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We introduce a robust classification model designed for feature selection. Support vector machine
(SVM) models continue to play a crucial role in binary classification, particularly with tabular
data. Their robust variants are essential for developing classifiers that remain stable despite shifts
in data distribution. Additionally, sparse classifiers are highly desirable, as they offer improved per-
formance in classification tasks and help reduce overfitting, especially when the number of features
exceeds the number of samples. In this context, penalty methods for feature selection are funda-
mental to the development of sparse optimization models. Despite its inherent nonlinearity and
nonconvexity, the ℓ0-norm remains a popular choice for this task and has been effectively applied
in diverse fields, such as pattern recognition and signal processing. Our objective is to evaluate
the performance of two classification approaches that integrate robust classification in SVM-type
models with embedded feature selection. We propose a diagonal algorithm for numerically solving
these optimization models, which we validate through numerical tests on benchmark datasets. The
results are compared to those obtained using models based on ℓ2-norm regularization.

Keywords: Feature selection, robust optimization, second-order cone programming, support vector
machines.
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1. Introduction

One of the most important tasks in the field of Machine Learning is supervised
classification. This task involves predicting the label of an individual based on
statistical learning from a historical dataset of, say, m previously labeled individuals.
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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In this article, we focus on binary classification, which occurs when the label takes
values in {−1,+1}, indicating whether the individual, defined by a vector in Rn,
has a condition or not. In this context, the Support Vector Machine (SVM) model
[10, 33] remains one of the most relevant in the literature for tabular data due
to its strong performance in the classification task, good theoretical properties, and
interesting geometric interpretation. Moreover, it has led to various extensions based
on this approach; see [18, 28].
It is possible to observe, see [7], that the classifier obtained using an SVM-type model
can be sensitive to slight changes in the data distribution, even when considering
a cross-validation process. To improve the robustness of the classifier, alternatives
have been proposed that aim to maximize the classification accuracy rate such as the
so-called Minimax Probability Machine (MPM) [19], or the Minimum Error MPM
[17]. Recently, robust versions have emerged that combine the capabilities of these
approaches while also maximizing the margin, thereby enhancing predictive power
[22, 23]. This is achieved through a probabilistic interpretation of the dataset, where
upper bounds for the probability of misclassification are defined based on the knowl-
edge of the mean and the variance-covariance matrix of the data. These probability
bounds are obtained through the appropriate application of Chebyshev’s inequal-
ity, [19, Lemma 1], which results in a Second-Order Cone Programming (SOCP)
Problem [2].
On the other hand, these models may lose their predictive power when the feature
set is much larger than the number of individuals (n ≫ m). Several alternatives exist
to address this issue, focusing on identifying the relevant features [14]. Among these
methodologies, Recursive Feature Elimination methods aim to iteratively eliminate
irrelevant features [16]. It is important to note that using these methods requires
solving an optimization model at each iteration, which increases execution time as
databases grow larger and models become more complex.
It is noteworthy that SVM is amenable to modification to directly incorporate fea-
ture selection into the optimization model (see, e.g., [32, 39]). One of the most
popular alternatives is replacing the margin maximization performed by the SVM
model with the minimization of the ℓ1-norm, also known as LASSO regularization
[24, 38]. Another useful approach is the use of the so-called ℓ0-norm, which corre-
sponds to the number of nonzero elements in the weight vector [5, 9]. This function
has been previously used in several fields, such as machine learning, pattern recog-
nition, and compressed sensing [5, 11, 13]. However, its use is quite challenging due
to the complete lack of convexity and differentiability. The introduction of the ℓ0-
norm in the context of classification is achieved through approximations that allow
for numerical resolution using DC-programming techniques [20, 21, 31, 36].
In this work, we aim to use the ℓ0-norm for feature selection to effectively identify the
relevant characteristics during the optimization process, while also incorporating a
robust approach in the sense of minimizing the probability of misclassification. Our
goal is to combine the strengths of robust models with feature selection by defining a
robust SVM-type model that embeds the ℓ0-norm for this purpose. To illustrate the
efficiency of the proposed approaches, we conduct several benchmark experiments by
combining our model with different feature selection strategies, namely, Recursive
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Feature Elimination (RFE) and Direct Feature Elimination (DFE) as proposed in
[7]. The results are compared with those obtained using ℓ2-norm regularization.
The outline of the article is as follows: In Section 2, we present the classic SVM
formulation along with its robust counterparts. We also briefly summarize relevant
results related to feature selection that will be useful in this work. In Section 3, we
define the models that are the subject of our study and the algorithm to solve them.
Section 4 describes the datasets and analyze the obtained numerical results. Finally,
Section 5 reviews the major findings and outline possible future lines of research.

2. Preliminaries

In this section, we present the main models considered in this article. We begin with
the traditional (SVM) model, followed by a discussion of some robust alternatives
relevant to our study, including the Minimum Error Minimax Probability Machine
(MEMPM) [17], and the Cobb-Douglas Learning Machine (CD-LeMa) [23]. Addi-
tionally, we provide a brief overview of feature selection, with particular emphasis
on the primary tools that will be employed in the numerical experiments.

2.1. Review of binary classification models

Consider a dataset with m patterns, where each sample is represented by a vector
xi ∈ Rn, for i = 1, . . . ,m. Additionally, each sample belongs to one of two classes:
positive or negative. The standard SVM model (specifically the Soft-Margin SVM)
aims to maximize the margin (defined as 1/∥w∥2, where ∥·∥2 denotes the Euclidean
norm) while allowing for some classification error in separating the data of the
positive class from that of the negative class. It is defined as follows:

min
w,b,ξ

1

2
∥w∥22 + C

m∑
i=1

ξi

s.t. yi(w⊤xi + b) ≥ 1− ξi, ξi ≥ 0, i = 1, . . . ,m,

(1)

where yi = +1 if the i-th sample belongs to the positive class, and yi = −1 otherwise.
Once w and b are obtained, a new sample x ∈ Rn is assigned to the positive class if
sign{w⊤x+ b} = +1 and to the negative one otherwise.
This approach does not take into account the stochastic nature of the data, meaning
that it assumes the input samples are fixed rather than random. As a consequence,
the resulting classifiers may be overly tailored to a specific dataset and perform
poorly when the data distribution changes. To overcome this drawback, we consider
the following framework. We assume that x̃1 and x̃2 are n-dimensional random
vectors that generate the samples of the positive and negative classes, respectively,
with mean and covariance matrices given by (µk,Σk) for k = 1, 2, where each
Σk ∈ Rn×n is a symmetric positive definite matrix. We denote by x̃ ∼ (µ,Σ) that
the random vector x̃ belongs to the family of distributions with a common mean
µ and covariance matrix Σ. We note that, in practice, the empirical estimates for
the mean and the covariance matrix are used instead. Under these considerations,
the stochastic models MEMPM [17] and CD-LeMa [23] can be summarized by the
following optimization problem:
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max
w ̸=0,b,α1,α2

f(α1, α2)

s.t. inf
x̃i∼(µi,Σi)

Pr{(−1)i+1(w⊤x̃i+b) ≥ 0} ≥ αi, 0 < αi < 1, i = 1, 2,
(2)

where the objective function f is given by

f(α1, α2) =

{
θα1 + (1− θ)α2 , case: MEMPM,

θ ln(α1) + (1− θ) ln(α2) , case: CD-LeMa,
(3)

with θ being a parameter between (0, 1). Here, θ and 1 − θ represent the prior
probabilities of the random vectors x̃1 and x̃2, respectively. These models aim to
find a hyperplane of the form w⊤x + b = 0 that separates both classes without
exactly knowing the distribution of the data (noting that the infimum is taken over
all distributions with a common mean µ and covariance matrix Σ). The MEMPM
approach can be seen as an extension of the seminal work Minimax Probability
Machine (MPM) [19], in which α1 = α2 in Problem (2) above.
The following lemma will be useful for defining deterministic formulations associated
with Problem (2) (see [19, Lemma 1] for details):

Lemma 2.1. (Multivariate Chebyshev Inequality) Let x̃ be a n-dimensional ran-
dom variable with mean µ ∈ Rn and covariance matrix Σ ∈ Rn×n, which is sym-
metric positive definite. Given a ∈ Rn \ {0}, b ∈ R, such that a⊤µ + b ≥ 0, and
α ∈ (0, 1), the condition

inf
x̃∼(µ,Σ)

Pr{a⊤x̃+ b ≥ 0} ≥ α

holds if and only if a⊤µ+ b ≥ κ(α)
√
a⊤Σa, where κ(α) =

√
α

1−α
.

By using Lemma 2.1, Problem (2) can be cast equivalently as the following nonlinear
nonconvex SOCP problem

max
w ̸=0,b,α1,α2

f(α1, α2)

s.t. ŷi(w
⊤µi + b) ≥ κ(αi)

√
w⊤Σiw, 0 < αi < 1,

ŷi(w
⊤µi + b) ≥ 0, i = 1, 2,

(4)

where we set ŷ1 = +1 and ŷ2 = −1 for the class represented by x̃1 and x̃2, respec-
tively. Additionally, we define κ(αi) =

√
αi

1− αi
for i = 1, 2.

In the case of the MEMPM approach, the authors reformulate the problem as a frac-
tional programming problem and solve it iteratively using a Quadratic Interpolation
method. In contrast, the CD-LeMa approach takes advantage of the log-concavity
of the objective function, allowing it to be solved numerically using a successive
convex approximation algorithm [4, 6].

2.2. Review of feature selection in SVM models

As we mentioned earlier, the SVM model and its robust counterparts described pre-
viously do not take into consideration the importance of features, which can lead to
a decrease in model performance [7]. Several alternatives have been developed to ad-
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dress this issue, including Recursive Feature Elimination (RFE) and Direct Feature
Elimination (DFE). RFE consists of iteratively selecting features and optimizing
the classification model, while DFE selects features based on the classification model
optimized with all features. The process ends with a minimal subset of features that
perform well on the test set. However, these methods are computationally expensive
and, also, may disregard feature combinations that could be useful for classification.
Another alternative that will be useful in our context is the penalty approach, which
involves adding a regularization term to the optimization model for feature selection.
Examples include the ℓ1-norm [5, 24, 38], defined as ∥w∥1 =

∑
i|wi|, and the non-

convex ℓp-norm (with 0 < p < 1) [8, 30]. In this article, we focus on this penalty
approach by considering the so-called zero norm (denoted as the ℓ0-norm or simply
∥·∥0), which, as mentioned in the introduction, corresponds to the number of non-
zero elements in the weight vector and is mathematically defined as

∥w∥0 = card{i : wi ̸= 0}.
Of course, this function is not a norm since it does not satisfy the homogeneity.
Additionally, it is highly nonlinear, nonsmooth, and non-convex, making the asso-
ciated optimization problems generally impossible to solve, as their solutions may
require intractable combinatorial searches. Despite these challenges, it has been
applied in several fields, including machine learning, where the goal is to improve
sparsity [5, 11, 13]. In this context, Bradley and Mangasarian [5] introduced the ℓ0-
SVM model, which replaces the ℓ2-norm in the standard SVM formulation (1) with
the ℓ0-norm. To address the complexity of this model, they proposed the following
continuous approximation:

∥w∥0 ≈
n∑

i=1

(1− exp(−r|wi|)), (5)

where r > 0 is a hyperparameter. The advantage of employing this approximation
is that it transforms the ℓ0-SVM formulation into the minimization of a smooth
concave objective function over a polyhedral set. This reformulation can be solved
using the successive linearization approximation (SLA) algorithm, which guarantees
finite termination at a stationary point that can also be a global solution (for more
details, see [5]). Alternatively, other approximations for the ℓ0-norm have been
proposed in the literature, such as those found in [9, 27, 31, 36].
To stabilize the aforementioned models, other approaches suggest combining the ℓ2-
norm with either the ℓ1-norm or the ℓ0-norm, as the ℓ2-norm is suitable for achieving
good classification performance in SVMs. [25, 34].

3. Proposed approaches
We now present our robust classification proposals that integrate feature selection
with the goal of obtaining sparse classifiers. Following this, we will outline a numeri-
cal solution strategy for these proposals, along with a description of the implemented
algorithm.

3.1. Robust classification models with embedded feature selection
In order to obtain sparse and robust classifiers, we consider regularized versions of the
MEMPM [17] and CD-LeMa [23] approaches defined previously in formulation (4).
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First, it is easy to see that by denoting κi =
√

αi

1−αi
, one has αi = κ2

i /(1 + κ2
i ),

for i = 1, 2, and therefore, Problem (4) can be rewritten in terms of the variable
κi instead of αi. Second, to avoid the constraint w ̸= 0 and the multiplicity of
solutions that can lead to numerical instabilities, we use the fact that the constraints
are positively homogeneous (i.e., scaling (w, b) by t leads to the same solution) and,
therefore, we impose the constraints ŷi(w

⊤µi + b) ≥ 1 instead of ŷi(w⊤µi + b) ≥ 0.
Finally, we regularize the objective function using the ℓ0-norm. We aim to minimize
the number of nonzero elements in our classifier while maximizing the rate of correct
classification. In its compact form, after all these changes, the ℓ0-norm regularization
of Problem (4) is given by the following formulation:

min
w,b,κ1,κ2

G(w, b, κ1, κ2)

s.t. ŷi(w
⊤µi + b) ≥ κi

√
w⊤Σiw, κi ≥ 0,

ŷi(w
⊤µi + b) ≥ 1, i = 1, 2.

(6)

where the objective function is

G(w, b, κ1, κ2) =

∥w∥0−C1
1

1+κ2
1
− C2

1
1+κ2

2
, case: ℓ0-MEMPM,

∥w∥0−C1 ln
( κ2

1

1 + κ2
1

)
− C2 ln

( κ2
2

1 + κ2
2

)
, case: ℓ0-CD-LeMa.

(7)

Here, C1 and C2 are positive hyperparameters. In the literature, other possible
regularizations are considered for these SVM formulations, such as the ℓ1-norm [7],
as mentioned above, or a combination of the ℓ2-norm with the ℓ0-norm to enhance
predictive power through feature selection [20]. However, this is beyond the scope
of this article.
To provide a comprehensive comparison, we also consider the ℓ2-norm regularization
to both the MEMPM and CD-LeMa models, which have been studied in [22, 23].
This alternative is useful for assessing the performance of our sparsity-driven ap-
proach against a more traditional method. The idea of theses approaches is to
replace the objective function of Problem (6) by

(w, b, κ1, κ2) =


1
2
∥w∥22 − C1

1
1+κ2

1
− C2

1
1+κ2

2
, case: ℓ2-MEMPM,

1
2
∥w∥22 − C1 ln

( κ2
1

1 + κ2
1

)
− C2 ln

( κ2
2

1 + κ2
2

)
, case: ℓ2-CD-LeMa.

(8)

3.2. Approximation scheme and diagonal two-step algorithm
In this section, we propose a numerical strategy for solving Problem (6). The idea
is to approximate the ℓ0-norm function as well as the nonlinear constraints. This
will allow us to define an algorithm that solves a sequence of convex programming
problems.
Let us consider the approximation of the ℓ0-norm defined in (5) and take r > 0 as a
fixed parameter. The literature suggests taking r = 5 [5, 20], although some works
treat it as a hyperparameter and determine its value through cross-validation [37].
Since the ℓ0-norm is part of the objective function in (6), we can introduce auxiliary
variables as part of the optimization process and replace it with the following:
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ρ(z) = −
n∑

i=1

exp(−rzi), with −z ≤ w ≤ z and z ≥ 0, (9)

which is a concave function. For the nonlinear SOC constraints of (6)

(ŷi(w⊤µi + b) ≥ κi

√
w⊤Σiw, with i = 1, 2),

we apply the well-known inequality 2
√
ab ≤ a+ b to the right-hand side and add an

extra parameter ti > 0, obtaining:

ŷi(w
⊤µi + b) ≥ 1

2

(
tiκ

2
i +

w⊤Σiw

ti

)
, i = 1, 2.

We note that the inequality matches the SOC constraint when we take

ti =

√
w⊤Σiw

κi
.

Finally, we change the variables to ϑi = κ2
i and we obtain the following approxima-

tion of (6):
min

w,z,b,ϑi,ti
ρ(z) + g(ϑ1, ϑ2)

s.t. ŷi(w
⊤µi + b) ≥ 1

2

(
tiϑi +

w⊤Σiw

ti

)
,

ŷi(w
⊤µi + b) ≥ 1, ϑi ≥ 0, ti > 0, for i = 1, 2,

− z ≤ w ≤ z, z ≥ 0,

(10)

where in this case

g(ϑ1, ϑ2) =

−C1
1

1+ϑ1
− C2

1
1+ϑ2

, case: ℓ0-MEMPM,

−C1 ln
( ϑ1

1 + ϑ1

)
− C2 ln

( ϑ2

1 + ϑ2

)
, case: ℓ0-CD-LeMa.

(11)

It is not difficult to show that model (10) is equivalent to (6) when the ℓ0-norm is
replaced with the function ρ(·) defined above (9).
Next, we propose a Diagonal Two-Step Algorithm (see Algorithm 1 below) to solve
the formulation (10) (or equivalently, the approximated version of Problem 6). Es-
sentially, it involves linearizing the concave function and minimizing the resulting
problem with the auxiliary parameters ti fixed. These parameters are updated in the
next step according to ti =

√
w⊤Σiw/ϑi. This process is summarized in Algorithm

1 below.

Algorithm 1: Diagonal two-step algorithm for solving problem (10).

Input: C1, C2,µ1,µ2,Σ1, and Σ2.

Output: Solution (wk, bk, ϑk
1, ϑ

k
2).

1: Start with t01, t
0
2 > 0 and z0. Set k = 0.

2: repeat
3: For a given tk1, t

k
2 > 0, and zk, compute (wk+1, zk+1, bk+1, ϑk+1

1 , ϑk+1
2 ) by solving

the following smooth convex optimization problem
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min
w,z,b,ϑi

∇ρ(zk)⊤z+ g(ϑ1, ϑ2)

s.t. ŷi(w
⊤µi + b) ≥ 1

2

(
tki ϑi +

w⊤Σiw

tki

)
,

ŷi(w
⊤µi + b) ≥ 1, ϑi ≥ 0, for i = 1, 2,

− z ≤ w ≤ z, z ≥ 0.

(12)

4: Compute tk+1
1 , tk+1

2 by tk+1
i =

√
wk⊤Σiw

k

ϑk
i

, for i = 1, 2. (13)

5: k = k + 1

6: until Stopping criterion is reached

An alternative way to solve model (10) is through the so-called Difference of Convex
(DC) Algorithm, originally proposed in [12]; see also [20, 21]. In DC programming,
during each main iteration, we linearize the concave function for a given zk and solve
the resulting problem. To solve this inner problem, we apply an iterative scheme
that depends on the parameter ti until a convergence criterion is satisfied. We then
update the value of zk and repeat the process until another convergence criterion is
fulfilled. We call our algorithm Diagonal because, in contrast to DC programming,
we take a descent step with the linearized concave function and directly perform
another step to update the parameters ti, thus avoiding the double loop of the DC
algorithm.

Case Np Nf
Shorthand
Notation

Colorectal [3] 62 2000 BC

Gravier [15] 168 2905 BG

Lymphoma [1] 96 4026 BL

Pomeroy [26] 60 7128 BP

West [35] 49 7129 BW

Shipp [29] 77 7129 BS

Table 1: Summary of benchmark datasets considered in Section 4.2. Each dataset’s
name (Dataset), number of patterns (Np), number of features (Nf ), and shorthand
notation used in the paper are provided.

4. Experimental evaluation of model performance
In this section, we analyze the performance of the proposed models using six bench-
mark datasets to demonstrate their efficiency in feature selection and solution ro-
bustness. Section 4.1 offers a comprehensive overview of the numerical experiments
conducted. In Section 4.2, we present and discuss the results, highlighting key find-
ings and insights drawn from the experiments.

4.1. Descriptions of the benchmark datasets and methodology
In this work, we examine six benchmark datasets, detailed in Table 1, which includes
each dataset’s name, number of patterns (Np ∈ N), number of features (Nf ∈ N),
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and the shorthand notation used for reference. Further descriptions of these datasets
can be found in [21].
For each of these benchmark datasets, the models introduced in (7) and (8) are ap-
plied, denoted as: CDL2(ℓ2-CD-LeMa), CDL0(ℓ0-CD-LeMa), MEP2(ℓ2-MEMPM),
and MEP0(ℓ0-MEMPM). To evaluate the feature selection performance of each
model, a Recursive Feature Elimination (RFE) method is used, which progressively
eliminates features without compromising classification performance [16]. To ac-
complish this, we propose the following methodology, thoroughly detailed in [7]:
Step 1 For each benchmark dataset and model, we first identify appropriate values

for the hyperparameters C1 and C2 as defined in equations (7) and (8), using a
two-step parameter search:
Step 1.1 We perform a parameter sweep over a predefined set Γs1 using a

Leave One Out (LOO) cross-validation method, optimizing for AUC (Area
Under the ROC Curve).

Step 1.2 The search is refined over a smaller set Γs2, resulting in a final pair
of hyperparameters (Cs2

1 , Cs2
2 ).

Step 2 With the optimized hyperparameters, we solve the optimization problem
using a 10-fold cross-validation approach, and implement the RFE method,
progressively eliminating subsets of features and evaluating the model’s perfor-
mance.

The computational cost of RFE is high since each feature removal step requires solv-
ing a new optimization problem. To address this, we introduce the Direct Feature
Elimination (DFE) method, which significantly reduces the number of optimiza-
tion problems solved while achieving comparable results. The minimum number of
features required by DFE to match or exceed RFE’s performance, denoted MNf

,
is also computed for comparison between the methods.
Through these steps, the DFE method reduces the number of optimization problems
from 5070 (for RFE) to 1260, making it three times faster. All experiments were
performed on a high-performance workstation with AMD EPYC 7542 CPUs, 512
GB RAM, using MATLAB 2022b for parallel computation. Average CPU time per
core, TCPU, was recorded for each optimization problem.
Finally, we assess the robustness of model solutions to feature perturbations. Using
coefficients C1 and C2 from previous experiments with the DFE method, we gen-
erate 100 perturbed feature sets for each dataset and model by applying random
perturbations of ±δ% (with δ = 5%) to the original values. The perturbed solutions
are denoted as wp,i and bp,i, while the unperturbed solution is wu and bu. Then, we
compute the robustness metric Nrob defined as:

Nrob =
1

100

100∑
i=1

∥∥∥∥[wp,i

bp,i

]
−
[
wu

bu

]∥∥∥∥
2∥∥∥∥[wu

bu

]∥∥∥∥
2

, (14)

which measures the average percentage variation between perturbed and unper-
turbed solutions.
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4.2. Analysis of experimental results

In Tables 2–7, we present the results obtained from the experiments discussed in
Section 4.1. For each case, we report the mean AUC values as the number of features
is progressively reduced (i.e., considering 100%, 75%, 50%, 25%, 10%, 5%, and 1%
of the Nf features), along with MNf

and TCPU. Figures 1–6 display the evolution of
the mean AUC values throughout these experiments.

Model 100% 75% 50% 25% 10% 5% 1%
MNf

TCPUNf Nf Nf Nf Nf Nf Nf

CDL2+RFE 88.4 88.4 88.4 89.7 89.7 89.7 90.6 - 153
CDL2+DFE 88.4 88.4 89.7 89.7 86.9 85.6 68.7 474 -
CDL0+RFE 88.7 88.7 88.7 88.7 88.7 88.7 88.7 - 339
CDL0+DFE 88.7 88.7 88.7 88.7 88.7 88.7 88.7 4 -
MEP2+RFE 88.4 88.4 89.7 89.7 89.7 89.7 90.7 - 19
MEP2+DFE 88.4 88.4 89.7 89.7 88.4 85.7 65.2 528 -
MEP0+RFE 87.1 87.1 87.1 87.1 87.1 87.1 87.1 - 97
MEP0+DFE 87.1 87.1 87.1 87.1 87.1 87.1 87.1 4 -

Table 2: Summary of results for benchmark case BC , showing mean AUC values at
different levels of feature reduction, MNf

for DFE, and mean CPU time TCPU for
RFE. In each column, we highlight in bold the highest mean AUC value and the
lowest MNf

and TCPU values.

Model 100% 75% 50% 25% 10% 5% 1%
MNf

TCPUNf Nf Nf Nf Nf Nf Nf

CDL2+RFE 74.2 75.0 74.2 74.7 72.5 74.7 76.3 - 686
CDL2+DFE 74.2 74.0 67.4 55.3 50.0 50.0 50.0 2147 -
CDL0+RFE 74.6 74.6 76.1 76.0 76.0 75.0 75.0 - 910
CDL0+DFE 74.6 74.6 74.6 74.6 74.6 74.6 74.6 16 -
MEP2+RFE 74.7 75.2 74.2 70.7 68.3 70.4 69.7 - 65
MEP2+DFE 74.7 73.2 67.9 55.0 50.0 50.0 50.0 1535 -
MEP0+RFE 77.1 76.6 76.2 76.0 75.4 75.4 75.0 - 142
MEP0+DFE 77.1 77.1 77.1 77.1 77.1 77.1 77.1 19 -

Table 3: Summary of results for benchmark case BG, showing mean AUC values at
different levels of feature reduction, MNf

for DFE, and mean CPU time TCPU for
RFE. In each column, we highlight in bold the highest mean AUC value and the
lowest MNf

and TCPU values.

As shown in the tables and figures, the ℓ2-norm models (CDL2 and MEP2) and
ℓ0-norm models (CDL0 and MEP0) exhibit distinct behaviors when combined with
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Recursive Feature Elimination (RFE) or Direct Feature Elimination (DFE). The ℓ0-
norm tends to produce sparser models, significantly reducing the number of features
without substantially compromising performance, especially with the DFE method.
Except for the BC case, the CDL0 and MEP0 models generally achieve better mean
AUC values when reducing the number of features, making them more resilient to
feature selection.

Model 100% 75% 50% 25% 10% 5% 1%
MNf

TCPUNf Nf Nf Nf Nf Nf Nf

CDL2+RFE 94.2 94.2 94.2 94.2 95.5 96.7 93.3 - 262
CDL2+DFE 94.2 94.2 94.2 94.2 86.6 71.0 50.0 710 -
CDL0+RFE 95.6 96.6 96.6 93.9 93.9 93.3 95.6 - 841
CDL0+DFE 95.6 95.6 95.6 95.6 95.6 95.6 95.6 9 -
MEP2+RFE 95.5 95.5 95.5 95.5 95.5 95.5 93.4 - 87
MEP2+DFE 95.5 95.5 95.5 94.2 91.6 65.8 50.0 622 -
MEP0+RFE 96.6 93.8 95.0 95.9 96.6 96.6 96.6 - 319
MEP0+DFE 96.6 96.6 96.6 96.6 96.6 96.6 96.6 8 -

Table 4: Summary of results for benchmark case BL, showing mean AUC values at
different levels of feature reduction, MNf

for DFE, and mean CPU time TCPU for
RFE. In each column, we highlight in bold the highest mean AUC value and the
lowest MNf

and TCPU values.

Model 100% 75% 50% 25% 10% 5% 1%
MNf

TCPUNf Nf Nf Nf Nf Nf Nf

CDL2+RFE 60.5 60.5 60.5 61.8 69.5 68.5 68.5 - 744
CDL2+DFE 60.5 60.5 61.3 54.0 50.0 50.0 50.0 6056 -
CDL0+RFE 73.7 73.7 73.7 73.7 73.7 73.7 73.7 - 1850
CDL0+DFE 73.7 73.7 73.7 73.7 73.7 73.7 73.7 2 -
MEP2+RFE 60.5 60.5 61.8 63.0 69.0 72.0 59.0 - 492
MEP2+DFE 60.5 61.8 62.8 54.0 50.0 50.0 50.0 2308 -
MEP0+RFE 61.4 61.4 61.4 61.4 61.4 60.4 62.1 - 815
MEP0+DFE 61.4 61.4 61.4 61.4 61.4 61.4 61.4 5 -

Table 5: Summary of results for benchmark case BP , showing mean AUC values at
different levels of feature reduction, MNf

for DFE, and mean CPU time TCPU for
RFE. In each column, we highlight in bold the highest mean AUC value and the
lowest MNf

and TCPU values.
In contrast, the ℓ2-norm models retain a larger number of features, which can some-
times result in lower efficiency when applying DFE compared to RFE. This differ-
ence is evident in the figures, where the mean AUC values remain more stable when
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removing features using the ℓ0-norm compared to the ℓ2-norm, which often degrades
more quickly as features are eliminated.
To illustrate, focusing on the BG case, the CDL0+DFE model yielded MNf

= 16,
while the CDL2+DFE model retained MNf

= 2147 features. This highlights the
advantage of the ℓ0-norm in reducing the feature set while maintaining a competitive
AUC.

Model 100% 75% 50% 25% 10% 5% 1%
MNf

TCPUNf Nf Nf Nf Nf Nf Nf

CDL2+RFE 65.0 65.0 68.3 65.0 65.0 65.8 69.2 - 1071
CDL2+DFE 65.0 65.0 66.7 64.1 53.3 48.3 50.0 5128 -
CDL0+RFE 90.8 90.8 90.8 90.8 90.8 90.8 90.8 - 500
CDL0+DFE 90.8 90.8 90.8 90.8 90.8 90.8 90.8 1 -
MEP2+RFE 65.0 65.0 68.3 66.7 67.5 65.8 64.1 - 494
MEP2+DFE 65.0 70.8 69.1 61.7 56.7 50.0 50.0 2069 -
MEP0+RFE 90.8 90.8 90.8 90.8 90.8 90.8 90.8 - 872
MEP0+DFE 90.8 90.8 90.8 90.8 90.8 90.8 90.8 1 -

Table 6: Summary of results for benchmark case BW , showing mean AUC values at
different levels of feature reduction, MNf

for DFE, and mean CPU time TCPU for
RFE. In each column, we highlight in bold the highest mean AUC value and the
lowest MNf

and TCPU values.

Model 100% 75% 50% 25% 10% 5% 1%
MNf

TCPUNf Nf Nf Nf Nf Nf Nf

CDL2+RFE 96.7 96.7 96.7 96.7 96.7 95.0 95.0 - 1085
CDL2+DFE 96.7 96.7 96.7 85.7 58.3 50.0 52.0 4436 -
CDL0+RFE 94.1 94.1 94.1 94.1 94.1 94.1 94.1 - 1812
CDL0+DFE 94.1 94.1 94.1 94.1 94.1 94.1 94.1 11 -
MEP2+RFE 93.6 93.6 93.6 94.4 94.4 94.4 96.0 - 409
MEP2+DFE 93.6 92.6 90.0 79.3 62.4 50.0 50.0 5828 -
MEP0+RFE 97.5 97.5 97.5 97.5 97.5 97.5 97.5 - 368
MEP0+DFE 97.5 97.5 97.5 97.5 97.5 97.5 97.5 13 -

Table 7: Summary of results for benchmark case BS, showing mean AUC values at
different levels of feature reduction, MNf

for DFE, and mean CPU time TCPU for
RFE. In each column, we highlight in bold the highest mean AUC value and the
lowest MNf

and TCPU values.

In terms of computational time (TCPU), ℓ2-norm models tend to be faster, partic-
ularly when using the MEP2 approach. This is mainly due to the challenges in
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solving the optimization problem for the ℓ0-norm, which often requires more time
to reach an approximate solution. However, this difference in computational effort
becomes less significant when using the DFE method, which reduces the compu-
tational time by a factor of five, making the computational cost more reasonable.
Furthermore, when combined with the ℓ0-norm, DFE offers a practical and efficient
alternative, producing results similar to RFE.
Among the ℓ0-norm models, MEP0 consistently outperforms CDL0 in both mean
AUC values and computational time, making it the most effective model for feature
selection.

Bench- 100% 75% 50% 25% 10% 5% 1%
MNf

TCPUmark Nf Nf Nf Nf Nf Nf Nf

BC 90.9 90.9 90.9 90.9 90.9 90.9 90.9 22 30
BG 79.4 79.4 79.4 79.4 79.4 79.4 80.3 32 122
BL 95.3 95.3 95.3 95.3 95.3 95.3 95.3 23 133
BP 74.3 74.3 74.3 74.3 74.3 74.3 74.3 8 565
BW 83.3 83.3 83.3 83.3 83.3 83.3 83.3 14 423
BS 97.5 97.5 97.5 97.5 97.5 97.5 97.5 35 590

Table 8: Summary of results for benchmark cases using the ℓ1-norm model
CDL1+RFE presented in [7]. The table shows mean AUC values at different
levels of feature reduction, the mean number of selected features MNf

(for DFE),
and mean CPU time TCPU (for RFE). In each column, we highlight in bold the
highest mean AUC value and the lowest MNf

and TCPU values.
Overall, the ℓ0-norm combined with DFE provides an efficient trade-off between
sparsity of features and computational cost, outperforming the ℓ2-norm in terms of
feature reduction. However, the ℓ2-norm models may offer more stability in some
cases due to their inherent regularization properties.

SVM0 CDL0 MEP0

BC 291 27 66
BL 42 1 33
BW 3 1 57
BG 144 89 316
BP 107 36 43
BS 470 2 62

Table 9: Values of the robustness metric Nrob for models SVM0, CDL0, and MEP0

on each benchmark dataset.
Additionally, it is worth comparing these results with those obtained using the ℓ1-
norm, as presented in [7] and briefly summarized in Table 8, where the CDL1

method is considered. In that study, ℓ0-norm results were generally worse, likely
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due to the difficulty in achieving good convergence in the optimization algorithms.
This suggests that further research into alternative approaches for approximating
the ℓ0-norm is needed to enhance the applicability of this method. Nonetheless,
the results presented here are promising and underscore the potential of ℓ0-norm
models.
Finally, we focus on the robustness of models CDL0 and MEP0 by computing the
robustness metric Nrob (defined by (14)) for each benchmark dataset. Besides, we
solve these benchmarks using model (1), substituting the ℓ2-norm with the ℓ0-norm,
which we denote as SVM0 (see [5]). The values of Nrob are presented in Table 9.
We observe that CDL0 generally achieves the lowest Nrob values, indicating higher
robustness, and in four cases, MEP0 also demonstrates lower values. This suggests
that the proposed models tend to exhibit robust performance against input data
perturbations. Similar behavior was observed in [7], where robust models employing
ℓ1- and ℓ2-norms were considered.
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Figure 1: Mean AUC values obtained for the benchmark case BC and the algorithms
CDL2, CDL0, MEP2 and MEP0 vs. Nf (in log-scale).

5. Conclusion
In this study, we present robust classification models that integrate feature selection
by focusing on ℓ0-norm regularization methods within SVM-type frameworks. We
propose a diagonal algorithm for the numerical solution of these models. By com-
bining this approach with feature elimination techniques such as Recursive Feature
Elimination (RFE) and Direct Feature Elimination (DFE), we benchmarked the
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models on six well-known datasets. Comparing the results with those obtained from
models based on the ℓ2-norm, we illustrate the advantages and trade-offs associated
with both regularization approaches in terms of feature selection and computational
efficiency.
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Figure 2: Mean AUC values obtained for the benchmark case BL and the algorithms
CDL2, CDL0, MEP2 and MEP0 vs. Nf (in log-scale).

The ℓ0-norm models, especially when combined with the DFE method, demonstrated
superior performance in reducing the number of features without significantly sac-
rificing classification accuracy. Notably, in most cases, the ℓ0 models proved more
resilient to feature reduction. In contrast, the ℓ2-norm models tended to retain a
larger number of features, resulting in lower efficiency of the DFE method compared
to RFE.
Additionally, our results indicate that the ℓ0-norm models are computationally more
expensive, particularly when using the RFE method. However, this computational
cost is significantly reduced when employing DFE, which decreases computational
time by a factor of five. Among the ℓ0-norm models, MEP0 consistently outper-
formed CDL0 in both mean AUC values and computational time, establishing it as
the most efficient model for feature selection.
Compared to the ℓ1-norm models discussed in previous works [7], the ℓ0-norm results
are generally less favorable, possibly due to challenges in achieving good convergence
in the optimization algorithms. This suggests that further exploration of alterna-
tive approaches to approximate the ℓ0-norm could enhance the applicability of this
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model. Nonetheless, our results underline the potential of ℓ0-norm models as robust
and effective tools for feature selection in high-dimensional datasets.
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Figure 3: Mean AUC values obtained for the benchmark case BG and the algorithms
CDL2, CDL0, MEP2 and MEP0 vs. Nf (in log-scale).

Computing the robustness metric Nrob shows that the proposed models CDL0 and
MEP0 demonstrate enhanced robustness against input data perturbations com-
pared to SVM0. Notably, CDL0 consistently achieves the lowest Nrob values. These
findings suggest that our models perform robustly in the presence of input pertur-
bations, aligning with similar observations in [7].
In conclusion, our study highlights the significance of integrating robust classifi-
cation models with embedded feature selection using ℓ0-norm regularization. The
proposed diagonal algorithm has been validated through numerical experiments,
demonstrating its effectiveness in developing sparse classifiers. Future work could
focus on improving optimization techniques for ℓ0-norm models to achieve better
convergence and further enhance their applicability in various domains. Addition-
ally, exploring mixed-norm approaches (combining the ℓ0-norm with ℓ1- or ℓ2-norms)
could be highly beneficial for developing models that leverage the strengths of each
method.
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Figure 4: Mean AUC values obtained for the benchmark case BW and the algorithms
CDL2, CDL0, MEP2 and MEP0 vs. Nf (in log-scale).
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