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This paper has two sides: a mathematical side and a behavioral side. In the first part, we consider
the unconstrained multiobjective optimization problem of finding Pareto critical points of difference
of convex functions. We study a method that minimizes at each iteration a convex approximation
instead of the (non-convex) objective function constrained to a possible non-convex set which
imposes the method decreases, at each step, each objective function. In the second part, as
an application, we propose a variational rationality perspective to multiproduct firm problem
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levels. This approach is completly new in management sciences/economics. It opens the door to a
variational rational theory of the multiproduct firm.
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1. Introduction

The multiobjective optimization problem involves simultaneously minimizing two
or more objective functions. More precisely, consider the vector-valued function
F : R" — R™ defined by F(z) := (Fi(z),..., Fn(x)). Then, the unconstrained
multiobjective optimization problem is denoted as

min F(z). (1)
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In recent years, significant efforts have been dedicated to extending and adapting
scalar optimization methods to the multiobjective or vector optimization setting.
This approach was first introduced by Fliege and Svaiter in [24], where a steepest
descent method for multiobjective optimization was proposed and analyzed. Follow-
ing the seminal work [24], numerous studies have addressed the extension of scalar
optimization methods to the multiobjective context; see for instance, the survey by
Fukuda and Drummond in [20].

The work of Bonnel, Tusem, and Svaiter [14] was the first to consider an extension of
the proximal point method to the multiobjective optimization context. If we restrict
the analysis to the finite-dimensional multiobjective setting, this method generates
a sequence that satisfies

M

2" € argmin,, {F(m) +5

|z — 2||?e" : x € Qk} :

where F' : R" — R™ is R"’-convex (or equivalently, each F} is a convex function,
for j =1,...,m), {\} C Ryy, {eF} C R, (see Section 2 for notation) such that
|e¥] = 1 and Q) = {zx € R* : F(z) < F(2¥)}. They proved that, in the R"-
convex case, finding a Pareto optimal solution of (1) is equivalent to minimizing
the scalar function = — (z, F'(z)) for z € R™ in the positive polar cone; see [14]
for more details. Following [14], several works have been published studying the
proximal point method in the multiobjective context, improving and extending the
results from the scalar setting. A comprehensive survey on this topic can be found
in Grad [23].

This paper focuses on using the proximal point method to solve problem (1), as-
suming that the objective function has a special difference of convex (DC) structure,

ie., F(z):=G(z) — H(x),

where G, H : R" — R™ are continuously differentiable and R’’-convex. The first
study to extend the proximal point method to the multiobjective setting with vector-
valued DC functions was done by Ji et al. [30]. However, their method does not
satisfy the descent property F(z**!) < F(2*), for all k € N, unlike the method
proposed by Bonnel et al. [14] for the R'?-convex case. In Bento et al. [10], a proximal
point method preserving this descent property is considered for vector-valued DC
functions; see also Souza et al. [53].

Recently, Aragon Artacho et al. [4, 5] introduced a boosted DC algorithm (BDCA)
designed to solve scalar DC problems. This method enhances the convergence effi-
ciency of the traditional DC algorithm (DCA), which was specifically developed for
scalar DC functions; see [56]. While DCA is inherently a descent method, BDCA
improves upon it by computing a descent direction based on the point generated by
DCA and incorporating a line search to take larger decreasing steps. This approach
results in a more significant reduction in the objective value per iteration compared
to DCA. This method was extended to the proximal point method in [3] in the scalar
case.

The aim of this paper is to introduce a boosted version of the proximal point method,
as discussed in [3], adapted for the context of multiobjective DC optimization. This
approach improves the computational performance of existing methods presented in
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[10, 30, 53]. By incorporating the acceleration technique proposed in [4, 5], we aim
to achieve greater efficiency in solving multiobjective DC optimization problems. As
an application, we apply this framework to a DC vectorial optimization problem,
focusing on a multiproduct firm that progressively improve its vectorial profit by
adjusting production levels.

This paper is organized as follows. In Section 2, we present fundamental concepts
and results in multiobjective optimization. In Section 3, we introduce the boosted
proximal point method and establish its well-definition. In Section 4, we state and
prove the convergence results of the proposed method. Section 5 provides iteration-
complexity bounds for the method. Finally, in Section 6, we propose an application
to a multiproduct firm.

2. Multiobjective optimization

In this section, we establish some basic definitions and properties of multiobjective
optimization which can be found, for instance, in Jahn [29] and Luc [36]. We state
and prove some results that will allow us to define the algorithm and study its
convergence properties.

Let R™ be the m-dimensional Euclidean space. In order to define the partial order
in R™, we consider

RY={zeR™ : 2; >0, j€Z} and R7T, ={zeR™ : z; >0, jel},

with Z = {1,...,m}. The partial order “<” induced by the Paretian cone R is
defined by y < z (or z = y) if z —y € R, and its associated strict relation < holds
when z —y € R, that is, y < 2 (or z > y). In the following, we state some notion
about the optimality condition for a multiobjective optimization problem. Moreover,
since typically lacks a single point that minimizes all functions simultaneously, we
use the concept of Pareto optimality to characterize a solution, as defined below.

Definition 2.1. A point € R™ is said to be a weakly Pareto optimal point for (1)
if there does not exist another z € R™ such that F(x) < F(Z).

Now, consider a vector function denoted by F(z) := (Fi(x),...,Fy(z))". The
Jacobian m x n matrix of F' at x € R" is defined by

JF(z) := (VF\(z),...,VE,(z))".

In the multiobjective setting, the well known condition for optimality (necessary,
but, in general, nonsufficient) for problem (1) is the notion of Pareto critical point.
Briefly, a point, z € R" is

(—R™,) NIm(JF (7)) = &. 2)

A point x is critical if it satisfies (2). Therefore, if a point z is not critical, there
exists a direction v € R" satisfying

JF(z)v < 0. (3)
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It is a well known fact that such v is a descent direction for the objective F' if v
satisfies (3), in this case there exists ¢ > 0 such that

F(x +tv) < F(x) for all t € (0,1).

If v is a descent direction at z, we say that ¢t > 0 satisfies the “Armijo-like” rule for

G e (0,1)if F(z +tv) =< F(z) + StJF(z)v for all t € (0,1).

Proposition 2.2. Let § € (0,1). If JF(x)v < 0, then there exists t > 0 such that
F(x +tv) < F(x)+ BtJF (z)v for all t € (0,1).
Proof. See [24]. O

For a vector function F': R" — R™ we say that F'is R'!'-conver if and only if, for
every z,y € R™ and A € (0,1)

FAx+(1—=MNy) X AF(z)+ (1 =\ F(y).
Note that this concept is equivalent to component-wise convexity.

Proposition 2.3. Let F' : R® — R™ be a differentiable function. Then, F is a
convex function if, only if, for every x,y € R”

JE(z)(y —x) 2 Fly) — F(x).
Proof. See [12]. O

Proposition 2.4. Let F : R™ — R™ be a convex differentiable function. Then, T
is a weak Pareto optimal point of F if, only if,

(-RT ) NIm(JF(z)) = @.
Proof. See [12]. O

A scalar-valued function ¢ : R — R is locally Lipschitz at a point x € R™ if there
exists a neighborhood U of this point and some real number L > 0 such that

lo(y) — W) < Llly =y, Yy.y' €U.

A function ¢ is locally Lipschitz when it is locally Lipschitz at all points.

The next result presents a necessary condition for a point x* to be a solution of the
problem min,{F(z): x € S}, (4)
where F(x) = (Fy(z), Fa(x), -+, Fiu(z)) : R - R™ and

S={reR":s;(x) <0, jeI} with s;:R" =R (5)
Lemma 2.5. Let w € R7\{0} and assume that S C R" is a nonempty and closed
set. If —JF(x)'w € Ng(z), then x is a Pareto critical point of F'.

Proof. See Bento at al. [11]. O
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Theorem 2.6. Let S be a set as in (5), and the functions Fj,s; : R* - R, j € T,
are locally Lipschitz. If x* € R"™ is a weakly Pareto solution of (4), then there exist
real numbers u; > 0, v; > 0, with j € T such that

0e ZUJGFJ(Q:*) + Zvjasj(x*),

jeT jeT
with Z(u] +v;) =1 and v;s;(z*)=0, jeTl
jET
Proof. The proof follows from Minami [37, Theorem 3.1]. O

Remark 2.7. Theorem 2.6 follows the formulation established by Minami [37, The-
orem 3.1], which is stated for locally Lipschitz continuous functions and employs the
Clarke subdifferential. Nevertheless, in the present work, all functions involved are
assumed to be continuously differentiable. As a consequence, the Clarke subdiffer-
ential reduces to the classical gradient, and the optimality condition in Theorem 2.6
can be equivalently expressed in terms of gradients.

3. Proximal point method

If we restrict the analysis to the finite dimensional multiobjective setting, the method
proposed in [14] generates a sequence satisfying

2! ¢ argmin,, {F(x) + %Hx — 2Pt s x € Qk} ,

where F : R" — R™ is R7-convex, {\;} C Ry, {"} C RT and Q; = {z € R" :
F(x) < F(2*)}. Note that the constrained set () requires that the algorithm is a
descent method in the sense of F(zF+1) < F(z*).

From now on, we assume that the vector-valued function F' : R — R™ is a
multiobjective DC function, that is, it can be written as F(x) = G(z) — H(x),
where G and H are R'-convex and differentiable functions. Take the auxiliary
sequences {\;} C Ry, such that 0 < a < Ay < b and {e*} C R7, such that
e¥:=e=(1,1,...,1) for all k. In this case, the accelerated proximal point method
generates a sequence {z*} as follows:

Algorithm 1

1: Choose 8 € (0,1) and z° € R™. Set k := 0.
2: If 2% is a Pareto critical point, stop. Otherwise,
3: find y* € R™ such that

y* € argmin, {G(z) — JH(a")(x — 2*) + 2 |lw — 2*|%e : w €}, (6)

where Q. = {z € R" : F(z) < F(z")}.
4: If y* = 2%, stop. Otherwise,
5: define d* = y* — 2* and find ¢, > 0 such that

F(y* 4+ t1d¥) < F(y®) + i JF(z")d". (7)

6: Set 2l := y*¥ +t,d*, k := k + 1 and return to 2.




822 J. X. Cruz Neto et al. /A Boosted Proximal Point Method ...

Remark 3.1. It is worth to mention that Algorithm 1 satisfies y* € €, for all
k>0,ie., L L
F(y*) < F(a").

If y* = 2%, from optimality condition of (6), we have that z* is a Pareto critical
point. As mentioned in Huang and Yang [28], the vector functions

F(-) and €0 = (eh0) . e/m0)

have the same set of weakly Pareto points, where e* denotes the exponential map
valued at o € R. This result can be easily extended to the Pareto critical setting.
Hence, concerning Pareto critical points, we can assume without loss of generality
that F' > 0. On the other hand, any non-negative DC function admits a non-negative
DC decomposition; see [26]. Therefore, we will assume throughout the paper that

G~ 0.

Proposition 3.2. The Algorithm 1 is well defined.

Proof. The starting point 2° € R" is chosen in the initialization step. Assuming in
iteration k that z* is given. Denote by

Fy(x) = G(x) = JH(a")(x — 1) + 2|l — 2| %e.

Note that 2% € ), which implies that F(£2;) is nonempty. It is straightforward to
check that Fj(z) > 0 and F,(€2;) is closed. Since the cone R’} is Daniell, it follows
from [36, Lemma 3.5] that Fj(€) is R}-complete. Thus, from [36, Theorem 3.3]
there exists k _

y" € argmin, {Fj(z) : © € Q}.
Let d* = y* — 2*, we will show that d* # 0 i 1s a descent direction of F' at y*. Indeed,
for all k € N, by Theorem 2.6 there exist u*, v* € R with ||u* 4+ v*||; = 1 such that

[JG(y*) = TH (") u® + My — ") [u®[[s + TF (y") "o* = 0. (8)
Note that JE(M) TR = oV F (y*) + ... + 0"V E, (4F)
then (JE @Ik d*y = oF(VF(yF), d¥) + .. oF (VE,(yF), d¥).
Now, we have for i = 1,...,m that

Vi (VE(y"), d") = —uf(VGi(y*) — VH(2"), d") = Mel[u" || | d*]1%,
and hence,
v (VE(YY),d*) = =i (VE(y"),d") — ui (VHi(y") — VH(2"), d") — A |u®]]1[|d"]*.
Using the fact that V H; is monotone for ¢ = 1, ..., m we obtain
(v + ) (VE(y*), d*) < =Nellu®[l1[ld"]* <0,

since u*,v* = 0 and 3 7 (u; +v;) = 1, follow the result, i.e. JF(y*)d* <0, ¥ k.
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Now, by Proposition 2.4 there exists ¢, satisfying (7) such that

F(y" + t,d") <X F(y*) + Bty JF(y")d".
Thus, define 2%+ = y* 4 ¢,.d". O
From now on, {z*}, {y*} and {)\;} denote the sequences considered in Algorithm 1.

Remark 3.3. Note that {u*} and {v*} are bounded sequences. As mentioned by
Bolte et al. [13, Remark 1], dg;,0h; is bounded on compact sets. So, we have
that {JG(y*)} and {JH (z*)} are bounded sequences as long as {z*} and {y*} are
bounded. O]

As a consequence of the previous proposition, we obtain the following stopping rule
for Algorithm 1.

Corollary 3.4. Let ko € N be such that u* = 0. Then, y* is a Pareto critical
point of F.

Proof. If there exists kg € N such that u* = 0, then from (8) it implies that
JE(y*)Tv* = 0. On the other hand, since |[u* + v*||; = 1, we can say that
v e R™\{0}. The desired result follows by using Lemma 2.5 with C' = R",
w = v and x = y*o. [

4. Convergence analysis

In this section, we analyze the convergence of Algorithm 1. Note that, if there
exists ko such that z*0 = y*o or u¥o = 0, then y* is a Pareto critical point of F.
Throughout this paper, we suppose that z* # y* and u* # 0 for all £ > 0.

Proposition 4.1. The following properties hold:

(i) {F(z*)} is decreasing; (i) lim ||y* — 2*|| = 0.
k—+o0

Proof. (i) Follows from step 5 of the algorithm.

(ii) From the definition of the algorithm we have that y*, for each k € N, is an
optimal solution of the problem

min,, {G(m) — JH(2*) (2 — 2") + %Hx —a"Pe s x € Qk} :

This implies

A
Sjen {gj(xk) = 95(4") + (Vhy(a*), " —a*) = ZH[y" - w"“||2} > 0.

1<j<m 2
Take jo(k) = jo € {1,...,m} the index where the maximum in last inequality is
attained. Then, from the lower boundedness assumption of {\;}, we have
Sl = 9Pl < gi0 (@) = g0 (4) + (Vhy(a®), o — 2¥). (9)

By convexity of h;,, we have

(Vhyo(2%), 4" = %) < gy (y*) = Ry, (25). (10)
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Combining (9) and (10), we obtain
sla® —yF I < Fyy(a") = Fjy (y*) < Ejy(«*) — F.

Jo

(&) < max {Fy(z") - F;(«""1)}.

~ 1<i<m

Since F(zFt1) < F(y*) < F(2*) and F = 0, we obtain that the right-hand side of
(9) converges to 0 as k — +oo. Hence, ||z — ¢*|| — 0 as k — +oc. O

Theorem 4.2. Every cluster point of {x*}, if any, is a Pareto critical point of F.

Proof. Let & be a cluster point of {z*} and consider a subsequence {z*'} of {z*}
converging to # and by Proposition 3.2 {y*} of {y*} also converges to #. Since
{aM} is convergent and {\;} is bounded, it follows from Remark 3.3 that {JG(y*)},
{JH (")}, {u*} and {v*} are bounded. Thus, we can assume without loss of gener-
ality that JG(y*) — JG#, JH(2*) — JHZ, u* — 4 and v — 9(we may extract
other subsequences if necessary). From (8) we have

[JG(y*) = TH(@")] u™ + Ny (' = 2™)[Ju][y + JF(y™) "o = 0. (11)
Set Vi, = Ak, |[uft]|;. Note that {v4}, is bounded, because
0< Y = )\k\|uk||1 < )\k < b.

This fact combined with Proposition 4.1 implies that {v;, (y* — z*)} converges to
0 as | — +oo. Thus, taking the limit as [ — +o0 in (11), we have

[(JG — JH)(2)] 0+ JF(2) 0 = JF(2) (4 + 0) = 0.
Note that 4,0 € R, ||a+ || =1 and JF(2)" (4 + 9) = 0. Therefore, by Lemma
2.5 7 is Pareto critical of F. O
4.1. Convergence analysis: convex case

Throughout this section we will assume that F' is R’’-convex, in the sense that
H = 0. We will consider that the set below is non-empty

U:={z € R"| F(x) < F(y*),Vk}.
Proposition 4.3. For all x € U, the following conditions hold:
(@) |y —z| < [l=" - 2|;

(b) M2 =2 < fla® = 2]” + ()1

() D (t)*[ld*|* < 0.

k=1

Proof. (a) Let 7 € U, we have F(y*) — F(z) = 0 for all k. By convexity of F and
the fact that ¥ € U, we obtain

JF*) (" = 7) = F(y*) = F(z) = 0. (12)
From (8), we obtain that JF(y*)"u* + 4 (y* — 2*) + JF(y*) Tv* = 0, which implies
TE(y*) " (u" + %) = —pd”, (13)

where v, = \i|[uf]|; and d* = y* — 2.
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Through simple manipulations and (13), we have

la* = 2[|* = []a® — y*I* + [ly* — 2] + 2(a" - y*,* — 2)
= [l2* = o I1? + [ly" = 2l + 2(9) 7 (=wd®, y* — T)
= [l =y (1 + [y = 2| + 2(3) T (u® + 0" TN (" — 7)),

From (12), we have that 2(vz) ™' (u* + o, JF(y*)(y* — 7)) > 0. In conclusion we
have ||y* — || < [|=* — Z].

(b) Using the fact that z*t1 = y* + ¢,.d*, we get

" = 2] = (] = [P+ [y = 3]+ 20 -yt b - 7)
= () [1d*[]* + [ly" — z||* + 2t(d", " — 7)
= (t)*[1d[|* + [ly" — 2" — 2(9) " tal(u® + o), TF (") (" — 7).

Using again (12), we obtain ||z**t — z||? < ||2% — Z||? + (t&)?||d¥||2.

(¢) According to the steps of Algorithm 1 and Remark 3.1, we have
Bt JF(y")d* < F(2*) — F(a*).
Thus, B (JF(N)d, (b + b)) < (F(a) — F(a"), (u + o)),
The fact that (JF(y*)d*, (uf 4+ 0*)) = (d*, JF(y*) " (u* + v*)) and (13), we get
Btu(y)THId|]* < (F(a") — F(2*), (u* + oY),

Therefore, by Cauchy-Schwartz inequality and equivalence of norms, we obtain

telld®||* <

SRy

D (Fia) = F(a*).

Now, adding up from £ =0 to k = N, we get

N m
b b _
>l < 3 Y (Fi(a) = F(@") < SlIIF (") = F@)lh. (14)
k=0 i=1
Since the last inequality holds for any nonnegative integer N | we conclude that

> oo tel|d¥||* < oo, and as a consequence Yo (t5)?||d¥||> < oc. O

Before we give the main result of this section, let us recall that a sequence {z*} is
said to be quasi-Fejér convergent to a non-empty set U C R if, for every u € U,
there exist a sequence {e;} C R, such that > € < oo and

25— || < ||2F —ul| + e, YVE=0,1,2,--.

The following result is well known and its proof is elementary.
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Proposition 4.4. Let U C R™ be a non-empty set and {z*} be a quasi-Fejér con-
vergent sequence to U. Then, {zF} is bounded. Moreover, if a cluster point z of
{2*} belongs to U, then {2z} converges to z.

Theorem 4.5. The sequence {x*} converges to a Pareto critical point of F.

Proof. By Proposition 4.3 the sequence {2*} is quasi-Fejér convergent to U. Hence,
{2*} is bounded and all its cluster points belongs U, because F(xz*™1) < F(2*). It
follows that {2*} converges; thus by Theorem (4.2) the proof is complete. ]

5. Iteration-complexity analysis

In this section we present an iteration-complexity bound, for this from now on we
will consider F; : R® — R continuously differentiable and with a gradient Lipschitz
continuous with constant L; > 0,72 =1,2,--- ,m.

Lemma 5.1. In Algorithm 1 the stepsize always satisfies

. f(1-p) }
> L=
tr = toin mln{ T 14,

where Lyae = max{Ly, Lo, -+, Ly} and 8 € (0,1) is the parameter of the sufficient
decrease condition (7).

Proof. See Fliege at al. [19, Lemma 3.1]. O

Remark 5.2. It is interesting to note that, for F; : R* — R continuously differ-
entiable and with a gradient Lipschitz continuous, the analysis of method with an
Armijo line search can be considered constant stepsizes t; = t,.;, for all & > 0;
therefore, for the sake of simplicity, this will be the case in this section. [

Proposition 5.3. Let {z*} and {y*} be the sequences generated accelerated prox-
imal point method with stepsizes ty, = tyn, for all k > 0. Then, for every x € U,
there hold

@) (v = 2P+ 2 =y |1? = Iz — 2*|1°) < 2/|F(@) — F(y*)lh;

(b) v (17 = &P = (tin) 2N ¥ (1P = 17 — 9" [1%) < 2/[F(7) = F(y")|],

where v, = \g||[uF||1.

Proof. It follows immediately from the proof of Proposition 4.3. O
Theorem 5.4. Let {x*} and {d*} be the sequences generated accelerated prozimal

point method with stepsizes t, = tmin, for all k > 0. Then, for every N € N, there
holds

min{[|d"]l; k= 0,12, N} < DI VE) P

max ( .0\ (40 min 5\ — ; 7Y ... 7
where FM(27) = 121%)51{F1(x )} and F™™(Z) 121§nm{F1 (@), , Fn(Z)}.

Proof. From (14) and the fact that ¢, = i, we get

N m

b - b max min (
DA < 5= D (Fi(a) = Fi(@)) < g (B (@) = F70(3).
k=0 1=1
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Hence, we have

b
ﬁtmin

(N + 1)min{[|d"|* k=10,1,2,--- N} < (Fmee(a®) — F™(z)),

which proves the assertion. O

Theorem 5.5. Let {x*} and {d*} be the sequences generated accelerated prozimal
point method with stepsizes tp = tymin, for all k > 0. Then, for every N € N, there
holds

[ = 7|2 + 2 (B (a) — F™(2))

IF @) - F@)h < — ,

oo

where F™(2%) = max {F;(2")} and F™(z) = min {F;(7)}.

1<i<m 1<i<m

Proof. It follows from the Proposition 5.3(b) that

m

2 (F(y") = F@) < e [I12 = 21 = 12 = " + (bnin) 1)1 -

i=1
Now, adding up from & =0 to k = N and using the facts:

N m
k+1 k Ej2 - b 0 _
P 2 F(y"), % <b and gtmmudu s/j;(F(:ﬁ)—F(as)),
we get

2N + DIIF@) = @)l < b7 =2l + %5 (F™ (@) = F" (@)

Therefore, we obtain the desired result. O

6. Application to the multiproduct firm: a variational rationality
perspective

In this last section, we apply the mathematical part of this paper relative to the
DC vectorial optimization problem. We consider a (MPF) multiproduct firm where
different production units produce different goods or products. Each component of
the MPF vectorial profit is the profit of a monoproduct firm. It is the difference
between its concave benefit and its concave cost of production. The needs/desires of
the multiproduct firm are to grow, i.e., to improve, each period (hence progressively),
his vectorial profit, i.e., the profit of each production unit. This is done through
changing its vectorial level of production. This represents a specific example of the
very general (multiple) needs/desires satisfaction problem considered by the recent
(VR) variational rationality approach of stay and change human dynamics. See
Soubeyran [52] for a recent synthetic view of this approach. For earlier references
see Soubeyran [45, 46, 47, 48, 49, 50, 51]. This general problem is relative to an
individual, a group, a firm, an organization, or interacting agents (games).
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6.1. The vectorial profit of a multi-product firm

Consider a multiproduct firm which produces n final goods i € I = {1,2,...,n}.
It groups n components (individual firms) i« € I = {1,2,...,n}. The individual
firm ¢ produces the quantity ¢; € R, of the product i, given that p; is the unit
cost of production of good 7 and p; is the unit price of the product i € I. As
we will see later the price p;, and the unit cost of production p; can depend of
the quantity ¢;. Then, if the firm ¢ produces ¢; units of product i, its profit is
7i(¢;) = piqi—piqi- 1t is the difference between the benefits b;(¢;) = p;g; and the costs
of production ¢;(¢;) = p;q;- The vectorial profit (= net value) of the multiproduct
firm is II(¢) = B(q) — C(q), where the vectorial benefit is B(q) = (bi(¢:),i€ ) and
the vectorial cost of production is C(q) = (¢;(q:),1 € I).

Remark 6.1. In the behavioral part of this paper (this last section) we consider
the maximization of the vectorial profit function

M():qe X =R" —1Tl(q) € Z=R"

In the mathematical part of the paper we considered the minimization of the vec-
torial objective F'(.) : ¢ € X =R" > F(q) € Z = R™, where F(q) = G(q) — H(q).
The mathematical notation is z = q.

6.2. Monopolistic competition and economies of scale/learning by doing:
concave benefits and concave costs of production

Suppose that each firm i of the multiproduct firm (MPF) is a monopoly on its own
final market ¢ where it sells the product i. Then, the price of product ¢ is a decreasing
function of the quantity produced and sold ¢;. For example the inverse demand is
pi(q) = a; — Bigi > 0 with 0 < ¢; <G, = o;/F; and o, 5; € Ry ;. Then, the benefit
of the firm ¢ is b;(¢;) = pi(¢;)q = (a; — Piqi)q;. It defines a concave benefit function.

Suppose also that the unit cost of production p;(g;) of firm ¢ decreases with the
quantity produced ¢;. For example, p;(¢;) = v; — d;q; > 0, with 0 < ¢; < q; = 73/
and 7;,0; € Ry . Then, the cost of production of the firm 7 is

ci(@:) = pi(@)a = (Vi — 0iqi) -
It defines a concave cost of production function. See [§].

Thus, the profit of firm 7 is m(q:) = pi(¢:)a: — pi(¢)@ = [pi(a:) — pi(@:)] gi- That is,
mi(q:) = (i —vi) — (Bi — 0i)qi] gi- A non negative profit excludes a; —; < 0 and
B; —0; > 0. The profit function m;(.) : ¢; € Ry — m;(¢;) € R can be concave, linear,
or convex, given the signs of o; —~; and 5; — d;. Hence this vectorial profit includes
concave, convex and linear components.

A more complex formulation can be p;(¢;) = a; — ﬁiqf" and p;(¢;) = v — 0;¢" with
Aiy i € Ry

Another formulation could have been: p;(¢;) = M\ig; ™ and ¢;(q;) = piq; i Then,
= )\iqilfo‘i — uiqil_’gi is DCif 0 < «;, 5; < 1. Then, II; > 0 if N\;q; ** > ,uiqi_ﬁi, ie.,

yfi_o‘i > 1;/N;. That is, ¢; must be small or big depending of 5; — a; < 0, or > 0.

The literature on economies of scale presents two main circumstances leading to DC
functions: economies of scale and learning by doing. Because DC optimization is so
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important and because this is not clearly done in the DC optimization literature,
we take the time to justify its utilization in economics/management sciences.

6.2.1. Concave production costs: Economies of scale

For useful references and formalisations on this topic, see Korgaonker [32], Teece
[57], Bayén et al. [8] and Koca et al. [31].

Economies of scale in production

This happens when the production cost on a per-unit basis declines as the output
increases, i.e., when production at a larger scale (more output) can be achieved at
a lower unit cost (i.e, with economies or savings). Hence, such a compagny does
things more efficiently with increasing size (= larger quantity produced). Economies
of scale can occur in the four types of transformation processes of a firm: manu-
facture, transport, supply, and service. For K. Carey, in Encyclopedia of Health
Economics (2014), “Economies of scale refer to the notion that average cost falls
as the firm expands. Conversely, diseconomies of scale occur when expansion in-
curs increasing average costs. From a technical standpoint, a measure of economies
of scale is equivalent to the ratio of marginal to average costs. This is because if
cost at the margin is lower than average cost, then average cost will fall with in-
creased output”. Usual sources of economies of scale are purchasing (bulk buying of
materials through long-term contracts), managerial (increasing the specialization of
managers), financial (obtaining lower-interest charges when borrowing from banks
and having access to a greater range of financial instruments), marketing (spread-
ing the cost of advertising over a greater range of output in media markets), and
technological (taking advantage of returns to scale in the production function).

Multiproduct firms with economies of scale

In the multiproduct context, we can contrast two distinct economies of scale con-
cepts, i.e., product specific economies of scale and ray scale economies. Multiproduct
firms (MPF) can use common inputs in the production process of several subunits
(individual firms of the MPF). Given their greater scale, they can spread their fixed
costs over a greater volume of services, potentially reducing their average cost per
unit. This creates barriers to entry for potential competitors that protect their
profitability. They also benefit for access to many different markets and use super-
tankers to transport their goods. Furthermore, as seen before, by buying a large
number of products at once, they could negotiate a lower price per unit than their
competitors (bulk purchasing advantages).

6.2.2. Concave production costs: learning by doing.

The learning curve effect (learning by doing) is not about economies of scale. “It
is a human phenomenon that occurs because of the fact that people get quicker
at performing repetitive tasks once they have been doing them for a while. The
first time a new process is performed, the workers are unfamiliar with it since the
process is untried. As the process is repeated, however, the workers become more
familiar with it and better at performing it” (see The learning rate and learning
effect, ACCA Think Ahead, 2024). This learning by doing effect occurs when costs
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of doing (= costs of using means) decrease with repetition, i.e., the more we do.
With repetition, as the process is learned, tasks require less time and resources, the
more they are performed. The learning curve was first described by psychologist
Hermann Ebbinghaus in 1885 and is used as a way to measure production efficiency
and to forecast costs. That is, “the learning curve is a visual representation of how
long it takes to acquire new skills or knowledge. In business, the slope of the learning
curve represents the rate in which learning new skills translates into cost savings for
a company. A learning curve is usually described with a percentage that identifies
the rate of improvement. The steeper the slope of the learning curve, the higher
the cost savings per unit of output”; see Julia Kagan, June 10, 2024 in What is a
learning curve? Formula, calculation, and example, Investopedia.

6.3. The growth of a multi-product firm: improving its vectorial profits
progressively

6.3.1. The growth of firms

It can be defined in terms of revenue generation, value addition, and expansion
in terms of volume of the business in order to achieve different objectives, includ-
ing increasing sales, maximising profits or increasing market share. At the theo-
retical level, “enterprise growth can be identified in four theoretical perspectives:
the resource-based perspective, the motivation perspective, the strategic adaptation
perspective and the configuration perspective”; see [16]. Furthermore, “strategies
for firm growth vary in terms of their degrees of novelty, uncertainty and synergy.
Modes of firm growth include replication (growth by ‘more of the same’), diversifica-
tion and internationalization. Growth strategies can be implemented using organic
growth or through acquisitions. Desire to grow is a necessary but insufficient condi-
tion for growth — what also counts is the availability of growth opportunities”; see
[17]. In this context, the growth of a monopolistic multi-product (MPF) firm is im-
proving, progressively, the profitability of all its units of production. The MPF can,
step by step, economize and gain in efficiency to approach its production possibility
frontier until reaching a weak Pareto solution. In this way, the product mix changes
with drops and adds and materializes in an improving way to the goal (Goldberg et
al. [22]). For the list of determinants of firm growth, see Gupta et al. [25].

6.3.2. A short reminder of the VR approach in the context of the growth
of a multiproduct firm

To save space, we will make this reminder as short as possible.

Improving vectorial profits decreases vectorial frustration gaps

In the context of the growth of a multiproduct firm, the (VR) variational rationality
approach of stay and change human dynamics can start as follows. For a general
panorama, see Soubeyran [52], and for other references see

https://sites.google.com/view/antoine-soubeyran.

Suppose that, a given period, the MPF is able to produce the vectorial quantity
q = (g;,i € I) of the different final goods ¢ € I and choose to produce ¢q. Then,
within the period, it earns the vectorial profit I1(q) = (m;(¢;),? € I). Suppose also
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that, at the end of the period, it compares this realized vectorial profit with a desired
vectorial profit (= vectorial goal standard) IT*. In consequence, if IT(¢*) < II* is lower
than II*, the vectorial frustration gap of the MPF will be F(¢*) = II* — I1(¢*) > 0.
Thus, in the next period, the producer can want to improve his vectorial profit
from II(¢*) to ITI(¢g"*') > TI(¢*) to reduce his vectorial frustration gap from F(q")
to F(g"") =1I" — II(¢**") < F(¢").

The payoff (net value) of a move

To reduce this frustration gap requires to do a move m = (¢*, ¢**') that goes from
having produced the vectorial quantity ¢”*, to end in producing the vectorial quantity
¢"*!. This move must be broken in two different stages,

(i) first stage (a translocation) : if we are not able to produce the vectorial quantity
¢"*', we must move from having produced the vectorial quantity ¢*, to end in
becoming able to produce the vectorial quantity ¢**! # ¢* and,

(ii) second stage (execution): being able, now, to effectively produce the vectorial
quantity ¢*!, produce it.

Both stages are costly. A main lesson of the VR approach is that the vectorial
translocation cost C(q*,¢**1) € X = R? differs radically from the vectorial exe-
cution cost C'(¢"™) € X = R", which is the second component of the vectorial
profit I1(¢"* ™) = B(¢"™) — C(¢*™). Then, the vectorial net value of doing the move
m = (¢", "), is P(¢",¢"*") = TI(¢*") — &1 C(¢", ¢"') € R, where &1 € Ry
is the weight put on the vectorial translocation cost C(¢*, ¢**1).

Examples of translocation costs

For example, for each product 7, from one period to the next,
o the cost of becoming able to produce more than before of the product ¢ is,
Ci(qf, a;") = Cilaf, af) + pf (a; 7" — qf) if the add is ¢/ — ¢f > 0
e the cost of becoming able to produce less than before of the product i is,
Ci(gf,q; ™) = Calg; ™ @) + pi (¢ — 1) if the drop is g¢f — ¢! > 0,
where p (p;) € R, is the unit cost of becoming able to produce more (less) of the
product i. Then, the net value of the move m = (¢*, ¢**1) is

P(q*,¢"") = I(¢"*") — &+1C(d", ¢**") e R™.
The net value of the stay o = (¢*, ¢%) is P(¢*, ¢*) = 11(¢*) — &.1C(q", %) € R™

A worthwhile move (change rather than stay)
The MPF will want to improve the net value of the MPF when moving from pro-
ducing ¢* to produce ¢**!. That is, if P(¢*,¢***) > P(¢*, ¢*). This is equivalent to
the vectorial inequality
(") — (¢") > &1 [C(¢", ¢"1) — C(d", ¢")] -
This inequality defines a worthwhile move m = (¢*, ¢**!), where
A(¢™ /") =TH(¢*") = TI(¢") and I(¢"'/¢") = C(¢*, ¢"*") — C(¢", ¢")

represent vectorial advantages and inconveniences to do the change m = (¢*, ¢"*1)
rather than the stay o = (¢*, ¢%).



832 J. X. Cruz Neto et al. /A Boosted Proximal Point Method ...

This worthwhile improving process satisfies
¢ e =Q(¢") ={qe X, (q) >1(¢")}.

That is, we have the succession of profit improvements
(g") > (%) > ... > T(¢°) >0

where we suppose (a viability condition) that II(¢°) > 0. In this way, the MPF can
hope, at the end, to reach a Pareto solution where it cannot increase the profit of
one sub-unit firm without lowering the profit of another sub-unit firm. This process
is a way to get efficiency gains.

6.3.3. Proximal vectorial optimization: mathematical perturbations as
approximative costs to move

One of the main finding of the (VR) variational rationality approach of stay and
change human dynamics is that the perturbation term of an optimization algorithm
can be seen as a cost to move. Let us see that, as expected, it can be the same in
the vectorial context.

From the minimization to the maximization of a vectorial payoff to move

The Bonnel et al. [14] multiobjectives (vectorial) proximal minimization method is
. 2
¢+ € argmin { F(q) + Ow/2) |l — ¢'||" " a € 24}

where ), = {g€ X =R", F(¢q) < F(¢")} and F(.) : R — R™ is -R"" convex,
and ¢* € R,
As seen before, in the context of the VR approach, if a MPF produces the vectorial

quantities ¢¥, the vector F(¢*) = ITI* —II(¢*) > 0, represents the vectorial frustration
gap of this MPF. Thus, the equality

Flg) + (/2) g = ¢[*e = 1" = |TH(¢") = (\/2) [|g = ¢*|* =] =11 = P(e*,q)

shows that minimizing the frustration payoff ®(¢*, q) = F(q) + (M\1/2) ||q — quQ ek
of the move m = (¢¥, q) is equivalent to maximize the vectorial payoff

P(¢*, q) = T1(¢") — (\e/2) |la — ¢

of the move m.

Then, the vectorial Bonnel et al. [14] minimization problem is equivalent to the
maximization of the vectorial payoff of the MPF,

¢+ € argmax {T1(g) — (\/2) g — """ g € 0}

Approximative costs to do a move

Consider the previous behavioral costs to move, where, the cost to become able to

produce more than before is C;(¢¥, ¢"™) = Ci(qF, q¥) + pf (g5 — ¢F) if the add

is ¢"™ — ¢F > 0, while the cost to become able to produce less than before is

Ci(qF, gF™) = Ci(gF™, ¢F™) + py (¢F — ¢F™) if the drop is ¢f ™ — ¢F < 0.

(2
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In contrast, the Bonnel et al. [14] vectorial perturbation term is

2 2
C(¢*,q) =Clq.q) + ||la — ¢"|| " = ||a — ¢"||" ",

with C(gq,q) = 0 for all ¢ € X. That is, we have C;(q¥, ¢;) = €¥(q; — ¢¥)?. Then, if,

for example, p;> < pi, take as an approximation, p;> < ef < pi.

Finding: A behavioral reinterpretation of the perturbation terms in
optimization theory

Our previous observations show that the mathematical perturbation term ||g—¢* %"
of a vectorial optimization program can be seen as an approximative vectorial be-
havioral costs to move. This is one of the main early finding of the VR approach
(Soubeyran [45, 46]): in an optimizing algorithm, adding a perturbation term is an
instance of modeling costs to move in psychology/behavioral sciences. This shows
the power of the VR approach to provide a strong connexion between variational
analysis/optimization theory and a unifying VR mathematical modeling of psychol-
ogy/behavioral sciences.

6.4. Mathematical acceleration processes: mathematical couplings

Accelerating the growth of a MPF is a major topic in management sciences and
economics. Thus, the consideration of acceleration methods in optimization theory
seem very attractive for these two disciplines. Thanks to the VR approach, a close
link can be done between mathematical acceleration methods (mathematical cou-
plings) and behavioral acceleration methods (behavioral couplings) revealed for the
first time by the VR approach in behavioral sciences (Soubeyran [52]).

Acceleration methods in optimization theory are mainly coupling
methods

In optimization theory acceleration methods consider, each period, a succession
of two steps (a coupling), where their combinaison helps to decrease enough the
objective function. Their choice changes with the properties of the objective function
F or II. That is, when, each period, in a not accelerated optimization method, a step
decreases not enough the objective, add an other step to decrease it more. This is a
way to divide (the difficulty) to conquer (solve the problem) more quickly. Making
two small improving steps each period can be better than doing one. However,
in contrast to the gradient algorithm ([21]) this can lead to transient overshooting
problems and non monotone dynamics.

Let us list the main couplings, initiated by Polyak and Nesterov.

(1) The famous Polyak’s heavy ball method [43] couples, each period, a gradient
step before a momentum step when the objective function is smooth.

(2) The celebrated Nesterov’s accelerated gradient descent method [38] couples a
gradient step after a momentum step. This helps to limit overshooting. Nes-
terov gave two other variants of this coupling [40]. In his different publications,
he supposed that the objective function can be smooth, strongly convex, both
smooth and strongly convex, convex, differentiable or not, .... See also [6].
Other coupling methods has been given to better understand these two, a pri-
ori, rather mysterious coupling methods, essentially to understand, (i) what is
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the adhoc momentum step [55] and, (ii) what is the intuition behind the method
of estimate sequences [42] that drives the proof presented in [38, 40]. Notice
that the non differentiability aspect that is present in almost any application
makes the famous Nesterov acceleration method even more complicated. See

[39).

Let us cite, for example, two papers that try to give a more intuitive presentation
of the Nesterov approach.

(3) [2] primal-dual approach couples a gradient step with a mirror descent step.
The mirror descent step remaining a bit mysterious with the use of a Bregman
distance; even if a mirror step can be seen as a dual averaging step in the dual
space.

(4) [1] recent coupling method combines two proximal steps using each period, a
lower bound and an upper bound of the objective function. These two steps
remaining however a bit mysterious with their use of looking ahead evaluations
of the objective function.

Other interpretations of acceleration

They refer to,

(5) Geometric interpretations [15, 18] that use quadratic balls approximation func-
tions to approximate (as lower and upper bounds) the objective function.

(6) A dynamical system perspective [33, 54, 58].
(7) A control view, i.e., a dissipative system approach [7, 27, 34, 59] building and us-
ing elegant potential functions (inspired by different energy functions in physic).

What make these potential functions adhoc is the mysterious choice of the way
to weight potential and kinetic energy functions.

(8) A numerical optimization perspective that accelerates a sequence of iterates in
numerical optimization of differential equations [44]. In this context optimiza-
tion methods can be seen as instances of integration methods.

Acceleration methods for DC functions

In this context where the objective is the difference between two convex functions,

o [41] couples, each period, a Nesterov’s momentum step with a DC step that
minimizes a convex approximation of the objective function which is equal to the
difference between the first convex component and a linear approximation of the
second component.

o [4, 5] coupled, each period, a DC step with an Armijo step.

« [35] minimizes a quadratic approximation of the DC objective function, using for
that purpose a Nesterov’s acceleration process with two steps: a momentum step
followed by a gradient step (FISTA, see [9]). That is, the authors apply a Nesterov
acceleration method to the minimization of a quadratic approximation of the DC
objective.
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6.5. When a mathematical DC acceleration coupling is an approximate
behavioral DC acceleration coupling

As seen before, acceleration methods in optimization use different couplings to speed
up the convergence of an algorithm. The VR approach has recently shown the very
new result that the same is true in psychology. In this coupling context, the ap-
plication part of this paper shows how the DC acceleration coupling proposed in
the mathematical part of this paper models a specific instance of a behavioral mul-
tiobjective DC acceleration coupling where asymmetric costs to move (asymmetric
distances) are modeled by a symmetric perturbation function (the symmetric Eu-
clidian distance).

6.5.1. VR behavioral acceleration couplings

The VR approach of psychology /behavioral sciences recently highlights the impor-
tance of behavioral couplings to accelerate the satisfaction of multiple needs/desires.
More precisely, Soubeyran [52],

(i) showed that to satisfy our needs/desires we must move from having done/ stop
to do something (a task, an activity, a bundle of activities) to become able to
do, start to do and do the same, and/or, other things that will help to satisfy
these recurrent and changing needs/desires;

(ii) defined two main basic moves, worthwhile and satisficing moves, where,

(a) a move is worthwhile if it is improving and not too costly (see above a for-
malization for the multiproduct firm). That is, if advantages to move are high
enough compared to inconveniences to move;

(b) a move is satisficing if it improves enough, i.e., makes enough progress — makes
a sufficient ascent, i.e., goes fast enough.

(iii) showed on an example (loosing weight) as well as in the context of a gradient
ascent, how the co-existence or succession of these two kinds of moves can lead
to the satisfaction of our needs/desires. This is a striking result that highlights
a strong correspondance between the main principles that drive psychology and
a part of behavioral sciences, and variational analysis/optimizing algorithms.
This paves the way to “algorithmic psychology™.

More precisely, a main finding of the VR approach is to exhibit a close relationships
between behavioral couplings and optimizing couplings in relation to the accelera-
tion of optimizing algorithms. In this context a proximal step is an example of a
worthwhile move and an Armijo step is an instance of a satisficing move, because it
makes enough progress.

The principle of acceleration is this: each stage of the algorithm (period) decomposes
the move m = (z*, %) in two steps: ¥ ~ y ~ 2**1. For a multiproduct firm, it
decomposes the move m = (¢, ¢**1) = (2, 2%*1) in two steps: (¢*, q) = (2*,y) and
(q,¢") = (y,2**1), where the mathematical notations for the successive steps are

2% ~ y ~ 2! and the behavioral notations are

k k

=2~ =y g = g
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6.5.2. This paper: Building an approximate worthwhile step and a
sufficient ascent step

The present paper couples, each period, an approximate vectorial proximal step
(hence, a vectorial worthwhile step) with a sufficient descent or ascent vectorial
Armijo step. This works as follow.

Build an approximate worthwhile first step

In this first stage (¢*,q) = (2%, y) of a move m = (¢*,¢**) = (2%, 2*1), we ap-

proximate the payoff P(z*,y) = II(y)— (\/2)C(2*,y) to do the step (z*,y). More

precisely, to get an approximate worthwhile first step, the mathematical part of this
paper:

(A) approximates the DC profit II(y) = B(y) — C(y) around z* by the following
expression: II;(y) = B(y) — [C(a*) + JC(2*)(y — 2*)]. That is, it leaves un-
changed the benefit function B(y) and approximates around z* the cost C(y)
to produce y through the linearization C(y) = C(x*) + JC(2%)(y — 2%). In the
mathematical part of the paper the constant term C(z*) is hidden when the
problem is to choose y in an approximate optimal way.

(B) approximates the costs C(z*, y) by the following formulation:

Ck(xk>y) = C(xk>$k) + (Ak/Z) Hy - mkHZ ek'

That is, if C(z¥, %) = 0, we get Cy(a*,y) = (\e/2) ||y — kazek.
(C) and finally approximates the behavioral payoff

P(a*,y) = I(y) — (A/2)C(a*, y)
derived from doing the move (z*,y) by the following approximate payoff:
2
Pi(a*,y) = i(y) — (M\e/2)Cr(2k,y) = i(y) — (Ae/2) ||y — 2*]|" "

The resolution of this first stage provides an approximate worthwhile move (¢*, ¢) =
(2",y).
Build a satisficing (improving enough) step
Let y* = 2¥ 4+ d* be the end of the first step. The end of the second step of the
move m = (zF, 2F) is 281 = y* + t,d*. An improvement II(y* + tpd*) — TI(y*) of
the vectorial profit is sufficient if it exists ¢, > 0 and § € |0, 1] such that
H(y* + tpd®) — T(y*) > Bty JC(2¥)d*. This vectorial Armijo step represents an
instance of a satisficing step (y*, z¥*1) put in front by the VR approach.

6.5.3. Interpretations of the results

The accelerated DC algorithm performs a succession of worthwhile moves
Consider the vectorial profit II instead of the vectorial frustration F. Given that,
each period, the MPF improves its vectorial profit, i.e., II(z*+1) — TI(z*) > 0 for all
k, we have

HH(:EHI) — H(a:k)Hl = min { |Hi(ack+1) — Hz($k)|}

1<i<m

= min { IL(z"") —IL(z")}.

1<i<m
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Then, Proposition 4.3 shows that |[TI(z**) ||, = B/t ||k — @ ||2 (see
the proof).

Given that 28 = P+, (y* —2%) = 2P+ (y% —2) + 1, (y* —2%) = 28+ (1413 (y* —2F)
we get
y* — 2k = (2* — 2%) /(1 + t;). This gives

2

Y

T — T |, > g |+ — 2|
with g, = (8/X2)tr/(1 + t)?. Then, coming back to the terminology of the VR
approach (to go straight, see Soubeyran, 2024), if A(¢"*™!/q¢*) = I(¢**) — T1(¢"¥)
and I(¢g"!/q*) = C(¢*, ¢**1) — C(¢*, ¢*) represent vectorial advantages and incon-

veniences to do the change m = (¢*, ¢*1) rather than to do the stay o = (¢*, ¢%),
the scalar overall motivation and resistance to move are

M(g"™/q") = U [A(d" /)] = |[@"") =TI,

and R(¢"!/¢") = D [I(¢"*/¢")] = [C(¢",¢"") = C(¢",¢")]" = Cl", ¢
if C(¢*,¢") = 0. Then, the expression |[II(z*1) —II(z*)||, > p||2**! — xk||2
M(¢**/q*) > e R(¢"1/q*). This shows that the move m = (z*, 2%*1) is a worth-

while move because motivation to move is high enough with respect to resistance to
move. Hence the striking interdisciplinary mathematical and behavioral result.

No weights: protecting the poor

Our acceleration algorithm uses no weight to define the importance given to the
profit of each individual firm ¢ of the MPF. In contrast, it considers the scalarization
function
k+1 k+1 _ (kK
e 4 I — L} = e {ILE) - TG}
This shows that the MPF protects the profit of its least profitable individual sub-
unit firm. This is a specific example, within a group of individuals, of the desire to

protect the poors of this group. It is a way to benefit from a strong diversification
effect.
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