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We consider an optimization problem related to elliptic PDEs of the form —div(a(z)Vu) = f with
Dirichlet boundary condition on a given domain €. The coefficient a(x) has to be determined, in a
suitable given class of admissible choices, in order to optimize a given criterion. We first deal with
the case when the cost is the so-called elastic compliance, and then we discuss the more general
case when the problem is written as an optimal control problem.
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1. Introduction

Various quantities are involved in the study of elliptic PDEs, which we often refer
to as data. In particular, in several situations the coefficients of an elliptic operator
have to be determined in order to optimize a given cost functional. In all the paper
Q is a given bounded open subset of R and H}(Q) is the usual Sobolev space of
functions with zero boundary trace.

We give here below a presentation of the optimization problem, and in Section 5
we provide some numerical simulation. Other kinds of optimization problems for
elliptic PDEs, namely the optimal choice of lower order terms, together with their
regularity, have been considered in [4], [18], [22].

1.1. Position of the problem

We consider the problem of minimizing a cost functional of the form
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where j(z,s) is a suitable cost integrand with the appropriate growth conditions,
and u is the solution of the elliptic equation

{—div (a(x)Vu) = f inQ

u € HY Q). o

Here the right-hand side f € L?*(Q) is prescribed, while the coefficient a has to be
chosen in a suitable admissible class A in order to minimize the functional J above.
The problem is then an optimal control problem, where w is the state variable, a the
control variable, J the cost functional, and (1) is the state equation. This amounts
then to the problem

min {J(u) : usolves (1), a € A}.

The admissible class A is usually given in the form

A:{QZO : /Qz/)(a)dxgl}.

A simpler way to impose the constraint on a is to write the problem in the form

min min {/Q(j(x,u)—i—)\w(a)) dr : wu solves (1)} (2)

a0 uweH}(Q)

where A > 0 plays the role of a Lagrange multiplier. Moreover, we will assume )
convex and non-negative. Replacing ¥ by A we can also assume A = 1.

2. The compliance and energy problems

A particular case of the problem considered above occurs when the cost .J is the
so-called compliance, that is

J(x,u) = fx)u.
In this case an easy integration by parts transforms the problem in the max/min
problem

max min /Q (%a(m)|Vu|2 — f(x)u — %w(a)> dx.

a20 ueH}(Q)
We first assume that v is superlinear, that is

lim £ = 400, (3)

s—+oo S

. 1 1
and we set &(a) = inf <fax Vul* = f(z)u— = a)dx.
@= ot [ (Ja@IVul = f@yu— e
Concerning the right-hand side f, in several problems some concentration phenom-
ena for data occur, so we simply require that the right-hand side f is a signed
measure.

Theorem 2.1. Under assumption (3), the functional E(a) admits a maximizer
aopt € L*(QY), provided the right-hand side f is such that E(a) > —oo for at least a
coefficient a € L' (2).



G. Buttazzo et al. / Optimal Coefficients ... 767

Proof. Since for every u € C}(Q2) the map

al—>/ 2)|Vul? - S(a )) dx—/udf

is weakly L'(Q) upper semicontinuous, the functional £(a) is weakly L'(2) upper
semicontinuous, being the infimum of a family of upper semicontinuous functions.
In addition, testing with © = 0, we have

—;/qu(a) dx

Hence, by the superlinearity of 1) and by the well-known weak L'({2) compactness
theorem, the existence of an optimal coefficient a,, is easily established by means
of the direct methods of the calculus of variations. ]

The case when 1/ has only a linear growth:

im Y& — k>0 (4)

s—+oc0 S

is more delicate. In fact, in this case a more careful definition of the integrals

/Q\Vu\zda and /Qw(a)

is needed. We refer to [5] for more details about this case, which has strong links
with the theory of optimal transportation, as first shown in [3] and [2]. However,
by an argument similar to the one of Theorem 2.1, an optimal coefficient a,p; still
exists, but in the larger class .Z(£2) of nonnegative measures on €2, as stated below.

Theorem 2.2. Under assumption (4), the functional €(a) admits a mazimizer aqp
in the class M (Q2), provided the right-hand side f is such that £(a) > —oo for at
least a coefficient a € A (2).

It is interesting to characterize the optimal coefficient a,,: in terms of some suitable
auxiliary variational problem. Thanks to a well-known result from min/max theory
that allows to exchange the order of inf and sup, due to the convexity with respect
to the variable u and the concavity with respect to the variable a (see for instance
[10] and [14]), the initial problem becomes

. 1 1
uelclilf(ﬂ) il;[g/ﬂ (§a(x)|Vu|2 - 51#(@)) dx — /udf (5)

The supremum with respect to a can be now easily computed:

swp [ (S|l = Jo@)do~ [udr= [ Lo (Vup)de~ [u,
a>0 JQ

where ¢* is the Legendre-Fenchel conjugate function of .
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The auxiliary variational problem is then

. 1 . 2
inf = Vul|?) dx — / wdf. 6
e[ e () f ()
Since ¥*(t) > t — (1) it is easy to see that, at least when f € H~(Q), the
auxiliary variational problem admits a solution @ € H}(£2). Moreover, if 9 is strictly
increasing, then the function s — ¢*(s?) is strictly convex and therefore @ is unique.
The optimal coefficient a,,: can now be recovered through the optimality condition

Qopt| V[* = (a0pe) + " (V). (7)

Remark 2.3. In some situations it is important to allow the right-hand side f to be
singular, for instance with concentrations on regions of lower dimensions. In general
we can assume that f € .#, the class of measures with finite mass; even if for
some choice of the coefficient a we may have £(a) = —oo, the optimal compliance
problem is still meaningful, because these “bad” coefficients are ruled out by the
optimization criterion, consisting in maximizing £(a). Moreover, all the arguments
also apply to the case when, instead of having a boundary Dirichlet condition, we
have the Neumann one, assuming as usual that the right-hand side f has zero
average. [

Remark 2.4. When 9 (s) = s, using the equivalence between coefficient optimiza-
tion and optimal transport problem, pointed out in [2], the following summability
properties for the optimal coefficient a,,: have been obtained (see [12]):

feHn —>  [llopt € A possibly not unique;

feELY(Q) = o€ L'(Q) and is unique;

felP(Q) = pou € LP(Q) for every p € [1, +00];
spt(f) in the Neumann case

spt(ope) C convex envelope of
DEHon) P {spt( f)UoQ in the Dirichlet case.

In addition, a mild BV and W' regularity for p,, is available in some cases in
dimension two. More precisely, when d = 2 and under some additional assumptions
on the regularity of Q2 and on the behavior of the datum f, we have (see [13]):

f e BV(Q)N L) = o € BV(Q),
FEWH(QNL®Q) = jigp € WH(Q).

In higher dimension. Furthermore, the correspondence between the optimization
and transport problems is unclear when the function ¢ is nonlinear. Il

Example 2.5. Taking (s) = s?/2 and f € W~14/3(Q), we obtain the auxiliary
variational problem

min{/Q <2|Vu]4 — f(x)u) dr : u € Wol’4(Q)},

or equivalently the nonlinear PDE

—Ayu = f, u € W(JM(Q),
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whose unique solution % provides the optimal coefficient a,,(z) = |[Vi(x)[*. For
instance, if €2 is the unit ball, and f = 1 we obtain

_ 3 || ?/3

u(zr) = W(l — |z|*/3), Aopt(T) = TR

Conversely, taking € the unit disc in R? and f = &, the unit Dirac mass at the
origin, gives

_ 3 _9/s
i(e) = oo (L=al), aom(z) = (2nfal) " 0
Example 2.6. Taking
vs  fa<s<p
= 8
vis) {+oo otherwise, ®)

with 0 < a < 8, 7 > 0, we have the auxiliary variational problem
3 |VU"2 - . . 1 Q
min — Blivupsy + aljvup<y ) — f(x)udr v e Hy(Q) ¢,
Q

whose unique solution @ provides the optimal coefficient a,,; € L>(€2). It has been
proved in [8] (see also [9]) that, when € is of class CY! and f € L?*(Q), then @ is in
H%*(Q) and Va,y - Vi belongs to L?(12). O

Another case where (2) reduces to a variational problem is the minimization of the
energy, corresponding to .

Similarly to (5), the problem becomes

wip min /Q (La(@)Vu? — )+ Lo@)) de. ()

a>0 ueH} (2

which, computing the minimum in a, can be written as

min / (— %w*( — |Vul?) — fu) dx. (10)

u€H(Q) Jo
Imposing that lim sy(s) = oo,
s—07t
the functional becomes coercive over Wy (€2). Assuming also that 1 is decreasing
and that ¥(1/s) is convex, we have that the functional in (10) is convex. Therefore,
under these assumptions and taking f smooth enough, problem (10) has a solution in
Wy (Q) (it is not necessarily in H}()). However, in other situations this functional
is not convex and then (10) may not have a solution. To avoid this difficulty it is

necessary to deal with a relaxed formulation consisting in replacing the function
€ € R —1(—[€]?) by its convex hull.

Example 2.7. Related to Example 2.5, we take v(s) = 1/(2s?). Then problem
(10) becomes
. 3 4
min / <7|Vu|3 - fu> dz,
1,4 4
uwew, 3 (Q) 7

which has a unique solution @ if f is in W~14(Q).
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The optimal control is given by @, = (V| ~2/3. In this way, if Q is the unit ball in
R? and f = 1, we get

_ 1— |zt d?
u@) = 1t aml@) = a

Example 2.8. Taking

—s) if s € la,
(s = Y(B—s) € [, f] 1)

+00 otherwise,

with 0 < a < 3, v > 0, we have

BlEN? if [£]* <~

—*(—¢*) =
alff + (8 —a) i[>,

which is not convex. Computing its convex hull (see e.g. [15]) we get the relaxed
formulation

min )/Q (%¢(|Vu|) — fu) dz, (12)

ueHL(Q
Bs? if 5% < %7
with o(s) = { 2v/aBys —ay if %7 <2< 57
as? +9(8—a) if Dy <

The Euler-Lagrange equation for (12) proves that for a given solution w, the associ-
ated optimal “relaxed control” is given by

A (\4)
KT

It can be proved that this optimal relaxed control coincides with the optimal relaxed
control defined in the following section. Moreover, although a,, and Vu may not
be unique, the function & = a,, V@ is unique.

Taking € the unit ball in RY, f =1, v < 1/(d?*af3), and denoting 7 = dv/aB7, we
have

1—|z?

1-7*)(8—a)

a(e) = 2daf + 2d3 if o] <7 10y () = goif x| <7
1— |zf? . ot a if x| > 7.
da if x| > T,

Remark 2.9. For ¢ given by (11), it has been proved in [8] that Q € C'! and
f € L*(Q) imply that 7 is in H'(Q)¢ and that the derivatives of a,, in the orthogonal
directions to o are in L*(). O
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3. The general problem
In the case of a general optimal control problem of the form

min min {/Q(j(a:,u)—i—w(a)) dr : wu solves (1)}, (13)

a>0 ueH1(%)

the existence of an optimal coefficient a,,; may fail, and a solution exists only in a
relazed sense. For 0 < a < 3, a counterexample to the existence of a solution ay

can be found in [20], where
0 ifa<s<p
-]

400 otherwise,
and j(z,8) = |s — up(x)|?
for a suitable function ug. A different counterexample is illustrated in Section 4.
In order to understand what relaxed solutions are, we have to recall the notion of
G-convergence, introduced by De Giorgi and Spagnolo in [11]: a sequence a,(x) of

functions between « and S is said to G-converge to a symmetric d x d matrix A(z)
if for every f € L*(Q) the solutions u, of the PDEs

—div (a, Vu,) = f, u, € Hy(Q)
converge in L*(Q) to the solution u of the PDE

—div (AVu) = f, u € Hy(9). (14)

The question becomes now to characterize the G-closure A of the set of coefficients
a,. A complete answer has been given by Murat and Tartar in [21], [23] (see also [17]
for the two-dimensional case). They proved that the G-closure A above consists of
all symmetric d x d matrices A(x) whose eigenvalues \j () < Ay(z) < -+ < A\y(z) are

between o and ( and satisfy for a suitable ¢ € [0, 1] (depending on ) the following

d + 2 inequalities:
( 1 1 d—1
E <
ANi—a T Vt—a+ut—a
1<i<d

1 1 d—1
< <
2 % S 5w i

1<i<d

\Vtg)\iglut izl,...,d,

being p; and v; respectively the arithmetic and the harmonic mean of o and S,
namely

-1
e =ta+ (1 —1)5, Vt:(é—l—%) :

For instance, when d = 2, the set above is given by the symmetric 2 x 2 matrices
A(z) whose eigenvalues \;(x) and \y(z) are between « and 5 and

B
a+ 08— A(x)

ofB
)\1(1‘) '

<Mh@)<a+p-
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20

Figure 3.1: Attainable matrices, in the plane (Aj, \y), ford =2, a =1, g = 2.

As far as we know, an explicit form of the relaxation

U(A) = inf liminf/w(x,an) dx;
Q

an—gA n

with a general function 9 (x,a) is not known. The case ¥(z,a) = g(x)a has been
considered in [6] and [7]. For instance, if ¢ is given by (8), denoting by A the
G-closure described above, the relaxation ¥(A) is given by

/vAmax (A(:z:)) de if AeA
Q

+00 otherwise,

T(A) =

being A (A) the largest eigenvalue of the d x d symmetric matrix A. Namely,
taking into account that the solution of the state equation

— div (A(z)Vu) = f, u € H (),
does not vary if we replace A(z) by another matrix function B(x) such that
A(x)Vu = B(xz)Vu a.e. in (2,
and that for every ¢ € R? one has
{A¢: AcA}={neR': (n—uf)  (n—mE) <0},

we have that a relaxation of (13) with ¢ (z,a) = g(z)a is given by

min  min {/Q(j(:r,u)—i—g(x)ut) dx : w solves (14)}, (15)

v I<A<pl o c HY(Q
0<t<1 €H, ()

where I denotes the identity matrix.

As an example, we can consider the energy problem j(z,u) = — f(z)u with ¢ given
by (11). Then, taking into account (9) and (15) the relaxed problem can be written
as
. . Vy 2 _ .
gin i, { | 1908 = o= s} 19)
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Using the minimum in ¢ this proves again that u solves (12).

Thanks to (15) we obtain a system of optimality conditions. For this purpose, we
assume the function j(x,s) derivable with respect to s with appropriate growth
conditions.

Take (topt, Aopt) an optimal solution of the relaxed problem, then for any admissible
control (¢, A) and 0 < e < 1 the control

(topt +e(t —topt), Aopt + (A — Aom))

is also admissible. Using it and deriving with respect to € we conclude that

AoptVU - VD + g(f — a)top = Vt}g?i S {Aoz?tva -Vp—g(p— O‘)tom}a (17)
ogtilt

with @, p the state and adjoint state functions, solutions of
—div (Ao V) = f,  —div (Ao VD) = 0,j(z, @), u,p € Hy(9Q). (18)

Computing the maximum in (17), we obtain the optimality conditions (see for in-
stance [1], [21])

Aoy Vi = %Vﬂ - Bopt — Hen |§§||Vp a.e. in {Vp #£ 0}
19
Aot VP = WV}?—I— Fope ;Vt“'t :gi' Vi a.e. in {Vu # 0}, e
(0 ﬁg<N+—§N*
= 3 72 (Vs — @) ENT=ENT<g< N SN ()
K1 ﬁN*—%N‘<%
with Nt — IVUHVPI;rVu-Vp, N- = |VUHVP\2—VU'VP. (21)

4. Nonexistence of an optimal coefficient

In this section we provide a counterexample to the existence of an optimal coefficient
opt for (2). We take Q = B(0,1) the unit ball in R?, and

( f =1 the right-hand side,

Jj(x1, ..., xaq,8) = (1 +exy)s with € > 0,

2 if se[1,2
P(s) = Teons [’] with 0 < 7 < 2.
\ +00 otherwise d

(22)

-

Let us prove the existence of g9 > 0 such that (2) has no solution for 0 < e < &.



774 G. Buttazzo et al. / Optimal Coefficients ...

First we observe that for € = 0 problem (2) is a particular case of the compliance
problem considered in Section 2. By (6) we get that the state function ug associated
to an optimal control ag is the unique solution of (6) with

1/1*(3):{8_72 if s < 72

2(s —7%) if s > 7%

By uniqueness vy is invariant by rotations and then is a radial function ug(r). Com-
bined with (7), this implies

—g it r <dr 1 ifr<dr
up(r) = § =7 ifdr <r<2dr ag(r) =4 ifdr<r<2dr (23)
_% if 27d < r, 2 if r > 2dr.

On the other hand, recalling that the solution u of the state equation in (1) satisfies
aVu = o, with o the solution of

min{/'calgdw : —diVCzl},
Q

2
and that /udx:/ladx,
Q Q @

we get that (2) with e = 0 is also equivalent to

2
. . g
min min (u + T2a) dzx.
1<a<2 —divo=1 Jo \ @

Taking the minimum with respect to a, this provides

1 if l|o(z)| <7
a(z) = @ if 7 < |o(z)| < 2r
2 if |o(x)| > 2,

with o a solution of
s2+712 fo<s<rT
min 1/ T(ol)de, Y(s)=42rs  ifr<s<2r (24)
—dive= 2
. % +27% if s > 27

By what proved above, this problem has a unique solution og(x) = —z/d.

Let us now prove the non-existence result. Arguing by contradiction, we assume
there exist ¢, > 0 tending to zero and a., solution of (2). We denote by u,, the
corresponding state function. Since the state equation does not depend on e, we
have

/Q (1 + epz1)ue, + T2az,) do < /Q (1 + exz1)ug + T2ag) da. (25)
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Using also / (uo + T2ag) dz = / Y (|oo|) d,
Q Q

and that oy solves (24), we deduce from (25)

0< /ﬂ (Y(Jo.]) — Y(loo]))dz < 5/ 21 (o — ) da (26)

Q

Taking into account that u., solves (1) with a = a.,, we know ([11]) that there exist
a subsequence, still denoted by &, and A € L>®(Q)?*? symmetric such that

I <A<2[ae. in(, ac, I & A,
u., — uin Hy(9), 0., — AVu in L*(Q)%, —div(AVu) =1in Q.
Coming back to (26) and taking into account the convexity of T, we have that

/QT(|AVu|)dx:min /QT(|C|)dx.

div{=1

Thus, AVu is a solution of (24) and then u is a solution of (2). By uniqueness this

proves that
U = uyg, A = agl, o = 0y.

Now, we consider p. the adjoint state defined as the solution of

—div(a., Vpe,) =1+ ez inQ
Pe, =0 on 0f2.

Then z., = (pe, — e, )/cx solves

—div(as, Vz.,) =21 inQ
2, =0 on Of).

By the G-convergence of a., I, we have

ze, — z in Hy(), a.,Vz., = AVzin L*(Q)%,

with 2z the solution of

—div(AVz) =2, in Q2
z=0 on 0f).

Since we are assuming a., a solution of (2) and then of the relaxed problem (15),
we deduce from (19) that the matrix with columns Vu,,, Vp., has rank one. By
Morrey’s theorem relative to the weak converges of the Jacobian ([19]), which in our
case reduces to

Opue, 05z, — 0ize, Ojue, = 0i(ue, 0j2¢, ) — 0j(ue, Oize,)
— &(u@z) — 8j (Uo@,ﬂ) = aiuﬁjz — 8@28]"&0 in Wﬁl’l(ﬂ),
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we have that Vz is parallel a.e. to Vug, and that z solves

—div (aOVz) =x; in
z=0 on 0f).

However, the solution of this problems is given by z(x) = h(|z|)z; with h the unique

solution of g1 )
—(aoh’)' — %aoh’ - %h =1 in (0,1)

1
h(1) = 0, / U Rdr < oo,
0

Thus z is not a radial function and Vz is not parallel to Vug. Il

5. Numerical simulations

In this section we present some numerical experiments for the resolution of problems
of the kind of (2) in the 2-d case. We solve numerically the problems showed in
Examples 2.5 and 2.6 for compliance optimization and the example given by problem
(9) with ¢ defined in (11) for energy optimization.

In the case of the compliance problem we put
Ha) = [ (Flayu+ via)ds,

then, having in mind that for u solution of the state equation (1), it is easy to
compute that

da

da) & / a (¢'(a) — |Vul?) dz.
Q
We will apply a gradient descent method with projection into the appropriate sub-

space functions a such that 1(a) < co. For instance in Example 2.6 v is finite where
a € [a, f]. The algorithm is the following:

o Initialization: choose an admisible function aqg.
o for k > 0, iterate until convergence as follow:

— compute uy solution of (1) for a = a.

— compute a; = —(¢'(a) — |Vu|?) descent direction associated to uy,.

— update the function ay: agy1 = Py(ax + €a;), where Py is a projection
operator associated to the set {a : ¥(a) < oo}, and where ¢, is small enough
to ensure the decrease of the cost function.

|J(ar) = J(ag—1)|
|/ (ao)|

In the case of the energy problem, we use a similar algorithm based on formulation

(16).

On the other hand, we are interested also in showing the numerical evidence of the

non-existence of an optimal coefficient for the general case. We propose to solve

the relaxed formulation of (2), given by (15), in = B(0,1) unit disc of R? and

with the data given in (22). By convex minimization and following the system of
optimality, we propose the following algorithm to compute (Zopt, Aopt)-

e Stop if convergence: < tol, for tol > 0 small.
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o Initialization: choose an admissible (¢g, Ag) such that we have 0 < t; < 1 and
vl < Ag < pl.
e« For k > 0, iterate until convergence as follows:
— compute the solutions uy, and py of (18) for A, = Ai. Then, we define
Nt N~ by (21);
—  compute # given by (20);
—  compute A defined by (19), considering @& = uy, p = py, topr = t and such
that the spectrum of A belongs to [v4, , i, ];
— for g € (0, 1], update the function (tg, Ax) as:

tk—l—l Ztk+8k(£—tk), Ak+1 = Ak+€k(A—Ak).

| (b1, A1) — J (e, Ar)|
|/ (to, Ao)
corresponding with the cost function in (15) .

o Stop if convergence:

< tol, for tol > 0 small and J

We now show some numerical experiments based on the algorithms described above.
The computation has been carried out using the free software FreeFem-++ v4.5 ([16],
available in http://www.freefem.org). The picture of figures are made in Paraview
5.10.1 (available at https://www.kitware.com/open-source/# paraview), which is
free too. We use P;-Lagrange finite element approximations for u and p, solutions
of the state and adjoint state equations respectively, and FPy-Lagrange finite element
approximations for control variables, a for scalar problems or (¢, A) for the matrix
problems. For all simulations where the parameters a and ( appear, we consider a
normalized value o = 1, and g = 2.

0.259

0524 025
- 0.500 0.240
0.480 0.230
0.460 0.220
0.440 0210
0420 0.200
0.400 0.190
0.380 0160
0.360 010
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0320 0.150
0300 0.140
0280 0.130
0260 0.120
0240 0.110
0.220 om0
0.200 0,09
0.180 0.080
- 0.160 L 0070
j-0.140 0060
— 0120 - 0,050
0,100 0,040
_ 0.080¢ | 0030
— 0.060¢ | 0000
- 0.04x — 0,010
~ 0.020¢ b oo

—0.00

Figure 5.1: Example 1.1 Optimal a (left), and optimal u (right).

Example 5.1. We consider two cases in the framework of compliance optimization,
i.e., j(z,u) = f(z)u. In Example 2.5 for ¢)(s) = s*/2 we provided an explicit solution
when () is the unit ball and f = 1. Here we solve numerically this problem in the non-
radial case, considering the square Q = [0,1]?. In Figure 5.1 we show the computed
optimal solutions, the optimal density a on the left, and the optimal function u on
the right.
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The second case corresponds to ¥ given by (8). We solve numerically this problem
in the cube Q = [0,1]?, and considering the Lagrange multiplier v = 0.01141 in
order to work with a volumen constraint of 50% of each phase o and 5. In Figure
5.2 we show the computed optimal solutions, the optimal density a on the left, and
optimal function u on the right. ]
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Figure 5.2: Example 1.2 Optimal a (left), and optimal u (right).

Example 5.2. We consider a case in the framework of energy optimization, i.e.,
Jj(x,u) = —f(z)u. We assume f = 1 and ¢ defined as (11) with v = 0.0142 in order
to assure a volume constraint of 50% of each phase o and 8 and we deal with the
relaxed formulation (16). In Figure 5.3 we show the computed optimal solutions,
the optimal density a on the left, and optimal function u on the right. O
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Figure 5.3: Example 2. Optimal a (left), and optimal u (right).

Example 5.3. In the last case we show a numerical evidence of non existence of
an optimal density a,, for problem of kind of (2). We follow the counterexample
showed in Section 4. We consider 2 = B(0,1) the unit ball in R? and the rest of
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data as in (22) with 7 = 0.23539. We have solved the relaxed formulation of problem
(2) searching an optimal density t,, and an optimal matrix A,,. Firstly, we have
considered the problem with ¢ = 0. In this case, the computed optimal matrix is
Aopt = i,y 1, a scalar matrix. We show in Figure 5.4 on the left the optimal value
of p,,, corresponding to e = 0. As hoped, it agrees with the function ag defined by
(23). On the other hand, we consider the problem with € = 0.5. In this case the
computed optimal matrix A, is not scalar. We show in Figure 5.4 on the right the
ratio Ao/A; with \;, i = 1,2 the eigenvalues of A,,. Observe that this ratio is not
identically one, and therefore A,, is a non-isotropic matrix.
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Figure 5.4: Example 3, A\; = Ay for ¢ = 0 (left), and Ag/A; for € = 0.5.
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