that the outcome
is a nonlocal energy studied by Bourgain, Brezis and Mironescu, letting ε → 0. A slightly more
complex description is necessary for case (ii) if the kernel is compactly supported.

Keywords: Homogenization, Gamma-convergence, perforated domains, separation of scales, non-
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1. Introduction

In this paper we study the asymptotic behaviour of a periodic system of discon-
nected regions that interact through long-range potentials and can therefore be
considered ‘energetically’ connected in the sense of V. V. Zhikov’s p-connectedness
[18]. The study of such a type of geometrical objects falls within the analysis of
those commonly referred to as ‘perforated domains’, where the domain of integra-
tion is a portion of a scaled periodic set E contained in a given region; that is, a set
of the form Ω ∩ δE, with δ > 0 a small parameter. The ‘classical’ case is obtained
by choosing as energy e.g. the Dirichlet integral, for which the functionals take the
form

Fδ(u) =

ˆ
Ω∩δE

|∇u|2 dx. (1)

If E is a connected open set, then the energies possess a limit, e.g. in the sense of Γ-
convergence [3, 6, 11], as δ → 0 [8] and it is a coercive homogeneous quadratic form
on H1(Ω). This result can be obtained by using Extension Lemmas, which allow to
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construct uniformly continuous operators from H1(Ω∩ δE) to H1
loc(Ω) [1], and then

regard all the functionals as defined in that common space. For less regular sets
it is convenient to substitute the topological notion of connectedness with a more
analytic one: loosely speaking, if p > 1, a set A is p-connected if every function
u such that

´
A
|∇u|pdx = 0 is a constant [18]. More in general this notion can be

given for integrals with respect to a measure, of which the restriction of the Lebesgue
measure to A is a particular case.
Following a seminal result of Bourgain et al. [5] (see also [16], and [4, 7, 15] for
applications) the Dirichlet integral on an open set U ⊂ Rd can itself be approximated
by introducing another parameter ε > 0 and considering energies

F ε(u) =
1

εd

ˆ
U×U

φ
(x− y

ε

) |u(x)− u(y)|2

|x− y|2
dx dy, (2)

with φ a non-negative integrable kernel. Such energies have also been systemati-
cally studied within a variational theory for convolution-type functionals [2] in the
equivalent form

F ε(u) =
1

εd+2

ˆ
U×U

φ
(x− y

ε

)
|u(x)− u(y)|2 dx dy, (3)

up to using the kernel φ(ξ)|ξ|2 in the place of φ(ξ). We will use this latter form.
Note that if the support of φ is unbounded then any set U is in a sense ‘2-connected’
for such functionals, in the sense that if F ε(u) = 0 then u(x) − u(y) = 0 for any
x, y ∈ U , so that u is constant on U .
This observation suggests that, contrary to the local case, for non-local energies
we might study the behaviour of perforated domains as above even when E is not
topologically connected. In this paper, we consider non-local functionals of the form

Fε,δ(u) =
1

εd+2

ˆ
Ω∩δE

ˆ
Ω∩δE

φ
(x− y

ε

)
|u(x)− u(y)|2 dx dy, (4)

under the prototypical assumption that

E = K + Zd

is composed of a periodic array of disconnected sets; that is, K is a (topologically)
connected compact set and (K + k) ∩ (K + k′) = ∅ if k, k′ ∈ Zd and k 6= k′. The
behaviour of Fε,δ will be driven by the mutual behaviour of the two parameters. In
the notation, we will tacitly suppose that δ = δε is an infinitesimal family as ε → 0.
Functionals of the form (4) have been dealt with in [10] (see also [2]) when E is
a topologically connected periodic Lipschitz set, using an extension theorem which
cannot be applied in our cases.
The first issue that we examine for such energies is their coerciveness. Since the
domain of Fε,δ is composed of functions defined on a disconnected set, we have to
specify the type of convergence with respect to which they are studied. In the case
of φ with support the whole Rd we obtain the three cases:
(i) ε << δ. In this case we have a loss of coerciveness, and in particular any function
in L2(Ω) is a limit in L2(Ω) of a sequence of functions with vanishing energy;
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(ii) ε ∼ δ. In this case we consider the convergence uε → u defined as the L2
loc(Ω)

strong convergence of the piecewise-constant functions uε defined by

uε(x) =
1

|K|δd

ˆ
δK+δk

uε(y) dy for x ∈ δ(k + [0, 1)d). (5)

The functionals are equicoercive with respect to this convergence, and the limit u
belongs to H1(Ω);
(iii) δ << ε. In this case the functions uε must be ‘coarse grained’, considering the
strong L2

loc(Ω)-convergence of the piecewise-constant interpolations uε defined by

uε(x) =
1

|[0, ε]d ∩ δE|

ˆ
ε(k+[0,1)d)∩δE

uε(x) for x ∈ ε(k + [0, 1)d). (6)

Also in this case, the limit u is in H1(Ω).
If the support of φ is bounded then we may have loss of coerciveness also if ε ∼ δ.
More precisely, if the support of φ is the closed ball of radius s, then the functionals
are equicoercive with respect to the convergence above if and only if sε > δD,
where D = inf{r : E +Br/2 is topologically connected}. In this case again the limit
u belongs to H1(Ω).
We also compute the Γ-limit with respect to the convergences above. If the support
of φ is the whole Rd we have:
(i) (degenerate limit) if ε << δ then the Γ-limit with respect to the strong L2(Ω)-
convergence is identically 0;
(ii) (homogenization) if ε

δ
→ κ, then the Γ-limit is the quadratic form

F κ(u) =

ˆ
Ω

〈Aκ
hom∇u,∇u〉 dx,

where the symmetric matrix Aκ
hom satisfies

〈Aκ
homξ, ξ〉 = min

{ˆ
[0,1]d∩E

ˆ
E

φ(
x−y

κ
)(〈ξ, x−y〉+ u(x)−u(y))2 dx dy : u 1-periodic

}
.

This result can be seen as following from the results in [10] (see also [2]) using the
techniques therein combined with the coerciveness result above;
(iii) (separation of scales) if δ << ε and φ is radially symmetric, then the Γ-limit is
given by

F∞(u) = C∞

ˆ
Ω

|∇u|2dx, where C∞ = |K|2 1
d

ˆ
Rd

φ(ξ)|ξ|2dξ.

Note that 1
d

´
Rd φ(ξ)|ξ|2dξ is the constant appearing in the Γ-limit by Bourgain et

al. [5], so that this limit can be obtained by first letting δ → 0, noting that, upon
writing

Fε,δ(u) =
1

εd+2

ˆ
Ω×Ω

χE×E(
x

δ
,
y

δ
)φ

(x− y

ε

)
|u(x)− u(y)|2 dx dy,
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the corresponding Γ-limit is simply

F∞
ε (u) =

1

εd+2
|K|2

ˆ
Ω×Ω

φ
(x− y

ε

)
|u(x)− u(y)|2 dx dy,

whose successive Γ-limit as ε → 0 is F∞. This result is obtained using the Fonseca
Müller blow-up method combined by a convexity argument for the lower bound.
These arguments allow first to reduce to test functions which are δ-periodic pertur-
bations of affine functions, and then to obtain the desired inequality by a double
Jensen’s inequality. The upper bound is obtained by a direct computation when
the target function u is C2. In this case we can take uε = u, so that a discretization
argument allows to write Fε,δ(u) as an approximation of a Riemann integral. As
a technical remark, we note that it is sufficient to treat the case φ = χBr since a
general φ can be approximated by linear combinations of this type of energies. The
lower bound then follows by the superadditivity of the lower limit, while the upper
bound is proved by the pointwise convergence on C2-functions.
Finally, for φ with support the closed ball of radius s the computation in (ii) also
holds provided sκ > D, so that the functionals are equi-coercive.

2. Notation and statement of the results

We consider a radial convolution kernel in Rd; that is, a function φ : Rd → [0,+∞)
such that a decreasing function φ0 : [0,+∞) → [0,+∞) exists which satisfies
φ(ξ) = φ0(|ξ|). We further assume that

ˆ
Rd

φ(ξ)(1 + |ξ|2)dx < +∞, (7)

and for each ε > 0 we define the scaled kernel φε by

φε(ξ) =
1

εd
φ
(
ξ

ε

)
.

A simple kernel, which will be used as a comparison for general kernels, is

φε(ξ) =

{
ε−d if |ξ| < ε,

0 elsewhere,

obtained with φ0 = χ[0,1].
We consider a periodic set E ⊂ Rd, and we fix a bounded domain Ω ⊂ Rd with
Lipschitz boundary. We define the functional Fδ,ε : L

2(Ω) → [0,+∞) for all ε > 0
and δ > 0 by

Fδ,ε(u) =
1

ε2

ˆ
(Ω∩δE)×(Ω∩δE)

φε(x− y)|u(x)− u(y)|2dxdy. (8)

Note that if E = Rd then Fδ,ε is independent of δ and the Γ-limit with respect to
the weak and strong convergence in L2(Ω) of Fε(u) = Fδ,ε(u) has been shown to be
equal to

Cφ

ˆ
Ω

|∇u|2dx, where Cφ :=
1

d

ˆ
Rd

φ(ξ)|ξ|2dx. (9)
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We will consider a set E composed of disconnected components; more precisely, a
1-periodic set E in Rd of the form

E =
∑
k∈Zd

(k +K), (10)

where K is the closure of a connected open set with boundary of zero measure, and
is such that (k +K) ∩K = ∅ if k ∈ Zd and k 6= 0. We also define

D = inf{r : E +Br/2 is (topologically) connected}. (11)

x

y

δ

cδ
ε

δE

Ω

Figure 1: a simple example of non-connected domain

Example 2.1. The simplest example of such a geometry is by taking K = Bc the
closed ball of center 0 and radius c < 1

2
(see Fig 1), for which D = 1− 2c. Note that

for this choice of E dist(K,K+k) ≥ D for all k ∈ Rd, which is not the case in general.
For example, if we take as K the closed ellipse given by the relation x2

1

c21
+

x2
2

c22
≤ 1 with

c2 < c1 in R2, we have dist(K,K+ e1) = 1− 2c1 and dist(K,K+ e2) = 1− 2c2 = D.

2.1. Definition of convergence, and coerciveness

We first consider the cases in which we do not have coerciveness. The first one is
in the regime ε << δ, for which the Γ-limit, even if computed with respect to the
strong L2(Ω) convergence is 0. This is a consequence of the following result.

Theorem 2.2. Let δ = δε be such that δ → 0 and

lim
ε→0

ε

δε
= 0.

Then for all u ∈ L2(Ω) there exists a sequence uε converging strongly to u in L2(Ω)
and such that

lim
ε→0

Fδ,ε(uε) = 0.
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Proof. It is sufficient to prove that the claim holds for a strongly dense subclass in
L2(Ω). We then take a Lipschitz continuous function u, and consider the function
uε equal to the constant

uε(x) = uδ
k =

1

δd|K|

ˆ
δ(k+K)

u(y)dy (12)

in δ(k +K), and to u on Ω \ δE. We have uε → u in L2(Ω), and we can estimate

Fδ,ε(uε) ≤ C
1

εd+2

ˆ
(Ω×Ω)∩{|x−y|>D0δ}

φ
( |x− y|

ε

)
|x− y|2 dx dy,

where D0 = min{dist(K, k +K) : k 6= 0}. The change of variables y = x+ εξ gives

Fδ,ε(uε) ≤ C ′
ˆ
{|ξ|>D0

δ
ε
}
φ(ξ)|ξ|2dξ,

with C ′ depending only on Ω and the Lipschitz constant of u. This latter integral
tends to 0 by (7), since δ

ε
→ +∞.

In the case δ ∼ ε we have a lack of coerciveness in the case of kernels with compact
support. Up to scaling, we can suppose that the support of φ0 is [0, 1]. We then
have the following result.

Proposition 2.3. Let the support of φ0 be [0, 1], and let D be defined by (11).
(a) If δ = δε is such that ε < δD0 then for all u ∈ L2(Ω) there exists a sequence
with Fδ,ε(uε) = 0 and converging to u strongly in L2(Ω);
(b) If δ = δε is such that ε < δD then there exists a sequence uε with Fδ,ε(uε) = 0
and such that uεχδE does not converge weakly in L2(Ω).

Proof. Case (a) is dealt with exactly as in the proof of Theorem 2.2. In case (b) we
have that the set δE+Bε/2 is composed of infinitely many disconnected components.
We may suppose for simplicity that each connected component is not bounded since
otherwise we are in case (a), and let k ∈ Zd be such that δ(k +K) does not belong
to the same connected component as δK. We may set uε(x) = m if x belongs to the
same connected component as δ(2mk + K), and for example uε(x) = 0 elsewhere.
Since ε < δD, if φ( |x−y|

ε
) > 0 and x, y ∈ δE then they belong to the same connected

component. This shows that Fδ,ε(uε) = 0.

Remark 2.4. Claim (a) in Proposition 2.3 shows that the Γ-limit in the strong L2

topology is 0. In the second case, if δD0 < ε < δD then the sequence Fδ,ε retains
some form of coerciveness, which gives a non-trivial Γ-limit in the weak L2 topology.
For example, in the case of ellipsoidal sets as in Example 2.1, the domain of the Γ-
limit will be functions in L2(Ω) whose distributional derivative in the x1-direction is
an L2 function. Since this issue is not central in our discussion we omit the details
of this case.
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The following theorems will be proved in Section 3. They involve piecewise-affine
interpolations obtained using Kuhn’s decomposition [13] of cubes of Rd into d! sim-
plexes which are uniquely determined by a permutation of the indices {1, ..., d}.
Since the actual form of the piecewise-affine interpolations is not relevant in our
context we refer e.g. to [17] for their use in nonlocal interaction problems.

Theorem 2.5. Let Ω be a connected set, let
lim
ε→0

ε

δ
= κ,

and suppose either that φ0 has support [0, 1] and κ > D, or that the support of φ
be the whole Rd. Let uε be such that supε Fδ,ε(uε) < +∞. Let the functions uε

be defined as the piecewise-affine interpolations of the functions δk 7→ uδ
k in (5) if

k ∈ Zd and δ(k + K) ⊂ Ω. Then, up to subsequences and addition of constants
uε → u in L2

loc(Ω) for some u ∈ H1(Ω).

The second result combines the interpolation argument with ‘coarse graining’; that
is, we consider averages of functions not on the characteristic period δ of the geom-
etry, but on the larger ‘mesoscopic’ scale ε.

Theorem 2.6. Let Ω be a connected set, let
lim
ε→0

ε

δ
= +∞.

Let uε be such that supε Fδ,ε(uε) < +∞. Let the functions uε be defined as the
piecewise-affine interpolations of the functions εk 7→ uε

k defined on εZd by

uε
k =

1

|δE ∩ ε(k + [0, 1]d)|

ˆ
δE∩ε(k+[0,1]d)

uεdx. (13)

Then, up to subsequences and addition of constants, uε → u in L2
loc(Ω) for some

u ∈ H1(Ω).

2.2. Γ-convergence

The compactness results in the previous section allow us to consider Γ-convergence
with respect to the convergence of the interpolations as defined therein. We can
then compute the Γ-limits in the hypotheses of Theorem 2.5 and Theorem 2.6,
respectively, the degenerate cases being dealt with in Theorem 2.2 when ε << δ,
in which case the Γ-limit is 0 with respect to any topology weaker than the strong
L2(Ω) one, and in Proposition 2.3 for the case ε < δD, when φ0 has support [0, 1].

Theorem 2.7. Let δ = δε satisfy
lim
ε→0

ε

δ
= κ,

and suppose either that φ0 has support [0, 1] and κ > D, or that the support of φ be
the whole Rd. Then the Γ-limit of Fδ,ε as ε → 0 with respect to the convergence of
the piecewise-affine interpolations as in Theorem 2.5 is the quadratic form

F κ(u) =

ˆ
Ω

〈Aκ
hom∇u,∇u〉 dx, (14)
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where the symmetric matrix Aκ
hom satisfies

〈Aκ
homξ, ξ〉 =

= min
{ˆ

[0,1]d∩E

ˆ
E

φ(
x− y

κ
)(〈ξ, x− y〉+ u(x)− u(y))2 dx dy : u 1-periodic

}
. (15)

Proof. Once the compactness in Theorem 2.5 is proved, the proof of the claim
follows very closely that of the homogenization theorem for perforated domains in
[10], where functionals of the same form as Fδ,ε are dealt with, with ε = κδ and E
a periodic (topologically) connected Lipschitz domain. We refer to that paper for
details.

The second convergence result highlights a separation of scales, in which we may
formally first let δ tend to 0 and note that the characteristic functions χδE×δE

weakly∗ converge to the constant |K|2 in L∞(Ω× Ω).

Theorem 2.8. Let δ = δε satisfy lim
ε→0

ε

δ
= +∞.

Then the Γ-limit of Fδ,ε as ε → 0 with respect to the convergence of the piecewise-
affine interpolations as in Theorem 2.6 is

F∞(u) = |K|2Cφ

ˆ
Ω

|∇u|2 dx, (16)

where Cφ is given by (9)

Remark 2.9. We note that both convergences described in the theorems above can
be restated as a local strong L2-convergence; namely, that we have

lim
ε→0

ˆ
Ω′∩δE

|uε − u|2dx = 0. (17)

This convergence has been extensively used by Zhikov [18].
To check this claim, we note that by the Poincaré inequality for double integrals,
for which we do not need the connectedness of the domain (see e.g. the proof of [14,
Theorem 6.33]), taking into account the definition in Theorem 2.6 we have

ˆ
δE∩ε(k+[0,1]d)

|uε − uε
k|2dx ≤ 1

εd

ˆ
(δE∩ε(k+[0,1]d))2

|uε(x)− uε(y)|2dx dy,

so that, summing on kˆ
Ω′∩δE

|uε − ûε|2dx ≤ ε2CFδ,ε(uε),

where ûε is the piecewise-constant interpolation of {uε
k}. The claim then follows

noting that ûε − uε tends to 0 locally in L2(Ω). For the definition in Theorem 2.5
the argument is the same.
As a consequence of this remark, we can suppose that the sequence uε tends to u
locally in L2(Ω), upon substituting uε with the function defined by uε on Ω ∩ δE,
and u otherwise.
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3. Compactness

In this section we prove Theorems 2.5 and 2.6. We make the choice of the kernel
φ = χBr , and we may suppose that r = 1 up to a scaling argument. With this choice
functional (8) becomes

Fδ,ε(u) =
1

εd+2

ˆ
(Ω∩δE)2

{|x−y|}<ε

|u(x)− u(y)|2dxdy. (18)

Note that this φ is a lower bound for any other positive kernel satisfying the condition
φ(ξ) ≥ c > 0 for ξ ∈ Br0 , so that it is sufficient to state the compactness result for
families of functions uε such that (18) is bounded.
Case 1: δ ∼ ε (Theorem 2.5). With fixed D < κ′ < κ, we can assume ε

δ
> κ′.

By definition of D, there exist r > 0 and a finite number of vectors k1, ..., kN ∈ Zd

generating Zd on Z such that dist(K,K + ki) < r < κ′ for all i ∈ {1, ..., N}.
For each i ∈ {1, ..., N}, let zi ∈ ∂K and wi ∈ ∂K + ki be such that |zi − wi| =
dist (K,K + ki). Moreover, set
Ai := {x ∈ K : |x− zi| < 1

2
(κ′ − r)}, Bi := {x ∈ K + ki : |x− wi| < 1

2
(κ′ − r)}.

By the assumptions on K, we have |Ai|, |Bi| > 0. Moreover, if x ∈ δAi and y ∈ δBi

1

δ
|x− y| ≤ |1

δ
x− zi|+ |zi − wi|+ |wi −

1

δ
y| < κ′ − r + dist(K,K + ki) <

ε

δ
;

that is, δAi × δBi ⊆ (δK × δ(K + ki)) ∩ {|x − y| < ε}. With this observation in
mind, let u ∈ L2(Ω) and recall the notation

uk =
1

δd|K|

ˆ
δK+δk

u(x)dx.

We compute

|u0 − uki |2 =
∣∣∣ 1

δd|K|

ˆ
δK

(u(x)− u(x+ δki))dx
∣∣∣2

=
∣∣∣ 1

δd|K||δAi||δBi|

ˆ
δK×δAi×δBi

(u(x)− u(x+ δki) + u(y)− u(y) + u(z)− u(z))dxdydz
∣∣∣2

≤ 3

(∣∣∣ 1

δ2d|K| |Ai|

ˆ
δK×δAi

(u(x)−u(y))dxdy
∣∣∣2 + ∣∣∣ 1

δ2d|Ai| |Bi|

ˆ
δAi×δBi

(u(y)− u(z))dydz
∣∣∣2

+
∣∣∣ 1

δ2d|K| |Bi|

ˆ
δ(K+ki)×δBi

(u(z)− u(w))dwdz
∣∣∣2)

≤ C

δ2d

(ˆ
δK×δAi

|u(x)− u(y)|2dxdy +
ˆ
δAi×δBi

|u(y)− u(z)|2dydz

+

ˆ
δ(K+ki)×δBi

|u(z)− u(w)|2dwdz
)

≤ C

δ2d

(ˆ
δK×δK

|u(x)− u(y)|2dxdy +
ˆ
δK×δ(K+ki)
{|x−y|<ε}

|u(y)− u(z)|2dydz

+

ˆ
δ(K+ki)×δ(K+ki)

|u(z)− u(w)|2dwdz
)
,
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where in the first inequality we used the relation (a + b + c)2 ≤ 3(a2 + b2 + c2),
and in the second one Jensen’s inequality and the fact that |δAi| = δd|Ai| and
|δBi| = δd|Bi|.

|x− y| < ε

δAi δBi

Figure 2: interacting portions of inclusions

Example 3.1. In the prototypical case K = Bc, we can consider the largest balls
fully contained in the region of interaction, as depicted in Fig. 2

In order to take into account the first and the third integral of the sum above, we
need to control long-range interactions with short-range interactions as specified in
the following lemma.

Lemma 3.2. There exists a constant C depending on the ratio δ/ε such that
ˆ
δK×δK

|u(x)− u(y)|2dxdy ≤ C

ˆ
δK×δK

{|x−y|<ε}

|u(x)− u(y)|2dxdy

Proof. The proof follows the one of Lemma 6.1 in [2]. Since K is a connected
Lipschitz bounded set, there exists ε1 ∈

(
0, ε

3

)
such that for every two points

η′, η′′ ∈ δK there exists a discrete path from η′ to η′′; that is, a set of points
η′ = η0, η1, . . . , ηN , ηN+1 = η′′ for which:
• |ηj+1 − ηj| ≤ ε1 for j ∈ {0, 1, . . . , N};
• for all j = 1, ..., N , the ball Bε1(ηj) is contained in δK (note that the two

extremes are excluded);
• N ≤ C

⌊
δ
ε

⌋
for all η′, η′′ ∈ δK. The constant C depends only on diam(K) and

its Lipschitz constant.
Write

u(x0)− u(xN+1) = u(x0)− u(x1) + u(x1)− · · · − u(xN) + u(xN)− u(xN+1),

where x0 ∈ δK ∩ Bε1(η
′), xN+1 ∈ δK ∩ Bε1(η

′′), and xj is a point in Bε1(ηj) for
j = 1, .., N . By integrating in all variables we get:
ˆ
(δK∩Bε1 (η0))×(δK∩Bε1 (ηN+1))

(u(x0)− u(xN+1))
2dx0dxN+1

= (ε1)
−Nd

ˆ
Bε1 (η1)

· · ·
ˆ
Bε1 (ηN )

ˆ
(δK∩Bε1 (η0))×(δK∩Bε1 (ηN+1))

(
u(x0)− u(x1) + u(x1)− · · ·

· · · − u(xN) + u(xN)− u(xN+1)
)2
dx0dxN+1dx1...dxN

≤ (N + 1)(ε1)
−Nd

ˆ
δK∩Bε1 (η0)

· · ·
ˆ
δK∩Bε1 (ηN+1)

N+1∑
j=1

(u(xj)− u(xj−1))
2dx0 · · · dxN+1
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≤ (N + 1)
N+1∑
j=1

ˆ
(δK∩Bε1 (ηj))×(δK∩Bε1 (ηj−1))

(u(xj)− u(xj−1))
2dxjdxj−1

≤
(
C
⌊
δ

ε

⌋
+ 1

)2
ˆ

δK×δK
{|x−y|<ε}

|u(x)− u(y)|2dxdy,

where in the last line by set inclusion we used that

|xj − xj−1| ≤ |xj − ηj|+ |ηj − ηj−1|+ |ηj−1 − xj−1| ≤ 3ε1 < ε

holds for any (xj, xj−1) ∈ Bε1(ηj) × Bε1(ηj−1) and that N is at most C
⌊
δ
ε

⌋
. We

can obtain the final estimate by covering δK with a finite number of balls of radius
ε1 (this number depends on the ratio δ/ε only) and then summing up the previous
inequality applied to all possible pairs of these balls.

By applying Lemma 3.2, we deduce that there exists a constant C such that, for
i = 1, . . . , d,

|u0 − uki |2 ≤
C

δ2d

( ˆ
δK×δK

{|x−y|<ε}

|u(x)− u(y)|2dxdy +
ˆ
δK×δ(K+ki)
{|x−y|}<ε

|u(y)− u(z)|2dydz

+

ˆ
δ(K+ki)×δ(K+ki)

{|x−y|<ε}

|u(z)− u(w)|2dwdz
)
.

Since we need an estimate of δd
(u0−uki

δ

)2, we multiply by δd−2 and use C
δ2d

δd−2 = C
εd+2

(by δ ∼ ε) to find

δd
(
u0 − uki

δ

)2

≤ C

εd+2

ˆ
(δK ∪ δ(K+ki))

2

{|x−y|}<ε

|u(x)− u(y)|2dxdy

By periodicity it also holds

δd
(
uk − uk+ki

δ

)2

≤ C

εd+2

ˆ
(δ(K+k)∪ δ(K+(k+ki)))

2

{|x−y|}<ε

|u(x)− u(y)|2dxdy.

Finally, since each vector of the canonical basis can be expressed as a linear combi-
nation of the ki’s with integer coefficients, via triangle inequality we bound

δd
(
uk − uk+ei

δ

)2

≤ C

εd+2

ˆ
(δ(K+k)∪ δ(K+(k+ki)))

2

{|x−y|}<ε

|u(x)− u(y)|2dxdy,

and thus, summing over nearest neighbours k, k′ ∈ Zd such that kδ + δK ⊆ Ω, and
the same for k′, we get∑

k,k′

|k−k′|=1

δd
(
uk − uk′

δ

)2

≤ C

εd+2

ˆ
(Ω∩δE)2

{|x−y|}<ε

|u(x)− u(y)|2dxdy.
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Therefore, from the equiboundedness of the functional along the sequence uε we get
a uniform bound on the piecewise-affine interpolation uε, as defined in Theorem 2.5,
and thus the existence of a converging subsequence in the sense of (5).
Case 2: ε � δ (Theorem 2.6).
Set C = C(d) := 1

1+
√
d
, Q = [0, 1]d and

Zε =
{
k ∈ Zd : Qk

ε := Cε(k +Q) ⊆ Ω
}
.

Note that if (x, y) ∈ Qk
ε × Qk′

ε with |k − k′| ≤ 1; that is x = Cε(k + w) and
y = Cε(k′ + z) with w, z ∈ Q, it automatically holds

|x− y| ≤ Cε|k − k′|+ Cε|w − z| ≤ Cε (1 + diam(Q)) = ε.

Moreover, for each k ∈ Zε, consider

Zk := {j ∈ Zd : δ(j +K) ⊆ Qk
ε} =

{
j ∈ Zd : j +K ⊆ ε

δ
(k +Q)

}
.

Note that δE ∩ Qk
ε ⊇

⋃
j∈Zk

δ(j + K) ∩ Qk
ε =

⋃
j∈Zk

δ(j + K). Moreover, assume
K ⊆ BL and fix j ∈ ε

δ
k + B(0, ε

2δ
− L) and x = j + w ∈ j + K; then for all

i ∈ {1, . . . , d} we have

|xi − ε
δ
ki| ≤ |x− ε

δ
k| ≤ |j − ε

δ
k|+ L ≤ ε

2δ
;

that is, j+K ⊆ ε
δ
(k+Q). We deduce that ε

δ
k+{−b ε

2δ
− Lc, ..., 0, ..., b ε

2δ
− Lc}d ⊆ Zk

and consequently #Zk ≥ (2( ε
δ
−L−1)+1)d ≥

(
ε
δ

)d, provided ε
2δ

≥ L+1. In particular

|δE ∩Qk
ε | ≥

∑
j∈Zk

|δ(j +K)| = #Zk|K|δd ≥ |K|εd.

We now write

Fε(uε) =
1

εd+2

ˆ
(Ω∩δE)2

{|x−y|}<ε

(uε(x)− uε(y))
2dxdy

≥ 1

εd+2

∑
|k−k′|=1
k,k′∈Zε

ˆ
(Qk

ε×Qk′
ε )∩(δE)2

(uε(x)− uε(y))
2dxdy

=
1

εd+2

∑
|k−k′|=1
k,k′∈Zε

|δE ∩Qk
ε ||δE ∩Qk′

ε |
 
(Qk

ε×Qk′
ε )∩(δE)2

(uε(x)− uε(y))
2dxdy

≥ |K|
εd+2

∑
|k−k′|=1
k,k′∈Zε

ε2d
∣∣∣∣ 

(Qk
ε∩δE)×(Qk′

ε ∩δE)

(uε(x)− uε(y)) dxdy

∣∣∣∣2

=
|K|
εd+2

∑
|k−k′|=1
k,k′∈Zε

ε2d
∣∣∣uk

ε − uk′

ε

∣∣∣2

= |K|
∑

|k−k′|=1
k,k′∈Zε

εd
|uk

ε − uk′

ε |2

ε2
,
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with the averages uk
ε defined by

uk
ε =

1

|Qk
ε ∩ δE|

ˆ
Qk

ε∩δE
uε(x)dx.

As in the previous case, we get a uniform bound on the piecewise-affine interpolation
uε, as defined in Theorem 2.6, so we can conclude that there exists a subsequence
converging in the sense of (6).

4. Asymptotic analysis

This section is devoted to the proof of Theorem 2.8, subdividing it in a lower and
an upper bound.

4.1. Liminf inequality

We first prove a lower bound. To that end, let uε → u in the sense of (6) with
Fε(uε) ≤ M < +∞. Using the conclusion in Remark 2.9 we can suppose that the
sequence uε tends to u locally in L2(Ω), and actually that uε = u outside δE.
In order to estimate the energy we use Fonseca-Müller’s blow-up technique [12], as
adapted to homogenization problems in [9]. To that end, we restrict x ∈ A ⊂ Ω,
where A is an open subset, defining

Fε(uε, A) =
1

εd+2

ˆ
(A×Ω)∩(δE)2

{|x−y|<ε}

|uε(x)− uε(y)|2dxdy = µε(A) (19)

Since the measures µε are equibounded in mass, we can take a converging subse-
quence µε

∗
⇀ µ, so that by the lower semicontinuity of weak∗ convergence on open

sets it holds
lim inf
ε→0

Fε(uε) ≥ µ(Ω) ≥
ˆ
Ω

dµ

dx
dx.

From now on, we denote Q := (−1
2
, 1
2
)d and, for all r > 0 and x0 ∈ Rd, Qρ(x0) :=

x0 + ρQ. We fix a Lebesgue point x0 ∈ Ω for u and ∇u, such that there exists

dµ

dx
(x0) = lim

ρ→0

µ(Qρ(x0))

ρd
.

Since µ(∂Qρ(x0)) = 0 for almost all ρ > 0, we can construct ρε → 0, with ρε � ε,
such that

dµ

dx
(x0) = lim

ε→0

µε(Qρε
(x0))

ρdε
. (20)

From now on we will tacitly suppose that ρ = ρε. Now we prove a classical lemma
that allows us to match boundary data.

Lemma 4.1. Let {vε} ⊆ L2(Q) such that vε → v for some v ∈ H1(Q). For all
η > 0, there exists another sequence {vηε} ⊆ L2(Q), such that
• vηε → v in L2(Q)

• vηε = v in the set {z ∈ Q : dist(z, ∂Q) < η}
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• vηε = vε in the set {z ∈ Q : dist(z, ∂Q) > 2η}

• if we define F ′
ε(vε) =

1

εd+2

ˆ
(Q×Q)∩(δE)2

{|z−w|<ε}

(vε(z)− vε(w))
2 dzdw,

then it holds that lim sup
ε→0

(F ′
ε(v

η
ε )− F ′

ε(vε)) ≤ o(1), as η → 0.

Proof. Fix N ∈ N and for k ∈ {1, ..., N} define

QN
k := {z ∈ Q : dist(z, ∂Q) >

η

N
(N + k)} and Sk := QN

k−1 \QN
k .

Let ϕk be a cut-off function such that ϕk = 1 in QN
k , ϕk = 0 in Rd \ QN

k−1 and
|∇ϕk| ≤ N

η
. Define vkε := ϕkvε + (1− ϕk)v. Note that

vkε (z)− vkε (w)

= ϕk(z)(vε(z)− vε(w)) + (1− ϕk(z))(v(z)− v(w))(ϕk(z)− ϕk(w))(vε(w)− v(w))

for all z, w ∈ Q. We decompose Q×Q as follows:

A1 := QN
k ×QN

k , ϕk(z) = 1, ϕk(w) = 1 ∀(z, w) ∈ A1;

A2 := (Q \QN
k−1)× (Q \QN

k−1), ϕk(z) = 0, ϕk(w) = 0 ∀(z, w) ∈ A2

A3 := Sk ×Q, |∇ϕk(z)| ≤ 1

A′
3 := (Q× Sk) \ A3

A4 := QN
k × (Q \QN

k−1), |z − w| ≥ η

N
, ∀(z, w) ∈ A2

A′
4 :=

(
Q \QN

k−1

)
×QN

k .

The integral in A1 is estimated by:

1

εd+2

ˆ
A1∩(δE)2

{|z−w|<ε}

(
vkε (z)− vkε (w)

)2
dzdw

=
1

εd+2

ˆ
A1∩(δE)2

{|z−w|<ε}

(vε(z)− vε(w))
2 dzdw

≤ 1

εd+2

ˆ
(Q×Q)∩(δE)2

{|z−w|<ε}

(vε(z)− vε(w))
2 dzdw = F ′

ε(vε)

Since Q has a Lipschitz boundary and v ∈ H1(Q), we can extend it to the whole
Rd. Denote the set

Sη = {z ∈ Q : dist(z, ∂Q) < 2η}.

We have

1

εd+2

ˆ
A2∩(δE)2

{|z−w|<ε}

(
vkε (z)− vkε (w)

)2
dzdw =

1

εd+2

ˆ
A2∩(δE)2

{|z−w|<ε}

(v(z)− v(w))2 dzdw
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≤ 1

εd+2

ˆ
(Sη×Sη)∩(δE)2

{|z−w|<ε}

(v(z)− v(w))2 dzdw ≤ 1

εd+2

ˆ
(Sη×Sη)

{|z−w|<ε}

(v(z)− v(w))2 dzdw

=

ˆ
|ξ|<1

|ξ|2
ˆ
Sη,ξ

(
v(z + εξ)− v(z)

ε|ξ|

)2

dzdξ,

where Sη,ξ = {z ∈ Sη : z + εξ ∈ Sη}. Note that, for all |ξ| < 1 and ε small
enough, the set Sη,ξ is well included in Sη + Bη(0). Thus we can use a well-known
characterization of Sobolev space H1 to estimate

ˆ
|ξ|<1

|ξ|2
ˆ
Sη,ξ

(
v(z + εξ)− v(z)

ε|ξ|

)2

dzdξ ≤
ˆ
|ξ|<1

|ξ|2‖∇v‖L2(Sη+Bη(0))dξ

= ‖∇v‖L2(Sη+Bη(0)),

which tends to 0 as η → 0 independently of ε. As for A3, we have

1

εd+2

ˆ
A3∩(δE)2

{|z−w|<ε}

(
vkε (z)− vkε (w)

)2
dzdw (21)

=
1

εd+2

ˆ
A3∩(δE)2

{|z−w|<ε}

(ϕk(z) (vε(z)− vε(w)) + (1− ϕk(z)) (v(z)− v(w))

+ (ϕk(z)− ϕk(w))(vε(w)− v(w)))2dzdw

≤ 3

εd+2

ˆ
A3∩(δE)2

{|z−w|<ε}

(vε(z)− vε(w))
2 dzdw (22)

+
3

εd+2

ˆ
A3∩(δE)2

{|z−w|<ε}

(v(z)− v(w))2 dzdw (23)

+
3

εd+2

ˆ
A3∩(δE)2

{|z−w|<ε}

(ϕk(z)− ϕk(w))
2 (vε(w)− v(w))2dzdw (24)

Recalling that A3 = Sk ×Q, we estimate (24) with
ˆ
(Sk×Q)∩(δE)2

{|z−w|<ε}

(ϕk(z)− ϕk(w))
2 (vε(w)− v(w))2dzdw

≤ N2

η2

ˆ
Sk×Q

{|z−w|<ε}

|z − w|2(vε(w)− v(w))2dzdw

=
N2

η2

ˆ
Sk

(ˆ
Q∩B(w,ε)

|z − w|2dz
)
(vε(w)− v(w))2dw

≤ N2

η2

ˆ
Sk

ε2|Bε|(vε(w)− v(w))2dw

= εd+2N
2

η2

ˆ
Sk

(vε(w)− v(w))2dw.



752 A. Braides / Homogenization of Non-Local Energies ...

Note that vε → v in L2(Q) by assumption, so the last term goes to 0 as ε → 0.
Moreover, when we sum over k = 1, ..., N the terms (22) and (23), we find

N∑
k=1

(
1

εd+2

ˆ
A3∩(δE)2

{|z−w|<ε}

(vε(z)− vε(w))
2 dzdw +

1

εd+2

ˆ
A3∩(δE)2

{|z−w|<ε}

(v(z)− v(w))2 dzdw

)

≤ 1

εd+2

ˆ
Q2∩(δE)2

{|z−w|<ε}

(vε(z)− vε(w))
2 dzdw +

1

εd+2

ˆ
Q2∩(δE)2

{|z−w|<ε}

(v(z)− v(w))2 dzdw.

Thus we may find k ∈ {1, . . . , N} such that

1

εd+2

ˆ
A3∩(δE)2

{|z−w|<ε}

(vε(z)− vε(w))
2 dzdw +

1

εd+2

ˆ
A3∩(δE)2

{|z−w|<ε}

(v(z)− v(w))2 dzdw

≤ 1

N

(
1

εd+2

ˆ
Q2∩(δE)2

{|z−w|<ε}

(vε(z)− vε(w))
2 dzdw +

1

εd+2

ˆ
Q2∩(δE)2

{|z−w|<ε}

(v(z)− v(w))2 dzdw

)
.

With such a choice of k, and setting vηε = vkε , (21) is estimated by

1

εd+2

ˆ
A3∩(δE)2

{|z−w|<ε}

(vηε (z)− vηε (w))
2 dzdw

≤ 3

N

(
1

εd+2

ˆ
Q2∩(δE)2

{|z−w|<ε}

(vε(z)− vε(w))
2 dzdw +

1

εd+2

ˆ
Q2∩(δE)2

{|z−w|<ε}

(v(z)− v(w))2 dzdw

)

+ 3
N2

η2

ˆ
Sk

(vε(w)− v(w))2dw

=
3

N
(F ′

ε(vε) + F ′
ε(v)) + 3

N2

η2

ˆ
Sk

(vε(w)− v(w))2dw

≤ C

N
+ 3

N2

η2

ˆ
Sk

(vε(w)− v(w))2dw.

The estimate on A′
3 is the same with the roles of z, w reversed.

As for A4, as already noticed for (z, w) ∈ A4 we have |z − w| ≥ η
N

, so that, for
η,N fixed and ε small enough (indeed we let it go to 0 before arguing on N),
η
N

< |z − w| < ε cannot happen simultaneously and thus we simply have

1

εd+2

ˆ
A4∩(δE)2

{|z−w|<ε}

(
vkε (z)− vkε (w)

)2
dzdw = 0 for ε small enough.

This works the same for A′
4 as well. Finally, gathering all the estimates together,

we find
lim sup

ε→0
(F ′

ε(v
η
ε )− F ′

ε(vε)) ≤
C

N
+ ‖∇v‖L2(Sη+Bη(0)).

Sending N → ∞, we prove the claim since ‖∇v‖L2(Sη+Bη(0)) = ω(η) = o(1) as
η → 0.



A. Braides / Homogenization of Non-Local Energies ... 753

Recalling (20), we consider a Lebesgue point x0 and a sequence ρ = ρε for which
the limit

dµ

dx
(x0) = lim

ε→0

µε(Qρ(x0))

ρd
.

exists, with µε is defined as in (19).

Proposition 4.2. Let {uε} ⊆ L2(Ω), uε → u ∈ H1(Ω), and let η > 0 be fixed.
There exists ũε → u such that
• ũε(x) = uε(x0) +∇u(x0) · (x− x0), for all x ∈ Qρ(x0) \Qρ(1−2η)(x0);
• ũε(x) = uε(x) for all x ∈ Qρ(1−4η)(x0),
• denoting for simplicity

F ′
ε(u) =

1

ρdεd+2

ˆ
(Qρ(x0)∩δE)2

{|x−y|<ε}

(u(x)− u(y))2dxdy,

it holds lim sup
ε→0

(F ′
ε(uε)− F ′

ε(ũε)) ≤ o(1) as η → 0.

Proof. The proof of this proposition is obtained by applying Lemma 4.1 to the
difference quotient vε defined by

vε(z) :=
uε(x0 + ρz)− uε(x0)

ρ
, z ∈ Q.

We may choose ρ = ρε such that also vε → ∇u(x0) · z in L2(Q). We rewrite the
quotient µε(Qρ(x0))

ρd
in terms of the functions vε:

µε(Qρ(x0))

ρd
=

1

ρdεd+2

ˆ
(Qρ(x0)×Ω)∩(δE)2

{|x−y|<ε}

(uε(x)− uε(y))
2dxdy

≥ 1

ρdεd+2

ˆ
(Qρ(x0)×Qρ(x0))∩(δE)2

{|x−y|<ε}

(uε(x)− uε(y))
2dxdy

=
ρd

εd+2

ˆ
(Q×Q)∩( δ

ρ
E)2

{|z−w|< ε
ρ
}

(uε(x0 + ρz)− uε(x0 + ρw))2dzdw

=
ρd+2

εd+2

ˆ
(Q×Q)∩( δ

ρ
E)2

{|z−w|< ε
ρ
}

(
uε(x0 + ρz)− uε(x0 + ρw)

ρ

)2

dzdw

=
ρd+2

εd+2

ˆ
(Q×Q)∩( δ

ρ
E)2

{|z−w|< ε
ρ
}

(vε(z)− vε(w))
2 dzdw.

By Lemma 4.1, there exists vηε → v in L2(Q) which satisfies the properties stated
therein, in particular vηε (z) = ∇u(x0) · z in the set {z ∈ Q : dist(z, ∂Q) < η}. By
setting

ũε(x0 + ρz) := ρvηε (z) + uε(x0) for all z ∈ Q,

the function ũε satisfies the properties in the statement; in particular,

ũε(x) = uε(x0) +∇u(x0) · (x− x0)
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in the set {x ∈ Qρ(x0) : dist(z, ∂Qρ(x0)) < ρη} = Qρ(x0)\Qρ(1−2η)(x0), and by the
same change of variable of above to write the functional back in terms of ũε it holds

lim sup
ε→0

(
1

ρdεd+2

ˆ
(Qρ(x0)∩δE)2

{|x−y|<ε}

(uε(x)− uε(y))
2dxdy

− 1

ρdεd+2

ˆ
(Qρ(x0)∩δE)2

{|x−y|<ε}

(ũε(x)− ũε(y))
2dxdy

)
≤ o(1),

as η → 0.

To ease the notation we still call uε the sequence which satisfies

uε(x) = uε(x0) +∇u(x0) · (x− x0)

for x ∈ Qρ(x0) \Qρ(1−2η)(x0) of Proposition 4.2.
Now we would like to have ρ

δ
∈ N, so we take a slightly smaller cube than Qρ(x0)

that gives a negligible error at the limit. Set

Nε :=
⌊
1

2
(
ρ

δ
− 1)

⌋
, lε := (1 + 2Nε)δ

and Qε := Qlε(x0) =
⋃

k∈{−Nε,...,0,...,Nε}d
Qδ(x0 + δk), |Qε| = ldε ,

In the hypothesis ε � δ and η ∼ ε
ρ
, we have Qρ(1−η)(x0) ⊆ Qε ⊆ Qρ(x0). In

particular, we can extend uε − uε(x0)−∇u(x0) · (· − x0) periodically of period lε to
the whole Rd.
Note that for all x ∈ Qε ⊆ Qρ(x0) and y ∈ B(x; ε), choosing η = 2 ε

ρ
,

|yi − (x0)i| ≤ |xi − (x0)i|+ |x− y| ≤ ρ

2
+ ε =

ρ(1 + η)

2
for all i ∈ {1, . . . , d};

that is, y ∈ Qρ(1+η)(x0). Thus we have

(Qε × Rd) ∩ {|x− y| < ε} ⊂ (Qε ×Qρ(1+η)(x0)) ∩ {|x− y| < ε}.

We further split the right-hand side in

((Qε ×Qε) ∩ {|x− y| < ε}) ∪ ((Qε × (Qρ(1+η)(x0) \Qε)) ∩ {|x− y| < ε}). (25)

For y ∈ Qρ(1+η)(x0) \Qε ⊂ Qρ(1+η)(x0) \Qρ(1−η)(x0), and x ∈ Qε ∩B(y, ε) we have

ρ(1− η)

2
< |yi − (x0)i| ≤ |xi − (x0)i|+ |x− y| < |xi − (x0)i|+ ε = |xi − (x0)i|+

ηρ

2

for some index i ∈ {1, . . . , d}; that is, x ∈ Qε \Qρ(1−2η)(x0) ⊂ Qρ(x0) \Qρ(1−2η)(x0).
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By Proposition 4.2, it follows that for (x, y) ∈ (Qε×(Qρ(1+η)(x0)\Qε))∩{|x−y| < ε},
we have simultaneously

uε(x) = u(x0) +∇u(x0) · (x− x0),

uε(y) = u(x0) +∇u(x0) · (y − x0),

(the latter by periodicity in y). Therefore, by (25), we can estimate

1

ρdεd+2

ˆ
(Qε×Rd)∩(δE)2

{|x−y|<ε}

(uε(x)− uε(y))
2dxdy ≤ 1

ρdεd+2

ˆ
(Qε×Qε)∩(δE)2

{|x−y|<ε}

(uε(x)− uε(y))
2dxdy

+
1

ρdεd+2

ˆ
(Qε×(Qρ(1+η)(x0)\Qε))∩(δE)2

{|x−y|<ε}

(∇u(x0) · (x− y))2dxdy

≤ 1

ρdεd+2

ˆ
(Qε∩δE)2

{|x−y|<ε}

(uε(x)− uε(y))
2dxdy +

|∇u(x0)|2ε2

ρdεd+2

ˆ
Qρ(1+η)(x0)\Qε

ˆ
Qε∩B(y,ε)

dx

 dy

≤ 1

ρdεd+2

ˆ
(Qε∩δE)2

{|x−y|<ε}

(uε(x)− uε(y))
2dxdy +

|∇u(x0)|2ε2

ρdεd+2
|Qρ(1+η) \Qρ(1−η)|εd

≤ 1

ρdεd+2

ˆ
(Qε∩δE)2

{|x−y|<ε}

(uε(x)− uε(y))
2dxdy +

|∇u(x0)|2

ρd
4dερd−1

=
1

ρdεd+2

ˆ
(Qε∩δE)2

{|x−y|<ε}

(uε(x)− uε(y))
2dxdy + C

ε

ρ

since

|Qρ(1+η)\Qε| ≤ |Qρ(1+η)\Qρ(1−η)| = [ρ(1+η)]d− [ρ(1−η)]d ≤ 2(ηρ)dρd−1 = 4dερd−1.

We can read the estimate above as

1

ρdεd+2

ˆ
(Qε∩δE)2

{|x−y|<ε}

(uε(x)− uε(y))
2dxdy ≥ 1

ρdεd+2

ˆ
(Qε×Rd)∩(δE)2

{|x−y|<ε}

(uε(x)− uε(y))
2dxdy − C

ε

ρ

and C ε
ρ
= o(1) as ε → 0.

Set wε(z) := uε(x0 + lεz) − ∇u(x0) · lεz for all z ∈ Q, which is Zd-periodic by our
assumption. For simplicity denote Mε = 1 + 2Nε, so that lε = (1 + 2Nε)δ = Mεδ
and |Qε|d = ldε = Md

ε δ
d. We have

µε(Qρ(x0))

ρd
=

1

ρdεd+2

ˆ
(Qρ(x0)×Ω)∩(δE)2

{|x−y|<ε}

(uε(x)− uε(y))
2dxdy

≥ 1

ρdεd+2

ˆ
(Qε∩δE)2

{|x−y|<ε}

(uε(x)− uε(y))
2dxdy
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≥ 1

ρdεd+2

ˆ
(Qε×Rd)∩(δE)2

{|x−y|<ε}

(uε(x)− uε(y))
2dxdy + o(1)

=
1

ρdεd+2

ˆ
(Qε×Rd)∩(δE)2

{|x−y|<ε}

(
wε

(
x− x0

lε

)
− wε

(
y − x0

lε

)
+∇u(x0) · (x− y)

)2

dxdy + o(1)

≥ 1

ρdεd+2
inf

w Zd-per.

{ˆ
(Qε×Rd)∩(δE)2

{|x−y|<ε}

(
w
(
x−x0

lε

)
−w

(
y−x0

lε

)
+∇u(x0) · (x−y)

)2

dxdy

}
.

We work on the infimum by change of variables, writing

inf
w Zd-per.

ˆ
(Qε×Rd)∩(δE)2

{|x−y|<ε}

(
w
(
x− x0

lε

)
− w

(
y − x0

lε

)
+∇u(x0) · (x− y)

)2

dxdy

= l2dε inf
w Zd-per.

ˆ
(Q1(x0

lε )×Rd)∩
(

E
Mε

)2

{|x−y|< ε
lε
}

(
w
(
x− x0

lε

)
−w

(
y− x0

lε

)
+∇u(x0) · lε(x−y)

)2

dxdy

= l2d+2
ε inf

w Zd-per.

ˆ
(Q1(x0

lε
)×Rd)∩( E

Mε
)
2

{|x−y|< ε
lε
}

(w (x)− w (y) +∇u(x0) · (x− y))2 dxdy.

The last equality comes from the fact that, for each w 1-periodic, the transformation
w̃(x) = lεw

(
x + x0

lε

)
(which is also 1-periodic) gives the same integral, and the

infimum is the same by the one-to-one correspondence. Now we use the periodicity
of E to get rid of the center x0

lε
, indeed it holds

ˆ
(Q1(x0

lε
)×Rd)∩( E

Mε
)
2

{|x−y|< ε
lε
}

(w (x)− w (y) +∇u(x0) · (x− y))2 dxdy

=

ˆ
(Q1(x0

lε
)×Rd)

{|x−y|< ε
lε
}

χ( E
Mε

× E
Mε

)(x, y) (w (x)− w (y) +∇u(x0) · (x− y))2 dxdy

=

ˆ
(Q1(0)×Rd)
{|x−y|< ε

lε
}

χ( E
Mε

× E
Mε

)(x, y) (w (x)− w (y) +∇u(x0) · (x− y))2 dxdy,

given that the integrand is jointly 1-periodic in both x and y, thanks to the 1-
periodicity of E (and in particular of E

Mε
), of w and that y runs in Rd (so that, when

x and y is changed with x + k and y + k′, the change of variable y′ = y + k′ − k
works).
Let w be Zd-periodic and define a 1

Mε
Zd-periodic function

w̃(x) :=
1

Md
ε

∑
k∈{−Nε,...,0,...,Nε}d

w
(
x+

k

Mε

)
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Via a standard convexity argument, calling Iε = {−Nε, ..., 0, ..., Nε}d,

ˆ(
Q 1

Mε

×Rd
)
∩( E

Mε
)
2

{|x−y|< ε
lε
}

(w̃(x)− w̃(y) +∇u(x0) · (x− y))2 dxdy

=
1

Md
ε

ˆ
(Q1×Rd)∩( E

Mε
)
2

{|x−y|< ε
lε
}

(w̃(x)− w̃(y) +∇u(x0) · (x− y))2 dxdy

=
1

Md
ε

ˆ
(Q1×Rd)∩( E

Mε
)
2

{|x−y|< ε
lε
}

(
1

Md
ε

∑
k∈Iε

(
w
(
x+

k

Mε

)
−w

(
y+

k

Mε

)
+∇u(x0) · (x−y)

))2

dxdy

≤ 1

M2d
ε

∑
k∈Iε

ˆ
(Q1×Rd)∩( E

Mε
)
2

{|x−y|< ε
lε
}

(
w
(
x+

k

Mε

)
− w

(
y +

k

Mε

)
+∇u(x0) · (x− y)

)2

dxdy

=
1

Md
ε

ˆ
(Q1×Rd)∩( E

Mε
)
2

{|x−y|< ε
lε
}

(w (x)− w (y) +∇u(x0) · (x− y))2 dxdy.

Thus by taking the infimum for every w̃ 1
Mε

Zd-periodic on the left-hand side of the
last inequality, by the arbitrariness of w 1-periodic, we get

µε(Qρ(x0))

ρd

≥ l2d+2
ε

ρdεd+2
Md

ε inf
w 1

Mε
Zd-per.

ˆ
(Q 1

Mε

×Rd)∩( E
Mε

)
2

{|x−y|< ε
lε
}

(w(x)− w(y) +∇u(x0) · (x− y))2 dxdy

=
ldε
ρd︸︷︷︸

∼1 as ε→0

δd+2

εd+2
inf

w 1
Mε

Zd-per.

ˆ
(Q 1

Mε

×Rd)∩( E
Mε

)
2

{|x−y|< ε
lε
}

M2d+2
ε (w(x)− w(y) +∇u(x0) · (x− y))2 dxdy

=
δd+2

εd+2
inf

w 1
Mε

Zd-per.

ˆ
(Q1×Rd)∩(E)2

{|x−y|< ε
δ
}

(
w
(

x

Mε

)
− w

(
y

Mε

)
+∇u(x0) · (x− y)

)2

dxdy

≥ δd+2

εd+2
inf

w Zd-per.

ˆ
(Q1×Rd)∩(E)2

{|x−y|< ε
δ
}

(w(x)− w(y) +∇u(x0) · (x− y))2 dxdy,

where the second equality holds from a change of variable and the same value of
the inf with Mεw, and the last inequality comes from the fact that x 7→ w

(
x
Mε

)
is 1

periodic if w is 1
Mε

periodic, and the infimum decreases. Finally, with fixed η > 0,
for ε small enough we have η > δ

ε
diam(K), and we set Zε = {k ∈ Zd : δ

ε
|k| < 1− η}.

Note that, when k ∈ Zε we have

|x− y − k| ≤ diam(K) + |k| < ε

δ
− ε

δ
η + diam(K) < ε

δ

so that (x, y) ∈ (K × E) ∩ {|x− y| < ε
δ
} = (K × (K + k)) ∩ {|x− y| < ε

δ
}.
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By a double Jensen’s inequality we have

inf
w Zd-per.

ˆ
(Q1×Rd)∩(E)2

{|x−y|< ε
δ
}

(w(x)− w(y) +∇u(x0) · (x− y))2dxdy

= inf
w Zd-per.

ˆ
(K×E)∩{|x−y|< ε

δ
}
(w (x)− w (y) +∇u(x0) · (x− y))2 dxdy

≥ inf
w Zd-per.

∑
k∈Zε

ˆ
K×(K+k)

(w (x)− w (y) +∇u(x0) · (x− y))2 dxdy

≥ inf
w Zd-per.

∑
k∈Zε

|K|2
(

1

|K|2

ˆ
K×(K+k)

w (x)− w (y) +∇u(x0) · (x− y)dxdy

)2

=
∑
k∈Zε

|K|2
(

1

|K|2

ˆ
K×K

∇u(x0) · k dxdy
)2

= |K2|
∑
k∈Zε

(∇u(x0) · k)2 ,

which is independent of w 1-periodic. Thus

µε(Qρ(x0))

ρd
≥ δd+2

εd+2
|K2|

∑
k∈Zε

(∇u(x0) · k)2

and

lim inf
ε→0

µε(Qρ(x0))

ρd
≥ |K2| lim inf

ε→0

∑
k∈Zε

(
δ

ε

)d (
∇u(x0) ·

δ

ε
k
)2

= |K|2
ˆ
B1−η

|∇u(x0) · ξ|2dξ.

Using the lower semicontinuity of the mass,

lim inf
ε→0

Fε(uε) ≥ µ(Ω) ≥
ˆ
Ω

dµ

dx
dx,

we get

lim inf
ε→0

Fε(uε) ≥ |K|2
ˆ
Ω

ˆ
B1

|∇u(x) · ξ|2dξdx = |K|2C(d)

ˆ
Ω

|∇u(x)|2dx,

with Cd := 1
d

´
B1

|ξ|2dξ as in [5] (for us φ(z) was the characteristic function of the
unit ball).

4.2. Limsup inequality

Let u ∈ C2(Ω) and let η > 0 be fixed. Let Ω b Ω′ and set

Zδ :=
{
k ∈ Zd : Qk

δ ∩ Ω 6= ∅
}
.

For δ � 1 we have
⋃

k∈Zδ
Qk

δ ⊆ {x ∈ Rd : dist(x,Ω) ≤ 2δ} ⊆ Ω′.

Moreover, without loss of generality we may assume u ∈ C2(Ω′).
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By the regularity assumption on u and a weighted Cauchy-Schwarz inequality:

|u(x)− u(y)|2 = |∇u(x) · (x− y) +R(x, y)|2

≤ (1 + η)|∇u(x) · (x− y)|2 +
(
1 +

1

η

)
|R(x, y)|2,

with |R(x, y)| ≤ C|x− y|2. Moreover, in the assumption ε � δ, it also holds

|kδ − k′δ| ≤ |kδ − x|+ |k′δ − y|+ ε ≤ ε+ 2δ ≤ ε(1 + η)

for all k, k′ ∈ Zδ and x, y ∈ Qk
δ ×Qk′

δ such that |x− y| < ε, which implies

Fε(u) ≤ (1 + η)
1

εd+2

ˆ
(Ω∩δE)2

{|x−y|<ε}

|∇u(x) · (x−y)|2dxdy + Cη
1

εd+2

ˆ
(Ω∩δE)2

{|x−y|<ε}

|x−y|4dxdy

≤ (1 + η)
1

εd+2

∑
k,k′∈Zδ

ˆ
(Qk

δ×Qk′
δ )∩(δE)2

{|x−y|<ε}

|∇u(x) · (x− y)|2dxdy + Cηε
2

≤ (1 + η)
1

εd+2

∑
k,k′∈Zδ

δ|k−k′|<(1+η)ε

ˆ
(Qk

δ×Qk′
δ )∩(δE)2

|∇u(x) · (x− y)|2dxdy + Cηε
2.

Note that for all k, k′ ∈ Zδ and for all x = δk + z and y = δk′ + w, with z, w ∈ δQ,

|∇u(x) · (x− y)| = |∇u(x) · (δk − δk′) +∇u(x) · (z − w)|
≤ |∇u(x) · (δk − δk′)|+ ‖∇u‖∞δ

≤ |∇u(kδ) · (δk − δk′)|+ ‖D2u‖∞δ + ‖∇u‖∞δ

≤ |∇u(kδ) · (δk − δk′)|+ Cδ,

so that |∇u(x) · (x− y)|2 ≤ (1+ η)|∇u(kδ) · (δk− δk′)|2 +Cηδ
2. Therefore we have

1

εd+2

∑
k,k′∈Zδ

δ|k−k′|<(1+η)ε

ˆ
(Qk

δ×Qk′
δ )∩(δE)2

|∇u(x) · (x− y)|2dxdy

≤ (1 + η)
1

εd+2

∑
k,k′∈Zδ

δ|k−k′|<(1+η)ε

ˆ
(Qk

δ×Qk′
δ )∩(δE)2

|∇u(kδ) · (kδ − k′δ)|2dxdy

+ Cη

∑
k,k′∈Zδ

δ|k−k′|<(1+η)ε

1

εd+2
δ2dδ2

= (1 + η)
1

εd+2

∑
k,k′∈Zδ

δ|k−k′|<(1+η)ε

ˆ
(Qk

δ×Qk′
δ )∩(δE)2

|∇u(kδ) · (kδ − k′δ)|2dxdy

+ Cη

∑
k∈Zδ

∑
|j|< (1+η)ε

δ

1

εd+2
δ2dδ2

≤ (1 + η)
1

εd+2

∑
k,k′∈Zδ

δ|k−k′|<(1+η)ε

ˆ
(Qk

δ×Qk′
δ )∩(δE)2

|∇u(kδ) · (kδ − k′δ)|2dxdy

+ Cη
1

δd

(
ε

δ

)d 1

εd+2
δ2dδ2
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≤ (1 + η)
1

εd+2

∑
k,k′∈Zδ

δ|k−k′|<(1+η)ε

|(Qk
δ ×Qk′

δ ) ∩ (δE)2||∇u(kδ) · (kδ − k′δ)|2 + Cη

(
δ

ε

)2

.

Finally, by the periodicity of the set E

|(Qk
δ ×Qk′

δ ) ∩ (δE)2| = |Qk
δ ∩ δE||Qk′

δ ∩ δE|
= δ2d|(k +Q) ∩ E||(k′ +Q) ∩ E| = δ2d|Q ∩ E|2 = δ2d|K|2,

which implies

1

εd+2

∑
k,k′∈Zδ

δ|k−k′|<(1+η)ε

|(Qk
δ ×Qk′

δ ) ∩ (δE)2||∇u(kδ) · (kδ − k′δ)|2

=
1

εd+2

∑
k,k′∈Zδ

δ|k−k′|<(1+η)ε

|K|2δ2d|∇u(kδ) · (kδ − k′δ)|2

≤ |K|2
∑
k∈Zδ

δd
∑

|j|< (1+η)ε
δ

(
δ

ε

)d∣∣∣∇u(kδ) · δ
ε
j
∣∣∣2.

It follows

Fε(u) ≤ (1 + η)2|K|2
∑
k∈Zδ

δd
∑

δ
ε
|j|<1+η

(
δ

ε

)d∣∣∣∇u(kδ) · δ
ε
j
∣∣∣2 + Cη

((
δ

ε

)2

+ ε2
)
,

and, thus,

lim sup
ε→0

Fε(u) ≤ (1 + η)2|K|2
ˆ
Ω′×B1+2η

|∇u(x) · ξ|2dxdξ.

Sending η → 0 and Ω′ ↓ Ω we conclude

lim sup
ε→0

Fε(u) ≤ |K|2
ˆ
Ω×B1

|∇u(x) · ξ|2dxdξ = |K|2C(d)

ˆ
Ω

|∇u(x)|2dx,

with Cd =
1
d

´
B1

|ξ|2dξ.

4.3. Γ-convergence with general convolution kernel φε

We recall that the general form of the functional we consider is

Fε(u) =
1

εd+2

ˆ
(Ω∩δE)×(Ω∩δE)

φ
(
x− y

ε

)
(u(x)− u(y))2dxdy (26)

and our preliminary case considered is φ(ξ) = χ(0,1)(|ξ|). In the case of a general
φ we can proceed by approximation. As stated at the beginning of Section 2, we
consider a radial convolution kernel in Rd; that is, a function φ : Rd → [0,+∞) such
that a decreasing function φ0 : [0,+∞) → [0,+∞) exists satisfying φ(ξ) = φ0(|ξ|).
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We further assume that ˆ
Rd

φ(ξ)(1 + |ξ|2)dx < +∞,

and for each ε > 0 we define the scaled kernel φε by φε(ξ) =
1
εd
φ( ξ

ε
).

Since φ0 is decreasing, we can write a ‘staircase’ approximation made of character-
istic functions of nested intervals (0, rk) (where rk are defined below), that is

φ0,n(t) =
n2n∑
k=0

χ(0,rk)(t) (27)

where for each k = 0, . . . , n2n

rk = sup
{
t : φ0(t) ≥ (k + 1)2−n

}
and rk = 0 if the set of such t is empty. With this choice, rj is decreasing by the
monotonicity of φ0. Accordingly, for each n ∈ N define the simple function

φn(ξ) =
n2n∑
k=0

χ(0,rk)(|ξ|).

Note that φn(ξ) ≤ φ(ξ) for every ξ ∈ Rd. By standard approximation through simple
functions, φn(ξ) → φ(ξ) pointwise almost everywhere, in L1(Rd) by dominated
convergence and, since φ is in particular bounded, it converges also uniformly.
We define as F n

ε the same functional (26) with φn in place of φ. Since φ is an upper
bound for any φn, we have for any uε → u and n ∈ N fixed

lim inf
ε→0

Fε(uε) ≥ lim inf
ε→0

F n
ε (uε) = lim inf

ε→0

1

εd+2

ˆ
(Ω∩δE)2

φn

(
x−y

ε

)
(uε(x)−uε(y))

2dxdy

= lim inf
ε→0

( n2n∑
k=0

1

εd+2

ˆ
(Ω∩δE)2

{|x−y|<rkε}

(uε(x)− uε(y))
2dxdy

)

≥
n2n∑
k=0

lim inf
ε→0

1

εd+2

ˆ
(Ω∩δE)2

{|x−y|<rkε}

(uε(x)− uε(y))
2dxdy

≥
n2n∑
k=0

|K|2
ˆ
Ω

ˆ
Brk

|∇u(x) · ξ|2dξdx =

= |K|2
ˆ
Ω

ˆ
Rd

φn(ξ)|∇u(x) · ξ|2dξdx,

by the result of Section 4.1. We can pass to the limit for n → ∞ by monotone
convergence and we get

lim inf
ε→0

Fε(uε) ≥ |K|2
ˆ
Ω

ˆ
Rd

φ(ξ)|∇u(x) · ξ|2dξdx = C∞

ˆ
Ω

|∇u(x)|2dx,

with C∞ = |K|2 1
d

´
Rd φ(ξ)|ξ|2dξ.
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Hence, the lower bound is satisfied.
As for the upper bound, we claim that it is enough to consider the function φ with
compact support. Indeed, for any R > 0 we can split the functional

Fε(u) =
1

εd+2

ˆ
(Ω∩δE)2

φ
(
x− y

ε

)
(u(x)− u(y))2dxdy

=
1

εd+2

ˆ
(Ω∩δE)2

φ
(
x− y

ε

)
χBR

(
x− y

ε

)
(u(x)− u(y))2dxdy

+
1

εd+2

ˆ
(Ω∩δE)2

φ
(
x− y

ε

)
χRd\BR

(
x− y

ε

)
(u(x)− u(y))2dxdy.

In the second term of the sum we can perform the change of variables y = x+ εξ, so
that, setting Ω(ξ) = {x ∈ Ω ∩ δE : x+ εξ ∈ Ω ∩ δE} ⊂ Ω for each ξ ∈ Rd, it holds

1

εd+2

ˆ
(Ω∩δE)2

φ
(
x− y

ε

)
χRd\BR

(
x− y

ε

)
(u(x)− u(y))2dxdy

=

ˆ
Rd\BR

φ(ξ)

ˆ
Ω(ξ)

(
u(x+ εξ)− u(x)

ε

)2

dxdξ

≤
ˆ
Rd\BR

φ(ξ)

ˆ
Ω

(
‖∇u‖L∞(Ω)|ξ|

)2
dxdξ

= |Ω|‖∇u‖L∞(Ω)

ˆ
Rd\BR

φ(ξ)|ξ|2dξ = o(1)

as R → ∞, uniformly in ε. Thus we are left with the first term where φχBR
has

compact support, so that the claim holds. For a general φ0 bounded, decreasing
and with compact support, we can approximate it from above in the same way of
(27), since for φ0,n it holds

φ0,n ≤ φ0 ≤ φ0,n + 2−n

for each t ∈ R, so it it enough to take φ̃0,n(t) = φ0,n(t) + 2−n for t ∈ supp(φ0) =
(0, R), and 0 otherwise. Accordingly for each n ∈ N define

φ̃n(ξ) = φ̃0,n(|ξ|) =
n2n∑
k=0

χ(0,rk)(|ξ|) + 2−nχ(0,R)(|ξ|) =
∑
k∈In

χ(0,rk)(|ξ|)

(In is just a finite set of indices for each n) for which φ̃n ≥ φ and it converges to φ
uniformly and in L1(Rd). Finally, for u ∈ C2(Ω) and n ∈ N fixed, by the result of
Section 4.2

lim sup
ε→0

Fε(u) ≤ lim sup
ε→0

1

εd+2

ˆ
(Ω∩δE)2

φ̃n

(
x− y

ε

)
(u(x)− u(y))2dxdy

= lim sup
ε→0

( ∑
k∈In

1

εd+2

ˆ
(Ω∩δE)2

{|x−y|<rkε}

(u(x)− u(y))2dxdy

)
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≤
∑
k∈In

lim
ε→0

1

εd+2

ˆ
(Ω∩δE)2

{|x−y|<rkε}

(u(x)− u(y))2dxdy

=
∑
k∈In

|K|2
ˆ
Ω

ˆ
Brk

|∇u(x) · ξ|2dξdx

= |K|2
ˆ
Ω

ˆ
Rd

φ̃n(ξ)|∇u(x) · ξ|2dξdx,

and finally pass to the limit as n → ∞ to get the upper bound

lim sup
ε→0

Fε(u) ≤ |K|2
ˆ
Ω

ˆ
Rd

φ(ξ)|∇u(x) · ξ|2dξdx = C∞

ˆ
Ω

|∇u(x)|2dx.
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